Abnormal Singular Foliations and the Sard Conjecture for
generic co-rank one distributions
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Abstract

Given a smooth totally nonholonomic distribution on a smooth manifold, we
construct a singular distribution capturing essential abnormal lifts which is locally
generated by vector fields with controlled divergence. Then, as an application,
we prove the Sard Conjecture for rank 3 distribution in dimension 4 and generic
distributions of corank 1.

1 Introduction

This paper is the second in a series of three focusing on geometrical properties of
singular horizontal paths of totally nonholonomic distributions and their links with the
Sard Conjecture. Its aim is to extend to the smooth case, possibly generic, some of the
results obtained in our first paper [3] dealing with the real-analytic case. Since we do
not want to repeat ourselves, we refer the reader to [3] for a general presentation of the
Sard Conjecture and a discussion on the importance of the topic.

Throughout all the paper, we consider a smooth connected manifold M of dimension
n > 3 equipped with a totally nonholonomic distribution A of rank m < n. For
convenience, we shall say that both M and A are of class C with C = C*° if they are
C™ and of class C = C¥ if they are analytic and we will proceed in the same way for
other objects (for example, a C-vector field will refer to a vector field in the category C).
Then, as in [3], we denote by w the canonical symplectic form of T*M, by A+ c T*M
the nonzero annihilator of A and by w™ the restriction of w to AL. Our first result
is concerned with the description of abnormal distributions constructed in [3] that can
be obtained in the smooth case. Before stating the result, we need to introduce a few
notions related to singular distributions.

As in [3], we call distribution on A+ any mapping K which assigns to a point a in
AL C T*M a vector subspace K(a) of ToAL of dimension dim K(a), also called rank,
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that may depend upon a, and a curve ¢ : [0,1] — A* is said to be horizontal with
respect to K if it is absolutely continuous with derivative in L? and satisfies

d(t) € K(¥(t)) C TynA*t  for ae. t € [0,1].

We say that K is reqular on a set S C AL if its rank is constant over each connected
component of § and otherwise we say that the distribution is singular; note that the
rank of a regular distribution KonS may differ from one connected component of
S to another. Then, recalling that a singular foliation over a smooth manifold is a
partition of that manifold into connected immersed smooth submanifolds called leaves,
we say that a singular distribution K on Al is integrable if it is associated to a singular
foliation, that is, if there exists a singular foliation whose tangent spaces of its leaves
are equal to K. We refer the reader to [10] for further details on singular foliations.
Furthermore, as in [3] we say that a set S C At is invariant by dilation if ox(S) = S
for every A € R*, where o) : T*M — T*M is given by o (z,p) = (z, Ap). Similarly, K
is invariant by dilation if doy(K(a)) = K(ox(a)) for all a and A. Our first result can
now be precisely stated:

Theorem 1.1 (Singular distribution capturing essential abnormal lifts). Let M and A
be of class C. Then there exist an open and dense set Sy C AL and an integrable singular
distribution F on AL, both invariant by dilation, satisfying the following properties:

(i) Specification on Sy. F is reqular on Sy and satisfies .73]30 = ker(wL)‘SO. In
particular, there holds dim .7-"|50 =m(2) and dim F|s, <m — 2.

(ii) Specification outside Sy. F(a) = {0} for alla € ¥ := AL\ Sp.

(i1i) Abnormal lifts. Let v : [0,1] — M be a singular horizontal path and 1) :
[0,1] — AL be an abnormal lift of v. If ~1(X) C [0,1] has Lebesgue measure
zero, we call such an abnormal lift essential, then v is horizontal with respect to
F. Furthermore, if a horizontal path ~ admits a lift 1 : [0,1] — AL horizontal
with respect to F , then ~v s singular.

(iv) Local generators of F. For every point x € M, there is an open neighborhood
V of x and C-vector ﬁelds {¥*, a € T'}, where T is a finite set, defined on V=
ALNT*V, such that '7:|V is generated by Span{Y?*, o € I'} and each Y is singular
over ¥ and homogeneous with respect to the p variable (in a local set of symplectic
coordinates (x,p)). In addition, if F has constant rank over Sy NV then each Y*
has controlled divergence, that is,

VAT () ey e)).

Moreover, zf]? has rank at most 1 then |I'| = 1 and the vector field Y* generating
F has controlled divergence.

(v) Generic case. Assume that A is generic (with respect to the Whitney C* topol-
ogy). Then % is countably smoothly (2n —m — 1)-rectifiable. Moreover, F|s, has
rank 0 if m is even, and rank 1 if m is odd.



According to Theorem (v), the singular set ¥ := AL\ Sy of a generic distribution
is countably smoothly (2n — m — 1)-rectifiable, which means that it can be covered by
countably many smooth submanifolds of A+ of codimension 1. This result can be im-
proved in the analytic category where one can show that ¥ is a proper analytic subset
of AL, see [3, Th 1.1]. In either way, ¥ has Lebesgue measure zero in AL, The result
of Theorem |1.1] (iv) can also be improved. We can show that if we allow the set I' to
be countable then the C-module of vector fields generated by {V, a € I'} is involutive,
that is, it is stable by Lie-brackets. Moreover, in the case C = C¥, I' may always be
taken to be finite. We refer the reader to Remark [4.3] for further detail.

The property of controlled divergence for generators of the singular distribution
given in Theorem (iv) was observed and explored in a previous work of the first and
third authors in the case dim(M) = 3 where it could be used to prove the strong Sard
Conjecture whenever the Martinet surface is smooth (see [5, Theorem 1.1]). Here we
use it to establish the Sard Conjecture for corank 1 distributions for which the singular
distribution F given by Theorem satisfies an extra assumption. We recall that a
totally nonholonomic distribution A of rank m < n on M is said to satisfy the Sard
Conjecture if for any © € M, the set of end-points of singular horizontal paths starting
from x, denoted by Abna(z), has Lebesgue measure zero in M; we refer to [3] for
further detail. We have the following:

Theorem 1.2 (Conditional Sard Conjecture for corank 1 distributions). Let M and A
be of class C and assume that A is of corank 1. Assume that the two following properties
are satisfied:

(H1) The distribution .7?‘50 has constant rank equal to 0 or 1.

(H2) The singular set % ofﬁ has Lebesque measure zero in AL
Then the Sard Conjecture holds true.

Our first application of Theorem is concerned with the Sard Conjecture for
corank-1 distributions in dimension 4 for which assumptions (H1)-(H2) are automati-
cally satisfied (see Section [2.2)):

Corollary 1.3 (Sard Conjecture for rank-3 distribution in dimension 4). Let M and
A be C* with M of dimension 4 and A of rank 3. Then the Sard Conjecture holds

true.

By Theorem [1.1| (v), the singular distribution of a generic distribution A has con-
stant rank 0 or 1 on Sy whose complement in A+ has Lebesgue measure zero. Therefore,
we have the following:

Corollary 1.4 (Sard Conjecture for corank-1 generic distributions). Let M and A be
C> with A of corank 1. If A is generic (with respect to the Whitney C* topology) then
the Sard Conjecture holds true.

As a last application, we note that Theorem can be combined with [6, Th 2.4]
(showing that distributions of corank > 1 satisfy the minimal rank Sard Conjecture) to
establish the minimal rank Sard Conjecture for generic distribution (see [3, page 7]):



Corollary 1.5 (Generic minimal rank Sard Conjecture). Let M and A be C*. If
A is generic (with respect to the Whitney C™ topology) then the minimal rank Sard
Conjecture holds true.

Both Corollaries and are consequences of Theorem (v) which is proven
by transversality arguments. The generic property stated in assertion (v) roughly
corresponds to the property which is required to obtain Corollaries and from
Theorem But in fact much deeper results can be established for generic distribu-
tions, as for example the Chitour-Jean-Trélat Theorem [6] stating that all abnormal
lifts of generic distributions are essential. This subject will be investigated more deeply
in a forthcoming paper [4].

The paper is organized as follows: Several examples illustrating our results are
presented in Section [2| Section [3| gathers a few results of importance for the rest of
the paper, Sections [f] and [5] are devoted respectively to the proofs of Theorems [I.1] and
and finally, Appendices [A] and [B] provide the proofs of several results stated in the
course of the paper.

2 Examples

We gather in this section several examples to illustrate our results. We show in Section
23] that Theorem [I.1] provides indeed a singular distribution on M in the case of corank
1 distributions, Sections are concerned with Sard type results results concerning
corank 1 distributions in dimensions 4 and 5, and Section [2.4] features an example of
corank 1 distribution in dimension 6 for which the singular set has positive Lebesgue
measure.

2.1 Corank 1 distributions

In the case of a corank 1 distribution, the nonzero annihilator A+ C T*M is a graph
(up to dilation) over M, in such a way that all objects given by Theorem can indeed
be seen in M. The proof of the following result is given in Appendix |[A| (7 stands for
the canonical projection from T*M to M):

Theorem 2.1 (Singular distribution for corank 1 distributions). Let M and A be
of class C with A of corank 1 (that is, m = n — 1) and consider So,]? and X given
by Theorem [I.1. Then the open and dense set Ro C M and the integrable singular
distribution H over M given by

Ro :=n(Sp) and H:= dﬂ'(ﬁ)
satisfy the following properties:

1) Specification on Ry. H is reqular on Rg, dimH,r, = m(2) and dimHr, <
IRo [Ro
m — 2.

(ii) Specification outside Ry. H(zx) = {0} for allx € 0 := M \ Ry = w(X).



(iii) Singular horizontal paths. Let v : [0,1] — M be an horizontal path. If v is
singular and v~ (o) has Lebesque measure zero then vy is horizontal with respect
to H. Conwversely, if v is horizontal with respect to H, then it is singular.

(iv) Local generators of H. For every point x € M, there is an open neighborhood
V of x, d € N, and C-vector fields Z*,..., Z% defined on V, such that Hyy s
generated by Span{Z',..., 2%}, and each Z° is singular over o = M \ Rq and, if
H has constant rank over V MRy, then Z' has controlled divergence, that is,

div(2F) e 2F.c(v).
Moreover, if H has rank at most 1, then d = 1.

(v) Generic case. Assume that A is generic (in respect to the Whitney C* topol-
ogy). Then o is countably smoothly (n — 1)-rectifiable. Moreover, H g, has rank
0 if m is even, and rank 1 if m is odd.

Remark 2.2. [t follows from [3, Th 1.3] that, in the real-analytic category, the singular
set o is a proper analytic subset of M and H g, has constant rank.

-

Remark 2.3. Since H = dn(F) and 0 = w(X) where ¥ is invariant by dilation, the
assumptions (H1)-(H2) of Theorem are satisfied if and only if Hr, has constant
rank equal to 0 or 1 and o has Lebesque measure zero in M.

2.2 Rank 3 distributions in dimension 4

Let M be a connected open set of R* and A be a rank 3 totally nonholonomic distri-
bution on M generated by three smooth vector fields X', X2, X3 of the form

X(x) = 0y, + Ai(2)0y, Vo€ M, Vi=1,2,3,

where Aj, As, As are smooth functions from M to R. Note that up to shrinking M we
can always assume that such a property holds true on a neigborhood of a given point in
M. By the equation used in the proof of Theorem the distribution H given
by Theorem is generated by the vector field

Z = [XY, X?)(24) X3+ [X3, X Y(24) X2 + [ X2, X3 (24) X

where for any 4,7 € {1,2,3}, [X?, X7](x4) stands for the Lie derivative of the function
x4 along [X?, X7], that is,

[Xi, X]](SC4) = 8% (A]) — 8a:j (Al) + Aiax4 (A]) — Ajax4 (Al)

We can easily verify, by using the Jacobi identity, that Z has controlled divergence.
Moreover, we can check that

Z=0 <= [X' X?)(xq) = [X3 X )(24) = [X% X3 (24) =0,

which due to the total nonholonomicity of A shows that o has Lebesgue measure zero
in M, cf. Lemma [£.5] below. As a consequence, by Theorem [I.2] and Remark the
Sard Conjecture holds true.



2.3 Rank 4 distributions in dimension 5

We consider here an example in the lowest dimension for which the Sard Conjecture
for corank 1 distributions remains open. Let M be a connected open set of R® and
A a rank 4 totally nonholonomic distribution on M generated by four vector fields
X1 X2, X3, X4 of the form

X (x) = 0y, + Ai(2)02s Vo € M, Vi=1,2,3,4,

where Aq, Ao, A3, A4 are analytic functions from M to R. Note that for sake of sim-
plicity we work here with analytic vector fields. In this case (see Theorem and
Remark , the open set Rg C M is the complement of a proper analytic subset of
M and the distribution H gz, has constant rank. Moreover, from Proposition Hir,

corresponds to the projection of ker(£?) = ker(w™) whose dimension coincides with the
corank of the 4 x 4 matrix (see Section [3.1])

H = [[X", X7)(25)]-

If H has rank 4 on R, then H|Rr, has rank zero and the Sard Conjecture is easily

satisfied. So, we assume that the rank of H is everywhere at most 2 which by Theorem
(i) means that Hg, has rank 2. Therefore, the pfaffian of the matrix H vanishes
everywhere, that is,

[leXQ]($5)[X37X4](‘T5) - [X17X3](‘T5)[X27X4](x5) + [X17X4](x5)[X27X3]($5) = 07

and by (A.1), the distribution H is generated by the following vector fields,

Z1 = (X4 X?)(25) X° + [X7, XY (w5) X + [ X2, X7 (25) X,
2% = [ X1 XY (25) X3 4 [ X3, XY (25) X2 + [ X4, X3](25) X1,
23 = [ X1 X?)(25) X 4 [ XY, XY (25) X2 + [ X2, XY (z5) X1,
24 = [ X1 X2 (25) X3 4 [ X3, XY (25) X2 + [ X2, X3 (x5) X1,

or equivalently H is generated by the following 2-derivation,

n=[X1, X (25) X3 A X+ (XY XY (25) X2 A X3+ [ X X2 (25) X A X3
+ (X3, X (25) X2 A XA+ [ X2 X3 (25) XA XA+ [X3, XY (25) X A X2,

which can be seen as an analytic section of the bundle of Grassmannian Gr(2, M). Note
that we can easily verify that Z1, 22, 23, Z% have controlled divergence via the Jacobi
identity. In conclusion, the integrable distribution H given by Theorem [2.1]is generated
globally by 4 analytic vector fields with controlled divergence, has rank 2 over Ry and
0 over o0 = M \ Ry and the methods of the current paper do not allow us to conclude
if the Sard Conjecture is verified or not in this case.

By the results obtained in our previous paper [3] we know that if the involutive
distribution Hg, is splittable (see [3, Def. 1.5]), then the Sard Conjecture follows
from [3, Thm. 1.6]. But, we do not know if H g, is always splittable, this question is



open. We can nevertheless specialize the example under study in order to make Hz,
splittable. For this, we can assume that the functions Ay, Ao, Az, A4 satisty

0A;
oxy

Ay =0 and =0 Vi=234.

Then we can check that [X!, X?] = [ X!, X3] = [X!, X*] = 0 which gives
ZE = [ X4 X2 (25) X3 4 [ X3, XY (25) X2 + [ X2, X3 (25) X4,
2% = XY, X3 (x5) XY, 23 =X XY (x5) XY, Z2'=[X% X3)(25) X"

Therefore, the distribution Hz, is generated by the two linearly independent vector
fields 9,, and Z = Z! where Z does not depend upon z1, hence the Gaussian (or Ricci)
curvature of the 2-dimensionals leaves of Hr, is equal to 0 which shows that Hz, is
splittable (see [3, Prop. 7.8 and 7.9]).

2.4 The singular set may have positive measure

We provide here an example of rank 5 totally nonholonomic distribution in R® for which
the singular set o given by Theorem has positive Lebesgue measure. We consider
the distribution A in R® generated by vector fields X', X2, X3 X%, X of the form

XU(x) = Oy, + Ai(2)0py  Vz €R7,Vi=1,2,3,4,5,

with Aq,..., A5 : RS — R the smooth functions defined by

Al(:p) = A5(x) =0
ﬁjgig z ilxl vx = ($17 X2,I3, JJ4,£C5,.’E6) € Rﬁ,
Ay(z) = R(z2 + 23)

where R : R — R is a smooth function such that the closed set where R’ vanishes has
empty interior and positive Lebesgue measure. Then, we check easily that A is totally
nonholonomic everywhere (we have [X!, X?] = 0,,), and furthermore, we see that the
rank of H, corresponding with the dimension of the projection of ker(£2?) = ker(w')
coincides with the corank of the 5 x 5 matrix (see Section

0 1 —1 0 0
-1 0 0 R/($2 + .’E3) 0
H = [[X", X7](x)]i; = | 1 0 0 R'(zg+x3) 0
0 *R/(SUQ + .Tg) *R,(I‘Q + 233) 0 0
0 0 0 0 0

We conclude that the rank of H is 1 over the open set { R'(x2+x3) # 0} and 3 over the
closed set {R'(x2 + x3) = 0}. By construction, the set {R'(x2 4+ x3) = 0} corresponds
to the set o of Theorem [2.1] it is closed with empty interior and positive Lebesgue
measure in RS,



3 Preliminaries

We gather in this section a few results and notations that will be useful for the proof
of Theorem Section is concerned with the Goh matrix which reprents the £2
operator introduced in [3] while Section introduces several definition and properties
on Pfaffians that will be used to define local generators of the singular distribution
obtained in Theorem [l

3.1 The Goh matrix

We recall here how the Goh matrix is defined locally, we refer the reader to [3] for
further details. Given x € M, we consider an open neighborhood V of x on which
A is generated by m smooth vector fields X*',..., X™, we define the Hamiltonians
h',...,h™:T*V = R by

hi(a) == b (z,p) =p- X(z) Va=(z,p)eTV,Vi=1,....m

and we denote by El, . ,FLm the corresponding hamiltonian vector fields. The Goh
matrix H at a € T*V is the m X m matrix defined by

Hg := [h"(a)]

1<i,j<m

where, for any i,5 € {1,...,m}, h¥ is the Hamiltonian given by ({, } stands for the
Poisson bracket) - o

BT = {1 1Y
By construction, the matrix H, represents the linear map

—

£2: A(a) := Span {El(a), . ,ﬁm(a)} L R™
defined by

—

(£2(Q)), =D _ujh¥(a) V(= wh'(a) € A(a),¥i=1,...,m
j=1 i=1

which satisfies the following result (see [3| Prop. 3.5]):
Proposition 3.1. For every a € T*V N AL, we have ker(£2) = ker(wy").

As it was recalled in [3, Proposition 3.4], an absolutely continuous curve v : [0, 1] —
M which is horizontal with respect to A is singular if and only if it admits an anormal
lift, that is an absolutely continuous curve of 1 : [0,1] — A satisfying ¢(t) € ker(wi( t))
for almost every t € [0, 1].

3.2 Pfaffian polynomial of minors

Let m € N and let R, be a sub-ring of the formal power series R[x1,...,x;,], such
as Rxy,...,xz,] itself or R{x1,...,z,}, the ring of analytic function germs at the
origin of R™. Denote by K,,, = Frac(R,,) its field of fractions; we fix m and we denote



by K the field K,,. We consider a K-vector space V of dimension n and we fix an
orthonormal basis (eq,...,e,) of V. We also fix, once and for all, an ordering on the
index set {1,...,n} which we assume to be 1 < 2 < ... < n for simplicity.

Recall that an anti-symmetric bilinear operator over V' can be written as

A:Zaijei/\ej, CLijEK
1<j
and fix the notation a;; = —a;;. Under this convention, A admits a representation as
a matrix M4 = [a;j]; ;, such that A(v,w) =o' My - w for all vectors v and w in V.

Definition 3.2. Suppose that the dimension n of V is even. The Pfaffian polynomial
©(A) of an anti-symmetric bilinear operator A over V is defined by

n/2
(n/lz)!/\A_;go(A)el/\.../\en.

If V' has dimension zero, we fix the convention that ¢(A) = 1. If V has odd dimension,
we fix the convention that p(A) = 0.

It is clear from the definition that ¢(A) € K. We denote by Det(A) the determinant
of the associated matrix My of A, it is well known (see, e.g. [16, Section 5.8.1]) that

©(A)? = Det(A). (3.1)

We are now interested in considering a family of Pfaffian polynomials associated with
the minors of A. Given | € {1,...,n}, we denote by A; the set of sub-indices I C
{1,...,n} of cardinality [ and for every I € A; we define the anti-symmetric bilinear
operator
A= Z a;j €; N\ €;
i<jel
which can be seen as an operator over the subspace V; C V of dimension [. Then, we

set
Det(A,I) :=Det(Ar) and @(A,I)=@(Ar).

In order to keep the compatibility of signs between different Pfaffian of minors, we
always consider the ordering {i; < --- < ¢;} of the elements of I and we fix the
convention

/\6i =ej N...NE.

i€l
Then, we consider the function € whose input is an index set I and an element j € I,
and whose output is a value in {—1,1} defined by

ej/\ /\ €i:€(I,j)/\€i
i€} iel

We are now ready to provide formulas which characterize Pfaffian minors and their
derivatives in terms of Pfaffian of smaller orders:



Proposition 3.3. Let A be an anti-symmetric bilinear operator over the K-vector space
V and I be a sub-index of {1,...,n} of even cardinality r = 2s, then the following
properties are satisfied:

(i) For every ig € I, we have:

PAD = S elio) - oI\ {io}d) - iy - 9(A, T\ {i0, 7}).

s
J€N{io}
(ii) For any R-derivation X over R,,, there holds

Xp(A D] =5 3 ell,i) - eI\ {ih3) - (A T\ {ig}) - X(aiy)

i#jel

Proposition (3.3 whose proof is postponed to will be used to provide suitable
generators of the kernel of A, that is, of the subspace ker(A) of all vectors v € V' such
that A(v,-) = 0. In order to make this idea precise, we recall that an even number
r = 2s is said to be the rank of A, which we denote by rank(A), if

/S\A7éo and A A=0.

Note that the kernel of A is a linear subspace of dimension n — r. It is, of course,
possible to provide generators of ker(A) via Cramer’s rule, but these generators will
not satisfy differential properties that will be needed later on. Instead, we now describe
generators ker(A) in terms of the Pfaffian polynomials which are better adapted to our
future objectives, c.f. Lemma [£.2] below. The following result holds:

Proposition 3.4. Let A be an anti-symmetric bilinear operator of rank r < n over V.
Then we have

ker(A) = Span{ZI |1 e Ar+1}7

where for every sub-index I € A,y1, the vector Zr € V is defined by

Zp =Y e(I,i) oA T\ {i}) e

icl

The proof of Proposition follows easily from Proposition (i), it is given in
As we said before, the formula (ii) of Proposition will be used to show that
the generators for F in Theorem have controlled divergence.

Remark 3.5. Let M denote a free R-module, where R = R]z1,...,zn] and let A
be an anti-symmetric bilinear operator over M. Although all elements Z; belong to
the module M (because the coefficients of Z; are polynomials in a;; € R), we do not
know if the collection {Z1}1en, ., generates the sub-module ker(A) C M. In general,
finding generators of a sub-module is a much more subtle problem than its analogous
for vector-spaces, cf. [14, §1 and 55].
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4 Proof of Theorem [1.1]

Let M and A of class C be fixed, we divide the proof into three parts.

4.1 Proof of assertions (i)-(iii)

We start by constructing the set Sy as a union of disjoint open sets. Let di be the
minimum of the dimension of ker(w') over At. By upper semi-continuity of the func-
tion 0 : a € At dim(ker(w;)) € N, the set of points a € A+ where d(a) = d; is an
open subset of AT, we denote it by S¢. Note that since w is skew-symmetric, we have
dy =m(2) and d; < m — 2 (see the proof of [3, Theorem 1.1 (iv)]). Moreover, since ?
is invariant by dilation, the set S} is invariant by dilation too. If the closed set A+ \ S}
has empty interior, then we are done and we set Sp. Otherwise, we denote by Af the
interior of AL\ S}, we consider the minimum ds of d(a) for a € A{ and we define S2
the set of points a € A{ where d(a) = d2. By construction, S? is an open subset of
AL which is invariant by dilation and does not intersect 83 and in addition we have
dy > dy, dg = m(2) and da < m — 2. By continuing this process, we construct in a
finite number of steps (because the mapping i — d; is increasing) an increasing family
of dimensions dy, ..., ds along with a family of disjoint open subsets 8¢, ..., S5 of AL
such that
da)=d; VaeS,Vi=1,...,s

and the set
So:=8SjU---US§

is open and dense in AL, Now we define the singular distribution F as equal to ker(w™)
over Sy and 0 over its complement. When C = C¥, then Sy coincides with the set S}
above and [3, Theorem 1.1] implies that F is integrable. In fact, the proof in [3] of this
result does not depend on the analyticity of A and extends to C = C*°. Therefore, Fis
a singular integrable distribution on At satisfying (i) and (ii). Furthermore, assertion
(iii) follows easily from the characterization of singular curves as projections of extremal
abnormals (see e.g. [3, Proposition 3.4]).

4.2 Proof of assertion (iv)

Since the result is local in M, we may assume that A is generated by m C-vector fields
Xt ..., X™ and that there exists a globally defined symplectic coordinate system
(x,p) = (x1,...,Tn,P1,.--,pn) Over T*M. For each [ = 1,...,m, we consider the set
of sub-indices

Al:{Jc{1,...,m}HJ|=z},

where |.J| stands for the cardinality of the set J. Then, we denote by H = [h¥/];; the
m x m skew-symmetric matrix associated to the operator £2 defined in § and for
every J € Aj, L€ {1,...,m}, we set

Hp:= [h"] and  Det(£2,J) := det(Hy).

ijed
By construction, all [ x [ matrices H; are skew-symmetric and, by (3.1)), we have

Det(L%,J) = (L2, J)?,

11



where (£2,.J) is the Pfaffian polynomial associated to H; and compatible with the
ordering of the index set (see Definition .

By keeping the same notations as in the previous section we recall that Sy is defined
as the open dense subset of AL given by

So=8juU---US§

where S3, ..., 8§ is a collection of disjoint open sets in AL associated with a family of
integers di < --- < dy and a family of closed sets C!,...,C* defined recursively by

di = min {o(a)}, Si=0"'(d1), C'=A+\S}
acAL

and for any integer 4 > 1 for which C* has nonempty interior,

div1 =min{(a)|a € Int(C;)}, S = {acnt(C)|o(a) =diy1}, CT'=cC\SiH
Note that all sets Sg, ..., S5, Ct,...,C" are invariant by dilation. By construction and
by Proposition for every i € {1,...,s}, the linear map £2? has rank r; :== m — d;

at a point a € Int(C?) (we set C° := A'L) if, and only if, a € S}. We now define
the singular distribution F by using the system of generators given in Proposition

Given i € {1,...,s}, we define for each index set J € A, 11 the smooth vector field
Vi= D eld) oL I\ {3} - B, (4.1)
jedJ

where the definition of €(.J, j) was introduced in Section We note that the vector
fields yf, are all homogeneous with respect to p; indeed all h? are homogeneous vector
fields and all ¢(£2,J) are homogeneous functions. The following lemma is a direct
consequence of Propositions and

Lemma 4.1. For every i € {1,...,s}, we have
ker(wy) = Span {Vi(a) | J € Apit1} Vac S} (4.2)
and
Vi(a)=0  YaecC, VJeE A, (4.3)
We need to modify the vector fields J% when s > 2. In this case, we set ¥; = 1 and,
for each i € {2,...,s}, we consider a smooth function ¥; : At — [0, 00) homogeneous

with respect to the p variable such that
T H0) = AT\ S

Note that each function can be taken to be homogeneous because the sets 8&, S
are invariant by dilation. By construction and (4.2)), we conclude that

Fla) = ker(wy) = Span{\lliyf](a) lie{l,...,s}, J € Ari+1} Va € Sy

and  F(a)={0} VaeX:=AL\Sp,

which proves the first part of (iv). Furthermore, if F has rank at most 1, then we have
s=1,dy=1and § = S& (if s > 2, then the rank of F over Sg would be dy > dy = 1).
Hence, we have r1 = m — dy = m — 1 which gives |A,, 11| = |A;| = 1 and implies that
Fis generated by one vector field. It remains to prove the following:

12



Lemma 4.2. If s =1, then for any J € Ay 41 the vector field Yy := Y} has controlled
divergence.

Proof. Since controlled divergence is invariant by local bi-Lipschitz isomorphism, cf.
[2, Lemma 4.2], we can suppose that the metric g is the Euclidean metric on T*M.
In this case we claim that div(Y}) := div?(Y}) = 0 for all J € A,,+1. As a matter of
fact, let J € A, 1 be fixed. Since each hi is a Hamiltonian vector field, we know that
div(h') = 0, so gives

div()) = S e) - (B o(e2 7\ (3))

JjeJ
Now, from Proposition (ii) and usual properties of Poisson algebras, we obtain that

le(y}) = % : Z EjklgD(»CZ,J\{],k‘,l}) 'hjkl>
jEk#le]

where we have used the notation €;5; := €(J,j) - e(J\ {j}, k) - e(J\ {4, k},1). Note that
there holds
ejNeg Nep=e NejNep=ep Ne Nej Vi k,iled

from which we conclude that €;,; = €, = €. Therefore, by using Poisson Jacobi
identity we infer that

div(V)) = D e (LRI (k1Y) W =0,
jAEkAlET

Finally, since by Propositions and the fact that A7 - h' = kI (see [3, (3.6)]),
each h' (with i = 1,...,m) is a first integral of Y}, we conclude the proof of (iv) by
applying [5, Proposition B.2] m times. O

Remark 4.3. Suppose that S = S&, that is, the extra hypothesis of Theorem (w)
is satisfied, and consider the module D of vector-fields generated by Yr = Y; with
I € Ar11 and their Lie-brackets. Then D is involutive and generates the same singular
distribution F. Moreover, D = Span{YVa;a € I'}, where I' is a countable indezx-set,
and Y, is either equal to Yr for some I € A,y1, or can be obtained from a finite
number of their Lie-brackets. Note that I' may always be chosen finite when C = C¥,
by Noetherianity. Finally, every Y, has controlled divergence. Indeed, it is enough to
add the following argument to Lemmal[4.3 above: given two vector fields X and Y such
that div(X) = div(Y') = 0, then div([Y, X]) = 0. Indeed, denoting by vol the volume
form associated to the Fuclidean metric g, we conclude from Cartan’s formula that:

div([X,Y]) vol = d (ifx yyvol) = Lix yjvol = Lx Ly vol — Ly Lxvol =0
since Lxvol = div(X) vol =0 and Ly vol = div(Y") vol = 0.

Remark 4.4. In general, the set ¥ can have positive measure in A+, cf. §. If
rank(A) < 3, nevertheless, then the set ¥ is always a rectifiable set of Lebesque measure
zero, and the rank of £ is always mazimal outside of X.
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Indeed, apart from changing the set of generators of A, we may suppose that X* =
Oz, + D imit A¥(2)d,,. Now, from the non-holonomicity, there is a function h =
[X? XI] - p whose Taylor expansion at (x,p) is non-zero when restricted to AL, for
all (z,p) € At. This implies that at every a € AL, there exists at least one Pfaffian
of a 2 x 2 minor of H which is formally non-zero at a. Since H is at most a 3 x 3
anti-symmetric matriz, its rank is at most 2. We conclude from Lemma[{.5 below.

4.3 Proof of assertion (v)

The proof of Theorem (v) proceeds by transversality. If we cover M by countably
many chart ¢; : D — M where D is an open ball in R" centered at the origin, then it
is sufficient to show that the set of totally nonholonomic distributions on each ¢;(D)
satisfying the conclusion of Theorem (V) is generic. Moreover, any smooth distri-
bution on D can be extended to R™ and can be generated globally by families of m
smooth vector fields (see [13] [15]). So, we can assume from now on that M = R" and
aim to show that for generic families of linearly independent and bracket-generating
vector fields X!,..., X™ in R", the distribution A = Span{X!,..., X"} satisfies the
desired properties over R".

Transversality theory. We recall here the definition of jets of vector fields in R”
and introduce some notations, we refer the reader to the textbooks [7, 8] for further
details on Transversality Theory.

Let d a nonnegative integer be fixed, any real-valued function f smooth in a neigh-
borhood of some z € R™ admits a Taylor expansion up to order r at z, that is, it can
be written as

d
fla) = @)+ 303 ks @) (- )"
’ k=1a€l,

where the symbol ~ with Z, d below means that the function in the x variable given by
the difference between the left-hand side and the right-hand side has order > d at z,

where for each k € {1,...,d} the set I} denotes the set of multi-indices o = (v, ..., )
with a1,...,a; € {1,...,n} and aq < ... < o, and where for each multi-index
a=(ag,...,q) we set
LY o f _ _ _
8§f(1‘) = E (.’L‘) = m (ﬂf) and (x — ﬂj)a = ]._.[?::1 (.’L‘ai — J"Oci) .

Denote by |Ix| the cardinality of Ij for all integer £ > 1. Then, the d-th Taylor
expansion at T of such function f can be encoded by a tuple

(7. £@),D'f @), D (@)

in the set
JY(R™" R) :=R" x R x R x ... x Rl

where T is the origin of the expansion and for every k € {1,...,d}, Dkf(i) is the tuple
in R+l given by
Dt (2) = (951 (@)

acl} '
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The set JY(R™ R) is the set of d-jets of smooth function from R™ to R. To each
smooth function f : R™ — R can be associated a smooth function, called d-jet of f,
§ef : R — J4R"™ R) defined by

f@) = (2. f@). D (@), -, DUf(@)) Vo eR",
Now, in order to define the d-jets of smooth vector fields in R", we can set
J4(R",R") ;== R" x R" x (R'Il‘)n X -ee X (R'Id‘)n
and define for every smooth vector field Y in R” the d-jet j¢Y : R® — J4(R",R") by
Y (z) == (x,Y(m),DlY(x), . ,DdY(a;)> Vz € R™

where each D'Y(x) has n coordinates D'Y;(x),... D"Y;(x). Finally, given a family
X = (X',...,X™) of smooth vector fields in R”, we define its d-jet jX : R* — J"
for every x € R™ by

71X (x) == (x,X(x), (D'X7(2)) g e ,(Dde(x)>j:1 m) ,
where the set of d-jets of families of m smooth vector fields is defined by

Ti = R R o (R e (R

Formal Goh matrix. Set d > n+ 2 and fix the coordinate system z = (x1,...,2,)
over R™ and a point £ € R™. Without loss of generality, we suppose that z = 0.
Denote by T' : C*°(R™,R) — R]z] and 7™ : C*°(R",R™) — (R[z])™ the Taylor
expansion mappings at . Recall that T" and 7™ are surjective mappings by Borel’s
Theorem (see e.g. [12, 1.5.4]). We work formally over Z, essentially motivated by the
following observation (we recall that a subset of R™ is said to be smoothly countably
(n — 1)-rectifiable if it can be covered by countable many smooth submanifolds of R”
of codimension 1):

Lemma 4.5. If f € C*°(R",R) is such that T(f) # 0, then there exists a neighborhood
V' of T such that the set {x € U; f(x) =0} is smoothly countably (n — 1)-rectifiable.

Proof. By the Malgrange preparation Theorem (see e.g. [9, Th. 7.5.5]), which we can
always apply after a linear coordinate change, there exists a neighborhood V' of & = 0,
d € N and C*-functions U(x) and ag(x1,...,2n—1), k=0,...,d — 1, where a;(0) =0
and U(z) # 0 for all z € V, such that

d—1

fiv(z) =U(x) (a:ﬁ + Zak(xl, . ,xn_l)xﬁ> Ve = (21, ,2,) € V.

k=0
Since we are interested in the zero locus of f, we may assume without loss of generality
that U(z) = 1. The result now follows by induction on d; the case d = 1 being
clear, assume the result proven for d — 1. First, by the implicit function Theorem the
set {f = 0} \ {0, f = 0} is rectifiable in V. Second, the zero set of the derivative
{0r, f = 0} is rectifiable over V' by induction. We conclude easily. O
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Now, we consider the fiber of the projection J,, — R" over z, which we denote by
J4(z). We note that the Taylor expansion mapping 7™ (or T) commutes with the
d-jet mapping, that is, if we denote by j¢ : (R[z])™ — J2(Z) the corresponding d-jet,
then we have

() = g5 (T™(f) VS € CF(RYR™).

Let us denote by D the set of formal vector fields over Z; note that X € D means that
X =31 Ai(x)d,, where A;(z) € R[z]. We note that the Taylor expansion T above
extends as a surjective function from Derg» to D which commutes with j¢. In what
follows, we consider m-tuples X = (X1,..., X™) € D™ satisfying an extra property. In
fact, we consider an open and dense set U2 C J¢(7) such that, for every X € D™ such
that j4(X) € U%(Z), we have that X!(Z),..., X™(Z) are lincarly independent vectors
and from now on we consider m-tuples X in the set Dprr (where LI stands for linearly
independent) defined by

A\ —1 _
By using the canonical coordinates (z,p) over T*R™ (with the canonical projection
7 : T*R" — R"), given X = (X!,..., X™) € Dy, we consider the functions h',..., h™
in Rz][p] defined by
nk=p. X*, Vk=1,...,m,

where we recall that R[z][p] stands for polynomials in p whose coefficients are formal
power series in = (in particular, each h* is 1-homogeneous in p). We define the m x m
matrix E} over R[z][p] by

s o o
LS = [p~ [Xl’XJ]]lgi,jgm = [hzj]1§i7j§m’
where h% € R[z][p] are formal power series, and study its rank modulo the ideal
Ig = Span (h',... ") C Rz][p].

Indeed, recall that we want to study the rank of the Goh matrix when restricted to
AL, When X is convergent, then A+ corresponds to the zero set of Zs; but even if
X is not convergent, the ideal Z¢ is well-defined, providing us the precise algebraic
counterpart of a “germ of a formal set”, which is not defined in this paper. Now,
studying the restriction of functions defined in the cotangent bundle to A+ corresponds
to considering functions of the cotangent bundle quotient-out by Zg, that is, over the
ring R[z][p]/Z¢. Therefore, we are interested in the function R : Dy — N defined by

R()?) = rankRﬂzﬂ[p}/zi ([%5) VX € Drr,

where we recall that the rank over a principal domain A is defined as the dimension
of the associated mapping between Frac(A)-vector-spaces, where Frac(A) is the field
of fractions of A. Note that R(X) is well-defined since, for X € Dy, the ideal Igis
prime (heuristically, for X € Dy 1, the “formal set” At associated to X is irreducible; it
is actually even smooth) and, therefore, the quotient Rz][p]/Z¢ is a principal domain.
We prove that:
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Proposition 4.6. There exists an open dense set G(z) C J(z), ‘whose complement
is a semi-algebraic set of codimension n + 1, such that, for every X € Dry such that
]g()/(\') € G(z), we have that R(X) is mazimal, that is, if m is even then R(X) = m
and if m is odd then R(X)=m — 1.

Reduction of Theorem [1.1|(v) to Proposition Let z € M be fixed, and U C
M be a connected open neighborhood of Z which admits a globally defined coordinate
system z = (21,...,2,). Let us consider the set G = U x G(z) C JZ, where G(Z)
is given by Proposition Note that G is a semi-algebraic set of codimension n + 1
in J¢. By Thom’s Transversality Theorem (see e.g. [8, Theorem 4.9]), the set of
vector fields X € C*(U,R™)™ such that j¢X (U) is transverse to G is a residual set of
C>=(R™,R™)™ (in the smooth topology). In particular, since any j¢X(U) is a smooth
graph over U in jffb, it has dimension n, and since G has codimension n + 1, then
the set of X € C®(U,R™)™ for which j9X(R") does not intersect G is generic in
C>(U,R™)™. More precisely, there is an open and dense set O(U) C C*°(U,R™)™ for
which j4(X) NG = for all X € O(U). Since being totally nonholonomic is an open
and dense property in C*°(U,R™)™, we may as well suppose that X = (X!,..., X™)
generates a totally nonholonomic distribution for every X in O(U).

Next, we fix X € O(U) and suppose that m is even; the odd case follows from a
similar argument. Denoting by X, = T,(X) the formal expansion of X at x € U, we
notice that, since X belongs to O(U), the rank of the operator E%x is maximal equal

to m for any = € U. Therefore, for every a € T*U N At the Taylor expansion of ¢(£?)
at a is a non-identically zero formal power series. By Lemma [4.5] we infer that the zero
set of ¢(£?) is smoothly countably (2n —m — 1)-rectifiable and we conclude by noting
that this set coincides with X (see the proof of (iv) in Section [4.2).

Proof of Proposition Without loss of generality, we may suppose that z =0
and = (z1,...,%,) is centered at Z. ConsiAder the set Dy C Drr (where NF stands
for “normal form™) of formal vector fields X = (X!,..., X™) of the form

n
XF =0y + Y A@)0s,, AFO0)=0 i=m+1,...n, k=1...,m,
i=m-+1

where AF € R[z], and denote by WY the space of d-jets associated to them. We have
ng _ (Ruﬂ)(nfm)xm . (Rud‘)(nfm)Xm

and we note that for every & € W? we may consider the unique element Xg =
(Xgl, . ,Xg”) € Dyr such that jd+k(X§) = ¢ for every nonnegative integer k. We
start by showing that it is enough to prove Proposition over Wﬁl,l:

Lemma 4.7. There exists a surjective mag\@ : Drr — Dyr and a surjective semi-
algebraic map ¥ : UL, — W such that j9 o1p = 1o j¢ and:

(i) For every semi-algebraic set Z C W of codimension s the set =1 (Z) C J2(z)
is a semi-algebraic set of codimension s.
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(ii) For all X € Dry, we have that R(X) = R(H(X)).

We postpone the proof to appendix The Lemma follows from standard ideas
and computations: we make a linear change of coordinates and a systematic study
of the changes of generators of Span(X!, ..., X™) which are necessary to obtain the
normal forms in Dyp. We are now ready to prove Proposition

Proof of Proposition[{.6 By Lemmald.7] it is enough to prove that there exists an open
dense set O ¢ W% whose complement is a semi-algebraic set of codimension n + 1,
such that for every X € Dyp such that j 4(X) € O, we have that R(X) is maximal.
We start by remarking that for every Xe DnF, we have

n

W=pet+ Y Af@)p Vk=1,...,m,

so that the matrix E%{ does not depend upon the variables p1, ..., pm. It follows that

R(X) = rankaa)p)/z, (£%) = rankggp (£%)-

Next, we slightly abuse notation, and we also denote by j¢ the extension of the truncated
mapping R[z] — R[z] to R[z][p] — R[z][p] (where j¢ acts as the identity over p). Note
that the rank of E} can only decrease when we truncate its Taylor expansion, and that

jd71(£§?) only depends on £ = jd()?), that is,
k(£9) <ronk(£5) i = 7 (E5,) = (25,

We now prove the existence of O in an inductive way. To that end, we consider
the point a = (Z,pg) = (0,po), where po = (0,...,0,1). Moreover, given a sub-index
I c{1,...,m}, werecall that @(Z?, I) denotes the associated Pfaffian; its evaluation at
po, which yields a series in R[z], will be denoted by cp(ﬁ_g, I)jp, as all its Lie derivatives

along vector fields. We are ready to state the inductive claim:

Claim 4.8. For every even 0 < r < m and every index I € A, there exists a semi-
analytic set By C W of codimension n + 1, such that go(ﬁg,l)‘po Z0 for £ € By.

Note that the Proposition easily follows from the Claim. We therefore turn to its
proof, which follows by induction on r; for » = 0 there is nothing to prove. Suppose
the Claim proved up until » — 2, and fix an index set I € A,. Up to re-ordering, we
may suppose that I = {1,...,r}. Consider the mapping

Tr - We — R?
defined as )
Tr(e) - e = (XD p(Le D)y Vh=1,....d,
where ey, ..., eq denotes the vectors of the canonical basis in R?. Then, recalling that

for each £& € W2, Xe = (Xgl, . .,Xé“) denotes the tuple of polynomial vector fields

such that jd+k(f(5) = ¢ for every nonnegative integer k, we may write

X¢=0m+ >, A}2,8)0,, and Al(x,€) = Zw1+A z,8)
1=m-+1
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where A(x,€) is such that A(z1,0,...,0,§) = 0 and fl(:ﬁ,ﬁ) is independent of the

coefficients 71, ...,7v4. In what follows, we compute the derivatives of Tr with respect
to the variables v1,...,7v4 at y1 = --- = 74 = 0. We start by some simple observations,
we have

(p- [XE, XEDpo =1 + Ru(€)
and (Xfl)k_l(p [X§17X§2])|PO :7k+Rk(£) Vk=1,....d,

where Ry, : W;i — R is a function independent of the variables 7, . . ., v4. Furthermore,
we have that, for every j € I'\ {2}

go([,_g, I\ {2,j})p, is independent of y1,...,7q

and for every j > 1 and every k=1,...,d

(Xgl)k_l(p- [Xg,Xg])‘po is independent of v, ..., 4.
Now, by Proposition (i):
~ 1 4 ~
@(£§7])|p0 = W Z _E(I\ {2}7]) : ([XgﬂXg])h)o : SD('C§7I \ {2,]})“}0
jel\{2}
1 ~

where S; : W% — R is independent of v1,...,74. Next, by deriving @(Z?,I) with
respect to Xfl, we get:

1

(Xelo(Le, D)) jpy = /2 (2 (Le, TNAL 2}y + S2(6)] 4

where S : W& — R is independent of 7o, ...,74. Repeating this process we get for
every k=1,....,d,

(X" o(Le, D)pp = (7"/12) [k - (L€ I\ AL, 2}, + Sk(€)]

where Si : W9 — R is independent of vz, ...,74. Therefore, the Jacobian of Tr in
respect to the variables 71, ..., 74 at the origin has a determinant equal to

P(L2. 1\ {12},

It follows from the induction hypothesis, that outside a semialgebraic set of codimension
n + 1, the mapping T'r is a submersion. We conclude easily. O

5 Proof of Theorem [1.2

Let M and A be of class C and A a totally nonholonomic distribution of corank 1
and let F be the integrable distribution given by Theorem which is assumed to
satisfy properties (H1)-(H2) of Theorem From Theorem and Remark we
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infer that the distribution Hr, = d7r(]:"| S,) has constant rank 0 or 1 and that the
singular set o := (%) has Lebesgue measure zero in M. If H g, has rank O then,
by Theorem (iii), all (non-trivial) singular horizontal paths must be contained in
o and as a consequence for any x € M, the set Abna(z) is contained in ¢ which has
Lebesgue measure 0, so the Sard Conjecture is satisfied. It remains to show that the
Sard Conjecture holds true whenever Hz, has rank 1. Our proof follows closely the
proof given in [5]. We fix a smooth Riemannian metric g on M and denote by d9 its
geodesic distance and by H'! the corresponding 1-dimensional Hausdorff measure in M,
then we start with the following Lemma which can be proved in the exact same way
as [5, Lemma 2.2] (we refer the reader to the discussion before [5, Lemma 2.2] for the
definition of dw,):

Lemma 5.1. Assume that H g, has rank 1 and that there is x € M such that Abna ()
has positive Lebesque measure. Then there is T € o such that for every neighborhood V
of T in M, there are two closed sets Sy, Soo in M satisfying the following properties:

(i) So CV and Sy has positive Lebesque measure,
(i) Seo Co NV,

1) for every z € Sp, there is a half-orbit w, of the line foliation H which is
Ro
contained in V such that H'(w,) <1 and Ow, € Swo.

To conclude the proof of Theorem we assume that H |z, has rank 1, we suppose
that there is z € M such that Abna (z) has positive Lebesgue measure and we apply the
above Lemma. By Theorem (iv), there are a relatively compact open neighborhood
V of Z in M and a set of coordinates = in )V such that z = 0 and the distribution Hp, is
generated by a vector field Z with controlled divergence. The latter property implies
that, apart from shrinking V), there exists K > 0 such that (c.f. [5, Lemma 2.3])

|div,(2)| < K |Z(x)] VzeV. (5.1)

Now, by Lemma there are two closed sets Sp, Sec C V satisfying properties (i)-
(iii). Denote by ¢; the flow of Z. For every z € Sy, there is € € {—1,1} such that
w; = {@et(2) |t > 0}. Then, there is € € {—1,1} and S5 C Sy of positive Lebesgue
measure such that for every z € S§ there holds

wo={pa(2)|t20} CV, H (@) <1, and lim d(pa(z),Sx) =0, (52)
t——+o00
where d(-, Soo) stands for the distance function to S, with respect to g. Set for every
t>0,
St = et (55)

and denote by vol the volume associated with the Riemannian metric g on M. Since S
has volume zero (because Sy, C o with o of Lebesgue measure zero), by the dominated
convergence Theorem, the last property in (5.2]) yields

lim vol (S;) = 0. (5.3)

t—+o00
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Moreover, there is C' > 0 such that for every z € S§ and every ¢ > 0, we have (| - |
denotes the norm with respect to g)

t
|12t ds < ot <.
0
Therefore by Proposition [5, Prop. B2] and (j5.1]), we have for every ¢ > 0

vol(Sy) = vol (pu(S5)) = /S exp < /0 tdiv¢es(z)(62)ds> dvol(z)

= [ e (x| 12 (0al2) ds) dvl(2)

> e KCy0l(Sp),

€
0

which contradicts (5.3]). The proof of Theorem is complete.

A Proof of Theorem [2.1]

Assertions (i), (ii), (iii) and (v) are easy consequences of the definitions of H and Ry,
and Theorem Let us now prove (iv). Since it is enough to verify the result locally,
we may assume that A is generated on M by m C-vector fields X!, ..., X™ of the form

X' =0y, +Ai(2)0y, Vi=1,....m=n—1
in such a way that (we assume that we have a local set of symplectic coordinates (x, p))
At = {(x,p) €TV |p+#0and p; + Ai(x)p, =0 Vi = 1,...,n—1}
and
(X", X7] = (0u,(4) — Or; (Ai) + AiOy, (Aj) — AjOr, (Ai)) On,, Vi,j=1,...,m.
Thus the Goh matrix (see Section [3.1]) and the Pfaffians (see Section [3.2)) have the form
Hy, = p,H(z) and p(L2,1) = or(z) pl!] Va= (z,p) € AY, VI {1,...,m}.

Set ¢ = (X)) and H = dr(F). Since ¥ and F are invariant by dilation, o is a closed
C-set and H has constant rank over each connected component of M \ o. Now, first
consider the extra hypothesis of the Theorem, that is, that H has constant rank over
M \ o, which is equivalent to asking that F has constant rank over So. In this case:

J:M\Roz{xeM]gpl(m):OVIeAT},

where 7 stands for the rank of the Goh matrix outside of ¥. Next, by Lemma [£.T] the
local generators of the distribution H over A+ N Sy are of the form:

V= 3 elLi) - (€2 T\ (i) B = ) (Zew) - on @) h) ,

i€l el
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where ht is a degree zero vector-field in respect to the cotangent variable p. We conclude
that Yr = pl, (Z[ + 2,;1> , Where

Zr=> e(l,i)- op () X7, (A1)

iel

can be seen as a section of TM such that dn();) = Z;, and Z~I belongs to the sub-
module generated by 0p,, with ¢ = 1,...,n; in particular dTr(ZNI) = 0. Now, given
two 0-homogeneous vector-fields X' and X2, denote by X! = X! 4 X1 the analogous
decomposition, and note that

(X1, X% = [&', X?] + rest depending on the d,, vectors.

Combining this observation with Lemma we conclude that at every point x € Ry,
the sub-module of vector-fields generated by {27, I € A, 1} is closed by the Lie-bracket
operation. By Frobenius Theorem, and the fact that the singular locus of Z; contains
o, we conclude that the singular distribution F generated by Span{Z;, I € A,;1} is
integrable. Furthermore, it is clear by the construction that F is regular over Ry.

Finally, recall that )y is of controlled divergence by Lemma Since Hl(xj) = 0jj
fori,j7 =1,...,n—1, we have that div();) belongs to the ideal (YV;(z1),...,Vi(Tn-1))
and Y (p,) belongs to the ideal p,,(Vr(x1),...,Vi(zp—1)). By using the fact that Yy is
homogeneous, we also have that div(Yr) belongs to the ideal p] (Z;(x1),. .., Z1(zn-1))
and Y;(p,) belongs to the ideal p" 1 (Z;(z1), ..., Z1(xn_1)). Now:

) B y;r(f?) € (Z1(@),, Z1(@n-1)),

1
div(Zr) = div <p7"yl

n

which proves that Z; has controlled divergence. Finally, the general case (that is,
when the hypothesis that H has constant rank along M \ o is not satisfied) follows by
combining the above argument with the formalism introduced in the proof of Theorem
in order to treat each connected component of TM \ ¥ separately. The necessary
adaptations are straightforward, and we omit the details in here.

B Proofs of auxiliary results

B.1 Proof of Proposition (3.3

Let us prove (i). By hypothesis, the cardinality of || is r = 2s for some s. Fix ig € I,
and consider the decomposition

Ar =v;, + B;,, where v;, = E Ao €ig N €5,
jel
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(and recall the notation a;,; = —aji, whenever j < ip). It is straightforward that
Vi AN vy = 0 and A\® B; = 0. Therefore

1 r/2 1 s—1
A= e A P

1 s—1
= Qjo5 €ig N €5 N Bio
(7"/2)' Z

" jen\{io}
1 s—1
=i 2o i e A N\ Angiog)
jel\fio}
1 . .
="/ ST i (A I\ {io, i) e e A N\ en
JeNio} kel\{io.j}

and the formula easily follows from the definition of the function e, which concludes
the proof of (i).

Next, it will be convenient to establish some extra notation for determinants of
non-symmetric minors of A. Given I and J € A;, we consider

Arg = laijlierjes, Det(A,1,J) = det(Az,)

and note that A = Ay ;. The following result about a special case of Det(A, I, J) is
crucial for the proof of (ii):

Lemma B.1. Let A be an anti-symmetric bilinear operator over a K-vector space V
and T be a sub-index of {1,...,n} of odd cardinality. Then, for any fived i, j € T, we
have

Det(A, T\ {i}, T\ {j}) = p(A, T\ {i}) - (A, T\ {j})

Proof of Lemma[B.1 Fix a sub-index T of cardinality 2s — 1 < n with s > 0. If
i = j, the result is straightforward, so we assume that ¢ # j. Moreover, without loss of
generality we may suppose that T = {1,...,2s —1}. Let y = (y1,...,92s_1) € R?*"!
be fixed, we consider (tr denotes the transpose)

AT ytr:|

B = |4 4

and note that B(y) is a skew-symmetric matrix. On the one hand, from the usual
properties of the determinant, we have

2s—1
Det(B(y)) = Y (1) y; - y; - Det(A, T\ {i}, T\ {5})
i,j=1
2s—1
= >y @(AT\{i})? +2- ) (=) -y - y; - Det(A, T\ {i}, T\ {5}).
i=1 1<J
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On the other hand, since B(y) is skew-symmetric and Det(B(y)) is quadratic homoge-
nous with respect to y, we conclude that there exists fi,..., fos—1 € K such that

2s5—1 2
Det(B(y)) = (Z yf) |
i=1
Since the equality must hold for every y € R?*~!, we conclude that

fi= (1" (A, T\ {i})
and the result easily follows. O

We now turn to the proof of (ii). By the usual properties of the derivative of the
determinant, we know that

XA, D)) = -tr (Adj(Ag) - X[Af])

1

where Adj(-) denotes the adjoint matrix and X[A;] denotes the matrix [X (ajk)]j el
In particular, since the adjoint matrix is the transpose of the cofactor matrix, we have

[Adj(Ap)]; ; = e(I,4) - (1, ) - Det(A, I\ {j}, 1\ {i}).
Therefore, using the fact that a;; = 0, we have
1 . . . .
X (A I)] = T oA '%216(172) ~€(L,7) - Det(A, I\ {5}, I\ {i}) - X(a;i). (B.1)

Now, by (i), we have for all i € T

p(A ) = (1) -y eI\ A{i} k) - ain - (A, T\ {3, k}),

BRI
DR

which, by using the definition of the determinant and Lemma [B.1] with 7" = I \ {i}, for
every i # j € I, yields

D(A I\ G}, INA{i}) = e(T\ {5} 4) - D e(I \ {i}, k) - - D(A I\ {5}, 1\ (i, k})

kel

= e(I\ {7} 0) - o(A I\ {i Y)Y eI\ {i}, k) - aup - (A T\ {i, k})

kel
= e(I\{7}, 1) - (A, T\ i, j}) - e(L,) - (r/2) - (A, ).

Combining this last equality with (B.1)) yields:

Xp(A, I)] = ; Y el g)-e@\{h i) - (A T\ {i j}) - X (agi)

i#jel

and we conclude easily by interchanging 7 and j.
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B.2 Proof of Proposition [3.4

Fix I € A,41 with r = 2s together with an index | € {1,...,n} and consider the
anti-symmetric bi-linear operator Ay; over W = K" = V x K defined by

A[,l: E aijei/\ej-i-g aire; N\ eny1

i<jel iel
whose associated matrix is given by

l:M] ’Ut

Mp=|"" 0} with v = (as1,-..,a5,,1) -

We notice that ¢(Ar;) = 0. As a matter of fact, either [ € I and the result is straight-
forward (the cardinality of I is odd), or | ¢ I and, apart from re-ordering, My, is a
sub-matrix of size r+2 of M4 which has rank r, implying that det(M;;) = p(A;,;)* = 0.
Then, by applying Proposition (i) to the operator A;; with J = I U {n+ 1} and
jo =n + 1, we obtain

1 . Sy .
0=p(Ar,J) = —= > el o) e(T\ Lo} 4) - (—az) - @ (Arg, T\ {do, 7})
j€\{do}
_€(JJo) , ,
= M;E(Iﬂ)'ali'w(fl;[\{l})
e(J, jo) . . €(J, jo)
o1 Al (61,%;6( ;)@ (A, T\ {i}) 6) ot Arlen 2n)
Since the above equality is verified for all [ € {1,...,n}, we infer that {Z;};ca, ., C

ker(A).

Then, we notice that the dimension of ker(A) must be n — rank(A) = n —r. In
particular, there exists J € A, such that (A, J) # 0 and, without loss of generality,
we may assume J = {1,...,r}. Consider I; = J U {l} for every l =7+ 1,...,n and
note that the vectors {2y, };—r11,., are all linear independent. This implies that the
dimension of {Z;}ea,,, C ker(A) is at least n — r, concluding the result.

B.3 Proof of Lemma

~

The morphism 1 (and its extension 1) will be obtained as a composition of surjective
semi-algebraic morphisms satisfying property (i) and (i7):

o Uy = Vi), 25 VR() = Z50), ¥ Z00) 2 VG + 1),
for j =1,...,m, where V& (m+1) = W% and ¢ = ¥,,0®,,0---0W¥; 0P 0. In what
follows, we introduce each one of these morphisms in the level of formal power series

(we will denote them by @, <T>j and (I\Jj), and we will then show the properties of their
restriction to jets. Let us start by defining the source and targets of each morphism:

The set V3 (7): Tt is the d-jets at T of vector-fields {X?!,..., X™} of the form:

XP =0y + > AF(2)0,, AF0)=0,i=1,...,nk=1,...,m,
=1
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such that A¥(z)=0fori=1,...,5—1and k= 1,...,m. Note that
(n—j+1)x (n—j+1)x
Vi (i) = (RIN) P X () R

The set Z4(j): Tt is the d-jets at z of vector-fields {X!,..., X™} of the form:
n
XP =0y + Y AF(@)0y, AF(0)=0,i=1,...,n k=1,...,m,
i=1

such that AfEOfOI‘iZl,...,j—lal’ldA;:EO. Note that

zd (5) = (Rllll)(n*jJrl)mel e (wb‘)(nﬁﬂ)m,l'

Let us now explicitly define the morphisms ¢, ¥; and ®;:

Morphism @: First, fix X = (X',...,X™) € Dr;. By hypothesis, there exists
a linear change of coordinates p : R™ — R"™, which only depends on the values
of (XY(Z),...,X™(x)) such that (p*X!,....p*X™) = (Y',...,Y™) are such that
YI(Z) = Oy, for j=1,...,m.

We claim that p may be chosen in such a way that it is semi-algebraic in respect

to (X1(2),...,X™(x)). In fact, if m = n, then the claim is trivial since p is chosen
canonically; in the general case, p may be chosen in different ways, depending on how
one completes the list of vectors (X!(z),..., X™(z)) in order to form a local basis of

T;R™. We may always find a semi-algebraic stratification the space of parameters U,
and a locally defined coordinate system so that, in each strata, the choice of p becomes
canonical (for example, via a choice of ordering of coordinates in R™, that is, we chose
to complete it with (eq,...,e,—p) first; if not possible, by (e1,...,en—m—1,€n—m+1),
etc). We may now define:

XL, X™) = (prXL, . prX™).

and ¢ is semi-algebraic by construction. Property (ii) is immediate; we now argue
in a fiber-wise way that property (i) is satisfied. We fiber U% via the parameters
o = (X1(0),...,X™(0)); denote by F, one of these fibers. Note that p is constant
along this fiber. It is, furthermore, invertible, implying that or, is a linear bijection,

implying (7).
Morphism </ISJ- : is defined by:

~

QX LX) = (XL X U () X X LX)

where Uj(z) = 1/(1 + A;: (x)). Note that ®; is clearly surjective and semi-algebraic (in
fact, it is polynomial). Property (ii) easily follows from the fact that:

[U; X7, X" - p mod Iy = U;h"* mod Tg,

for all £ = 1,...,m. We now argue in a fiber-wise way that property (i) is satisfied.
Fiber V4 (4) via the parameters A = (A;-); denote by F) one of these fibers. Note that
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the unit Uj(r) is constant along each one of the fibers F), implying that (®;)r, is a
linear mapping. Furthermore, dividing by Uj;(z) would provide an inverse for (®;)|,
implying that (®;)r, is a linear bijection, implying (7).

Morphism \le : is defined by:

(XY XM = (X - AlXY L X — AT X X
XL AT X — AT X)),

Note that ¥; is clearly surjective and semi-algebraic (in fact, it is polynomial). In order
to prove property (ii) note that:
[(XF— AFXT X! — ALXT]-p mod Ig = WM — ALhM — AFRIT mod Ig,
for all k,l =1,...,m. In particular, EQ@ () can be obtained from £§? by the following
J

operation: we subtract to the k-line of £2 its j-line times Af, and we do the symmetric
operation for columns. This operation does not change the rank of the matrix, implying
property (i7). We now argue in a fiber-wise way that property (i) is satisfied. Fiber
Z2 (j) via the parameters A\ = (A%(z),..., A7"(z)); denote by F) one of these fibers.
Note that (¥;)|r, is a linear mapping which admits an inverse, implying that (¥;) g,
is a linear bijection, implying ().
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