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The 1905 Poincaré paper in TAMS
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The 1905 Poincaré paper in TAMS

Poincaré is concerned with the ”lignes géodésiques” on a
convex analytic surface whose gaussian curvature κ satisfies

0 < L1 < κ < L2.

Ludovic Rifford The Poincaré ”lignes de partage”



The 1905 Poincaré paper in TAMS

The geodesic distance between P and Q is defined as the
minimum of the lengths of the curves (drawn on S) joining P
to Q.

A minimizing curve γ between P and Q parametrized by
arc-length is called a geodesic. It satisfies

γ̈(t) ⊥ Tγ(t)S .
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The cut locus

The cut locus from a point O on a given surface S is defined
as the union of the Poincaré ”lignes de partage” and their
”ends”, that is the points which are ”Poincaré’s ”extrémité”
and conjugate to 0. In other terms

cut locus(O) =
{

lignes de partage
}
.

The cut locus has been introduced by Whitehead in 1935. The
definition extends to any dimension.
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References

Whitehead ”On the covering of a complete space by the geodesics through a point” (1935)

Myers ”Connections between differential geometry and topology I & II” (1935)

Klingenberg ”Contributions to Riemannian geometry in the large”(1959)

A. Weinstein ”The cut locus and conjugate of a riemannian manifold” (1968)

Thom ”Sur le cut-locus d’une variété plongée” (1972)
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The distance to the cut locus

Using the exponential mapping, we can associate to each unit
tangent vector its distance to the cut locus.

In that way, we define the so-called injectivity domain whose
boundary is the tangent cut locus.
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Polar coordinates
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The distance to the conjugate locus

Again, using the exponential mapping, we can associate to
each unit tangent vector its distance to the conjugate
locus.

In that way, we define the so-called nonfocal domain whose
boundary is the tangent conjugate locus.
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Back to Poincaré

The following inclusion holds

injectivity domain ⊂ nonfocal domain.
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Examples 1: The sphere
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Examples 1: The sphere
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Examples 2: Torus of revolution
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Examples 3: Flat tori
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Examples 3: Flat tori
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Problems:

Computation of cut loci

Size of the cut locus

Regularity of the cut locus

Stability under small perturbation
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Size and regularity of the cut locus

Theorem (Itoh-Tanaka (2001), Li-Nirenberg (2005))

Injectivity domains have Lipschitz boundaries.
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Size and regularity of the cut locus..

Do cut loci enjoy more regularity properties ?
Curvature bounded from below ?
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What happens far from focalization phenomenon
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Absence of focalization phenomenon

Ludovic Rifford The Poincaré ”lignes de partage”



Good news and bad news

Theorem (Weinstein (1968))

Let M be a compact smooth manifold, not diffeomorphic to
S2, then there is a Riemannian metric on M and a point
p ∈ M for which the tangent conjugate locus and the tangent
cut-locus are disjoints.

Theorem (Klingenberg (1961))

Let M be an even-dimensional compact smooth Riemannian
manifold with positive sectional curvature. Then there is a
point p ∈ M for which the tangent cut-locus and the tangent
conjugate locus intersect.

The result on S2 goes back to Poincaré.
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A stability result (Figalli, Villani, LR)

The convex earth theorem
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Thank you for your attention !!
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