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ABSTRACT. We study the general problem of globally asymptotically
controllable affine systems in the plane. As preliminaries we present
some results of independent interest. We study the regularity of some
sets related to semiconcave viscosity supersolutions of Hamilton-Jacobi-
Bellman equations. Then we deduce a construction of stabilizing feed-
backs in the plane.

1. INTRODUCTION

This paper is concerned with the stabilization problem for a control sys-
tem of the form

:i?:f($,01) :f0($)+zaifi(x)v Oé:(()él,“' ,am) Gme (1'1)
=1

assuming that the maps fo, f1,- - , fm are locally Lipschitz from R? into R2.
It is well known that, even if every initial state can be steered to the origin
by an open-loop control a(t) (¢t € [0,00)), there may not exist a continuous
feedback control a@ = a(x) which locally stabilizes the system (1.1). The
purpose of this paper is to build upon the work which was initiated by the
author in [16] and [15] in order to provide specific results in the case of
the stabilization problem in the plane. Considering a semiconcave control-
Lyapunov function V for the system (1.1) we study in detail the nature of
a certain set X5(V') which is included in the set of nondifferentiability of V.
We prove it to be the union of a Lipschitz submanifold of the plane of di-
mension one and of a discrete set of points (closed in R?\ {0}). Then we use
this information to formulate the construction of a smooth stabilizing feed-
back outside X5(V'). Of course, this closed-loop feedback is not continuous.
However, we are able to indicate and to classify the types of singularities
that appear. In this way, we settle an open problem suggested by Bressan
in [7].

Our paper is organized as follows: in Section 2 we develop some results
about the regularity of singular sets of semiconcave functions. In section
3, we present a possible classification of stabilizing feedbacks for globally
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asymptotically controllable control systems in the plane and we detail what
happens in the case of one-dimensional control systems.

Throughout this paper, R denotes the set of real numbers, ||-|| a Euclidean
norm of R?, B the open ball {x : ||z|| < 1} in R?, B the closure of B and
B(z,7) = x + 1B (resp. B(z,7) = x + rB) the ball (resp. the closed ball)
centered at x and with radius r. Finally, int(A) will denote the interior of a
set A C R"™ and coA its convex hull.

2. SINGULARITIES OF VISCOSITY SOLUTIONS OF HJB EQUATIONS

The purpose of this section is to study the structure of the set of singular-
ities of a certain class of semiconcave functions in the plane. Namely we will
show that if a semiconcave function is a supersolution of some Hamilton-
Jacobi-Bellman equation in R?, then a part of its singularities constitutes
a C'-submanifold of the Euclidean space. Our approach is to take into ac-
count the equation itself to determine the structure of the singular set.

We study the functions u : 2 — R which are viscosity supersolutions of
the following Hamilton-Jacobi-Bellman equation:

F(z,u,Du) =0, z€Q, (2.1)

where the Hamiltonian F :  x R x R? — R is a continuous function (
is an open set in R?) which is convex in the third variable. For the sake of
brevity, we do not recall the different notions of viscosity solutions, we refer
to [5, 6, 11]. Moreover, since we will take a “subdifferential” point of view,
we refer to the usual references ([9, 10] and the viscosity bibliography) for
the definitions of generalized gradients, proximal sub- and superdifferentials
and limiting gradients. In particular, the reader may consult our previous
paper [15] for such definitions. We proceed now to present briefly the notion
of semiconcavity and its fundamental properties that will be needed in the
sequel. We shall say that the function u : Q@ — R is (locally) semiconcave
on the open set € if for any point xg € Q) there exist p, C' > 0 such that

tu(z) + (1 = thu(y) —u(tz + (1 —t)y) < Ct(1 = 1)z —yl|?, (2.2)
for all z,y € xo + pB.

As it is easy to check, the property (2.2) amounts locally to the concavity
of z + u(z) — C||z|>. Hence, a semiconcave function g can be seen locally
as the sum of a concave function and of a smooth function. This crucial
point implies immediately the following property, which implies also that the
generalized gradient of a semiconcave function equals the proximal and the

viscosity superdifferentials (see [10, 5]). For any z¢ € €, for any ¢ € du(zo),
we have

u(y) — u(wo) — Clly — xol|* < (¢, y — z0) Yy € 20 + pB, (2.3)

where p and C are the constants given above.

IGD, ,,



SINSULARITIES OF SOME VISCOSITY SUPERSOLUTIONS 3

In addition to that, the concavity of the function u(-) — C|| - ||* implies
also the local monotonicity of the operator x — —du(x) + 2Cx; it can be
stated as follows: For any z,y € xg + pB we have

VG € Ou(x), G, € duly), (¢, + Coy —2) = —2C[z — g2 (24)

Now if we assume that the semiconcave function u is a supersolution of
(2.1), then we get that its limiting gradients satisfy:

Vo € Q, V¢ € D*u(x), F(z,u,() > 0. (2.5)

We recall that the generalized gradient can be constructed from the limiting
gradients as follows:

ou(x) = co(D*u(x)). (2.6)

Property (2.5) will force the set of singularities of u to be relatively benign.
Many works [2, 3, 4, 8] have been devoted to the study of the set of non-
differentiability of semiconcave functions. Among them Alberti, Ambrosio
and Cannarsa [3] provided some upper bounds on the Hausdorff-dimension
of singular sets of semiconcave functions.

Let u : © — R be a semiconcave function on an open set of R2. We define
for any k € {0, 1,2}

Sk (u) := {z € Q: dim(du(z)) = k}.
Clearly, ¥9(u) represents the set of differentiability of u and moreover
Q= X%u) U X (u) UX?(u). (2.7)

For the sake of simplicity we will sometimes denote the singular set (i.e.
U155 (u) ) by E(u).

In the paper cited above, the authors prove the following result.(We refer
to [3, 4] for the proof and to the book of Morgan [14] for a serious survey of
the Hausdorff dimension.)

PROPOSITION 2.1. The set ¥2(u) is a discrete of points and the set X1(u)
has Hausdorff dimension less than 1.

We are going to elaborate this result when the function wu is itself a vis-
cosity supersolution of (2.1). In order to do so, we set for any = € €,

V(z) == ngg(ax)F(w,U(w),C)-

Since the multivalued map x — du(x) is upper semicontinuous and F' con-
tinuous, the function W is lower semicontinuous from €2 into R. Our first
objective is to study for any nonnegative continuous function § : 2 — R the
structure of the set

Ss(u) :=={rx € Q:V(x) < —5(2)} C X(u) UT?(u).
We claim the following result.

THEOREM 2.2. Let Q be an open set of R? and v : Q — R be a semiconcave
viscosity supersolution of the Hamilton-Jacobi-Bellman equation (2.1). If §
s a monnegative continuous function on §2, then whenever it is not empty

the set L
Ss(u) = {S(u) N Ss(u)} \ {22(u)}

IGD, ,,
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is a C'-submanifold of Q of dimension 1.

The proof of this result is principally based on the characterization of C'!
submanifolds given by Tierno in [17] and [18]. Let us present his result.

Let X be a given subset of RV, A unit vector v € RY is said to be tangent
to X at p if there exists a sequence of elements z; € X converging to p,
such that z # p and (zr — p)/||zx — p|| — v. The set

Tx(p) := {\v is tangent to X at p and A\ > 0}

is called the Bouligand tangent cone to X at p. Furthermore, a unit vector
v € RV is said to be weakly tangent to X at x if there exists two sequences
of elements zp,yr € Z, both converging to p, such that xp # y; for every
ke N and (zr — yg)/||xx — yr|| — v. The set

Sx(z) := {\v: v is weakly tangent to X at z and A € R}

is called the paratingent cone of X at x. Tierno proved the following result.

THEOREM 2.3. Let X C RN. The set X is a C'-submanifold of dimension p
if and only if it is locally compact and for any x € X, Tx(z) = Sx(z) ~ RP.

We proceed now to prove Theorem 2.2.

Proof. We prove that ¥s(u) is a C'l-submanifold of dimension 1 in { when-
ever it is not empty. Let zy be fixed in Xs(u), we shall prove that the
Bouligand tangent cone and the paratingent cone to YX5(u) at xg coincide.
First, since Ou(zy) is one-dimensional, we can write it as the convex hull of
two elements o and (. Define ¢ : [0,1] — R as follows:

o(t) = F(xo,u(wo), ta + (1 —t)B).
Since ¥(zg) < —d(xp), there exists tg € (0,1) such that ¢(ty) < —d(zg). Fix
now ¢ in du(wg)*t, we prove that q € Tx, (o).
Applying Lemma 4.5 of [1] with ¢ and p = tga + (1 — to)3, we get the
existence of a Locally Lipschitz arc x : [0,0] — Br(zg) (where o is a constant
depending only upon u), with z(0) = ¢ and such that
x(s) — xg

lim ——— =g,
s—0 S

and  p(s):=toa+ (1 —t9)B + @ —q € Ju(x(s)),Vs € [0,0].

Since F(zg,u(xg),toa + (1 —tg)B) < —d(xg), the continuity properties of F'
and § ensure that for s small enough

F(x(s),u(xz(s)),p(s)) < —d(x(s)).
On the other hand, since u is a viscosity supersolution of (2.1), we have that
V¢ € D*u(x), F(z,u(x),() > 0.

Hence we deduce that du(z(s)) has at least dimension 1. Furthermore since

T ¢ ¥2(u), we have that z(s) € ¥!(u) for s small enough. This proves that

q € T (z0); consequently the Bouligand tangent cone of ¥s5(u) contains

Ou(xg)*. Let us now show that its paratingent cone is included in du(xq)" .

Let (zy)x and (yx)x be two sequences of X5(u) converging to xo. Since for all
k, W(xy) < —d(zx) and W(yx) < —d(yx) and since for the ends (; ,i = 1,2
IGD, |,
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0,7 = 1,2 (respectively F'(yx,u(yk), C;/k) >0,i =1,2), we get by continuity
of F and by its convexity in the third variable that the segment Ou(zy)
(respectively Ou(yy)) contains a subsegment (which is not a singleton) I,
(respectively I, ) such that

of the segment du(xy) (respectively du(yx)) we have F(xy,u(zi), (L) >

kEr_EOO Iy, = kEI-Poo Iy, = [\ p] C o, f]

for the Hausdorff topology on compact sets. Now considering the motonicity
property of the operator x — —du(x) + 2Cx, we get that for any k and for
any couple ((z,, Cy,) in Iy, X Iy,

(=Cyp + Copr Yk — ) > —2C |y — 2%

Since the limit subsegment [\, u] is not a singleton, we conclude easily that
the paratingent cone to X5(u) at xg is included in du(x)*. To summarize,
we proved that

Ou(azo)L C Tgé(u)(xo) C Sgé(u)({ﬂo) C 8u(x0)l.

In order to apply Tierno’s theorem it remains to show that our set ¥s(u)
is locally compact.
First of all for any 7 in 35(u) there exists a closed neighborhood V of Z such
that
Ys5(u) NV C Bu) N Ssu).
On the other hand, since Ou(Z) has dimension one we can write it as
Ou(z) = [C1, 2],
with ¢; and (5 in D*u(Z). The convexity of F'(Z,u(Z),-) implies that the set
F~H(z,u(@),)([0, 00)) N du(z)
is the union of two disjoints segments I; and Iy satisfying
Cl € I and Cg € I,
In addition ¥(z) < —4(#) implies that there exists { € Ou(z) such that
F(i"u(j)vg_) < _5(j)7
and inequality (2.5) implies that D*u(z) C I; UIy. Thus we can cut D*u(Z)
into two closed parts J; := I} N D*u(z) and Jy := Iy N D*u(Z) such that
co(Jy) Nco(J) = 0.

Now from the continuity of F' in the three variables and the continuity of
the function u, for any € > 0, there exists a positive constant p such that
for any ¢ € R? with ||¢ — (|| < p, for any z in & + uB, we have

F(z,u(x),() < ¥(z)+e. (2.8)
and
a@—§<a@<a@+§. (2.9)

On the other hand, the upper semicontinuity of D*(-) implies the existence
of a constant p € (0, ) such that for any x € Q with ||z — Z|| < p we have
D*u(x) C D*u(z) + uB.

IGD, .,
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Therefore if we consider x € ¥s5(u) NV such that ||z — z|| < p, then
U(z) < U(Z) +e. (2.10)

As a matter of fact, we know that D*u(x) is included in the union of the
sets J; + uB and Jy + uB and that ¥(x) < —d(z); this means that D*u(z)
intersects the both sets and consequently that d(¢, du(z)) < p which implies
directly ¥(z) < ¥(Z) + e. Hence applying the inequalities (2.10), (2.8) and
(2.9)with e = w > 0 we get that

Ss(u) N VN B(Z,p) = {z € VN B(z,p): ¥(z) < —6(z) — g}. (2.11)

Since the function ¥ is lower semicontinuous, we conclude from (2.11) that
the set on the left in (2.11) is closed and hence that ¥s(u) is locally compact.
The proof is complete. U

REMARK 2.4. We notice that if we set
S5(u) = ' (u) N Ss(uw),

then we have by the same arguments of the previous proof that for any
T E Xs

However the set Y5(u) is not locally compact, so we cannot deduce that it
is a Cl-submanifold of the plane.

Let us notice that the multivalued map = + du(x)* is continuous on

the set Xs(u). Furthermore if we assume that the function u is a viscosity
solution of (2.1) then the multivalued map = — D*u(z) (and a fortiori
x +— Ou(x)) is continuous on the set 35(u). Of course the result of Theorem
2.2 does not hold in dimension n > 2. Actually the presence of X¥(u) for
k > 3 complicates the situation. Some precise analysis of the different parts
of the sets ¥¥(u)(k € [1,n] can lead to interesting results. Here we just
present a one such result; one can adapt the preceding proof to obtain it.

THEOREM 2.5. Let Q be an open set of RV, let § : RV — R be a nonnegative
continuous function and u : ) — R be a semiconcave viscosity supersolution
of the Hamilton-Jacobi-Bellman equation (2.1). If the Hamiltonian F is
assumed to be continuous in the three wvariables and convex in p, and if
moreover X(u) = XF(u) for some k € [1,N], then whenever the set L(u) N
Ss(u) is nonempty, it is a C*-submanifold of Q of dimension N — k.

We can deduce as a corollary a general result concerning semiconcave
viscosity solutions.

COROLLARY 2.6. Let Q be an open set of RNV and v : Q@ — R be a semicon-
cave viscosity supersolution of the Hamilton-Jacobi-Bellman equation

F(z,u,Du) =0,z € Q.

If the Hamiltonian F is assumed to be continuous in the three variables and
strictly convex in p, and if moreover Y(u) = XF(u) for some k € [1,N],
then whenever the set ¥ (u) is nonempty, it is a C'-submanifold of Q of
dimension N — k.

IGD, ,
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Our objective now is to detail the shape of the set Ss(u). In order to
complete the result of Theorem 2.2 we need to introduce some new notations.
Let us first begin by two lemmas.

LEMMA 2.7. Under the assumptions of Theorem 2.2, if T € %%(u) then
Nus00u((Z + pB) \ {z}) C 00u(z). (2.12)

Proof. let ¢ be an element of the left part of (2.12). There exists a sequence
(n)n converging to T and a sequence (), converging to ¢ such that for any
n, ¢, € Ou(xzy). Now considering the monotonicity property of the operator
—0u(-) + 2Cz (locally for some constant C), we get that for any ¢ € du(z),

(=G + ¢ m——

) > 20w, — 3l
|| ]|
Furthermore, if { does not belong to the boundary of du(Z), then there
exists a positive constant p such that ¢ + pB C Ou(z). Hence applying the
inequality above with ( = ¢ — pv where v denotes some cluster point of the

sequence ﬁ gives
n

—pllv||* > 0.
We deduce that the inclusion is true. O

Let & € %2%(u), the topological boundary ddu(z) of the generalized gra-
dient Ju(z) is a closed path. We can look at the gradients ¢ € d0u(z) such
that

F(z,u(z),¢) < —0(7);

let us denote by ds0u(Z) the set of these gradients. We have the following
lemma.

LEMMA 2.8. Under the assumptions of Theorem 2.2, if ¥ € X%(u) then the
set Os0u() has a finite number of connected components, each of which is
a segment.

Proof. If the set is empty, the lemma is vacuous. So let us assume that
0s0u(Z) is nonempty. Since this set is convex and compact, the Krein-
Millmann Theorem asserts that it is the convex hull of its extreme points.
Moreover since the function u is a supersolution of (2.1), any extreme point
¢ of Ou(z) satisfies
F(z,u(z),¢) = 0.

The convexity of the map p — F(Z,u(Z),p) implies immediatly that each
connected component of Js0u(Z) is a segment with length bounded below
by a positive constant . Now if we consider a disc D containing du(z) such
that its center belongs to int(du(z)), then by the projection of dsOu(z) on
the boundary of this disc (i.e. a circle), we deduce the existence of a polygon
with vertices on the circle and with edges of length greater than some p/ > 0.
We deduce that the number of components of Js0u(z) is finite. O

We can now partition the set ¥2(u) as follows:
2 (u) = Upen-53 1, (w),
where

Eik(u) = {x € X%(u) : 950u(z) has k connected components }.
IGD, |,
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PROPOSITION 2.9. Let Q be an open set of R? and u :  — R be a semicon-
cave viscosity supersolution of the Hamilton-Jacobi-Bellman equation (2.1).
If § is a monnegative continuous function on €2, then whenever it is not
empty the set

Es(u) == {El(u) U Eg,g(u)} N Ss(u)

18 a Lipschitz submanifold of Q) of dimension 1.

Proof. We have to prove that for any Z in Es(u) there exists a neighbourhood
V of Z in Q such that E(u) NV can be viewed as the image of the line
(—1,1) x {0} (in R?) by a bilipschitz homeomorphism from By into V.

Let us consider & € Es(u), different cases appear.

(a)

IGD, .,

If # € ¥5(u). Then we know by Theorem 2.2 that there exists a
neighbourhood V of & such that ¥ N Ss(u) is a C' submanifold of
dimension 1. Since z ¢ Y2(u), it can be separated from ¥2(u). Hence
reducing if necessary the neighbourhood V we have that Ss(u) and
Es(u) coincide in this set. We have the desired conclusion for Z.

If z € E§7Q(u). Then for any connected component K; (i = 1,2) of

O50u(Z), there exists a unique ¢; € R? satisfying
Ipi € Ki,Vp € Ou(T), (@i, p — pi) > 0.

Therefore as in the proof of Theorem 2.2, we can refer to Lemma
4.5 of [1] to associate with any connected component K; a unique
Lipschitz arc z;() : [0,0] — Z+7B (where o and r are some positive
constants sufficiently small) with z(0) = Z and such that

lim LS) —r qi,
s—0 S
x(s)— T

—q; € Ou(z;(s)),¥s € [0,0].

We claim that there exists V a neighbourhood of Z in 2 such that
Es(u) NV =X U Xy,

where the set X (resp. X3) denotes the graph of the arc x1(-) (resp.

x2(+)) on a small interval [0, 7] with 7 > 0. Let us prove this claim,

we argue by contradiction.

Let us assume that there exists a sequence (yi)x (in §2) converging
to Z such that

and p;(s) :=p; +

Vk,yx € Es(u) \ {X1 U Xo}.

By Lemma 2.7, if we consider a sequence ((x)ren of gradients in
Ou(yy) such that F(yk, u(yk), (k) < —06(ys), then any cluster point
of this sequence belongs to K1UK5. Hence considering a subsequence
of (i) ken we can assume that lim sup,,_, . Ou(yx) C K;. Furthermore
we remark that any cluster point of (Ou(yx))ken for the Haussdorf
topology has ends « and 3 in K7 satisfying

F(j7u(£)7a) < _5(‘%)

F(z,u(z),B) < —=6(z). (2.13)

For any k € N, we can set Py := projx(yx) the projection of y; on
the set X := X7 U X5. Since y; does not belong to X we have that
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v = ﬁ is well-defined. Let us denote by v a cluster point of
(vk)ken (we assume henceforth that vy — v).

First of all if there exists a subsequence (y;); (with [ — oo) such
that for any [, P, = T, then we deduce by semiconcavity of u that
there exists a subsegment [a, 3] of K7 (with a # 3) satisfying that
V¢ € 0u(z),V¢ € [a, B],

(C - Cla U> 2 0.
On the other hand, by construction of Py, we have
(v,q1) <0 and (v,q2) <O0.

The three inequalities and (2.13) lead to a contradiction (we let the
reader prove this fact).

Consequently we can assume that the projection P is always on
the arc X; \ {z}. Using the property of the projection and the
semiconcavity of u we get the existence of a subsegment [, 5] (with
a # ) of Ky such that V¢, ¢’

{(v,q1) =0 and (¢ — (', v) > 0.

Again we get a contradiction.

(c) If 2 € 2 (u)NB2(u), then the situation is the same as in the previous
case. We can construct two Lipschitz arcs around Z and conclude
by Remark 2.4.

O

We are now able to detail the shape of the set Ss(u).

THEOREM 2.10. Let Q be an open set of R and u : Q@ — R be a semiconcave
viscosity supersolution of the Hamilton-Jacobi-Bellman equation (2.1). If §
18 a monnegative continuous function on ), then

S5(u) = E(u) | J[Ur>3%3 1 (w)].

Moreover the closure of E5(u) is a locally finite union of Lipschitz 0-submanifolds
(i.e. manifolds with boundary) of 1 of dimension 1 and the set Ukzgﬁik(u)
is a closed discrete set of points.

The proof is left to the reader.
REMARK 2.11. We notice that like in the case of the elements of X2, (u)

(see the proof of Proposition 2.9), when & belongs to some Ei i (w) for some
k > 3, any segment K; can be associated with a Lipschitz arc x;(-) such that

GG Rl
s—0 S

with
(gi,p — pi) > 0,Vp € du(x)

and where p; is some point of Kj.
1GD, , ,
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3. THE STABILIZATION PROBLEM IN THE PLANE
3.1. THE GENERAL STATEMENT

Let us assume now that the control system is affine in the control, that is

flz,a) = folx) + ) aifi(x), V(x,a) € RN x By, (3.1)
i=1
where the fo,---, fm are locally Lipschitz functions from R? into R? and

where B, is the closed unit ball of R™. Our study is concerned particu-
larly with those systems which are globally asymptotically controllable at
the origin (we refer for instance to our previous papers for the definition).
We proved in [16] that such systems always admit a semiconcave control-
Lyapunov function. Then we exploited this fact to produce in [15] a nice
discontinuous stabilizing feedback. Let us recall briefly the course to be
followed to get such a feedback from the existence of a semiconcave control-
Lyapunov function. So let us assume from now that the system (3.1) is
globally asymptotically controllable.

By the main result proved in our paper [16] there exists a control-Lyapunov
function
V:R* =R
which is semiconcave on R? \ {0}. Moreover, we showed in [15] that this
function can actually be chosen to be a viscosity supersolution of

with F(z,u,p) = —u + maxeea {—(f(z,®),p)}. We defined in [15] the
following function
v = mi . .
v(z) = min max (C,f(z,)) (33)

This function is upper semicontinuous on €2 := R2\ {0}, moreover we let the
reader show that

Ve e Q¥ (z)+ Py(zx) = —-V(z), (3.4)

where the function ¥ is the one associated with the Hamiltonian F' in the
previous section. Hence still using our notations, we obtain that for any
nonnegative continuous function ¢ : 2 — R, we have

Ss(V)={ze€Q:Vy(x)>dx)—V(x)}.

We will construct a feedback on the open set D := R? \ [Sg(V) U {O}] . We

omit the proof of the following proposition. A similar result is given in [15];
note that this proof is only based on Michael’s theorem (see [13]).

PROPOSITION 3.1. Let E be an open dense set of R? and G : E — 257 be
a multivalued map. If for any x in E, G(x) is nonempty and defined as
follows
G(x) = € By, : ,a),0) < =)
(@) = {a € B max (f(20).0) < -A(o)}
GD, ,
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where A : E — R is a lower semicontinuous function satisfying
AMz) € (0,—¥y(z)),Vz € E.
Then there exists a continuous selection
a:E— B,
such that

Vx € E, , , O < =A(x). 3.5

x ng%’(;)<f(m a(z)), ¢) () (3.5)

From this result, following the proof of Theorem 4 in [15], we can apply

Proposition 3.1 with A := ¥ (that is § := ¥) and E = {z € R?\ {0} :
Uy () < —@} We get the following result.

THEOREM 3.2. Under the assumptions of Proposition 3.1, there exists a
feedback o : R?> — B,, which is continuous on D for which the closed-loop
system

#(t) = f(2(t), a(z(t)), (3.6)

1s globally asymptotically stable in the sense of Carathéodory. Moreover, we
have

Uy (z(t)) < —A(z(t)),Vt > 0. (3.7)
along the Carathéodory trajectories of (3.6).

Of course, we encourage the reader to have a look at [15] for a good
comprehension of this result.

3.2. ONE-DIMENSIONAL CONTROL SYSTEMS WITHOUT DRIFT

Let us assume that the control system is of the form
& = ag(z), (3.8)

where the control o belongs to the interval [a,b] and g is a C? vector field
on the plane. Let there be given a one-dimensional system which is glob-
ally asymptotically controllable, our aim is to make precise the nature of a
stabilizing feedback. We saw in [15] that such a fedeback exists and that in
addition it is repulsive for some closed set S. Here we will prove that the
repulsive set S can be taken to be a C'' submanifold of the state space of
codimension 1. Since this result holds for any dimension, we will assume in
the sequel that g is indeed C? from R” into R™.

If the control @ = 0 does not belong to the interval [a, b], then the globally
asymptotically controllable system (3.8) is obviously globally stabilizable by
a constant feedback (we let the reader prove this claim). Consequently
without loss of generality we can assume that [a,b] = [—1,1]. We have the
following result.

THEOREM 3.3. If the system (3.8) is C2, globally asymptotically controllable
and not continuously stabilizable then there exists a C'-submanifold (without
boundary) M of R™\ {0} of codimension one and a stabilizing feedback « :
R" — [-1,1] with a(0) = 0 and a(x) = +1 or —1 elsewhere such that the

IGD, , ,
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feedback o is continuous outside M U{0}. The feedback o) is stabilizing in
the sense of Carathéodory and moreover

x(t) ¢ M,vVt > 0.

In particular, the feedback is constant along the stabilizing trajectories for
positive times.

Proof. We have to pass through an exact viscosity solution of some Hamilton-
Bellman-Jacobi equation. Up to set V := V3 we can assume that V : R® —
R is a semiconcave (outside the origin) viscosity supersolution of

—3V(x) + H(z,DV(x)) =0,z # 0. (3.9)
Equivalently, for any x # 0, for any ¢ € 9.V (z),

. ;I[l_ill{u<ag(fc),c> < =3V(z).

Furthermore, we know by Theorem 2 of [15] that for any xzy € R™ there
exists a trajectory of (3.8) with x(0) = z¢ such that
V(x(t) < V(2(0)e™™,

Therefore there exists a smooth (C°°) positive definite function W : R — R
satisfying

W (x(t)) < W (z(0))e™™, (3.10)
for any z¢p € R™ and any trajectory x(-) of (3.8) with z(0) = xo. We define
the following value function

v(x) = oi{relij(x,a), (3.11)

where the cost to minimize is
+00
Iz, a) = / W (2o (8)) dt,
0

where z,/(+) denotes the trajectory of (3.8) which corresponds to the control
a and with z(0) = zp. Let us remark that by (3.10) the function v is
well-defined; by classical arguments, it is a viscosity solution of

—v(x) + H(xz, Dv(z)) =0,z # 0. (3.12)

Moreover since the dynamics g and the function W are sufficently smooth
(at least C?), it can be shown that v is in fact semiconcave on R \ {0} (we
refer to [5] or [12] for similar results).

We stress an outstanding property of the minimisation problem associated
with the value function v. Since our dynamics are one-dimensional, the
reader will be able to prove that the control o remains constant almost every-
where (in t) along the minimizing trajectories of our minimisation problem
(of course some minimizing trajectories exist by (3.10)). Hence we deduce
that we can see v as follows:

v(z) = min{v™ (2),v” (2)},
where the functions v* and v~ are defined by

vt(z) = /000 eV (xq(t))dt,

IGD, .,
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and v (z):= /000 eV (x_y(t))dt;

the reader has probably understood that z1(-) (resp. xz_1(-)) refers to a
trajectory corresponding to the control a =1 (resp. a = —1).

These functions are C' where they are finite. We deduce that for any
z e R,

ov(z) C co(Vut(z), Vo~ (x)).

Thus Y(u) = X(u). Applying Theorem 2.5 of the second section, we get
that ¥!(u) is a C! submanifold of dimension n — 1. We conclude by Section
2.3 of [15]. O

REMARK 3.4. Theorem 3.3 holds in the case of a locally Lipschitz one di-
mensional control system. The proof is the same although the function v
is no longer semiconcave. Actually v is locally Lipschitz, so we get the ex-
istence of a submanifold of codimension 1 which is not C' but only locally
Lipschitz.

REMARK 3.5. In fact, by classical techniques, we can regularize the sub-
manifold Minto a closed smooth submanifold of R?\ {0}.

3.3. TOWARD A POSSIBLE CLASSIFICATION

We return now to the general stabilization problem in the plane. We
consider the affine control system (3.1) and the results that we developed
in Section 3.1. In particular we have the control-Lyapunov function V' veri-
fying (3.2) and Theorem 3.2 gives us a stabilizing feedback « satisfying the

conclusions of this result with A = @ and E = R?\ (Ss(V) U {0}. We
stress that the inequality (3.7) is satisfied along all the Carathéodory tra-
jectories of the dynamical system (3.6). Let us classify the singularities in
the manner conjectured by Bressan in [7]. Different types of points appear.
(For the sake of simplicity we set A := By,.)

e Let us consider & € ¥2(u) N S5(u) isolated in Ss(u).

Since Z is isolated in Ss(u) there exists a neighbourhood V (let us say a
little ball centered at Z) of Z such that

Ve e V\{z}, Uy (z) < i(x) — V(z). (3.13)

If Uy(Z) < 0, by setting 0(Z) = 0 and d(z) = 6(x) for = # T, we get that
T ¢ S5(u) and consequently this singularity can be eliminated. So without

loss of generality, we can assume that Uy (z) > 0 and that (3.13) is satisfied,
i.e. for any z in V\ {z},V( € 9V (x),

(¢, f(z,a(x))) <o(x) = V(z) <0,
which implies

v e V\ (o) f(ra(e)] > L0,
%

where Ly denotes the Lipschitz constant of the function V in V. Further-
more let us remark that by the technique of regularization used in Theorem
5 of [15], we can also assume that the vector field f(z, a(x)) is smooth in the

IGD, ,
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FIGURE 1. Repulsive point

neighbourhood V. We can now make precise the nature of the singularity
Z; we claim the following lemma.

LEMMA 3.6. The convexr compact set f(Z,A) has dimension two and
0 €int (f(z,A)).

Proof. We argue by contradiction. Let us assume that dim(f(z,U) = 1.
This implies that it can be written as the convex hull of two vectors v and vo,
i.e. f(z,A) = [v1,v2]. Hence by continuity of the function f and by (3.14),
the vector field f(z,a(z)) takes values in two disjoints neighbourhood of
[v1, va] N {w < ||| > %;6(1‘)} If the vector field takes values only in one of
these two neighbourhoods on V, then this implies that Uy (z) < §(x)—V (z)!
So both sets are attained which is impossible by continuity of the flow of
f(z,a(z)) (recall that we assumed it to be smooth). Consequently we deduce
that 0 can be separated from the convex set [vi,vs]; hence there exists
a € R?\ {0} and a positive constant y such that

Yo € [v1,v], (v,a) > p.

Thus by (3.7), the circle {z € V : ||z — Z|| = p} (with p sufficiently small) is
sent by the flow of f(z,a(z)) into a closed path which is trivial in R?\ {z}.
Since the circle that we consider is not contractible in R? \ {Z}, we get a
contradiction by continuity of the flow. Finally, we deduce that f(z,U)) has
dimension 2. Let us now prove the second part of the lemma.

Again we argue by contradiction. If 0 ¢ int (f(Z, A)) then there exists a
vector a € R? of norm 1 such that 0 ¢ (a + f(, A)). Hence by (3.14) there
exists a constant p such that

Ve eV, (f(z,a(z)),a) > p.

We conclude as before. O

Finally we conclude that f(Z, A) is a two-dimensional compact convex
set. In addition, we can regularize the field in a neighbourhood of Z in order
to obtain a field of the form f(z,a(x)) = 8(x — ), where (3 is some positive
constant corresponding to the size of f(z, A)) (see Figure 1).

o Ifze&V).
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In this case the set £5(V') can be seen locally as the image of the segment
(—1,1) of the real line by a bilipschitz map. We claim the following lemma.

LEMMA 3.7. There exists a neighbourhood V of & and a positive constant p
such that for any x € V, for any s € projg;(v)(),

(= s, f(z,a(x))) = plle — 5. (3.15)
Proof. By (2.11), there exists a neighbourhood V (a ball centered at z) of &
such that
Ys(V)={z eV :¥(x) < —0(x) — €},
where € is some positive constant. Hence by modifying the feedback « in V
(using Proposition 3.1) we can assume that
Uy(x) > =V(x)+d(x) + ¢ if zeXs(V)nV, (3.16)

e ¢ fx alx) < -V(z)+dz) if zeV\2s(V). (3.17)

On the other hand since the set X5(V) NV is a C! submanifold of the
neighbourhood V and since 1. gg ) = OV (z)* (we refer to Theorem 2.2), we

have that for any s € 35(V),

Ng )(8) = Ngj ) () = {t(Ca(s) = Cals)),t € R}, (3.18)

where 9V (s) = [¢1(s),(2(s)]. In fact by remark 2.4, we conclude also that
for any s € X5(V),

Vs € S5(V), NS (s) = {tC(s) —Gals)),t R}, (3.19)

Since £5(V)) N D is a Lipschitz submanifold of dimension 1, it divides the
ball V into two open connected components U; and Us. Furthermore, by
convexity of the Hamiltonian F' and since V is a viscosity supersolution of
(3.2), we get that if x € U; then 0V (z) is included in some J; which is a
neighbourhood of a connected component of F(z,V(z),-)~*([0, +o0)) and
if € Uy then 0V (x) is included in the other component Jo. We conclude
that if the ball V is chosen small enough then for any x in Uj such that
§ = projg, vy € ¥1(V) we have

(Ci(s), f(z, afx))) < 6(x) = V(z) + Z’

and  (Ca(s), f(z,a(x))) = 0(z) = V() +
(x

Hence we compute for x € Uy such that s := projg,v)(z) € 21( )s

(f(z,a(x),z—s) = (f(z,a(x)),t(C(s) — C1(s)))(t = 0 since z € U)
= —t(f(z,alx)), G(s) + (S

(2, (), Ga(5))

> 4(3(a) ~ V(@) + ) +H00) - V(@) + )
el _lz=sl

= 2[u<2<s>—<1<s>u]

> ————_[lz—s|.

—  2diam(9V (s))

IGD, .,
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FIGURE 2. Around &5(V)

FIGURE 3. Repulsive multiple point

Now let us consider x in U; such that s := projgé(v)(x) belongs to ¥2,(V).
Since x is in U, we have that z — s € NU%(S). On the other hand, since Us

is epi-Lipschitz we get by classical nonsmooth calculus (we refer to the book
[10] for any nonsmooth notion) that

N (s) C N(s) = co{ lim ¢(sx) : C(sn) € N{(s) and sy, € S5(V)}.
This implies obviously that
NE(s) = {t1(G = G1) +12(G — () : 11 > 0,82 > 0}
where (; and ¢{ (resp. (2 and (}) are in K (resp. in K5) and such that

(G fl@,al@)) < 6(2) — V@) + 7,

3
and (¢, f(w,al2)) = 3(w) = V(2) + T
(resp. replace ¢; and (] by (2 and (}).
We conclude as before and so we prove our lemma. O

We are in the situation of Figure 2. We remark that for any z € &(V),
by (3.16) and (3.17) there exists a neighbourhood V where we can regularize
our feedback «(-) into a smooth feedback. This remark will enable us later
to obtain a stabilizing feedback which will be smooth in our dense open set
D.

o Ifz€ Uk232(2$7k(v)-

IGD, , ,
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As in the first case, we prove the following lemma.

LEMMA 3.8. The convexr compact set f(Z,A) has dimension two.
Proof. By definition, 050V (Z) has at least three components Kj, Ko, K3.
Moreover on any K; we have

. V(z)
gé%glelg<c,f(w,a)> >0(z) = V() = ———

On the other hand, for the ends {Z-l and Ciz of the segment K; we have
in(¢! < — .
min(G;, f(z, @) < —V()

Since 9V (z) has at least three extreme points (corresponding to the ends
of the K;’s), we deduce that for any of them we can associate a velocity
f(z, ), that is at least three distinct velocities. Hence f(Z, A) has dimension
two. 0

We explain what happens when T belongs to 233(‘/). In that case from
Remark 2.11, each component K; can be associated with a Lipschitz arc
x;(+). On the other hand, we know by Lemma 3.7 that if we are in some
sufficiently small neighbourhood of some z;(t) (¢t > 0) then (3.15) holds.
Hence we assert that there exists a continuous and even a smooth feedback
« on some ball V centered at Z (minus S5(V')) satisfying that for any « € V,

for any s € projm(x),

(x =5, f(z,a(x))) = pllz — s (3.20)

In view of the second case, we are in the situation of figure 3.

o IfzedE(V).

From the proof of Theorem 2.10 we know that the Clarke tangent cone
to Es(V') at T is a semiline which satisfies
C = 1
T—S(;(V) (z) C K,

where K = 0V (z) if # € £1(V) and K = K; if z € 2(V) (with the same
notations as in the proof of Theorem 2.10). Therefore since 0 ¢ OV (z) (be-

cause T € 0Es(V)) two cases will appear. Before explaining what happens,
let us prove this result.

LEMMA 3.9. There exists & € A such that

0# f(z,a) € K, (3.21)
where K+ :={pe K+:((,p) <0,¥¢ € K}.
Proof. We treat the case where 7 € L1(V) and K = 9V (z); the other case

T € Y2(V) is left to the reader. Since Z is on the boundary of &(V), we
have ¥y (z) = §(z) — V(Z). Hence we get the existence of ag € A such that

V¢ e oV (z, (¢, f(Z,ap)) <O.

On the other hand, for any ( € D*V(Z), there exists @ € A such that
(¢, f(z,a)) < =V (Z). Since IV (Z) is a segment we can apply this property
IGD, ,
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FIGURE 4. Incoming cutedge

with the both ends (1, (o of the segment. That is, there exist two controls
a1 and a9 in A such that

(C1, f(Z, 1)) < =V(Z) and ((o, f(7, a2)) < =V(Z).

Actually we want to prove that K- \ {0} and f(%, A) have a nonempty
intersection. But if (¢; — (2, f(Z, 1)) > 0, this implies that

<<2,f(f,011)> < <<1,f(f‘,0é1)> < —V($)

Thus we get that ¥y (z) < —V(z)!! This is impossible. Doing the same re-
mark for as we conclude that the convex set co{f(Z, ), f(Z,a2), f(Z,a0)}
contains a control & in A satisfying (3.21). O

Let us present the two cases.

C =) — L
a) If Tm(aj) =K-.

By Lemma 3.9 there exists a neighbourhood V of Z and a feedback
a(-) : V — A which is smooth on V \ S5(V) and such that «f(:)
is continuous at z with «(Z) = @. We are in the situation of an
incoming cutedge (see Figure 4). In particular the feedback «(-) can
be taken such that there is only one trajectory starting from a point
of V'\ S5(V') which attains the singular set Ss(V').
b) T%(a’:) =Kt

By Lemma 3.9 there exists a neighbourhood V of Z and a feedback
a(-) : ¥V — A which is smooth on V '\ S5(V) and such that a(-)
is continuous at  with a(z) = @. We are in the situation of an
outgoing cutedge (see Figure 5). In this case the singular set is

repulsive.

In conclusion, considering a feedback «(-) given by Theorem 3.2 with
A=1 (=6=-Y), we proved that up to regularizing a(-) we can assume
that it is smooth on the open dense set D and that it can be extended
continuously to the singularities of type “incoming cutedge”. Hence we

obtain a stabilizing feedback which displays only five types of singularities
in R?\ {0}.
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