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Introduction

This text is notes of a two lectures given at Saint Étienne de Tinée near Nice during the
winter 2012. The purpose is to give a self contained introduction to recent results about global
smooth solution for the tridimensionnal incompressible Navier-Stokes equations in the whole
space R3. A different version with some additionnal chapter will be published as Lectures
Notes of the Beijing Academy of Sciences.The notes are organized as follows:

In the first part, we first present the now classical theory of globall wellposedness for small
initial data in the framework of Kato’s method. The understanding of what ”small” means
in the core of the subject. Then, we present a recent result where global wellposedness is
obtained without the hypothesis of smallness on the initial data, but for the relative smallness
of the first iterate The partcicular structure of the Navier-Stokes equation is pointed out. In
this part, we insists also on the key role of oscillations in the stabilization of the system.

In the second part, we investigate the case of initial data which vary slowly in one direction.
This is in some sense the dual case of fast oscillating data. The first case is the so called ”well
prepared” case. Here, the initial data converges to a bidimensionnal divergence free vector
field. The variation is respect to the vertical variable is slow enough, then the solution exists
globally.

The second case is the so called ”ill prepared case”. Here, the horizontal part is a divergence
of size 1. Because of the divergence free condition, the size of the vertical component of the
vector died is the inverse of the speed of variation in the vertical direction, this very large.
A rescaling in the vertical variable leads to a problem which looks like an ill posed. Using a
global Cauchy- Kovalevska method, which is explain is a model case, we can proved global
existence a smooth solution of this initial data which are very large. This method consists in
the control of the decay of the radius of analyticity of the solution.
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Chapter 1

Global wellposedness and Kato
theory.

1.1 Weak solutions and Kato’s approach

Let us define the concept of (weak) solutions of the incompressible Navier-Stokes system. Let
us first recall what the incompressible Navier Stokes system is. We consider as unknown the
speed u = (u1, u2, u3) a time dependant divergence free vector field on R3 and the pressure p.
We consider the system

(NS)


∂tu+ u · ∇u−∆u = −∇p+ f in R+×R3

div u = 0

u|t=0 = u0.

The notion of C2 solution (i.e. classical solution) is not efficient because singularity can appear
here and also we can be interested in rough initial data. This has been pointed out by C. Ossen
(see [51] and [52]) that another concept of solution must be used. This has been formalized
by J. Leray in 1934 in his seminal work [45]. Let us define the notion of weak solution (that
we shall denote simply solution in all that follows).

Definition 1.1.1 A time-dependent vector field u with components in L2
loc([0, T ]× Rd) is a

weak solution (simply a solution in this paper) of (NS) if for any smooth compactly supported
divergence free vector field Ψ,

〈u(t, ·),Ψ(t, ·)〉 = 〈u0,Ψ(0, ·)〉+

3∑
j=1

∫ t

0

∫
R3
uj(t′, x)

(
∂tΨ

j(t′, x) + ∆Ψ(t′, x)
)
dt′dx

+
∑
j,k

∫ t

0

∫
R3

(ujuk)(t′, x)∂kj Ψ(t′, x) dt′dx.

This definition is too weak in the sense there is not enough constraints on the solution.
In particular it ignores the fundamental concept of energy. J. Leray introduced in his seminal
paper [45] the concept of turbulent solution (we shall not use in the notes)

Definition 1.1.2 A turbulent solution of (NS) is a divergence free vector field u which is
a weak solution, has component is L∞T (L2) ∩ L2

T (H1) and satisfies in addition the energy
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inequality

1

2
‖u(t)‖2L2 +

∫ t

0
‖∇u(t′)‖2L2dt

′ ≤ 1

2
‖u0‖2L2 +

∫ t

0

∫
R3
f(t′, x) · u(t′, x)dt′dx. (1.1)

Remark For a turbulent solution, Definition 1.1.1 of a weak solution becomes∫
Rd
u(t, x) ·Ψ(t, x) dx =

∫
Rd
u0(x) ·Ψ(0, x) dx+

∫ t

0
〈f(t′),Ψ(t′)〉dt′

−
∫ t

0

∫
Rd

(
∇u : ∇Ψ− u⊗ u : ∇Ψ− u · ∂tΨ

)
(t′, x) dx dt′.

In [45], J. Leray proved the following theorem.

Theorem 1.1.1 Let u0 be a divergence free vector field in L2(Rd). Then a turbulent solu-
tion u exists on R+×R3.

The proof of this theorem relies on compactness methods, We shall not develop this notion
here. We are going to focuse on results of existence (and thus uniqueness) that can to prove
by a fixed point theorem. In order to do so, let us follow Kato’s approach. Let us define the
biinear operator B(u, v) as the solution of the evolution Stokes problem ∂tB

j −∆Bj =
1

2

3∑
k=1

∂k(u
jvk + vjuk)− ∂jp

divB = 0 and B|t=0 = 0.

(1.2)

In weak formulation, this writes

〈u(t, ·),Ψ(t, ·)〉 =
3∑
j=1

∫ t

0

∫
R3
uj(t′, x)

(
∂tΨ

j(t′, x) + ∆Ψ(t′, x)
)
dt′dx

+
∑
j,k

∫ t

0

∫
R3
∂k(u

jvk + vjuk)(t′, x)∂jΨ
k(t′, x) dt′dx.

(1.3)

It is obvious that u a solution of (NS) if and only if u satisfies

u = et∆u0 +B(u, u).

Solving globally (NS) is equivalent to find a fixed point for the map

u 7−→ et∆u0 +B(u, u).

Now let us assume that we have a Banach space X of functions locally in L2 on R+×R3 such
that B is a bilinar map from X ×X into X. Then Picard’s fixed point theorem implies the
existence of a unique solution. Such a space X will be called ”adapted”.

Let us remark there is a strong constrain on X due to the scaling property. If u is a solution

of (NS) on [0, T ]×R3, then for any positive λ, the vector field uλ(t, x)
def
= λu(λ2t, λx) is also

a solution of (NS) on [0, λ−2T ] × R3. Thus, if X adapted, it must be scaling invariant (and
also translation invariant) in the sense that

∀λ > 0 , ∀−→a ∈ R3 , u ∈ X ⇐⇒ u(λ(· − −→a )) ∈ X and ‖u‖X ∼ ‖u(λ(· − −→a ))‖X .

Let us give a first example of an adapted spaces: the space L4(R+; Ḣ1). Let us define an
operator which will be of some use later one.
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Definition 1.1.3 We denote by L0 the operator defined by the fact that L0f is the solution of{
∂tL0f −∆L0f = f −∇p

divL0f = 0 and L0f|t=0 = 0.

The key lemma is the following.

Lemma 1.1.1 The operator L0 maps continously L2(R3; Ḣ−
1
2 ) into L4(R+; Ḣ1).

Proof. In Fourier space, we can write that

FL0f(t, ξ) =

∫ t

0
e−(t−t′)|ξ|2 P(ξ)f̂(t′, ξ)dt′

where P(ξ) is the orthogonal projection in R3 orthogonal of ξ. Thus, we get

|ξ||FL0f(t, ξ)| ≤
∫ t

0
e−(t−t′)|ξ|2 |ξ|

3
2 θ(t′, ξ)‖f(t′, ·)‖

Ḣ−
1
2
dt′

with ‖θ(t′, ·)‖L2 = 1 for any t′ of R+. Taking the L2 in ξ norm in the above inequality gives

‖L0f(t, ·)‖Ḣ1 .
∫ t

0

1

(t− t′)
3
4

‖f(t′, ·)‖
Ḣ−

1
2
dt′.

Then Hardy-Littlewood-Sobolev inequality allows to conclude the proof. 2

As a corollary, we get

Corollary 1.1.1 The operator B maps L4(R+, Ḣ1)× L4(R+, Ḣ1) into L4(R+, Ḣ1).

Proof. Let us obseve that, thank to diverngence free condition, we have

1

2

3∑
k=1

∂k(u
jvk + vjuk) =

1

2
(u · ∇v + v · ∇u).

Thank you the Sobolev embeddings (and its dual), we have

‖u · ∇v + v · ∇u((t′, ·)‖
Ḣ−

1
2
. ‖u · ∇v + v · ∇u((t′, ·)‖

L
3
2

. ‖∇u(t′)‖L2‖∇(t′)‖L2 .

Thus

‖u · ∇v + v · ∇u‖
L2(R+;Ḣ−

1
2 )
. ‖u‖L4(R+;Ḣ1)‖v‖L4(R+;Ḣ1).

2

As we have

‖et∆u0‖L4(R+;Ḣ1) . ‖u0‖
Ḣ

1
2

we get that if ‖u0‖
Ḣ

1
2

is small enough, then a unique global solution exists in L4(R+; Ḣ1).

This is Fujita-Kato theorem.
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1.2 The Kato theory is the Lp framework

Let us first define operatros that will be of some use later on.

Definition 1.2.1 For j ∈ {1, 2, 3}, we denote by Lj the operator defined by the fact that Ljf
is the solution of {

∂tLjf −∆Ljf = ∂jf −∇p
divLjf = 0 and Ljf|t=0 = 0.

Let us introduce spaces adpated to theses operators.

Definition 1.2.2 For p in [1,∞] and for positive σ, we denote by Kσ
p the space of functions

on R+×R3 such that

‖u‖Kσ
p

def
= sup

t>0
t
σ
2 ‖u(t)‖Lp <∞.

Let us remark that when σ = 1 − 3

p
, the space Kσ

p is scaling invariant. THe key proposition

is the following

Proposition 1.2.1 For p > 3 the operator Lj maps continuously K
2
(

1− 3
p

)
p
2

into K
1− 3

p
p .

Proof. It relies on the explicite computation of the operator Lj . We have the following lemma.

Lemma 1.2.1 Let σ be an homogeneous function of degree α > −d. Then a constant C
exists such that, for any positive t,

∣∣F−1
(
σ(ξ)e−t|ξ|

2)
(x)
∣∣ ≤ C

(
√
t+ |x|)α+d

·

Proof. By changing variable in the integral

I(x) =

∫
Rd
ei(x|ξ)σ(ξ)e−t|ξ|

2
dξ

it is enough to prove the estimate in the case whent = 1. As α > −d, it is obvious that the
function is bounded. Let us write that

I(x) =

∫
Rd
ei(x|ξ)χ(λ−1ξ)σ(ξ)e−t|ξ|

2
dξ +

∫
Rd
e(ix|ξ)(1− χ(λ−1ξ)

)
σ(ξ)e−t|ξ|

2
dξ.

where χ is a smooth cut-off function. We have∣∣∣∫
Rd
ei(x|ξ)χ(λ−1ξ)σ(ξ)e−t|ξ|

2
dξ
∣∣∣ . λα+d.

Using that |x|2Nei(x|ξ) = (−∆ξ)
Nei(x|ξ), we infer that, for small λ,

|x|2N
∣∣∣∫

Rd
ei(x|ξ)

(
1− χ(λ−1ξ)

)
σ(ξ)e−t|ξ|

2
dξ
∣∣∣ . λα+d−2N .

Choosing λ|x| = 1 gives the result. 2
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As a consequence, we get

Ljf
k(t, x) =

∑
`

∫ t

0
Γkj,`(t− t′, ·) ? f `(t′, ·)dt′ (1.4)

where the functions Γkj,` satisfy Γkj,`(τ, z)| .
1

(
√
τ + |z|)4

·

Proof of Proposition 1.2.1 Young inequality ans definition of the spaces Kσ
p gives

‖Ljf(t, ·)‖Lp ≤
∫ t

0
‖Γ(t− t′, ·)‖Lp′‖f(t′, ·)‖

L
p
2
dt′

. ‖f‖
K

2(1− 3
p)

p
2

∫ t

0

1

(t− t′)
1
2

+ 3
2p t
′1− 3

p

dt′

.
1

√
t
1− 3

p

‖f‖
K

2(1− 3
p)

p
2

.

This proves the proposition. 2

As K
1− 3

p
p ·K

1− 3
p

p ⊂ K
2
(

1− 3
p

)
p
2

, we proves that B maps continuously K
1− 3

p
p ×K

1− 3
p

p into K
1− 3

p
p .

Thus, we have the following theorem

Theorem 1.2.1 If ‖et∆u0‖
K

1− 3
p

p

is small enough, then there is a unique global solution

of (NS) in K
1− 3

p
p .

Now we have to understand what is the space of distribution u0 such that et∆u0 belongs

to K
1− 3

p
p . This is the family of Besov spaces.

1.3 Besov spaces of negative index

In this section, we interpret Theorem 1.2.1 in term of Besov spaces. Let us introduce the
following spaces.

Definition 1.3.1 Let s be be in ]0,∞] and (p, r) in [1,∞]2. We define the space B−sp,r as the
space of tempered distribution u such that

‖u‖B−sp,r
def
=
∥∥∥‖tset∆u‖Lp∥∥∥

Lr(R+, dt
t

)
<∞.

Let us point out that as, for q ≥ p, et∆u = e
t
2

∆e
t
2

∆u and

‖eτ∆‖L(Lp;Lq) ≤ Cτ
− d

2

(
1
p
− 1
q

)
. (1.5)

Thus we get that
‖u‖

Ḃ
−s+d( 1

p−
1
q )

q

≤ C‖u‖Ḃ−sp . (1.6)

Homogeneous functions of negative degree will also belong to some Besov spaces. We have
the following proposition.
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Proposition 1.3.1 Let p be in ]1,∞] and α in ]d/p, d[. Then a homogeneous function f of

degree α of Rd \{0} which is bounded on the sphere of Rd belongs to Ḃ
−α+ d

p
p .

Proof. We have, by changing of variable and because homogenëıty of f that

(et∆f)(x) = t−
α
2 (e∆f)

( x√
t

)
·

As f is bounded on the sphere of Rd, we have

|f(x)| ≤ C|x|−α

As α belongs to ]d/p, d[, the function f belongs to L1 + Lp. Thus e∆f belongs to Lp. After a
change of variable, we get the result. 2

From this, we can infer the following theorem about so called ”self similar solutions”
of (NS).

Corollary 1.3.1 Let u0 be a smooth divergence free vector field on R3 \{0} homogeneous of

degree −1. Then, if u0 is small enough in Ḃ
−1+ 3

p
p,∞ , then there exists a unique solution of (NS)

which is self-similar in the sense that it satisfies

u(t, x) =
1√
t
U
( x√

t

)
with U(x) = u(1, x).

Proof. Using the scaling invariance of the Navier-Stokes equation, we have that, for any posi-
tive λ, λu(λ2t, λx) is the global solution with initial data λu0(λx) which is equal u0(x) because
of the homogeneity. Thus, for any positive λ, we have

u(t, x) = λu(λ2t, λx)

Choosing λ = (
√
t)−1 gives the result. 2

Proposition 1.3.2 Let φ be a function of S(Rd), p in ]1,∞[ and s in
]
0,
d

p′

[
. For (ε,Λ)

in ]0, 1]× [1,∞[, let us define

φε,Λ(x)
def
= ei

x1
ε φ(x1,Λx2, x3).

Then, we have

‖φε,Λ‖Ḃ−sp,1 ≤ Cφε
sΛ
− 1
p and ‖φε,Λ‖

Ḃ
− d
p′

p,∞

≤ CφεsΛ−
1
p .

Proof. Using (1.5), we get that

t
s
2 ‖et∆φε,Λ‖Lp ≤ Cφt

s
2 Λ
− 1
p .

Thus we infer ∫ ε2

0
t
s
2 ‖et∆φε,Λ‖Lp

dt

t
≤ CφεsΛ−

1
p . (1.7)

Now, let us assume that t
1
2 ≥ ε. We can assume without loss of generality Using that ω =

(1, 0, · · · , 0). We have

(−iε)kei
x|ω)
ε = ∂k1e

i
x|ω)
ε .
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We get after k integrations by parts and Leibnitz formula,

t
s
2 et∆φε,Λ = (−iε)kt

s
2

k∑
`=0

C`k
1

t
d
2

+ `
2

f`

( ·√
t

)
?
(
(e

i(x|ω)
ε φk−`(x1,Λ

−1x2, x3)
)

where f` and φk−` are functions of S(Rd). As Λ is assume to be greater than 1, convolution
inequalities give

‖t
s
2 et∆φε‖Lp ≤ Cφ,kΛ−

1
p

k∑
`=0

min
{( 1√

t

)`−s
,
( 1√

t

)`−s+ d
p′
}
.

Let us assume that k > s. If k ≥ ` > s, we use

εk
∫
ε−2

t−1+ 1
2

(s−`)dt . εs.

If ` ≤ s, then we use that

εk
∫
ε−2

t
−1+ 1

2

(
s−`− d

p′

)
dt . εk+s−`− d

p′ .

If k is large enough, we get the result. 2

Now, let us prove a bound from below.

Proposition 1.3.3 Let φ be a function of S(R3) and s in ]0, 3[. For (ε,Λ) in ]0, 1] × [1,∞[,
let us define

φε,Λ(x)
def
= ei

x1
ε φ(x1,Λx2, x3).

Then, if Λε is small enough, we have

‖φε,Λ‖Ḃ−s∞,∞ ≥ Cφε
s.

Proof. Let us first observe that, as the space of smooth compactly supported functions is dense
in S and the Fourier transform is continuous on S. Thus, for any positive η, a function ϕ exists,
the Fourier transform of which is smooth and compactly supported such that, denoting as
before θε,Λ(x) = ei

x3
ε θ(x1,Λx2, x3),

‖φε − θε‖Ḃ−σ∞,∞ ≤ ηε
σ and ‖φ− θ‖L∞ ≤ η. (1.8)

As the support of the Fourier transform of θ is included in the ball B(0, R) for some positive R,
that of θ(x1,Λx2, x3) is included in the ball B(0, RΛ). Then the support of Fθε,Λ is included
in the ball B(ε−1(1, 0, 0),ΛR) which can be written as

1

ε
B((1, 0, 0),ΛεR)

If λε is small enough, we can assume that this set is included in ε−1C where C denotes a fixed
ring. By definition of B−s∞,∞, we have

‖θε,Λ‖Ḃ−s∞,∞ = sup
t>0

t
s
2 ‖et∆θε,Λ‖L∞

≥ Cεs‖eε2∆θε,Λ‖L∞ .
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For any function h such that the support of ĥ is included in ε−1C, we have

‖F−1(eε
2|ξ|2h)‖L∞ ≤ C‖h‖L∞ .

Applied with h = eε
2∆θε,Λ, this inequality gives

‖θε,Λ‖L∞ ≤ C‖eε
2∆θε,Λ‖L∞ and thus ‖θε,Λ‖Ḃ−s∞,∞ ≥ C

−1εs‖θε,Λ‖L∞ = C−1εs‖g‖L∞ .

Now let us write that

‖φε‖Ḃ−s∞,∞ ≥ ‖θε,Λ‖Ḃ−s∞,∞ − ηε
s

≥ C−1εs(‖φ‖L∞ − 2η).

Together with (1.8), this gives the proposition. 2

Let us give another example of estimates of Besov norm of negative index in the case of
slowly varying functions.

Proposition 1.3.4 Let (f, g) be in S(R2) and S(R) respectively. Let us define

hε(xh, x3)
def
= f(xh)g(εx3).

We have, if ε is small enough,

‖hε‖Ḃ−1
∞,∞(R3) ≥

1

4
‖f‖Ḃ−1

∞,∞(R2)‖g‖L∞(R).

Proof. By the definition of ‖ · ‖Ḃ−1
∞,∞(R3), we have to bound from below ‖et∆hε‖L∞(R3). Let us

write that

(et∆hε)(t, x) = (et∆hf)(t, xh)(et∂
2
3g)(ε2t, εx3).

Let us consider a positive time t0 such that

t
1
2
0 ‖e

t0∆hf‖L∞(R2) ≥
1

2
‖f‖Ḃ−1

∞,∞(R2).

Then we have

t
1
2
0 ‖e

t0∆hε‖L∞(R3) = t
1
2
0 ‖e

t0∆hf‖L∞(R2)‖(e
t0∂2

3g)(ε2t0, ε·)‖L∞(R)

≥ 1

2
‖f‖Ḃ−1

∞,∞(R2)‖e
ε2t0∂2

3g‖L∞(R).

As lim
ε→0

eε
2t0∂2

3g = g in L∞(R), the proposition is proved. 2

As a conclusion of this section about Besov space, let us prove the following property.

Proposition 1.3.5 If σ is a homogeneous Fourier multiplier of order m ≥ 0 and s a positive
number such that s+m > 0. Then σ(D) maps continuously B−sp,q into B−s−mp,q .

Proof. For the sake of simplicity, let us write it only for m = 0. as for any function v, we have

v =

∫ ∞
0

τ
s
2 (−∆)

s
2

+1eτ∆dτ

14



Using the semi group law on the heat flow and splitting (−∆)
s
2 into two parts, we infer that

t
s
2 et∆σ(D)u = Cst

s
2σ(D)(−∆)

s
4 e

t
2

∆

∫ ∞
t
2

(
τ − t

2

) s
2
(−∆)

s
4

+1e
τ
2

∆e
τ
2

∆udτ. (1.9)

Using Lemma 1.2.1, we have

‖σ(D)(−∆)
s
4 e

t
2

∆a‖Lp . t
s
4 ‖a‖Lp and ‖(−∆)

s
4

+1e
τ
2

∆a‖Lp . τ
s
4
−1‖a‖Lp .

Plugging this into (1.9) gives

‖t
s
2 et∆σ(D)u‖Lp . t

s
4

∫ ∞
t
2

τ
s
4 ‖e

τ
2

∆u‖Lp
dτ

τ
·

Using Hölder inequality with respet to the measure τ−1dτ , we get(∫ ∞
t
2

τ
s
4

+ s
8 ‖e

τ
2

∆u‖Lpτ−
s
8
dτ

τ

)q
. t−qs8

∫ ∞
t
2

τ
3qs
8 ‖e

τ
2

∆u‖qLp
dτ

τ

Thus we infer that∫
R+
t
qs
2 ‖et∆u‖qLp

dt

t
.

∫
R+

(∫ 2τ

0
t
qs
8
dt

t

)
τ

3qs
8 ‖e

τ
2

∆u‖qLp
dτ

τ

.
∫
R+
τ
qs
2 ‖e

τ
2

∆u‖qLp
dτ

τ
·

This concludes the proof of the proposition. 2

1.4 The endpoint space for Picard’s scheme

The following proposition guarantees that it is hopeless to go beyond the space B−1
∞,∞.

Proposition 1.4.1 Let E be a Banach space continuously embedded in the set S ′(R3). As-
sume that, for any (λ, a) in R+

? ×R3,

‖f(λ(· − a))‖E = λ−1‖f‖E .

Then E is continuously embedded in Ḃ−1
∞,∞.

Proof. As B is continuously included in S ′, we have that |〈f, e−|·|2〉| ≤ C‖f‖B. Then by dilation
and translation, we deduce that

‖f‖Ḃ−1
∞,∞

= sup
t>0

t
1
2 ‖et∆f‖L∞ ≤ C‖f‖B.

This proves the proposition. 2

It turns out however that Ḃ−1
∞,∞ is too large a space. The mayine reason why is that if

we want to solve the problem using an iterative scheme then we need that et∆u0 belongs
to L2

loc(R
+×R3) so that B(et∆u0, e

t∆u0) makes sense. Taking into consideration the scaling
and the translation invariance thus leads to the following definition.
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Definition 1.4.1 We denote by X0 the space of tempered distributions u such that

‖u‖X0

def
= ‖u‖Ḃ−1

∞,∞
+ sup
x∈R3

R>0

R−
3
2

(∫
P (x,R)

|et∆u(y)|2 dy dt
) 1

2
<∞

where P (x,R) = [0, R2]×B(x,R) and B(x,R) denotes the ball of R3 of center x and radius R.

We denote by X be the space of functions f on R+
? ×R3 such that

‖f‖X
def
= sup

t>0

(
t

1
2 ‖f(t)‖L∞+ sup

x∈R3

R>0

R−
3
2

(∫
P (x,R)

|f(t, y)|2 dy dt
) 1

2

)
<∞

We denote by Y the space of functions on R+
? ×R3 such that

‖f‖Y
def
= sup

t>0
t‖f(t)‖L∞+ sup

x∈R3

R>0

R−3

∫
P (x,R)

|f(t, y)| dy dt <∞.

Proposition 1.4.2 For any p in ]3,∞[, the space Ḃ
−1+ 3

p
p,∞ is continuously embedded in X0.

Proof. Let us notice that for any x ∈ R3 and R > 0, we have

∫ R2

0

∫
B(x,R)

∣∣et∆u0(y)
∣∣2 dy dt ≤ µ(B(x,R))

1− 2
p

∫ R2

0

(∫
B(x,R)

∣∣et∆u0(y)
∣∣p dy) 2

p

dt.

By definition of the space Ḃ
−1+ 3

p
p , we have

∫ R2

0

∫
B(x,R)

∣∣et∆u0(y)
∣∣2 dy dt ≤ ‖u0‖

Ḃ
−1+ 3

p
p

µ(B(x,R))
1− 2

p

∫ R2

0
t
−1+ 3

pdt

which obviously entails the announced embedding. 2

Proposition 1.4.3 The space Ḃ−1
∞,2 is included in X0.

Proof. As Ḃ−1
∞,2 is included in B−1

∞,∞, we have

sup
t>0

t
1
2 ‖et∆u‖L∞ ≤ C‖u‖B−1

∞,2
. (1.10)

Moreover, we have

1

R3

∫ R2

0

∫
B(x,R)

|(et∆f)(y)|2dydt ≤
∫ ∞

0
‖et∆f‖2L∞dt

≤ C‖u‖Ḃ−1
∞,2

.

Together with (1.10), this proves the proposition. 2
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As X ·X ⊂ Y , the fact that we have a global unique solution for small initial data in X0

will follow from the following proposition.

Theorem 1.4.1 Let us define the operators (Lj)1≤j≤N by{
∂tLjf −∆Ljf = ∂jf −∇p
div v = 0 and Lj |t=0 = 0.

The operators Lj maps continuously Y into X.

Proof. Using Lemma 1.4 page 11, we get that

(Ljf)k(t, x) =
3∑
`=1

Γkj,`(t− t′, x− y)f `(t′, y) dt′ dy

with for all positive real number R,

|Γkj,`(τ, ζ)| ≤ C

(
√
τ + |ζ|)4

≤ C ′
(
Γ

(1)
R (τ, ζ) + Γ

(2)
R (τ, ζ)

)
with Γ

(1)
R (τ, ζ)

def
= 1|ζ|≥R

1

|ζ|4
and Γ

(2)
R (τ, ζ)

def
= 1|ζ|≤R

1

(
√
τ + |ζ|)4

·

The operators of convolution with functions Γ
(1)
R and Γ

(2)
R may be bounded according to

the following proposition.

Lemma 1.4.1 There exists a constant C such that, for any R > 0,

‖Γ(1)
R ? f‖L∞([0,R2]×R3) ≤

C

R
‖f‖Y , (1.11)

‖Γ(2)
R ? f‖L∞([R2,∞[×R3) ≤

C

R
‖f‖Y . (1.12)

Proof. Let us decompose Γ
(1)
R ? f(t, x) as a sum of integrals on annulus:

|Γ(1)
R ? f(t, x)| ≤

∞∑
p=0

∫ t

0

∫
B(0,2p+1R)\B(0,2pR)

1

|y|4
|f(t′, x− y)| dy dt′

≤ 1

R

∞∑
p=0

2−p+3(2p+1R)−3

∫ t

0

∫
B(0,2p+1R)

|f(t′, x− y)| dy dt′.

As p is nonnegative, we have for t ≤ R2,

|Γ(1)
R ? f(t, x)| ≤ C

R

∞∑
p=0

2−p(2p+1R)−3

∫
P (x,2p+1R)

|f(t, z)| dt dz

≤ C

R

∞∑
p=0

2−p sup
R′>0

1

R′3

∫
P (x,R′)

|f(t, z)| dt dz.

By definition of ‖ · ‖Y , Inequality (1.11) is proved.
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In order to prove the second inequality, let us observe that for all x ∈ R3 and t ≥ R2, we
have

|(Γ(2)
R ? f)(t, x)| ≤ Γ

(21)
R (t, x) + Γ

(22)
R (t, x) with

Γ
(21)
R (t, x)

def
=

∫ min(R2, t
2

)

0

∫
B(0,R)

1

(
√
t− t′ + |y|)4

|f(t′, x− y)| dy dt′,

Γ
(22)
R (t, x)

def
=

∫ t

min(R2, t
2

)

∫
B(0,R)

1

(
√
t− t′ + |y|)4

|f(t′, x− y)| dy dt′.

For bounding Γ
(21)
R (t, x), we use that t ≤ 2(t− t′). We get

Γ
(21)
R (t, x) ≤ CR

3

t2

(
1

R3

∫ R2

0

∫
B(0,R)

|f(t′, x− y)| dt′ dy
)

so that, for any t ≥ R2 and x in R3,

Γ
(21)
R (t, x) ≤ C

t
1
2

‖f‖Y . (1.13)

In order to estimate Γ
(22)
R , let us use that t ≤ 2t′ and that, for any a > 0,∫

B(0,R)

dy

(a+ |y|)4
≤ 1

a

∫
R3

dz

(1 + |z|)4
·

This enables us to write that

Γ
(22)
R (t, x) ≤

∫ t

min(R2, t
2

)

∫
B(0,R)

1

(
√
t− t′ + |y|)4

‖f(t′, ·)‖L∞ dy dt′,

≤ C‖f‖Y
(∫ t

t/2

1√
t− t′

dt′

t′
+

∫ t

R2

µ(B(0, R))

t2
dt′

t′

)
,

≤ C‖f‖Y
(

1

t
1
2

+
1

R2

tR3

t2

)
.

As R ≤
√
t, this concludes the proof of the lemma. 2

Proof of Lemma 1.4.1 (continued). Note that applying the above proposition with R =
√
t

yields

‖(Ljf)(t, ·)‖L∞ ≤
C

t
1
2

‖f‖Y . (1.14)

Hence, it suffices to estimate ‖Ljf‖L2(P (x,R)) for an arbitrary x ∈ R3. Using translations and
dilations, we can assume that x = 0 and R = 1. Let us write

Ljf = Lj(1cB(0,2)f) + Lj(1B(0,2)f).

Observing that, for any y ∈ B(0, 1), we have

|Lj(1cB(0,2)f)(t, y)| ≤ CΓ
(1)
1 ? (1cB(0,2)|f |)(t, y),

and using Inequality (1.11), we get

‖Lj(1cB(0,2)f)‖L∞(P (0,1)) ≤ C‖f‖Y .

18



As the volume of P (0, 1) is finite, we infer that

‖Lj(1cB(0,2)f)‖L2(P (0,1)) ≤ C‖f‖Y . (1.15)

Now the proof of Lemma 1.4.1 is reduced to the proof the following Lemma.

Lemma 1.4.2 For any function f : [0, 1]× R3 → R such that f(t, ·) be supported in B(0, 2)
for all t ∈ [0, 1], we have

‖(Ljf)(t, ·)‖L2([0,1]×R3) ≤ C‖f‖Y

Proof. Let us point out that, for any t, Ljf(t) = P L̃jf(t) where L̃j is the solution of

∂tL̃jf −∆L̃jf = ∂jf and L̃jf|t=0 = 0.

As P is an orthogonal projection in L2, we get

‖Ljf(t, ·)‖L2 ≤ ‖L̃jf(t, ·)‖L2 . (1.16)

Let us decompose f into low and high frequencies in the sense of the heat flow:

f = f [ + f ] with f [(t, ·) def
= F−1(θ̂(t

1
2 ξ)f̂(t, ξ))

where θ denotes a function such that θ̂ be compactly supported and with value 1 near the
origin. Let us write that

‖f ]‖2
L2([0,1];Ḣ−1)

= (2π)−3

∫
[0,1]×R3

|1− θ̂(t
1
2 ξ)|2

t|ξ|2
t|f̂(t, ξ)|2 dt dξ

≤ C

∫
[0,1]×R3

t‖f(t, ·)‖2L2 dt

≤ C‖f‖L1([0,1]×R3) sup
t>0

t‖f(t, ·)‖L∞ .

So using the energy estimate on the heat equation and (1.16), we end up with

‖Ljf ]‖L2([0,1]×R3) ≤ C‖f‖Y . (1.17)

Now let us estimate ‖L̃jf [‖L2([0,1]×R3). Let us first observe that, by definition of L̃j and f [,
we have

FL̃jf [(t, ξ) = iξj

∫ t

0
e(−t−t′)|ξ|2 f̂ [(t′, ξ) dt′

= iξje
−t|ξ|2

∫ t

0
F(f̃ [)(t′, ξ) dt′ with F f̃ [(t′, ξ) def

= et
′|ξ|2 θ̂(t′|ξ|2)f̂(t, ξ).

Let us notice that, by definition of θ, we have that

f̃ [(t, ·) = t−
3
2 θ̃
( ·√

t

)
? f(t, ·) with θ̃ ∈ S(R3). (1.18)

Thus, using (1.16), we get

3∑
j=1

‖Ljf [‖2L2([0,1]×R3)
≤ N (f) with N (f)

def
=

∫ 1

0

∥∥∥∇et∆ ∫ t

0
f̃ [(t′) dt′

∥∥∥2

L2
dt.
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By symmetry, we can write

N (f) = 2

∫
A

(
∇et∆f̃ [(t′′)

∣∣∇et∆f̃ [(t′))
L2 dt

′′ dt′ dt with

A
def
= {(t′′, t′, t) ∈ [0, 1]3 / t′′ ≤ t′ ≤ t}.

By integration by parts and because et∆ is self-adjoint on L2, we get(
∇et∆f̃ [(t′′)

∣∣∇et∆f̃ [(t′))
L2 = −〈∆e2t∆f̃ [(t′′), f̃ [(t′)〉.

For any positive t′ and t′′ such that t′′ ≤ t′, the function f̃ [(t′, ·) and f̃ [(t′′, ·) have Fourier
transform with compact support in a ball of radius C/

√
t′′. In this space (denoted in FL2

t′′),
we have, in the sense of L(FL2

t′′),

2∆et∆ = − d

dt
e2t∆ .

We infer that

∀(t′′, t′) ∈]0, 1]2 ,
(
∇et∆f̃ [(t′′)

∣∣∇et∆f̃ [(t′))
L2 = −1

2

d

dt

(
e2t∆f̃ [(t′′)|f̃ [(t′)

)
L2 .

By integration, we deduce that∫ 1

t′

(
∇et∆f̃ [(t′′)

∣∣∇et∆f̃ [(t′))
L2dt = −

∫ 1

t′

d

dt

(
e2t∆f̃ [(t′′)

∣∣f̃ [(t′))
L2dt

=
(
(e2t′∆ − e2∆)f̃ [(t′′)

∣∣f̃ [(t′))
L2

Thanks to Fubini’ theorem, we deduce that

N (f) =

∫ 1

0

(
(e2t′∆ − e2∆)

∫ t′

0
f̃ [(t′′) dt′′

∣∣∣f̃ [(t′))
L2
dt′

By definition of the L2 inner product, we infer that

N (f) ≤ ‖f̃ [‖L1([0,1]×R3) sup
t′∈[0,1]

∥∥∥(e2t′∆ − e2∆)

∫ t′

0
f̃ [(t′′) dt′′

∥∥∥
L∞
.

Using (1.18), we infer that

N (f) ≤ ‖f‖L1([0,1]×R3) sup
t′∈[0,1]

∥∥∥(e2t′∆ − e2∆)

∫ t′

0
f̃ [(t′′) dt′′

∥∥∥
L∞
. (1.19)

First of all, let us notice that, using (1.18) and the fact that operator e2∆ maps L1(R3)
in L∞(R3), we have ∥∥∥e2∆

∫ t′

0
f̃ [(t′′) dt′′

∥∥∥
L∞
≤ C‖f [‖L1([0,1]×R3).

Thanks to (1.18), we have, as f is supported in the ball B(0, 2),

∀t ∈ [0, 1] , , ‖f [(t, ·)‖L1(R3) ≤ C‖f‖Y . (1.20)

Thus, we get ∥∥∥e2∆

∫ t′

0
f̃ [(t′′) dt′′

∥∥∥
L∞
≤ C‖f‖Y . (1.21)

Let us admit for a while the following two lemmas.
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Lemma 1.4.3 Let θ in S(R3). Let us define

f̃θ(t, ·)
def
= t−

3
2 θ(t−

1
2 ·) ? f(t, ·)

We have
‖f̃θ‖Y ≤ C‖f‖Y .

Lemma 1.4.4 Let us define

Ef(t) = et∆
∫ t

0
f(t′)dt′.

Then a constant C exists such that for any function f in Y and supported in [0, 1]×B(0, 2),
we have

‖Ef‖L∞([0,1]×R3) ≤ C‖f‖Y

Conclusion of the proof of Theorem 1.4.1 These two lemmas imply that

sup
t′∈[0,1]

∥∥∥e2t′∆

∫ t′

0
f̃ [(t′′) dt′′

∥∥∥
L∞
≤ C‖f‖Y .

Inequalities (1.14), (1.17) and (1.21) allows to conclude the proof of the theorem. 2

Proof of Lemma 1.4.3 Let us first obverse that, for any t, we have

‖f̃(t, ·)‖L∞ ≤ ‖θ‖L1‖f(t, ·)‖L∞ .

Thus we have
t‖f̃(t, ·)‖L∞ ≤ ‖θ‖L1t‖f(t, ·)‖L∞ . (1.22)

Now, let us write that, for any x in the ball of center 0 and radius R, we have

|f̃θ(t, x)| ≤ t−
3
2

∫
R3

∣∣∣θ(x− y√
t

)∣∣∣1B(0,2R)(y) |f(t, y)| dy

+ Ct−
3
2

∫
R3

1(
1 + |x−y|√

t

)4

t

R2
|f(t, y)| dy

≤ t−
3
2

(
|θ(t−

1
2 ·)| ? 1B(0,2R)|f(t, ·)|

)
(x) +

C

R2
sup
t>0

t‖f(t, ·)‖L∞ .

Thus, we infer

1

R3
‖f̃θ‖L1(P (0,R)) ≤

C

R3

∫
P (0,R)

|f(t, y)| dt dy + C sup
t>0

t‖f(t, ·)‖L∞ .

This proves Lemma 1.4.3. 2

Proof of Lemma 1.4.4 Because of translation invariance, it is enough to bound

If (t)
def
=
(
e2t∆

∫ t

0
f(t′, ·)dt′

)
(0).

We decompose the space R3 as a disjoint union of cubes of center n
√
t and radius

1

2

√
t

where n = (n1, n2, n3) is the generic point of Z3 . This gives

If (t) =
∑
n∈Z3

∫
[0,T ]×B(n

√
t, 1

2

√
t)

1

8πt
3
2

e−
|y|2
8t f(t′, y)dt′dy.
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As y belongs to B(n
√
t, 1

2

√
t), we have

|y|√
t
≥ |n| − 1

2
·

Thus we get

‖If (t)| .
∑
n∈Z3

e−
|n|2

8
1

t
3
2

∫
P (n
√
t, 1

2

√
t)
|f(t′, y)|dt′dy

. ‖f‖Y
∑
n∈Z3

e−
|n|2

8

. ‖f‖Y .

This concludes the proof of Lemma 1.4.4. 2

Of course, this proves the following theorem

Theorem 1.4.2 If et∆u0 is small enough then there is a unique global solution to NS)
associated with u0.

1.5 An abstract non linear smallness condition

Let us define a space which is a good space for being an external force that Theorem 1.4.2.

Definition 1.5.1 We shall denote by E the space of functions f in L1(R+; Ḃ−1
∞,2) such

that sup
t>0

t‖f(t)‖B−1
∞,∞

is finite equipped with the norm

‖f‖E
def
= ‖f‖L1(R+;Ḃ−1

∞,1) + sup
t>0

t‖f(t)‖B−1
∞,∞

.

Theorem 1.5.1 There is a constant C0 such that the following result holds. Let u0 be a
divergence free vector field in B−1

∞,2. Let us assume that

∥∥et∆u0 · ∇et∆u0

∥∥
E
≤ C−1

0 exp
(
−C0U

4
0

)
with U0

def
=
(
‖u0‖2Ḃ−1

∞,2
+ ‖u0‖4Ḃ−1

∞,4

) 1
4

(1.23)

Let us define

U(t) =
(
‖et∆u0‖2L∞ + t‖et∆u0‖4L∞

) 1
4

and vλ(t, x)
def
= exp

(
−λ
∫ t

0
U(t′)dt′

)
v(t, x).

Then there is a unique global solution to (NS) such that∥∥(u(t)− et∆u0

)
λ

∥∥
X
≤ C−1

0 exp(−CU4
0 ).

The proof of this theorem is the purpose of all this section.

22



1.5.1 Main steps of the proof

Let us start by remarking that in the case when u0 is small then there is nothing to be proved,
so in the following we shall suppose that ‖u0‖Ḃ−1

∞,2
is not small, say ‖u0‖Ḃ−1

∞,2
≥ 1.

We search for the solution u under the form

uL +R where uL(t)
def
= et∆u0.

Then R is the solution of

(NS′) R = B(uL, uL) + 2B(uL, R) +B(R,R).

To prove the global existence of u, we are reduced to prove that (MNS) has a global solution.
We use the following easy lemma, the proof of which is omitted.

Lemma 1.5.1 Let X be a Banach space, let L be a continuous linear map from X to X, and
let B be a bilinear map from X ×X to X. Let us define

‖L‖L(X)
def
= sup
‖x‖=1

‖Lx‖ and ‖B‖B(X)
def
= sup
‖x‖=‖y‖=1

‖B(x, y)‖.

If ‖L‖L(X) < 1, then for any x0 in X such that

‖x0‖X <
(1− ‖L‖L(X))

2

4‖B‖B(X)

,

the equation

x = x0 + Lx+B(x, x)

has a unique solution in the ball of center 0 and radius
1− ‖L‖L(X)

2‖B‖B(X)
·

Let us introduce the functional space for which we shall apply the above lemma. We define
the quantity

U(t)
def
= ‖uL(t)‖2L∞ + t‖uL(t)‖4L∞ ,

which satisfies, tby definition of Besov spaces,∫ ∞
0

U(t)dt ≤ C‖u0‖2Ḃ−1
∞,2

+ C‖u0‖4Ḃ−1
∞,4

≤ C‖u0‖4Ḃ−1
∞,2

(1.24)

recalling that we have supposed that ‖u0‖Ḃ−1
∞,2
≥ 1 to simplify the proof.

For all λ ≥ 0, let us denote by Xλ the set of functions on R+×R3 such that

‖v‖λ
def
= sup

t>0

(
t

1
2 ‖vλ(t)‖L∞ + sup

x∈R3

R>0

R−
3
2

(∫
P (x,R)

|vλ(t, y)|2dy
) 1

2

)
<∞, (1.25)

where

vλ(t, x)
def
= v(t, x) exp

(
−λ
∫ t

0
U(t′)dt′

)
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while P (x,R) = [0, R2]×B(x,R) and B(x,R) denotes the ball of R3 of center x and radius R.
Let us point out that, in the case when λ = 0, this is exactly the space of Definition 1.4.1
page 16. For any non negative λ and that for any λ ≥ 0 we have due to (1.24),

‖v‖λ ≤ ‖v‖X ≤ C‖v‖λ exp
(
Cλ‖u0‖4Ḃ−1

∞,2

)
. (1.26)

As B maps continously X ×X into X, we infer that

‖B(v, w)‖λ ≤ C‖v‖λ‖w‖λ exp
(
Cλ‖u0‖4Ḃ−1

∞,2

)
. (1.27)

Theorem 1.5.1 follows from the following two lemmas we admit for a while.

Lemma 1.5.2 There is a constant C > 0 such that the following holds. For any non nega-
tive λ, for any t ≥ 0 and any f ∈ E, we have∥∥∥∫ t

0
e(t−t′)∆f(t′)dt′

∥∥∥
λ
≤ C‖f‖E .

Lemma 1.5.3 Let u0 ∈ Ḃ−1
∞,2 be given, and define uL(t) = et∆u0. There is a constant C > 0

such that the following holds. For any λ ≥ 1, for any t ≥ 0 and any v ∈ Xλ, we have

‖B(uL, v)(t)‖λ ≤
C

λ
1
4

‖v‖λ.

Conclusion of the proof of Theorem 1.5.1 Let us apply Lemma 1.5.1 to Equation (NS′)
satisfied by R, in a space Xλ. We choose λ so that according to Lemma 1.5.3,

‖B(uL, ·)(t)‖L(Xλ) ≤
1

4
·

Then according to Lemma 1.5.1, there is a unique solution R to (NS′) in Xλ as soon
as B(uL, uL) satisfies

‖B(uL, uL)‖Xλ ≤
1

16‖B‖B(Xλ)
·

But (1.27) guarantees that

‖B‖B(Xλ) ≤ exp
(
λ‖u0‖4Ḃ−1

∞,2

)
,

So, if

‖B(uL, uL)‖Xλ ≤ C
−1 exp

(
−λ‖u0‖4Ḃ−1

∞,2

)
,

by Lemma 1.5.1, there is a unique solution of (MNS). The above condition is exactly re is
precisely condition (1.23) of Theorem 1.5.1, so under assumption (1.23), there is a unique
small (in the sense of ‖ · ‖λ) solution R to (NS′).

Proof of Lemma 1.5.2 Thanks to (1.26), it is enough to prove Lemma 1.5.2 for λ = 0.

Let us start by proving that L0f
def
=

∫ t

0
e(t−t′)∆f(t′)dt′ belongs to L2(R+;L∞). Let us

observe that

‖L0f(t, ·)‖L∞ ≤
∫ t

0

∥∥e(t−t′)∆f(t′)‖L∞dt′.
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Let us observe that, after a change of variable

‖L0f‖L2(R+;L∞) ≤ sup
‖ϕ‖L2(R+)≤1

∫
R2

+

‖eτ∆f(t′)‖L∞ϕ(t′ + τ)dτ dt′ .

By Cauchy-Schwarz inequality and by definition of the norm on B−1
∞,∞, we get

‖L0f‖L2(R+;L∞) ≤
∫ ∞

0

(∫ ∞
0
‖eτ∆f(t′)‖L∞

) 1
2
dt′

≤ ‖f‖L1(R+;B−1
∞,2).

In order to estimate t
1
2 f(t)‖L∞ , let us write that

t
1
2L0f(t, ·)‖L∞ ≤

√
2

∫ t
2

0
(t− t′)

1
2

∥∥e(t−t′)∆f(t′)‖L∞dt′

+
√

2

∫ t

t
2

1√
(t− t′)t′

t′(t− t′)
1
2

∥∥e(t−t′)∆f(t′)‖L∞dt′

≤
√

2

∫ t
2

0
‖f(t′)‖B−1

∞,2
dt′ + sup

t>0
‖f(t)‖B−1

∞,∞

∫ t

t
2

1√
(t− t′)t′

dt′

. ‖f‖B−1
∞,2

+ sup
t>0
‖f(t)‖B−1

∞,∞
.

This proves Lemma 1.5.2. 2

Proof of Lemma 1.5.3 From Proposition 1.4 page 11, we have

B(v, w)(t, x) =

∫ t

0

∫
R3
k(t− t′, y)v(t′, x− y)w(t′, x− y)dydt′

= k ? (vw)(t, x) with |k(τ, ζ)| ≤ C

(
√
τ + |ζ|)4

·

The proof relies now mainly on the following proposition.

Proposition 1.5.1 Let u0 ∈ Ḃ−1
∞,2 be given, and define uL(t) = et∆u0. There is a constant C

such that the following holds. Consider, for any positive R and for (τ, ζ) ∈ R+×R3, the
following functions:

K
(1)
R (τ, ζ)

def
= 1|ζ|≥R

1

|ζ|4
and K

(2)
R (τ, ζ)

def
= 1|ζ|≤R

1

(
√
τ + |ζ|)4

·

Then for any λ ≥ 1 and any R > 0,∥∥∥e−λ ∫ t0 U(t′)dt′K
(1)
R ? (uLv)

∥∥∥
L∞([0,R2]×R3)

≤ C

λ
1
2R
‖v‖λ. (1.28)

Moreover, for any λ ≥ 1 and any R > 0,∥∥∥e−λ ∫ t0 U(t′)dt′K
(2)
R ? (uLv)

∥∥∥
L∞([R2,2R2]×R3)

≤ C

λ
1
4R
‖v‖λ. (1.29)
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Proof. Let us write that

V
(1)
λ (t, x)

def
= e−λ

∫ t
0 U(t′)dt′ |K(1)

R ? (uLv)(t, x)|

≤
∫ t

0

∫
cB(0,R)

1

|y|4
e−λ

∫ t
t′ U(t′′)dt′′‖uL(t′, ·)‖L∞ |vλ(t′, x− y)|dt′dy.

By the Cauchy-Schwarz inequality and by definition of U , we infer that

V
(1)
λ (t, x) ≤

(∫ t

0

∫
cB(0,R)

1

|y|4
e−2λ

∫ t
t′ U(t′′)dt′′‖uL(t′, ·)‖2L∞dt′dy

) 1
2

×
(∫ t

0

∫
cB(0,R)

1

|y|4
|vλ(t′, x− y)|2dt′dy

) 1
2

≤
(
C

λR

) 1
2
(∫ t

0

∫
cB(0,R)

1

|y|4
|vλ(t′, x− y)|2dt′dy

) 1
2

. (1.30)

Now let us decompose the integral on the right on rings; this gives∫ t

0

∫
cB(0,R)

1

|y|4
|vλ(t′, x− y)|2dt′dy =

∞∑
p=0

∫ t

0

∫
B(0,2p+1R)\B(0,2pR)

1

|y|4
|vλ(t′, x− y)|2dt′dy

≤ 1

R

∞∑
p=0

2−p+3(2p+1R)−3

×
∫ t

0

∫
B(0,2p+1R)

|vλ(t, x− y)|2dtdy.

As t ≤ R2 and p is non negative, we have∫ t

0

∫
cB(0,R)

1

|y|4
|vλ(t′, x− y)|2dt′dy ≤ C

R

∞∑
p=0

2−p(2p+1R)−3

∫
P (x,2p+1R)

|vλ(t, z)|2dtdz

≤ C

R

∞∑
p=0

2−p sup
R′>0

1

R′3

∫
P (x,R′)

|vλ(t, z)|2dtdz.

By definition of ‖ · ‖λ, we infer that∫ t

0

∫
cB(0,R)

1

|y|4
|vλ(t′, x− y)|2dt′dy ≤ C

R
‖v‖2λ.

Then, using (1.30), we conclude the proof of (1.28).

In order to prove the second inequality, let us observe that

e−λ
∫ t
0 U(t′)dt′ |(K(2)

R ? (uLv))(t, x)| ≤ K(21)
R (t, x) +K(21)

R (t, x) with

K(21)
R (t, x)

def
=

∫ t
2

0

∫
B(0,R)

1

(
√
t− t′ + |y|)4

e−λ
∫ t
t′ U(t′′)dt′′‖uL(t′, ·)‖L∞ |vλ(t′, x− y)|dt′dy ,

K(22)
R (t, x)

def
=

∫ t

t
2

∫
B(0,R)

1

(
√
t− t′ + |y|)4

e−λ
∫ t
t′ U(t′′)dt′′‖uL(t′, ·)‖L∞ |vλ(t′, x− y)|dt′dy.
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Using the Cauchy-Schwarz inequality, as t ∈ [R2, 2R2] and t ≤ 2(t− t′), we infer that

K(21)
R (t, x) ≤

(∫ t
2

0

∫
B(0,R)

1

(
√
t− t′ + |y|)8

e−2λ
∫ t
t′ U(t′′)dt′′‖uL(t′, ·)‖2L∞dt′dy

) 1
2

×
(∫ t

2

0

∫
B(0,R)

|vλ(t′, x− y)|2dt′dy
) 1

2

≤ C

λ
1
2

(∫
B(0,R)

dy

(R+ |y|)8

) 1
2 (∫ t

2

0

∫
B(0,R)

|vλ(t′, x− y)|2dt′dy
) 1

2

≤ C

(tλ)
1
2

R−
3
2

(∫ R2

0

∫
B(0,R)

|vλ(t′, x− y)|2dt′dy
) 1

2

,

so that

K
(21)
R (t, x) ≤ C

(tλ)
1
2

‖v‖λ. (1.31)

In order to estimate K(22)
R , let us write that

K(22)
R (t, x) ≤

∫ t

t
2

∫
R3

1

(
√
t− t′ + |y|)4

e−λ
∫ t
t′ U(t′′)dt′′‖uL(t′, ·)‖L∞‖vλ(t′, ·)‖L∞dt′dy

≤ C‖v‖λ
∫ t

t
2

1√
t− t′

e−λ
∫ t
t′ U(t′′)dt′′ ‖uL(t′, ·)‖L∞

t′
1
2

dt′.

By definition of U and using the fact that t ≤ 2t′, Hölder’s inequality implies that

K(22)
R (t, x) ≤ C

t
1
2

‖v‖λ
(∫ t

0
e−4λ

∫ t
t′ U(t′′)dt′′t′‖uL(t′, ·)‖4L∞dt′

) 1
4

≤ C

λ
1
4 t

1
2

‖v‖λ.

Together with (1.31), this concludes the proof of the proposition. �

From this proposition, we infer immediately the following corollary. This corollary proves
directly one half of Lemma 1.5.3, as it gives a control of B(uL, v) in the first norm out of the
two entering in the definition of Xλ.

Corollary 1.5.1 Under the assumptions of Proposition 1.5.1, we have

t
1
2 e−λ

∫ t
0 U(t′)dt′‖B(uL, v)(t, ·)‖L∞ ≤

C

λ
1
4

‖v‖λ.

Proof. Let us write that

k ? (uLv) (t, x) = k ? (uL1cB(x,2
√
t)v) (t, x) + k ? (uL1B(x,2

√
t)v) (t, x).

From Proposition 1.5.1, we infer that

e−λ
∫ t
0 U(t′)dt′ |k ? (uL1cB(x,2

√
t)v) (t, x)| ≤ e−λ

∫ t
0 U(t′)dt′K

(1)

2
√
t
? (|uL1B(x,2

√
t)v|)(t, x)

≤ C

(tλ)
1
2

‖v‖λ.
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Moreover, thanks to Proposition 1.5.1, we have also

e−λ
∫ t
0 U(t′)dt′ |k ? (uL1B(x,2

√
t)v) (t, x)| ≤ e−λ

∫ t
0 U(t′)dt′K

(2)

2
√
t
? (|uL|1B(x,2

√
t)|v|) (t, x)

≤ C

λ
1
4 t

1
2

‖v‖λ.

This proves the corollary. 2

Proof of Lemma 1.5.3 (continued) Let us estimate ‖k ? (uLv)‖L2(P (x,R)), for an arbitrary x

in R3. Let us write that

k ? (uLv) = k ? (uL1cB(x,2R)v) + k ? (uL1B(x,2R)v).

Observing that, for any y ∈ B(x,R), we have

|k ? (uL1cB(x,2R)v)(t, y)| ≤ CK(1)
R ? (|uL|1cB(x,2R)|v|)(t, y),

and using Inequality (1.11) of Proposition 1.5.1, we get

e−λ
∫ t
0 U(t′)dt′‖k ? (uL1cB(x,2R)v‖L∞(P (x,R)) ≤

C

λ
1
2R
‖v‖λ.

As the volume of P (x,R) is proportional to R5, we infer that

‖k ? (uL1cB(x,2R)vλ)‖L2(P (x,R)) ≤
C

λ
1
2

R
3
2 ‖v‖λ. (1.32)

Now let us prove the equivalent of Lemma 1.4.2.

Lemma 1.5.4 For any T , we have∥∥(B(uL, v)
)
λ

∥∥
L2([0,T×R3)

≤ C√
λ
‖vλ‖L2([0,T×R3)

Proof. Let us write that

|F(B(uL, v))λ(t, ξ)| ≤
∫ t

0
exp
(
−(t− t′)|ξ|2 − λ

∫ t

t′
U(t′′)4dt′′

)∣∣F(uL(t′)vλ(t′))(ξ)
∣∣dt′.

We can write that∣∣F(uL(t′)vλ(t′))(ξ)
∣∣ ≤ a(t′, ξ)‖uL(t′)‖L∞‖vλ(t′)‖L2 with

∫
R3
a2(t′, ξ)dξ = 1.

Thus using Cauchy-Schwarz inequality, we infer that∫ T

0
|F(B(uL, v))λ(t, ξ)|2dt ≤

∫ T

0

(∫ t

0
exp
(
−(t− t′)|ξ|2 − λ

∫ t

t′
U(t′′)4dt′′

)
× a(t′, ξ)‖uL(t′)‖L∞‖vλ(t′)‖L2dt′

)2

dt

≤
∫ T

0

(∫ t

0
exp
(
−2λ

∫ t

t′
U(t′′)4dt′′

)
‖uL(t′)‖2L∞dt′

)
×
(∫ t

0
|ξ|2 exp

(
−2(t− t′)|ξ|2

)
a2(t′, ξ)‖vλ(t′)‖2L2dt

′
)
dt

≤ 1

2λ

∫ T

0

(∫ T

t′
|ξ|2 exp

(
−2(t− t′)|ξ|2

)
dt
)
a2(t′, ξ)‖vλ(t′)‖2L2dt

′

≤ 1

4λ

∫ T

0
a2(t′, ξ)‖vλ(t′)‖2L2dt

′

An integration with respect to ξ gives the result. 2
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Conclusion the proof of Lemma 1.5.3 Together with Corollary 1.5.1 and (1.32), this concludes
the proof of Lemma 1.5.3 2

1.6 A particular case of large oscillating data

It is not obvious that Theorem 1.5.1 is not empty. Of course, the non linear smallness condition
is satisfied in the case when ‖u0‖Ḃ−1

∞,2
is small. Let us first state the theorem that presents a

class of large oscillating initial data satisfying hypotheses of Theorem 1.5.1.

Proposition 1.6.1 Let ϕ be a function in S(R3). Let us consider P = (ε,Λ) in ]0, 1]× [1,∞[
such that εΛ is small enough. Let us define

ϕε(x) = cos
(x3

ε

)
ϕ(x1,Λx2, x3).

If A2Λ−
1
3 ≤ C−1

0 exp
(
−C0A

4
)
, the divergence free vector field

u0(x) =
A

εΛ
(−∂2ϕP (x),−∂1ϕP (x), 0)

satisfies

‖u0‖Ḃ−1
∞,2
≥ c0A (1.33)

and the hypotheses of Theorem 1.5.1.

Proof. The fact that (1.33) is satisfied is an obvious consequence of Proposition 1.3.3.

As P is a Fourier multiplier operator of order 0, we have∥∥P(et∆u0 · ∇et∆u0

)∥∥
E
≤ C

∥∥et∆u0 · ∇et∆u0

∥∥
E
.

Let us observe that(
et∆u0

)1
∂1

(
et∆u0

)1
+
(
et∆u0

)2
∂2

(
et∆u0

)1
=

(A
ε

)2
et∆fP e

t∆gP and (1.34)(
et∆u0

)1
∂1

(
et∆u0

)2
+
(
et∆u0

)2
∂2

(
et∆u0

)2
=

(A
ε

)2 1

Λ
et∆f̃P e

t∆g̃P (1.35)

where f , g, f̃ and g̃ are functions in S(R3). Now, the main lemma is the following.

Lemma 1.6.1 There is a constant C such that the following result holds. Let f and g be
in Ḃ−1

∞,2 ∩ Ḣ−1. Then we have

‖(et∆fet∆g)‖E ≤ C
(
‖f‖Ḃ−1

∞,2
‖g‖Ḃ−1

∞,2

) 2
3
(
‖f‖Ḃ−1

2,2
‖g‖Ḃ−1

2,2

) 1
3

Proof. Let us first prove the following interpolation result.

Lemma 1.6.2 A constant C exists such that, for a and b in L2 ∩ L∞, we have

‖ab‖B−1
∞,2
.
(
‖a‖L2‖b‖L2

) 1
3
(
‖a‖L∞‖b‖L∞

) 2
3 .
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Proof. By definition of the B−1
∞,2 norm, we have, for any positive τ0,

‖ab‖B−1
∞,2

=

∫ ∞
τ0

‖eτ∆(ab)‖2L∞dτ +

∫ τ0

0
‖eτ∆(ab)‖2L∞dτ

≤ ‖a‖L∞‖b‖L∞
∫ ∞
τ0

dτ

τ3
+ ‖a‖L2‖b‖L2

∫ τ0

0
dτ

≤ 1

τ2
0

‖a‖L∞‖b‖L∞ + τ0‖a‖L2‖b‖L2 .

Chossing τ0 =
(‖a‖L∞‖b‖L∞
‖a‖L2‖b‖L2

) 1
3

gives the result. 2

Proof of Lemma 1.6.1 (continued) Applying the above lemma this a = et∆f and et∆g, this
gives by Hölder inequality and by the definition of Besov spaces,∫ ∞

0
‖et∆fεt∆g‖2

B−1
∞,2

dt ≤
∫ ∞

0

(
‖et∆f‖L2et∆g‖L2

) 1
3

×
(
‖et∆f‖L∞et∆g‖L∞

) 2
3dt

≤
(
‖et∆f‖L2(R+;L2)e

t∆g‖|L2(R+;L2)

) 1
3

×
(
‖et∆f‖L2(R+;L∞)e

t∆g‖|L2(R+;L∞)

) 2
3

≤
(
f‖B−1

2,2
et∆g‖|B−1

2,2

) 1
3
(
f‖B−1

∞,2
et∆g‖|B−1

∞,2

) 2
3 .

Along the same lines, let us write that

t‖et∆fεt∆g‖B−1
∞,∞

. t‖et∆fεt∆g‖B−1
∞,∞

.
(
t

1
2 ‖et∆f‖L2t

1
2 ‖et∆g‖L2

) 1
3
(
t

1
2 ‖et∆f‖L∞t

1
2 ‖et∆g‖L∞

) 2
3

.
(
f‖B−1

2,∞
et∆g‖|B−1

2,∞

) 1
3
(
f‖B−1

∞,∞
et∆g‖|B−1

∞,∞

) 2
3

.
(
f‖B−1

2,2
et∆g‖|B−1

2,2

) 1
3
(
f‖B−1

∞,2
et∆g‖|B−1

∞,2

) 2
3 .

This proves Lemma 1.6.1 2

Conclusion of the proof of Proposition 1.6.1 Then, using (1.34) and (1.35), we infer that∥∥P(et∆u0 · ∇et∆u0

)∥∥
E
≤

(A
ε

)2(
‖fP ‖Ḃ−1

∞,2
‖gP ‖Ḃ−1

∞,2

) 2
3
(
‖fP ‖Ḃ−1

2,2
‖gP ‖Ḃ−1

2,2

) 1
3

≤
(A
ε

)2
ε

4
3
(
ε2Λ−1

) 1
3

≤ A2Λ−
1
3 .

Thus if
Λ−

1
3 ≤ C−1

0 ≤ A−2C−1
0 exp(−C0A

4)

the hypotheses of Theorem 1.5.1 2

Remark Let us point out the importance of the algebraic structure of a non linear term.
A term like (

et∆u0

)1
∂2

(
et∆u0

)1
will produce terms we can bound only in E by A2Λ

2
3 .
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1.7 The role of the special structure: a Navier-Stokes type
equation which blows up

The incompressible Navier-Stokes system has three important features: the scaling invari-
ance, the incompressibilty condition and the very special structure of the non linear term.
This structure leads to energy estimate, but also appears in relations likes (1.34) and (1.35)
which has been crucial for proving the global well posedness result of Theorem 1.6.1. The pur-
pose of this section is to study a modifed system which has the first two properties (scaling
invariance and divergence free condition) and with a different structure of the non linear term
which will lead to blow up at finite time for some initial data that satisfies the hypotheses of
Theorem 1.6.1,

E def
=
{
ξ ∈ R3 , ξ1ξ2 < 0 , ξ2ξ3 < 0 and |ξ1| < min{|ξ2|, |ξ3|}

}
(1.36)

and the matrix q(ξ)

q(ξ) =
1E(ξ)

|ξ|

ξ2
2 + ξ2

3 − ξ1ξ2 − ξ1ξ3 ξ2
2 + ξ2

3 − ξ1ξ2 − ξ1ξ3 ξ2
2 + ξ2

3 − ξ1ξ2 − ξ1ξ3

ξ2
1 + ξ2

3 − ξ1ξ2 − ξ2ξ3 ξ2
1 + ξ2

3 − ξ1ξ2 − ξ2ξ3 ξ2
1 + ξ2

3 − ξ1ξ2 − ξ2ξ3

ξ2
1 + ξ2

2 − ξ1ξ3 − ξ2ξ3 ξ2
1 + ξ2

2 − ξ1ξ3 − ξ2ξ3 ξ2
1 + ξ2

2 − ξ1ξ3 − ξ2ξ3

 . (1.37)

Let us observe that

q(ξ) = |ξ|1E(ξ)P(ξ)

1 1 1
1 1 1
1 1 1


if P(ξ) denotes the matrix of the Leray projection of divergence free vector field in the Fourier
space. Let us consider the following modified incompressible Navier-Stokes system.

(MNS)

{
∂tu−∆u = Q(u, u)

div u = 0 , u|t=0 = u0
with F(Qj(u, u))

def
=

3∑
k=1

1E(ξ)qj,k(ξ)F(ujuk).

The main point of this modified Navier-Stokes system is the following property which plays a
key role in the proof of blow up for finite time.

Proposition 1.7.1 The coefficients of the matrix q(ξ) are non negative.

Proof. Let us first notice that on E , ξ1ξ3 is positive.The components of the first line may be
written

ξ2
2 + ξ2

3 − ξ1ξ2 − ξ1ξ3 = ξ2
2 − ξ1ξ2 + ξ3(ξ3 − ξ1)

which is also positive since either ξ1 and ξ3 are both positive, in which case ξ3 > ξ1, or they
are both negative in which case ξ3 < ξ1. Thus the first line of the above matrix is clearly made
of positive scalars. The fact that the terms of the second line are non negative is obvious due
to the sign condition imposed on the components of ξ.

Similarly one has

ξ2
1 + ξ2

2 − ξ1ξ3 − ξ2ξ3 = ξ2
1 + ξ2

2 − ξ3(ξ1 + ξ2)

and either ξ1 < 0, ξ2 > 0, ξ3 < 0 and ξ1 + ξ2 > 0, or ξ1 > 0, ξ2 < 0, ξ3 > 0 and ξ1 + ξ2 < 0.
So the third line is also made of positive real numbers. 2
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Theorem 1.7.1 Let us consider an initial data u0 such that, for any j ∈ {1, 2, 3}, the com-
ponent ûj0 is a non negative function. Let us assume that for some j0, we have

ûj00 (ξ) ≥ v̂0(ξ) ≥ 0 with Supp v̂0 ⊂ Cr,R. (1.38)

where Cr,R is some ring of R3. Let us assume a positive real number m exists such that, for
any ξ in the union of the iterated sum of Supp v̂0,

qj0,j0(ξ) ≥ m|ξ|. (1.39)

If the quantity

m
r

R
‖v̂0‖L1

is large enough, then the unique solution to (MNS) associated with the initial date u0 blows
up for finite time.

Proof. As the positivity of the components of û is preserved by the flow of (MSN), we have
that

ûj0(ξ) = e−t|ξ|
2
ûj00 (ξ) +

3∑
k=1

∫ t

0
e−t−t

′)|ξ|2qj0,k(ξ)
(
ûj0(t′·) ? ûk(t′, ·)

)
(ξ)dt′

≥ e−t|ξ|
2
ûj00 (ξ) +

3∑
k=1

∫ t

0
e−t−t

′)|ξ|2qj0,j0(ξ)
(
ûj0(t′·) ? ûk(t′, ·)

)
(ξ)dt′.

As qj0,j0(ξ) is non negative, we get that, for any t, uj0(ξ) ≥ v̂(ξ) where v is the solution of

∂tv −∆v = qj0,j0(D)(v2) with v|t=0 = v0.

We give here a variation of the proof of [50]. Let us define the sequence (tk)k∈N by

t0 = 0 and tk
def
=

1

R2

k∑
`=1

2−2`.

We use denote by T its limit (which is 4/(3R2)). Let us define the sequence (v
(`)
0 )`∈N by

v
(1)
0

def
= v̂0 and v(`) def

= v
(1)
0 ? v

(`−1)
0 .

Let us notice that

Supp v(`) ⊂ `Cr,R and ∀ξ ∈ Supp v
(`)
0 , q(ξ) ≥ mr`.

Let us make the following induction hypothesis for some sequence (Ak)k∈N which will be
choosen later on:

(Hk) ∀t ∈ [2T , tk] , v̂(t, ξ) ≥ Akv
(2k)
0 (ξ).

Using the hypothesis on the support of v̂0, we have that, for any t in [0, 2T ],

v̂(t, ξ) ≥ e−tξ|2 v̂0(ξ) ≥ e−2TR2
v̂0(ξ).
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Thus, if we choose A0 = e2TR2
, (H0) is satisfied. Now let us assume (Hk). As qj0,j0 and v̂(t, ·)

are non negative functions, we have, for any t ≥ tk+1,

v̂(t, ξ) = e−t|ξ|
2
v̂0(ξ) +

∫ t

0
e−(t−t′)|ξ|2qj0,j0(ξ)

(
v̂(t′, ·) ? v̂(t′, ·)

)
(ξ)dt′

≥
(∫ tk

t
e−(t−t′)|ξ|2dt′

)
A2
kqj0,j0(ξ)

(
v

(2k)
0 ? v

(2k)
0

)
(ξ).

By definition of the sequence (v
(`)
0 )`∈N we get using (1.39),

v̂(t, ξ) ≥
(∫ t

tk

e−(t−t′)22k+2R2
dt′
)
mr2kv

(2k+1)
0 .

As t ≥ tk+1, we have t− 1

22k+2R2
≥ tk. Thus we get

v̂(t, ξ) ≥
(∫ t

t− 1

22k+2R2

e−(t−t′)22k+2R2
dt′
)
mr2kv

(2k+1)
0 (ξ)

≥ 4e−1 r

R2
2−kA2

kv
(2k+1)
0 (ξ).

Choosing

Ak+1
def
= m02−kAkk

2 with m0
def
= 4e−1m

r

R2

gives (Hk+1). Let us compute Ak. By iteration, we find that

Ak+1 = m2k+1
0 2−

∑k
`=0 `2

k−`
A2k+1

0 .

As

k∑
`=0

`2k−` = 2k, we get that Ak+1 = 4
(
m0e

− 8
3

)2k+1

. As v̂
(`)
0 ‖L1 = ‖v̂0‖`L1 , we infer that, for

any t in [T ; 2T ], we have

v̂(t, ξ) ≥ 4
(
m0e

− 8
3 ‖v̂0‖L1

)2k+1

Thus, if m0e
− 8

3‖v̂0‖L1 is large enough, then lim
k→∞

Ak = +∞ and thus ‖û(t, ·)‖L1 blows up for

finite time and the theorem is proved. 2

The purpose of this section is the proof of the following theorem.

Theorem 1.7.2 Let φ be a function in S(R3) such that its Fourier transform is non negative,
even and has its support in the region E . Let P = (ε,Λ) be in ]0, 1] × [1,∞[ such that εΛ is
small enough, and A a positive real number. Let us consider the initial data

u0(x)
def
= A(∂2ϕP (x),−∂1ϕP (x), 0) with ϕP (x)

def
=

1

εΛ
cos
(x3

ε

)
(∂1φ)(x1,Λx2, x3).

If

Λ
4
3 ≤ C−1

0 A−2 exp(−C0A
4) and

A

ε
large enough,

then u0 satisfies the hypothesis of Theorem 1.5.1 and the local solution to (MNS) blows up
for finite time.
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Proof. We have

u0(x) =
A

ε
cos
(x3

ε

)(
(∂1∂2ϕ)(x1,Λx2, x3),− 1

Λ
(∂2

1ϕ)(x1,Λx2, x3)
)
.

First of all, let us check that ûj0 are non negative functions for j ∈ {1, 2, 3} and that their
support intersects the set |ξj | ≥ 1/2. Indeed we have

û0(ξ) =
A

2εΛ2

(∑
±

(−ξ1ξ2)ϕ
(
ξ1,

ξ2

Λ
, ξ3 ±

1

ε

)
,
∑
±
−ξ2

1ϕ
(
ξ1,

ξ2

Λ
, ξ3 ±

1

ε

))
which gives the non negativity of the Fourier transform of the components of u0. Then let us
consider a point ω0 such that

−ω1
0ω2ϕ(ω0) ≥ 2c0

and a real number ε0 such that

∀ξ ∈ B(ω0, ε0),−ξ1ξ2ϕ(ξ) ≥ c0.

Let us define v0 by

v̂0(ξ
def
=

A

2εΛ2
w0

(
ξ1,

ξ2

Λ
, ξ3 ±

1

ε

)
with w0(η)

def
= 1B(ω0,ε0)(η)η1η2ϕ̂(η).

As we have

‖v̂0‖L1 ≥ c0
A

εΛ
µ

{
ξ ∈ R3 /

(
ξ1,

ξ2

Λ
, ξ3

)
∈ B(ω0, ε0)

}
≥ µ(B(ω0, ε0)c0

A

ε
,

we infer that if A/ε is large enough, the hypotheses of Theorem 1.7.1 are satisfied and thus
the theorem is proved. 2

1.8 References and remarks

The Koch and Tataru theorem has been originally proved in [40]. The second and third section
are adapted from [15]. Let us mention that in the framework of periodic boundary conditions,
a type of non linear smallness condition has been introduced in [14]. The methods for proving
blow up in section 1.7 has been introduced in [49] and the modified (MNS) appeared in [29].
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Chapter 2

Slowly varying vector fields

Introduction

In this chapter, we continue to investigate the use of the structure of the incompressible 3D
Navier-Stokes equation to construct large global solution. The idea is to work is a situation
close to the 2D situation, i.e. in a situation which vector fields vary slowly in one direction,
nameley are of the form

u0,ε(xh, x3) = v0,ε(xh, εx3)

where xh belongs to a two dimensionnal domain and x3 belongs to R and where derivatives
of v0,ε are bounded with respect to ε in say L2 space. Of course, the divergence free condition
will constrain the properties of the ”profile” v. Indeed, let us write the profile

v0,ε = (vh0,ε, v
3
0,ε = (v1

0,ε, v
2
0,ε, v

3
0,ε)

the divergence free condition on u0,ε implies that

divh v
h
0,ε + ε∂3v

3
0,ε = 0.

Thus the form of the initial data is(
vh0,ε(xh, εx3),

1

ε
v3

0,ε(xh, εx3)

)
where the profile v0,ε = (vh0,ε, v

3
0,ε) = (v1

0,ε, v
2
0,ε, v

3
0,ε) is a smooth enough vector field, uniformely

with respect to the parameter ε. Because of Proposition 1.3.4, such initial are very large.

For technical reason, it will be necesarry to work in the domain T2×R.

In the firs section, we explain how the problem reduces, after a rescaling with respect
to the vertical variable, to a resolution of a system with vanishing viscosity in the vertical
variable and a modified gradient of the rescaled pressure. This system looks illposed.

In the second section, we present a global Cauchy-Kovalevska mehod in the model case{
∂tu+ γu+A(D)(u2) = 0

u|t=0 = u0

where γ is a positif real number and A(D) a Fourier mulptiplier of order 0. We prove global a
priori estimate for small analalytic data. We method used consists in defining an admissible
rate of decay of the radius of analyticity.
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In the third section, we introduce, in the case of the real problem the phase function which
describe the rate of decay of the radius of analyticity in the vertical variable. The role of the
horizontal and the vertical component in this definition is very different. Then, we reduce the
proof of the global wellposedness problem to the proof of two propositions which describe how
the control the dacay of the radius of analyticity.

The rest of the chapter is devoted to the proof of these two propositions.

2.1 Ill prepared data: the vertical rescaling

The theorem we want to in this case in the following.

Theorem 2.1.1 Let a be a positive number. There are two positive numbers ε0 and η such
that for any divergence free vector field v0 satisfying

‖ea|D3|v0‖H4 ≤ η,

then, for any positive ε smaller than ε0, the initial data

u0,ε(x)
def
=
(
vh0 (xh, εx3),

1

ε
v3

0(xh, εx3)
)

generates a global smooth solution of (NS) on T2×R.

Let us notice that for the sake of simplicity, we assume that the profile v0 does not depend
on ε. The theorem is also true in the case when v0,ε is a family of profile such that, for all ε,
‖ea|D3|v0,ε‖H4 ≤ η.

We look for the solution under the form

uε(t, x)
def
=
(
vhε (t, xh, εx3),

1

ε
v3
ε(t, xh, εx3)

)
.

Let us notice that

∆uε(t, xh, x3) = (∆εvε)(xh, εx3) with ∆ε
def
= ∂2

1 + ∂2
2 + ε2∂2

3 = ∆h + ε2∂2
3 .

Moreover,

uε · ∇(f(xh, εx3) =
(
vh · ∇hf

)
(xh, εx3) +

1

ε
v3(xh, εx3)∂3(f(xh, εx3))

= (v · ∇f)(xh, εx3).

This leads to the following rescaled Navier-Stokes system.

(RNSε)


∂tv

h −∆εv
h + v · ∇vh = −∇hq

∂tv
3 −∆εv

3 + v · ∇v3 = −ε2∂3q
div v = 0
v|t=0 = v0

Here, we already notice the importance of the structure of the non linear term which prevents
from terms of size ε−1 which would appear with terms like u3∂h.
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Let us notice that the system (RNSε) is far away from the following system

(ANSε)


∂tv

h −∆εv
h + v · ∇vh = −∇hp

∂tv
3 −∆εv

3 + v · ∇v3 = −∂3q
div v = 0
v|t=0 = v0

For this system, it is proved in [12], that if

‖v0‖L2‖∂3v0‖L2 ≤ c0,

(with c0 independent of ε) then the system (ANSε) is globally wellposed. The fact that
the about system satisfied the L2 energy estimate is crucial. Because of the term ε2∂3q, the
system (RNSε) does not safisty any conservation of energy.

Asthere is no boundary, the rescaled pressure q can be computed with the formula

∆εq =
∑
j,k

∂jv
k∂kv

j =
∑
j,k

∂j∂k(v
jvk). (2.1)

It turns out that when ε goes to 0, ∆−1
ε looks like ∆−1

h . In the case of R3, for low horizontal
frequencies, an expression of the type ∆−1

h (ab) cannot be estimated in L2 in general. This is
the reason why we work in T2×R. In this domain, the problem of low horizontal frequencies
reduces to the problem of the horizontal average that we denote by

(Mf)(x3)
def
= f(x3)

def
=

∫
T2
f(xh, x3)dxh.

Let us also define M⊥f
def
= (Id−M)f . Notice that, because the vector field v is divergence

free, we have v3 ≡ 0. The system (RNSε) can be rewritten in the following form.

(RNSε)


∂tw

h −∆εw
h +M⊥

(
v · ∇wh + w3∂3v

h
)

= −∇hq
∂tw

3 −∆εw
3 +M⊥(v · ∇w3) = −ε2∂3M

⊥q

∂tv
h − ε2∂2

3v
h = −∂3M(w3wh)

div(v + w) = 0
(v, w)|t=0 = (v0, w0).

The problem to solve this sytem is that there is no obvious way to compensate the loss of
one vertical derivative which appears in the equation on wh and v and also, but more hidden,
in the pressure term. The method we use is inspired by the one introduced in [9] and can be
understood as a global Cauchy-Kowalewski result. This is the reason why the hypothesis of
analyticity in the vertical variable is required in our theorem.

Let us denote by B the unit ball of R3 and by C the annulus of small radius 1 and large
radius 2. For non negative j, let us denote by L2

j the space FL2((Z2×R) ∩ 2jC) and by L2
−1

the space FL2((Z2×R) ∩ B) respectively equipped with the (semi) norms

‖u‖2L2
j

def
= (2π)−d

∫
2jC
|û(ξ)|2dξ and ‖u‖2L2

−1

def
= (2π)−d

∫
B
|û(ξ)|2dξ.

Let us now recall the definition of inhomogeneous Besov spaces modeled on L2.
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Definition 2.1.1 Let s be a nonnegative real number. The space Bs is the subspace of L2

such that

‖u‖Bs
def
=
∥∥(2js‖u‖L2

j

)
j

∥∥
`1
<∞.

We note that u ∈ Bs is equivalent to writing ‖u‖L2
j
≤ Ccj2

−js‖u‖Bs where (cj) is a non

negative series which belongs to the sphere of `1. Let us notice that B
3
2 is included in F(L1)

and thus in the space of continuous bounded functions. Moreover, if we substitute `2 to `1 in
the above definition, we recover the classical Sobolev space Hs.

The theorem we actually prove is the following.

Theorem 2.1.2 Let a be a positive number. There are two positive numbers ε0 and η such
that for any divergence free vector field v0 satisfying

‖ea|D3|v0‖
B

7
2
≤ η,

then, for any positive ε smaller than ε0, the initial data

u0,ε(x)
def
=
(
vh0 (xh, εx3),

1

ε
v3

0(xh, εx3)
)

generates a global smooth solution of (NS) on T2×R.

Before entering in the technicalities of the proof, let us have a discussion about the hy-
pothesis on analyticity of the intial data. It is known to be somehing ”unphysical” like for
instance in the problem of boundary layer of vanishing viscosity (see the Prantl’ problem).
Here, for any ε, a positive real number ρε exists such that if

‖u0 − u0,ε‖
Ḣ

1
2
< ρε

then u0 generates a global smooth solution. Indeed, writing the solution u associated with u0

as

u = uε + wε

where uε is given by Theorem 2.1.2, we have{
∂tw −∆w + w · ∇w + w · ∇uε + uε · ∇w = −∇p

divw = 0 et w|t=0 = w0.

Classical Ḣ
1
2 estimates allows to prove that, as long as ‖w(t)‖

Ḣ
1
2
≤ c0 (with c0 small enough),

we have

‖w(t)‖2
H

1
2

+

∫ t

0
‖∇w(t′)‖2

Ḣ
1
2
dt′ ≤ ‖w0‖2

Ḣ
1
2

exp

(
C0

∫ t

0
‖∇uε(t′)‖L∞dt′

)
≤ ‖w0‖2

Ḣ
1
2

exp

(
−C0

ε
‖ea|D3|v0‖

B
7
2

)
Thus, if

‖w0‖
Ḣ

1
2
≤ c0

2
exp

(
−C0

ε
‖ea|D3|v0‖

B
7
2

)
then u0,ε + w0 generates a global smooth solution.
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2.2 Study of a model problem

In order to motivate the functional setting and to give a flavour of the method used to prove
the theorem, let us study for a moment the following simplified model problem for (RNSε),
in which we shall see in a rather easy way how the same type of method as that of [9] can
be used (as a global Cauchy-Kovalevska technic): the idea is to control a nonlinear quantity,
which depends on the solution itself. So let us consider the equation

∂tu+ γu+ a(D)(u2) = 0,

where u is a scalar, real-valued function, γ is a positive parameter, and a(D) is a Fourier
multiplier of order one. We shall sketch the proof of the fact that if the initial data satisfies,
for some positive δ and some small enough constant c,

‖eδ|D|u0‖
B

3
2
≤ cγ,

then one has a global smooth solution, say in the space B
3
2 as well as all its derivatives. The

idea of the proof is the following: we want to control the same kind of quantity on the solution,
but one expects the radius of analyticity of the solution to decay in time. Let us introduce
the following notation, which will be used throughout this article. For any locally bounded
function Ψ on R+×Z2×R and for any function f , we define

fΨ(t)
def
= F−1

(
eΨ(t,·)f̂(t, ·)

)
.

Let us notice that this notation does not make sense for any f ; the following can be made
rigourous by a cut-off in Fourier space. This will done in the next section, in the proof of
Theorem 2.1.2.

So let us introduce the function θ(t) which describes the ”loss of analyticity” of the solution.
We define

θ̇(t)
def
= ‖uΦ(t)‖

B
3
2

with θ(0) = 0 and Φ(t, ξ) = (δ − λθ(t))|ξ|. (2.2)

The parameter λ will be chosen large enough at the end, and we shall prove that δ − λθ(t)
remains positive for all times. The computations that follow hold as long as that assumption
is true (and a bootstrap will prove that in fact it does remain true for all times). Taking the
Fourier transform of the equation gives

|û(t, ξ)| ≤ e−γt|û0(ξ)|+ C

∫ t

0
e−γ(t−t′) |ξ| |F(u2)(t′, ξ)| dt′.

Using the fact that

γt+ (δ − λθ(t)) |ξ| ≤ γ(t− t′)− λ|ξ|
∫ t

t′
θ̇(t′′) dt′′

+ γt′ + (δ − λθ(t′)) |ξ − η|+ (δ − λθ(t′)) |η| ,

we infer that

eγt|ûΦ(t, ξ)| ≤ eδ|ξ||û0(ξ)|+ C

∫ t

0
e−λ|ξ|

∫ t
t′ θ̇(t

′′) dt′′ |ξ| eγt′ |F(u2
Φ)|(t′, ξ) dt′.
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Thus, for any ξ in 2jC, we have

eγt|ûΦ(t, ξ)| ≤ eδ|ξ||û0(ξ)|+ C

∫ t

0
e−λ2j

∫ t
t′ θ̇(t

′′) dt′′2j eγt
′ |F(u2

Φ)|(t′, ξ) dt′.

Taking the L2(2jC, dξ) norm gives

eγt‖uΦ(t, ·)‖L2
j
≤ ‖eδ|D|u0‖L2

j
+ C

∫ t

0
e−λ2j

∫ t
t′ θ̇(t

′′) dt′′2j ‖eγt′u2
Φ(t′, ·)‖L2

j
dt′. (2.3)

Now, we need a lemma of paradifferential calculus type. The statement requires the following
spaces, introduced in [17].

Definition 2.2.1 Let s be a real number. We define the space L̃∞T (Bs) as the subspace of
functions f of L∞T (Bs) such that the following quantity is finite:

‖f‖
L̃∞T (Bs)

def
=
∑
j

2js‖f‖L∞T (L2
j )
.

Let us notice that L̃∞T (Bs) is obviously included in L∞T (Bs).
We shall also use a very basic version of Bony’s decomposition: let us define

Tab
def
= F−1

∑
j

∫
2jC∩B(ξ,2j )̂

a(ξ − η)̂b(η)dη and Rab
def
= F−1

∑
j

∫
2jC∩B(ξ,2j+1 )̂

a(ξ − η)̂b(η)dη.

We obviously have ab = Tab+Rba.

Lemma 2.2.1 For any positive s, a constant C exists which satisfies the following properties.
For any function Ψ satisfying

Ψ(t, ξ) ≤ Ψ(t, ξ − η) + Ψ(t, η) (2.4)

for any function b, a positive sequence (cj)j∈Z exists in the sphere of `1(Z) (and depending
only on T and b) such that, for any a and any t ∈ [0, T ], we have

‖(Tab)Ψ(t)‖L2
j

+ ‖(Rab)Ψ(t)‖L2
j
≤ Ccj2−js‖aΨ(t)‖

B
3
2
‖bΨ‖L̃∞T (Bs)

.

We prove only the lemma for R, the proof for T being strictly identical. Let us first
investigate the case when the function Ψ is identically 0. We first observe that for any ξ in
the annulus 2jC, we have

F(Rab(t))(ξ) =
∑

j′≥j−2

∫
2j
′C∩B(ξ,2j

′+1)
â(t, ξ − η)̂b(t, η)dη.

By definition of ‖ · ‖
L̃∞T (Bs)

, we infer that

‖Rab(t)‖L2
j
≤ C‖a(t)‖F(L1)

∑
j′≥j−2

cj′2
−j′s‖b‖

L̃∞T (Bs)
.

Defining c̃j =
∑

j′≥j−2

2(j−j′)scj′ which satisfies
∑
j

c̃j ≤ Cs, we obtain

‖Rab(t)‖L2
j
≤ Cc̃j2−js‖a(t)‖F(L1)‖b‖L̃∞T (Bs)

. (2.5)
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As B
3
2 is included in F(L1), the lemma is then proved in the case when the function Ψ is

identically 0. In order to treat the general case, let us write that

|eΨ(t,ξ)F(Rab)(t, ξ)| = eΨ(t,ξ)
∑
j

∫
2jC∩B(ξ,2j)

|â(t, ξ − η)| |̂b(t, η)|dη

≤
∑
j

∫
2jC∩B(ξ,2j)

eΨ(t,ξ−η)|â(t, ξ − η)|eΨ(t,η) |̂b(t, η)|dη.

Estimate (2.5) implies the lemma.
Now let us return to (2.3). We write

eγt
′
u2

Φ(t′) = TuΦ(t′)e
γ′tuΦ(t′) +R(eγ

′tuΦ(t′), uΦ(t′))

and Lemma 2.2.1 gives, for all t′ ≤ T and as long as the function Φ is positive,

‖eγt′u2
Φ(t′, ·)‖L2

j
≤ Ccj(T )2−j

3
2 ‖uΦ(t′)‖

B
3
2
‖eγt′uΦ(t′)‖

L̃∞T (B
3
2 )
.

By definition of the function θ, this gives

‖eγt′u2
Φ(t′, ·)‖L2

j
≤ Ccj(T )2−j

3
2 θ̇(t′)‖eγt′uΦ(t′)‖

L̃∞T (B
3
2 )
.

Plugging this inequality in (2.3) (after multiplication by 2j
3
2 ) gives, as long as the function Φ

is positive, for all t ≤ T ,

2j
3
2 eγt‖uΦ(t, ·)‖L2

j
≤ 2j

3
2 ‖eδ|D|u0‖L2

j
+ Ccj(T )‖eγtuΦ(t)‖

L̃∞T (B
3
2 )

∫ t

0
e−λ2j

∫ t
t′ θ̇(t

′′) dt′′2j θ̇(t′) dt′.

As ∫ t

0
e−λ2j

∫ t
t′ θ̇(t) dt

′′
2j θ̇(t′) dt′ ≤ 1

λ
,

we get

2j
3
2 eγt‖uΦ(t, ·)‖L2

j
≤ 2j

3
2 ‖eδ|D|u0‖L2

j
+
C

λ
cj(T )‖eγtuΦ(t)‖

L̃∞T (B
3
2 )
.

Taking the supremum for t ≤ T , and summing over j, we get, as long as the function Φ is
positive,

‖eγtuΦ(t, ·)‖
L̃∞T (B

3
2 )
≤ ‖eδ|D|u0‖

B
3
2

+
C

λ
‖eγtuΦ(t)‖

L̃∞T (B
3
2 )
.

Thus, choosing λ = 2C we infer that

‖eγtuΦ(t, ·)‖
L̃∞T (B

3
2 )
≤ 2‖eδ|D|u0‖

B
3
2
.

As ‖a‖
L∞T (B

3
2 )
≤ ‖a‖

L̃∞T (B
3
2 )

, we get, by definition of θ, as long as the function Φ is positive,

θ̇(t) ≤ 2e−γt‖eδ|D|u0‖
B

3
2
,

which gives γθ(t) ≤ 2‖eδ|D|u0‖
B

3
2
. If

‖eδ|D|u0‖
B

3
2
≤ δγ

8C
,

then we get that the function Φ remains positive for all time and the global regularity is
proved.
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2.3 The global Cauchy-Kovalevska method

In the light of the computations of the previous section, let us introduce the functional set-
ting we are going to work with to prove the theorem. The proof relies on exponential decay
estimates for the Fourier transform of the solution, s let us define the key quantity we wish
to control in order to prove the theorem. In order to do so, let us consider the Friedrichs
approximation of the original (NS) system

∂tu−∆u+ Pn(u · ∇u) = 0

div u = 0

u|t=0 = Pn u0,ε,

where Pn denotes the orthogonal projection of L2 on functions the Fourier transform of which
is supported in the ball Bn centered at the origin and of radius n. Thanks to the L2 energy
estimate, this approximated system has a global solution the Fourier transform of which is
supported in Bn. Of course, this provides an approximation of the rescaled system namely

(RNSε,n)


∂tw

h −∆εw
h + Pn,εM⊥

(
v · ∇wh + w3∂3v +∇hq

)
= 0

∂tw
3 −∆εw

3 + Pn,εM⊥
(
v · ∇w3 + ε2∂3q

)
= 0

∂tv
h − ε2∂2

3v
h + Pn,ε ∂3M(w3wh) = 0

div(v + w) = 0
(v, w)|t=0 = (v0, w0),

where Pn,ε denotes the orthogonal projection of L2 on functions the Fourier transform of which

is supported in Bn,ε
def
= {ξ / |ξε|2

def
= |ξh|2 +ε2ξ2

3 ≤ n2}. We shall prove analytic type estimates
here, meaning exponential decay estimates for the the solution of the above approximated
system. In order to make notation not too heavy we shall drop the fact that the solutions
we deal with are in fact approximate solutions and not solutions of the original system. A
priori bounds on the approximate sequence will be derived, which will clearly yield the same
bounds on the solution. In the spirit of [9] (see also (2.2) in the previous section), we define
the function θ (we drop also the fact that θ depends on ε in all that follows) by

θ̇(t) = ‖w3
Φ(t)‖

B
7
2

+ ε‖whΦ(t)‖
B

7
2

and θ(0) = 0 (2.6)

where
Φ(t, ξ) = t

1
2 |ξh|+ a|ξ3| − λθ(t)|ξ3| (2.7)

for some λ that will be chosen later on (see Section 2.3.2). Notice that the definition of θ takes
into account the particular algebraic structure of (RNSε,n). Since the Fourier transform of w
is compactly supported, the above differential equation has a unique global solution on R+.
If we prove that

∀t ∈ R+ , θ(t) ≤ a

λ
, (2.8)

this will imply that the sequence of approximated solutions of the rescaled system is a bounded
sequence of L1(R+; Lip). So is, for a fixed ε, the family of approximation of the original Navier-
Stokes equations. This is (more than) enough to imply that a global smooth solution exists.

2.3.1 Main steps of the proof

The proof of Inequality (2.8) will be a consequence of the following two propositions which
provide estimates on vh, wh and w3.
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Theorem 2.1.2 will be an easy consequence of the following propositions, which will be
proved in the coming sections.

The first one uses only the fact that the function Φ is subadditive.

Proposition 2.3.1 A constant C
(1)
0 exists such that, for any positive λ, for any initial data v0,

and for any T satisfying θ(T ) ≤ a/λ, we have

θ(T ) ≤ ε‖ea|D3|wh0‖B 7
2

+ ‖ea|D3|w3
0‖B 7

2
+ C

(1)
0 ‖vΦ‖

L̃∞T (B
7
2 )
θ(T ).

Moreover, we have the following L∞-type estimate on the vertical component:

‖w3
Φ‖L̃∞T (B

7
2 )
≤ ‖ea|D3|w3

0‖B 7
2

+ C
(1)
0 ‖vΦ‖2

L̃∞T (B
7
2 )
.

The second one is more subtle to prove, and it shows that the use of the analytic-type norm
actually allows to recover the missing vertical derivative on vh, in a L∞-type space. It should
be compared to the methods described in the model case above.

Proposition 2.3.2 A constant C
(2)
0 exists such that, for any positive λ, for any initial data v0,

and for any T satisfying θ(T ) ≤ a/λ, we have

‖vhΦ‖L̃∞T (B
7
2 )
≤ ‖ea|D3|vh0‖B 7

2
+ C

(2)
0

( 1

λ
+ ‖vΦ‖

L̃∞T (B
7
2 )

)
‖vhΦ‖L̃∞T (B

7
2 )
.

2.3.2 Proof of the theorem assuming the two propositions

Let us assume these two propositions are true for the time being and conclude the proof of
Theorem 2.1.2. It relies on a continuation argument.

For any positive λ and η, let us define

Tλ
def
=
{
T / max{‖vΦ‖

L̃∞T (B
7
2 )
, θ(T )} ≤ 4η

}
,

As the two functions involved in the definition of Tλ are non decreasing, Tλ is an interval. As θ
is an increasing function which vanishes at 0, a positive time T0 exists such that θ(T0) ≤ 4η.
Moreover, if ‖ea|D|3|v0‖

B
7
2
≤ η then, since ∂tv = Pn F (v) (recall that we are consider-

ing Friedrich’s approximations), a positive time T1 (possibly depending on n) exists such
that ‖vΦ‖

L̃∞T1
(B

7
2 )
≤ 4η. Thus Tλ is the form [0, T ?) for some positive T ?. Our purpose is to

prove that T ? =∞. As we want to apply Propositions 2.3.1 and 2.3.2, we need that λθ(T ) ≤ a.
This leads to the condition

4λη ≤ a. (2.9)

From Proposition 2.3.1, defining C0
def
= C

(1)
0 + C

(2)
0 , we have, for all T ∈ Tλ,

‖vΦ‖
L̃∞T (B

7
2 )
≤ ‖ea|D3|v0‖

B
7
2

+
C0

λ
‖vΦ‖

L̃∞T (B
7
2 )

+ C0‖vΦ‖2
L̃∞T (B

7
2 )
.

Let us choose λ =
1

2C0
· This gives

‖vΦ‖
L̃∞T (B

7
2 )
≤ 2‖ea|D3|v0‖

B
7
2

+ 4C0η‖vΦ‖
L̃∞T (B

7
2 )
.
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Choosing η =
1

12C0

, we infer that, for any T ∈ Tλ,

‖vΦ‖
L̃∞T (B

7
2 )
≤ 3‖ea|D3|v0‖

B
7
2
. (2.10)

Propositions 2.3.1 and 2.3.2 imply that, for all T ∈ Tλ,

θ(T ) ≤ ε‖ea|D3|wh0‖B 7
2

+ ‖ea|D3|w3
0‖B 7

2
+ C0ηθ(T ).

This implies that
θ(T ) ≤ 2ε‖ea|D3|wh0‖B 7

2
+ 2‖ea|D3|w3

0‖B 7
2
.

If 2ε‖ea|D3|wh0‖B 7
2

+ 2‖ea|D3|w3
0‖B 7

2
≤ η and ‖ea|D3|vh0‖B 7

2
≤ η, then the above estimate and

Inequality (2.10) ensure (2.8). This concludes the proof of Theorem 2.1.2.
For the proof of the two propositions, we refer to the paper by I. Gallgher, M. Paicu

and the author ”Global regularity for some classes of large solutions to the Navier-Stokes
equations”, Annals of Mathematics, 173, 2011, pages 986–1012.
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que pose l’hydrodynamique, Journal de Mathématiques Pures et Appliquées, 9(12),1933,
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