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Preface

The main goal of these lectures is to give an introduction to sub-Riemannian
geometry and optimal transport, and to present some of the recent progress in
these two fields. This set of notes is divided into three chapters and two appen-
dices. Chapter 1 is concerned with the notions of totally nonholonomic distri-
butions and sub-Riemannian structures. The concepts of End-Point mappings
and singular horizontal paths which play a major role through these lectures are
introduced here. Chapter 2 deals with sub-Riemannian geodesics. We study
first and second-order variations of the End-Point mapping to derive necessary
and sufficient conditions for an horizontal path to be minimizing. We provide
several examples, including the Montgomery counter-example of singular min-
imizing curve. In Chapter 3, we study the Monge problem for sub-Riemannian
quadratic costs. We give a crash-course in optimal transport theory and ex-
plain how the sub-TWIST condition together with the Lipschitz regularity
of a ”variational” cost implies the well-posedness of Monge’s problem. Then
we study the fine regularity properties of sub-Riemannian distances to obtain
existence and uniqueness of optimal transport maps in the sub-Riemannian
context. We recall basic facts on ordinary differential equations in Appendix
1 and less classical results of differential calculus in normed vector spaces in
Appendix 2. The latter plays a key role in Chapter 2.

The reader of these notes should be familiar with the basics in differen-
tial geometry and measure theory. Possible references in these fields include
the textbooks by Lee [Lee03] and Evans-Gariepy [EG92]. For further reading,
we strongly encourage the reader to look at other texts in sub-Riemannian
geometry and optimal transport. Multiple viewpoints always lead to deeper
understanding and may open new directions for research. Among them, we
may suggest the textbooks by Montgomery [Mon02], Agrachev, Barilari and
Boscain [ABB12], and Villani [Vil08].

This set of notes grew from a series of lectures that I gave during a CIMPA
school in Beyrouth, Lebanon, on the invitation of Fernand Pelletier. I take the
opportunity of this preface to warmly thank Ali Fardoun, Mohamad Mehdi and
Fernand Pelletier who organized the school, Ahmed El Soufi for his support
and friendship, and through him the ” Centre International de Mathématiques
Pures et Appliquées”. My gratitude goes also to all faculties and students who
attended this sub-Riemannian CIMPA school in making it a success.
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Chapter 1

Sub-Riemannian structures

Throughout all the chapter, M denotes a smooth connected manifold without
boundary of dimension n > 2.

1.1 Totally nonholonomic distributions

Distributions

A smooth distribution A of rank m <n (m > 1) on M is a rank m subbundle
of the tangent bundle TM, that is a smooth map that assigns to each point
x of M a linear subspace A(x) of the tangent space T, M of dimension m. In
other terms, for every x € M, there are an open neighborhood V, of z in M
and m smooth vector fields X}, --- , X™ linearly independent on V, such that

Aly) = Span{X}(y), - . XI'()} Wy V.

Such a family of smooth vector fields is called a local frame in V,, for the distri-
bution A. All the distributions which will be considered later will be smooth
with constant rank m € [1,n]. Thus, from now on, ”distribution” always means
”smooth distribution with constant rank”. A co-rank k distribution on M is a
distribution of rank m = n — k and any smooth vector field X on M such that
X(z) € A(zx) for any x € M is called a section of A.

Example 1.1.1. We call trivial distribution on M the rank n distribution
A defined by A(x) = T, M for all x € M. For topological reasons, such a
distribution may not admit non-vanishing sections (for example, by the hairy
ball theorem, there is no non-vanishing continuous vector fields on any even
dimensional sphere).

Example 1.1.2. In R3 with coordinates (z,vy, 2), the distribution A defined by
A(w,y,2) = Span{ X(2,9,2), Y (w,9.2) ) ¥(w,y,2) €R?

with "
X:azfgaz and Y =9, + 30,

is a rank 2 (or co-rank 1) distribution on R3.
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Example 1.1.3. More generally, if x = (1,...,Tn,Y1,-.-,Yn,2) denotes the
coordinates in R?"t1 and the 2n smooth vector fields X', ..., X* Y1, ... )Y"
are defined by

Xizazi—%az, Yi:ayi+%az Vi=1,...,n,

then the distribution A defined by
Alz) = Span{Xl(a?), e X (@), Y (2), .. ,Y"(x)} Vo € R2HL

is a co-rank 1 distribution on R2"+T,

Example 1.1.4. Let o be a smooth non-degenerate 1-form on M, that is a
1-form which does not vanish (o, # 0 for any x € M). The distribution A
defined as

A(z) = Ker(ay) Ve e M,

1s a co-rank 1 distribution on M.

Example 1.1.5. As an example, consider the unit 3-sphere S® in R* with
coordinates (x1,y1,x2,Y2), that is

S* = {(zl’ylyﬂﬁz,m) eR* a2} +yf +ad+y; = 1}-
Let a be the smooth non-degenerate 1-form on S® defined by

o= (zldyl — y1dzy + wodys — ygdxz)l ,

s3
then A = Ker(a) is a co-rank 1 distribution on S3.

We say that a given distribution A on M admits a global frame if there are
m smooth vector fields X', --- , X™ on M such that

A(m)zSpan{Xl(x),-n ,Xm(x)} Vo € M.

In general, distributions do not admit global frames (see Example 1.1.1). It is
worth noticing that in the particular case of R™ all distributions are trivial.

Proposition 1.1.6. Any distribution in R™ admits a global frame.

Proof. Let us first show how to construct a non-vanishing section of a given
distribution in R".

Lemma 1.1.7. Let A be a distribution of rank m in R™. Then there is a
non-vanishing smooth vector field X such that X (z) € A(x), for any x € R™.

Proof of Lemma 1.1.7. Define the multivalued mapping ¢ : R* — 28" by
8(z) = {v € Alz) | Jv] = 1} Vo € R™.

By construction, ¢ is locally Lipschitz with respect to the Hausdorff distance
on compact subsets of R”. By compactness of B(0,,2), there is ¢ € (0,1)
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such that for any z,y € B(0,,2) with |z — y| < ¢, and any v € §(z), there
is w € d(y) such that |[v —w| < 1. Let N > 2 be an integer such that the
increasing sequence of balls By, ..., By defined by

B; = B(0,,i€)  Vi=1,...,N,

satisfies B(0,,1) C By. For every x € R™, we denote by Projs(,) the projection
onto the (m — 1)- dimensional sphere §(z). Note that the mapping Projs, is
well-defined and ”smooth” on the open set

0, = {w € R™ | (v, w) # 0,¥v € 5(@}.

For every i € {1,...,N — 1}, consider a smooth mapping P; : B;11 — B; such
that

|P;(x) — x| < e Vo € Bita. (1.1)

Note that such a smooth function exists because B; is a ball and B;; is con-
tained in the e-neighborhood of B;. Let w € 6(0) be fixed. We define the vector
field X : B(0,,1) — R" as follows:
We first set

Xi1(z) = Projs, (w) Yz € By.

Then, given X; : B; — R", we define X; 1 : B;y1 — R™ as
Xi-i—l(m) = Proj(;(I) (Xz (Pl($))) Vx € Bi+1.

By construction (by (1.1) and the definition of €), X;(Pi(z)) belongs to O,
for any « € B;;+1. In conclusion, X = Xy is smooth on B(0,,1) and satisfies
0, # X(x) € §(x) for any € B(0,,1). Repeating the construction on the
annuli B(0,,2) \ B(0,,1),B(0,,3) \ B(0,,2),..., we obtain a non-vanishing
section of A on R™. O

We now prove Proposition 1.1.6 by induction on m. Let A be a rank (m+1)
distribution on R". By Lemma 1.1.7, it admits a non-vanishing section X on
R”. The multivalued mapping A : R” — 28" defined by

1
Az) = A(x) N {X(x)} Vo € R",
is a smooth rank m distribution (here {X(x)}* denotes the space which is
orthogonal to X (x) with respect to the Euclidean scalar product). Thus by
induction, there are smooth vector fields X', ..., X™ on R™ such that
A(x):Span{Xl(x)7...,Xm(m)} Vo € R™.
The family {X1!,..., X™, X} is a global frame for A. O

A finite family of smooth vector fields {X*,..., X*} is called a generating
family for A on M if there holds

A(m):Span{Xl(x),~-~ ,Xk(m)} Vo € M.

Any distribution can be represented by a generating family.
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Proposition 1.1.8. Let A be a distribution of rank m <n on M. Then there
are k = m(n + 1) smooth vector fields X',--- , X* such that {X*,--- X*} is
a generating family for A.

Proof. By definition, for every z € M, there is an open neighborhood V, of x
in M and m smooth vector fields X1, .-, X" linearly independent on V, such
that

Aly) = Span{Xi(y), e ,X;”(y)} Yy € V.

Since M is paracompact, there is a locally finite covering V = {V,;};c; where
each open set V; equals V,, for some z; € M.

Lemma 1.1.9. There are a locally finite open covering {U;};cs of M and a

partition Uf;ll Jy of J such that the following properties are satisfied:

(a) for every j € J, there is i =i(j) € I such thatU; C V;,
(b) for everyle{l,...,n+1} and any j #j € J;, U NU; = 0.

Proof of Lemma 1.1.9. Recall that every smooth manifold is triangulable. Let
T = {T:}1er be a triangulation of M that refines the covering {V;}icr, in the
sense that the closure of each face F' of 7 is a subset of some V;. For every
a €{0,...,n}, denote by 7@ = {7,* }+er, the family of a-dimensional faces in
T. For every a € {0,...,n}, we can construct easily a collection of open sets
W = {W?%}4cs., satisfying the following properties:

- W* is a refinement of {V,; };er,
- UtETa,];a C USESQW;X7
- each W¢ is an open neighborhood of some a-dimensional face of 7%,

for any s # s € So, WF NWS =0,

- for any s # s’ € So, W NWS =0,
- for any a € {1,...,n} and any s # s’ € S, W NWS C UteT%l?;O‘_l.

For that, it suffices to proceed by induction on a and to make use of the
properties of a triangulation. We conclude easily. O

Let us now show how to construct for every r € {1,...,m} a family of

sections {X7{,..., X7 ;|1 < j < r} of A such that Span{Xj(z)|1l < j <
r,1 <1< n+ 1} has dimension > r for any @ € M. We proceed by induction
on r.
First, for each I € {1,...,n 4+ 1} and each j € J;, there is ¢ = i(j) € I such
that U; C Vi = V,,. Modifying X} = X;i outside U; if necessary, we may
assume that X} is defined on M, does not vanish on U}, and vanishes outside
U;. Define X{,..., X}, by

1 _ 1 _
lezxi(j) Vi=1,...,n+1.
JjeN

By construction (Lemma 1.1.9 (b)), the interior of the supports of the X}(j)’s
are always disjoint. Therefore, each X} is a non-vanishing section of A on
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Ujes,Uj. This shows that Span{X}(z)|1 < < n + 1} has dimension > 1 for
any x € M. ‘
Assume now that we have constructed a family of smooth vector fields { X7, |1 <
j <r1<i<n+1} such that

Span{X{(m)Hﬁjgr,l§l§n+1}

has dimension > r for any x € M (with » < m). For every j € J, there is
s=s(j) € {1,...,m} such that

span{ X2, (2), X} (@) [ 1 < j <r1<I<n+1}

has dimension > r + 1 for any = € U;. Define X', ... ,X:Lﬂ by

r+1 __ s(5) —
X7t = ZXM Vi=1,...,n+1.
JES
We leave the reader to check that by construction (modifying the X;(g;)’s if
necessary as above), the vector space

Span{le(ac)H§j§r—|—1,1§l§n+1}

has dimension > r + 1 for any x € M. The proof is complete. O

The Hormander condition

Recall that for any smooth vector fields X,Y on M given by

n

X(z) =) ai(2)0s;, Y(z)= Z bi(2)0x;

i=1

in local coordinates x = (x1,...,x,), the Lie bracket [X,Y] is the smooth
vector field defined as

n

X, Y](2) =) ci(2)ds,

i=1
where ¢, ..., c, are the smooth scalar function given by

n

C; = awbl a; — 8w,.ai b; Vi=1,---7n.
Z( J ) J ( J )J

j=1

For the upcoming controllability results (like the Chow-Rashesvky Theorem),
it is important to keep in mind the following dynamical characterization of the
Lie bracket.

Proposition 1.1.10. Let X,Y be two smooth vector fields in an neighborhood
of x € R™. Then we have

[X,Y](z) = D,Y -X(z)— D,X -Y(x)
. e—tY ° e—tX o etY o etX (3;‘) —x
= ( 2 ) ’ (12)

where !X and Y denote respectively the flows of X and Y.
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x)

Proof. All the functions appearing in the proof will be defined locally for ¢ close

to 0 and/or in a neighborhood of z. Define the smooth function hy by
ha(t) == (e oe X o€ 0e'¥) (z) vt.

We have hy(0) = 0. As a matter of fact, we have for any ¢,
0 _
hy(t) = =Y (ha(t)) + (ae tY) - hiy(t)
v (tha (1))
where R is defined by hs(t) := (e7'% o e o €e!X) (z). Then we have
0 _
) = ~X(a0) + () a0,
o (t:ha (1))
where ho(t) := (e o e'™) (z) and
) = V(halt) + (™) et
T @)
with hy(t) := e (x) and h|(t) = X(e!*(z)). Since partial derivatives
the form 2eX at t = 0 are equal to Id, we get h(0) = X(x),h%(0)

X(x) + Y(x),h4(0) = Y(z) and h}(0) = 0. Therefore, the left-hand side
(1.2) is equal to 11/ (0). By derivating the above formulas, we get

B(0) = dX (1 (0)) - 1 (0) = dX () - X (a),

<aaety) : h’l(t)H .
z (t,ha(t)) —o

But dY (h(0)) - hy(0) = dY (z) - (X () + Y (z)) and

d < a tY) /
— || =—e - hi (%)
[dt 92 Jamey |,
d ( a tY) / ( (9 tY) "
=|— (e 0)+ | =—e - hy(0)
[dt 0 ) mwn) g 0" Jomwoy

0 tY s ty / ]
- ¢ Ttz (e -h1(0)| - X(z) +dX(z) - X(x
[(&83:( ))(Ow) (8952 ( )>(07x) (0) (z) (z) - X(z)

) X(z) +dX(z) - X(x).

and

d

HH(0) = Y (h2(0)) - B5(0) + | 5

9
ox
dY (x

of

of
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We infer that h5(0) = dY(z) - (2X(z) + Y (2)) + dX(z) - X(z). In the same

way, we have
RI(0) = —dX (ha(0)) - 15 (0) + |2 (ae”‘) w0l
dt ox (tha())

t=0
—dX (h3(0)) - 14(0) = —dX () - Y () and
i ge—tX 1
[dt [(31’ )(t ha (1)) " (t)H
2 (2 (Ze) g
Bl ldt (895 (t, hQ(t)) ‘933 )(O,hz(o)) 72 (0)
= —dX(z)  (X(x) —|— dY (z) - (2X(z)+Y(x)) +dX(z) - X(x)
(2X(z) + Y (2)).

() - )
= —dX(z) Y () +dY x)
(

Which implies h5(0) = —=2dX (z) - Y (z) + dY (z) - (2X (2) + Y (x)). Finally

(ae_ty> . hg(t)”
Ox (th3(1)) o

- [d((f ) ] 0+ (o) ngo)
. (t.hs () ] 1— v (0,h3(0))

= —dY(z) - Y(x)—2dX(z) - Y(z)+dY(z) - (2X(z) +Y(z))

B0) = —dY(ha(0)) - 1y(0) + | &

= 2(dY(z)- X(x) —dX(z)-Y(z))
= 2[X,Y](2),
which concludes the proof. O

Remark 1.1.11. We check easily that the following properties are satisfied:
(i) Given smooth vector fields X1, X2,Y1,Ys and a1,a2 € R, we have

[a1 X1 4+ a2Xo,Y1] = a1[X1, Y] + a2][Xs, Y]
(X1, a1Y1 + a2Ys] a1[X1,Y1] + a2[X1,Ys).

(i) Given smooth vector fields X and Y, we have [X,Y] = —[Y, X].

(iii) Given three smooth vector fields X,Y, Z, the Jacobi identity is satisfied:

[(X,[Y,Z]] + [Y,[Z,X]] + [Z,[X,Y]] =0.

Remark 1.1.12. Given a smooth diffeomorphism ¢ from a smooth manifold
U to a smooth manifold V and X a smooth vector field on U , we recall that
the push-forward ¢.(X) of X is defined by

P(X)(Y) = Dy-1)o(X (¢ (y))  VyeV.

We have
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For any family F of smooth vector fields on an open set O C M, we
denote by Lie(F) the Lie algebra of vector fields generated by F. It is the
smallest vector subspace S of X*°(M) (the space of smooth vector fields on
M) containing F that also satisfies

(X, Y]eS VXeF,V¥Wes.

It can be constructed as follows: Denote by Lie' (F) the space spanned by F
in X°°(M) and define recursively the spaces Lie®(F) (k =1,2,...) by

Lie" 1 (F) = Span (Liek(}") U {[X, Y]|X eF,Y € Liek(}")}> Yk > 0.
This defines an increasing sequence of vector spaces in X°°(M) satisfying

Lie(F) = |_J Lie*(F).

k>1
In general, Lie(F) is an infinite-dimensional subspace of X*°(M).

Example 1.1.13. Let A be a n xn real matriz, b be a vector in R™, and X,Y
be the smooth vector fields in R™ defined by

X(z)=Az, Y(x)=b VxeR™

The non-zero Lie brackets of X and Y are always constant vector fields of the
form

ady (V) := [X,Y] = —A4b, adx(Y) = [X,adx(Y)] = A%,

and
ady ! (Y) = [X, adk (V)] = (()FAM vk o,

By the Cayley-Hamilton Theorem, A™ can be expressed as a linear combination

of A%, ... A"t Therefore, Lie(X,Y) is the set of vector fields Z in R™ of the

form
n—1

Z(x) =Mz + Y NAD Yz eR",
=0

with A\, Ao, ..., An—1 € R. It is a finite-dimensional Lie algebra.

Example 1.1.14. Let X,Y be the two smooth vector fields in R* (with coor-
dinates © = (x1,x2)) defined by

X(x) =0y, Y(x)= f(21)04, Vr € R?,

where [ is a smooth scalar function. Then, Lie(X,Y) is the space of smooth
vector fields spanned by X and

ady.(X) = f®a,, fork>0.

Thus, Lie(X,Y) is infinite-dimensional whenever the derivatives of f span an
infinite-dimensional space of functions.
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For any point « € M, Lie(F)(x) denotes the set of all tangent vectors X (x)
with X € Lie(F). It follows that Lie(F)(x) is always a linear subspace of T, M,
hence finite-dimensional.

Example 1.1.15. Returning to Example 1.1.14 and denoting by (e1,e2) the
canonical basis of R?, we check that

Lie(X,Y)(z) = Span{el, F®(z1)es | E=0,1,2,.. } Vr € R?.

In particular, Lie(X,Y)(z) = Rey if f(x) and all its derivatives at x vanish
and Lie(X,Y)(z) = R? otherwise.

We say that the smooth vector fields X1, ..., X™ satisfy the Hormander
condition on some open set O C M if and only if

Lie{X1,~~- ,Xm}(:zz) =T,M Vzeo.

A distribution A on M is called totally nonholonomic on M if for every z € M,

there are an open neighborhood V,, of x in M and a local frame X},---, X on
V., which satisfies the Hormander condition on V,. This definition is intrinsic,
it does not depend upon the choice of the local frame X},..., X™. This is a

consequence of the following result:

Proposition 1.1.16. Let {X! ..., X™} {Y ..., Y™} be two families of lin-
early independent smooth vector fields on an open set O C M such that

Span{Xl(x), . 7Xm(ac)} = Span{Yl(x), ce Ym(gc)} Ve e O.
Then there holds for any integer k > 1,
Lz’ek{Xl,...,Xm}(x):Liek{Yl,...,Ym}(x) Yz € 0.

Proof. 1t is sufficient to show that the following inclusion holds for any integer
k> 2,

Liek{Xl, .. ,Xm}(x) c Liek{Yl,...,Ym}(x) Va € 0.
Since the Y7 (x) are always linearly independent, there are smooth functions
al : O — Rwith 4,5 =1,...,m, such that
Xl(x):Zag(m)Y](x) VreOVi=1,...,m.
j=1

Then for every i = 1,...,m and every smooth vector field Z, there holds

m

(X2 = |> oY, Z| =3 " al[Y?, 2] =) del(Z)Y7.
j=1 j=1 j=1

Since Span {X!(z),...,X™(z)} C Span{Y(z),...,Y™(z)} for any z, this
shows that
LieQ{Xl, . ,Xm}(x) - LieQ{Yl,...,Ym}(sc) vz e 0.

We conclude easily by an inductive argument. O
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We also observe that any generating family for A does satisfy the Hérmander
condition provided A is totally nonholonomic.

Proposition 1.1.17. Let A be a totally nonholonomic distribution on M
and {X1,..., X*} be a generating family for A. Then X',...  X* satisfy the
Hérmander condition on M.

Proof. We need to show that
Lie{Xl, S ,Xk}(x) =T,M  Vzel.

Let © € M be fixed. By assumption, there is an open neighborhood V, and a
local frame Y.}, -+, Y™ on V, which satisfies the Hormander condition on V,.
Proceeding as in the proof of Proposition 1.1.16, we show that

Liek{Xl,...,Xk}(z) c Liek{Y;, . ,Yxm}(:z),
for every integer k > 1. This proves that X', ..., X* satisfy the Hormander
condition on M. O
Remark 1.1.18. Since for any smooth vector field X, there holds [ X, X] =0,
a one dimensional distribution cannot be totally nonholonomic.

Degree of nonholonomy

If A is a rank m totally nonholonomic distribution on M, then for every z € M,
there are an open neighborhood V,. of x and m smooth vector fields X2, ..., X™
which satisfy the Hérmander condition on V,.. We call degree of nonholonomy
of A at x the smallest integer r = r(x) > 1 such that

Lie’”{Xl, . ,Xm}(x) = T, M.

Thanks to Proposition 1.1.16, this definition does not depend upon the choice
of the local frame. Moreoever, we shall say that A is totally nonholonomic of
degree r if the nonholonomy degree of any point in M is < r.

Example 1.1.19. The distribution given in Example 1.1.2 is totally nonholo-
nomic. We check easily that

[X,Y] =0, Vi,j=1,...,n,
which means that A has degree 2.

Example 1.1.20. More generally, the distribution given in Example 1.1.3 is
totally nonholonomic of degree 2. We check easily that

(X" Y7) =60, Vij=1,...,n.

Example 1.1.21. The Martinet distribution in R® (with coordinates (z,vy,2))
1s defined as
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where

2

X=0; Y=0,+73

0.
The first Lie bracket of X,Y is given by
[X,Y] = 20..
For any (z,y,2) € R3 with  # 0, the three vectors
X(z,y,2),Y(2,y,2),[X,Y](z,y,2)

are linearly independent. Hence, A is a totally nonholonomic distribution of
degree 2 on R®\ {x = 0}. The Lie bracket [[X,Y],Y] is given by

[X,Y],Y]=0..
Then, A is a totally nonholonomic distribution of degree 3 on R3.

Example 1.1.22. More generally, if X,Y are given by
X =0, Y=09,+a'0,

with | € N*, we check easily that the distribution spanned by X and Y is a
totally nonholonomic distribution of degree | + 1.

Example 1.1.23. Assume that M has dimension n = 2p + 1 and let o be a
1-form on M satisfying
A (da)? # 0

then the distribution given by A = Ker(a) is totally nonholonomic of degree 2.
Such a 1-form is called a contact form and the associated distribution is called
a contact distribution. As a matter of fact, given T € M, there is a local set

of coordinates (z1,...,r,) in an open neighborhood V of T such that o has the
form
2p
a= <Z aid:177;> + dx,,
i=1
where a1, ...,az, are smooth scalar function on V such that

al(f):O Vi=1,...,2p.
Hence, the family of smooth vector fields X', ..., X?P given by
X' =0,, — a0y, Vi=1,...,2p,

defines a local frame for A = Ker(a) in V. On the one hand, the n = 2p + 1-
form a A (da)P at T reads

(an(da)’); =

% |1

0€P2p [I=1,....p

Oa; Oa;
(812 — 8%2) dwy A (dxgy Adxj,) ... A (dxi, Adaj,) |z,

(1.3)
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where Pay denotes the set of p-tuples of the form o = ((i1,j1), .- ., (ip, Jp)) with
{it, g1, vipdpt = {1,...,2p} and iy < j; for alll =1,...,p. On the other
hand, we check easily that

(X7, X9] (&) = (0u,0; — Oaa) O, () Virj=1,....2p.

Therefore, if there is i € {1,...,2p} such that [XE,XJ'}(:E) =0 for any j # 1,
then all the products appearing in (1.3) vanish, which implies that (o A (d)P)
0, contradiction. We deduce that for every i € {1,...,n}, there holds

Span{X1(§)7...,X2p(£), (X, XY (@),...,[X, X%] (;z)} —TuM.  (14)
This means that A = Ker(«) is totally nonholonomic of degree 2.

Example 1.1.24. As an example, the 1-form given in Example 1.1.5 is a
contact form on S®. There holds

aNda = (x1dyr —y1dzy + zadys — yadas) A (2dxy A dyy + 2dzo A dys)
= 2{E1dy1 A\ dLUQ A dyz - 2y1d$1 A d(EQ A dy2
+2£L’2d$1 AN dyl A dyg — 2y2d£€1 A dyl AN dIQ.

A basis of the tangent space to S* at x = (w1,y1,22,y2) € S* is given by
(Vi, Va, Va) with

Vi = —yier +xiea —yze3 + x2e4
Voo = —xoe1 +y2e2 +T163 —y1€4
Vi = —yse1 — zoea +yr1e3 + x104.

Then

(aNda), (V1,Va,V3) =
2z (27 +yi + 23 +v3) — 297 (—27 —yi — 23 —v3)
+225 (27 +y7 + 25 +3) — 203 (—af —yi — 25 —43)
—2(i+ i+l +yd) =2

This means that the restriction of the 3-form a A da to the tangents spaces to
S? does not vanish.

1.2 Horizontal paths and End-Point mappings

Horizontal paths

Let A be a distribution of rank m < nin M. A continuous path v : [0,7] — R"
is said to be horizontal with respect to A if it is absolutely continuous with
square integrable derivative (see Appendix A) and satisfies

y(t) € A(y(t) ae. te€0,T]

For every x € M and every T > 0, we denote by QZT the set of horizontal
paths v : [0,7] — M starting at z. If A admits a global frame X!, ... X™,
then there is a one-to-one correspondence between QZ’T and an open subset of
L2 (0, T); R™).
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Proposition 1.2.1. Let F = {Xl, e ,Xm} be a global frame for A. Then for

every x € M and every T > 0, there is an open subset U;ﬁ_’T of L% ([0, T]; R™)
such that the mapping

uweUs™ s, e QX7

(where vy, : [0, T] — M is the unique solution to the Cauchy problem

Zuz vu(t)) ace. t€][0,T], v (0) = x,) (1.5)

is one-to-one.

Proof. The set of controls u € L? ([0, T]; R™) such that the solution ,, of (1.5)
is well-defined on [0,7] is a non-empty open set. Moreover, by construction,
any path ~, is absolutely continuous with square integrable derivative and
almost everywhere tangent to A. This proves that the map under study is
well-defined. Let v € Qa . 1 be such that there are u,v € L? ([0, T]; R™) such
that

m

z:uZ HX" (y ZU’ HX" (y a.e. t €[0,T].

Since the tangent vectors X! (y(t)),..., X™ (y(t)) are always linearly inde-
pendent in 77,4 M, we infer that u(t) = v(t) for almost every ¢ € [0,T], which

proves that our map is injective. Furthermore, given v € QZ’T, for almost every
t € [0,T], the path ~ is differentiable at ¢ and there is a unique u(t) € R™ such
that 4(t) = >_iv, ui(t) X (v(t)). By construction, the function v : [0,T] — R™
belongs to L? ([0, T]; R™). O

As seen before, a general distribution may have no global frame, but it can
be represented by k = m(n + 1) vector fields (see Proposition 1.1.8).

Proposition 1.2.2. Let F = {Xl, e ,X"”‘} be a generating family for A on

M. Then, for every x € M and every T > 0, there is an open subset U;-’T of
L? ([O,T];Rk) such that the mapping

= U;’T — Yy € QXT7

(where vy, : [0, T] — M is the unique solution to the Cauchy problem

Zuz vu(t)) ae t€][0,T], v (0) = z,) (1.6)

s onto.

Proof. Let v € QZ’T be fixed. For every ¢t € [0,T], there is an open set Oy of
v(t) in M and m integers i},...,i%, € {1,...,k} such that

Span {Xii(x), . .,Xi:*l(a:)} = A(x) Vo € O.
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The curve ¥([0,77) is compact and is contained in U,e[,7)O;. Hence, there are
N times ti,...,ty € [0,T] together with a partition of unity {;} such that

N N
C U Ot]., Supp (1/’]) - Otja ij =L

Jj=1 Jj=1

For every j, there is a smooth mapping U; : TM — R™ such that

=> Ujv 0 X (
=1
for every (z,v) € TM with x € O;; and v € A(x). Then, there holds for almost
every t € [0,T] and any j € {1,...,N},
VB €O, = A1) =Y U; () X" (1(1)).
=1
By the properties satisfied by {1;}, we infer that

m

Z (v(t))]

=1

i( U, (G(0) X (3(0),

=1

'Y(t) = 111]

MZEMZ

<.
Il

—

-~

for almost every t € [0,T]. Each mapping ¢ — v;(y(t))U; (¥(¢)) belongs to
LQ([O,T];R). We infer easily the existence of u € LZ([ 7T],]Rk) such that
Y= Yu- O

Remark 1.2.3. If M is compact, then solutions to (1.5) (resp. (1.6)) are
defined for any u € L*([0,T];R™) (resp. u € L([0,T]; R¥)).

Given a family of smooth vector fields F = {X1,~-- ,Xk} on M and

x € M, T > 0, a function u € U;-’T C Lz([O,T];Rk) is called a control and
the corresponding solution of (1.6) is called the trajectory starting at z and
associated with the control w. Since any horizontal path can be viewed as
a trajectory associated to a control system like (1.6), we restrict in the next
paragraph our attention to End-Point mappings associated with finite families
of smooth vector fields.

End-Point mappings

Let F = {Xl, e ,Xk} be a family of k > 1 smooth vector fields on M. As be-
fore, given x and T > 0, there is a maximal open subset U;_—’T c L? ([O, T]; Rk)
such that for every u € U ;-’T, there is a unique solution to the Cauchy problem

Zul () ae te0,T],  7.(0) =z (1.7)
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The End-Point mapping associated to F at x in time 7" > 0 is defined as
follows,
x, T . x, T
Er  Uf — M
u — (7).

Given u € U ;”_JT, we denote by X% the time-dependent vector field defined by
X%(t,x): ZUZ a.e. t €[0,T], Vx € M.

Its flow @Y% (¢, z) is well-defined and smooth on a neighbourhood of z; we denote
by Do®%(t,x) its differential at (¢,x) with respect to the x variable. The
following result holds. (We refer the reader to Appendix A for reminders in
differential equations and to Appendix B for reminders in differential calculus
in infinite dimension.)

Proposition 1.2.4. The End-Point mapping E;_-’T is of class C' on U;E_-’T and
for every control u € U;’T, its differentiable at u,

D, EZT : L*([0,T);RF) — Tporr,\ M

ra (u)

s given by
T
DuEﬁ’T(w:Dw@?(T,x)-/o (D, @Y% (t, )" - X3 (1, EX' (w)) dt (1.8)

for every v € L%([0,T];R*). Moreover, the mapping
uweUp" — D,ERT (1.9)
1s locally Lipschitz.

Proof. Any smooth manifold can be smoothly embedded in an Euclidean space.
Then without loss of generality we can assume that M is a smooth submanifold
of some RY and consequently that the X*%’s are the restrictions of smooth
vector fields X!,..., X* which are defined in an open neighborhood of M in
RN, Given u € Uy" and v € L?([0,T}; R¥) let us look at

1 T T,
}1_1@(1) (Ef’T(u + ev) — EfT(u)).

Using the previous notations, we have

/OZ w;(t) + ev; (¢ )Xi(7u+€v(t))dt

Yutev (T)

/0 Z wi(t) + evi(t) X' (Yuteo (1)) dt, (1.10)

with Yu4e0(0) = 2. For every i = 1,...,k and every t € [0,T], the Taylor
expansion of each X* at v, (t) gives
Xi (7u+ev (t)) = Xi (’Yu(t)) + D'yu(t)Xi : (7u+ev (t) — Yu (ﬂ)
+ Nuteo(t) = ()] o(1).  (1.11)
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Setting 6, (f) := Yuten(t) — 1u(t) for any ¢, we may assume that J, has size e,
then (1.10) yields formally

0z ( / Zuz D, X" - dt—&—esz )—|—0()

This suggests that the function ¢t € [0,T] — 6, (¢) should be solution to the
Cauchy problem

k
= [Zui(t)D%(t)Xi 04 (t)
=1

sz ()

with §,(0) = 0. By (1.10)-(1.12) together with Gronwall’s Lemma (see Ap-
pendix A) we check easily that for every v € L?([0,T];R*), the quantity

a.e. t€[0,7], (1.12)

1 €T xr
(B (ut ev) - BR" (u) — b (T))
tends to zero as € tends to zero. For almost every ¢ € [0, T] denote by A,(t)

the matrix in My (R) representing the linear operator Z _ui(t )Dw(t)f(i in
the canonical basis of RY and for every ¢ € [0,T], denote by B, (t) the matrix
in My 1 (R) whose the columns are the X%(v,(t))’s. Denote by S, : [0,T] —
My (R) the solution to the Cauchy problem

Su(t) = Au(t)Su(t) ae. t€[0,T], S,(0)=1,.

Note that S, (t) is exactly the Jacobian of the flow ' (with F={X',..., X"}
at (t,7,(t)) with respect to the x variable. The solution of (1.12) at time T is
given by (see Appendix A)

5,(T) = D,EZ" (v) = /s W (t)o(t)dt.

Thus we check that (1.8) is satisfied. Let us now prove the local Lipschitzness
of u — DUE;’T and indeed give more details on the estimates that were needed

in the above proof. Let @ a control be fixed in UJf_-’T C L?([0,T]; R¥). The curve
7a ([0,T]) € M C RY is compact. Let € > 0 be fixed, the set V C RV defined
by

V= {%(t) v zte[0,T), z B(O,e)}

is relatively compact. Then there is K > 0 such that all the X¥s are bounded
by K on V and all the X*’s are K-Lipschitz on V. Set

€

0= o KTl

and pick a control u € L?([0,T];R*) with |lu — [/, < 6. We claim that u
belongs to U;’T and that the trajectory v, : [0,7] — M C R¥Y (which is
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associated with u) is contained in V. Argue by contradiction and assume that
there is t € [0, 7 such that 7, (¢) is on the boundary of V. Taking ¢ > 0 smaller
if necessary, we may assume that v, (¢) belongs to V for any ¢ € [0,7). Set

f(t) = () —va(t)  Vte[0,].
Then we have for every t € [0,1),

k
f) = Zul Xl ’yu ) Zui(s)f(l(fyg(s))ds
t| k -
< jg ;;;<ul(s>-—z@( ) X (u(s)| ds

Kt|u—al,, + /
0

By Gronwall’s Lemma (see Appendix A) and definition of ¢, we infer that

IN

s)ds.

F() < KT|lu—al| XTI < e

Thus we get a contradiction and the claimed is proved. Let u,u’ € L?([0,T]; R¥)
with ||u — @2, [|u’ — @]/ <, by repeating the same argument we get

Yu' — Yu > U — U2 w240 , 4.
I (1) = Yu(B)] < Kt||u! = u KT 40) i e [0, 7]

(This shows that End-Point mappings are locally Lipschitz.) Denote by S, S :
[0,T] — My (R) the solutions to the Cauchy problems

$u(t) = Au(®)Su(t) ae. t€[0,T), S,(0) = I,
Su’ (t) = Au’ (t)Su/(t) a.e. t e [O,T], Su/(O) = I’ru

where A,, A, are defined by

k
Zuz Tgi(w(®)),  Au(t) =Y ui(t)Tgi (v (t),
i=1
for almost every t € [0,T] (Jg: (u(t)) (resp. Jg: (7w (t)) denotes the Jacobian
matrix of X% at 7, () (resp. at 7y, (t))). Taking K > 0 larger if necessary,
we may assume that it is an upper bound for the Jg,;’s on V and a Lipschitz
constant for the J¢;’s on V. Then we have for every t € [0,T7,

IS.(0)]l = %+/&$M@ms
< 1+/Z\uz 5. Gu®) ] 152 (5)) ds
< ./Kszws )| ds.
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By Gronwall’s Lemma (see Appendix A), we infer that
1S ()] < XT(Elezt9) vy ¢ [0, 77,

Set
g(t) == [|Sw (t) = Su()|  Vte0,T].

Then all in all, we have for every t € [0, T],

g(t) = ; 5 s) — Ayu(s)Su(s)ds
< /0 | (Aw () = Au(s)) Sw (s)]| ds
+/0 140 (3) (Sur (5) — Su(s))]| ds
¢k
< [ ki) = w5 e ) 15,3 ds
+/mew@%m T (ra®)]| 1S (s)]] ds
/Zm [ (@) 150 () = Suls)]] ds
< /Ot KeKT(lull2+3) Z u(s) — ui(s)]| ds
/ K2T62KT(HuHL2+§) o — ul - Z lug(s)| ds
/KZMIW — 5,(s)]] ds
< KT[1+ KT ([a] 2 +8)] K029 o/ — g,

t k
+AKEM®ﬂwh

which, by Gronwall’s Lemma, yields
18w () = Su®)|| < Cflu’ —u||,  Vte[0,T],

for some constant C' > 0. The functions ¢ € [0,7] — S,(¢)~1, Sy (t)"! are
respectively solutions to the Cauchy problems

L (Su(t)™) = =Su(t) T Au(t) ae. t€[0,T], S.(0)7! =1,
L (S (t)1) = =S (t) A (t) ae te[0,T], Su(0)~" = I,

Then with the same arguments as before, we may assume that the constant
C > 0 is such that

1Su (@)1l

7 1Sw @I, |Sw @) < ¢ vtelo,T]
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and

”Su’(t) - Su(t)H ’ |

Sw ()™ =S (t) 7| < Ol —ul|,, vt € [0, T).
Then we have
| Sur (T)Sur ()~ = Su(T)Su(t) 1| < 2C% |0’ —ul|,,  VEte[0,T).
Fix now v € L?([0, T]; R¥), then we have
Dy EZ" (v) = D EZ" (v)
= [ [5u5007 B0 - 505,07 B0 w0 .
And in turn,

D EXT (v) — Dqu”T’T(v)‘ <

T
/U Sur(T)Su (8)F (Bur (£) — Bu(t)) v(t) dt

T
F [ (S0 @15007 = 508,07 Bultyolo) e

By the above estimates, we obtain a constant D > 0 such that

’Du/Eng(v) — D, EXT(v)

< D’ = ul 2 o] 22,
which shows that the mapping given by (1.9) is locally Lipschitz on U;_-’T. O
Remark 1.2.5. If M = R"”, the derivative of E;?T at u is given by
T
D E=T (v) = S(T) / S B()u(t)dt,
0
where S : [0, T] — M, (R) is the solution to the Cauchy problem
S(t) = A(t)S(t) a.e. t€[0,T), S(0)=1,.
and where the matrices A(t) € My (R), B(t) € My, 1 (R) are defined by

k
A(t) := Z’U/i(t)JXi (7u(t)) a.e. t €1[0,T]

(vu(t) = E3"(u) and Jx: denotes the Jacobian matriz of X' at v,(t)) and

B(t) := (Xl(%(t)),--- ,Xk(%(t))) a.e. t €0,T).
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Properties of End-Point mappings
Given u € U;”_-’T, we set
Im%" (u) := D, EZ" (L*([0,T);R¥)).

Defining y = Eﬁ-’T(u)7 we observe that Im?T(u) is a vector space contained in
Ty, M, hence of dimension < n. We call rank of u € U;E_-’T with respect to E}’T,
denoted by rank’” (u), the dimension of Tm%" (u).

For any u € L2([0,T];R¥) and A > 0, we denote by uy the control in
L?([0; A71T], R*) defined by

ux(t) = Au(At) ae. t €[0,\71T).
Proposition 1.2.6. For every u € U;”_-’T and every X > 0, uy belongs to
Ux,/\flT
pa and
Dy, E2N T () = DLEET(v) Yo e L2([0, T R).
In particular, ranky" (u) = mnkﬁ-’)‘_lT(uA).

Proof. We just notice that if v, : [0,7] — M is a solution of (1.7), then the
path 7y, : [0, \71T] — M defined by

Yur(t) =yw(At) Ve [0,A7'T],

satisfies for a.e. ¢t € [0, \71T7,

k
Fur(t) = Mu (M) = Y Aui(M) X7 (yu(At))
i=1
k .
= Y u®)X ()
i=1
The remaining part of the result follows easily. O

For every u € L*([0,T];R¥), we denote by @ the control in L*([0, T]; R¥)
defined by
w(t) := —u(T —t) a.e. t € 1[0,7].

Proposition 1.2.7. For every u € U;’T, @ belongs to Ujé’T with y := E;T(u)
and

(D, ®x)" (T,2)" " - D ER" (v) + DaEL" (5) =0 Vw € L*([0, T]; R¥).
In particular, mnki-’T(u) = mnkg_-’T(a).
Proof. First, we note that

x, T
Ef-f (). T (@) =z VueUp'.

The mapping (z,v) — Ej_-’T(v) is smooth and its derivative with respect to
the z variable at (y = E;T(u),ﬁ> is given by D, ®%(T,z)~!. Derivating the
above equality at u yields the result. O
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For any u € L2([0,T]; R¥) and v’ € L?[0,7"]; R¥), we denote by u * u’ the
concatenation of u and v/, that is the control in L2[0,T + T']; R*) defined by

cul(t) = u(t) if 0<t<T;
YR EY Wt —-T) it T<t<T+T

for a.e. t € (0,7 +1"].
Proposition 1.2.8. For every u € Uy” and v’ € U;JT/ with y = B2 (u),
there holds u v’ € U}’T'Hﬂ and

Do BT (0 5 o) = D, @%(T',y) - dEZT (v) + Dy EXT (v), (1.13)
for any v € L2([0, T};R*) and v' € L*([0,T'];R*). In particular,

Do EZTT (0% 0) = D,®%(T',y) - DLEZT(v) Vo € L*([0,T];R¥),
(1.14)

Do BT (05 0) = Dy By v (v)) W' € L([0,T);R¥),  (1.15)
and
mnk;_-’TJrT/ (u*u') > max {mnk?T(u), mnkg-’T’(u/)} . (1.16)
Proof. We note that

’ x, T ’
E;:,T-‘rT (u * u/) _ Eff (w), T (u/)

)

for any u € Uy” and o' € Uﬁ-’T’ with y = E%" (u). The mapping (2,v)
E;-’T (v) is smooth and its derivative with respect to the z variable at (y,u’) is
given by D,®* (T, z). Derivating the above equality at u yields the result. []

Example 1.2.9. Let F = {X! X2} be the family of smooth vectors fields on
R* (with coordinates x = (w1, 2,23,74) and canonical basis (e1,ez,e3,€e4) )
defined by

X' = Oy, and X? = Oz, + 96%313 + 21220y, .

Setx = (—1,0,0,0), y = (0,0,0,0), and define the controls u,u’ € Lz([O, 1];R2)
by
u(t) =(1,0) and u'(t)=(0,1) vt € [0,1].

The control u has rank 3 with respect to Ei—’l. As a matter of fact, the trajectory
Yu 1 [0,1] — R* starting at x and associated with u equals

Yu(t) = (=1+1,0,0,0) Vi e[0,1],

and using the representation formula given in Remark 1.2.5, we have

D ER' (v) = /OT B(tyu(t)dt Vv e L*([0,1);R?),
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where B(t) = (X! (7u(t)), X2(vu(t))) for any t € [0,1]. Then,

Im* (u) = Span{/ol vi(t)dtey |vy € L([0, 1];R)}

+ Span {/1 va(t)dt e + /1(1 — )2y (t)dt ez | vo € L2(]0, 1];R)}
i i = Span{ey,es,e3} .
The trajectory v, : [0,1] — R* starting at y and associated with u' equals
Y (t) = (0,£,0,0)  Vte0,1],

and there holds
T
Dy E%' (v) = S(T) / S(t)"'B(t)v(t)dt,
0

where

S(t) = and B(t) = vt € [0,1].

oTHh O O
o O = O
O = OO
= O O O
OO O =
OO = O

We infer that

Iy (') = Span{ /0 oa(O)dtes |02 € L2([0, 1];R)}

1 1 2
+ Span{/ v1(t)dt eg +/ (1 - 7;) vi(t)dteq | vy € L([0, 1];R)}
0 0
= Span{ey,ea,e4} .

Finally, we note that
Dy ®%(1,y)(e3) = es.
Therefore, by (1.18)-(1.14), this implies

[m;-’Q(u xu') = R4,
which means that
4 = ranky? (uxu') > max {mnk;—’l(u), mnkﬁ-’l(u’)} =3.

The following proposition implies that the rank of a control is always larger
or equal than the dimension of the family {X*,..., X*} at the end-point.

Proposition 1.2.10. We have for every u € U}f—"T,

X (E;T(u)) em% (u)  Vi=1,- k.
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Proof. Let us first assume that we work in R™. In this case (see Remark 1.2.5),
the derivative of E?T at u is given by

D, ER" (v) = S(T) /OT S~ 'Btyu(t)dt  vve L*([0,T);R¥), (1.17)

where S(-) is the solution to the Cauchy problem
S(t)y = A(t)S(t), ae. te[0,T], S(0)=I,.
and where the matrices A(t) € M,,(R), B(t) € M, ,(R) are defined by

k
A(t) =Y ui(t)Jxi (ru(t))  ae te[0,T]
i=1

and
B(t) = (X'(w®), -, X (ru(®)) a.e. t € 10,77
Fix i € {1,--- ,k} and denote by e; the i-th vector of the canonical basis in
R*. Define, for every e € (0,T), the control v, € LQ([O,T];R’“) by
() = 0 if 0<t<T—g¢
VT (fe)es if T—e<t<T.
We have -
DLEF" (v) = S(T) | St ((1/X (1)) dt.
T—e¢
Hence

[DEE" (v) = X' ()|

T T
(1/€)S(T) . ST X (ult)dt — (1/€)S(T) - S(T) 7' X (vu(T)) dt

T
< (1/e)I5(T)] . ST X (vu(t) = S(T) 71X (u(T))] dt
T
< (1/6)|5(T)I/T_ [SEH X (v () = X (1)) dt

T
+(1/6)|5(T)|/T_ [~ = S)7H| |X* (v (T))] dt.

Both mappings t — X*(x,(t)) and t — S(t)~! are continuous at t = T.
Therefore, there holds

lim D EE" (v) = X' (7,(T)).

Since Tm%" (u) = D, ER" (L*([0,T];R¥)) is a closed subset of R*, we infer
that X (v, (T)) belongs to Im?T(u).
If we are now in M, then there exists a local chart around x and t € (0,7)
such that v,(t) € O. Set T' := T — t and define u! € L2([0,#];R*) and
u? : L2([0, T']; R*) by
ul(t) = u(t) Vtelo,1]
{ u?(t) =u(t+t) Vtel0,T]

We conclude easily by the above proof in R™ together with (1.15). O
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1.3 Regular and singular horizontal paths

Regular and singular controls

Let F = {X!,..., X*} be a family of & > 1 smooth vector fields on M. Given
x € M and T > 0, we say that the control u € U;’T is reqular with respect to x
and F if rank’” (u) = n (recall that M has dimension n). Otherwise, we shall
say that u is singular. In other terms, u is singular if and only if it is a critical
point of the End-Point mapping E;_-’T, that is if Ejf_-’T is not a submersion at u.

Remark 1.3.1. Proposition 1.2.10 shows that if F = { X', ..., X*} is a family
of smooth vector fields on M such that

Span{Xl(x),...,Xk(x)}:TmM Vr € M,

then every non-trivial admissible control (that is w in some U;’T with u #
0,7 > 0) is regular.

By Propositions 1.2.6, 1.2.7, we observe that a given control u € U;’T
is singular with respect to = and F if and only if any control of the form
uy € U}_’)‘_lT (with A # 0) is singular with respect to  and F and if and only
ifue Uﬁ-’T (with y = E;_-T) is singular with respect to y and F. Furthermore,
Proposition 1.2.8 yields immediately the following result.

Proposition 1.3.2. Let u € U;’T be a control which is singular with respect
tox and F. Let T', T% T3 > 0 be such that T* +T?4+T3 =T and ', 2% € M,

2 1 2 - 2 3
and u' € U;:_-’T ,u? € Ur T ,ud € Ur T he defined as

ul(t) = u(t) vt e [OaTl] 1_ EI,Tl 1
w?(t) =u(t+TY) Vte[0,T?] and { x2 A T2(u g
u(t) = u(t+T?) Vteo, s =Ep (u).

NN

°]

Then all the controls u',u?,u® are singular with respect to x and F.

Define k& Hamiltonians h',--- ,hF : T*M — R by

hi=hyi, Yi=1,---,k

that is

() =p-X'(z) Y= (x,p)eT*M, Vi=1,... k.
For every ¢+ = 1,...,m, E)l denote the Hamiltonian vector field on T*M as-
sociated to h;, that is satisfying tww = —dH, where w denotes the canonical

H
symplectic form on T x M. In local coordinates on T* M, the Hamiltonian

vector field h ; reads

i) = (Gt~ G ).

Singular controls can be characterized as follows.
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Proposition 1.3.3. The control u € U;-’T is singular with respect to x and F
if and only if there exists an absolutely continuous arc v : [0,T] — T*M that
never intersects the zero section of T* M, such that

k
d(t) = Zui(tﬁzw(t)) ae. t€[0,T] (1.18)

and
Ri((t)) =0, Vte[0,T] Vi=1,--- k. (1.19)

We say that v is an abnormal extremal lift of v, : [0,T) — M (defined by
(1.7)).

Proof. Let us first assume that we work in R”. If D, ER" : L2([0, T];R¥) — R
is not surjective, there exists p € (R™)* \ {0} such that

p-DLER (v)=0  Yoe L*([0,T];R").

Remembering Remark 1.2.5, the above identity can be written as
T
/ pS(T)S(t)"'B(t)v(t)dt =0 Vo e L*([0,T);R").
0

Taking v € L%([0, T]; R¥) defined as
o(t) = (pSE)SEH)'B(t)"  vte[o,T],

we deduce that
*

2
ds =0,

/ " |wssa )

which implies that pS(T)S(t)"'B(t) = 0 for any t € [0,T] (note that t —
pS(T)S(t)~1B(t) is continuous). Let us now define, for each ¢ € [0, T},

plt) == pS(T)S(t) .

By construction, p : [0, 7] — (R™)* is an absolutely continuous arc. Since p # 0
and S(t) is invertible for all ¢ € [0, T, p(t) does not vanish on [0, 7). Moreover,
recalling that, by definition of S,

d
%S

we conclude that p satisfies the following properties:

()"t =-S@t)"tA(t)  ae te]0,T],

p(t) = —p(t)A(t) a.e. t € 0,7
and
p(t)B(t)=0  Vtel0,T].

Which shows that (1.18)-(1.19) are satisfied with ¢(t) = (v, (¢),p(t)) for any
t € [0,T). By the way, we note that by construction, we have for every ¢ €
(0,77,

p(t) Dy, EF'(v) =0  Yve L*([0,t;R¥), (1.20)
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where u; denotes the restriction of u to [0, ¢].

Conversely, let us assume that there exists an absolutely continuous arc
p:[0,T] — (R™)*\{0} such that (1.18) and (1.19) are satisfied with ¢ = (7, D).
This means that

—p(t) = p(t)A(t) a.e. t€[0,T]

and
p(t)*B(t) =0 vt € [0, 7).

Setting p := p(T') # 0, we have, for any ¢ € [0,T],
p(t) =pS(T)S(H)~".
Hence, we obtain
pS(T)S(t)"*B(t)=0  Vte[0,T],
which in turn implies
p-DERT(v) =0, Yuve L*([0,T);R).

This concludes the proof. Again, the above proof shows indeed that (1.20)
holds for any ¢ € (0,77.

Assume now that we work on M. By Proposition 1.3.2, we can cut the path
Yu i [0,T] — M associated with u and w itself into a finite number of peaces
v .., 4t and w!, ..., u! such that each control u! is singular and each path ~*
is valued in a chart of M. Then we can apply the previous arguments on each
chart and thanks to (1.20) obtain a non-vanishing absolutely continuous arc v
satisfying (1.18)-(1.19) on [0, 7. O

Remark 1.3.4. We keep in mind that if ¢ : [0,T] — T*M is an absolutely
continuous arc satisfying (1.18)-(1.19), then

p(t)- Dy, EF'(v) =0 Vv e L*([0,1);R¥),
where ¥ (t) = (yu(t),p(t)) and u; denotes the restriction of u to [0,t]. (In the
sequel, ¥ - v or p-v with ¥ = (x,v) in local coordinates denotes the evaluation
of the form ¢ atv e T, M.)
Remark 1.3.5. In local coordinates, Proposition 1.3.3 means that there exists

an absolutely continuous arc p : [0,T] — (R”)* \ {0} satisfying

k
pt) = qui(t)p(t)D%(t)Xi a.e. t €[0,T] (1.21)

and

p(t) - X'(vu(t) =0  Vte[0,T],Vi=1,...k. (1.22)
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Regular and singular paths

Let A be a distribution of rank m < n in M. As seen before, it can be
represented by a generating family F = {X*' ..., X*} of smooth vector fields
(see Proposition 1.1.8). Given a point 2 € M, a time T > 0, and an horizontal
path v € QZ’T, we set

Ima (7) := D EZT (L*([0,T);R¥)) € Ty M,

(u)

where u € U;’T is any control such that v = v, (see Proposition 1.2.2). The
definition does not depend on the frame.

Proposition 1.3.6. Let F = {X',..., X"}, F = {Y',...,Y¥} be two gen-
erating families for A and x € M, T > 0 be fized. If u € UJf_-’T and u' € U;C_-’,T
satisfy

Yo () = (1) Ve[0T,

where vF (resp. %) denotes the solution to the Cauchy problem (1.7) associ-
ated with F (resp. F'), then

Im';-’T(u) = Immﬁ/T(u').

Proof. Tt is sufficient to prove that Im%” (v') € Tm%" (u). For every t € [0,T7,
there is an open set O; of 77 (t) in M and m integers i%,...,it, € {1,...,k}
such that

Span {X“i (), ..., X (z)} = Alx) VzeO,.

The curve ;7 ([0,7]) is compact and is contained in Uyepo,770;. Hence, there
are N times tq,...,ty € [0,7] together with a partition of unity {i;} such
that

N N
c|JOy,, Supp () C O, Y wy=1
j=1 Jj=1

For every j, there is a smooth mapping U’ : TM — R™ with U;(0) = 0 such

that
- St
=1

for every (z,v) € TM with x € Oy; and v € A(z). Then, there holds for every
z € Oy, every w' € R*, and every v € A(v),

K’ m k' )
Zw;Yz(x) :U-I-ZUlj Zw;Yj(:r)—v X ().
i=1 =1 j=1

By Gronwall’s Lemma (see Appendix A), there is a neighborhood U’ C U ;C_-’,T of
o' in L2([0, T];R¥") such that for every w’ € U’, the trajectory ’yfu-/l starting at
x associated with w’ is contained in Ué\f:l(’)t].. We infer that for every w’ € U’,
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there holds

DI ENCTAOIH Zwm Zm 1A0)

for almost every t € [0,T]. Each mapping
w el
k: .
—_ 1;[}J PYw Zw YJ ﬂYw’ : ) - Zul()XZ (’75/ ())
i=1

€ L*([0, T};R™)

is at least of class C'. Therefore, since 7% (t) = 47 (t) for any t € [0,T] and
U3(0) = 0 for all j, there is a C! mapping G’ : U’ — U;’T with G'(uv) = u
such that

Epf (') = ERT(G'(w')  vu' el
We infer that Tm%/ (uv/) C Tm%” (u). O

We call rank of v € Q%" denoted by ranka (v), the dimension of Ima (u).
We shall say that v is singular (with respect to A) if ranka (v) < n and regular
otherwise.

Remark 1.3.7. By Remark 1.3.1, if A has rank m = n then any non-trivial
horizontal path is regular.

Propositions 1.2.6, 1.2.7, 1.2.8, 1.2.10, 1.3.2 do apply to horizontal paths.
The rank of an horizontal path depends only on the curve drawn by the path
in M, it does not depend upon its parametrization. Proposition 1.2.8 yields
the following result (the concatenation of paths is defined in the same way as
the concatenation of controls):

Proposition 1.3.8. Letvy € QZT be a singular horizontal path, T',T?,T3 > 0
1 2 3 1 o Th 2 AT, T 3 (T?),T
be such that T* +T=+T° =T and v € Q" ,v° € QA 0 € Qp
be such that
v = ’yl k ’}/2 * ’ys.
Then the horizontal paths ', 72,72 are singular.
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In a more geometric way, singular horizontal paths can be characterized as
follows. Recall that T*M denotes the cotangent bundle of M, 7 : T*M — M
the canonical projection, and w the canonical symplectic form on T*M. We
denote by AL C T*M the annihilator of A in T* M, that is

AJ‘(Z‘)Z{pET;M|p~U=O,VUEA(Z)} Ve e M.

It is a rank n — m subbundle of the cotangent bundle 7% M, that is a smooth
map that assigns to each point z of M a linear subspace A*(x) of T M of
dimension n — m (or co-dimension m). In particular, the subbundle At is a
submanifold of T*M of dimension 2n — m. Let w denote the restriction of w
to AL. This restriction needs not be symplectic, and hence it might admits
characteristics subspaces Ker w(¢) at ¢ € A+. We recall that the kernel of a
bilinear form o = @, on TwAJ- is defined as

Ker o = {g € TyA [o(€,¢) =0,V¢ € TwAi}.

Definition 1.3.9. A characteristic curve of w on [0,T] is an absolutely con-
tinuous curve ¥ : [0,T) — T*M that never intersects the zero section of T*M
such that

Y(t) e At Ve [0,T)

and
U(t) € Kero(y(t))  a.e. t€[0,T).

Proposition 1.3.10. The horizontal path v € QZT is singular if and only if
it is the projection of a characteristic curve of @ on [0,T].

Proof. Let v € QXT and a k generating family F = {X',... X*} for A be
fixed.

Lemma 1.3.11. The tangent space to A+ at some ¢ € AL satisfies
n —.
T,AL = {g € TyT* M |wy (R (1), €) =0,Vi=1,.. k:} (1.23)
and
— .
hi(y) € TyAt  Vi=1,... k. (1.24)

,€) — T*M be a smooth curve

Proof of Lemma 1.3.11. Let ¢ = (z,p) : (—¢
(0) = ¢ in TyAL. There holds for every

in A such that ¢(0) = ¢ and ¢
i=1,...,k,
p(t) - X' (z(t)) =0 Vit € (—e,€),

which means that h*(1(t)) = 0 for any ¢ € (—¢, €). Derivating yields
Dywh' -4(t) =0  Vt e (—ee),
— .
which by definition of the h*’s means that

W(t) (7"(w(t)),z/}(t)) =0 Vte(—ee),Vi=1,..., k.
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Taking the above equality at ¢ = 0, we infer that wy (ﬁz(w), €) = 0, which in
turn shows that

T,A* ¢ {g € TyT* M |wy (Ri(),6) =0,Vi=1,.. k}

—.
By definition of the h"’s, the vector space appearing in the right-hand side can
be seen as .
NF_ Ker Dyh'

Since F = {X1',..., X"} is a k generating family for A of rank m, the linear
forms Dyht, ..., thk span a space of dimension m in the dual of TyT*M.
This shows that the intersection of the Ker D, h"’s has dimension 2n —m. The
equality (1.23) follows. Consider now for every i = 1,...,k, ¥ : [0,¢] — T*M
a local solution to the Cauchy problem

P =T (0) Vield wi)=v.

Since h' is constant along the integral curves of 7 and ) € At there holds
R (y'(t) =0  Vte[0,€,Vi=1,...,k.

This implies that 1?(t) always remains in A+ and in turn gives (1.24). O

Let us first assume that v is singular. By definition, this means that there
exists a control u € U ;’T which is singular and such that

k

$(t) =D u(t)X* (v(t)) ae. t€[0,T].

i=1

By Proposition 1.3.3, there exists an absolutely continuous arc ¢ : [0,7] —
T*M that never intersects the zero section of T* M, such that

k
d(t) = Zui(tﬁz(w(t)) ae. t €[0,7T]

and
hi(w(t)):(), vt € [0,T] Vi=1,--- k.

The first property together with Lemma 1.3.11 shows that
W) (1/}(75),5) -0 ace. t € [0,T], V€ € Ty AL,

while the second property means that v(t) belongs to A+ for all t € [0,7],
which implies )
¢(t) € Tw(t)AJ' a.e. t e [O,T]

Therefore, we deduce that ¢(¢) belongs to Ker @(1(t)) for a.e. t € [0,T], which
shows that +y is the projection of a characteristic curve of @ on [0, T].

Conversely, assume now that ~ is the projection of a characteristic curve of
@ on [0, 7Y, that is that there exists an absolutely continuous curve ¢ : [0, 7] —
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T* M that never intersects the zero section of T*M whose projection is v and
such that
Y(t) e At Ve [0,T]
and .
Y(t) € Ker @((t)) a.e. t € [0,T].

Let ¢ € [0,T] be fixed such that ¢ is differentiable at ¢t. Thanks to Lemma
1.3.11, there holds for every i =1,...,k,

Hi((t) € TyAL  and  wyy (R (1), €) = 0V € TyAL.

This means that &’ (¥(t)) belongs to Ker @ (1(t)). Hence

k

£() = () — > wit) B (1(t)) € Ker w(s(1)).

i=1
Since + is the projection of ¢, 1(t) and £(t) have the form (in local coordinates):

Y(t) = (v(t),p(t)) and &) = (0,0(1)).
Therefore, there holds

0=wy)(E1),8) =—0(t) v VE = (v,0) € TyA™L.

Since A can be seen as the graph of the mapping x +— A(z) C T*M, there
holds
Dyr (TyA*) = T, M.

Therefore, we infer that 6(f) = 0, which proves that ¢)(t) = Ele u;(t). We

conclude easily by Proposition 1.3.3. O

Examples

Example 1.3.12. Returning to Examples 1.1.2 and 1.1.19, consider in R with
coordinates x = (x1, T2, x3), the totally nonholonomic rank two distribution A
defined by

Ax) = Span{Xl(a:),Xz(x)} Vr € R?

with " "
72313 and X% =0,, + 31313.

We claim that the singular horizontal paths are the constant curves or equiva-
lently that the only singular control with respect to F = {X*, X2} is the control
u = 0. Let us prove this claim. Let x € R®,T > 0 be fized and u € U;’T be a
singular control. Denote by x : [0,T] — R3 the solution to the Cauchy problem

X' =08, -

() = u ()X (2(t) Fua(t) X2 (2(t)) ace. t€]0,T), x(0)=xz (1.25)

From Proposition 1.5.3, there exists an absolutely continuous arc p : [0,T] —
(R3)™\ {0} such that

Bt) = —ur(t) p(t) - Doy X" — ua(t) p(t) - Dy X? (1.26)
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for a.e. t €[0,T] and

p(t) - X (z(t)) = p(t) - X*(x(t)) =0 vt € [0, 7). (1.27)
Taking the derivatives in (1.27) gives

p(t) - X' (x(t) + p(t) - Dy X*(2(t)) =0 a.e. t €[0,T], Vi=1,2.
Which implies, by (1.25)-(1.26),
un (B p(t) - (X1, X7 (2(0) + w(t) plt) - [X2, X)((t) =0 ac. te [0,T].

Taking i =1 and i = 2, we obtain that for almost every t € [0,T],

ur () p(t) - [X 1, X2 (2 (1) = ua(t) p(1) - [XT, X?](2(t)) = 0.
This can be written as

u(®)® (p(t) - (X', X2)(x(1))" =0 ae te0,T],

Since [ X', X?| = =52 and (1.27) is satisfied with p(t) # 0, we deduce that
u=0.

Example 1.3.13. The property of the previous example is satisfied by much
more general distributions. A distribution A on M is called fat if, for every
x € M and every section X of A with X (x) # 0, there holds

T, M = A(z) + [X, A](z), (1.28)

where
(X, Al(z) := {[X, Z|(x) | Z section of A}.

The condition above being very restrictive, there are very few fat distributions.
Fat distributions on three-dimensional manifolds are the rank-two distributions
A satisfying

T, M = Span{Xl(w),Xz(x), (X!, x?] (x)} Yz eV,

where (X', X?) is a local frame for A in V. Another example of co-rank one
fat distributions in odd dimension is given by contact distributions which were
introduced in Example 1.1.23. In this case property (3.44) is an easy conse-
quence of (1.4). Let us now prove that fat distributions do not admit non-trivial
singular horizontal paths. By Proposition 1.5.8, we just need to show that non-
constant short horizontal paths cannot be singular. Taking a local chart if nec-
essary we can work in R™ and assume that A has a local frame X', ..., X™.
Let x € R™,T > 0 be fized and u € U;’T be a singular control. By Remark
1.3.5, there exists an absolutely continuous arc p : [0,T] — (R")* \ {0} satis-
fying (1.21)-(1.22). For almost every fixred t € [0,T] and every i = 1,...,m,
derivating (1.22) yields

D u®p(t) - [X1, X (qult) = p(t) - | D_u; ()X, X7 (qu(t)) =0.
j=1 j=1
Setting the autonomous vector field X (-) := 3771, u; () X7(-), we deduce that

p(t) annihilates all the X' (v, (t))’s and all the [ X, X*] (v4(t))’s. This contra-
dicts (3.44).
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Example 1.3.14. Returning to Example 1.1.21, we consider in R? with co-
ordinates x = (x1,x2,x3), the totally nonholonomic rank two distribution A
defined by

Ax) = Sp(m{Xl(x),Xz(x)} Vr € R?
with
2 at
X! = Oz, and X°=0,, + ?8%.

We claim that the singular horizontal curves are exactly the “traces of the
distribution” on the surface

YA = {$€R3|l‘1:0},

which in other terms means that the singular horizontal paths are either con-
stant curves or are contained in a line 1, of the form

l, = {a:: (z1, 22, 23) 6R3|x1 =0 and x5 :z}

for some z € R.

\
DN — =

n

N ———

7
7
7
7

Let us prove this claim. Let x € R3, T > 0 be fized and u € U;”_-’T be a non-
trivial singular control. Denote by x : [0,T] — R? the solution to the Cauchy
problem

A/
7
7

e

2(t) = ur ()X (2(t)) +ua () X*(x(t)) ae. t€[0,T], =(0)=u.

As in the previous example, from Proposition 1.3.3, there exists an absolutely
continuous arc p : [0,T] — (R3)* \ {0} such that

p(t) = —ur () p(t) - Doy X" — ua(t) p(t) - Doy X (1.29)
for a.e. t €[0,T] and
p(t) - X' (z(t)) = pt)- X?(x(t)) =0  Vte€[0,T]. (1.30)
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We deduce that
|u(t)|2 (p(t) . [Xl,Xz](z(t)))2 =0 a.e. t €[0,T].

Since the three vectors X'(z), X?(x), [ X!, X?](x) span R® for every x with
x1 # 0, this shows that x1(t) = 0 for all t € [0,T], which in turn implies that
uy; = 0. We deduce that x has the form

x(t) = (O,xg(O) + /Ot ug(s)ds,O,x3(0)> ,

which shows that it is contained in l,,). Conversely, if an horizontal path
x € QZT has the form

z(t) = (0,22(t),2)  Vte[0,T],
with z € R, then any absolutely continuous arc p : [0, T] — R3\ {0} of the form
p(t) = (0,0,ps) vt € [0,T],

with ps # 0 satisfies (1.29) and (1.30). This shows that any horizontal path
which is contained in a line l, for some z € R is singular.

Example 1.3.15. More generally, consider a totally nonholonomic distribu-
tion A of rank two in a manifold M of dimension three. We define the Martinet
surface of A as the set defined by

Sa = {:v € M|A(x) + [A, A](z) £ ngM},

where
(A A(z) = {[X7 Y|(z)| X,Y sections of A}.

In other terms, a point x € M belongs to Xa if and only if A is not a contact
distribution at x, that is if for any (or for only one) local frame { X1, X2} in
a neighborhood of x the three vectors X'(z), X?(x), [ X", X?](x) do not span
T,M. The singular paths with respect to A are exactly the horizontal paths
which are contained in Xa. Let us prove this claim. The fact that singular
curves are mecessary included in XA follows by the same argument an in Fx-
ample 1.3.12. Let us now prove that any horizontal path which is included in
YA is singular. Let v : [0,T] — M such a path be fized, set v(0) = =, and
consider a local frame {X', X2} for A in a neighborhood V of x. Let 6 > 0 be
small enough so that ¥(t) € V for any t € [0,4], in such a way that there is
u € L2([0,6]; R?) satisfying

A1) = wi ()X (v(1) +u2()X3(4(1)  a.e. t€[0,4].
Taking a change of coordinates if necessary, we can assume that we work in

R3. Let py € (R3)* \ {0} be such that po - X1(z) = po - Xo(z) = 0, and let
p:[0,8] — (R3)* be the solution to the Cauchy problem

pit) == > wit)p(t)- DyyX'  ae. t€[0,5], p(0)=po.
i=1,2
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Define two absolutely continuous function hy, he : [0,0] — R by
hi(t) = p(t) - X'(v(t))  Vte[0,8], Vi=1,2.

As above, for every t € [0, 6] we have

ha(t) = — [p(t) - X' (4(#))] = —ua(t) p(t) - [X", XZ](4(8))

and .

ha(t) = ua (1) p(t) - [XT, X*] (7(1)).
But since v(t) € X for every t, there are two continuous functions A1, Ag :
[0,6] — R such that

(X1 X2](v(1) = M(OX T (v(1) + X X2 (4(1)) V€ [0,0].
This implies that the pair (hi, he) is a solution of the linear differential system

{7:11@) = —uz(O)M()h1(t) — u2(t)A2(t)ha(t)
]’Lg(t) = ul(t)/\l(t)hl(t)+U1(t)/\2(t)h2(t).

Since h1(0) = hy(0) = 0 by construction, we deduce by the Cauchy-Lipschitz
Theorem that hi(t) = ha(t) = 0 for any t € [0,6]. In that way, we have con-
structed an absolutely continuous arc p : [0,d] — (R?’)* \ {0} satisfying (1.3.5)-
(1.8.5) (with v, = 7). We can repeat this construction on a new interval of
the form [0,28] (with initial condition p(d)) and finally obtain an absolutely
continuous arc satisfying (1.3.5)-(1.8.5) on [0,T]. By Proposition 1.5.3, we
conclude that v is singular.

Example 1.3.16. Consider in R* the two smooth vector fields X', X? given
by

Xlzawl, X2:812+.Z‘18w3+3738w4.
These two vector fields are always linearly independent in R*. Moreover we
have

(X1 X% =0y, [XP (XY XP]] = —0s,.

Therefore the family F = {X', X2} spans a totally nonholonomic distribu-
tion A of rank two in R*. Let us look at singular horizontal paths of A
or equivalently at singular controls with respect to End-Point mapping E;?T
with x € R* and T > 0. Let u € U;’T be a control satisfying |u(t)] = 1
for a.e. t € [0,T]. This control is singular if and only if there is an arc
p = (p1,p2,p3,p4) : [0,T] — (R4)* \ {0} which satisfies (1.21) and (1.22).
Denoting by x = (1, 9,73, 74) : [0, T] — R* the trajectory uniquely associated
to x and u, (1.21) yields

1(t) = wi(?) pi(t) = —ua(t)ps(t)
i3(t) = wua(t)za(t) Ps(t) = —ua(t)pa(t) '
Ty(t) = ua(t)zs(t), pa(t) = 0,

for a.e. t €10,T], while (1.22) yields

p1(t) = p2(t) + 21(t)ps(t) + x3(t)pa(t) =0 vt € [0,T]. (1.32)
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System (1.31) implies that pa and py are constant on [0,T]. If py = 0, then
(1.81) also implies that ps is constant on [0,T]. Hence we obtain that ps +
z1(t)ps = 0 for every t € [0,T]. Which means that either x1 is constant
or po = pg = 0. Since p does not vanish on [0,T], we deduce that x is
constant, which means that u; = 0. But us(t)ps = 0 for almost every t, hence
ps = 0 (remember that |u(t)] =1 a.e. t € [0,T]). We obtain a contradiction.
Therefore, py # 0, hence we deduce easily that

0=ux(t)p3(t) = <3(t)> p3(t) =0 a.e. t€10,T).

2

Since p3 is absolutely continuous, this means that it is constant on [0,T]. This
implies that us(t) = 0 for allt € [0,T]. Then, the curve x has the form

z(t) = (z1(t), 22(0), 23(0), 24(0)) vt € [0, 7).
In conclusion, a singular curve passes through each point in R%.

Example 1.3.17. The previous phenomena happens for more general rank
two distributions in dimension four. Let A be a rank two distribution on a
four-dimensional manifold M such that for every x € M, there holds

A(x) + [A, Al(x) has dimension three (1.33)
and
T,M = A(z) + [A, Al(z) + [A, [A, A]] (2) Ve e M, (1.34)
where
(A, A](z) == {[X, Y(x) | X,Y sections of A}
and  [A[AA]](x) := {[X, Y, Z]]| () | X,Y, Z sections of A}.

As above, we can work locally. so let us consider a frame {X*, X%} and a
trajectory = : [0,T] — R* associated to some control u € L*([0,T];R?). If = is
singular (with respect to A), there is p: [0,T] — (R4)* \ {0} satisfying (1.21)
and (1.22). Deriative two times yields for almost every t € [0,T] such that
ult) 0,

p(t) - [X1, X?](z(t)) =0 (1.35)
and
up(t) p(t) - [Xl, [X17X2]] (z(t))
+uo(t) p(t) - [ X2, [X', X?]] (z(t)) =0. (1.36)

Since M has dimension four and [A,[A, A]] has dimension three, there is (lo-
cally) a smooth non-vanishing 1-form « such that

oz -v=0 Yo € A(z) + [A, A](z), V.

The, by (1.22) and (1.35)-(1.36), we infer that for almost every t € [0,T] such
that u(t) # 0,

i (8) ey - [X0 X0 X)) (2(0)) + ua(t) aayy - [X2 [X0, X7]] (2(1)) = 0.
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By the above assumptions, for every x, the linear form
(A1 de) € B2 — (g - [X7 [X1 X2 (@) A+ (- [X2 [X0, X)) (2)) 2

has a kernel of dimension one. This shows that there is a smooth line field (a
distribution of rank one) L C A on M such that the singular curves are exactly
the integral curves of L.

1.4 The Chow-Rashevsky Theorem

Openness of End-Point mappings

The following result will imply easily the Chow-Rashevsky Theorem. We recall
that a map is said to be open if the image of any open set is open.

Proposition 1.4.1. Let F = {Xl, e ,Xk} be a family of smooth vector fields
on M satisfying the Hormander condition on M. Then for every x € M and
every T > 0, the End-Point mapping E;}’T : U;_-’T — M s open.

Proof. Let x € M and T > 0 be fixed. Set for every € > 0,
d(e) = max{rank;le(u) lue Ug st [JullLz < e},

By Proposition 1.2.8, the function € € (0,4+00) — d(€) is nondecreasing with
values in N. So, there is ¢y and dy € N such that d(e) = dy for any € € (0, ).
Since F satisfies the Hérmander condition at x, the space Span{X*(z),..., X*(z)}
has dimension > 1. Then, thanks to Proposition 1.2.10, there holds

d(e) =dy >1 Ve € [0, €)-

Let € € (0,¢0) and u® € Uz such that ||u||,2 < € and rankZ(u¢) = do be
fixed. There are dy controls v!,--- v in L%(]0,€]; R¥) such that the linear

map
L:Rb — T M

A= (AL Ad) s DB (Zj(’:l /\jvj)
is injective. By construction and the fact that the mapping u — rank’z“(u) is
lower semicontinuous, the rank of any control u is equal to rank?“(u¢) = do

as soon as u is close enough to u¢ in L2([0, ¢]; R¥). Hence, there is an open
neighborhood V of 0 € R% where the mapping

E:V — M
Ao B (w4 5, Vo)

is an embedding, whose the image is a submanifold N of class C! in M of
dimension dy. Moreover by construction again, there holds for every small
A € R,

do
Im%2 | u® + Z Nv? | = DyE(R™) = Te(n)N.
7j=1

By Proposition 1.2.10, we infer that
Xi(y)eT,N Vi=1,...,k,Yy € N.
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Lemma 1.4.2. Let Q be an open subset of R! (1 >2) and S be a submanifold
of Q of class C'. Let X,Y be two smooth vector fields on 2 such that

X(z), Y(z) € TS Vo € S.
Then [X,Y](z) € T,S for any x € S.
Proof of Lemma 1.4.2. As in Proposition 1.1.10, we denote respectively by e

and €'Y the flows of X and Y. Since by assumption X and Y is always tangent
to S, we have for every z € S,

X (x), e (z) €S V¢ small.

Then
(e oe ™™ oeM o) () €S Vz € S and t small.
By Proposition 1.1.10, we infer that [X,Y](z) € T, S for any z € S. O
It follows from the above lemma that all the brackets involving X!, ..., X%

at y € N belong to Ty, N. Since F satisfies the Hormander condition, this shows
that dg = n and indeed that d(e) = n for any € > 0.

Let O be an open subset of U;c_-’T, v € O and € > 0 to be chosen later. Since
d(e) = n, there is u € Uz such that |u||z2 < € and rank’2“(u) = n. Define the
control © € L2([0,T]; R¥) by

The trajectory associated with o is the concatenation of the curve x,, starting
at z and associated with u, x; starting at x,(¢) and associated with %, and a
reparametrization of x, starting at x and associated with v.

75 (0)

By construction (thanks to Propositions 1.3.2), © belongs to U;’T, is regular
and satisfies E;-T(ﬁ) = E;T(v). Then, as above, the image of a small ball
centered at the origin in L?([0, T]; R¥) by the mapping w E;_-T(ﬁ +w) is an
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open neighboorhood of Ejf_-T(f)) = E;_-T(v) Furthermore, we have

€ 2e€
0 ; = ult) —v 2 —u(2e —t) —v 2
lo=ols = [ =P+ [ muze—t) - oo ar

T
+/
2e

dt

(T Tge) . (T;t_;:)> e 2
2/06 |u(t)2dt+/02€ lo(t)|* dt

g /O (u(t), o(t)) dt +2 / e )t
+/QET (TT26) u(t) — u(t) th
() L () ]
i (T T2€) /QET <u (M) —u(t),
(TT%) u(t) —u(t)>dt.

IN

dt

Then since |Ju|z2 < € and both functions

teReT] (T f%) u(t) — u(t)

and te€[2,T] — u (T(t_26)> —u(t)

T — 2¢

tend to zero in L?, we infer that ¥ belong to O if € is small enough. This shows
that E%" (O) contains a neighborhood of Ex" () = EZ" (v). O

Statement and proof

The aim of the present section is to prove the following result.

Theorem 1.4.3 (Chow-Rashevsky’s Theorem). Let A be a totally nonholo-
nomic distribution on M (assumed to be connected). Then, for every x,y € M
and every T > 0, there is an horizontal path v € QZT such that v(T) = y.

Thanks to the above discussion, the Chow-Rashevsky Theorem will be a
straightforward consequence of the following result.

Theorem 1.4.4. Let F = {Xl, e ,Xk} be a family of smooth vector fields on
M. Assume that M is connected and that F satisfies the Hormander condition
on M. Then for every x,y € M and every T > 0, there is a control u € U;_-’T
such that the solution of (1.7) satisfies v,(T) = y.
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Proof. Let  and T > 0 be fixed. Denote by Ax(z,T) the set of points in M
which can be joined from x by a control in U}Q’T, that is

Agp(z,T) = E2T (U}’T) :

By Proposition 1.4.1, Az(z,T) is an open set in M. Let us show that this set
is closed as well. Let {z;}r be a sequence of points in M converging to some
z € M. By openness of the mapping Ez' and the fact that E2'(0) = z, the
set E;-’l (U ;1) is an neighborhood of z. Then, there is k large enough such
that z; belongs to that set.

2k

The concatenation of wuy together with « steers x to z. This shows that
Az(x,T) is closed in M. In conclusion Az (z,T) is open, closed and nonempty
(it contains z). By connectedness of M, we infer that Ax(z,T) = M. O

Remark 1.4.5. The Chow-Rashevsky may be of course obtained in different
ways. For instance, consider in R3 a totally nonholonomic rank two distribu-
tion A generated by two smooth vector fields X', X? such that

Span{Xl(m), X2(z), [X1, X?] (x)} =R® VzeR®
Let x € R and X > 0 be fized, define the function ®y : R — R3 by

1 2 1 2 1
(I))\(t17t27t3) = (e)‘X 0 el o AN o el2 X o gt X ) (z),

for every (t1,ta,t3) € R3. It can be shown that ®y is a local diffeomorphism
in a neighborhood of the origin provided X\ is small enough. This implies easily
the Chow-Rashevsky Theorem for contact distributions in dimension three.

On the set of regular controls
The proof of Proposition 1.4.1 implies indeed the following result.

Proposition 1.4.6. Let F = {Xl, e 7X’“} be a family of smooth vector fields
on M satisfying the Hormander condition on M (assumed to be connected).
Then for every x € M and T > 0, the set of reqular controls an_-’T C U;c_-’T is
open and dense in U;”_-’T. Moreover, for everyy € M, there is a smooth control
u € R?_—’T such that the solution of (1.7) satisfies v, (T) = y.

Proof. The density part follows from the last part of the proof of Proposition
1.4.1. The openness of R?T is a straightforward consequence of the C'! regu-

larity of E;_-’T and the fact that regular controls are nothing but regular points
of E;_-’T. Let x,y € M and T > 0 be fixed. Let us show that = can be steered
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to y by a smooth regular control. From Theorem 1.4.4, we know that there is
u € U;C_-’T such that the solution of (1.7) satisfies v,,(T') = y. Replacing u by a
control of the form

with v € R%Z and € > 0 small enough, we may assume that u is indeed a
regular control joining x to y. Therefore, there are n controls v',--- ,v™ in
L?(]0, T); R¥) such that the linear map

L:R" — T, M
A= (AL M) s D,ERT (Z;?:l)\jvj)

is bijective. In fact, since the set of smooth functions is dense in L? ([0, TY; Rk),
we may assume that all the v7’s are smooth. Therefore, by the Inverse Func-
tion Theorem (and up to take a set of local coordinates), there is an open
neighborhood V of 0 € R™ such that the mapping

E YV — M
A o— ERT (u—&-Z?:l)\jvj)

is a diffeomorphism from V to £(V). The open set £(V) contains a ball centered
at £,(0) = E;T(u) = y whose the radius r > 0 is controlled by D&, and the
local Lipschitz constant of A — D&, (see Theorem B.1.4). Therefore, there is
v > 0 such that if a € U;’;’T is such that ||& — u||z2 < v, then the image of the
mapping
Ea:V — M
P (u +0 )\jvj)

contains a ball centered at £;(0) with radius r/2. Taking @ smooth with
||& — u||pz small enough implies that

r
[€a(0) =yl = [€a(0) = £u(0)] < 3,
which shows that y can be steered from x by a smooth control. O

Given a totally nonholonomic distribution A on M, z € M and T > 0,
we denote by RZT the set of regular horizontal paths in QZ’T. The following
result is an immediate corollary of Proposition 1.4.6.

Theorem 1.4.7. Let A be a totally nonhonomic distribution on M (assumed
to be connected). Then, for every x,y € M and every T > 0, there is a smooth
path v € RYT such that v(T) = y.

1.5 Sub-Riemannian structures

Definition

Let M be a smooth connected manifold of dimension n. A sub-Riemannian
structure on M is given by a pair (A, g) where A is a totally nonholonomic
distribution on M and g is a smooth Riemannian metric on A, that is for
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every © € M, g(-,) is a scalar product on A,. A simple way to construct a
sub-Riemannian structure is to take a smooth connected Riemannian manifold
(M, g), to consider a totally nonholonomic distribution A on M, and to take
as sub-Riemannian metric the restriction of g to the distribution. In fact, any
sub-Riemannian structure can be obtained in this way.

Example 1.5.1. The space R3 (with coordinates (x,vy,2)) equipped with the
rank two distribution A given in Evample 1.1.2 and with the metric g = dx* +
dy? is the most simple sub-Riemannian structure we can imagine. The length
of a vector v = (v1,v2,v3) € A(z,y, 2) is given by

[v]9 = \/v? + V3.

Since v is an horizontal vector, the latter quantity does not vanishes unless
v =0.

If the distribution A admits a frame X*',..., X™ on an open set O C M,
then the family F = {Xl, e ,Xm} is called an orthonormal family of vector
fields or an orthonormal frame for (A, g) in O if there holds

Ja (Xi(x),Xj(x)) = 0y, Vi,j=1,...,m, VYzeO,

where §;; denotes the Kronecker symbol (that is ;; = 1if i = j and §;; =0
if ¢ # j). Sub-Riemannian structures admit local orthonormal frames in a
neighborhood of each point of M.

The sub-Riemannian distance

From now on, for every © € M we denote by |- |2 the sub-Riemannian norm
on A(x), that is
g = Vga(v,0)  YveAz).

The length of an horizontal path v € QZ’T is defined by

T
length? () ::/O h(t) z(t)dt. (1.37)

Note that since any horizontal path is absolutely continuous with square inte-
grable derivative, the length of any horizontal path is finite.

Thanks to the Chow-Rashevsky Theorem, for every x,y € M, there is at
least one horizontal path joining z to y in time 1. For every z,y € M, the
sub-Riemannian distance between x and y, denoted by dsgr(x,y), is defined as
the infimum of lengths of horizontal paths joining = to y, that is,

dsgr(z,y) = inf{lengthg('y) | v € QZ’l s.t. y(1) = y}.

The function dgr defines a distance on M x M (the triangular inequality is easy,
the fact that dsg(z,y) = « = y follows from the proof of Proposition 1.5.2)
and makes M a metric space. Given z € M and r > 0, we call sub-Riemannian
ball centered at x with radius r the set defined as

Bsg(x,r) = {y € M |dsgr(z,y) < T}.

In fact, the Chow-Rashevsky Theorem yields the following result.
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Proposition 1.5.2. Let (A, g) be a sub-Riemannian structure on M, then the
topology defined by dsr coincides with the original topology of M. In particular,
the sub-Riemannian distance dsgr is continuous on M x M.

Proof. We need to show that for every x € M, the family of sub-Riemannian
balls {Bsg(x,r)}r>0 is a basis of neighborhoods for z with respect to the
original topology. Let F = {X!,..., X™} be an orthonormal frame for A on
an open neighborhood V, of some z € M Let V C V, be an open and relatively
compact neighborhood of z with respect to the initial topology. Let us show
that there is 7 > 0 small enough such that Bggr(z,r) C V. Let W be an open
neighborhood of x such that W C V. Define the compact annulus A by

A=V\W.

Any continuous path joining x to a point outside V has to cross A. Hence
since X1,..., X™ are bounded on A, there is § > 0 such that any solution
~u : [0,1] = M to the Cauchy problem

Fult) = Y wOX (u(t) ae teD.1, 7u(0) =2, (1.38)

with u € Up' and 4, (1) ¢ V satisfies

g
dt > 4.

Yu(t)

1] m

| woxt ou)
0 Ji=1

By Proposition 1.2.1, this means that the sub-Riemannian ball Bgg(x,0/2)

is included in V. Let us now show that any sub-Riemannian ball Bgg(z,)

contains an open neighborhood of x with respect to the initial topology. The

set U;_-’l is open in LQ([O, 1]; ]Rm) and contains the control «w = 0. Thus there

is v > 0 such that the L2-ball B;2(0,v) is contained in U;’l. Moreover, since
F is orthonormal with respect to g, there holds for every u € B2(0,v)

length?(v,) = /1 |u(t)|dt.
0
Thanks to the Cauchy-Schwarz inequality, we infer that
EZ" (Bp2(0,v)) C Bsr(z,v).
Proposition 1.4.1 together with E;-’l = z concludes the proof. O
Thanks to the above result, the sub-Riemannian balls Bgr(z,r) are always

open with respect to the original topology of M and the closed sub-Riemannian
balls Bsr(z,r) defined as

Bsp(z,r) = {y € M |dsgr(z,y) < 7“}

are always closed sets.
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1.6 Notes and comments

Proposition 1.1.8 is taken from a paper by Sussmann [Susl0]; we note that it
could also be proven by transversality arguments (see [GGT73]).

The Hormander condition introduced in Section 1.1 is also refered as bracket
generating condition. The term comes from the analysis literature; it is named
after Hormander who obtained hypoellipticity results for linear operators asso-
ciated with families of vector fields [Hor67]. Several other terms may be used to
refer to totally nonholonomic distributions. They are called bracket generating
by Montgomery [Mon02], nonholonomic by Bellaiche [Bel96], and they refer
to completely nonholonomic families of vector fields by Agrachev and Sachkov
[AS04].

The notion of singular curves play a major role in this monograph. Most
of the examples of singular horizontal paths given in Section 1.3 are classical.
The most valuable (Example 1.3.17) is taken from [Sus96].

Theorem 1.4.3 has been proved independently by Chow [Cho39] and Ra-
shevsky [Ras38] in the 30s, see [Cho39, Ras38]. The proof that we present here
is an adaptation of the one given by Bellaiche [Bel96] to prove the so-called
Orbit Theorem (see also [AS04, Jur97]). Other proofs of the Chow-Rashevsky
Theorem can be found in the texts of Bismut [Bis84], Gromov [Gro96], or
Montgomery [Mon02].



Chapter 2

Sub-Riemannian geodesics

Throughout all the chapter, M denotes a smooth connected manifold without
boundary of dimension n > 2 equipped with a sub-Riemannian structure (A, g)
of rank m < n.

2.1 Minimizing horizontal paths and geodesics

Definitions

Given z,y € M, we call minimizing horizontal path between z and y any path
e QZ’T with 7" > 0 such that

dsr(x,y) = length?(y).

Like in the Riemannian case, minimizing paths with constant speed minimize
the so-called sub-Riemannian energy. Given x,y € M, we define the sub-
Riemannian energy between x and y by

esr(x,y) = inf{energyg('y) | v € QZ’I st (1) = y},

where the energy of a path v € Q%" is defined as

energy? () := /OT <h(t)‘i(t))2dﬁ' (2.1)

The following result whose the proof is based on Cauchy-Schwarz’s inequal-
ity, is fundamental.

Proposition 2.1.1. For any v,y € M, esr(z,y) = dsr(r,y)>.
Proof. Let x,y € M be fixed. First, we observe that, for every horizontal path

v :[0,1] — M satisfying v(0) = z and (1) = y, the Cauchy-Schwarz inequality
yields

(/01 (B2, dt>2 < /01 (w(t)g(t))zdt. (2.2)

45
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Taking the infimum over the set of v € QZ‘l such that (1) = y yields
dsr(7,y)? < esr(z,y). On the other hand, for every e > 0, there exists
an horizontal path v € QX', with v(1) = y, such that

1
length?(vy) = /O |y(t)|§(t) dt < dsgr(z,y) +e.

Reparametrizing v by arc-length, we get a new path ¢ € 92’1 with v(1) =y
satisfying
T
‘f(t)‘ o length?(v) a.e. t €[0,1].
&t

Consequently,

esr(@,y) < /01 (‘5@)‘;))2 dt = length?(1)? < (dsn(z.y) +€)°.

Letting € tend to 0 completes the proof of the result. O

Given z,y € M, we call minimizing geodesic between x and y any path
v € Q%" joining z to y such that

esr(z,y) = energy?(v).

Thanks to the above proof and the fact that equality holds in the Cauchy-
Schwarz inequality (2.2) if and only « has constant speed (that is |f'y(t)|,gy(t) is

constant), we obtain the following result.

Proposition 2.1.2. Given x,y € M, a path vy € Qzl s @ minimizing geodesic
between x and y if and only if it is a minimizing horizontal path between x and
y with constant speed.

Sufficiently near points can be joined by minimizing geodesics and a fortiori
by minimizing horizontal paths.

Proposition 2.1.3. Let x € M, then there is p > 0 such that the following
property is satisfied:
For every y,z € Bsg(z,p) and any minimizing sequence {7*};, : [0,1] — M of
horizontal paths with constant speed such that
lim ~+*(0) = lim ~+%(1) = lim length? (v*) = d 2.3

Jim 250) =y lim A5(1) =z lim length? (v7) = dsr(y.z), (2:3)
up to taking a subsequence, {’yk}k converges uniformly to some minimizing
geodesic 7y € ngl joining y to z.
In particular, for everyy,z € Bggr(x,p), there is a minimizing geodesic between
y and z.

Proof. Fix x € M and F = {X!,..., X™} an orthonormal frame for A on an
open and relatively compact neighborhood V, of . From Proposition 1.5.2,
there is 7 > 0 small enough such that Bgr(z,r) C V,. For any y € Bgr(x,r/4)
and any horizontal path « : [0,1] — M with constant speed satisfying

2
dsr(7(0),y) < i and length?(y) < g
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we have for every ¢ € [0,1],

dsr(z,7(t)) < dsr(z,y)+dsr(y,7(t))
< r/44dsr(y,7(0)) + length?(y)
<

r/4+71/24+2r/3 =23r/24 <.

Which means that 7 is contained in Bggr(x,r). Furthermore, for every such
horizontal path, there is u € L2([O, 1]; Rm) such that

W) =S wOX (3(t)  and  AO ) = lullze = length? (),
=1

for a.e. t € [0,1]. Let y,z € Bsgr(x,r/4) be fixed and {7*}, : [0,1] — M
be a sequence of horizontal paths with constant speed verifying (2.3). By the
above discussion, we may assume without loss of generality that all the paths
4% :10,1] — M are valued in the compact set V, with derivatives bounded by
r and associated with a sequence of controls {u*}, in L?([0,1]; R™) such that
|u¥|| 12 = length?(7*). Then by Arzela-Ascoli’s theorem taking a subsequence
if necessary the sequence {v*};, converges to some 7 : [0,1] — M. Moreover,
the sequence {u”*}, is bounded in L? so it weakly converges up to a subsequence
to some v € L*([0,1];R™). We obtain easily that 7(0) = y,75(1) = 2,

m

At) =D _w(H)X (3(t)  ae te0,1],

i=1

and by lower semicontinuity of the L?-norm under weak convergence we imme-
diately deduce that

9]l 2 < lilgn ||Uk||L2 =dsr(Y, 2).
Furthermore, since % is an horizontal path joining y to z, there holds

dsgr(y, z) < length?(%).

By Cauchy-Schwarz’s inequality, we have length?(y) < ||o]|,.. Then we infer
that

— —12
energy? (7) = [[vl|7. = dsr(y, 2)* = esr(y, 2)-

Which shows that 4 is a minimizing geodesic joining y to z. O

Remark 2.1.4. The above proof shows indeed that up to taking a subsequence,
the sequence {uF}) converges strongly to v in L*([0,1];R™). As a matter of
fact, it converges weakly to v and satisfies

tm ] = 512

The SR Hopf-Rinow Theorem

The following sub-Riemannian version of the classical Riemannian Hopf-Rinow
Theorem holds.
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Theorem 2.1.5 (Hopf-Rinow Theorem). Let (A, g) be a sub-Riemannian struc-
ture on M. Assume that (M,dsg) is a complete metric space. Then the fol-
lowing properties hold:

(i) The balls Bsr(x,r) are compact,

(ii) for every x,y € M there exists at least one minimizing geodesic joining
x toy.

Proof. Let us first recall that thanks to Proposition 1.5.2, the metric space
(M, dggr) is locally compact. That is for every x € M, there is r > 0 such that
the ball Bsg(z,r) is compact. Let € M be fixed. We first show that all the
balls BSR(x, r) with > 0 are compact. Denote by I, the set of r > 0 such that
Bsg(z,7) is compact. By inclusion of the balls Bsg(z,7') C Bsgr(x,r)ifr’ <r
and local compactness of (M,dgg), I, is an interval whose the supremum R,
is strictly positive. We claim that I is both closed and open in [0, +00).

Lemma 2.1.6. The interval I, is closed in [0,400).

Proof of Lemma 2.1.6. We need to show that R, belongs to I, that is that
Bsr(w, R;) is compact. Let {yi}r be a sequence of points in Bsgr(z, R,), we
need to show that it has a convergent subsequence. We construct a Cauchy
subsequence of {yy}i as follows. For every integer | > 1, we set

K'= Bsg (z,R.(1-27")).

By assumption, {K'}; is an increasing sequence of compact sets in Bggr(x, R;).
For every k € N, there is y; € K' such that

Ry
dsr (yr yi) = inf{dSR(yk,Z) |z € Kl} < ==,

By compactness of K!, there is a strictly increasing mapping ¢! : N — N such
that the sequence {y}ol(k)}k converges to some y' € K'. Thus there exists
k1 > 0 such that

_ R,
dsr (yil(k),y1> < 7 Vk > k.

Set z1 := Y1 (k,)- Now for every k € N, there is y2 € K2 such that

. R,
dsr (Yo (k) Yi) = lnf{dSR(ycpl(ka) |z € KQ} < —.

Again, by compactness of K2 there exists a strictly increasing mapping ¢? :
N — N such that the sequence {yZQ(k)}k converges to some j? € K2 and then
there is kg > ki such that
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Set 22 1= Y(p1002)(ky)- BY construction, there holds

dsr(z1, 22)
< dsr (21,:%191(@)) +dsr (Z/i,l(kl), 22)
= dsr (ycpl(lq)a yial(kl)) +dsr (yi,l(kl), y(wlowz)(k2)>
< % +dsr (yiww ?71) +dsr (917 ?J(lgolow)(kz))
+dsr (yialow)(kz)’ 22)
< %+%+%+%§2Rm.

Repeating this construction yields a sequence of strictly increasing mappings
{¢'}, a sequence (with two indices) {yl}1., a sequence of limits {g'};, and a
nondecreasing sequence of integers {k;}; such that

. RI
dsr (ykyh,) = inf {dsr(yk. 2) |z € K'} < 5
and R
dsr (v 7) < 5 Yk i
Define the sequence {z}; by
FL= Y(plop2o-opt) (k)

Then proceeding as above shows that for every [ > 1, one has

4R,
2t

dsr (21 241) <

Hence {2} is a Cauchy sequence in Bsgr(z, Ry). Since (M, dgg) is complete,
it converges to some z € Bggr(x, R;). O

Lemma 2.1.7. The interval I, is open in [0, +00).

Proof of Lemma 2.1.7. We need to show that if R € I, then there is § > 0
such that R+ 6 belongs to I,. Let R > 0in I, be fixed. Denote by 0Bggr(z, R)
the boundary of Bsg(x,R), that is dBsgr(z, R) = Bsr(z,R) \ Bsgr(z, R).
Since BSR(:E, R) is assumed to be compact, its boundary is compact too. From
Proposition 2.1.3, we know that for every y € 0Bgr(z, R), there is ¢, > 0 such
that Bsr(y,2d,) is compact. Since

0Bsr(x, R) C UycoBsp(x,r)Bsr (¥, 0y) ,
there is a finite number of points y1,...,yn in dBsgr(x, R) such that

aBSR(xv R) C Ui]ilBSR (yiv 6741) .

5—min{612“ |i—1,...,N}.

Set
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We prove easily that
BSR(l‘, R+ 5) C (BSR(CL', R) U Ui\ilBSR (yi, 2(5%))

which is a finite union of compact sets, hence compact as well. This shows that
Bsg(x, R+ 0) is compact. O

In conclusion, I, is both open and closed in [0,400). Hence I, = [0, +00)
which concludes the proof of (i). Let us now prove assertion (ii). We note
that since A does not necessarily admit a global orthonormal frame on M, we
cannot repeat verbatim the proof of Proposition 2.1.3. Let x,y € M be fixed,
set R := max{2dsr(z,y),1}. By (i), we know that Bsgr(x, R) is compact. Let
{7*}1 be a sequence of horizontal paths with constant speed in Q%" joining z
to y such that

dsr(z,y) = lim length(y").
k—-+4oco

Without loss of generality we may assume that
length(v*) < R V&,

which means that all the curves 4* remain in Bgg(x, R). By Proposition
2.1.3, for every z € Bgr(w, R) there is p, > 0 such that any minimizing se-
quence of horizontal paths with constant speed contained in Bgr(z, p,) con-
verges uniformly (up to taking a subsequence) to some minimizing geodesic.
By compactness, there are z1,...,2;, € Bgr(x, R) and an integer N > 1 with
R/N < min{ps,...,pr}/4 such that

L
BSR(JJ,R) C U BSR(Zh 1/N)
=1

Set for every j =0,...,N, t; :=j/N, forevery j =0,...,N—1,I; == [t;,t;11],
and denote by ’yJ’-“ the restriction of v* to the interval I;. Fix j € {0,...,N —
1}. For every k, there is I € {1,..., L} (which may depend on k) such that
dsr(v*(t;),z1) < 1/N, then

length? (v*) - 1 N R <

dsr(v*(t), 21) < dsr(V*(t;), z0) + N NN

for every ¢t € I;. This shows that each piece of horizontal path 'y]’? with length
length?(v*)/N is contained in some Bgg(z;,p;). Therefore, up to taking a
subsequence, the sequence {”yjk}k converges to some minimizing geodesic with
length dsgr(x,y)/N. We deduce easily the existence of a subsequence of {7*}
converging to some minimizing geodesic between x and y. O

Remark 2.1.8. In fact, we proved a global version of Proposition 2.1.5. If
(M,dgRr) is a complete metric space, then for every x,y € M and every mini-
mizing sequence {Y*}i of horizontal paths with constant speed in Qzl joining
x to y such that
dsn(v.y) = lim_length(y"),
k— 400

up to taking a subsequence, {v*}i converges uniformly to some minimizing
geodesic joining x to y.
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We shall say that the sub-Riemannian structure (A, g) on M is complete if
the metric space (M, dgg) is complete. The following result holds.

Proposition 2.1.9. Let (A, g) be a sub-Riemannian structure on M (assumed
to be connected). Assume that (M,g) is a complete Riemannian manifold.
Then for any totally nonholonomic distribution A, the SR structure (A, g) on
M is complete.

Proof. Denote by d, the Riemannian geodesic distance on M with respect to
g. Since the set of paths joinging x to y contains the set of horizontal paths
joining x to y, there holds

dg(z,y) < dsr(x,y) Ve, y € M.

Therefore, any Cauchy sequence with respect to dggr is a Cauchy sequence
with respect to dg. Hence it is convergent. Since both topology coincide, it is
convergent with respect to dggr as well. O

2.2 The Hamiltonian geodesic equation

Throughout all the section, we assume that the SR structure (4, g) is complete.
Thanks to Theorem 2.1.5, minimizing geodesics exist between any pair of points
in M.

Normal and abnormal geodesics

Let x,y € M and a minimizing geodesic v € QZ’l joining z to y be fixed. Since
~ minimizes the distance between x and y it cannot have self-intersection.
Hence (A, g) admits an orthonormal frame along .

x

There is an open neighborhood V of 4([0,1]) in M and an orthonormal
family F (with respect to the metric g) of m smooth vector fields X!, ..., X™
such that

A(z)=Span{X1(2),...,X’"(z)} Vz e V.

Moreover, there is a control u” € L?([0,1];R™) (which indeed belong to the
open set Z/{}”_-’l which was defined in Proposition 1.2.1) such that

m

() =D ul ()X (v(t)  ae telo1].

=1

Since v is a minimizing geodesic between x and y, it minimizes the energy
among all horizontal paths joining x to y. Since there is a local one-to-one
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correspondence between the set of horizontal paths starting at z and the set
of trajectories of some control system (see Proposition 1.2.1), the control u?”
minimizes the quantity

/O Gy (t) <Z i ()X (Vau ))7§;ui(t)Xi(vu(t))>dt

among all controls u € L?([0,1]; R™) such that the solution =, : [0,1] — M of
the Cauchy problem

z:uZ vu(t)) ae. te[0,1], Y (0) =z, (2.4)

is well-defined on [0,1] and satisfies (the End-Point mapping Ejf_-’l has been
defined in Chapter 1)

B3N (u) = y.

In other terms, there is an open set U C L?([0, 1]; R™) such that u” is solution
to the following optimization problem:

u” minimizes C(u) among all u € Y with Ep' (u) = 1. (2.5)

By the Lagrange Multiplier Theorem (see Theorem B.1.5), there is p € TyM ~
(R™)* and g € {0, 1} with (X, p) # (0,0) such that

p- Dy ER (v) = \oDynC(v) Yo € L([0,1;R™). (2.6)

Two cases may appear, either \g = 0 or Ay = 1. By restricting V if necessary,
we can assume that the cotangent bundle T* M is trivializable with coordinates
(z,p) € V x (R™)* over V.

First case: \g = 0.
Then we have p € T, M \ {0} >~ (R")* \ {0} satisfying

p- Dy ER () =0 Vo€ L*([0,1;R™).
This means that some nonzero linear form annihilates the image of E;-’l. Then
u” is singular with respect to z and F or equivalently the path v is singular
with respect to A. By Proposition 1.3.3 and Remark 1.3.5 (see also Proposition

1.3.10), v admits an abnormal extremal lift, that is there is an absolutely
continuous arc p : [0,1] — (R™)* \ {0} with p(1) = p which satisfies

Zul D, X' a.e. t € [0,1]

and

p(t)- X'(y(t)) =0, Vtel[0,1]] Vi=1,---,m.
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In other terms, « is a singular minimizing geodesic.

Second case: Ay = 1.
Define in local coordinates, the Hamiltonian H : V x (R")* — R by

i_n:p X' (x Jg%}é{iuip.Xi(x);Zu?} (2.7)

for all (x,p) € ¥V x (R™)*. Then the following result holds.

l\J\H

Proposition 2.2.1. Equality (2.6) with Ao = 1 yields the existence of a smooth

arc p : [0,1] — (R™)* with p(1) = £, such that the pair (y,p) satisfies
{ ) = G ((®).p(1) = Xy [p(t) - X (v()] X' ((1) 28
pt) = —FE(v(0),p(t) = = Ly [p(t) - X (v()] p(t) - Dy X*

ul (t) = p(t) - X' (y(t)) for ae. t€10,1], Vi=1,...,m. (2.9)
In particular, the path v is smooth on [0,1].

Proof. The differential of C : L?([0,1];R™) — R at u” is given by

Dy2C(v) = 2(u, )2 Vo € L*([0,1];R™).

Moreover by Remark 1.2.5, the differential of Eji_’l at u” is given by

D E2'(v) = S(1) 1S(t)’1B(t)v(t)dt vo e L2([0,1;R™),  (2.10)

where the functions A, B, S were defined in Remark 1.2.5. Hence (2.6) yields
1
/ [p- S(1)S(t) "' B(t) — 2u” (t)*] v(t)dt = 0 Yo € L*([0,1];R™).
0
Which implies

W)= (p-S()SH)T'B()" ae te[0,1].

l\J\H

Let us define p: [0,1] — (R™)* by

plt) = 5o SM)SH ™ vee o,1]
By construction, for a.e. ¢ € [0,1] we have u”(¢)* = p(t) - B(t), which means
that (2.9) is satisfied. Furthermore, as in the proof of Proposition 1.3.3, we
have p(t) = —p(t) - A(t) for a.e. t € [0, 1]. This means that (2.8) is satisfied for
a.e. t € [0,1]. The pair (v,p) is solution to a smooth autonomous differential
equation, hence it is smooth. O
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The curve ¢ : [0,1] — T*M given by ¢ (t) = (v(t),p(t)) for every t € [0, 1] is
a normal extremal whose the projection is v and which satisfies (1) = (y, £).
We say that 1 is a normal extremal lift of v. We also say that v is a normal
minimizing geodesic.

Define the Hamiltonian H : T*M — R as follows. For every x € M, the
restriction of H to the fiber T M is given by the nonnegative quadratic form

p(v)?
gz(v,v)

| ve Alz)\ {O}} . (2.11)

1
e 2max{

N
Let H denote the Hamiltonian vector field on 7" M associated to H, that is,
t=w = —dH, or in local coordinates

H
ﬁ(m,p) = (%;I(%p)v _%Z(mvp)) :

A normal extremal is an integral curve of H defined on some interval [0,T7,
i.e., a curve 1 : [0,T] — T*M such that () = ﬁ(w(t)), for t € [0,T]. The
projection of a normal extremal ¢ : [0,7] — T*M is a smooth horizontal path
v:=mo1:[0,T] — M with constant speed given by

|7(t)|j(t): 2H(p(t))  Vte[0,T).

We check easily that the Hamiltonian defined by (2.11) reads as (2.7) in local
coordinates. Then the previous study yields the following result.

Theorem 2.2.2. Let v : [0,1] — M be a minimizing geodesic between x and
y in M. One of the two following non-exclusive cases may occur:

e v is singular;
e v admits a normal extremal lift in T* M.

Be careful, a minimizing geodesic could be both singular and the projection
of a normal extremal. In Section 2.5, we shall see several examples of minimiz-
ing geodesics, including the cases of singular normal minimizing geodesics and
strictly abnormal minimizing geodesic, that is abnormal geodesics admitting
no normal extremal lift.

Remark 2.2.3. In the Riemannian case, that is if A has rank m = n, any path
is horizontal and reqular (see Remark 1.3.7). As a consequence any minimizing
geodesic is normal.

Short normal geodesics are minimizing

Projections of normal extremals are minimizing for short times.

Proposition 2.2.4. Letz € M and p € Ty M with H(Z,p) # 0 be fixred. Then
there is a neighborhood W of p in Ty M and € > 0 such that every normal
extremal so that ¢ (0) = (Z,p) (in local coordinates) belongs to W minimizes
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the SR energy on the interval [0,€]. That is if we set v :=mo : [0,¢e] — M,
then we have

€SR (7(0)?7(6)) = 2H(.’E,p)€2

In particular, v minimizes the length between T and ~(€).

Proof. Since the result is local, we can assume that we work in R™. Then
we can assume that (A, g) admits an orthonormal frame F = {X! ..., X™}.
For sake of simplicity, we identify (R™)* with R™. Then the Hamiltonian H :
R™ x R™ — R which were defined in (2.7)-(2.11) is given by

H(r,p) = max {<p7 S wXi@) - Zuf} = 2> X @),
i=1 =

i=1

for every (z,p) € R™ x R™.

Our aim is now to prove the following result: for every py € R™ such that
H(Z,po) # 0, there exist a neighborhood W of py in R™ and € > 0 such that
every solution (z,p) : [0,¢] — R™ x R™ of the Hamiltonian system

B0 = S @0,p(0) = (0. X (0(0) X (w(0)
=1 (2.12)
50 = (1), p(1)) = — S (1), X @) (Do X (1),

with z(0) = z and p(0) € W, satisfies

2¢H (Z, po) /ij: dt</ Zuz t, (2.13)

for every control u € L?([0, ¢]; R™) such that the solution of
t) =Y w®)X'(y(t), y0) =z, (2.14)
i=1

satisfies y(e) = x(e). Let po € R™ with H(Z,pg) # 0 be fixed, we need the
following lemma.

Lemma 2.2.5. There exist a neighborhood W of py and p > 0 such that, for
every p € W, there exists a function S : B(Z,p) — R of class C* which satisfies
H(z,VS(x)) = H(z.p), Vo€ B p), (2.15)

and such that, if (aP,p?) : [—p,p] — R™ x R™ denotes the solution of (2.12)
satisfying P (0) = T and pP(0) = p, then

VS(a?(t)) = pP(t), Vte (=p,p). (2.16)

Proof of Lemma 2.2.5. The proof consists in applying the method of charac-
teristics. Let IT be the linear hyperplane such that (pg,v) = 0 for every v € II.
We first show how to construct locally S as the solution of the Hamilton-Jacobi
equation (2.15) which vanishes on z + II and such that V.S(Z) = po. Up to
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considering a smaller neighborhood V, we assume that H(z,pg) # 0 for every
x €V For every z € (Z+1I) NV, set

— H(i’apo)

x) =4
Then, H(z,p(z)) = H(Z,po) and p(x) L II, for every x € V'. There exists
p > 0 such that, for every z € (z + II) NV, the solution (z4,p,) of (2.12),
satisfying z,(0) =  and p,(0) = p(x), is defined on the interval (—pu, p).

\

7
7
7
e
e
7
7

/

T

L
8
8
—
~
=

=
S

1

N - ———

For every z € (z + II) NV and every t € (—pu,pu), set 0(t,x) = x,(t).
The mapping (t,z) — 6(t,z) is smooth. Moreover, §(0,z) = x for every
z € (Z+T)UY and 0(0,7) = 37 (p(x), X (Z)) X*(F) does not belong to II.
Hence there exists p € (0, ) with B(Z, p) C V such that the mapping 6 is a
smooth diffeomorphism from (—p, p) x ((Z + II) N B(Z, p)) into a neighborhood
V' of Z. Denote by ¢ = (,7) the inverse function of 6, that is the function
such that (6o ¢)(z) = (17(x),7(x)) = x for every x € V'. Define the two vector
fields X and P by

X(x) :=0(r(z),n(z)) and P(zx):= Pr(@)(T(x)), VzeV
Then,

X0, ) =0(t,x) = @.(t) = (P2 (1), X' (22 (1)) X (wa (1))

I

s
Il
—

(P(O(t, ), X" (0(t,2))) X" (0(t, 2)),

I
KMS

and
S OUPO(t,2)), X (@ (0))2 = S (palt), X (2a(1)))?
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for every ¢t € (—p,p) and every x € (T 4+ II) N B(Z, p). For every z € V', set
a;(z) := (P(z), X%(x)). Hence,

m

Zal )X (x) and Zal =2H(Z, po),

for every x € V'. Define the function S : V' — R by
S(x) :=2H(Z,po)r(x), VYxeV

We next prove that V.S(z) = P(x) for every z € V'. For every t € (—p,p),
denote by W, := {y € V' | 7(y) = t}. In fact, W; coincides with the set
of y € V' such that S(y) = 2H(Z,pp)t. It is a smooth hypersurface which
satisfies VS(y) L T, W, for every y € W,. Let y € W, be fixed, there exists
x € (z +1II) U B(Z,p) such that y = 0(t,x) = x,(t). Let us first prove that
P(y) = pa(t) is orthogonal to T, W;. To this aim, without loss of generality we
assume that ¢ > 0. Let w € T,,W;, there exists v € II such that w = D,60;(v).
For every s € [0,1], set z(s) := D,0(s, z)(v). We have

Z(s) = %Dze(s, x)v = %G(Lm)v = %X(G(tw))v = Do,z X (2(5)).

Hence
L) pels)) = () pals)) + (2(),2()
= {AX (005, )2(5),pel5)
(a5, Do pa(9), X (0 (5) (D0 X') (025)))
=1

Since X (z) = 321" oy (2) X (z) and Y~ | a;(z)? = 2H(Z, po) for every z € V',
there holds

(Do (9)X) " (pa(s))

- ZO‘*%(S))(Dwx<s>X">*(m<s>) + Z<Xi<a:x<s>>,pw<s>>wi<xl.<s>>
= Zal(‘rw(S»(DII(s) ZO&Z .Tw VOQ :1:1(5))

= Z a;(z4(s)) (D%(S)Xi) - (pﬂE (5))
i=1

We deduce that - (z(s), p,(s)) = 0 for every s € [0,t]. Hence,
(w, P(y)) = (w, px(t)) = (2(t), p= (1)) = (2(0), p()) = 0.

This proves that P(y) is orthogonal to T, W;, which implies that P(y) and
VS(y) are colinear. Furthermore, since S(x,(s)) = 2H(Z,po)s for every s €
[0,¢], one gets

(VS(24(t)), &a(t)) = 2H(Z, po) = (pa(t), 22 (1)).

Since #,(t) = X(y) does not belong to T,W;, we deduce that VS(z,(t)) =
p(t). In consequence, we proved that VS(z) = P(z) for every z € V'. O
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Let us now conclude the proof of Proposition 2.2.4. Clearly, there exists
€ > 0 such that every solution (z,p) : [0,¢] — R™ x R™ of (2.12), with 2(0) = Z
and p(0) € W, satisfies

x(t) € B(z,p), Vte|[0,¢.

Moreover, we have
S(a(e) — S(x) = 26H (%, p).

Let u € L*([0,¢];R™) be a control such that the solution y : [0,¢] — W of
(2.14) starting at Z satisfies y(¢) = x(¢). We have

S(@) = S@ = S(e) - S(0)
| g swona

| st ana

IA

0
_ 1 [ 2
eH(Z,p) + B Zul(t) dt.

0 =1

The conclusion follows. O

0
H(0,dSW(0)) + 3 3 w(e)’d:
i=1

2.3 The sub-Riemannian exponential map

Definition

Recall that the Hamiltonian H : T*M — R which is canonically associated
with our SR structure (A, g) is defined by

v 2
H(z,p) = ;max{gfgv?v) lve Az) )\ {o}} V(z,p) € T*M.  (2.17)

We recall that a normal extremal is a curve v : [0,T] — T*M satisfying

Y(t) = H@)  veelo,T).

Let x € M be fixed. We first define the domain &, C Ty M of the SR exponen-
tial map by,

&, = {p € Ty M |1y, is defined on the interval [0, 1]}7

where 1, ,, is the normal extremal so that ¢, ,(0) = (z,p) in local coordinates.
The set &, is an open subset of 7'M containing the origin and star-shaped
with respect to 0.

Definition 2.3.1. The sub-Riemannian exponential map from x is defined by

exp, : & CTyM — M
po— T (Yep(1)).
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By rescaling, if (zp, pp) : [0,T] — T* M is the trajectory of the Hamiltonian
—
vector field H with x(0) = 2, p(0) = p, then we have

(zp(AL), App(At)) = (zap(t), pap(t))  VEE€[0,T/A], VA > 0.
Then, for every p € T} M, the curve v, : [0,1] — M defined by

Yp(t) = exp, (tp) = 7 (Y p(t)) vt € [0,1],

is an horizontal path with constant speed satisfying
energy (n () = (length? (n(1a.)))° = 2H (2 5(0)) = 2H (z, ).
Proposition 2.3.2. Assume that (A, g) is complete. Then
E=TiM Vo € M.

Proof. We argue by contradiction. Let Z € M and ¥ = (7,pp) : [0,T) — T*M
be a normal extremal starting at (Z,p) € TaM that extends to no interval
[0,T + €) for € > 0. Let {tx}r be any increasing sequence that approaches
T, and set y, := 7(tx). Since ¥ is an horizontal path with constant speed

V = /2H(Z,p), we have
dsr(yk,y1) < V]tr — ti] Vk, 1.
Then {yx}x is a Cauchy sequence in M. By completeness {yx}r converges to

some point y € M. Let {X!,..., X™} be a local orthonormal frame in a small
ball Bsr(y,r). In local coordinates near y, H reads

m

Hr,p) = 3 Y (p- X'(@)”

and (7, pp) satisfies the differential system
{ o - 98 (5(1), pp(1)) = S0, [palt) - X' (3(0)] X' (3(0) |
pe(t) = —FE(),pp(t) = = XL [pp(t) - X (3(1)] pp(2) - Dy X,

for t € [T'—6,T) with § > 0 small enough. Since H is constant along (¥, ps),
we have

lpp(t) - X' (3(1))| < v/mV  Vi=1,....m,

and by compactness the X’i’s and the dX*’s are bounded in Bgr(y,r). Thus
there is a constant K > 0 such that

Pp(D)] < Klpp(t)] Ve € [T =6,T).

By Gronwall’s Lemma (see Lemma A.1.1), we infer that both ¥ and p; are
uniformly bounded near T'. This means that the extremal ¢ can be extended
beyong T', which gives a contradiction. O

Remark 2.3.3. Let (z,p) € T * M such that vy, is singular be fized. By
Proposition 1.3.10, vy, 1is the projection of a characteristic curve ¢ : [0,1] —
Tx M (written as (vp,q) in local coordinates). Then taking local coordinates,
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for every A € R the curve (here ¢, p, = (vp,pp) denotes the normal extremal
starting at (z,p))

te [07 1] — wz’p(t) + )\1/)(15) = ('Vp(t)vpp(t) + )‘Q(t))
is a normal extremal starting at (x,p+ Aq). Then we have
exp, (p + Aq) = exp,(p) YA eR.

Remark 2.3.4. Let (A, g) be a complete sub-Riemannian structure on M and
x € M be fizred. If (A,g) does not admit singular minimizing curves from x,
then the exponential map from x is onto. As a matter of fact, for everyy € M,
there is a minimizing geodesic v : [0,1] — M joining x to y. Since 7y is not
singular, it is the projection of a normal extremal (see Theorem 2.2.2), which
means that there is p € T M such that exp,(p) = y.

On the image of exp,
Sub-Riemannian exponential maps are ”almost” onto.

Theorem 2.3.5. Assume that (A, g) is complete and let x € M be fized. There
is an open and dense set D C M such that for every y € D there is py € Ty M

satisfying
exp, (py) =y and dsg(z,y) =/2H (x,py). (2.18)

In particular, the set exp, (Tx M) contains an open dense subset of M.

Proof. Let us begin with a preparatory lemma.

Lemma 2.3.6. Let y # x in M be such that there is a function ¢ : M — R
differentiable at y such that

o(y) = dip(z,y) and dip(x,z) > $(z) Vze M. (2.19)

Then there is a unique minimizing geodesic 7 : [0,1] — M between x and y.
It is the projection of a mnormal extremal v : [0,1] — T*M satisfying (1) =
(y, 5Dy¢). In particular x = exp, (—5Dye).

Proof of Lemma 2.5.6. Since esr(z,z) = dip(z,2) for any z € M, the as-
sumption of the proposition implies that there is a neighborhood U of y in M
such that

esr(z,z) > od(z) Vzel and esr(z,y) = o(y). (2.20)

Since (M, dgg) is complete, there exists a minimizing geodesic v : [0,1] — M
between z and y. As before, we can parametrize the distribution A by a or-
thonormal family F of smooth vector fields X*,..., X™ in a neighborhood V of
~([0,1]), and we denote by u” the control corresponding to v. By construction,
it minimizes the quantity

Clu) = /O > uwiv?dr
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among all the controls u € L2([0, 1];R™) which are admissible with respect to
x,F and V and which satisfy the constraint Ejf_-l(u) =y. Let u € L?([0, 1];R™)
be a control admissible with respect to x, F and V such that E;_-l(u) €U . By
(2.20) one has

Cu) > esn (ac E;J(u)) > ¢ (Ej@l(u)) .

Moreover

C(u) = esnl@,y) = o(y) = 6 (R (u"))

Hence «” minimizes the functional D : L%([0, 1];R™) — R defined as
D(u) = C(u) - ¢ (EZ'(w),

over the set of controls u € L2([0, 1]; R™) such that E‘}’l(u) € U. This means
that ©” is a critical point of D. Setting A = D, ¢, we obtain

A-DyER' — D,C = 0.
By Proposition 2.2.1, the path « admits a normal extremal lift ¢ : [0,1] — T*M

satisfying ¥ (1) = (y, %Dyd)). By the Cauchy-Lipschitz Theorem, such a normal
extremal is unique. O

Denote by P, the set of points in M such that there is a unique normal
minimizing geodesic 7, from x to y. The previous lemma yields easily the
following result.

Lemma 2.3.7. The set P, is dense in M.

Proof of Lemma 2.3.7. Let y € M and r > 0 be fixed. Let ¢ : M — R be a
smooth function such that

oly) =0 and ¢(z) >2r Vze€ IdBgsr(y,r).
The continuous function
z € Bsp(x,r) +— dsr(z,2) + ¢(2)

is equal to dsg(x,y) at z = y and by the triangle inequality it is larger than
dsr(z,y) + r for z € 0Bsr(y,r). Then there is Z € Bgr(y, r) such that

dsr(z,2) > dsr(z,2) + ¢(2) — ¢(z) Vz € Bsgr(y,r).
We conclude easily by Lemma 2.3.6. O

For every y € M denote by rank(y) the rank of the horizontal path ~, (see
Section 1.3).

Lemma 2.3.8. The set of y € P, with rank(y) = n is dense in M.
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Proof of Lemma 2.3.8. We argue by contradiction. Assume that there is an
open set O C M such that any point y € P, N O has rank < n. Set

7= max{rank(y) |y € Pp N (’)}.

Fix § € P, N O such that rank(y) = 7 and set 4 := 7. For every y € P, N O
denote by II, the affine subspace of T); M such that v, = v, that is the space
of p € T} M such that

Tp(t) = exp,(tp) = 7 (Y p(t)) = (t) V€ [0,1].

Remembering Remark 2.3.3, we observe that the dimension of II, is exactly
equal to n —rank(y). As a matter of fact, given y € P,NO and an orthonormal
family 7 = {X',...,X™} in a neighborhood V along 7, remembering the
arguments given in Proposition 2.2.1 we check that p € Ty M belongs to Il if
and only if ¢, ,(1) = (y,pp(1)) satisfies

2pp(1) - Dy ER' (v) = Dy C(v) Vo € L2([0,1;R™). (2.21)

Let {yx}x be a sequence in P, N O converging to §, F = {X*',..., X™} be an
orthonormal family in a neighborhood V along 4, and @ the control associated
with 4 through F. The End-Point mapping E%" is valued in R"; denote by
Ei,...,E, its n coordinates. The vector space (we identify L?([0, 1]; R™) with
its dual)

Span{DaEl, L DaEn}

has dimension rank(g) = 7. Let i1,...,i» € {1,...,n} be such that
Span{DﬁEil, L DﬂEu} - Span{DaEh o DﬂEn}. (2.22)

Proceeding as in the proof of Proposition 2.1.3 and using completeness of (A, g),
we show that taking a subsequence if necessary, {yx := 7y, }» converges uni-
formly to some minimizing geodesic joining x to y. By uniqueness, we infer that
limy, v = 4. Furthermore, the proof also shows that the controls u; = u.,
which are associated to the ~;’s through the orthonormal family F converges
strongly to @ in L?([0,1];R™) (see Remark 2.1.4). Then by regularity of E;}’l
and the fact that rank(y;) < 7, we deduce that rank(y;) = rank(y) for k large
enough and that

Span{DukEil, . .,DMEW} - Span{DukEl, . .,DukEn}.

By (2.21) and (2.22), there is A = (A1,..., ) € GM ~ (R™)* such that
(remember that we identify L?([0,1]; R™) with its dual)

i S\jDuw Eij = Uy, ,

Jj=1

and more generally for every k there is A¥ = (A}, ..., AF) € T M ~ (R")* such
that

T
k _
S NDy, Eiy = s,
Jj=1
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Since {uy }x converges to @ in L*([0,1];R™), {D,, Ex'}) converges to Dy ER’'
and Dy FE;,, ..., DyF;, are linearly independant, we infer that {\*};, tends to
A as k tends to +oo. Define {py}r and p in T M by

Yo (1) = (e, NF/2) Yk and ¢ 5(1) = (,1/2).

By regularity of the Hamiltonian flow, {px}r tends to p and if a bounded
sequence {py, + gx }r is contained in ITj; then it converges (up to a subsequence)
to some point in II;. This shows that II, tends to II;. All in all we proved
that the mapping y € P, +— Il is continuous at §. Let S be a smooth compact
submanifold of dimension 7 in 7y M which is transverse to 11 at p, that is such
that

IyNs = {]3} and TpSNTpIl,; = {0}

By regularity of y — II,, there is an open neighrborhood O’ C O of § such
that S is transverse to any II, with y € P, N O’. We infer that

{y} = exp, (II) = exp, (II, N S) C exp, (S) Yy e P, NO.

But since & has dimension strictly less than n, the set exp,(S) is a compact
set of measure zero in M. Then P, N O’ cannot be dense in O’. Which gives
a contradiction. O

Returning to the proof of Theorem 2.3.5, we fix § € P, with rank(y) = n.
Given an open set 2 C M, we call a function f : Q — R Lipschitz in charts
if it is Lipschitz in a set of local coordinates in a neighborhood of any point
of . This is equivalent to saying that f is locally Lipschitz with respect to a
(complete) Riemannian distance on M.

Lemma 2.3.9. There is an open set Oy of § in M such that the function
y € Oy — dsr(z,y)
is Lipschitz in charts.

Proof of Lemma 2.3.9. As before we fix an orthonormal family of vector fields
F in an open neighborhood V along ¥ := 7 which is associated with u €
L?([0,1];R™) through F. By a uniqueness-compactness argument, if {yx}x
converges to § and {7k}« is a sequence of minimizing geodesics between = and
Yk then it converges (up to a subsequence) to 4 and is associated with a sequence
of controls {u }x which converges to @ in L?([0, 1];R™) (see Proposition 2.1.3
and Remark 2.1.4). Then there is a neighborhood O of g such that for every
y € O every minimizing geodesic between x and y is contained in V with rank
n. Let v1,...v™ in L%([0,1],R™) be such that the linear operator

a — Y aiDgEy (v')
is invertible. By continuity of u — DuEi-’l7 taking O smaller if necessary, we
may assume that for every y € O and for every minimizing geodesic -, from x
to y associated with a control u¥, the linear operator
R — TyM
a — X DB (v)
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is invertible. For every y € O, define 7Y : R" — M by

FY(a) = Ep' (u” + Zaﬂﬂ) Vo € R™.
i=1

This mapping is well-defined and smooth in a neighborhood of the origin,
satisfies

F(0) =y,
and its differential at 0 is invertible. Hence by the Inverse Function Theorem,

there are an open neighborhood BY of y in M and a function GY : BY — R"
with G¥(y) = 0 such that

FYoGY¥(z)==2 Vz e BY.

From the definition of the sub-Riemannian distance between two points, we
infer that for any z € BY we have

a4 Y (GV(), v

=1

dsr(z,2) = +vesr(x,z) < =: ¢Y(2).

L2

We conclude that, for every y € O, there are a open set BY containing y and a
C" function ¢¥ : BY — R”™ such that

dsr(z,y) = ¢"(y) and dsr(w,z) <¢¥(z) VzeBY.

The C! norms of the ¢¥’s are uniformly bounded. This proves the lemma. [

To conclude the proof of Theorem 2.3.5, we note that by the Rademacher
Theorem, the function y € Oy — dsgr(z,y) is differentiable almost everywhere
in Oy. By Lemma 2.3.6, for every y € Oy where the function is differentiable,
there is p, € T M such that

1
y=espalp). dsne) = 2H (@) b ()= (15 Dycnla) )

Since dgr(z,-) is Lipschitz in Oy, there is some constant K > 0 such that all
the p,’s remain in a compact subset of Ty M. Now every y € Oy can be approx-
imated by a sequence {yx}x of points in Oy where dgr(z,-) is differentiable.
By compactness, up to taking a subsequence, the normal extremals starting at
(x,py,) will converge to a normal extremal starting whose the projection is a
minimizing geodesic from x to y. O

Remark 2.3.10. We already know that the sub-Riemannian distance is con-
tinuous on M x M (see Proposition 1.5.2). The proof of Theorem 2.3.5 shows
that if (A,g) is complete and x € M be fized, then the function y € M —
dsr(z,y) € R is locally Lipschitz (in charts) on an open and dense subset of
M.
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2.4 The Goh condition

Theorem 2.2.2 provides firt-order conditions for a given horizontal path to be
a minimizing geodesic. The aim of the present section is to present a second-
order necessary condition for a given singular path to be minimizing. For sake
of simplicity, we fix an orthonormal family F = {X!,... , X™} of smooth vector
fields in some open chart V which contains a minimizing geodesic 7 : [0,1] — M
from z to y (with 2 # y). As before, we denote by @ = «7 the control which is
associated with 4 through F. Recall that C : L2([0, 1];R™) is defined by

C(u) = ||ul32 Vu € L*([0,1];R™).
Define F : L*([0,1];R™) — R™ x R by
Flu) = (Eff’l(u), C(u)) Yu € L2([0, 1]; R™).

The Lagrange Multiplier Theorem asserts that if & minimizes C(u) under the
constraint Ejf_-l(u) =y, then there are A € (R™)* and A\g € {0, 1} with (A, Xg) #
(0,0) such that

A-DgER" = \DyC.

In Section 2.2, we saw that whenever Ag = 0 we cannot deduce that ¥ satisfies
the geodesic equation, that is that it is the projection of a normal extremal. In
the case Ay = 0, the control @ € Z/I;?l is necessarily singular which means that it
is a critical point of Eﬁ’l. Thus we have to study what happens at second order.

Let U be an open set in L? = L%([0,1];R™) and F : U — RY be a function
of class C? with respect to the L2-norm. We recall that we call critical point
of F any u € U such that D,F : U — R is not surjective. Given a critical
point u, we call corank of u, the quantity

corankp(u) := N — dim (Im (D, F)) .

For every u € U the second differential of F' at u is the quadratic mapping on
D2F : L? — RY satisfying

1
Flu+v) = F(u) + DyF(v) + 3 DIF - (0,0) + o]} (1)
If Q : L?> — R is a quadratic form, we define its negative index by
ind_(Q) := max{dim(L) | Q\{oy < 0}.

We are now ready to state the result whose the proof is given in Appendix B.

Theorem 2.4.1. Let F : U — RY be a mapping of class C? in an open set
U CL? and @ € U be a critical point of F of corank r. If

ind— (X" (D2F) Kerpory) 27 VA€ (Im(DaF)) "\ {0}, (228)

then the mapping F' is locally open at u, that is the image of any neighborhood
of 4 is an neighborhood of F(u).
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From Proposition 1.3.3 and Remark 1.3.5, we know that for every non-zero
form p € (R™)" with

p-DaER' =0,

the absolutely continuous arc p : [0,1] — (R™)"\ {0} defined by

p(t):=p-S()S@H)~'  Vvteo,1], (2.24)
satisfies p(1) = p,
p(t) == wi(t)p(t) - Dy X' ae. t€[0,7T], (2.25)
i=1
and
pt)- X' (va(t) =0  Vte[0,T],Vi=1,...m, (2.26)

where S : [0,T] — M,(R) is the solution to the Cauchy problem

S(t) = A)S(t) ae. te[0,T], S(0)=1I,, (2.27)

and the matrices A(t) € M, (R), B(t) € M,, x(R) are defined by

A(t) := Zm(t)in('yﬂ(t)) a.e. t €[0,7T] (2.28)
and
B(t) = (Xl(%z(t)), - ,Xm(%(t))) vt € [0, 7). (2.29)

The following result combined with Theorem 2.4.1 will yield a necessary con-
dition for a minimizing horizontal path to be strictly abnormal. It holds in the
general case of a control 4 which belongs to Z/lj,ﬁ_’l N L>([0,1];R™). We do not
need % to be minimizing.

Theorem 2.4.2. Let @ € Up' N L>([0,1;R™) and p € (R™)™\ {0} be such
that

p-DuEF' =0. (2.30)

Assume that

nd_ ‘~(D2E””’1) . 2.31
in (p WHF ) Kenposz < +00 ( )

Then the absolutely continuous arc p : [0,1] — (R™)" \ {0} defined by (2.24)
satisfies

p(t) - [ X5 X (va(t)) =0 Vte[0,1],Vi,j=1,...,m. (2.32)
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Proof. Let us first check that F is of class C? on L{Jf_-’l (we refer the reader
to Appendix B for basics in differential calculus in infinite dimension). Given
u € U}’l and v € L%([0, T]; R™) we need to study the quantity

'Yquev(]-) - qu(]-) = E.a;l (’LL + 6’0) - E;:'jl(u)’

at second order when ¢ is small. We have

Yuren(1) = / Z () + €0s(8)) X7 (Yuren (8)) dt, (2.33)

with Y416y (0) = 2. For every ¢ = 1,...,m and every t € [0, 1], the Taylor
expansion of each X* at v,(t) at second order gives

X' ('Yu+ev (t)) = Xi('Yu(t)) + D'yu(t)Xi : (’Yu+ev (t) = Yu (t>)
+ ;D'yu(t)Xi : (’Yu-&-ev (t) - 'Yu(t)a'}/u-i-ev(t) - Vu(t)) + |'7u+ev(t) - 'Yu(t)‘g 0(1)-

Setting 0, (t) := Vutev (t) — 72 (t) for any ¢, (2.33) yields formally (4, has size e,
see the proof of Proposition 1.2.4)

1 [ m
1):/O [;ui(t)D%@ +ezm )] dt
<l

Write §,(t) as

eZvi(t) L X 8. Zuz D2 X' (5(),596(15))] dt

+lvll30(1).

0u(t) = 0,(t) + 02(2) + o(€?),

where 8} is linear in € and 02 is quadratic in e. Then §} and 62 must satisfy

= [i U (t)D,yu(t)Xi‘| . 535 (t) +
i=1

k
eZvi(t)Xi (fyu(t))] a.e. t €[0,1]
i=1

and
lZUZ v ( t)Xi‘| . 53@) + GZU (t )D.Yu(t)XZ‘| 5;@)
i=1
1 G 2 i 1 1
+3 ;ui(t)D%(t)X (6L1),8L(1)  ae te[0,1].

Then using the notations of the proof of Proposition 1.3.3, we get for every
t€0,1],

=5 t)/o S(s) ' B(s)v(s) ds (2.34)
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and
az(t) = S(t) /Ot S(s)7'[C(s) + D(s)] ds (2.35)
where
C(t) = zm; Vi (£) Dy 1y X" - 4 (t) (2.36)
and )
D(t) = %iui(t)Diu(t)Xi (8L(t),64(1)). (2.37)
i=1

Proceeding as in the proof of Proposition 1.2.4 (that is using Gronwall-type
estimates), we have the following expansion:

Then we have

D2EL' - (v,0) = 2/1 S(LSHH[CH) +D®)] dt VYo e L*([0,1;R™)
0

and E' is C? on UR".

Let us now fix @ € Up' N L>([0,1];R™) and p € (R™)"\ {0} such that (2.30)
and (2.31) are satisfied and prove that (2.44) holds. Note that we have for
every v € L? ([0, 1]; R™),

DZER - (v,v) = 2/015(1)5(15)1 [C(t) + D(t)] dt, (2.38)

where C, D are obtained by replacing u by % in (2.34)-(2.37) and the definitions
of S, A, B (see (2.27)-(2.29)).

Lemma 2.4.3. There is K > 0 such that for any t,6 > 0 with [t,t+4§] C [0,1],
there holds for every v € Ker (DEE;J) with Supp(v) € [t, €+ 0],

|D2E" - (0,0) = Quav)| < K 032 8% (2.39)
where Qz.5 : L? ([0, 1]; R™) — R™ is defined by
~ T+o m | optm 4
Qi.5(v) ::[ p(t) -Zvi(t)D;/(;)XZ [ Zvj(s)X] (3(t)) ds| dt, (2.40)
t i=1 toi=1
for every v € L2 ([0,1]; R™).

Proof of Lemma 2.4.3. Let t,§ > 0 with [¢,t46] C [0, 1] and v € Ker <DQE;-’1)
with Supp(v) € [¢,t + d] be fixed. By Remark 1.2.5, we have

S(1) /01 St~ B(t)v(t)dt = 0.
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Then (2.38) yields

- (DiE 1)‘Ker(d O 2/0 p(t) - [C(t) + D(t)] dt.
Setting

SE(t) == S(t) /Ot S(s)"'B(s)v(s) ds vt € [0,1],

we have §1(t) = 0 for every t € [0 ] U [t + 6, 1] and by Cauchy-Schwarz’s
inequality, we have for every t € [ t+ }

|5;(t)‘ = “1B(s)v(s)ds
< sup {HS )S(s ||} Vit —t|v|re
s€[0,1]
S Kl f ||’U||L2 )
where K is a constant depending only upon the sizes of S, S~!, B in a neigh-

borhood of the curve 7 ([0, 1]). Then we have
D(t)y=0 Vtete|0,f]U[t+61],

and

|D(t)| < K3d||v|72|u]| .  Vte[t,t+46],

which gives
1
/ p(t) - D(t) dt‘ < Ky|jv||72 6%,
0

where K3, K, are some constants depending on K7, on the size of the D2X7’s,
P and ||u||L. Note that since we can write (5 = vz)

/zv] X7 (5() ds
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we have (since @ belongs to L™ ([O, 1]; Rm), S and 7 are both Lipschitz)

80 - [ v0)X (3(0) ds
et

<Ko llv||2 02, Viete [f,i+6], (241)

where K is a constant depending only upon the sizes of S,S~!, B and the
Lipschitz constants of the X7’s in a neighborhood of the curve vz ([0,1]). By
(2.40), we have

1 B B t+5 _ B
/0 B(t) - C(t) dt — Qrs(v) = / A1) - C(t) dt — Qs 5(v)
t+48 m
= / p(t) - <Z 0 (£) Dy X+ 54(1)
t i=1

t

= wi(t) Dy X" - /Zuj(s)xj(w(i)) ds| | dt
i=1 toj=1

t+45 m t m

ﬂ p(t) - <Z 'Ui(t)D'y(t)Xi> - 02(t) _/ Z”j(S)Xj (7(0) ds| dt.
f i=1 toj=1

By (2.41), we infer that

< K [[v]|726%,

t+5 B B
/t, B(t) - C(t) dt — Qr5(v)

for some constant K5 depending on the datas. All in all, we get

< K [|v]|726%,

/0 B(t) - [C(#) + D(1)] dt — Qr 5(v)

for some constant Kg depending on the datas. We conclude easily. O

Returning to the proof of Theorem 2.4.2, we argue by contradiction and
assume that (2.44) does not hold. Hence we assume that there are t € (0,1)
and i # j € {1, ,m} such that

N = (D) - [X X (3D) >0
= 5(D) - (Dsp X7 - X (1D) ~ Dsp X - X7 (5(D) ). (2.42)
Let 6 > 0 such that [¢,£+ 6] C [0,1] and Q75 : L*([0,1] — R" be the mapping
defined by (2.40). We observe that there holds for every v € L?([0,1]; R™),

B t+45 t m X .
Qrslv) = / / S wiltuy(s) (BE) - Dy X' - X7 (3(0))) | dst
t to)ig=1

:/f /ttv(s),Mv(t»dsdt

t+6
(
t+46
- /t (w(t), Mo(t) dt, (2.43)
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where M is the m x m matrix defined by
M; ; = p(t) - Dy X" X7 (3(D)),

and

w(t) = /tt v(s)ds vt € [0,1].

71

Thanks to Lemma 2.4.3, in order to get a contradiction, we need to show that
for every integer N > 0, there are § > 0 and a subspace Ly C L*([0,1]; R™)
of dimension larger than /N such that the restriction of Q7 s to L\ {0} satisfies

the following property:

Qrs(v) < =K |v7.6%  Voe L\ {0}

As a matter of fact, given N € N strictly larger than n, if L is a vector subspace

of dimension N, then the linear operator
(DEE;”_-’l)‘L . L — R®
has a kernel of dimension at least N — n, which means that
Ker (DaE3') L

has dimension at least N —n.

Let N an integer strictly larger than n be fixed and § > 0 with [t t+5}
to be chosen later. Denote by L = Lg; v the vector space in Lz( [0, 1];
all the controls v such that there is a sequence {ay,...,ax} such that

(t—t_)Q‘n'

N
vi(t) = > j—q akcos

(k -
v(t) = S asin (k tmﬂ) vt e [f,i+4],

vi(t) =v;(t) =0 vVt ¢ [t E+6],

[0, 1]
m) of

and
vi(t) =0, Vi ;A% Jj  Vtelo1].
Let v € L\ {0}, taking as before w(t j; s)ds, we have
wilt) = & Y, %sin (km) .
5 N (D2m vt e [t,t+ 4],
w5(t) = o5 Zk:l ?(lfcos <kT)>7
wi(t) =w;(t) =0  Vt & [t,T+6],
and

wi(t) =0, Vi#i,j vt € [0,1].

Then we have
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and

But

/O wy () Migos (£) dt = N, /0 wi(t)i() dt = 0 = /0 w; (t) V505 (1) dt.

In conclusion, we have

1 2, 2 AT - N a2
Qr.s(v) :/0 (wl@) Nu(0) dt = ~Ni (1) Paf _ TN ) >

Since N;;(f) > 0, Qz5(v) is negative. Moreover, we observe that

N
o172 =67 af,
k=1

which yields

Qes(v)|  Nig()) Yon, % 1 (Nz;j(f)>
az =0 ’

[v][2,62 Ar S0, 4

We conclude easily by taking > 0 small enough. O

A minimizing geodesic is called strictly abnormal if it is singular and admits
no normal extremal lift. A control is called strictly abnormal if its associated
horizontal path is strictly abnormal.

Theorem 2.4.4. Let 7 : [0,1] — M be a minimizing geodesic from z to
y (with x # y) which is strictly abnormal. Then there is an abnormal lift
= (ﬁ,ﬁ) :[0,1] = T*M of 7 such that

p(t)- [X4,X7](3(t)) =0  Vtel[0,1],Vi,j=1,...,m. (2.44)
The latter property is called the Goh condition.

Proof. According to the previous notations, we define the mapping F' : L{;’l —
R™ x R by
F(u) = (BR' (), Jul}:)  vaeup"

This function, which is of class C?, cannot be open at @. As a matter of fact,
if the image of a neighborhood of @ contains a neighborhood of F(@) then it
contains a control u € Uy with

Eptu)y=y and |[lu)?. < |a?,,
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which contradicts the minimality of @ from x to y. Therefore by Theorem 2.4.1
we infer that there is A € (Im(DaF))L \ {0} such that

ind_ ()\* (D%F)|Ker(dﬂF)) < r:=n—rank(a). (2.45)

Since the control @ is strictly abnormal, the last coordinates of A is zero. Denote
by p the dual of the first n coordinates of A. Then we have

p-DgER'(v) =0  Voe L2([0,1];R™).

Since % is minimizing, |u(t)| is constant and @ belongs to L ([0, 1];R™). The-
orem 2.4.2 concludes the proof. O

Example 2.4.5. A distribution A is called medium-fat if, for every x € M
and every section X of A with X (x) # 0, there holds

T, M = A(z) + [A, Al(z) + [ X, [A, A]] (2), (2.46)
where
(A, A(z) = {[X, Y|(x)| X,Y sections of A}
and  [X,[A,A]](z) = { (X, [V, Z]](2) | Y, Z sections of A}.

Any two-generating distribution is medium-fat. An example of medium-fat dis-
tribution which is not two-generating is given by the rank-three distribution in
R* with coordinates x = (1, %o, 13, 74) defined by

A(z) = {X1($)7X2(96),X3(x)} vz € RY,
with
Xl:aﬂcl’ X2:8x27 X3:8x3+(551 +$2+I3)28x4.

Medium-fat distribution do not admit non-trivial Goh paths. As a matter of
fact, if v : [0,T] — M is an horizontal path which admits an abnormal lift
= (v,p) : [0,T] — T*M satisfying the Goh condition, then we have

p(t) - [XLX7](v(t) =0  Vi,j=1,...,m, (2.47)
for every t in a small interval I C [0,T] such that v(t) is in a local chart of M

and A is parametrized by a family {X1,..., X™} of smooth vector fields. Then
if we denote by u the control which is associated to y through F, derivating the

previous equality yields for any 1,7 =1,...,m,
pt) - |3 unOX® [XLXT)| (v(1) =0 Vel (2.48)
k=1

Since 1 = (v,p) is an abnormal lift, we also have p- X' = 0 along v, then by
(2.46), (2.47)-(2.48) we get a contradiction.
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2.5 Examples of SR geodesics

Geodesics in the Heisenberg group

The Heisenberg group H! is the sub-Riemannian structure (A, g) in R® where
A is the totally nonholonomic rank 2 distribution (see Example 1.1.2) spanned
by the vector fields

X:&C—%(‘L and Y:8y+§az,
and g is the metric making the family {X,Y} orthonormal, that is defined by
g = dz? + dy?.
The above structure can be shown to be left-invariant under the group law
1
(z,y,2)* (2',y',2') = (r +aly+y 22 45y - x'y)) :

Thanks to Proposition 1.2.1, any horizontal path on [0, 7] has the form ~, =
(z,y,2):[0,T] — R? where

B(t) = ui(t)
gt) = ua(t) (2.49)
t) = 3 (u(t)z(t) —w(t)y(t)),

for some u € L*([0,T]; R?). This means that
1

A1) =20) = [ 5 @it) =y 0) i = [ 5 (edy— yio),

C

where a(t) = (z(t), y(t)) is the projection of the curve v to the plane. According
to the Stockes Theorem, we have

1 1
/i(xdy—ydaﬁ)z/dx/\dy+/§(xdy—ydx),
«@ D c

where D denotes the domain which is enclosed by the curve a and the segment
c:= [Q1,Q2] = [(2(0,9(0)), (z(T),y(T)]
from @ to Q.

Q1
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Therefore, given two points P, = (z1,y1,21), Po = (72,2, 22) in R3, the
horizontal paths which minimizes the length from P; to P, are the curves
7 :[0,1] — R? whose the signed aread of D satisfies

[ dwndy= (2= 20) = [ 5 oy - yar),

D c 2

with minimal length. According to the isoperimetric inequality, the curves in
the plane sweeping the same area and which minimize the length are given by
circles. This fact can be easily recovered by Theorem 2.2.2 and Proposition
2.2.1 (we saw in Example 1.3.12 that A admits no non-trivial singular horizon-
tal paths). Assume that v, = (2,9,2) : [0,1] — R? is a minimizing geodesic
from Py := 7,(0) to Py := 7,(1) # P;. Then according to Proposition 2.2.1,
there is a smooth arc p = (p1,p2,p3) : [0,1] — (R3)* such that the following
system of differential equations holds

T = pg— %pz Pe = — (py + %pz) %
y o= Pyt ip py = (pm - %pz) p7z
z = %((py-l-%pz)x—(z—%pz)y), pz = 0.

Hence p, = p, for every t. Which implies that
T=-p,y and ¢ =p,T.

If p, = 0, then the geodesic from P; to P, is a segment with constant speed.
If p, # 0, we have or

P =—p’c and Y = —p2y.

Which means that the curve ¢t — (z(t), y(t)) is a circle.

A singular minimizing geodesic

As we said above, minimizing geodesics do not necessarily satisfy the Hamil-
tonian geodesic equation. As an example, consider the Martinet distribution
(which already appeared in Examples 1.1.21 and 1.3.14) in R? with coordinates
(1,22, x3) defined by

Az) = Span{X(x), Y(as)} Vo € R3,

with
¥ a3
:81'1’ Y:am + ?aws’

and equipped with a smooth metric g. In Example 1.3.14, we saw that singular
curves are given by the horizontal paths which are contained in the Martinet

set
EA = {IIJ = 0},
that is of the form

(1) = (0,332(0) + /0 t ug(s)ds,O,xg(O)) ,

with ug € L2([0, T];R). Such curves are locally minimizing.
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Theorem 2.5.1. For any z = (0,%2,%3) € R3, there is € > 0 such that for
every € € (0,€) the horizontal path given by

3(t) = (0,22 + t,23) vt € [0, €,

minimizes the length among all horizontal paths joining (0,Z2,Z3) to (0,2 +
67(,?3).

Proof. Let z = (0,Z2,%3) € R3 be fixed. It is more convenient to work with an
orthonormal frame that we now construct. In the sequel all the constructions
are performed in an open neighborhood of Z that we always denote by V. First,
there is a smooth function A : V — (0, +00) such that

Nz)Y(2)=1 Vze). (2.50)
Set Y := AY and pick a smooth section X of A such that

%) !

x

=1 and g, (X(x),Y(x)) =0 Vo e V. (2.51)

Since for any z € YA NV the vector Y (z) is tangent to YA and A(z) is
transverse to XA, the vector X(x) is necessarily transverse to Xa. Let us
perform a change of coordinates. For this, consider the diffeomorphism given
by (it is indeed defined in an open neighborhood of z)
®:Rx¥pr — R?

(s,22,23) +—— (0,22, 23),
and set . ~ . ~

X :=®*X and Y =Y

and § the metric g in the new set of coordinates, that is

gz(va w) = 9o(x) (qu)(v)v qu)(w))
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By construction (by (2.50)-(2.51)), {X,Y} is a local orthonormal frame with
respect to g and there are smooth functions ¢1, ¢2, ¢3 : ¥V — R such that

X =0, (2.52)

2
and Y = 2161 ()0, + (1 + 21¢2(2)) 8y, + (3321 + aclqbg(m)) Ors-

The Martinet set XA is invariant under this change of coordinates and we check
that

%3] @ = () + 052 @) 0+ (62l) 401 52 0)) 0
+ (xl + ¢3(x) + xlgﬁ(m)) Oy -

Then ¢3(x) vanishes on ¥a with a non-vanishing derivative. Morever the
derivative of det(X,Y,[X,Y]) on XA with respect to the x; variable is equal
to

det(X7}A/a [va]) _ 8(253
This means that ¥ has indeed the form

with ¢(0) # 0. Up to dilate, we may assume that ¢(0) = 1. We need to show
that among all controls u = (uy,us) : [0,7] — R? with u? + u3 < 1 steering
T = (0,:62,553) to (0,:%2 + 6,@3), we have € < 7. It is sufficient to prove the
result for Z = 0, we set P := (0,¢,0). There is r > 0 such that Bgg(0,r) is
included in V. If € € (0,r), then any minimizing geodesic joining 0 to (0, ¢, 0) is
contained in Bgg(0,7). As a matter of fact, we know that dgr(0, P) < e < r.
Let C1,Cy > 0 be upper bounds for ¢y, ¢2 on Bsr(0,7) and § > 0 be such that

lp(x) =1 <d§  Va € Bsgr(0,r). (2.54)

Let v, = z : [0,7] — R3 be a competitor for 4. Note that thanks to (2.52)-
(2.53), then end-point conditions give

(1) = fo: uy(s)ds + [ ua(s)w1(s)¢1(x(s)) ds =0
xo(T) = fOT ua(s) (1 + x1(8) 2 (:c(s))) ds =€ (2.55)
x3(1) = [y ua(s)z1(s)?p(a(s)) ds = 0.
Set
B = max{’xl(sﬂ |s e [077']}. (2.56)

Note that if ~, # 7, then 3 is necessarily positive. Taking r > 0 smaller if
necessary (and a fortiori € > 0 smaller), we may assume that

. 1+ 62 <e. (2.57)

1

< — 6<
ﬁiQCg’ -

DN | =
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The last equation in (2.55) yields (by (2.54)-(2.56))

/OT z1(s)* ds /T 21(5)%(1 — ua(s)) d5+/OT a1(5)2us(s) ds

< ( - [ ) ) | a2 (1= (ate) walo s
< ( /Ouz >+6/ x1(8)” ds.

Therefore (by (2.57))

/OT 1(s)?ds < 1ﬁ_25 (T_/OTUQ(S)OZS> <2 (T_/OTUQ(S)CZS)' 2

Let 5 € [0, 7] be such that |z1(5)| = 5. Since

)
|#1(s)] < Jua(s) + ua(s)z1(s)¢n(a(s))| < V1 + 5262 <2

for almost every s € [0, 7] and z1(0) = z1(7) = 0, we have

S, T—82> 7# fﬁ252 > B/2.

Which means that the interval [s — 3/2,5 + 3/2] is included in [0, 7] and

IA

oD

[o1(s)] =

Vs € [5—8/4,5+ B/4].

Therefore we have

T 5+B/4 3
/ |x1(5)|2d32/ }1:1(s)|2d32 %
0 g,ﬁ/4

By (2.58), we deduce that

3 T
% <232 (7‘ 7/0 us(s) ds>

/OT ()ds<7_% (2.59)

Then by the second line in (2.55) and the definitions of 8 and Cs5, we have
¢ = [ st [ ulom o) ds
< /OTUQ(S) ds—!—/OT|uQ(s)| l21(5)] [d2(a(s))]| ds
< /O " ia(s) ds + BCar.

which implies

Consequently by (2.59), we get

1
eSr—Fﬂ(C'QT—m)

In conclusion, if 8 > 0 and 7 < 1/(16C%) (that is € > 0 small enough), then 7
cannot be smaller than e. This shows the result. O
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Remark 2.5.2. Theorem 2.5.1 only asserts that ¥ minimizes the length be-
tween its end-points. It is not necessarily a geodesic, or equivalently it has not
necessarily constant speed. This latter property depends upon the metric g.

From the proof of Theorem 2.5.1, we have local coordinates (z1,x9,x3) in
an open neighborhood of 0 € R? such that the Martinet distribution equipped
with a smooth metric g admits a local orthonormal frame of the form

Az) = Span{X(w), Y(x)} Vr € R?,
with
X =0, Y =2161(2)00, + (1 4+ 2102(2)) Oay + 270(2)0ay,
and ¢(0) = 1. According to Proposition 2.2.1, for every p = (p1,p2,p3) €

(R?)*, the normal extremal (with respect to g) on [0, 1] starting at (0, p) is the
trajectory (z,p) : [0,1] — R? x (R3)* satisfying

T = p1+ (P : Y(@) r1¢1()
gy = (p-Y(2)) 1+ z102(2)) (2.60)
pY(z))2dp(),

o= = (V@) [ 6@+ g )
~+p2(¢2( )+$1gff( ))+P3(2331<P( )+$?§Tﬁ($))}

_ . (2.61)
p2 = —(p-Y(x) P19€13z2( )+P25U13 ()+p3$1312(9€)
ps = —(p-Y(2)) |pra1 2 (@) + paz1 52 (2) + psa? 52 (x) |,
with
p-Y(z) = prz1di(s) + p2 (1 + z102(2)) + p3zie(x)
and

33‘1(0) = .IQ(O) = 333(0) =0, p1 (O) = p1, pz(O) = pa, pg(O) = Pp3. (262)

Note that if ¢; = ¢ = 0 and ¢ = 1, that is whenever g = dz? + dx2, then the
horizontal path given by

3(t) = (0,t,0) vt €10, ¢, (2.63)

is the projection of the normal extremal starting at (0,p) with p = (0,1,0).
Then whenever ¢1 = ¢ = 0 and ¢ = 1 and for € > 0 small enough, a
reparametrization of 7 is a singular normal minimizing geodesic between its
end-points (see Example 1.3.14 and Theorem 2.2.2). Different choices of metrics
can provide examples of strictly abnormal minimizing geodesics.

Proposition 2.5.3. If ¢5(0) # 0, then any reparametrization of 5 given by
(2.63) is not the projection of a normal extremal.
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Proof. We argue by contradiction and assume that there is p = (p1, P2, P3) €
(R*)* and 4 : [0,1] — R3 a reparametrization of 4 such that the systems dif-
ferential equations (2.60)-(2.61) are satisfied with = 4 and initial conditions
(2.62). The system (2.60)-(2.61) is the Hamiltonian system which is associated
with the Hamiltonian given by

H(x,p):p~f((z)+p~f/.

Since H is constant along its extremals and x1(¢) = z3(t) = 0 for any ¢ € [0, €],
we have (see (2.7))
2

(b XGW)) + (o) YGM)) = 22+ palt)?
= pi+ps  Vte[o,1].

On the other hand, since z1(t) = 0 for every ¢ € [0, 1], the second and third
equations in (2.61) yield

pa=p3=0 — pg(t):ﬁg Vt € [0,1]

Moreover, (2.60) also gives &2 = po that is P2 # 0 (¥ has constant speed). Since
p1 is smooth and both py and p? + p3 are constant, p; is necessarily constant.
The first equation in (2.60) and x; = 0 give 1 = p;. Hence p; = p; = 0.
Then, using that p; = 0,p2 = Py # 0, the first equation in (2.61) gives

Pad2(3(t)) =0  Vte[0,1].

By assumption on ¢2(0), we deduce that ps = 0. Since we know that 4 joins 0
to (0,¢,0) with € # 0, this contradicts the equality o = Po. O

2.6 Notes and comments

Theorem 2.2.2 may be seen as a weak form of the Pontryagin maximum princi-
ple which has been developed by the russian school of control in the 60s. In the
general context of optimal control theory, the strong form of the Pontryagin
maximum principle provides necessary conditions for a control to be optimal.
For further details on this topics, we refer the reader to the seminal book by
Pontryagin and its collaborators [PBGM] and to the more recent textbooks by
Agrachev and Sachkov [AS04], Clarke [Cla83], or Vinter [Vin00]. The material
presented in Sections 2.1 and 2.2 is by now classical. It can be found in the
Montgomery textbook [Mon02] which also provide many references.

Theorem 2.3.5 about the image of the sub-Riemannian exponential map has
been proven by Agrachev and the author, see [Agr09]. It extends a previous
density result, based on Lemma 2.3.6, which was obtained by Trélat and the
author in [RT05]. Given a complete sub-Riemannian structure (A, g) on a
smooth manifold M and z € M, we do not know if the image of exp, has
full Lebesgue measure in M. This open problem is indeed ”contained” in the
sub-Riemannian Sard conjecture. Given x € M (which is equipped with a SR
structure), denote by SZ’I the set of singular horizontal paths in Q”&l (that is
Syt = Q%M \ RL with the notations of Chapter 1). The SR Sard conjecture
states that the image of SZ’I by the End-Point mapping

EZ’T : Qzl — M
v (1),
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has Lebesgue measure zero in M. We even do not know if EZ’T can have a non-
empty interior in M. We refer the reader to Montgomery’s book [Mon02] for
further details on the SR Sard Conjecture and to the paper [RT05] for various
sub-Riemannian Sard-like conjectures.

The theory of second variation for singular geodesics in sub-Riemannian
geometry has been developed by Agrachev and Sarychev [AS96]. The results
and proofs that we present in Section 2.4 are taken from Agrachev-Sarychev’s
paper [AS99]. Example 2.4.5 (medium-fat distributions) is taken from [AS99]
as well.

For decades the prevailing wisdom was that every sub-Riemannian mini-
mizing geodesic is normal, meaning that it admits a normal extremal lift. In
1991, Montgomery [Mon94] found the first counter-example to this assertion.
We refer the reader to Montgomery’s book [Mon02] for an historical account on
the existence of strictly abnormal minimizing geodesics. The second example
which is presented in Section 2.5 is the Montgomery counter-example. The
proof of local minimality of characteristic lines in the Martinet surface (Theo-
rem 2.5.1) is taken from the monograph by Liu and Sussmann [LS95]. Note that
the Montgomery counter-example as well as all other known counter-examples
exhibit smooth singular minimizing curves. The existence of non-smooth sub-
Riemannian geodesics is open.

In the first example of Section 2.5, we briefly explained that the sub-
Riemannian structure under study was indeed left-invariant under some group
law. This additional structure makes H' a Carnot group. We refer the reader
to the Montgomery textbook [Mon02] or to the Jean monograph [Jeal2] in the
present volume for further details on Carnot groups.






Chapter 3

Introduction to optimal
transport

Throughout all the chapter, M denotes a smooth connected manifold without
boundary of dimension n > 2.

3.1 The Monge and Kantorovitch problems

The Monge problem

Let
c: M x M —[0,+00)

be a cost function and p, v be two probability measures on M. We recall that
a probability measure on M is a Borel measure with total mass 1. The Monge
optimal transport problem from p to v with respect to the cost ¢ consists in
minimizing the transportation cost

/ c(z,T(x)) du(z), (3.1)
M

among all the measurable maps 7' : M — M pushing forward p to v (we denote
it by Ty = v) that is satisfying
w(T~1(B)) = v(B) VB measurable set in M. (3.2)

Such maps are called transport maps from p to v.

—_———
-
- ~

83



84 CHAPTER 3. INTRODUCTION TO OPTIMAL TRANSPORT

We set
Coa(pi,v) = inf {/M o2, T(2)) du| Ty = u} , (3.3)

where Tyt = v means implicitely that 7" is a measurable map from M to itself
which pushes forward p to v.

Remark 3.1.1. The property (3.2) is equivalent to

[ er@)dut) = [ swavty)

M M

for all v-integrable function p. If M = R™ and p and v are absolutely contin-
uwous with respect to the Lebesgue measure respectively with densities f and g
in LY(R™; [0, +00)), the latter property can be written as

/ o(T(2))f () der = / o)) dy,
M M

for any ¢ € L®(R™;R). Therefore, if T is a diffeomorphism, then the change
of variable y = T'(x) yields the Monge-Ampére equation

|det(D,T)| = n—ae xeR™ (3.4)

Example 3.1.2. Transport maps may not exist. For example, consider in R™
the probability measures p,v given by

1 1
=20, and V=§5y1+§(5y2,

where x,y1,y2 € R™, y1 # ys and d, denotes the Dirac mass at some point
a € R™. There are no transport maps from u to v. If such a map T exists,
then

1
5 = () =i (77 (fm}) =0 or 1
which is impossible.

Example 3.1.3. Minimizers of Monge’s problem may not be unique. On the
real line R, consider the probability measures p and v given by

n = 1[0’1] l:l and v = 1[1’2] Cl,

where L' denotes the Lebesgue measure in R. In other terms, i and v are
respectively the restriction of the Lebesgue measure on the intervals [0,1] and
[1,2]. The two maps T1,T> : R — R given by

Ti(z)=x+4+1 and Ta(z)=2-=x Vo € R,

push forward p to v. This is a straightforward consequence of the fact that
both Ty and Ty are affine maps which are bijective from [0,1] to [1,2] with
determinant 1 together with a change of variable (see Remark 3.1.1). Consider
the Monge cost ¢: R x R — [0,400) given by

C(l’,y) = ‘y—£E| Vx,ye]R.
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We check easily that the transportation cost for Th and Ts are given by

1
/ c(z, Ti(z)) du(z) = / |Ti(z) —z| de =1 1=1,2.
R 0

Furthermore, we also check that if T is a map which pushes forward u to v,
then

/Rc(x,T(a:)) du(x)

/01 T(z) — 2| do
/Ol[T(x)—x] dac:/olT(x)dx—/ledx
- /12ydy—/01;z:d:z_1.

This shows that the infimum in the definition of Caq(u,v) is attained by all
transport maps from p to v. So, it is not unique.

The constraint Tyu = v being highly non-linear, the Monge optimal trans-
port problem is quite difficult from the viewpoint of optimization. That is why
we will study a notion of weak solution for this problem.

The Kantorovitch relaxation

Given two probability measures u, v on M, we denote by II(u,v) the set of
probability measures « in the product M x M with first and second marginals
1 and v, that is such that

7711104 =u and Wuza =v, (3.5)

where 7 : M x M — M denotes respectively the projection on the first and
second variable in M x M. The Kantorovitch optimal transport problem with
respect to the cost ¢: M x M — [0, +00) consists in minimizing the quantity

C(a) = /MXM c(z,y) da(z,y), (3.6)

among all the a € II(u,v). Any measure in « € II(u,v) is called a transport
plan between p and v. We set

Crc(p, v) = inf {C(a) la e Ty, y)}. (3.7)
Remark 3.1.4. The property (3.5) is equivalent to
w(B) =a(Bx M) and v(B)=a(M x B),

for any measurable set B in M, which is also equivalent to

/MxM[sD1($)+<Pz(y)] da(%y):/Mwl(x)du(ch/M P2(y) dv(y),

for all p-integrable function 1 and v-integrable function @o. In particular, the
set TI(p, v) is a convex set which always contains the product measure 1 X v.
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Remark 3.1.5. If T : M — M 1is a transport map from p to v then the
measure o on M x M given by

o= (IdxT),p,

s a transport plan between u and v. This means that the Kantorovitch opti-
mization problem is more general than the Monge optimization problem, or

C)C(Ma V) < CM (Na V)a
for all probability measures p,v on M.

Example 3.1.6. Returning to Example 3.1.2, we note that the product measure

1 1
@ =50 y) T 50,92

s a transport plan between p and v. In contrary to Monge’s transport maps,
Kantorovitch’s transport plans allow splitting of mass.

The Kantorovitch optimal transport problem is an infinite-dimensional op-
timization problem which involves a functional C which is linear in « and a set
of constraints II(u, v) which is convex and weakly compact. The existence of
optimal transport plans becomes easy.

3.2 Optimal plans and Kantorovitch potentials

Optimal plans

Throughout this section, we fix a cost ¢ : M x M — [0,4+00). We recall that
the support spt(u) of a measure p refers to the smallest closed set F' C M of
full mass p(F) = u(M) = 1.

Theorem 3.2.1. Let u,v be two probability measures on M. Assume that ¢ is
continuous and that Supp(p) and Supp(v) are compact. Then the Kantorovitch
optimal transport problem admits at least one solution, that is there is @ €
II(w, v) such that

C(a) = Cxc(u, v) := inf {C(a) laeT(p, y)}. (3.8)

Proof. We first note that Cix(u,v) is finite. As a matter of fact, since the
product measure p x v belongs to II(y,v) and ¢ is bounded on Supp(u) x
Supp(v) (by assumption c¢ is continuous and Supp(u), Supp(v) are compact),
we have Cx(u,v) < C(p X v) < +o0. In fact, the supports of all transport
plans between p and v are contained in the set Supp(u) x Supp(v) C M x M
which is compact by assumption on Supp(u) and Supp(v). Then we can assume
without loss of generality that M is compact. Denote by P(M x M) the set of
probability measures on M x M and define F': P(M x M) — R by

F(a):= /M Ny c(z,y) da(z,y) Vo€ P(M x M).
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The functional F' is continuous on P(M x M) equipped with the topology of
weak convergence, that is for any sequence {ay}r and any « in P(M x M)
satisfying

/ (@, ) dan (@, y) — ko / o(z,y) da(z, y),
M x M M x M

for any measurable function ¢ : M — R which is bounded, we have

lim F = F(a).
JimFlax) = Fla)
This fact is a straigthforward consequence of the continuity of ¢ together with
the compactness of M x M. By Prokhorov’s Theorem, the set of probability
measures on M x M is compact with respect to weak convergence. We conclude
easily. Let {ay}r be a sequence in TI(u,v) such that

C = lim C .

c(u,v) = lim Clax)

By Prokhorov’s Theorem, up to taking a subsequence, we may assume that

{ax} converges to some probability measure @. By Remark 3.1.4, & belongs to
II(4, v). Moreover it satisfies C'(a) = Cic(p, v) by continuity of F'. O

The supports of optimal transport plans have specific properties. Let us
introduce the notion of c-cyclically monotone sets.

Definition 3.2.2. A subset S C M x M is called c-cyclically monotone if for
any finite number of points (z;,y;) € S,j=1,...,J, and o a permutation on

the set {1,...,J},
J

J
Zc zj,Y;) Zc Zo(5)
J=1

J=1

Remark 3.2.3. The definition given above is equivalent to the following one:
for any finite number of points (xj,y;) € S,j=1,...,J,

J

J
ZC z]vy] ZC x]vy]-&-l
i=1

j=1

with yyj41 = y1. The equivalence is a straightforward consequence of the de-
composition of a permutation into disjoint commuting cycles.

Remark 3.2.4. If ¢ is assumed to be continuous, the c-cyclical monotonocity
1s stable under closure. The closure of a c-cyclically monotone set is c-cyclically
monotone.

Given two probability measures u,v on M, we call optimal transport plan
between p and v any « € II(p, v) satisfying Ci(p, v) = C(a). Optimal trans-
port plans always have c-cyclically monotone supports.

Theorem 3.2.5. Let u,v be two probability measures on M. Assume that c
is continuous and that Supp(u) and Supp(v) are compact. Then there is a c-
cyclically monotone compact set S C Supp(p) X Supp(v) such that the support
of any optimal transport plan between p and v is contained in S.
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Proof. Let us first show that the supports of optimal transport plans are always
c-cyclically monotone. We argue by contradiction and assume that there is
an optimal transport plan a € II(y,v) whose the support is not c-cyclically
monotone. Then there is an integer J > 1, J points (z1,41),...,(zs,ys) in
Supp(«) and a permutation o on the set {1,...,J} such that

J J
Zc(xj’yj ) > ZC Ta(j)>Y5)
j=1 j=1

By continuity of ¢, there are open sets U;,V; for j = 1,...,J which contain
respectively x;,y; such that

J
ZC(U]‘,U] > ZC o(4)s v N ((uj’vj))jzl,.“,‘] € H;-le (UJ X V}) (39)
j=1 j=1

Each (z;,y;) belongs to the support of «, then we have o(U; x V;) > 0. Define
the probability measure P on IT{_, (U; x V;) by

1

P=1_, | ——1u,xv,a|.

= [a(Uj xV)) ”f*"ﬂ“}
It is a product of probability measures, hence it is a probability measure as
well. Set

m::min{a(Uj X V]) lj = 1,...,J}7

denote by 7% (resp. 7'7) the projection from H 1 (U; x V;) to Uj (resp. to
V;) and define the measure & on M x M by

J
Z( Us () 77‘/ ﬁP_(ﬂUj’ﬂ-Vi)ﬁP)

We have
_ J
- m
a > a—jz(ﬂ'U7 Wv)ﬁp
j=1
17 _
2 LI r T R
1
> a—jZIUXva>a—a—0
j=1
Moreover
J J J J
L Z(WUJ Wv)ﬁP :ZW?P:ZW;J”(”P*W Z( Vst WV)ﬁP
j=1 J=1 J=1 J=1
and
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Therefore « is a non-negative measure which belongs to II(u, v). But by con-
struction, we have

/ c(z,y)da(z,y) = / c(x,y) do(z, y)+
MxM MxM

?/;(C(“a(a‘),%) - C(ujvvj)) dP ((u1,v1, ), (wg,v1))

and the last term is negative (by (3.9)). This means that o cannot be optimal
and gives a contradiction. Then we know that the supports of any optimal
transport plan between p and v is c-cyclically monotone. Denote by 1Pt (u, /)
the set of optimal transport plans in II(u, ) and set

S = U Supp(a).

aellort (pu,v)

By construction, § is a subset of Supp(u) x Supp(rv) C M x M which contains
the supports of all optimal transport plans. It remains to show that S is c-
cyclically monotone. Let (z1,91),...,(zs,ys) be J points in § and ¢ be a
permutation on the set {1,...,J}. For each j = 1,...,J the point (z;,y,)
belongs to the support of an optimal transport plan ;. Let & be the convex
combination of the o;’s, that is

1
=23
j=1

Since II(u,v) is convex and the mapping a — C(«a) is linear, & belongs to
1Pt (p,v). Then its support is c-cyclically monotone and contains all the
(xj,y;)’s. We infer that

J J
Zcxj,y] SZC U(J) y]
j=1

Jj=1

We conclude by Remark 3.2.4. O

Example 3.2.6. Returning to Example 3.1.3, we can show that the set provided
by Theorem 8.2.5 has to be S = [0,1] x [1,2] = Supp(u) x Supp(v). As a
matter of fact, for every (z,y) € [0,1] x [1,2] there is a bijective function
T :10,1] — [1, 2] which is lower semicontinuous, increasing and piecewise affine
with slope 1, and whose the graph contains (x,y). Thanks to the observation
we did in Example 3.1.3, such a function is a transport map from p = 1pg q Lt
tov =1p 9 LY, hence it is optimal.
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Kantorovitch potentials

The aim of this section is to characterize c-cyclically monotone sets in a more
analytic way.

Definition 3.2.7. A function ¢ : M — R U {400}, not identically +o0, is
said to be c-convex if there is a non-empty set A C M x R such that

P(z) = sup{)\ —c(z,y) | (y,\) € A} Ve e M. (3.10)

The c-transform of v, denoted by ° is the function ¥°¢ : M — R U {—oo}
defined by

Pe(y) == inf{w(x) +c(z,y) |z € M} Yy € M. (3.11)

The pair (1,1°) is called a c-pair of potentials.

The following result shows that the opposite of a c-convex function is the
c-transform of the opposite of its c-transform.

Proposition 3.2.8. Given a c-convex function 1, the function —° is c-convex
and we have

P(z) = sup{wc(y) —c(z,y) |y € M} Ve e M. (3.12)
Proof. By definition of ¢¢ we have
VYY) —clz,y) <Y(z) Vo e M, Vye M.
Which implies that () > sup, ¢ {¥°(y)—c(z,y)} for any = € M. Let us show

that ¥ (z) < sup,cp{¥°(y) — c(z,y)} for any x € M. Argue by contradiction
and assume that there is z € M such that

w(fc) > sup{wc(y) — c(f, y) Yy € M}
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Since 1 is c-convex, there are a set A C M xR, (7,A) € A and § > 0 such that

A— c(:fc,;zj) +4§> 1/1(:?) > sup{wc(y) — c(:?,y) |y € M} + 34.
Then we get ~
Ve(y) < A —26.
which by definition of () implies that there is © € M such that
U(x) +c(z,§) <A—4.
This contradicts (3.10). O

Example 3.2.9. If M = R" and ¢ is given by c(x,y) = |y — x|, then the
c-convex functions are exactly the functions which are 1-Lipschitz on R™. As
a matter of fact, if f : R™ — R is 1-Lipschitz then for every x € R",

flx) > fly) —ly—=| VyeR",

which yields
f(@) = sup{ f(y) = elw,y) |y € B"}.
Moreover, f is its own c-transform. Conversely, any c-convex function is a

supremum of 1-Lipschitz function which is not identically +o0o. Then it is
finite everywhere and 1-Lipschitz.

Example 3.2.10. If M = R" and c is given by c(x,y) = |y — x|?/2, then the
c-convez functions are the functions ¥ : R™ — RU{+4o00} such that the function

1
r €R" — ¢(x) + §|x|2

18 convexr. As a matter of fact, any c-convex function can be written as

jz/?

2
—M—<x,y>|(y,)\)€¢4}—% Vo € R".

b(@) = sup{r— 2

which shows that ¢ + | - |?/2 is convex as a supremum of affine functions.
Conversely, any convex function on R™ can be expressed as the supremum of
affine functions. That is given a convexr function ¢ : R" — RU {400}, there
is a set B C R™ x R such that

p(@) = sup{(z,) + 3| (v, 5) € B} Vo eR".

Then for every x € R™,

2 2
(o) = ot =su { (54 ) - P22 1 ) e ).

which shows that ¢ := ¢ — | - |?/2 is c-convexz.

The c-cyclically monotone sets are the sets which are contained in the c-
subdifferential of c-convex functions.
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Definition 3.2.11. Let ¢ : M — RU{+400} be a c-convex function. For every
x € M, the c-subdifferential of 1 at x is defined by

Oci(x) = {y € M|¥"(y) = ¥(@) +c(a,y) |-

We call contact set of the pair (1,1°) the set defined by

Ot =4 (w,y) € M x M|y € D) }.

Remark 3.2.12. By the above definitions, a pair (z,y) in M x M belongs to
0. if and only if

(@) +clz,y) <P(2) +elzy) VzeM,
which is also equivalent to

V(y) —clz,y) 2 9°(2) —clz,2)  Vze M.
In particular, both ¥(x) and ¥°(y) are finite.

The following result is the cornerstone of the results of existence and unique-
ness of optimal transport maps that we will present in the next sections.

Theorem 3.2.13. For S C M x M to be c-cyclically monotone, it is necessary
and sufficient that S C 9.4 for some c-conver v : M — R U {+o0}. In fact,
for every c-cyclically monotone set S C M x M, there is a c-pair of potentials

(1, 9°) with S C d.1 satisfying

v(@) =sup{v°() — cle,y) ly e 72(S)} Ve e, (3.13)

ve(y) = it { (@) + c(e,y) o € 7(S)}  Vye M. (3.14)

If ¢ is continuous and S is compact, then both v, are valued in R and con-
tinuous, and the infimum and supremum in (3.13)-(3.14) are attained.

Proof. First, given a ¢ convex function ¢ : X — RU {400} the contact set of
(1,4°) is c-cyclically monotone. As a matter of fact, given (z;,y;) € 09,5 =
1,...,J, and o a permutation on the set {1,...,J}, we have

Vo(y;) = v(ag) +elzy,y;) and Y(y;) < d(@o0)) + (T, ¥5)

for every j =1,...,J. Hence

) c(zjy;) = ZW(%)‘ZW%‘)
= 21/}“(%)—;1#(%@))

IN
(]~
o)
—
8
q
<
&
S~—
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Let us now show that a c-cyclically monotone set S C M x M is necessarily
included in the contact set of some c-convex function. Fix (Z,y) in the c-
cyclically monotone set S C M x M and define ¢ : M — R U {400} by

Y(x) = sup{ [c(i“,ﬂ) — c(xl, gj)}

+ 1 [e(zj,y5) = e(zjrn,y5)] + [e(zr, ) — c(2,y)]

|
—

<.
Il

1T eN,J>2, (2;,y) eS,ijl,...,J},

for every x € M. We claim that 1 is a c-convex function whose the contact
set contains S. First taking J =2, 2 = 21 = 29 = T and y1,y2 = ¢, we check
easily that ¢(Z) > 0. Furthermore, by c-cyclical monotonicity of S, we have

[c(z.9) — c(z1,7)]
_|_

. le(zj,y5) = c(zj41,95)] + [e(za,y0) — e(z,y5)] <0,

<

for any pairs (x1,¥1),...,(xs,ys) belonging to S. Thus we have ¥(Z) < 0
and in turn ¥ () = 0. This shows that ¢ is not identically +oco. Define
¢: M — RU{—o0} by

o) 1= sup{ [¢(z.5) — e(21.7)]
+§_:11 [e(zj,y5) — (1. 95)] +c(z,9)

T eN,J>2, (2;,y) GS,Vj:I,...,J—l,(xJ,y)GS} Vy € M.

Note that if y € M is such that there are no x € M with (z,y) € S, then
#(y) = —oo. However, as above we check easily that ¢(g) = 0 which shows
that ¢ is not identically —oo. Therefore, by construction we have for every
xe M,

v(@) = sup{6(y) — clw,y) |y € 7%(S) | = sup{(y) — c(zy) |y € M} (3.15)

which shows that 1 is c-convex. It remains to check that S C 0.¢. Let
(x,y) € S be fixed, we need to show that

(@) +elz,y) <P(z) +c(zy)  Vze M.
By construction of v, we have for every z € M,
w(2) = sup{ [e(2,5) - c(a1,7)]
J—

1

+ / [C(xj’ yj) - C(xj-i-lvyj)] + [C(J;a y) - c(z,y)]

|J€N,J22,(xj,yj) eS,Vj:l,...,J—l,xJ:x}

= P(@) + c(z,y) — cz,y).

<
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We get the necessary and sufficient condition for a set to be c-cyclically mono-
tone. Let us now turn to the second part of the result, that is let us prove that
for any c-cyclically monotone set S C M x M, there is a c-pair of potentials
¥, ¢ with S C 0.1 which in addition satisfies (3.13)-(3.14).

Let S be a c-cyclically monotone set. We already know that there is ¢ : M —
R U {—o0} which is not identically —oo such that the function ¢ : M —
R U {400} defined by

P(x) = sup{¢(y) —c(z,y) |y € 7'('2(5)} Vo € M, (3.16)

is c-convex with S C 9.9 (remember (3.15)). Let ¢y = ¢ : M — R U {—o0}
be the c-transform of 1, that is the function defined by

1 (y) = inf{¢(:c) telz,y) |z e M} Vy € M. (3.17)

If y € 7%(S), then there is z € M with ¥ (z) = ¢(y) — c(x,y) and (z,y) € S C
O, that is

o(y) = (x) + c(z,y) < P(2) +c(z,y) Vz e M.

Then we get ¢(y) < ¢1(y) for ally € 72(S). On the other hand, by construction
of 1, we have ¥ (x) > ¢(y)—c(z,y) for any x € M and any y € 7%(S). Therefore

$1(y) =oly)  Vyen(S) (3.18)
By Proposition 3.2.8, we have
v(@) =sw{orly) ~c(e.y) lye M} VoM,

and by (3.16) and (3.18), we also have

b(w) =sup{ o) — clw,y) [y € 7X(S)} Vo e M.

We claim that ¢, defined by (3.17) satisfies

61(y) = inf{v(@) + c(e.y) [z e 7' (S)}  vye M.
If not, there are Z,5 € M and § > 0 such that

(@) + c(T,9) <P(2) +e(z,9) =6 Vzen'(9).
Taking the infimum in the right-hand side we get

() + c(Z,7) < ¢1(§) — 0.

But by construction of ¢1, we have ¢1(y) < ¢¥(Z) + ¢(Z,y). We get a contra-
diction. It remains to show that both ), are finite valued and continuous
provided c is continuous and S is compact. We claim that under those assump-
tions, 1¢ is bounded from above on 72(S). Since 1 is not identically +oo, there
is € M with ¥(Z) < +o0. Since ¢ is continuous and 7%(S) is compact, the
function y — ¢(Z,y) is bounded on 72(S). Then we deduce that ¢ is bounded
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on 72(y). By (3.13), we infer that 1 (x) is finite for any x € M. Let x € M
be fixed and {zy}, be a sequence converging to x. For every k > 0, there is
yr € m2(S) such that

W(ar) < 6 yr) — e(wn i) + %

Then we have for every k > 0,

V(@) > (yk) — c(z,ye) = (yw) — c(zr, yk) + c(@r, yk) — (@, yr)
> p(zy) — % + c(@k, yr) — (@, yr). (3.19)

For every k > 0, there is z; € 72(S) such that

1
Y(x) < P°(zk) — c(x, zk) + T
Then we also have for every k > 0,

Y(wg) = V(z) — e, 2zk) = ¥(2) — cw, 21) + c(w, 21) — c(a, 21)

> Yx) — % + c(m,zk) - c(xk, zk). (3.20)
Let V be a compact neighborhood of x. The function ¢ is continuous on the
compact set V x 72(S), hence it is uniformly continuous. We conclude easily
from (3.19)-(3.20) that t(xx) tends to ¥ (z) as k tends to +o0o. In the same
way, we can show that v is bounded on 71(S) and ¢ if always valued in R
and continuous. The fact that the infimum and supremum in (3.13)-(3.14) are

attained is straigthforward from the continuity of ¢, ¥° and the compactness
of S. O

Corollary 3.2.14. Let pu,v be two probability measures on M. Assume that
¢ is continuous and that Supp(p) and Supp(v) are compact. Then there is a
c-cyclically monotone compact set S C Supp(u) x Supp(v) such that for every
a € TI(u, v) the following properties are equivalent:

(i) a is optimal,
(i) Supp(a) C S.

Proof. By Theorem 3.2.5, there is a c-cyclically monotone compact set S C
Supp(p) x Supp(v) such that the support of any optimal transport in II(u, v)
is contained in S. Let us show that S satisfies the equivalence given in the
statement of the theorem. First, by construction we have (i) = (ii). By
Theorem 3.2.13, there is a c-pair of potentials with S C 0.1. Then we have

V(y) —Y(z) = c(z,y)  V(z,y) €S. (3.21)

Furthermore we have

V(y) —Y(z) <clz,y)  clzy)  Vo,ye M. (3.22)
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Let us show that (ii) = (i). Let o € II(u,v) be such that Supp(a) C S. On
the one hand, by (3.21), we have

[ vwaw - [ s@die) = [ (@) - vl) datay)
M M MxM
= / c(z,y) da(z,y) = C(a).
M x M
On the other hand, (3.22) yields for every o' € II(u,v),

| wwat - [ s = [ @) - de)

IN

/ o(x,y) da(z,y) = C(a’).
M x M

This shows that « is optimal. O

Remark 3.2.15. Let pu,v be two compactly supported probability measures on
M and ¢ : M x M — [0,400) be a continuous cost. Actually, the proof of
Corollary 3.2.14 shows that if (1, 1°) is a c-pair of potentials and o is a trans-
port plan between p and v with Supp(a) C 0., then « is optimal, that is
Ci(p,v) = C(a).

3.3 A generalized Brenier-McCann Theorem

Throughout this section, we fix a cost ¢ : M x M — [0, 400) which is assumed
to be continuous. Given two compactly supported probability measures p, v on
M, we know by Theorems 3.2.5 and 3.2.13 that there is a c-cyclically monotone
compact set S C Supp(u) x Supp(v) which contains the supports of all optimal
plans between p and v and a c-pair of real-valued continuous potentials (¢, 1)
satisfying

P(x) = max{wc(y) —clz,y) |y € 7r2(8)} Vr € M, (3.23)
Pe(y) = min{w(x) +c(z,y)|x € 71'1(8)} Yy € M, (3.24)

and
S C o). (3.25)

To prove the existence and uniqueness of an optimal transport map, we will
show that S is concentrated on a graph. More precisely, we will prove that for
every z outside a p-negligible set N C M, the set 0.¢(x) is a singleton.

Theorem 3.3.1. Let p,v be two probability measures on M. Assume that ¢
is continuous and that Supp(p) and Supp(v) are compact. Let S and (i, ¢°)
given by Theorems 8.2.5 and 3.2.13 as above. Moreover assume that for p-a.e.
x € M, the set 0.4 (x) is a singleton. Then there is a unique optimal transport
map from p to v. It satisfies

Oct(z) = {T(2)} uw—a.e x € M. (3.26)
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Proof. By Theorem 3.2.1, there is an optimal transport plan « between p and
v. By assumption, there is a Borel set N such that pu(N) = 0 and for every
x ¢ N, 0.¢(x) is a singleton {y, }. Then for every (z,y) € Supp(a) \ (N x M),
we have (x,y) € J.4, that is y = y,. Setting T'(z) := y, for p-a.e. z € M, we
get (3.26) and in turn the uniqueness. O

Remark 3.3.2. We maybe need to make clear what me mean by uniqueness
of an optimal transport map. We say that there is a unique optimal transport
map from p to v if there is uniqueness up to a set of u-measure zero. That is
if Th and Ty are two optimal transport maps from u to v, there is a set N with
w(N) =0 such that Ty(z) = Ta(z) for every x ¢ N.

We now introduce an assumption on the cost c¢. For this we need to define
the notion of sub-differential. Given an open set @ C M and a function f :
Q — R, we say that p € Ty M is a sub-differential for f at x € § if there is a
function ¢ : Q — R which is differentiable at x with D, = p such that

f@)=op(@) and [f(y) =ely) Vye

We denote by D f the set of sub-differentials of f at x. In the same way,
we say that p € T M is a super-differential for f at x € Q if there is a function
@ : 2 — R which is differentiable at = with D,¢ = p such that

f(x)=p(x) and f(y) <ely) Vyel
We denote by D} f the set of super-differentials of f at .

Remark 3.3.3. If f : Q — R is differentiable at x € Q, then D, f = D} f =
{Dxf}.

Remark 3.3.4. The sub-differential and/or the super-differential may not be
a singleton. It could be empty or contain several sub-differentials.
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For example, the sub-differential of the function x — |x| at the origin is the
interval [—1,1] while its super-differential is empty.

By (3.23), for every (z,y) € 0.4 there is a link between the super-differentials
of ¢ at x and the sub-differentials of the cost ¢ at (x,y). This lead us to the
following definition which will be satisfied by variational costs.

Definition 3.3.5. We say that the cost ¢ satisfies the sub-TWIST condition if
Dic(,y)NDge(y2) =0 Vyr #y2 € M, Vo € M, (3.27)
where D (-,y;) denotes the sub-differential of the function x — c(z,y;) at x.
The following result makes the sub-TWIST condition relevant.

Lemma 3.3.6. Assume that the cost ¢ satisfies the sub-TWIST condition. Let
(1,9°) be a c-pair of potentials and © € M be such that i has a non-empty
super-differential at x. Then O.4b(x) is a singleton.

Proof. Argue by contradiction and assume that y; # y» both belong to 9.4 (x).
Then we have

V(yi) = ¥(@) +c(@,y:) S (2) +e(z,m) V2 e M.
Thus, for every i =1, 2,

c(z,9i) 2 —(2) + ¢ (2) + ez, vi),

with equality at z = x. Since 1) is super-differentiable at x, we infer that both
functions z — ¢(z,y1) and z — ¢(z,y2) share a common sub-differentiable at
x. This contradicts the sub-TWIST condition. O

By Theorem 3.3.1 and Lemma 3.3.6, in order to prove the existence and
uniqueness of optimal transport maps from a compactly supported probability
measure u to another one v, it is sufficient to show that the super-differential of
the potential 1 is non-empty for p-almost every point in M. Such a property
can be obtained thanks to Rademacher’s Theorem. We recall that a function
defined on a smooth manifold is called Lipschitz in charts if it is Lipschitz in
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a set of local coordinates in a neighborhood of any point. The Rademacher
Theorem asserts that any function which is Lipschitz in charts on an open
subset  of M is differentiable almost everywhere in 2.

Theorem 3.3.7. Let ¢ : M x M — [0,+00) be a cost which is Lipschitz
in charts and satisfies the sub-TWIST condition. Let p,v be two probability
measures with compact support on M. Assume that p is absolutely continuous
with respect to the Lebesque measure. Then there is existence and uniqueness
of an optimal transport map from u to v. In fact, there is a c-convex function
1 : M — R which is Lipschitz in charts such that

Oc(x) = {T(x)} pw— a.e € M. (3.28)

Proof. By Theorems 3.2.5 and 3.2.13 there is a c-cyclically monotone compact
set S C Supp(u) x Supp(r) which contains the supports of all optimal plans
between p and v together with a c-pair of real-valued continuous potentials
(1,1°) such that (3.23)-(3.25) are satisfied. In a neighborhood of each z €
M, the function 1 is the maximum of a family of functions x € 72(S)
Y¢(y) — c(x,y) with y € 72(S) which are uniformly Lipschitz (in charts) in the
x variable . Therefore, v is Lipschitz in charts on M. Since p is assumed to
be absolutely continuous with respect to the Lebesgue measure, Rademacher’s
Theorem implies that v is differentiable and a fortiori super-differentiable u-a.e.
We conclude easily by Theorem 3.3.1 and Lemma 3.3.6. O

Example 3.3.8. Let M = R"™ and ¢ : R® x R" — [0,400) be the quadratic
Euclidean cost or Brenier cost defined by c(x,y) = |y — x|*/2 for any z,y €
R™. Remembering Fxample 3.2.10, we know that c-convex functions are the
functions ¢ : R® — R U {+o00} such that the function ¢ + |- |*/2 is convez.
Furthermore, ¢ satisfies the sub-TWIST condition. As a matter of fact, it is
smooth and its partial derivative with respect to the x variable is given by

Jdc
%(x,y):x—y Ve, y € R™.

Therefore y1 # ya = Dgc(-,y1) # Dgc(-,y2). By Theorem 3.3.7, given a
pair of compactly supported probability measures p,v in R™ with p absolutely
continuous with respect to the Lebesgue measure, there is a unique optimal
transport map T : M — M from u to v satisfying (3.28) where ¢ : R" — R
1s a locally Lipschitz c-convex function. Note that for every x € R™ where ¥ is
differentiable at x, we have

y € 0p(x) = Y(x) +c(z,y) < ¥(2) +c(z,y) VzeR?,
which means that the derivative of the function z — ¥(z) + c(z,y) vanishes at

z =z, that is y = x + V1. Setting p(x) = (x) + |z|>/2 for every x € M,
we obtain a convex function such that

T(x) =Vp uw—aexeR™

In other terms, the unique optimal transport map from u to v is given by the
gradient of a convex function.
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Example 3.3.9. Let M = R"™, note that the Monge cost ¢ : R xR™ — [0, +00)
is Lipschitz but does not satisfy the sub-TWIST condition. As a matter of fact,

we have
Jdc T—y

This means that Dyc(-,y1) = Dgyc(-,y2) for any y1,ys such that y; — x and
yo — x are positively colinear. Hence Theorem 3.3.8 do not apply. In fact, we
already saw through Example 3.1.3 that uniqueness of optimal transport maps
does not hold in this context.

Ve #y e R".

Example 3.3.10. Let (M, g) be a complete Riemannian manifold. The geodesic
distance dg is Lipschitz in charts on M x M. Define the quadratic geodesic cost
or McCann’s cost ¢ : M x M — [0,+00) by

1
olw,y) = 5dg(z,y)  Va,y €M,

Then c is Lipschitz in charts on M x M and satisfies the sub-TWIST condition.
As a matter of fact, given x € M and p € Ty M in D c(-,y) for somey € M,
there is a function ¢ : M — R which is differentiable at x with Dy = p such
that

1
By = o) and Sy ze(s) Ve M.

Then we argue as in the proof of Lemma 2.3.6. If we denote by 7 : [0,1] —» M
a minimizing geodesic from y to x, then we obtain that for every curve 7y :
0,1] = M with (0) = ,

%energyg(v) —p(v(1)) >0,

with equality for v = 7. As in Lemma 2.3.6, we infer that there is a unique
minimizing geodesic between x and y and that

y = exp, (—Dap) = exp,(—p),

where exp,, : TyM — M stands for the exponential map which was defined
in Section 2.3 (if we use the Riemannian exponential map, we have y =
exp,, (—Vggo)), The point y is uniquely determined by p, then c satisfies the
sub-TWIST condition. Arguing as above, we deduce that for every pair of com-
pactly supported probability measures p,v on M with p absolutely continuous
with respect to the Lebesgue measure, there is a unique optimal transport map
T from p to v satisfying (3.26) where v : M — R is a c-convex function which
1s Lipschitz in charts. By the above discussion, we have

T(x) = exp, (Dst)) w—aexecM (3.29)
and for p-a.e. © € M there is a unique minimizing geodesic from x to T(x).

Let M be a smooth connected manifold equipped with a complete sub-
Riemannian structure (A,g) and whose the sub-Riemannian distance is de-
noted by dsg. In the next section, our purpose is now to study the Monge prob-
lem for the sub-Riemannian quadratic cost, that is for the cost ¢: M x M —
[0, 4+00) defined by

1
C(Ivy) = idSR(I7y)2 V‘Z‘7y € M.
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As we saw before, in order to obtain existence and uniqueness results for opti-
mal transport maps, it is convenient to be able to show that super-differentials
of potentials are non-empty almost everywhere and that some sub-TWIST
condition is satisfied by the cost function. The sub-TWIST condition follows
immediately from Lemma 2.3.6. So we just have to deal with regularity issues
of c-convex functions. In the case of compactly supported probability measures,
regularity properties of Kantorovitch potentials can be obtained from the reg-
ularity of the cost. We develop this approach in the next section by showing
that under additional assumptions the sub-Riemannian distance is Lipschitz
and even locally semiconcave outside the diagonal.

Remark 3.3.11. As explained above, if M equipped with a SR structure for
which the cost ¢ = d%p, is Lipschitz on M x M, then for every pair of compactly
supported probability measures p,v on M with p absolutely continuous with
respect to the Lebesgue measure, there is a unique optimal transport map T
from p to v which can be expressed as

T(x) = exp, (wa) uw—aex €M, (3.30)

where ¢ : M — R is a c-convex function which is Lipschitz in charts.

3.4 Optimal transport on ideal and Lipschitz SR
structures

Ideal SR structures

Let (A,g) be a sub-Riemannian structure of rank m < n on M. We call it
ideal if it is complete and has no non-trivial minimizing singular curves. We
recall that this implies that for every x # y € M, any minimizing geodesic
v :[0,1] — M joining z to y is regular. By the results of the previous chap-
ter, all minimizing geodesics are smooth and projections of normal extremals
of the Hamiltonian geodesic equation. We recall that D denotes the diagonal
of M x M, that is, the set of all pairs of the form (z,z) with z € M. Sub-
Riemannian distances of ideal SR structures are locally semiconcave outside
the diagonal.

A function f : © — R, defined on the open set Q C M, is called locally
semiconcave on (Q if for every x € Q there exist a neighborhood 0, of x and a
smooth diffeomorphism ¢, : Q, — ¢.(Q,) C R such that f o, ! is locally
semiconcave on the open subset Q. = ©z(Q) C R™. By the way, we recall that
the function f : Q — R, defined on the open set Q C R™, is locally semiconcave
on Q if for every z € ) there exist C,d > 0 such that

pf(y)+ 1= p)f) = fpe+ 1 - py)
< p(l—p)Cle —y|? V€ [0,1], Vz,y € B(z,6). (3.31)

This is equivalent to say that the function f can be written locally as

f(@) = (f@) = Cla*) + Claf* ¥z € B(z,9),
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with f(x)—C|z|? concave, that is as the sum of a concave function and a smooth
function. Note that every locally semiconcave function is locally Lipschitz on
its domain, and thus, by Rademacher’s Theorem, it is differentiable almost
everywhere on its domain.

The following result is useful to prove the local semiconcavity of a given
function.

Lemma 3.4.1. Let f: Q — R be a function defined on an open set @ C R™.
Assume that for every T € Q there exist a neighborhood V C Q of T and a
positive real number o such that, for every x € V, there is p, € R™ such that

u(y) < u(@) +(peyy —z) +oly—zf> Vyev. (3.32)
Then the function u is locally semiconcave on Q.

Proof of Lemma 3.4.1. Let T € € be fixed and V be the neighborhood given
by assumption. Without loss of generality, we can assume that V is an open
ball B. Let ,y € B and u € [0,1]. The point & := pux + (1 — u)y belongs to B.
By assumption, there exists p € R” such that

u(z) < w(@) + (p, 2 — &) +olz — 2| Vz € B.
Hence we easily get

w(@) + polz — 2>+ (1 — p)oly — &
w(®) + (u(l = p)’o + (1 — pp’o) |z —y|?
u(®) +2p(1 = p)ole —yf?,

pu(y) + (1 — pu(z)

IAIA A

and the conclusion follows. O

Remark 3.4.2. Thanks to Lemma 3.4.1, a way to prove that a given function
f:Q — R is locally semiconcave on ) is to show that for every x €  we can
put a C? support function @ on the graph of u at x with a uniform control of
the C? norm of .

Outside the diagonal, sub-Riemannian distances of ideal SR structures enjoy
the same kind of regularity as Riemannian distances.

Theorem 3.4.3. Let (A, g) be an ideal sub-Riemannian structure on M. Then
the SR distance is continuous on M x M and locally semiconcave on M x M\ D.
In particular, dsgr is Lipschitz in charts on M x M \ D.
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Proof. The continuity of dgr follows from Proposition 1.5.2. To prove the local
semiconcavity, we proceed as explained in Remark 3.4.2. Let us fix (z,y) €
M x M\ D and v € QZ’I be a minimizing geodesic joining = to y. There is
an open neighborhood V of ([0, 1]) in M and an orthonormal family F (with
respect to the metric g) of m smooth vector fields X?,..., X™ such that

Az) = Span{Xl(z), ce Xm(z)} Vz e V.

Taking a change of coordinates if necessary, we may assume that V is an open
subset of R™. Furthermore, there is a control u? € L?([0,1]; R™) such that

Y(t) =D ul ()X ((t)dt  ae te0,1].
i=1

Since u? is regular, there are v!,...v™ in L?([0,1];R™) such that the linear
operator
rR* — R"
a — Y @D, ERt (v%)
is invertible. Define locally F : R® — R"™ by
F:R*"xR* — R"xR"
(z,a) +—— (z, EZ (W + 0, aivi))

This mapping is well-defined and C? in a neighborhood of (z,0). Moreover it
satisfies

‘7:(3750) = (:L‘,y),

and its differential at (x,0) is invertible. Hence by the Inverse Function The-
orem, there are an open ball B centered at (x,y) in R™ x R™ and a function
G: B — R" x R” of class C? such that

FoG(z,w) = (z,w) Y(z,w) € B.

Denote by a~! the second component of G. From the definition of the sub-
Riemannian energy between two points, we infer that for any (z,w) € B we

have
2

u’ + Z (ail(z,w))i v;

=1

esr(z,w) <

L2
Set

"V (z,w) == Y(z,w) € B.

u’ + Z (o !(z, w))l
i=1 L2

We conclude that, there is a function ¢®¥ of class C? such that dsg(z,w) <
¢*Y(z,w) for any (z,w) in a neighborhood of (z,y) in M x M, and dsg(x,y) =
»*Y(z,y). By compactness, the C? norms of the functions ¢**¥ are uniformly
bounded. As a matter of fact, from Remark 2.1.8 we know that the set of min-
imizing geodesics from x to y is compact with respect to the uniform topology;
any sequence of minimizing geodesics {~x }x from xj, to yj converges uniformly
to a minimizing geodesic from x to y. We also know (see Remark 2.1.4) that if
we cover the set of minimizing curves from = to y by a finite number of open
tubes admitting orthonormal frames, then minimizing control converge in L?2.
We conclude easily. O
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Remark 3.4.4. The above arguments can be used to prove the following result.
Let (A, g) be a sub-Riemannian structure of rank m < n on M. Assume that
it is complete and that there is an open set Q C M x M such that for every
(x,y) € Q with x # y, any minimizing geodesic between = and y 1is regular.
Then dsgr is locally semiconcave on Q\ D.

Remark 3.4.5. Any SR structure of rank m = n, that is any Riemannian
structure on M 1is ideal, see Remarks 1.3.7, 2.2.3.

Lipschitz SR structures

Let (A, g) be a sub-Riemannian structure of rank m < n on M. We call
it Lipschitz if it is complete and if the sub-Riemannian distance function is
Lipschitz in charts on M x M outside the diagonal (or equivalently if the sub-
Riemannian energy is Lipschitz in charts on M x M \ D). A particular case of
Lipschitz SR structures is given by ideal SR structures. The aim of the present
section is to provide a weaker sufficient condition for a complete SR structure
to be Lipschitz. According to Theorem 2.44, a horizontal path ~ : [0,1] — M
will be called a Goh path if it admits an abnormal lift ¢ : [0,1] — A+ which
annihilates [A, A], that is, an abnormal lift ) = (v, p) : [0,1] — T*M (in local
coordinates, see Proposition 1.3.3 and the subsequent remarks) such that for
every every local parametrization of A by smooth vector fields X!,..., X™ in
a neighborhood of ([0, 1]), we have

p(t) - [X,X7](v(t)) =0  Vte[0,1],Vi,j=1,...,m.
Of course, the above definition does not depend upon the parametrization.

Theorem 3.4.6. Let (A, g) be a complete sub-Riemannian structure on M, as-
sume that any sub-Riemannian minimizing geodesic joining two distinct points
in M is not a Goh path. Then, the SR structure (A, g) is Lipschitz.

Proof. Let us fix (z,y) € M x M\ D and v € QZ’l a minimizing geodesic
joining x to y. As before, denote by F = {X!,..., X™} an orthonormal family
of vector fields along «([0,1]) and by w” the control associated with . Two
cases may appear:

First case: @ := " is not singular.
Then by the arguments given in the proofs of Lemma 2.3.9 and Theorem 3.4.3,
there are ¢, K > 0 such that

esr(7,2) < esr(z,y) + K|z — y| Vz € B(y,9).

Since any control which is close enough to @ is regular, there is € > 0 such that
for every u € L*([0,1]; R™) satisfying

lu—all,. <& esn (v B3 @) = ul,
there holds

esr(r,2) <egr (m,Ejf_-’l(u)) +2K ’z — B3N (w)], (3.33)
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for every z € B (E;_-’l(u),é/2>.

Second case: 4 = u” is singular.
By Theorem 2.4.2, we have necessarily

ind_ [ A* (D%E“) - 3.34
m < u—F |KeI‘(DﬁE;‘1) +OO, ( )

for all A € Im (DaEfﬂ_’l)J_ \ {0}. Recall that C : L?([0,1];R™) is defined by
C(u) := |Jul|32 vu € L*([0,1];R™).

Let Ey C L%([0,1];R™) be a vector space such that
Eo + Ker (DQE;J) = L%([0,1; R™).

Set

E = By ® (Ker (DaER') NKer (DyC)) and F = (Ejgl)l{ﬂHE.

By construction, DEE;E_-’l and DgzF have the same image in R” and Fy has
finite dimension. Then by (3.34), we have

ind_ ()\* (D%LF)|Ker(DaF)> -

for all A € Im (DQF)L \ {0}. We can apply Theorem B.2.2 to the function
F. Hence there are ¢ > 0, € (0,1) such that for every e € (0,€) and every
z € B(F(u),ce?), there are wi, ws € L*([0,1]; R™) such that

z=F(u+w + ws) (3.35)
and
wy € Ker(DgF), |lwill,, <€ |Jwa] . <€ (3.36)

Let z € B(y, ce?) with |z — y| = ce?/2. Then there are wy,ws € L2([0, 1];R™)
such that (3.35)-(3.36) are satisfied. Set u := @ + w; + wo. Then we have

z,1
= E]-' (’LL),

and (note that Ker(DgF') C Ker(Dz()),

esn(w,2) <C(u) < C(a) + DaC - (wr +ws) + [|lwn +wsl[3,
= egr(z,y) + DaC - wy + ||w1 +w2Hi2
< esn(m,y) + 2| €+ (e + )
4|1 +8
< esnlz,y) + (W) 1z —yl.

Proceeding as in the proof of Theorem B.2.2, we can show that the above
estimate holds in a neighborhood of 4, that is (taking ¢ > 0, € € (0, 1) smaller
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if necessary) for every e € (0, €), for every u € L? ([0, 1]; ]Rm), and every z € R™
with
f|lu— TLHLQ <€, ‘z - E;_-l(u)‘ <cé,

there are wy, we € L%([0,1];R™) such that
2= ER (u+wi +ws)
and
w eKer(D.C), s <er [fuallo <€

This shows that for every u € L?([0,1]; R™) satisfying

lu—all. <& esn (o ER ) = Jullss,

there holds
- A|lullr2 + 8 -
esr(z,2) < esr (x,E]_.’l(u)) + (IHZ) ‘z - Ef_’l(u)’ , (3.37)
z,1 —
for every z € B (E}- (u),ce/4).

Let us explain how to conclude by compactness. Let z € M and B a
compact set in M such that {x} x BN D = ) be fixed. Denote by S the set of
all y € B such that there is at least one singular minimizing geodesic between z
and y. The set S is a compact subset of B, and the set of singular minimizing
geodesic between x and a point in S is compact with respect to the uniform
topology. Then by the previous observation (second case) together with a
compactness argument (see Remarks 2.1.4, 2.1.8), we infer that an inequality
of the form (3.37) holds for any minimizing control « which is close enough
to a control corresponding to a singular minimizing geodesic joining x to a
point in S. Denote by &’ the set of y in B corresponding to such controls. By
construction, any minimizing geodesic from z to a point in B\ &’ is regular.
Actually, it is far from being singular. Then by the arguments given in the first
case together with compactness arguments, an inequality of the form (3.33)
holds for any y (= E;_-l(u)) in B\ &. In that way, we prove that esg(z,-) (or
equivalently dsr(z,-)) is locally Lipschitz in M \ {z}. The same proof shows
that egg is indeed uniformly locally Lipschitz with respect to one variable. We
conclude easily. O

Remark 3.4.7. The above arguments can be used to prove the following result.
Let (A, g) be a sub-Riemannian structure of rank m < mn on M. Assume that
it is complete and that there is an open set Q@ C M x M such that for every
(z,y) € Q with x # y, no minimizing geodesic between x and y is a Goh path.
Then dgsgr is Lipschitz in charts on Q\ D.

Remark 3.4.8. Note that if the path v is constant on [0, 1], it is a Goh path
if and only if there is a differential form p € T;(O)M satisfying

where X1,...,X™ is as above a parametrization of A in a neighborhood of
~v(0). The above proof shows that if A is 2-generating then esr is Lipschitz in
charts on M x M.
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Remark 3.4.9. If a SR structure (A, g) on M is Lipschitz, then for every
x € M, the exponential mapping exp, s onto. In fact, for every y there is a
minimizing geodesic joining x to y which is normal. This can be shown by the
arguments which were given at the end of the proof of Theorem 2.3.5.

A Brenier-McCann Theorem on Lipschitz SR structures

Before stating our existence and uniqueness result for Lipschitz SR structures,
we introduce a definition.

Definition 3.4.10. Given a c-convez function v : M — R, we call “moving”
set MY and “static” set S respectively the sets defined as follows:

M=o e Mz g o)},

SY ::M\Md’:{xeM\xE@c?ﬁ(x)}.

As shown by the following result, under classical assumptions on the mea-
sures and Lipschitzness of the sub-Riemannian structure, static points do not
move while moving points obey a transportation law of the form (3.29)-(3.30).

Theorem 3.4.11. Let (A, g) be a Lipschitz sub-Riemannian structure on M
and p,v be two compactly supported probability measures on M. Assume that
w is absolutely continuous with respect to the Lebesque measure. Then there is
existence and uniqueness of an optimal transport map from u to v for the SR
quadratic cost ¢ : M x M — [0, +00) defined by

1
c(z,y) = gd%R(x,y) Vz,y € M.
In fact, there is a continuous c-convex function ¥ : M — R such that the
following holds:

(i) MY is open, and 1) is Lipschitz in charts on MY. In particular ¢ is
differentiable p-a.e. in M.

(ii) For p-a.e, v € S¥, 0.4(x) = {x}.
In particular, there exists a unique optimal transport map defined p-a.e. by

T(z) = { x ifv e SY,

and for p-a.e. x € M there exists a unique minimizing geodesic between x and
T(x).

Proof. Let S C Supp(u) x Supp(v) and (¢, 1°) be respectively the c-cyclically
monotone set and the c-pair of potentials satisfying (3.23)-(3.25). Since the sets
Supp(), Supp(v) are assumed to be compact, both 1), 9¢ are indeed continuous
and the supremum and infimum in (3.23)-(3.24) are attained. We check easily
that z € M belongs to S¥ if and only if 1(z) = ¥°(x). Then MY coincides
with the set

{sc e M|y(z) # z/JC(a?)} = {x € M|¢(z) > w%x)},
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which is open by continuity of ¢) and °. Let us now prove that 1 is Lipschitz
in charts in an open neighborhood of M¥ N Supp(u). Let x € MY be fixed.
Since z & O.4(x) and ¥.(x) is closed in M (by continuity of 1, 1. and com-
pactness of S), there is r > 0 such that dsg(x,y) > 2r for any y € d.¢(z). In
addition, since the set 9.1 is closed in M x M (again by continuity of 1, ¥,
and compactness of §), there exists a neighborhood V, of x which is included
in MY such that

dsgr(z,w)>r Vz €V, Yw € 0otp(2).

Let 95, : M — R be the function defined by

Yer (2) = w05 () — Sl 0) |y € 7(S), dsnlz9) = 7).

By construction, ¢ coincides with 1, , on V,. By assumption, dgg is Lipschitz
in charts outside the diagonal, then by compactness of S we deduce that i, ,
is Lipschitz in charts. In conclusion ¥ is Lipschitz in charts on MY¥ and (i) is
proved.

To prove (ii), we observe that it suffices to prove the result for « belonging to
an open set ¥V C M on which the horizontal distribution A(z) is parametrized
by a orthonormal family a smooth vector fields F = {X! ..., X™}. In fact,
up to working in charts, we can assume that V is a convex subset of R™ where
the C2-norms of the X*’s are bounded. Let us fix a compact ball B in V and
show that (ii) holds for p-a.e. z € B.

Recall that the Hamiltonian H : V x (R™)* — R which is associated to our
sub-Riemannian structure is defined by (see Chapter 2)

H(z,p):= Z(p . X"(m))2 Y(x,p) € V x (R”)*

N | =

For every p € (R™)" \ {0}, denote by II, the linear hyperplane in R™ which is
orthogonal to p, that is

II, := {UER"|p~v:0}.

From Lemma 2.2.5 and its proof, for every # € V and every p € (R")" with
H (z,p) # 0, there is p > 0 such that the Dirichlet problem

H(z,D,S(x)) = H(a@ﬁ),
{ Siair, =0, (3.38)

admits a solution of class C' on the ball B(Z, p). We leave the reader to check
that the radius p depends ”continuously” on Z, H(Z,p) and |p| (|p| denotes the
Euclidean norm of p). Then, by compactness of B there is a function

p : (0,400) x (0,+00) — (0,00)

which is decreasing in the first variable and increasing in the second variable
such that for every € B and every p € (R")" with H (Z,p) # 0, the solution to
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(3.38) is defined on the open ball B (Z, p(H(Z,p),|p|)). For any Z,p satisfying
the previous assumptions, we denote by

Szp : B(z,p(H(z,p),|p])) — R

the solution to the Dirichlet problem (3.38), with pz 5 := p(H(Z,p), |p|). The
functions Sz ;5 being constructed by the method of characteristics (see Proof
of Lemma 2.2.5), the following result holds (note that the parametrization of
characteristics that we use in the statement of Lemma 3.4.12 differs from the
one which is used to construct Sz 5, see last statement).
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Lemma 3.4.12. There is a function
7 : (0,400) x (0,400) — (0, +00)

which is increasing in the first variable and decreasing in the second variable
such that the following property holds:

For every & € B, for every p € (R™)* with H (%,p) # 0, and every x €
B (Z, pz,5/2) there are
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such that

where (we set Tz 5 1= T(H(%p), |p\))

(2.5 (5 22.5(2)), P25 (5 22,5(2))) © (=795 T2p) — V x (R")”

1s the solution to the Hamiltonian system

{"Yx,p(t;zx,p(x)) = %%(’Y:E,ﬁ(t§Zi:,ﬁ(x))ypi,ﬁ(t;Zaz,p(x)))
Pi,ﬁ(t;zi,ﬁ(m)) = —%*ZI ('Y:f,z‘)(t§za'c,ﬁ(x) 7]736,;3(15;255,;3(37)))7
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with
Va,5(05 22,5(7)) = zap(x)  and  pgp(0:2z5(x)) = P
In particular, vz 5 is an horizontal path joining zz 5(x) to x which satisfies
H (75,5(t: 22.5(2)), 2.5 (t; 20,5(2))) = H (22,5(2),0) V€ (~Tap, Tap)

For every z € V, we denote by At (z) the set of p € (R™)" such that
H(x,p) # 0. Pick a sequence {(xy, px)}x of B x (R™)* which is a dense subset

of
{@p) eBx®) |peat@}.
and set for every k,
Pk ‘= Par,prs Tk = Tzp,pp> tk(') = tmkvpk(.)’

Zk() = Zag,pr ()v ryk('v ) = Vak,pe ('v ')v pk(" ) = Dz ,pi ('7 )
The following result is a consequence of the Lipschitz regularity of the sub-
Riemannian distance along horizontal paths together with Rademacher’s the-
orem.

Lemma 3.4.13. There is a set N of Lebesgue measure zero inV such that for
every x € B\ N and any k, the following property holds:

T € B(xk, pk/2) and T = g (t; zk(x))
= s—Y ('yk (s; zk(x))) is differentiable at t.
Proof of Lemma 8.4.13. Let k be fixed. By construction, all the curves v(+; z)
(with z € (z 4+ I1,,, )N B (xx, pr)) are horizontal with respect to the distribution

(we may assume without loss of generality that the curves 7;(+; z) are defined
on (—7g, 1) for all z € (z +1I,,) N B (k, px)). The potential ¢ is expressed as

U(e) = max{v*(w) — L daley)lye(S)}  VweM,

with ¢ continuous and 72(S) compact. Hence, given 5 € (—74,7), there is
y € 72(S) such that
1
v (1 (5:2)) = v°(9) = 5d5r ((5:2),9) -

Then we have for every s € (—7g, Tk ),

Y ((s;2) = ¥°(y) — %dQSR (k(s52),9)
2 M(_) - d2R (’Yk(S; 2), Vi (5; Z)) - d?qg (’Yk (5; Z),ﬂ)
> (w(5:2)) = 2H (z,p0) |s — 5
> (’yk(s z))—4TkH(z,pk)}s—§|.

This shows that each function s +— 1 (v (s; 2)) is locally Lipschitz on its do-
main. By Rademacher’s theorem, we infer that it is differentiable almost ev-
erywhere on (—7y, 7). Since the paths v (+; 2) with z € (zx + I1,,, ) N B (zk, pr)
laminate a set bigger which is than the ball B(xg, pr/2) in a continuous way, Fu-
bini’s theorem implies the existence of a negligeable set IV ; such that the prop-
erty stated in the lemma holds for k. We conclude by setting N = UNy. O
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Before starting the proof of (ii), we need a last result giving an estimates
on the deviation of normal geodesics. For every (z,p), we set (Vop,Pz,p) =
(Yap(3 ), Pup(+; x)), the solution of the Hamiltonian system starting at (x, p);
it is defined on (—7(H (x,p), |p|), 7(H(z,p), |p|))-

Lemma 3.4.14. There is a function
C : (0,400) x (0,4+00) — (0, +00)

which is decreasing in the first variable and increasing in the second wvariable
such that the following property holds:
For every h, R > 0, every k, and every (z,p) € B x (R™)" satisfying

H(zi,pr), H(z,p) > h, |pk , z € B(wk, pr/2), (3.39)

one has

Ve (t (@) + 83 21(2)) = Yap(s)| < C(h, R) |pi(te(@); 21(x)) —p| 5, (3.40)
for every s € (=7 (h, R),7(h,R)) N (=tg(z) — 7(h, R), —tr(x) + 7(h, R)).

Proof of Lemma 8.4.14. Since the C'-norms of the X*’s are bounded on V,
there is an increasing function P : (0, +00) — (0, 4+00) such that the solutions
to our Hamiltonian system starting from a pair (z,p) with € B, H(x,p) > h
and |p| < Rremains in the set Vx B(0, P(R)) on the interval (—7(h, R), 7(h, R))
(note that since H is constant along the Hamiltonian trajectories, the solutions
remains in the set {H(x,p) > h}). Now, considering Lipschitz constants of the
Hamiltonian vector field on the ”cylinder” V x B(0, P(R)) (the C?-norms of
the X%’s are bounded on V) and using Gronwall’s Lemma (see Appendix A),
we prove easily the existence of an increasing function C : [0, +00) — [0, +00)
such that

|k (1 (@) + 85 26(2)) = Yap ()] + [P (t () + 55 20(2)) = pap(s))|
< C(R) [pr(tr(); 2n(2)) —p| . (3.41)
for every h, R > 0, every k, and every (:mp) € B x (R")" satisfying (3.39),
and every s € (—7(h, R),7(h,R)) N (—tx(x) — 7(h, R), —tx(z) + 7(h, R)). Let
us denote by I the latter interval and set
u(s) == ”yk (tr(@) + 85 26(2)) = Yap(s)] Vsel.

Considering again the Lipschitz constants of the Hamiltonian vector field that
we always denote by K, we obtain formally for every s,

u(s) = /Os % (ke (tr (@) + 75 2 (), i (E () + 75 21 (2)) )

O (p0): gl

< K/ W+K/M%%)+T%U Pap(r)| dr,

which by (3.41) gives

<K/ d?‘—i—K/ C(R ‘pk(tk x); zk(z )—p’dr.

Gronwall’s Lemma (see Lemma A.1.1) concludes the proof. O
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We are now ready to prove that for every x € B\ N, we have 0.¢(z) = {«}.
Fix ¢ € B\ N and argue by contradiction, that is assume that there is § # =
such that § € 9°¢(x) \ {}. Then we have (remembering Remark 3.2.12)

P(x) +c(z,9) <P(2) +e(2,9) Vze M,
which can be written as
1 1

Since dgp is Lipschitz in charts outside the diagonal, there is a normal minimiz-
ing geodesic joining x to § (see Remark 3.4.9), that is there is p € T M such
that exp,(p) = § and dsr(x,y)? = 2H (x,p) # 0. Note that since x belongs to
0.9 (x), we have

Y(x) = Y(x) + c(z,2) <P(2) + ez, x) Vz e V.
Set h:= H(z,p)/2, R := 2|p| and pick k such that
H (zp,pr) > h, |pk|,lpl| <R, x€B(xk,pr/2).

Applying the previous inequality with z = ~y (tx(z) + s; 2x(z)) and s small
yields

U (v (te(2); 21())) = ()
< 0 (wtee) + 5320(0)) + 5 (e (1a(x) + 55 24(2)) )
< (W (tr(@) + 5 20(2))) + H (21(2), pi) 8,
)

because 7y (;zx(x)) is an horizontal path _]OlIllng x = v (te(z); z1(x)) to
Vi (ti(x) + s; 21 (x)) of length sy/2H (zx(z),pr). Since = does not belong to
N, the function

s — U (v (te () + s zk(x)))
is differentiable at s = 0. Then Lemma 3.4.13 together with the previous
inequality allows us to write

d%w (e (tr (@) + 53.20(2)) ) |,y = 0. (3.43)

Since dgg is Lipschitz outside the diagonal and § # x, there are p, K > 0 such
that

|d%'R(Zag) _d%R(zlvy)’ §K|Z,_Z| VZ,Z/EB(ZL',p).
Then applying (3.42) with z = v (tx(2) +s; 2 (x)) and s small and using (3.40)
yields (as in Lemma 3.4.14, v, ,, denotes the geodesic starting at x with initial
covector p, note that 7, ,(s) belongs to V for small s)

V(@) — Y (v (te(2) + 55 20(2)))

< i (o) + 5 24()),9) — 3 (2.1)
< b lt(e) + 5324(0) ~ ()] + g (ep(5),7) — 5 (,1)
< BOB) (@) @) —pls + 201 B (2.7) — d2n(e.1)

2 X
<KC(2h’R) |Pk (tk(x);Zk(m)) —p| - d?s‘R(LZ?)) s+ 7(151%(2 Y) s2.
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The quantity

BOOL) 1 (te(@): @) — )

tends to 0 as (xy,px) tends to (x,p). We infer that for (zy,px) close enough
to (x,p), the derivative of the function s — ¥ (vx (tx(2) + s; z,(2))) cannot be
zero. This contradicts (3.43).

It remains to prove the formula for T'(x) and the uniqueness of minimizing
geodesic between x and T'(z) p-almost everywhere. We need to show that

9%p(x) N Supp(v) = exp, (;DW)

for all z € MY N Supp(u) where 1 is differentiable, which is the case for u-
almost every x € MY by assertion (i) and Rademacher’s theorem. This is a
consequence of Lemma 2.3.6 applied to the function z — —1(z) + ¥°(y) at
the point x with y € d¢.(x). Moreover, again by Lemma 2.3.6, the geodesic
from x to T(x) is unique for p-a.e. * € MY N Supp(p). Since T(z) = z for
x € 8Y N Supp(p), the geodesic is clearly unique also in this case. O

Remark 3.4.15. If the sub-Riemannian structure is assumed to be ideal, then
the potential 1 can be shown to be locally semiconcave on the moving set.

Remark 3.4.16. The above arguments show that Theorem 3.4.11 remains true
under more general assumptions. Let (A,g) be a complete sub-Riemannian
structure on M and u,v be two compactly supported probability measures in M
with p is absolutely continuous with respect to the Lebesque measure. Assume
that there are two open sets Q1,s C M with

w(M\Q)=0 and Supp(v) C Qs

such that the sub-Riemannian distance is Lipschitz in charts on (1 X Q2)\ D.
Then there is existence and uniqueness of an optimal transport map with respect
to the sub-Riemannian quadratic cost.

3.5 Other examples

We conclude the present chapter with a list of examples for which we have
existence and uniqueness of optimal transport maps for the SR quadratic cost,
that is the cost ¢: M x M — [0,+00) defined by

1
C($7y) = §d%R(xay> V%y e M.

Given a cost function, we shall say that the Monge problem is well-posed, if we
have existence and uniqueness of optimal transport maps from an absolutely
continuous compactly supported measure to a compactly supported measure.
All the examples that we review below have already been encoutenred within
the text.
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Fat distributions

Recall (see Example 1.3.13) that a distribution A on M is called fat if, for
every x € M and every section X of A with X (z) # 0, there holds

T,M = A(z) + [X, A (), (3.44)

where
[X,A](z) == {[X, Z](z)| Z section of A}.

We saw that fat distributions do not admit non-trivial singular horizontal paths.
This means that any complete sub-Riemannian structure associated with a fat
distribution is ideal. In conclusion, by Theorem 3.4.11, the Monge problem for
any sub-Riemannian structure associated with a fat distributions is well-posed.

Two-generating distributions

A distribution A is called two-generating if
T.M = A(x) + [A, Al(2) Vo € M.

Two-generating distributions do not admit Goh paths (see Example 2.4.5).
By Theorem 3.4.11, the Monge problem for any sub-Riemannian structure
associated with a two-generating distributions is well-posed.

Totally nonholonomic distributions on three-dimensional
manifolds

Assume that M has dimension 3, that A is a nonholonomic rank-two distribu-
tion on M, and define

S = {x e M| Alz) + [A,Al(z) # ]R3}.
The set XA is called the singular set or the Martinet set of A.

Proposition 3.5.1. Let A be a totally nonholonomic distribution on a three-
dimensional manifold. Then, the set XA is a closed subset of M which is
countably 2-rectifiable. Moreover, a non-trivial horizontal path ~y : [0,1] — M
1s singular if and only if it is included in XA .

Proof. The first part will follow from Proposition 3.5.2 while the second part
has already been proved in Example 1.3.15. O

Proposition 3.5.1 implies that for any pair (z,y) € M x M (with x # y) such
that = or y does not belong to ¥, any sub-Riemannian minimizing geodesic
between x and y is nonsingular. Moreover YA has Lebesgue measure zero. As
a consequence, by Remarks 3.4.4 and 3.4.16, the Monge problem is well-posed.
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Medium-fat distributions

The distribution A is called medium-fat if, for every x € M and every vector
field X on M such that X (z) € A(z) \ {0}, there holds

T.M = Ax) + [AA](z) + [ X, [A, A)(2).

As shown in Example 2.4.5, medium-fat distributions do not admit non-trivial
Goh paths. As a consequence, the Monge problem for sub-Riemannian struc-
tures involving medium-fat distributions is well-posed.

Codimension-one nonholonomic distributions

Let M have dimension n and A be a nonholonomic distribution of rank n — 1.
As in the case of nonholonomic distributions on three-dimensional manifolds,
we can define the singular set associated to the distribution as

S = {:c e M| Az) + A, A(z) # TEM}.

The following result holds.

Proposition 3.5.2. If A is a nonholonomic distribution of rankn—1, then the
set La is a closed subset of M which is countably (n —1)-rectifiable. Moreover,
any Goh path is contained in XA .

Proof. The fact that ¥ is a closed subset of M is obvious. Let us prove that
it is countably (n — 1)-rectifiable. Since it suffices to prove the result locally,
we can assume that we have

Alz) = Span{Xl(a:), . ,X?H(x)} Yz eV,

where V is an open neighborhood of the origin in R™. Moreover, doing a
change of coordinates if necessary, we can also assume that (with coordinates

(T1,...,Zn)) ‘
X' =0y, + a;(x) Oz, Vi=1,...,n—1,

where each «; : ¥V — R is a C*° function satisfying «;(0) = 0. Hence, for any
i,j €{1,...n—1}, we have

S Oda;  Oq; oo Oy
i xi] _ i 0% o0 9%  \|g
[X ’X } [(Bxl 8$j> + <6xna‘ 8xnaJ>:| aﬁn,

and so
YA =
5‘aj 8ai Gaj 8041' ..
_ —Ly; — ) = , 1,...,n—1}>.
{w€V| <0mi Oa:j)+(8xna axna]> 0 vi.jed " }}

For every tuple I = (iy,...,ix) € {1,...,n — 1}* we denote by X! the smooth
vector field constructed by Lie brackets of X', X2, ... X" ! as follows,

X=X [X [ X X%
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We call k = length(I) the length of the Lie bracket X. Since A is totally
nonholonomic, there is some positive integer  such that

R" = Span{XI(x) | length(I) < 7'} Vo e V.

Tt is easy to see that, for every I such that length(I) > 2, there is a smooth
function g7 : V — R such that

X! (z) = g1(2)0,, VzeV.

Defining the sets Ay as
Ay = {x €V |gr(z) =0 VI such that length(l) < k},

we have

U (A \ Apt1) -

By the Implicit Function Theorem, it is easy to see that each set A* \ Ak+1
can be covered by a countable union of smooth hypersurfaces. Indeed assume
that some given x belongs to Ay \ Ag+1. This implies that there is some
J=(J1,...,Jk+1) of length k + 1 such that g;(z) # 0. Set I = (ja,...,Jk+1)-
Since gr(x) = 0, we have

0s(@) = ( 290 (0 + 2L (@), <x>) 40,

6le

Hence, either 8%,91 (z) #0 or %(m) # 0.
J1 n
Consequently, we deduce that we have the following inclusion

A\ At e | {meVHie{l,

dgr
) £ 0}
length(n=k

We conclude easily.
The fact that any Goh path is contained in XA is obvious. O
As a consequence by Remarks 3.4.4 and 3.4.16, the Monge problem for sub-

Riemannian structures involving codimension one distributions is well-posed.

Rank-two distributions in dimension four

Let (M, A, g) be a complete sub-Riemannian manifold of dimension four, and
let A be a regular rank-two distribution, that is satisfying

T, M =

span{ X" (2), X(2), [X*, X?] (), [X", [X*, X?]] (@), [X%, [X", X2)] (@) }

for any local parametrization F = {X!, X2} of the distribution. In Example
1.3.17, we saw that there is a smooth horizontal vector field X on M such



3.6. NOTES AND COMMENTS 117

that the singular horizontal paths « parametrized by arc-length are exactly the
integral curves of X, i.e. the curves satisfying

Y(t) = X(¥(1))-
For every x € M, denote by O(z) the orbit of x by the flow of X and set

0= {(a;y) EMXM|y¢ O((E)}
According to Remark 3.4.4, the following result holds:

Proposition 3.5.3. Under the assumption above, the function dgg is locally
semiconcave in the interior of §2.

The above result allow us to obtain existence and uniqueness of optimal
transport maps in certain cases. Let us consider the distribution given in
Example 1.3.16, that is the distribution A in R* spanned by the vector fields

X! = 0x1, X2 = 0xg + 21023 + 23014.

As shown in Example 1.3.16, an horizontal path v : [0,1] — R* is singular if
and only if it satisfies, up to reparameterization by arc-length,

y(t) = X (v(t)) Ve [o,1].

By the above proposition, we deduce that, for any complete metric g on R*,
the sub-Riemannian distance function dgg is locally semiconcave on the set

Q0= {(a:,y) ER* xR | (y—2) ¢ Span{el}},

where e; denotes the first vector in the canonical basis of R*. Consequently,
for any pair of compactly supported probability measures u, v on M such that
1 is absolutely continuous with respect to the Lebesgue measure and

Supp(u X 1/) C Q,

the Monge problem is well-posed.

3.6 Notes and comments

In 1781, Monge’s original work [Mon81] was concerned with the moving of soil
that was modelized as an optimal transport problem consisting in minimizing
the transportation cost

T(x) — x| du(),
]RB

between continuous distributions of mass. The Monge problem was rediscov-
ered several decades later, in 1942, by Kantorovitch [Ka42] who proved a duality
theorem to study the relaxed form of the problem (which is by now refered as
Kantorovitch problem). We refer the reader to the textbooks [Vil03, Vil08] by
Villani for historial accounts on the optimal transport theory.

The Kantorovitch duality theorem which is not precisely stated in the
present monograph appears through Theorem 3.2.13 and Corollary 3.2.14. Ac-
tually, our presentation of the theory leading to existence and uniqueness of
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optimal transport maps closely follows the one of Gangbo and McCann in
[GM96]. For sake of simplicity, we restrict our attention to transportation
problems between compactly supported probability measures from a smooth
manifold into itself with continuous costs. Most of the results of Sections
3.1-3.2 remain true in the more general context of lower semicontinuous costs
on the product of two Polish spaces and non-compactly supported probabil-
ity measures. We refer the reader to Villani’s monograph [Vil08] for general
statements.

As seen through Example 3.1.2, transport maps may not exist. In fact,
Pratelli [Pra07] proved that transport maps do exist as soon as the initial mea-
sure is assumed to be non-atomic. The Prokhrorov Theorem which is used in
the proof of Theorem 3.2.1 can be found in Billingsley’s book [Bil99]. Theorem
3.2.13 extends a result by Rockafellar [Roc66] about the sub-differentials of con-
vex functions. The sub-TWIST condition introduced in Section 3.3 is a natural
extension of the classical TWIST condition (see [Vil08]). Thanks to Lemma
2.3.6, many costs obtained in a variational way do satisfy the sub-TWIST con-
dition. This is the case of the quadratic Euclidean cost appearing in Example
3.3.8, or of the quadratic geodesic cost appearing in Example 3.3.10. In fact,
Examples 3.3.8-3.3.10 refer respectively to theorems by Brenier [Bre91] and
McCann [McCO01]. This type of result can be developped further by consid-
ering locally Lipschitz costs associated with problems of calculus of variations
involving Tonelli Lagrangians (see [BB07]) or even with some optimal control
problems (see [AL09]). As seen in Example 3.1.3, minimizers of the original
Monge problem with cost ¢(z,y) = |y — 2| in R™ may not be unique. However,
existence of optimal transport maps can be proved, see [Vil08] and references
therein.

The study of Monge-type problems in sub-Riemannian geometry began with
a paper by Ambrosio and Rigot [AR04] about the transportation problem in the
Heisenberg group (see also [Rig05]). Then, Agrachev and Lee [AL09] extended
the well-posedness result of Ambrosio-Rigot to the case of sub-Riemannian
quadratic costs which are Lipschitz in charts on M x M (see Remark 3.3.11).
Then, Figalli and the author [FR10] removed the assumption of Lipschitzness
on the diagonal; this is Theorem 3.4.11. We observe that our proof of assertion
(ii) differs from the original proof in [FR10] which was based on a Pansu-
Rademacher Theorem. All these results are concerned with SR quadratic costs
(that is ¢ = d%p). As in the Euclidean case, the Monge problem for the non-
quadratic cost ¢ = dgg does not enjoy uniqueness. Using techniques developped
by Champion and De Pascale [CDP11], De Pascale and Rigot [DPR11] obtained
an existence result for the classical Monge problem in the Heisenberg group.

The local semiconcavity of some SR distances outside the diagonal is demon-
strated in Theorem 3.4.3. Such regularity is fundamental and sometimes nec-
essary. First, it shows that distances of ideal sub-Riemannian structures share
the same type of properties as Riemannian distances, at least outside the diag-
onal. It can be useful to get Sard’s theorems and as a consequence regularity
properties of sub-Riemannian spheres, see [Rif04, Rif06]. Then, the semicon-
cavity of the cost allows to consider probability measures which do not charge
rectifiable sets and hence not necessarily continuous, see [Vil08]. Finally, semi-
concavity of the cost may be transfered to potentials (see Remark 3.4.15) and
then permit to get a Monge-Ampere-like equation (see Remark 3.1.1). This
latter consequence is due to a famous theorem by Alexandrov (see [EG92] )
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which states that locally semiconvace functions are two times differentiable al-
most everywhere. We refer the reader to our paper [FR10] for further details on
sub-Riemannian Monge-Ampeére equations, to [CR05, RT07] for further details
on semiconcave SR distances, and to the Cannarsa-Sinestrari’s book [CS04] for
an detailed exposition on semiconcavity.

We do not know if the Monge problem (for the SR quadratic cost) is well-
posed for general sub-Riemannian structures. The method presented in this
chapter requires regularity properties for dsr. According to the Mitchell ball-
box theorem (see [Jeal2, Mit85, Mon02]), the sub-Riemannian distance is al-
ways locally Holder in charts. In Chapter 2, we saw that given a complete
sub-Riemannian structure and x € M the function

y €M — dsr(z,y)

is Lipschitz in charts on a dense subset of M. We do not know if this set
has necessarily full Lebesgue measure in M (note that the Sard Conjecture
that we mentioned in Section 2.6 would imply such a result). Anyway, such
a result would not be sufficient to prove the well-posedness of Monge problem
for general sub-Riemannian structures...






Appendix A

Ordinary differential equations

We recall here basic facts on ordinary differential equations. For further details,
we refer the reader to the textbook [HS74].

A.1 Preliminaries

Absolutely continuous curves

A function f : [a,b] — R™ is said to be absolutely continuous, if for each € > 0,
there exists 6 > 0 such that for each family of disjoints intervals {]a,, b;[}
included in [a, b], and satisfying

Zbi—ai <5,

i€EN

€N

we have

Z |f(bi) — f(ai)| <e

ieN
Any absolutely continuous function is continuous. In fact, a function f :
[a,b] — R™ is absolutely continuous if and only if it is differentiable almost
everywhere on [a, b, its derivative f (t) := % f(t) is integrable with respect to
the Lebesgue measure on [a,b], and we have for each ¢ € [a, ],

1t) = fla) + : CHs)ds Vi o]

A function f : [a,b] — R™ is called absolutely continuous with square integrable
derivative if it is absolutely continuous on [a,b] and satisfies

fe LQ([a,b];R").

Let M be a smooth manifold without boundary of dimension n > 2. A function
f:[a,b] — M is called absolutely continuous (resp. absolutely continuous with
square integrable derivative) if it is absolutely continuous (resp. absolutely
continuous with square integrable derivative) in charts. Such a notion does not
depend on the atlas chosen to cover M.

121
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The Gronwall Lemma

The Gronwall lemma is a key tool to obtain estimates involving solutions of
differential equations.

Lemma A.1.1 (Gronwall’s Lemma). Let e > 0, o : [0,¢€] :— R be a continuous
function, and 3 € L'([0;¢],R). Assume that u : [0,¢] — R is a continuous
function satisfying

u(t) < a(t) —|—/0 B(s)u(s)ds Yt € [0, €. (A1)
Then there holds

t
u(t) < aft) + elo A / e~ o P g(ya(s)ds  VEe[0,d.  (A.2)
0

If, in addition, « is nondecreasing, then
u(t) < a(t)elo By e 0, ¢ (A.3)

Proof. Let us first assume that « is of class C' on [0,¢]. Define the function
1[0, — R by

t
wu(t) == alt) +/ B(s)u(s)ds Vit € [0, €.
0
The function p is absolutely continuous on [0, €], and
L(t) = alt) + Bt)u(t) a.e. t €[0,¢].
By (A.1), we deduce that we have for almost every ¢ € [0, €],
fit) < a(t) + B(t)u(t).

Which implies

fu(t) = Bt)u(t) < at) — Bt)a(t) + B(t)alt)  ae. t€0,€]

Multiplying both sides by e~ Is B(s)ds e obtain for almost every t € [0, €],
d —JiBas) < 4 ~JiBds\ o JY Bls)ds
Auwe 0@t < Zda@ye i A0 4 oS00 (e)ae).

Integrating between 0 and ¢ € [0, €], we obtain
t
p(t)e Jo B&ds _0) < a(t)e Jo BOMs _ o (0) + / e J5 AT g g)a(s)ds.
0

Using the fact that p(0) = «(0) together with (A.1), we get (A.2). If « is merely
continuous, we can find for each positive integer k, a C* function oy, : [0,¢] — R
satisfying

la(t) — ax(t)] < Vvt € [0, ¢].

ol
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Moreover, by assumption, the function u satisfies

u(t) < [ak(t)+lj + /0 Bsyuls)ds  Vie[0.d.

Applying the result proved in the first part of the proof and passing to the
limit gives the result. If « is nondecreasing, the we have for every t € [0, €],

‘ t
oI B(s)ds / e ST BB )a(s)ds < aft)els A / e~ o P B(s) ds
0

0

a(t) (efot Bls)ds _ 1) .

We conclude easily. O

A.2 Existence and uniqueness results

The Cauchy-Peano Theorem

Let I C R be an open interval, 2 be an open subset of R”, and f : I x ) — R"
be a function satisfying the following property:

(Hep) For every x € €, there exist 6 > 0, a locally integrable function ¢ :
I — [0,400), and a nondecreasing function w : [0, +00) — [0, 400) with
w(h) — 0 as h — 0 such that

|f(ty) = f(t2)] < c(w(ly —2]) and [f(E,y)] < c(t)
for almost all ¢t € I and all y, z € B(z,0).

Given (tg, zo) € I x £, our aim is to solve locally the following Cauchy problem
z(t) = f(t,z(t)), ae. t, x (to) = xo- (A.4)

Theorem A.2.1 (Cauchy-Peano’s Theorem). Assume that f : I x @ — R
satisfies the property (Hop). Then for every (to,xzo) € I X £, there is e > 0
such that the Cauchy problem (A.4) admits a solution on [tg — €,to + €].

Proof. The proof consists in applying the classical Euler iterative scheme. By
assumption (Hcp), there are § > 0 and ¢ € L}, . (I, [0, +00)) such that

loc
|f(ty) = Ft2)| < cw(ly —z]) and |f(ty)] < c(t) (A.5)

for almost every t € I and all y,z € B(xg,0). Since c is locally integrable on
I, there is € > 0 such that [t — €,t9 + €] C I and
to+e
M(t)dt < 6. (A.6)

to—e

We are going to prove that the Cauchy problem (A.4) admits a solution on

[to,to + €]. Let
™= {thtla"' 7tN}
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be a partition of [tg,to + €]; we recall that the diameter u(w) of 7 is given by
pu(m) == max{ti_H -t |0<i<N-— 1}.
We proceed by considering, on the interval [tg, 1], the Cauchy problem

l‘(t) = f(t,l’o), .T(tg) = Z9.
It has a unique solution z on [tg,t1] given by

t
x(t) =z0+ | f(s,x0)ds Vit € [to, t1]-
to

Note that by (A.6), one has

|z(t) — ol < /t [ f(s,x0)| ds < /tM(S)dS <0,

for every t € [to,t1]; we set x1 := z(t1). Next we iterate, by considering on
[t1,t2] the Cauchy problem
#(t) = f(t,w1),  w(tr) =21

The next so-called node of the scheme is x5 := x(¢3). We proceed in this
manner until an arc z, has been defined no all of [tg, ¢y + €]. By construction,

we have
t()-’rs

|2 (t) — 20| < M(t)dt <5  Vte[to,to +e.

to—é

Moreover, we have for any t,t € [to,to + €] such that t < ¢/,

|2 (t) — 2 ()] < /t M(s)ds < w(t' —t),

where the function w : [0, +00) — [0, 400) is defined by

t/
w(h) := max{/ M(s)ds | t,t" € [to,to + €] s.t. t < t’} )
t
for every h > 0. On each interval [t;,t;+1], we have

/t - lf(s,2:) — f(s,2:(8))| ds < w (w(,u(Tr))) /t i c(t) dt.

i 7

Thus we have for any ¢ € [to, to + €],

<w (w(u(ﬂ')))/ c(s)ds. (A.7)

to

T (t) — o — /t f(s,2:(s))ds

Now let m; be a sequence of partitions such that 7; — 0, that is such that
p(mj) — 0 as j — oo. Then the family {z,,}; is equicontinuous and uni-
formly bounded. Then by the Ascoli-Arzela Theorem, some subsequence of it
converges uniformly to a continuous function x. By the Lebesgue dominating
convergence theorem, the function ¢ +— f(¢, z,,(t) converges to the function
t — f(t,x(t)) in L'. Moreover, passing to the limit in (A.7) yields

z(t) =m0 + f(s,2(s))ds Vit € [to,to + €.

We proceed in the same way on [ty — €, tg] backwards in time. O
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Remark A.2.2. The Cauchy-Peano is only an existence result. In the au-
tonomous case, it says that if f : Q — R™ is continuous then for every xqy € (2,
the Cauchy problem

o(t) = f(x(t), «(0)=wo,
admits at least one solution locally. A counterexample to uniqueness is for
example given by f : R — R defined by

f(z) := /|| vz € R.
The Cauchy problem x(t) = f(x(t)),2(0) = 0 admits two smooth solutions:

2
2(1) =0 and a(f) = % vt € R.

The Cauchy-Carathéodory Theorem

Let I C R be an open interval, 2 be an open subset of R”, and f: I x Q2 — R"
be a function satisfying the following property:

(Hee) For every x € ), there exist 6 > 0 and a locally integrable function
¢: I —[0,400) such that

[f(ty) = f(t2) <ct)ly— 2] and |f(t,y)] < c(t)
for almost every ¢t € I and all y, z € B(z, ).

The following result provides existence and uniqueness for the Cauchy problem
(A.4).

Theorem A.2.3 (Cauchy-Carathéodory’s Theorem). Assume that f : IxQ —
R™ satisfies the property (Hoc ). Then for every (to, xo) € I x Q, there is € > 0
such that the Cauchy problem (A.4) admits a solution x : [tg — €,to + €] — Q.
If y : [to, to+€] — Q (ory: [to—¢€,to] — Q) is an other solution of (A.4), then
z(t) = y(t) for allt € [to — €, to + €.

Proof. The local existence is a consequence of Theorem A.2.1. Assume that
x,y are two solutions of the Cauchy problem (A.4) on [tg,to + €]. Set u(t) :=
|z(t) — y(t)] for every t € [to,to + €]. We have for every t € [to, o + €],

u(t)

RCEOE / f(s,y(s)) ds

IN

t |f(s,2(s)) = f(s,y(s))| ds

< /t c(s)u(s) ds.

to
By Gronwall’s Lemma, we obtain that u(¢) = 0 for every ¢ € [to, to + €]. O
Remark A.2.4. In the autonomous case, the Cauchy-Carathéodory Theorem

says that if f:Q — R™ is locally Lipschitz then for every xg € Q, the Cauchy
problem

a(t) = f(x(t)), 2(0) = o,

admits a solution locally and this solution is unique.
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Global existence theorems

By the Cauchy-Carathéodory Theorem, under assumption (Hcce), for every
(to,xg) € I x £, the unique solution to the Cauchy problem (A.4) can be
extended to a maximal interval of the form I = (a,0) with a < tp <
and a € RU {—o0}, § € RU {+0o0}. Under additional assumptions, we can
sometimes insure that any solution can be extended to R.

Theorem A.2.5. Let f : R x R™ — R” be a function satisfying the assump-
tions (Heoe) (with Q = R™) and such that there exist two functions K, M in
L}, (R, [0,4+0)) such that

loc
|f(t, x)| < K(t)|z| + M(t) ae teR VreR™ (A.8)
Then any solution of & = f(x(t)) can be extended to R.

Proof. Let (to,z0) € R x R™ and « : [o, 3] — R™ a maximal solution to the
Cauchy problem (A.4) be fixed. We argue by contradiction and assume that
B < 400 (the case o > —oo is left to the reader). Set for every ¢ € (a, ),
u(t) := |z(t)|]. By (A.8), we have for every ¢ € [to, (),

u(t) =

o + f(s,z(s))ds
to

IN

|x0|—|—/t K (s)u(s) + M(s) ds

IN

<|x0+ tM(s)ds)+ tK(s)u(s)ds.

to tO

By Gronwall’s Lemma, we infer that
P P K(s)ds
lz(®)| < | |zol +/ M(s)ds | e’to ™" = C < 400 Yt € [to, ).
to
Then for any ¢t < t’ € [to,3), we have

t

|z (t') — z(t)]

IN
Q

K(s)ds+ M (s) ds.

t t

Since both K, L are in L}, (R, [0, +00)), this shows that for each sequence {t) },
converging to 3 from below, the sequence {x(¢x)}x is a Cauchy sequence. Then
x(t) has a limit 2(3) as ¢ tends to 3. By Theorem A.2.3, the Cauchy problem
g = f(t,y®)),y(B) = x(B) admits a local solution. This shows that z can be

extended beyond (8 and yields a contradiction. O

Remark A.2.6. For sake of simplicity, we stated Theorem A.2.5 in the case
of a nonautonomous function defined on R x R™. The same results holds for
a function defined on I x R™ where I is an open interval in R. Namely, any
solution to the Cauchy problem can be extended to I.
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A.3 Linear systems

Let I C R be an interval and A € L' (I; M, (R)) be a function from I into the
set of n x n matrices denoted by M,,(R). By the above results, for every ¢y € I,
the Cauchy problem

S(t) = A(H)S(t), ae. tel, S(ty)=In, (A.9)

has a unique solution which is defined on I. In the same way, the Cauchy
problem

Y(t)=-Y()A®l), ae tel, Y(t)=I,,

admits a solution defined on I. Hence, the function Z : I — M, (R) defined as
Z(t) :=Y (t)S(¢) for every t € I, satisfies for almost every ¢t € I,

Z({t) = Y(@®)SEt) +Y()S(t)
—Y(£)A(t)S(t) + Y (£)A(t)S(t) = 0.

Since Z(tg) = I,, we deduce by uniqueness, that Z(t) = I,, for every t € I.
This shows that the matrix S(t) is invertible for every ¢t € I.

Proposition A.3.1. Let C € L}, (I;R"™), to € I, and & € R™. The solution
to the Cauchy problem

()= A)E@R) +C(t), forae tel, Eto)=E& (A.10)

s given by
§(t) = S(t)&o + S(t) /t S(s)~tC(s)ds, Vtel. (A.11)

Proof. By uniqueness, it suffices to verify that the absolutely continuous func-
tion € : I — R™ given by (A.11) satisfies the Cauchy problem (A.10). We have
&(to) = & and we verify that for almost every t € I,

) = S(t)€o+5’(t)/ S(s)7'C(s)ds + S(t)S(H) T C(1)

A(D)S()& + A(1)S(2) / S(s)"1C(s)ds + C(t)
— AW + C1). ‘






Appendix B

Elements of differential calculus

We recall here basic facts of first order calculus in normed vector spaces and less
basic facts of second order calculus. We refer the reader to textbook [AMRS&3]
for further details on differential calculus in normed spaces. The results of
second order calculus are taken from the textbook [AS04].

B.1 First order calculus

Differentials

Given two normed vector spaces (X, ||| x) and (Y, ||-||y), we denote by £(X,Y")
the space of continuous linear maps from X to Y. This space is equipped with
the operator norm (we denote alternatively by T - u or T'(u) the image of u by
the operator T')

17 = sup{IT @Iy [u € X, ulx = 1.

Let (X, ||-]lx) and (Y, ||-]ly) be two normed vector spaces, U be an open subset
of X and let F': U C X — Y be a given mapping. Let © € Y. We say that F
is differentiable at @ provided there is a continuous linear map Dz F : X — Y
such that for every € > 0, there is § > 0 such that

|Fw) - F(a) - DuF - (u—1)

e =

ly

O<||ufﬂ]|X<5 — <e.

This property can also be written as

i | F(u) — F(u) — DaF - (u— )

u b —all

HY :O,

F(u) = F(u) + DgF - (u—a) + [Ju— 1| , o(1).

The map F' is said to be differentiable in ¢ C X if it is differentiable at every
u € U. The map
DF :U — L(X)Y)
u +—— D,F

129
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is called the derivative of F. If DF is a continuous map on U (where L(X,Y)
has the norm topology) we say that F' is of class C! on . Finally we recall
that given a function F' of class C! on an open set  C X and a point u € U,
the derivative D, F is called singular if it is not surjective and in that case u
is called critical.

The Inverse Function Theorem

Here we provide the proof of the Inverse Function Theorem and of a quantita-
tive version of it which are used through Chapters 1 to 3. Our proof is taken
from Clarke’s monograph [Cla83].

Theorem B.1.1 (Inverse Function Theorem). Let U be an open set of R™,
F :U — R" be a function of class C*, and x € U be such that D, F is not
singular. Then there exists neighborhoods U CU of x and V' of F(x) such that
Fy:U—Visa C' diffeomorphism.

Proof. Note that since D, F is linear from R™ to R" and not singular, it is
indeed invertible. Let » > 0 be such that for every 2’ € B(z,r) CU, Dy F is
nonsingular and

|DuF = DF|| < ——— (B.1)
2 (Do)
Set )
5 :: 7710
201"

Lemma B.1.2. We have for every x', 2" € B(x,r),
|F(2') — F(2")| > 6|2 —2"|.

Proof of Lemma B.1.2. Let ', 2" € B(x,7) be fixed, we may suppose =’ # 2.
Set " , DL F(v)
'’ —x v
= — =T dX:=|z" - 2|
v P w D F )] an 2" — |

We note that since D, F' is non-singular, w is well-defined. We have for every
t e [0, ],

(0, Dy 440 F'(v))
(w, Dy F(v)) + (w, [Dyr 14 F — D F] (v))
| Dy F(v)| + (w, [Dyr 440 F — Dy F] (v))  (by definition of w)

> |DyF()| = |[Dy 4toF — D F] (v)| (by Cauchy-Schwarz)
D F @) |[(D.F) " |
— —||Dgr 40 F — D, F||  (since |v| = 1)
|27
1 1
> (by (B.1))

|07 2fj0.p) 7]
= 4.
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But since F is C! on U, we have

(1‘ + )\’U / D.’E +tU

which together with the above calculus gives
A
(w, F(z' + M) — F(2)) = / (w, Dyr o F(0)) dt > S
0

By the Cauchy-Schwarz inequality, we get |F(z') — F(a")| > |z’ — «”|. O
Lemma B.1.3. The set B (F(z), %) is included in F(B(z,7)).

72

Proof of Lemma B.1.3. Let y € B (F(z), %) be fixed, xe define x : B(z,r) —
R by

va' € B(x,r), x(@):=|y— F(x)]
We need to show that there is 2’ € B(z,r) such that x(z') = 0. Since B(z,r)
is compact, y attains its minimum on that set at some point z € B(z,r). We
claim first that & belongs to B(x,r). Otherwise, by Lemma B.1.2 and the
triangle inequality, one has

Dol F@l 2 1F@ - F@) -y F@)
> ool Iy - F(al
> or—|y— F(z)| (by minimality of Z)
S L
S L

which is a contradiction. Thus Z yields a local minimum for x on B(z,r), and

consequently

Since Dz F' is non-singular (by construction of r), we obtain y = F(Z). O

To prove the theorem, we now set V = B (F(z), % ) and we define G on V
as follows: for every y € V, G(y) is the unique =’ € B(x, r) such that F(z') = y.
We choose U as a neighborhood of z satisfying U C Y and F(U) C V. By
construction, Go F' = Id on U and F o G = Id on V. Moreover, by Lemma
B.1.2, the function G is %—Lipsehitz. Let y € V and h # 0 be such that
y+ h € V. There is ' € B(z,r) such that F(z') =y, moreover we have
Gly+h) = GF@)+h)

- G (F(x’ + (DMF) (1)) +o(h))
G (P + (DoF) ™ (1)) +olh)
o + (D, F) 1(h)+o(h).

-1

Then
Gy +h) = Gly) — (D F)
lim
h—0 |h]
Which proves that G is C' on V. O
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We now give a quantitative version of the Inverse Function Theorem which
is useful in Section 1.4.

Theorem B.1.4. Let p,L, 1, B> 0 and F : Q := B(0,p) — R" be a function
of class C on Q which satisfies the following properties:

e |DyF—D,F| <Ll —x|, Vx,a €Q,
e |[DoF|| < B,
o |det(DoF)| > p.

Then there is r := r(n,p, L, u, B) > 0 and a C! function G : B(F(0),r) — Q
such that F o G = 1Id and Go F = Id.

Proof. In the proof of Theorem B.1.1, we setted V := B (F(z), ) with ¢ :=
S W ‘
2[[(DoF) 71| and r > 0 such that

|DyF — D F|| <6, Va2’ € B(0,r),

and D, F non-singular for every = € B(0,7).
There is a continuous and nondecreasing function w : [0, +00) — [0, +00) such
that we have for any non-singular matrix A,

w([lA])

147 < fesca

For every B’ > 0, there is a constant K(B’) > 0 such that for any n x n
matrices A, A’ with ||4]|, ||A’]] < B’, we have

|det(A) — det(A")| < K(B")||A— A"]|.
We have
5 1 |det(DoF)| no
2[[DoF 1|~ 2w([[DoF]) — 2w(B)

Thus we can take

i H
7= mln{p, 3Lw(B)’

=

(K(B + L,o)L)_l} .

The Lagrange Multiplier Theorem
The Lagrange Multiplier Theorem plays a major role in Chapter 2.

Theorem B.1.5 (Multipliers Lagrange Theorem). Let (X, || || x) be a normed
vector space, U be an open subset of X, and E: U — R™ and C : U — R two
mappings of class C* onlU. Assume that @ € U satisfies the following property:

C(u) <C(u) for every wel suchthat E(u) = E(u). (B.2)
Then there exist A\g € R and A € R™ with (Ao, \) # (0,0) such that
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Proof. Define the mapping ® : U/ C X — R x R" by
O(u) :=(C(u), E(u)), Yuel.

The mapping V¥ is of class C' on /. We claim that % is necessarily a critical
point of @, that is Dz® is singular. We argue by contradiction. If @ is not
a critical point, the continuous linear map Dz ® : X — R x R" is surjective.
Then there exists a linear subspace Y of X of dimension n + 1 such that the
restriction of Dz ® to Y is an isomorphism. Let y1,...,y,+1 be a basis of YV
and B be an open neighborhood of 0 in R”*! such that

n+1

’Tt—f—Z@'yz‘GU VB = (B1,---: Bnt1) €B.

i=1
The mapping
d:B — Rt
B=(B1, . 0nt1) +— @ (ﬁ+22:11 i%)
is of class C' on B with a derivative which is invertible at 3 = 0. Hence, by
the Inverse Function Theorem, the point ®(u) = (C(@), E(u)) belongs to the

interior of the image of ®(B). Thus for e > 0 small enough, there is y € Y with
4+ y € U such that

®(u+y) = (C(a) —e E(n)),

which contradicts (B.2). In consequence, @ is a critical point of ®. Hence, there
exists a non-zero n + 1-tuple p = (—Xo, A) (with A\p € R and A € R™) which is
orthogonal to the image of Dy;®, that is such that

—XoDzC + N'DzE = 0.

B.2 Second order study

Preliminaries

Let us denote by £2(X,Y) the space of all continuous bilinear maps from X x X
to Y. We can equip it with the operator norm

I = sup{ |7, w2)|y 1,z € X, = sl x = 1}
Given an open set I/ C X and a mapping F : U C X — Y, we define
D’F:=D(DF) : UC X — L*(X,Y)

if it exists (where we identify £(X, £(X,Y)) with £2(X,Y). If D?F exists and
is continuous on U, we say that F is of class C? on U. In this case, the second
derivative D2 F is symmetric at any point, that is

D2F - (v,w) = D*F - (w,v)  Vv,we€ X,Vucl.
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If F:U C X —Y is a function of class C? then we have for every u € U the
second order Taylor formula

Flu+h) = F(u) + DuF() + L DIF - (0, h) + bl (1)

which means that

o E@W) — F(u) = DuF - (0 —w) — §DYF - (v~ w v —w),

=0.
v o= ul

By the Inverse Function Theorem, any function of class C! is locally open
around any point with an invertible derivative. We are going to provide a
second-order sufficient condition for local openness around critical points.

A second-order sufficient condition for local openness

Let (X, ||-||x) be a normed vector space, N be a positive integer, i be an open
subset of X and F : Y/ — RY be a mapping of class C? on U. Given a critical
point u € U, we call corank of u, the quantity

corankp(u) := N — dim (Im (D, F)) .

We also recall that if @ : X — R is a quadratic form (that is @ is defined by
Q(v) := B(v,v) with B: X x X — R a symmetric bilinear form), we define its
negative index by

ind_ (@) := max {dim(L) | Q\q0y < 0} ,
where Q|r\ {0} < 0 means
Q(u) <0 Yu e L\ {0}.

The following result provides a sufficient condition for local openness around a
critical point.

Theorem B.2.1. Let F : U — RY be a mapping of class C? in an open set
U C X and u € U be a critical point of F' of corank r. If

ind (X" (D2F) Kerpopy) 27 VA€ (Im(DaF)) "\ {0}, (B3)

then the mapping F is locally open at w, that is the image of any neighborhood
of 4 is an neighborhood of F(1).

In the above statement, (D%F)\Ker
from Ker(DyF) to RY defined by

(DaF) refers to the quadratic mapping

(D%F)\Ker(DgF) (v) := D2F - (v,) Vv € Ker(DgF).
The following result is a quantitative version of the previous theorem, it is
useful in Section 3.4. (We denote by Bx (-, -) the balls in X with respect to the

norm || - ||x.)
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Theorem B.2.2. Let F : U — RN be a mapping of class C? in an open set
UC X and u €U be a critical point of F' of corank r. If

ind- (X (D2F) gorpory) 27 VAE (Im(DaF)) "\ {0}, (BA)

then there exist €,¢ € (0,1) such that for every e € (0,€) the following property
holds: For every u € U,z € RN with

lu—ily <€ |z2—F(u)|<cé, (B.5)
there are wy,ws € X such that u+ wi +wo € U,
z=F(u+w +ws), (B.6)
and
wy € Ker(D,F), Hw1||X <€, HU)QHX < e (B.7)

The proof of Theorems B.2.1 and B.2.2 that we give in the next sections
are taken from the Agrachev-Sachkov textbook [AS04] and the Agrachev-Lee
article [ALO09].

Proof of Theorem B.2.1

We need two preliminary lemmas.

Lemma B.2.3. Let G : R¥ — R be a mapping of class C* with G(0) = 0.
Assume that there is

v € Ker(DoG) with DG - (v,v) € Im(DoG), (B.8)
such that the linear mapping
w € Ker(DyG) — Projc [DG - (v,w)] € K (B.9)

is surjective, where K := Im(DoG)* and Proj : R — IC denotes the orthog-
onal projection onto K. Then there is a sequence {u;}; converging to 0 in R¥
such that G(u;) = 0 and D,,,G is surjective for any i.

Proof. Let E a vector space in R¥ such that R¥ = E @ Ker(DyG). Since
D3G - (v,v) belongs to Im(DoG) there is & € E such that

. 1 o
DoG(9) = —§D§G- (v,0).
Define the family of mappings {®.}.~0 : E x Ker(DyG) — R! by
1
P(2,1) 1= =G (0 + ¥t + €'D + €°2) V(z,t) € E x Ker(DoG), Ve > 0.
EJ

For every € > 0, ®, is of class C? on E x Ker(DoG) — R! and its derivative at
(z,t) = (0,0) is given by

1
D(O,O)(I)G(Z7 T) = De217+6413G(Z) =+ ?D6217+€4ﬁG(T)7
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for any (Z,T) € E x Ker(DoG). For every (Z,T) € E x Ker(DoG), the first
term of the right-hand side D25, .15G(Z) tends to DyG(Z) as € tends to 0 and
since

1 1
SDenasG(I) = {DOG(T) + DG - (20 + €9, T) + |20 + 9] 0(1)]

1
= =2 {DSG (04 €*9,T) + |€21_} + e4ff;| 0(1)} ,
the second term tends to D3G(9,T) as € tends to 0. By (B.9), the linear
mapping

(Z,T) € E x Ker(DyG) — DoyG(Z) + DG - (v,T) € R

is surjective. Then there is € > 0 such that Dy®. is surjective for all € € (0, €).
Therefore for every € € (0,€) the set

{(z,t) € E x Ker(DoG) | d.(2,1) = o}

is a submanifold of class C? of dimension k& — [ > 0 which contains the ori-
gin. Then there is a sequence {(z;,t;)}; converging to the origin such that
Wy /i(2i,t:) = 0 and Dy, +,)¥/; is surjective for all i large enough. Thus set-
ting
11, 1P ,
Ui 1= v + i—gti + a0 + = Vi,
we get G(u;) = 0 and D,,,G surjective for all ¢ large enough. This proves the
lemma. O

Lemma B.2.4. Let Q : R¥ — R™ be a quadratic mapping such that
ind_ (A*Q) >m, VAe (R™)\{0}. (B.10)

Then the mapping Q has a regular zero, that is there is v € R* such that
Q) =0 and D,Q is surjective.

Proof. Since @ is a quadratic mapping, there is a symmetric bilinear map
B :R* x R*¥ — R™ such that

Q) = B(v,v) Vo € RF.
The kernel of @, denoted by Ker(Q) is the set of v € RF such that
B(v,w)=0  VwcR",

It is a vector subpace of R*. Up to considering the restriction of @ to a vector
space E satisfying E @ Ker(Q) = R*, we may assume that Ker(Q) = 0. We
now prove the result by induction on m.

In the case m = 1, we need to prove that there is v € R* with Q(v) = 0 and
D,Q # 0. By (B.10), we know that ind_ () > 1 and ind_ (—Q) > 1, which
means that there are two vector lines L1, L~ in R* such that Qr+\{oy <0
and Qz-\{oy > 0. Then the restriction of @ to Lt @ L~ is a quadratic form
which is sign-indefinite. Such a form has regular zeros.

Let us now prove the statement of the lemma for a fixed m > 1 under the
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assumption that it has been proven for all values less than m. So we con-
sider a quadratic mapping Q : R¥ — R™ satisfying (B.10) and such that
Ker(Q) = {0}. We distinguish two cases:

First case: Q~1(0) # {0}.

Take any v # 0 such that Q(v) = 0. If v is a regular point, then the statement
of the lemma follows. Thus we assume that v is a critical point of (). Since
D,Q(w) = 2B(v,w) for all w € R* and Ker(Q) = {0}, the derivative D,Q :
R*¥ — R™ cannot be zero. Then its kernel £ = Ker(D,Q) has dimension
k —r with 7 := rank(D,Q) € [1,m — 1]. Set F := Im(D,Q)* and define the
quadratic form

Q:E~RFT™ — F~R™T

by ~
Q(w) := Projp(Q(w)) Yw e E,

where Projr : R™ — F' denotes the orthogonal projection to F'. We have for
every A € F' and every w € F,

N Qw) = N Q(w).

We claim that ind_ (A\*Q) > m —r, for every A € F'\ {0}. As a matter of fact,
by assumption, for every A € F \ {0} there is a vector space L of dimension
m such that (A*Q)|z\fo1 < 0. The space L N E has dimension at least m — k
as the intersection of L of dimension m and E of dimension k — r in RF. By
induction, we infer that Q has a regular zero w € E = Ker(D,Q), that is
Q(w) € Im(D,Q) and

w € E =Ker(D,Q) +— Projp (B((w,w)) € F
is surjective. Define I : R¥ — R™ by
F(u) :=Q(v+u) vu € R

The function F is of class C? verifies DoF = D,Q, D3F = B and the assump-
tions of Lemma B.2.3 are satisfied with v = w. We deduce that @) has a regular
zero as well.

Second case: Q~1(0) = {0}.

In fact, we are going to prove that this case cannot appear. First we claim that
Q is surjective. Since @ is homogeneous (Q(rv) = r2Q(v) for all v € R* and
r € R), we have

Q(R*) = {rQ(U) |r>0,ve Sk_l}.

The set Q(S*~!) is compact, hence Q(RF) is closed. Assume that Q(RF) # R™
and take x = Q(v) on the boundary of Q(RF). Then x is necessarily a critical
point for Q. Proceeding as in the first case, we infer that = Q(w) for some
non-critical point. This gives a contradiction. Then we have Q(R¥) = R™.
Consequently the mapping

Q=2 skt —, gm-l

QI
Q)
Q)]

v >
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is surjective. By Sard’s Theorem (see [GGT73]), it has a regular value z, that is
x € S™! such that D,Q is surjective for all v € S¥~! satisfying Q(v) = = for
all v € S¥~1. Among the set of v € S¥=1 such that Q(v) = x take v for which
|Q(v)] is minimal, that is such that

Q(v) = ax

and
Ya>0,Yv e S Q) =ar = a>a.

In other terms, if we define the smooth function ¥ : (0, 4-00) x S¥=1 — R™ as,
U(a,v) = Q) — az, Va >0, Vv € SF=1,
then the pair (a,?) satisfies
a<a forevery (a,v)€ (0,+00)xS* 1 with ¥(a,v)=0.

By the Lagrange Multiplier Theorem (Theorem B.1.5), there is Ao € R and
A € R™ with (Ag, A) # (0,0) such that

MND;Q=0 and — X'z=\.
Note that we have for every h € T;S*~! € RF, we have

D,0(h) = ‘QZUHDUQ(h) + [Ds1QI(R)] Q(9)

= DsQUr) +a DelQI(M)] (B.11)

Consequently, if A\g = 0 (that is if (@, D) is a critical point of ¢), then A* Dz Q =0
which contradicts the fact D;Q is surjective (because A cannot be collinear
with & by 2-homogeneity of ). In conclusion, we can assume without loss of
generality that \g = —1. Since (@, ) is not a critical point of 1, the set

c= {(a,v) € (0, +00) x S| W(a, v) = o}

is a smooth submanifold of (0, +-00) xS¥~! of dimension k—m in a neighborhood
of (d, 6). Then for every (hq, h,) € Ker(Dg 3V), which is equivalent to h, = 0
and DyQ(h,) = 0 with h, € T;S¥~!, there is a smooth curve v = (v4,7) :
(—€,€) — C such that v(0) = (a,v) and 4(0) = (hq, hy). Then differentiating
two times the equality ¥(v(¢)) = 0 and using that %i\g =0 and \* %% (a,v) =
N*DyQ = 0, we get

0% ov
A*—W (a,v) = A*&(O)%(a, ) = 5(0)A*z = 5(0).
Note that ?;‘3 = @. Furthermore, since (a,?) is solution to our minimization
problem with constraine, we have v, (t) > @ = 7,(0) for all ¢ € (—¢,€). Then
we have

AQ(h) >0  VheKer(Ds;Q) NTSM 1.

Since Q(7) = @ > 0 we have indeed

I
&~

AQ(h) >0 Vhe (Ker(Dy;Q) NTyS*!) @ Ro (B.12)
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Let us compute the dimension of the non-negative subspace L of the quadratic
form A\*@Q. Since D;Q is surjective, we have

dim (Im(D@Q)) =m—1.

Which means (remember (B.11)) that Im (D{)lek—l) has dimension m or m—1.
But A*D3zQ = 0 with A # 0, thus we have necessarily

dim (Im(D{)Q‘Sk—l)) =m-1
and
dim (Ker(Dl—,Q) N T;,Sk_l) = dim (Ker(D’DQ‘Sk—l)) =k—1—(m—-1)
=k—m.

Consequently, dim(L) = k —m + 1, thus ind_ (A\*@) has to be < m — 1, which
contradicts the hypothesis of the lemma. This shows that Q~1(0) = {0} is
impossible and concludes the proof of the lemma. O]

We are ready to prove Theorem B.2.1. Set
$:={xe (m(DaF))" | N =1} cRY.

By assumption (B.3), for every A € S, there is a subspace E) C Ker (DgzF) of
dimension r such that

* 2
A (DﬁF)‘EA\{O} < 0.
By continuity of the mapping v — v* (D%‘F)lEA7 there is an open set Oy C S
such that
VI (DiF) gogoy <0 W E O

Choose a finite covering

and a finite dimensional space ' C X such that
Im (DaﬂE) = Im(DﬁF).

Then the restriction F' of F' to the finite dimensional subspace E —1—2521 E,, C
X satisfies

ind_ </\* (DZF>Ker(DuF)) >r Yae (Im(Daﬁ))L \ {ol,
with
r = corankp (@) = N — dim (Im(Dy F)) = N = dim (Tm(D; F') ).

~ L ~
Set K := (Im (DﬁF)) and define the quadratic mapping @ : Ker(DzF) — K

by
Q(v) := Projy [(Dgﬁ’) . (uv)} Vv € Ker (Dﬂﬁ‘> ,
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where Proji : RV — K denotes the orthogonal projection onto K. The as-
sumption (B.10) of Lemma B.2.4 is satisfied. Then by Lemmas B.2.4, @ has a
regular zero, that is v € Ker(DgzF') such that

Q) =0 <= DIF-(v,0) € K=Im(DyF)
and

D3 @ surjective
= wE Ker(Dﬂl:“) — Projx [D?Lﬁ' (@,w)} € K surjective.
Setting G(v) := ﬁ‘(ﬂ—i—v) — F(ﬂ) and applying Lemma B.2.3, we get a sequence
{u;}; converging to @ such that F(u;) = F(u) and D, F is surjective for any
i. By the Inverse Function Theorem, this implies that F' is locally open at .

Proof of Theorem B.2.2

Proceeding as in the proof of Theorem B.2.1, we may assume that X is finite
dimensional. We may also assume that & = 0 and F(@) = 0. As before, set
K := (Im (DgF))" and define the quadratic mapping @ : Ker(DoF) — K by

Q(v) := Projc [(DSF) - (v,v)] Vv € Ker (Do F),

where Proj, : RY — K denotes the orthogonal projection onto K. By (B.4)
and Lemmas B.2.4, @ has a regular zero v € Ker(DoF'). Let E be a vector
space in R* such that X = E @ Ker(DoF). Define G : E x Ker(DyF) — RV
by

G(z,t) := DoF(2) + % (DGF) - (t,t)  V(z,t) € E x Ker(DoF).

Then assumptions of Lemma B.2.3 are satisfied and there is a sequence {(z;, ;) }4
converging to 0 such that G(z;,t;) = 0 and Dy, ;,)G is surjective for all 7.

Lemma B.2.5. There are p,c > 0 such that the image of any continuous
mapping G : B(0,1) — RN with

Sup{’é(u) ~ G| [u=(21) € Bx(0, 1)} <u (B.13)
contains the ball B(0,c).

Proof. This is a consequence of the Brouwer Theorem which asserts that any
continuous mapping from B(0,1) C R™ into itself has a fixed point, see [Bre93].
Let 4 large enough such that u; := (¢;, ;) belongs to B(0,1/4). Since D,,,G is
surjective, there is a affine space V' of dimension IV which contains u; and such
that D, Gy is invertible. Then by the Inverse Function Theorem, there is a
open ball B = Bx(u;,p) NV of u; in V such that the mapping

G|V B — G|V(B) cRY



B.2. SECOND ORDER STUDY 141

is a smooth diffeomophism. We denote by G : G|y (B) — B its inverse. The set
G|v(B) contains some closed ball B(0,c). Taking ¢ > 0 sufficiently small we
may assume that

G(y) € Bx (ui,p/4) vy € B(0,¢).

There is ;1 > 0 such that any continuous mapping G : Bx (0,1) — RV verifying
(B.13) satisfies

G(u) € G)v(B) Vu € Bx(ui, p/2) NV

and

’(QOG)(u)—u‘S Vu € Bx(ui, p/2)NV.

=~

Let G : Bx(0,1) — RN be a continuous mapping verifying (B.13) and y €

B(0,¢) be fixed. By the above construction, the function
V: Bx(G(y),p/4) — Bx(G(y),p/4)
defined by
V() =u—(GoG)(u) +G(y)  Vue Bx(G(y),p/4),

is continuous from Bx(G(y), p/4) into itself. Thus by Brouwer’s Theorem, it
has a fixed point, that is there is u € Bx(G(y), p/4) such that

V() =u <= Gu)=y.
This concludes the proof of the lemma. O

Define the family of mappings {®.}.s0 : E x Ker(DoF) — RY by

1
D (2,t) := 6—2F (2 + et) Y(z,t) € E x Ker(DoF), Ve > 0.

By Taylor’s formula at second order for F' at 0, we have
D (z,t) = G(z,t) + o(1),

as € tends to 0. Then there is € > 0 (with |(€2,€)| < 1/2) such that for every
e€ (0,8,

|®c(2,t) — G(z,1)| < V(z,t) € (E x Ker(DoF)) N B(0,1).

VRS

By Lemma B.2.5 applied to G = &, we infer that B(0,¢) is contained in
®.(B(0,1)), which in turn implies that for every z € RY such that |z| =
|z — F(@)| < ce?, there are wy,ws in X such that

z=wy +wy, w €Ker(DzF), |wi|x <e, ||w2||x<62.

Let us now show that the above result holds uniformly for u close to u = 0.
Since F is C, the vector space Ker(D, F) is transverse to E for u close to .
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Moreover, again by C' regularity, for every 6 > 0, there is v > 0 such that for
every u € Bx (4, v),

Ker(D, F') N B(0,1) C {y tze X|yeKer(DaF)N B(0,1), ||2]x < 5}.

Therefore, there is v > 0, such that for every u € Bx (@, v), there is a vector
space W, C X such that (W, could be reduced to {0})

X = EaW, ®Ker(D,F),
and there are linear mappings
71 : Ker(DoF) — Wy, w2 : Ker(DoF) — Ker(D,F)
such that for every t € Ker(DgF'), we have
t=m(t) +ma(t), |m(t)| <Kt |m(t)|, < K[t

for some constant K > 0 (which depends on Ker(DoF'), £, and || - [ x). Given
u € Bx(4,v) and € € (0,€) we define G : (E x Ker(DoF)) N B(0,1) — RY by

G(z,t) == ;Q(F(u + €2z + Emy(t) + emy(t)) — F(u)),

for every (z,t) € (E x Ker(DoF)) N B(0,1). Taking v and € > 0 smaller
if necessary, by Taylor’s formula for F' at u at second order, by the above
construction and by the fact that D, F and D? are respectively close to DoF
and DZF, we may assume that (B.13) is satisfied. We conclude easily.



Bibliography

[AMRS3]

[Agr09]

[ABB12]

[ALOY]

[AS04]

[AS96]

[AS99]

[ARO4]

[Bel96)]

[BBO7]

[Bil99]

[Biss4]

[Bre93|

Abraham, R., Marsden, J.E., Ratiu, T.: Manifolds, tensor analysis,
and applications. Global Analysis Pure and Applied: Series B, 2.
Addison-Wesley Publishing Co., Reading, Mass. (1983)

Agrachev, A.: Any sub-Riemannian metric has points of smooth-
ness. Dokl. Akad. Nauk, 424(3), 295-298 (2009), translation in
Dokl. Math. 79(1), 45-47 (2009)

Agrachev, A., Barilari, D., Boscain, U.: Introduction to Riemannian
and sub-Riemannian geometry. To appear.

Agrachev, A.; Lee, P.: Optimal transportation under nonholonomic
constraints. Trans. Amer. Math. Soc., 361(11), 6019-6047 (2009)

Agrachev, A.A., Sachkov, Yu.L.: Control Theory from the Geo-
metric Viewpoint. Encyclopaedia of Mathematical Sciences, vol. 87,
Springer-Verlag, Berlin (2004)

Agrachev, A., Sarychev, A.: Abnormal sub-Riemannian geodesics:
Morse index and rigidity. Ann. Inst. H. Poincaré, 13, 635-690 (1996)

Agrachev, A.; Sarychev, A.: Sub-Riemannian metrics: minimality
of singular geodesics versus subanalyticity. ESAIM Control Optim.
Calc. Var., 4, 377-403 (1999)

Ambrosio, L., Rigot S.: Optimal transportation in the Heisenberg
group. J. Funct. Anal. 208(2), 261-301 (2004)

Bellaiche, A.: The tangent space in sub-Riemannian geometry. In
Sub-Riemannian Geometry, Birkhduser, 1-78 (1996)

Bernard, P., Buffoni B.: Optimal mass transportation and Mather
theory. J. Eur. Math. Soc., 9(1), 85-121 (2007)

Billingsley, P.: Convergence of probability measures. Second ed.
John Wiley & Sons Inc., New York (1999)

Bismut, J.-M.: Large deviations and the Malliavin calculus.
Progress in Mathematics 45, Birkhauser (1984)

Bredon, G.E.: Topology and Geometry. Graduate Texts in Mathe-
matics, vol. 139. Springer-Verlag, New York (1993)

143



144

[Bre91]

[CRO5]

[CS04]

[CDP11]

[Cho39]

[Clag3]

[DPR11]

[EG92]

[FR10]

[GMOY6]

[GGT3]

[Gro96]

[HS74]

[Hor67)

[Jeal2]

[Jur97]

BIBLIOGRAPHY

Brenier, Y.: Polar factorization and monotone rearrangement of
vector-valued functions. Comm. Pure Appl. Appl. Math., 44, 375—
417 (1991)

Cannarsa, P., Rifford, L.: Semiconcavity results for optimal control
problems admitting no singular minimizing controls. Ann. Inst. H.

Poincaré Anal. Non Linéaire, 25(4), 773-802 (2008)

Cannarsa, P., Sinestrari, C.: Semiconcave functions, Hamilton-
Jacobi equations, and optimal control. Progress in Nonlinear Dif-
ferential Equations and their Applications, 58. Birkh&auser, Boston
(2004)

Champion, T., De Pascale, L.: The Monge problem in R?¢. Duke
Math. J. 157(3), 551-572 (2011)

Chow, C.-L.: Uber systeme von linearen partiellen differentialgle-
ichungen ester ordnung. Math. Ann., 117, 98-105 (1939)

Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley-
Interscience, New York (1983) Republished as vol. 5 of Classics in
Applied Mathematics, STAM (1990)

De Pascale, L., Rigot, S.: Monge’s transport problem in the Heisen-
berg group. Adv. Calc. Var. 4(2), 195-227 (2011)

Evans, L.C., Gariepy, R.: Measure theory and fine properties of
functions. CRC Press, Boca Raton, FL (1992)

Figalli, A., Rifford, L.: Mass Transportation on sub-Riemannian
Manifolds, Geom. Funct. Anal., 20(1),124-159 (2010)

Gangbo, W., McCann, R.J.: The geometry of optimal transporta-
tion. Acta Math., 177(2), 113-161 (1996)

Golubitsky, M., Guillemin, V.: Stable mappings and their singulari-
ties. Graduate Texts in Mathematics, vol. 14. Springer-Verlag, New
York (1973)

Gromov, M.: Carnot-Carathéodory spaces seen from within. In Sub-
Riemannian Geometry, Birkhduser, 79-323 (1996)

Hirsch, M.W., Smale, S.: Differential equations, dynamical systems,
and linear algebra. Pure and Applied Mathematics, vol. 60. Aca-
demic Press, New York-London (1974)

Hormander, L.: Hypoelliptic second order differential operators.
Acta. Math., 119: 147-171 (1967)

Jean, F.: Control of Nonholonomic Systems and Sub-Riemannian
Geometry. Lectures given at the CIMPA School ” Géométrie sous-
riemannienne”, Beirut, Lebanon (2012)

Jurdjevic, V.: Geometric Control Theory. Cambridge Studies in Ad-
vanced Mathematics, vol. 52, Cambridge University Press, Cam-
bridge (1997)



BIBLIOGRAPHY 145

[Kad2]

[Lee03]

[LS95]

[McCO1]

[Mit85]

[Mon81]

[Mon94]

[Mon02]

[PBGM]

[Pra07]

[Ras38]

[Rif04]

[Rif06]

[RT05]

[RT07]

[Rig05]

[Roc66]

Kantorovitch L.: On the translocation of masses. C.R. (Doklady)
Acad. Sci. URSS, 37:199-201 (1942)

Lee, J.M.: Introduction to Smooth Manifolds. Graduate Texts in
Mathematics, vol. 218. Springer-Verlag, New York (2003)

Liu, W., Sussmann, H.J.: Shortest paths for sub-Riemannian met-
rics on rank-2 distributions. Mem. Amer. Math. Soc., vol. 118, num-
ber 564 (1995)

McCann R.J.: Polar factorization of maps on Riemannian mani-
folds. Geom. Funct. Anal., 11 (3): 589-608 (2001)

Mitchell, J.: On Carnot-Carathéodory metrics. J. Differential
Geom., 21(1):35-45 (1985)

Monge, G.: Mémoire sur la théorie des déblais et des remblais. His-
toire de 1’Académie Royale des Sciences de Paris: 666-704 (1781)

Montgomery, R.: Abnormal minimizers. SIAM J. Control Optim.
32(6):1605-1620 (1994)

Montgomery, R.: A tour of subriemannian geometries, their
geodesics and applications, volume 91 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, RI
(2002)

Pontryagin, L., Boltyanskii, V., Gamkrelidze, R., Mischenko, E.:
The Mathematical Theory of Optimal Processes. Wiley-Interscience,
New-York (1962)

Pratelli, A.: On the equality between Monge’s infimum and Kan-
torovitch’s minimum in optimal mass transportation. Ann. Inst. H.
Poincaré Probab. Statist. 43(1):1-13 (2007)

Rashevsky, P.K.: About connecting two points of a completely
nonholonomic space by admissible curve. Uch. Zapiski Ped. Inst.
Libknechta, 2, 83-94 (1938)

Rifford, L.: A Morse-Sard theorem for the distance function on
Riemannian manifolds. Manuscripta Math., 113:251-265 (2004)

Rifford, L: A propos des spheres sous-riemanniennes. Bull. Belg.
Math. Soc. Simon Stevin, 13(3):521-526 (2006)

Rifford, L., Trélat, E.: Morse-Sard type results in sub-riemannian
geometry. Math. Ann., 332(1), 145-159 (2005)

Rifford, L., Trélat, E.: On the stabilization problem for nonholo-
nomic distributions. J. Eur. Math. Soc. 11(2):223-255 (2009)

Rigot, S.: Mass transportation in groups of type H. Commun. Con-
temp. Math. 7(4), 509-537 (2005)

Rockafellar, R.T.: Characterization of the subdifferentials of convex
functions. Pacific J. Math. 17:497-510 (1966)



146 BIBLIOGRAPHY

[Sus96]  Sussmann, H.J.: A cornucopia of four-dimensional abnormal sub-
Riemannian minimizers. In Sub-Riemannian Geometry, Birkh&user,
341-364 (1996)

[Sus10]  Sussmann, H.J.: Smooth distributions are globally finitely spanned.
In Analysis and design of nonlinear control systems, Springer,
Berlin, 3-8 (2008)

[Vil03] Villani, C.: Topics in Mass Transportation Graduate Studies in
Mathematics Surveys, Vol. 58. American Mathematical Society,
Providence, RI (2003)

[Vil08] Villani, C.: Optimal transport, Old and New. Springer, Berlin
(2008)

[Vin00]  Vinter, R.B.: Optimal Control. Birkhduser, Boston (2000)



