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Introduction

This text is notes of a two lectures given at Saint Etienne de Tinée near Nice during the
winter 2012. The purpose is to give a self contained introduction to recent results about global
smooth solution for the tridimensionnal incompressible Navier-Stokes equations in the whole
space R3. A different version with some additionnal chapter will be published as Lectures
Notes of the Beijing Academy of Sciences.The notes are organized as follows:

In the first part, we first present the now classical theory of globall wellposedness for small
initial data in the framework of Kato’s method. The understanding of what ”small” means
in the core of the subject. Then, we present a recent result where global wellposedness is
obtained without the hypothesis of smallness on the initial data, but for the relative smallness
of the first iterate The partcicular structure of the Navier-Stokes equation is pointed out. In
this part, we insists also on the key role of oscillations in the stabilization of the system.

In the second part, we investigate the case of initial data which vary slowly in one direction.
This is in some sense the dual case of fast oscillating data. The first case is the so called ”well
prepared” case. Here, the initial data converges to a bidimensionnal divergence free vector
field. The variation is respect to the vertical variable is slow enough, then the solution exists
globally.

The second case is the so called ”ill prepared case”. Here, the horizontal part is a divergence
of size 1. Because of the divergence free condition, the size of the vertical component of the
vector died is the inverse of the speed of variation in the vertical direction, this very large.
A rescaling in the vertical variable leads to a problem which looks like an ill posed. Using a
global Cauchy- Kovalevska method, which is explain is a model case, we can proved global
existence a smooth solution of this initial data which are very large. This method consists in
the control of the decay of the radius of analyticity of the solution.
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Chapter 1

Global wellposedness and Kato
theory.

1.1 Weak solutions and Kato’s approach

Let us define the concept of (weak) solutions of the incompressible Navier-Stokes system. Let
us first recall what the incompressible Navier Stokes system is. We consider as unknown the
speed u = (u!,u?,u3) a time dependant divergence free vector field on R? and the pressure p.

We consider the system

du+u-Vu—Au=—-Vp+f in Rt xR?
(NS) divu =0

u|t:0 = Uup.

The notion of C? solution (i.e. classical solution) is not efficient because singularity can appear
here and also we can be interested in rough initial data. This has been pointed out by C. Ossen
(see [51] and [52]) that another concept of solution must be used. This has been formalized
by J. Leray in 1934 in his seminal work [45]. Let us define the notion of weak solution (that
we shall denote simply solution in all that follows).

Definition 1.1.1 A time-dependent vector field u with components in L? ([0,T] x R?) is a

loc

weak solution (simply a solution in this paper) of (N S) if for any smooth compactly supported
divergence free vector field W,

: ! T G4l ’ ’
(u(t,-),W(t,)) = (up, ¥(0,-)) + ;/0 /]R3 uw (t x) (8t\I/ (t' x) + AU(t ,:B))dt dx

t
+Z/ /,(Ujuk)(t/,x)afllf(t’,:c) dt' dz.
ok 0 JR3

This definition is too weak in the sense there is not enough constraints on the solution.
In particular it ignores the fundamental concept of energy. J. Leray introduced in his seminal
paper [45] the concept of turbulent solution (we shall not use in the notes)

Definition 1.1.2 A turbulent solution of (NS) is a divergence free vector field u which is
a weak solution, has component is L$(L*) N L2.(H') and satisfies in addition the energy
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inequality

1
Sz + [ 1 < Sl [ [ 0wt oatae.

Remark For a turbulent solution, Definition 1.1.1 of a weak solution becomes
t
/ w(t,z) - U(t, z) dy — / wo(x) - U(0,2) da +/ (), Ot
R4 R4 0
t
—/ (vu VU —u®u: VU — u-@t\I/)(t’,x)dxdt’.
0 JR4

In [45], J. Leray proved the following theorem.

Theorem 1.1.1 Let ug be a divergence free vector field in L*(R?). Then a turbulent solu-
tion u exists on R* x R3.

The proof of this theorem relies on compactness methods, We shall not develop this notion
here. We are going to focuse on results of existence (and thus uniqueness) that can to prove
by a fixed point theorem. In order to do so, let us follow Kato’s approach. Let us define the
biinear operator B(u,v) as the solution of the evolution Stokes problem

3
. | , .
B’ — AB’ = 5 g O (uok + viuk)y — ajp

pt (1.2)
divB=0 and Bj_,=0.
In weak formulation, this writes
(u(t,), ¥(t,-)) = Z/ / W (t,2) (8,09 (', ) + AV(t,2))dt dx
—J0 JRS
! (1.3)

+Z/ 8k WP 4 vk (t, 2)0, (¢ x) dt d.

It is obvious that u a solution of (N.S) if and only if u satisfies
u = e ug + B(u,u).
Solving globally (IN.S) is equivalent to find a fixed point for the map
u—s e®ug + B(u, u).

Now let us assume that we have a Banach space X of functions locally in L? on RT x R? such
that B is a bilinar map from X x X into X. Then Picard’s fixed point theorem implies the
existence of a unique solution. Such a space X will be called ”adapted”.

Let us remark there is a strong constrain on X due to the scaling property. If u is a solution
of (NS) on [0, T] x R3, then for any positive ), the vector field uy(t, z) def Au(A%t, Az) is also
a solution of (NS) on [0, \72T] x R3. Thus, if X adapted, it must be scaling invariant (and
also translation invariant) in the sense that

VA>0,Vd eR3, ueX <= uA-—a))eX and |ullx ~ [[ulA(- —@))|x.

Let us give a first example of an adapted spaces: the space L*(R™; H D). Let us define an
operator which will be of some use later one.



Definition 1.1.3 We denote by L the operator defined by the fact that Lg f is the solution of

OLof —ALof =f—Vp
div L()f =0 and LOf\t:O = 0.

The key lemma is the following.
Lemma 1.1.1 The operator Ly maps continously L?*(R3; Hfé) into L*(RT; HY).
Proof. In Fourier space, we can write that

~

FLof(t.6) = [ I B i,

0

where P(£) is the orthogonal projection in R? orthogonal of ¢. Thus, we get

t
EIIFLof (t,6)] < / e~ OIP e 20, ) (| -y
0
with [|0(#',-)||z2 = 1 for any ¢’ of R". Taking the L? in £ norm in the above inequality gives

. adt.
H 2

ILof(t ) < / ( S

Then Hardy-Littlewood-Sobolev inequality allows to conclude the proof. O
As a corollary, we get
Corollary 1.1.1 The operator B maps L*(R*, H') x L*(RT, H') into L*(R*, H").

Proof. Let us obseve that, thank to diverngence free condition, we have

M

1 , , 1
B 8k(u3vk+vjuk)zi(u‘Vfu—i—v-Vu).
k=1

Thank you the Sobolev embeddings (and its dual), we have

|u-Vo+uv-Vu((t,)] . _1

P |u-Vo+v-Vu((t,)] 2

<
~ L3
S IVu@l eIV E) z2-

Thus

HU Vo +uv- VUHLQ(R+;H7%) S HUHL‘I(RJF;Hl)H’UHL‘l(RJr;Hl)'

As we have

A
Ie! U0‘|L4(R+;H1) S HUOHH%

we get that if H“OHH 3 is small enough, then a unique global solution exists in LART; HY).
This is Fujita-Kato theorem.



1.2 The Kato theory is the L” framework

Let us first define operatros that will be of some use later on.

Definition 1.2.1 Forj € {1,2,3}, we denote by L; the operator defined by the fact that L; f
is the solution of

8tLjf - ALjf = 8jf - Vp
divL;jf =0 and Ljf;—o=0.

Let us introduce spaces adpated to theses operators.

Definition 1.2.2 For p in [1, 00] and for positive o, we denote by K the space of functions
on RT x R? such that

def a
lullg = supt? [Ju(t)||r < oc.
t>0

3
Let us remark that when o = 1 — —, the space K is scaling invariant. THe key proposition
p

is the following

2(1-3 1-3
Proposition 1.2.1 For p > 3 the operator L; maps continuously K2< p) into K, *.
2

Proof. It relies on the explicite computation of the operator L;. We have the following lemma.

Lemma 1.2.1 Let o be an homogeneous function of degree o > —d. Then a constant C
exists such that, for any positive t,

C

()Y () < — & .
P 0@ )@ < o

Proof. By changing variable in the integral

I(z) = /R ) g ()P

it is enough to prove the estimate in the case whent = 1. As o > —d, it is obvious that the
function is bounded. Let us write that

I(z) = /R LT o ()e 1 g + / L9 (1= x( ) a()e 1 e,

R

where x is a smooth cut-off function. We have
[0 o e e < x
Using that |2[2Ve'@8) = (=Ag)Ne'@l9) | we infer that, for small A,
o] [ €01~ x (A1)l ag] AN,

Choosing A|z| = 1 gives the result. O
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As a consequence, we get

Lif*(t,z) = Z/Otr (t—t', )~ fE, at! (1.4)

L

1 - .
(V7 +12)?

Proof of Proposition 1.2.1 Young inequality ans definition of the spaces K gives

where the functions Fﬁg satisfy F§7£(T, 2)| <

1L f ()l < /IIF (t =t o IFE ) g dt!

< /
S Il o) A o
2

A
1
3 |w
=
T
|eo

This proves the proposition. O

1-3 1.3 2(1&) -3 1-3 1-3
AsK, "'K, " CK, , we proves that B maps continuously K PxK, ?into K, ".

Thus, we have the follovx?ing theorem

Theorem 1.2.1 If ||/ u|| 1-3 Is small enough, then there is a unique global solution
K

P
3

of (NS) in K, .

Now we have to understand what is the space of distribution uy such that etPuyg belongs
3

1—
to K; . This is the family of Besov spaces.

1.3 Besov spaces of negative index

In this section, we interpret Theorem 1.2.1 in term of Besov spaces. Let us introduce the
following spaces.

Definition 1.3.1 Let s be be in ]0,00] and (p,r) in [1,0]?. We define the space B, as the
space of tempered distribution u such that
def tA
lull 57z = ‘Htse UHLP‘ Lr(RY, )
Let us point out that as, for ¢ > p, et®u = e38e38y and
d(;_;)
€™ M g(zoizay < C7 2\ 7). (1.5)
Thus we get that
lell a2y < Cllull g (16)

q

Homogeneous functions of negative degree will also belong to some Besov spaces. We have
the following proposition.
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Proposition 1.3.1 Let p be in |1,00] and « in |d/p,d]. Then a homogeneous function f of

d

d Lo d Loty
degree a of R*\{0} which is bounded on the sphere of R* belongs to B, .

Proof. We have, by changing of variable and because homogeneity of f that

(AN =5 n( )

As f is bounded on the sphere of R?, we have
|f(@)] < Cla|™

As « belongs to |d/p, d[, the function f belongs to L' + LP. Thus e® f belongs to LP. After a
change of variable, we get the result. O

From this, we can infer the following theorem about so called ”self similar solutions”

of (NS).

Corollary 1.3.1 Let ug be a smooth divergence free vector field on R?\{0} homogeneous of
3

14
degree —1. Then, if ug is small enough in By ¥, then there exists a unique solution of (N .S)
which is self-similar in the sense that it satisfies

1 T
—U(—) with Ul(z) = u(l,x).
N AW () = u(l, z)
Proof. Using the scaling invariance of the Navier-Stokes equation, we have that, for any posi-
tive A, Au(A%t, Az) is the global solution with initial data Aug(Az) which is equal ug(z) because
of the homogeneity. Thus, for any positive A, we have

u(t,z) =

u(t, z) = (N2, Az)

Choosing A = (v/t)~! gives the result. O

d
Proposition 1.3.2 Let ¢ be a function of S(RY), p in |1,00[ and s in }O, - [ For (g,7)

p
in ]0,1] x [1, 00], let us define
def ;21
den(x) <l eiT d(z1, Aza, x3).
Then, we have
_1 _1
Hd)E’AHBp_E < Cye®A P and ||¢E,A||B_pi/ < Cye®A 7.
p,00
Proof. Using (1.5), we get that
S S _l
7ﬁ”etAQZ’s,AHLP < Cpt2A 7.
Thus we infer
52 s dt 1
/ t2 HetAqu’A ‘LP? < Cye®A . (1.7)
0

Now, let us assume that t2 > . We can assume without loss of generality Using that w =
(1,0,---,0). We have




We get after k integrations by parts and Leibnitz formula,

k

S S 1 .

N (kS ¢ d —1

t2e" e n = (—ie)"t? ;:0 th%Jrg fe(*\/%> * ((e Pr—o(z1, A" 22, 23))

where f; and ¢p_, are functions of S (Rd). As A is assume to be greater than 1, convolution
inequalities give

#2610 < Coph ™ fjmm{ () (;E)f‘”f'}.
£=0

Let us assume that k > s. If K > ¢ > s, we use
8_2
If ¢ < s, then we use that
1(g_g_d _o—d
Ek/ t—1+2<s l p,)dt§€k+s l =
e—2

If k£ is large enough, we get the result. O
Now, let us prove a bound from below.

Proposition 1.3.3 Let ¢ be a function of S(R3) and s in |0, 3[. For (g,A) in ]0,1] x [1, 00],

let us define dof o1
pen(r) T €% P21, Awa, 33).

Then, if Ae is small enough, we have
I6eallzes = Coc”

Proof. Let us first observe that, as the space of smooth compactly supported functions is dense
in S and the Fourier transform is continuous on S. Thus, for any positive 1, a function ¢ exists,
the Fourier transform of which is smooth and compactly supported such that, denoting as
before 0. A(x) = eix?39(a:1, Axg, x3),

e = Ocllpzo, <ne” and || =0l <. (1.8)

As the support of the Fourier transform of 6 is included in the ball B(0, R) for some positive R,
that of 6(x1, Aza, x3) is included in the ball B(0, RA). Then the support of F6. A is included
in the ball B(¢71(1,0,0), AR) which can be written as

1
EB((L 07 0)7 A‘ER)

If \e is small enough, we can assume that this set is included in e !C where C denotes a fixed
ring. By definition of B’

so.00) We have
, _ ETN
HG&AHBO_OS,OO = f;‘glgtzﬂe GE,AHLOO

Ce®[je=" 20 a | oo

Vv
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For any function h such that the support of % is included in e~1C , we have
|F e R e < Cll 2.
Applied with h = 662A957 A, this inequality gives
16callLe < Clle= 20l and thus 10eall pos . = O e 0enllze = C7Ve%lgl ox

Now let us write that

el e > 6eall e, — e
O (6 — 2m).

v

Together with (1.8), this gives the proposition. O

Let us give another example of estimates of Besov norm of negative index in the case of
slowly varying functions.

Proposition 1.3.4 Let (f,g) be in S(R?) and S(R) respectively. Let us define

def
he(xp,x3) = f(2n)g(exs).
We have, if € is small enough,
||h6HB— (R3) = 4||f||B— OO(RQ)HQHLOO(]R)«

Proof. By the definition of || - HB_ (r%)> We have to bound from below e!2he| oo (r3)- Let us
write that

2
(e2hE)(t, ) = (20 f)(t, 1) (% g) (%, ex3).
Let us consider a positive time £y such that

1 1
A
te et " fll oo (m2) 2 §||f||3—

Then we have

1 2
t (1€ £l oo 2y | (0% 9) (€*t0, ) || oo ()

822508%

1
it
tg 1€ oo 3y

\%

> S ps ey e gl ey

24 92
As lim e° 0%
e—0

As a conclusion of this section about Besov space, let us prove the following property.

g = g in L*°(R), the proposition is proved. a

Proposition 1.3.5 If ¢ is a homogeneous Fourier multiplier of order m > 0 and s a positive
number such that s +m > 0. Then o(D) maps continuously B, 7 into B, ;~™.

Proof. For the sake of simplicity, let us write it only for m = 0. as for any function v, we have
o0 S S
v = / 73(=A)2 e dr
0

14



Using the semi group law on the heat flow and splitting (_A)% into two parts, we infer that

t2e"a(D)u = C’st;J(D)(—A)ieéA/ (7’ - %) E(—A)i"rle%Ae%AudT. (1.9)
t

Using Lemma 1.2.1, we have
lo(D)(~A)ie2%alr Stillals and [[(~A)i e32a]p S 75 al|po.

Plugging this into (1.9) gives

o0
d
15 M0 (DYu o gti/ Fille3 8l .
t T

2
Using Holder inequality with respet to the measure 7~ 1dr, we get

o] q [o SR
([ ritlessulr 2 ) s oo [T ¥ ety
t T t T

2 2

Thus we infer that

as dt 7 oasdt ses s dr
[oegresan s [ ()it
R+ t RT 0 t T

s, T dr

s [ rEresug T

Rt T

This concludes the proof of the proposition. O

1.4 The endpoint space for Picard’s scheme
The following proposition guarantees that it is hopeless to go beyond the space Bo_ol,oo'

Proposition 1.4.1 Let E be a Banach space continuously embedded in the set S'(R?). As-
sume that, for any (\,a) in R} x R3,

IF G = aDle =271 £lls-
Then E is continuously embedded in Bgo%oo.

Proof. As B is continuously included in &', we have that |(f,e~I*)| < C||f|| 5. Then by dilation
and translation, we deduce that

1
Ifllpmr = Stugtz\lemf!\m < C|fls-
’ >

This proves the proposition. O

It turns out however that B!, is too large a space. The mayine reason why is that if

00,00
we want to solve the problem using an iterative scheme then we need that e*®uq belongs
to L2 (RT x R?) so that B(e'®ug, e"®ug) makes sense. Taking into consideration the scaling
and the translation invariance thus leads to the following definition.
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Definition 1.4.1 We denote by Xy the space of tempered distributions u such that

def

Jullx, =
z€R3

R>0

1
full s+ s B[ feu) dydr)” <o
oo P(z,R)

where P(x, R) = [0, R?] x B(z, R) and B(x, R) denotes the ball of R? of center x and radius R.
We denote by X be the space of functions f on R} x R?® such that

1
def 1 _3 2
I1lx & Sup(t2||f(t)HL°<>+Sup R |f<t,y>|2dydt)2) <o
t>0 P(z,R)

z€R3
R>0

We denote by Y the space of functions on R} x R3 such that

def _
flly = suptlf(#)][ = + sup R~ (8, y)l dy dt < oco.
R>0

3

L1t
Proposition 1.4.2 For any p in |3, 0], the space By * is continuously embedded in Xj.

Proof. Let us notice that for any 2 € R® and R > 0, we have

S ) - :
/ / leBug(y)|® dy dt < p(B(x, R)' / ( / }efAuO<y>!pdy) d.
0 JB(x,R) 0 B(z,R)

3

14
By definition of the space B, 7, we have

2

R2
[ [ el v < ol vy us. )75 [
0 B(z,R) B, ? 0

which obviously entails the announced embedding. O
Proposition 1.4.3 The space 30_0172 is included in Xj.

51 . . . 1
Proof. As B, is included in By, we have

sup 2 || ul| g < Cllul -1 - (1.10)
t>0 00,2

Moreover, we have

IN

o A 2
/0 1 2t

Clull 5,

1 e tA 2
— e~ (y)|“dydt
R?,/0 /B(%R)I( )(v)|

IA

Together with (1.10), this proves the proposition. O
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As X - X C Y, the fact that we have a global unique solution for small initial data in Xq
will follow from the following proposition.

Theorem 1.4.1 Let us define the operators (Lj)1<j<n by

8tLjf — ALJf = 8Jf - Vp
divv =0 and Lj\t:o =0.

The operators L; maps continuously Y into X.

Proof. Using Lemma 1.4 page 11, we get that

3
L:f)*t, z) = TF,(t—t, 2 —y)ft, y) dt’ dy
J N4
(=1
with for all positive real number R,

¢ (D (r,0) + T2 (7, 0))

k
’Fj,Z(TaC)‘ < (V7 +|CD* <C (

def )defl SR 1
=R/ +1chd
2)

The operators of convolution with functions FEQ) and I'jp
the following proposition.

. 1
with TH)(r,¢) € 1‘<'>R!C!4 and T (r, ¢

may be bounded according to

Lemma 1.4.1 There exists a constant C' such that, for any R > 0,

C
10 5 Fllieo sy < Z Il (1.11)
2 C
10 % Flli 2 ey < Il (1.12)

Proof. Let us decompose F%) * f(t,x) as a sum of integrals on annulus:
s ft,2)| < / / iz —y)|dydt
| R (&)l Z (0,2Pt1R)\B(0,27P R) |y|4’ ( )

1
E}jz—m(zp“m—?’ / / (o — )|yt
=0 0 JB(0,2r+1R)

IN

As p is nonnegative, we have for t < R2,

T s f( o) < %Zz*p@p“m* [ e drds
— P( )

z,2PT1IR

IN

— 27P sup / f(t, 2)|dtdz.
Z 5 g 109

R’>0
By definition of | - ||y, Inequality (1.11) is proved.
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In order to prove the second inequality, let us observe that for all z € R3 and ¢t > R?, we
have

CD % f)ta) < T(2)+ T2 (12) with
(21) dof  [Min(R3) 1 , ,
Lp(te) = / — |f(t,x —y)|dy dt’,
0 B(O,R) (

) (VE—1 + [y|)*
(22) def / / 1 / /
Y (t,z) = —|f(t,x —y)|dy dt’.
i (h2) min(R2,1) J B(0,R) (Vt =1+ |y])* 17 )

~+

For bounding Fgl)(t, x), we use that t < 2(t — t’). We get

T2V (¢, 2) <o <1 /RQ/ Fitd x—y)|dt’dy>
B =2 \R o Jpor

so that, for any ¢ > R? and z in R3,

\ Q

TV (¢, 2) < malile (1.13)

M

In order to estimate I‘g2), let us use that ¢t < 2t' and that, for any a > 0,

/ oy 1/ _dz
Bo,r) (@+[y)* = a Jps (14 [2])4

This enables us to write that

W /m /B R) (Vi + , /
I‘R t,r) < t o dy dt’,
( ) in(R?,3) J B(0, ( - ’ ‘) ” ( )HL

1 odt [ 0,R)) dt’

< Clflly (/ — /mwt’>’
1 1 tR?

< (5 + )

As R < +/t, this concludes the proof of the lemma. O

Proof of Lemma 1.4.1 (continued). Note that applying the above proposition with R = /¢
yields

NLi ) e < ffnfny. (1.14)

Hence, it suffices to estimate || L; f|12(p(s,r)) for an arbitrary = € R3. Using translations and
dilations, we can assume that x =0 and R = 1. Let us write

Lif = Lj(1ep2)f) + Li(1p02)f)-

Observing that, for any y € B(0,1), we have

|Li(Lepo2) /) (t:9)] < CT % (Lepoa | 1) (5 ),

and using Inequality (1.11), we get
1L (Xepo,2) /)l zoe(pe0,1)) < CllIflly-

18



As the volume of P(0,1) is finite, we infer that

1L (Xepo,2)f)llz2(po,1y) < Cllflly- (1.15)

Now the proof of Lemma 1.4.1 is reduced to the proof the following Lemma.

Lemma 1.4.2 For any function f : [0,1] x R® — R such that f(t,-) be supported in B(0,2)
for all t € [0, 1], we have

ICL5 ) ) 2o,y xrs) < CllFAly
Proof. Let us point out that, for any t, L;f(t) = IF’Ejf(t) where Ej is the solution of
OLjf —ALjf =0;f and Ljfi_o=0.
As P is an orthogonal projection in L%, we get
VL3 £ e < 1Tl e (1.16)
Let us decompose f into low and high frequencies in the sense of the heat flow:
J= g owith p) % FT it )

where 6 denotes a function such that # be compactly supported and with value 1 near the
origin. Let us write that

1—0(t36)2 ~
oy = @) /M O o v

< C (¢, )12 dt
[0,1]xR3

< Olfllprqoaxmsy sup tLf ()l e
>0
So using the energy estimate on the heat equation and (1.16), we end up with

HLjfﬁHLQ([O,l]x]R?’) <C|flly- (1.17)

Now let us estimate ||Ejfb||L2([0’1]XR3). Let us first observe that, by definition of Ej and f?,
we have

FLif (t,€) = i& /0 IR P 6) ar
= ige P /0 FP). ) dt with  FP(t,6) < € o ) it ).
Let us notice that, by definition of 8, we have that
P, ) =139 (\[) « f(t,)) with §e S(RY). (1.18)

Thus, using (1.16), we get

3 o 1 t 2
DL o ymsy SN with () d:f/o HvetA/o Fye w

J=1
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By symmetry, we can write

N(f) = 2/(VetAfB(t”)‘VetAﬁ(t’))LQdt”dt’dt with
A

def

A ("¢, t) e [0,1/ t" <t <t}

tA s self-adjoint on L?, we get

—(AAP (), ()

By integration by parts and because e

(vetAfB(t//) ‘vetAfb(t/))L2 _
For any positive ¢’ and " such that ¢’ < t/, the function fb(t’ ,+) and ]?b(t” ,-) have Fourier
transform with compact support in a ball of radius C/+/¢”. In this space (denoted in F L2,),
we have, in the sense of £(FL2,),

206D = —ithA :
dt
We infer that
1d
V(t”, t/) E]O, 1}2 ’ (VetAfb(t//)‘vetAfb(tl))LQ _ —§$(€2tAfb<t”)’]?b(t/))L2.
By integration, we deduce that
1 1
d
| @R PETeA )t =~ [ SRR PE)

= ((th’A o €2A)ﬁ(t,/)‘ﬁ(t,))L2
Thanks to Fubini’ theorem, we deduce that

N(f) = /O 1((6”’A — ) /O ' fdt”

By definition of the L? inner product, we infer that

P(e)) Lt

tl
N < WP Lo s (=) [ Peyar

€[0,1]

Lo

Using (1.18), we infer that

(1.19)

t/
N) Ml o,1yxre) sup H(€2t A €2A)/ eyt .
t'€[0,1] 0 Lee

First of all, let us notice that, using (1.18) and the fact that operator e~ maps L'(R?®)
in L>°(R3), we have

2 [ Panar], < Pl gospessy
Thanks to (1.18), we have, as f is supported in the ball B(0,2),
vt € [0,1],, [1F°(t )1 gsy < Cllflly- (1.20)
Thus, we get )
e /Ot Punyar| <cifly. (1.21)

Let us admit for a while the following two lemmas.
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Lemma 1.4.3 Let 0 in S(R?). Let us define

def ,_3

folt,) S 4720(673) % f(t,)
We have B
Folly < ClIflly-

t) = et® /t F(t)at'.
0

Then a constant C' exists such that for any function f in'Y and supported in [0, 1] x B(0,2),
we have

Lemma 1.4.4 Let us define

IEfll oo o152y < Cllflly

Conclusion of the proof of Theorem 1.4.1 These two lemmas imply that

tl
sup HthA/ ]'Eb(t//) dt"
0 L

t'€(0,1]

_<Clfllv.

Inequalities (1.14), (1.17) and (1.21) allows to conclude the proof of the theorem. O
Proof of Lemma 1.4.8 Let us first obverse that, for any ¢, we have

£t lzee < 11611l £ () oo
Thus we have
ELF oo < 01l £ ) zoe. (1.22)
Now, let us write that, for any = in the ball of center 0 and radius R, we have
L) [taozm @ 11.0)l dy
R3 Vit .

1Ot /RS (1

n ‘w\;z ‘>4 R2

3 1 ¢
< (10072 * poamy £ )]) (@) + g suptl£(1, o

(NI

fo(t,2)| < t

£t y)l dy

Thus, we infer
C
ol Bllurom < 15 [ 1@l didy+ Csuptl e,
=R P(0,R) >0

This proves Lemma 1.4.3. O

Proof of Lemma 1.4.4 Because of translation invariance, it is enough to bound
def [ oA ¢
1) < (2 [ (e ar) o)

1
We decompose the space R? as a disjoint union of cubes of center ny/t and radius —v/t

where n = (ny,n2,n3) is the generic point of Z3 . This gives

1 2
=) / e 5 f(t,y)dt'dy.
0

g [0,T]xB(nv/t,3/%) 87rt2
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As y belongs to B(nv/t, 31/t), we have

] 1
Ylspl= =
Thus we get
_m2 1 / /
Iy < > e v |f(t'y)|dt'dy
nez? ¢z P(n\/f,%\/f)
_In?
S flly D e s
nez’
SIS
This concludes the proof of Lemma 1.4.4. O

Of course, this proves the following theorem
Theorem 1.4.2 If e'®uq is small enough then there is a unique global solution to N S)
associated with ug.
1.5 An abstract non linear smallness condition

Let us define a space which is a good space for being an external force that Theorem 1.4.2.

Definition 1.5.1 We shall denote by E the space of functions f in LI(R‘F;BO_O%Q) such
that supt|| f(t)|| g—1_ is finite equipped with the norm
t>0 0,00

def
1Az = 1l grpzy) + iggtl\f(t)llggw-

Theorem 1.5.1 There is a constant Cy such that the following result holds. Let ug be a
divergence free vector field in BO_Ol’Q. Let us assume that

N

— . def
Hemuo . VemuoHE < Cilexp(—CoUy ) with Uy = (”u0||23;>12 + ||u0||%;14> (1.23)

Let us define

1

t
U(t) = (HetAuOH%oo —i—tHetAugH%oo>4 and vy (t,x) d:efexp<—)\/ U(t’)dt')v(t,a:).
0

Then there is a unique global solution to (N S) such that
H (u(t) — etAuo))\HX < C'O_l exp(—C’USl).
The proof of this theorem is the purpose of all this section.

22



1.5.1 Main steps of the proof

Let us start by remarking that in the case when wg is small then there is nothing to be proved,
so in the following we shall suppose that ||ugl| j=1, I8 mot small, say ||uol| g, = L

We search for the solution v under the form

ur, + R where wup(t) def eBug.

Then R is the solution of
(NS R = B(up,ur) +2B(ur, R) + B(R, R).

To prove the global existence of u, we are reduced to prove that (M N S) has a global solution.
We use the following easy lemma, the proof of which is omitted.

Lemma 1.5.1 Let X be a Banach space, let L be a continuous linear map from X to X, and
let B be a bilinear map from X x X to X. Let us define

def def
L]l cx) = HSWPIHLUUH and ||B|lgx) S H ”SI|1|I>” 1HB(%y)H-
T||= x||=||Y||=

If | L|| z(x) < 1, then for any xq in X such that

(1 =1Ll £(x))?

lzollx <
4(|Bllpx)

the equation
x=2x9+ Lz + B(z,x)

L= |[Llleex)
2||Bllsx)

Let us introduce the functional space for which we shall apply the above lemma. We define
the quantity

has a unique solution in the ball of center 0 and radius

def
Ut) = Jlu(@)llEee + thur(®)llie,

which satisfies, tby definition of Besov spaces,

o0
/ Ut < Clluol? . + Cllulls
0 00,2 00,4

< Clluolly, (1.24)

recalling that we have supposed that ||ug| B > 1 to simplify the proof.
For all A > 0, let us denote by X the set of functions on RT x R? such that

1
def 1 _3 2
lv]|x < Sup<t2 llua(t)||Lee + sup R 2 (/ |v>\(t,y)|2dy) 2> < 00, (1.25)
£>0 P(z,R)

z€R3
R>0

where

ua(t, ) def v(t, z) exp (—/\ /Ot U(t')dt')
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while P(x, R) = [0, R?] x B(z, R) and B(x, R) denotes the ball of R® of center x and radius R.
Let us point out that, in the case when A = 0, this is exactly the space of Definition 1.4.1
page 16. For any non negative A and that for any A > 0 we have due to (1.24),

[vllx < flvllx < Cllellxexp (CAuollfs ). (1.26)
As B maps continously X x X into X, we infer that
|1 B(v, w)|x < Cllv[[xllwlix eXp(C)\HUOHng{Z)- (1.27)
Theorem 1.5.1 follows from the following two lemmas we admit for a while.

Lemma 1.5.2 There is a constant C' > 0 such that the following holds. For any non nega-
tive A, for any t > 0 and any f € E, we have

t
H/ e(tft/)Af(t/)dtl
0

<CIf s

Lemma 1.5.3 Let uy € Bo_ol,z be given, and define ur(t) = e'®uq. There is a constant C' > 0

such that the following holds. For any A > 1, for any t > 0 and any v € X, we have
C
[B(u,v)(t)|[x < FHUIIA-
4

Conclusion of the proof of Theorem 1.5.1 Let us apply Lemma 1.5.1 to Equation (NS’)
satisfied by R, in a space X ). We choose A so that according to Lemma 1.5.3,

=

[B(urL, ) ()l coxy) <

Then according to Lemma 1.5.1, there is a unique solution R to (NS’) in X, as soon

as B(ur,ur) satisfies
1

I1B(ur,ur)llx, < —mr—"
* 7 16| Bl pxy)

But (1.27) guarantees that
I1Blls0xy) < exp(Aluollf, ).
So, if
IB(ug,ur)llx, <C eXP<—/\HU0HZE;{2>,

by Lemma 1.5.1, there is a unique solution of (M NS). The above condition is exactly re is
precisely condition (1.23) of Theorem 1.5.1, so under assumption (1.23), there is a unique
small (in the sense of || - ||x) solution R to (NS’).

Proof of Lemma 1.5.2 Thanks to (1.26), it is enough to prove Lemma 1.5.2 for A = 0.
t
Let us start by proving that Lof def / e(t_t,)Af(t’)dt' belongs to L?(R™; L*°). Let us
0
observe that

t
ILof (e < [ [le8 ()] et
0
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Let us observe that, after a change of variable

ILofll 2@t poey < sup /HeTAf(t’)HLoosO(t’+T)d7dt’~
HS"”LQ(R-&-)Sl Ri

By Cauchy-Schwarz inequality and by definition of the norm on BOO o0s We get

00 00 1
Lofliomramy < [ ([ 1e0@)e=) ar
0 0

< -
< Mo eris,)

In order to estimate t%f(t)HLoo, let us write that

t2Lof(t, |z < ﬁ/Q(t—t')éHe(tt')Af(t’)HLoodt'
0

£)2 [[et=8 F(#') | oo dt

Yoy p———
+ 2/t m (-
\[/ 1£E) 2,48 +supllf () IIB;JOO/

S gz, +sup lfOlpo
ot t>0 ’

IN

ﬁ

This proves Lemma 1.5.2. O

Proof of Lemma 1.5.83 From Proposition 1.4 page 11, we have

t
Bv,w)(t,z) = / k(=1 g)o(t 2 — )l x — y)dydt
0 JR3
C

= kx(vw)(t,z) with |k(T7C)|SW‘

The proof relies now mainly on the following proposition.

Proposition 1.5.1 Let ug € Bo_ol,z be given, and define ur,(t) = e!®ug. There is a constant C

such that the following holds. Consider, for any positive R and for (1,¢) € RT x R3, the
following functions:

def def
) = ) =

Wir¢ 1‘C'>R!<\4 and K(r,¢

1
KKW¢iHm
Then for any A > 1 and any R > 0,

— vl (1.28)

Hef,\ IS U(t/)dt’Kl(Ql) x ( <
L=([0,R?]xR*) © A2 R

uLv)H

Moreover, for any A\ > 1 and any R > 0,

C
—[|vllx- (1.29)

“A g U@dt g (2) H <
He ’ i (uLv) L=([R22R2]xR%) ~ \iR
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Proof. Let us write that
Vfl)(t, x) def e Mo U(t/)dt/\Kg) * (upv)(t, )|
t
1 " 1
/ / e MV g (¢ e for (¢ 3 — )| dy.
0 JeB(0,R) |yl
By the Cauchy-Schwarz inequality and by definition of U, we infer that
t 1 t 11\ 411
Wia) < ([ [ e Oy aray)
0 J<B(0,R) lyl
or(t )P dy)
</ /B(OR |y|4
(m) (L Ly ot = e dy) ' (130

Now let us decompose the integral on the right on rings; this gives

t 1 1
L jor(tx —y)Pardy = / /| L jr(t, % — y) Pt dy
/o ﬁB(O,R) !y\4‘ Z B(0,2¢1 R)\B(0,20 ) |U]*

— Z 9P (9Pt R)—3

// loa(t, z — y)|*dtdy.
B(0,2°+1R)

[NIES

IN

IN

As t < R? and p is non negative, we have

t 1 C oo
L e — g Pardy < S5 2p@rtip)-s / (s (1, 2) 2dtdz
/0 lB(O,R) |ly|* R Z P(z,2P+1R)

IN

2P sup o (t, 2)|?dtdz.
RZ r>0 R P(a:,R’)‘ (t.2)

By definition of || - ||, we infer that

/ t [ ette - Paray < Golg
— oA (', x — < =||lvll5.
o Jenor) W Y Y=gV

Then, using (1.30), we conclude the proof of (1.28).

In order to prove the second inequality, let us observe that
e Mo VWA (KD o (upo)) (¢, 2) < KV (¢, 2) + KV (8, 2)  with
t
2 1 t " 7
Kil(ta) < / 2 / g O s ()l oAt @ — )t dy
R o JBor (Vt—1t +|y))?
t 1 t // "
Ky [ e MV g (1) o (V) .
: ¢ Jpo.R) (VE—1t'+y))*
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Using the Cauchy-Schwarz inequality, as t € [R%,2R?] and t < 2(t — ), we infer that

1

t
2 1 t 1N 417 )
IC(QI) t,x < </2 / —6_2/\ftl (t")dt ur(t, Qoodt,dy>
R ( ) 0 B(O,R) (m+‘y|)8 H ( )HL

>< // o (¥, — y)[2dt'dy
B(0,R)

S/ () )
< — ua(t',x — dt'dy
/\§<B(0R (R+|y| ) OR| 2
RQ =
< ClR*% </ / |v)\(t’,:c—y)]2dt’dy>2,
tA)z o JBOR)
so that o
(21)
K& (t,2) < — ], (1.31)
" (tA)?

(22)

In order to estimate K™, let us write that

t 1Y 411
K (t2) < e MU oy ()] o o (E, )| et dy

| o=

/. oo
oA Jpunae [ur (s llze o

t
< Clol / L. :
L Vit —t t'2

By definition of U and using the fact that ¢t < 2¢/, Holder’s inequality implies that

N

1

C t _ t 11\ J417 1
KR 0) < ol ( [ e O g () et )

C
< N HUH)\
112
Together with (1.31), this concludes the proof of the proposition. O

From this proposition, we infer immediately the following corollary. This corollary proves
directly one half of Lemma 1.5.3, as it gives a control of B(ur,v) in the first norm out of the
two entering in the definition of X.

Corollary 1.5.1 Under the assumptions of Proposition 1.5.1, we have
_ t / ’ C
2 M PO Blur, )¢l < vl
4

Proof. Let us write that
kx (upv) (8, @) = k* (uplepg, 5 5)0) (62) + kx (uplp o5 v) (t, ).

From Proposition 1.5.1, we infer that

e Mo VO ks (up Loy py0) (E2)] < e Mo U K x (Jurd g, 5 0 (¢ 2)
C
< = llvllx-
(tA)2
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Moreover, thanks to Proposition 1.5.1, we have also
t N\ 4! _ 1N\ 4!
oMo U(t)dt [kx (ur L, pyp0) (F7)] < e~ Jo Ut Ké\[ (lur|lp g avplvl) (¢ )
C

ﬁHUH,\-
1t2

IN

This proves the corollary. O

Proof of Lemma 1.5.3 (continued) Let us estimate ||k x (urv)| z2(p(a,r)), for an arbitrary z
in R3. Let us write that

k % (ULU) =kx (uLch(%gR)U) + k* (uLlB(z,QR)U)'

Observing that, for any y € B(z, R), we have

1
|k * (uLch(JJ,ZR)U)(ta y)| < CK}(%) * (|uL|1CB(a:,2R) |U’)(t, y)7
and using Inequality (1.11) of Proposition 1.5.1, we get

_ t 2 / C
e Mo VW o s (up e gy o) vll oo (p(a,R)) < ;RHUHA-
As the volume of P(z, R) is proportional to R?, we infer that
C
[k * (urLepzor)yor)ll L2(P(a,R)) < )\*RQ V] x- (1.32)

Now let us prove the equivalent of Lemma 1.4.2.

Lemma 1.5.4 For any T, we have

C
H(B(uva)))\HLQ([O,TxR?’) = \T)\HW”LQ([QTW%

Proof. Let us write that

t
F B 6.6 < [ exp(~e =0l =) [ U ) Fun o)l
We can write that
| Flur (@ )oa(t)(©)| < alt’,)lur(t)[peolloa®)|| 2 with /RgCLZ(t’,&)dE:l-

Thus using Cauchy-Schwarz inequality, we infer that

[, s onwera < ([ an(-o- o -x [vera)

2
a(t',s)HuL(t')uLm||vA<t'>||det') dt

T/ ot
< / < / exp(~2) / Ut ”)4dt”)HuL(t’)HQLmdt’)
0
( / 62 exp (-2t = O)eP)a (¢, on(0) 3
1 2 / 2 241 N2 !
< o3 \fl exp(—2(t — ¢')[¢|*)dt ) a*(t',§) [or ()| 72dt
22X Jo
1 4 204/ (12 /
< o/ Ol
An integration with respect to £ gives the result. O
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Conclusion the proof of Lemma 1.5.3 Together with Corollary 1.5.1 and (1.32), this concludes
the proof of Lemma 1.5.3 O

1.6 A particular case of large oscillating data

It is not obvious that Theorem 1.5.1 is not empty. Of course, the non linear smallness condition
is satisfied in the case when ||ug|| j-1, is small. Let us first state the theorem that presents a

class of large oscillating initial data satlsfymg hypotheses of Theorem 1.5.1.

Proposition 1.6.1 Let ¢ be a function in S(R3). Let us consider P = (g, A) in ]0,1] x [1, oo]
such that e\ is small enough. Let us define

we(x) = cos (?) o(z1, Azo, 3).

If A2A~5 < Co_l exp(—CoA4), the divergence free vector field

wo(e) = 2 (~Bapp(e), ~O1p(x), 0)

satisfies
luoll g1, = coA (1.33)

and the hypotheses of Theorem 1.5.1.

Proof. The fact that (1.33) is satisfied is an obvious consequence of Proposition 1.3.3.
As P is a Fourier multiplier operator of order 0, we have

B0 - Te2u0) |, < e Vet .

Let us observe that

(emuo)lal(emuo)l—k( )82(6 uo)l = <f>26tAfP6tAgp and (1.34)
( )61(6 uo) —I—(emuo) Og(emuo)Q = (?)2%6 ]?pe Jp (1.35)

where f, g, fand g are functions in S(R?). Now, the main lemma is the following.

Lemma 1.6.1 There is a constant C' such that the following result holds. Let [ and g be
in BO_O{Q N H~'. Then we have

2

tA ¢ tA 3
< . . . .
(e fe"Sg)lle < C(‘|f||300{2||9||300{2) (Hf”BQ;HgHBQ;)

W=

Proof. Let us first prove the following interpolation result.

Lemma 1.6.2 A constant C exists such that, for a and b in L?> N L>®°, we have
2
3

1
labll =1, < (llallz2[bllz2)* (llall L [1B]l ) *-
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Proof. By definition of the BO_O{2 norm, we have, for any positive 7y,

[e] 70
lablsg, = [ IS @liedr+ [ e (@b fedr

0

dr 7o
< Nallg=lie [ 55+ lallzalblze [ ar
0 T 0
1
< llallzellbllzee + 7ollall L2 [[b]] £2-
70
Chossing 19 = <M) ® gives the result. O
llal2][b] 22

Proof of Lemma 1.6.1 (continued) Applying the above lemma this a = e/®f and e'?g, this
gives by Holder inequality and by the definition of Besov spaces,

* A A (12 > A A
|t < [T el )

2
X (e fllr=e@gllL=) * dt

wl—=

1
< (||etAfHL2(R+;L2)€tAgH|L2(R+;L2))3
A A 3
X (Het fHL2(]R+;L°°)€t 9”’1;2(1R+;L°<>))5
A 1 A 2
< (fHB;éet gH‘Bi%P(fHB;Qet 9”’3;172)3-

Along the same lines, let us write that

e I P
1 1 1,1 1 2
(t2[1e" fll2t2 [l 2 gll 2) ® (2 [l fllpct? [P gl o) ®
A 3 A 5
(f”Biioet 9H|Biio)3(f”]3;o{ooet g”’Bgo%oo)S
1
3

< _LetA - L otA 3
S (Flssrealllsgy)* (Fllpz,eallpo,)

This proves Lemma 1.6.1 O

S
S

Conclusion of the proof of Proposition 1.6.1 Then, using (1.34) and (1.35), we infer that

AN 2 2 1
[B(e2u0- Ve ruo) |, < (Z) (el lorls, ) (el s5llop sy )
2
<é> ei (€2A71)§
€
< A2\l
Thus if )
ATz <Ot < A_ZC’O_1 exp(—CpA?)

the hypotheses of Theorem 1.5.1 O

Remark Let us point out the importance of the algebraic structure of a non linear term.
A term like . )
(emuo) O (emuo)

will produce terms we can bound only in F by A2A3.
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1.7 The role of the special structure: a Navier-Stokes type
equation which blows up

The incompressible Navier-Stokes system has three important features: the scaling invari-
ance, the incompressibilty condition and the very special structure of the non linear term.
This structure leads to energy estimate, but also appears in relations likes (1.34) and (1.35)
which has been crucial for proving the global well posedness result of Theorem 1.6.1. The pur-
pose of this section is to study a modifed system which has the first two properties (scaling
invariance and divergence free condition) and with a different structure of the non linear term
which will lead to blow up at finite time for some initial data that satisfies the hypotheses of
Theorem 1.6.1,

e e R 616 <0, &6 < 0and 6] < min{|&], |5} (1.36)

and the matrix ¢(&)

16(€) E+EE-66-68 S+E-G&L—&E E+E8 -6 - 48
q(§) = el G+8-G&E -8 G+8-G&E -8 §+8 - G&— & |- (1.37)
G+ -G — &8 G+ -G8 — & §+86 —&& — &8

Let us observe that

q(§) = [€[1e(§) P(€)

—_ =
—_ = =

1
1
1

if P(€) denotes the matrix of the Leray projection of divergence free vector field in the Fourier
space. Let us consider the following modified incompressible Navier-Stokes system.

O — Au = Q(u, u)

divu =0, Ujg=p = Uo

3
with  F(Q7 (u, 1) 37 16(6) g (&) F(wub).

(MNS) { >

The main point of this modified Navier-Stokes system is the following property which plays a
key role in the proof of blow up for finite time.

Proposition 1.7.1 The coefficients of the matrix q(§) are non negative.

Proof. Let us first notice that on &, £1&3 is positive.The components of the first line may be
written

G+E 6L -GG =86 -aLE+ &6 —6)

which is also positive since either &; and &3 are both positive, in which case &3 > &1, or they
are both negative in which case 3 < &;. Thus the first line of the above matrix is clearly made
of positive scalars. The fact that the terms of the second line are non negative is obvious due
to the sign condition imposed on the components of &.

Similarly one has

G+8E -GG - 6GE=8+& - &6+ &)

and either £ <0, & >0,& <0and & +& >0,0r & > 0,8 <0, & >0and & + & < 0.
So the third line is also made of positive real numbers. O
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Theorem 1.7.1 Let us consider an initial data ug such that, for any j € {1,2,3}, the com-
ponent @) is a non negative function. Let us assume that for some jo, we have

G°(¢) > To(€) >0 with Supp Ty C Cr.p. (1.38)

where C, g is some ring of R3. Let us assume a positive real number m exists such that, for
any & in the union of the iterated sum of Supp 7,

Bjo.jo (§) = mE]. (1.39)

If the quantity

. HA H
m VoI
R oLt

is large enough, then the unique solution to (M N S) associated with the initial date ug blows
up for finite time.

Proof. As the positivity of the components of u is preserved by the flow of (M SN), we have
that

3
o) = 1 PaPe) +Y / Lt g () (@0 () % T, ) ()
— J0
| k31 t
> PP+ Y [t g O @0 ()« () ()t
k=170

As gy, (€) is non negative, we get that, for any ¢, u/0(£) > 9(€) where v is the solution of
O — Av = Q50,50 (D)(U2) with Yjt=0 = Yo-

We give here a variation of the proof of [50]. Let us define the sequence (t)ken by

k
def 1 -
t0:0 and tk :e ﬁZQ 26.
/=1
We use denote by T its limit (which is 4/(3R?)). Let us define the sequence (v((f))geN by

v(()l) def %o and o0 def v(()l) * v((f*l).

Let us notice that
Supp v\ ¢ (C,r and V¢ € Supp U((f), q(&) > mrt.

Let us make the following induction hypothesis for some sequence (Ag)reny which will be
choosen later on:

(Hy) Vte 2.4, 3(t.€) > Al (e).

Using the hypothesis on the support of 9y, we have that, for any ¢ in [0, 277,
B(t,€) = e ho(€) = e (©).
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Thus, if we choose Ag = 2L (Hy) is satisfied. Now let us assume (Hy). As Qjo.jo and v(t,-)
are non negative functions, we have, for any ¢ > t51,

t
B(t,6) = e " T(e) + /0 e EOIF g (€)@, ) <Dt )) (€)dt’

t ,
> </ e*(tft)IEth’)AijO’jo(g)(v((fk)*v(()Qk))(ﬁ).

t

By definition of the sequence (U(()Z)) reN we get using (1.39),

t
36,6 = ( /t e mP gy Yo,
k

Ast > tgy1, we have t — > tg. Thus we get

92k+2 2

e = ([

e~ (=122 R dt/) mTQkU(()QkH) €3]

PR
1" ok g2, (281
z de AR e).

Choosing

def _ . def | _ r

Agt1 = me2 FALk?  with mg = 4de 1mﬁ

gives (Hyy1). Let us compute Ay. By iteration, we find that

Aor = ki Thoo 2 g2

K 8\ ok+1
As 262]“4 = 2% we get that Ay, = 4(m06_§)2 . As i)\((f)Hy = ||5o]|%1, we infer that, for
=0

any tin [T;2T], we have
~ _8 i~ 2k+1
0(t, &) = 4(moe” 5|70l 1)

Thus, if me™ 5 ||To|| 1 is large enough, then klim Ay, = +oo and thus ||u(¢,-)]| ;1 blows up for
—00
finite time and the theorem is proved. O
The purpose of this section is the proof of the following theorem.
Theorem 1.7.2 Let ¢ be a function in S(R?) such that its Fourier transform is non negative,

even and has its support in the region €. Let P = (¢,A) be in |0,1] x [1, 00[ such that €A is
small enough, and A a positive real number. Let us consider the initial data

uo(x) d:efA((?gcpp(a:), —O1pp(x),0) with @p(z) d:efgiA cos(%)(alcb)(aﬁl,/\xg,xg,).

If
A
A3 < CytA 2 exp(—CoA*)  and - large enough,

then g satisfies the hypothesis of Theorem 1.5.1 and the local solution to (M N S) blows up
for finite time.
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Proof. We have

up(z) = ?COS(%) ((618290)@1, Axg, x3), —%(8?9@)(:61, Axo, :Eg))

First of all, let us check that ﬂ% are non negative functions for j € {1,2,3} and that their
support intersects the set |{;| > 1/2. Indeed we have

a()(g)—z;j‘\z(zj(—&fz)w(a, G * )Z (e 26+ ))
+

which gives the non negativity of the Fourier transform of the components of ug. Then let us
consider a point wy such that
—whwap(wo) > 2co

and a real number ¢y such that

vé— € B(w07€0)7 _5152()0(5) > €

Let us define vg by

. def A 13 } def .
To(€ = ZoAz o (51, A2,£3 ) with  wo(n) E 1p(wy.20) (M)MM2B(n).

As we have

Vv

o]l 1

C() A {f c R?’/ (51,52,§3> S B<WQ,€0)}

A
> ,u(B(wo, 80)60; )

we infer that if A/e is large enough, the hypotheses of Theorem 1.7.1 are satisfied and thus
the theorem is proved. O

1.8 References and remarks

The Koch and Tataru theorem has been originally proved in [40]. The second and third section
are adapted from [15]. Let us mention that in the framework of periodic boundary conditions,
a type of non linear smallness condition has been introduced in [14]. The methods for proving
blow up in section 1.7 has been introduced in [49] and the modified (M N.S) appeared in [29].
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Chapter 2

Slowly varying vector fields

Introduction

In this chapter, we continue to investigate the use of the structure of the incompressible 3D
Navier-Stokes equation to construct large global solution. The idea is to work is a situation
close to the 2D situation, i.e. in a situation which vector fields vary slowly in one direction,
nameley are of the form

Uo,a(fﬂh,ﬂﬁ:;) = Uo,e(fch,%“:%)

where x;, belongs to a two dimensionnal domain and x3 belongs to R and where derivatives
of vy« are bounded with respect to € in say L? space. Of course, the divergence free condition
will constrain the properties of the ”profile” v. Indeed, let us write the profile

h 3 1 2 3
Vo,e = (UO,@’UO,s = (UO,ev Vo,e» UO,&)

the divergence free condition on ug. implies that
divy, vg,s + 8831)876 =0.

Thus the form of the initial data is
h L 4
Q]0,<5(xhv 5$3)7 gv[],a(xha 6%3)

where the profile vo . = (vf}_,v3.) = (v§., V5 ., 15 ) is a smooth enough vector field, uniformely
with respect to the parameter . Because of Proposition 1.3.4, such initial are very large.
For technical reason, it will be necesarry to work in the domain T? x R.

In the firs section, we explain how the problem reduces, after a rescaling with respect
to the vertical variable, to a resolution of a system with vanishing viscosity in the vertical
variable and a modified gradient of the rescaled pressure. This system looks illposed.

In the second section, we present a global Cauchy-Kovalevska mehod in the model case

{ Ou +yu + A(D)(u?) =0

Ult:() = Uup

where v is a positif real number and A(D) a Fourier mulptiplier of order 0. We prove global a
priori estimate for small analalytic data. We method used consists in defining an admissible
rate of decay of the radius of analyticity.
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In the third section, we introduce, in the case of the real problem the phase function which
describe the rate of decay of the radius of analyticity in the vertical variable. The role of the
horizontal and the vertical component in this definition is very different. Then, we reduce the
proof of the global wellposedness problem to the proof of two propositions which describe how
the control the dacay of the radius of analyticity.

The rest of the chapter is devoted to the proof of these two propositions.

2.1 1Ill prepared data: the vertical rescaling
The theorem we want to in this case in the following.

Theorem 2.1.1 Let a be a positive number. There are two positive numbers €9 and 7 such
that for any divergence free vector field vy satisfying

a| D3|

e o]l s <,

then, for any positive € smaller than e, the initial data
up () = <v0 (xh,ex3), ~Y0 (xp, 8:6'3))

generates a global smooth solution of (NS) on T? x R.

Let us notice that for the sake of simplicity, we assume that the profile vy does not depend
on €. The theorem is also true in the case when vg is a family of profile such that, for all ¢,
llePslug || pra < .

We look for the solution under the form

def 1
u(t,z) = (v?(t,xh,exg),gvg’(t,xh,sx;g)).

Let us notice that

def

Aug(t, zp, x3) = (Acv)(zh,ex3) with A, = 07 4+ 05 + 205 = Ay + 203

Moreover,

ue - V(f(zn,ex3) = (Uh'Vhf)(ﬂﬁh,é‘ﬂ?:a)+évg(xh,fws)a?,(f(fﬁh,f:‘x?,))
= (v-Vf)(@n,ex3).

This leads to the following rescaled Navier-Stokes system.

ol — A + v - Vol = —Vhqg
03 — Av® +v - Vi = —£203¢
dive =0
Vjt=0 = Vo

(RNS:)

Here, we already notice the importance of the structure of the non linear term which prevents
from terms of size ¢! which would appear with terms like u39),.
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Let us notice that the system (RNS;) is far away from the following system

ool — A +v - Vol = —Vip
03 — Av® +v - Vod = -3¢
dive =0
Vit=0 = Yo

(ANS:)

For this system, it is proved in [12], that if
[[vol| £2[|Osvol[ L2 < co,

(with ¢p independent of ) then the system (ANS;) is globally wellposed. The fact that
the about system satisfied the L? energy estimate is crucial. Because of the term £203q, the
system (RN S;) does not safisty any conservation of energy.

Asthere is no boundary, the rescaled pressure g can be computed with the formula

Acg =) 0Fop = Za On (010 (2.1)

i,k

It turns out that when & goes to 0, AZ! looks like Agl. In the case of R?, for low horizontal
frequencies, an expression of the type A;l(ab) cannot be estimated in L? in general. This is
the reason why we work in T? x R. In this domain, the problem of low horizontal frequencies
reduces to the problem of the horizontal average that we denote by

(M) < ) [ )i,

Let us also deﬁne Mtf = def (Id—M) f. Notice that, because the vector field v is divergence

free, we have 73 = 0. The system (RN S:) can be rewritten in the following form.

o — Aqw —l—ML(U Vuh —i—w?’@g@ ) =-V"q
o — Acw +Ml(v Vu?) = — 2(93ML
(RNS.) O — 203" = —93 M (w3w™)
div(v + w) =0
(U, w) =0 = (vo, wo)-

The problem to solve this sytem is that there is no obvious way to compensate the loss of
one vertical derivative which appears in the equation on wy and v and also, but more hidden,
in the pressure term. The method we use is inspired by the one introduced in [9] and can be
understood as a global Cauchy-Kowalewski result. This is the reason why the hypothesis of
analyticity in the vertical variable is required in our theorem.

Let us denote by B the unit ball of R* and by C the annulus of small radius 1 and large
radius 2. For non negative j, let us denote by L? the space FL?((Z% x R) N 2/C) and by L?,
the space FL?((Z? x R) N B) respectively equipped with the (semi) norms

d f _ ~ def _ ~
Julf; © om0 [ (P and i, © em? [ jae) P
2iC - B
Let us now recall the definition of inhomogeneous Besov spaces modeled on LZ.
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Definition 2.1.1 Let s be a nonnegative real number. The space B*® is the subspace of L?
such that

def
= I

lullze = | (27l 2) ]l < oo

We note that u € B® is equivalent to writing |jul|;2 < Cc;277%||ul|ps where (c;) is a non
J

negative series which belongs to the sphere of ¢1. Let us notice that B 3 is included in F (LY)
and thus in the space of continuous bounded functions. Moreover, if we substitute ¢ to ¢! in
the above definition, we recover the classical Sobolev space H*.

The theorem we actually prove is the following.

Theorem 2.1.2 Let a be a positive number. There are two positive numbers €9 and 7 such
that for any divergence free vector field vy satisfying

a| D3|

He UOHB% Sna

then, for any positive € smaller than €, the initial data
def h 1 3
upe(z) = (v (xhast)ngO(mhvng)

generates a global smooth solution of (N'S) on T? x R.

Before entering in the technicalities of the proof, let us have a discussion about the hy-
pothesis on analyticity of the intial data. It is known to be somehing ”unphysical” like for
instance in the problem of boundary layer of vanishing viscosity (see the Prantl’ problem).
Here, for any e, a positive real number p. exists such that if

HUO — Upe < pPe

oL
H?2

then ug generates a global smooth solution. Indeed, writing the solution u associated with ug
as
U = U + We

where u,. is given by Theorem 2.1.2, we have

ow—Aw+w-Vw+w-Vug +u. - Vw=—-Vp
divw =0 et Wig=o = Wo-

Classical H2 estimates allows to prove that, as long as ||w(t)\|H 1 < co (with ¢o small enough),

we have
2 ! 2 2 !
/ / / /
WOy + [ V0@ < ol en(Co [ 1V lmar
C
2 _201,alDs]
< funlf, g exp( - Lle ™ )
Thus, if

€0 ary [ — €0 alDs]
Junl 3 < 5 e~ el g
then ug . + wo generates a global smooth solution.
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2.2 Study of a model problem

In order to motivate the functional setting and to give a flavour of the method used to prove
the theorem, let us study for a moment the following simplified model problem for (RN S;),
in which we shall see in a rather easy way how the same type of method as that of [9] can
be used (as a global Cauchy-Kovalevska technic): the idea is to control a nonlinear quantity,
which depends on the solution itself. So let us consider the equation

dpu + yu + a(D)(u?) = 0,

where u is a scalar, real-valued function, 7 is a positive parameter, and a(D) is a Fourier
multiplier of order one. We shall sketch the proof of the fact that if the initial data satisfies,
for some positive § and some small enough constant c,

”eélD\

uoll 3 < e,

then one has a global smooth solution, say in the space B 3 as well as all its derivatives. The
idea of the proof is the following: we want to control the same kind of quantity on the solution,
but one expects the radius of analyticity of the solution to decay in time. Let us introduce
the following notation, which will be used throughout this article. For any locally bounded
function ¥ on R x Z? x R and for any function f, we define

def

fo(t) = F LS f(t,4).

Let us notice that this notation does not make sense for any f; the following can be made
rigourous by a cut-off in Fourier space. This will done in the next section, in the proof of
Theorem 2.1.2.

So let us introduce the function #(t) which describes the ”loss of analyticity” of the solution.
We define

0() € Jua(t)] 5 with 6(0)=0 and ®(t,€) = (5 (1) (2.2)
The parameter A will be chosen large enough at the end, and we shall prove that 6 — A0(¢)
remains positive for all times. The computations that follow hold as long as that assumption

is true (and a bootstrap will prove that in fact it does remain true for all times). Taking the
Fourier transform of the equation gives

t
[a(t, )] < e [tio(8)] +C/0 e el |F(uP)(,€)| di'.

Using the fact that

t .
Yt (6= AB(D)) [€] < 7(t — ) — e / 0(t") dt”
At (8= AO(E)) [ — ] + (5 — AO(E) Il
we infer that

t .
Mo (t, €)| < [ (&) + C / e MELS 0 e | F (2| (¢, ) dt’.
0
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Thus, for any ¢ in 2/C, we have
(1, )] < El[a(€)] + C /0 NP L0 91 | F () (¢, €)
Taking the L?(27C, d¢) norm gives
Mt sz < [ Pl +C [ OO [ (0 . (29

Now, we need a lemma of paradifferential calculus type. The statement requires the following
spaces, introduced in [17].
Definition 2.2.1 Let s be a real number. We define the space E%O(BS) as the subspace of
functions f of LY (B?®) such that the following quantity is finite:
_ def N o
1z 5y 32 21 ez
J

Let us notice that E%’ (B?) is obviously included in L3 (B?).
We shall also use a very basic version of Bony’s decomposition: let us define

def 1 / N def 1 ~
Tob = F alé —n dn and R.,b = F / (& —n)b(n)dn.
zj: S (€ = m)b(n) Z )b(n)

2iCNB(E, 2J+1)
We obviously have ab = T,;b + Rpa.

Lemma 2.2.1 For any positive s, a constant C' exists which satisfies the following properties.
For any function ¥ satisfying

U(t,§) < W(t,§—n)+ ¥(t,n) (2.4)

for any function b, a positive sequence (c;)jez exists in the sphere of (*(Z) (and depending
only on T and b) such that, for any a and any t € [0,T], we have

I(Tab)w ()]l 2 + 1(Rab)w () 12 < Cej2[law ()] 3 15wl 7o e )-

We prove only the lemma for R, the proof for T being strictly identical. Let us first
investigate the case when the function V¥ is identically 0. We first observe that for any & in
the annulus 2/C, we have

FRHOO = 3 [ at. € — )bt )

1
>je2 'cnB(¢g,29'+1)

By definition of || - , we infer that

IZ5e ()

I1Rab()]l 2 < Clla®)llzwyy Y 27 16l o .

J'2j—2

Defining ¢; = Z 2(j_j,)scj/ which satisfies Z ¢; < Cs, we obtain
j'>j—2 J

IRab ()]l 2 < C&;277 a(t)ll = 1D 7o (- (2.5)
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As B3 is included in F (L'), the lemma is then proved in the case when the function ¥ is
identically 0. In order to treat the general case, let us write that

PO F(RD)(1,6)| = tfz / at. & — )| [b(t, n)ldn

]CﬂBfZJ
© S =l
5 J2enB(E2))

Estimate (2.5) implies the lemma.
Now let us return to (2.3). We write

U (1) = Ty )€ ua(t') + RV us(t'), us (t))
and Lemma 2.2.1 gives, for all ¢/ < T and as long as the function ® is positive,

/ _ 43 /
(' lz2 < Ces(T)273 fua )] 3 ™ o) 1 5

By definition of the function @, this gives

o2 : =350 e (1
o7 U3 (¢, V2 < Cey(T)27720(E) € wa (¥l 3

Plugging this inequality in (2.3) (after multiplication by 2/ %) gives, as long as the function ®
is positive, for all ¢t < T,

t j ) (47 "o
P ua(t. )iy < 24| Pl + (DM uanlt) ) [ €2 IO b ar
LeB2) |,
As
ROy () dt" 93 G4 dt’ < 1
N t 2 bult]
e (r)d < |
we get

C
j3 At J §|D| ~ ~t
272 ua(t, )2 <2 le uollzz + 3 e (Mlle™ vl 3,
Taking the supremum for ¢t < T', and summing over j, we get, as long as the function & is
positive,

C
le" ua(t, )l < [|e”Plug|| g + 5l ua(t

LB ( )HZ%O(B%)'

Thus, choosing A = 2C' we infer that

e ug (t

d
(4t < 2Pl

As ||a| < |lal|~ we get, by definition of 6, as long as the function ® is positive,
LF(B

Lg(B2)
0(t) < 2¢77eMPlug]| g,
which gives v0(t) < 2H€5|D|U0HB%. If

<9

80

then we get that the function ® remains positive for all time and the global regularity is
proved.

6| D]

™ uol| 3
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2.3 The global Cauchy-Kovalevska method

In the light of the computations of the previous section, let us introduce the functional set-
ting we are going to work with to prove the theorem. The proof relies on exponential decay
estimates for the Fourier transform of the solution, s let us define the key quantity we wish
to control in order to prove the theorem. In order to do so, let us consider the Friedrichs
approximation of the original (N.S) system

ou — Au+Py(u-Vu) =0
divu =0

uli=o = Pruq e,

where P,, denotes the orthogonal projection of L? on functions the Fourier transform of which
is supported in the ball B,, centered at the origin and of radius n. Thanks to the L? energy
estimate, this approximated system has a global solution the Fourier transform of which is
supported in B,. Of course, this provides an approximation of the rescaled system namely

O — Acw™ + P e M+ (v -Vl + wlds1 + th) =0
Ow® — Acw® + P e M+ (v V' 4 £293q) =0
(RNS.,) " — 2027 + P, . s M (wiw") = 0
div(v +w) =0
(0, w)j1=0 = (o, wo),

where IP,, . denotes the orthogonal projection of L? on functions the Fourier transform of which

is supported in B,, . def {&/ & def |€n|? +€2€2 < n?}. We shall prove analytic type estimates

here, meaning exponential decay estimates for the the solution of the above approximated
system. In order to make notation not too heavy we shall drop the fact that the solutions
we deal with are in fact approximate solutions and not solutions of the original system. A
priori bounds on the approximate sequence will be derived, which will clearly yield the same
bounds on the solution. In the spirit of [9] (see also (2.2) in the previous section), we define
the function 6 (we drop also the fact that 6 depends on ¢ in all that follows) by

0(t) = wi ()l ,3 +ellwgt)ll ,; and 6(0) =0 (2.6)

where )
®(t, &) = t2|&n| + al&s] — AO(1)[&5] (2.7)

for some A that will be chosen later on (see Section 2.3.2). Notice that the definition of 6 takes
into account the particular algebraic structure of (RNS; ;). Since the Fourier transform of w
is compactly supported, the above differential equation has a unique global solution on R™.
If we prove that

Vt e RT, (1) < (2.8)

> e

this will imply that the sequence of approximated solutions of the rescaled system is a bounded
sequence of L!(R™; Lip). So is, for a fixed ¢, the family of approximation of the original Navier-
Stokes equations. This is (more than) enough to imply that a global smooth solution exists.

2.3.1 Main steps of the proof

The proof of Inequality (2.8) will be a consequence of the following two propositions which

provide estimates on v, w” and w?.
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Theorem 2.1.2 will be an easy consequence of the following propositions, which will be
proved in the coming sections.

The first one uses only the fact that the function ® is subadditive.
Proposition 2.3.1 A constant C’él) exists such that, for any positive A, for any initial data vy,
and for any T satisfying 6(T) < a/\, we have

1
o) < elleluf] 3 + el 7+ 5V lvall 3, 0(T).

Moreover, we have the following L*°-type estimate on the vertical component:

3 alD3| 2
Il < Bl g+ €l

The second one is more subtle to prove, and it shows that the use of the analytic-type norm
actually allows to recover the missing vertical derivative on v”, in a L*-type space. It should
be compared to the methods described in the model case above.

Proposition 2.3.2 A constant CéQ) exists such that, for any positive A, for any initial data vy,
and for any T satisfying 6(T) < a/)\, we have

vl 3, < NPl g+ O (5 + Mol I e 5

2.3.2 Proof of the theorem assuming the two propositions

Let us assume these two propositions are true for the time being and conclude the proof of
Theorem 2.1.2. It relies on a continuation argument.
For any positive A and 7, let us define

def

{T/ max{|lva 0(T)} < 4n},

Ly (B3)
As the two functions involved in the definition of 7, are non decreasing, 7T is an interval. As
is an increasing function which vanishes at 0, a positive time Ty exists such that 6(Tp) < 4n.
Moreover, if ||e“‘D‘3‘v0||B% < 7 then, since dv = P, F(v) (recall that we are consider-
ing Friedrich’s approximations), a positive time 7; (possibly depending on n) exists such

that \\v¢|]~ B2) < 4. Thus 7T, is the form [0,T*) for some positive T*. Our purpose is to

prove that T* = 00. As we want to apply Propositions 2.3.1 and 2.3.2, we need that A\§(T') < a.
This leads to the condition
4 n < a. (2.9)

From Proposition 2.3.1, defining Cy def C(()l) + C'(Q) we have, for all T' € Ty,

loall; . 5, < lle®Pluol| 7 +*Hv<1>|! B

+ Collva|®
Zse8h) oll @\\L%O(B

NI~
~

B2)

1
Let us choose A = 23, - This gives

[va | 2| P lug| 7 + 4Con]lvellz,

el =
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1
Choosing n = T we infer that, for any T € Ty,
0

00l 53, < 3l ] . (2.10)

Propositions 2.3.1 and 2.3.2 imply that, for all T' € Ty,
O(T) < elle”shug ] g + e Pelwi] .z + Cond(T).

This implies that
Dsl, h D
O(T) < 2] 3|w0||B% + 2]|e 3|wg]|B%.

If 28”6““33‘106‘“3% + 2”6“‘D3‘w8||3% < n and ||e“|D3|vg||B% <7, then the above estimate and
Inequality (2.10) ensure (2.8). This concludes the proof of Theorem 2.1.2.

For the proof of the two propositions, we refer to the paper by I. Gallgher, M. Paicu
and the author ”Global regularity for some classes of large solutions to the Navier-Stokes
equations”, Annals of Mathematics, 173, 2011, pages 986-1012.
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