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ABSTRACT. For a conformal vector field on a closed, real-analytic, Lorentzian manifold we prove that
the flow is locally isometric—that it preserves a metric in the conformal class on a neighborhood of
any point—or the metric is everywhere conformally flat. The main theorem can be viewed as a local
version of the Lorentzian Lichnerowicz conjecture in the real-analytic setting. The key result is an optimal
improvement of the local normal forms for conformal vector fields of [FM13], which focused on non-
linearizable singularities. This article is primarily concerned with essential linearizable singularities, and
the proofs include global arguments which rely on the compactness assumption.

1. INTRODUCTION

The Ferrand-Obata Theorem on conformal groups of Riemannian manifolds is paradigmatic in the Zimmer-
Gromov program, which aims to classify compact or finite-volume manifolds with rigid geometric structures
admitting large group of automorphisms. This theorem was conjectured by Lichnerowicz and proved
independently by J. Ferrand and M. Obata; it characterizes closed Riemannian manifolds with non-compact
conformal transformation group (see Theorem 1.1 below). In contrast, the Lorentzian version of the
Lichnerowicz conjecture is still open, although significant progress has been made in certain cases.

In this article, we establish a local version of the Lorentzian Lichnerowicz conjecture in the real analytic
category. Our results shed light on the behavior around singularities of conformal vector fields and also
constitute a maximality result with respect to conformal embeddings, having as a consequence that certain
noncompact Lorentzian manifolds cannot be conformally compactified; thus they link local analysis with
global geometric rigidity.

1.1. The Lorentzian Lichnerowicz conjecture. For a pseudo-Riemannian metric g on a manifold,
a subgroup G of its conformal group Conf(M,g) is called essential if it does not preserve any pseudo-
Riemannian metric ¢’ = €2 g in the conformal class of g. In the case of a Riemannian metric on a
compact manifold, such a group G is essential if and only if it is non-compact. In this case it was proved
independently and simultaneously by J. Ferrand and M. Obata :

Theorem 1.1 (Ferrand [LF71, Fer76], Obata [Oba71]). Let (M, g) be a compact Riemannian manifold of
dimension n > 2. If Conf(M, g) is essential then (M, g) is conformally diffeomorphic to the round sphere
ST,
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This theorem positively answers a question asked by A. Lichnerowicz.

A similar question in the pseudo-Riemannian framework was asked subsequently in [DG91, Section 6.2].
In higher signature, essentiality of the conformal group does not determine the topology of the manifold.
In fact, in the Lorentzian case, the second author proved that, in any dimension n > 3, there are in-
finitely many topological types of compact manifolds bearing infinitely many non-conformally equivalent
Lorentzian metrics admitting an essential conformal flow [Fra05]. Nevertheless, all these Lorentzian met-
rics are conformally flat, meaning they are locally conformal equivalent with flat Minkowki space. The
analogue of the original Lichnerowicz Conjecture is thus:

Lorentzian Lichnerowicz Conjecture: Let (M,g) be a compact Lorentzian manifold of dimension
n > 3. If Conf(M, g) is essential then (M, g) is conformally flat.

Important results which support the above Lorentzian Lichnerowicz Conjecture were obtained by the
second and the third authors for real-analytic three-dimensional manifolds [FM23] and by the third and
the fourth authors for simply connected real-analytic manifolds [MP22a]. The fourth author also proved
the Lorentzian Lichnerowicz Conjecture in the case where Conf(M,g) contains an essential connected
simple Lie subgroup [Pecl7, Pec18]. This last result is a step towards the classification of conformal
groups of compact Lorentz manifolds, in the vein of the classification of their isometry groups settled in
[AS97a, AS9Tb, Zeg98]. The recent preprint [Meh25] relates to the Lorentzian Lichnerowicz conjecture for
locally homogeneous Lorentzian manifolds, and proves that compact quotients of conformally homogeneous
Lorentzian spaces have essential conformal group if and only if they are flat.

In higher signature the analogous pseudo-Riemannian Lichnerowicz Conjecture fails: non conformally
flat pseudo-Riemannian metrics of signature (p,q), with p,q > 2, admitting essential conformal flows,
were constructed by the second author on Hopf manifolds [Fral5]. The pseudo-Riemannian manifolds
constructed in [Fral5] come from non conformally flat polynomial deformations g of the (p, ¢)-Minkowski
metric, with Hopf-type compact quotients of (RP*9\ {0}, g), diffeomorphic to S! x SPT4~1 which admit
essential conformal flows.

1.2. Lichnerowicz conjecture for conformal vector fields: Statement of the main theorem.
Several notions of essentiality can be investigated. It is for instance common to assume that the identity
component Conf(M, g)? is essential. Obata’s version of the Riemannian Lichnerowicz conjecture is proved
under this assumption. See [Fer99] for an account of the history. Another relevant notion is that of strong
essentiality, which is the absence of an invariant measure of full support. It is also natural to assume
that some individual conformal transformation or conformal one-parameter group of transformations is
essential, a notion a priori stronger than the essentiality of Conf (M, g)°.

A conformal vector field Y on a semi-Riemannian manifold (M, g) is inessential if there exists a metric in
the conformal class [g] for which Y is a Killing field. A specific, but still challenging, case of the conjecture
is the following.

Lorentzian Lichnerowicz Conjecture for conformal vector fields Let (M, g) be a compact Lorentz
manifold of dimension n > 3. If (M, g) is not conformally flat, then any conformal vector field on M is
imessential.

In this statement, it is crucial to make the global assumption that M is a compact manifold. For in-
stance, [Ale85] builds a family of non-conformally flat, real-analytic, Lorentzian metrics on R™ conformally
invariant by a linear flow which is locally essential at every singularity. Thus, the conjecture asserts in par-
ticular that such local essential phenomena cannot be compactified, that is, conformally and equivariantly
embedded into a closed Lorentzian manifold.

We will not prove this conjecture in its full generality, but rather establish a version under a stronger
hypothesis. A conformal vector field Y is locally inessential if each point p € M admits a neighborhood
U on which Y is a Killing field for some metric in the conformal class [g|,;]. A singularity of Y is locally
essential if it admits a fundamental system of neighborhoods on which Y is always essential. Our main
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result proved is the following local version of the Lorenztian Lichnerowicz Conjecture, in the real-analytic
category:

Theorem 1.2. Let (M,g) be a closed, real-analytic Lorentzian manifold of dimension > 3. If (M, g) is
not conformally flat, then any conformal vector field on M is locally inessential.

Although the conclusion of the theorem as stated is local, the assumption that M is a compact manifold is
needed because of the examples in [Ale85] mentioned above. Theorem 1.2 proves, in particular, that non
conformally flat examples in [Ale85] do not admit real-analytic conformal compactifications. In [MP22b)]
the third and fourth authors proved this under the additional assumption that M is simply connected.

Given a conformal vector field Y on a Lorentzian manifold (M, g), and given a point p € M, the conformal
distortion of Y at p is the real number X such that (Lyg), = 2Agp,. When p is a singularity of Y, the
distortion at p is the same for every metric in the conformal class. This is a consequence of the formula
Ly (fg) = (Y.f)g + fLyg for every smooth function f. Then Y has nontrivial conformal distortion at
a singularity p if A # 0. Observe that a conformal vector field with nontrivial conformal distortion at a
singular point p cannot preserve any metric in the conformal class, even in a neighborhood of p. Theorem
1.2 has as a corollary:

Corollary 1.3. Let (M,g) be a closed, real-analytic Lorentzian manifold of dimension > 3, and let Y be
a conformal vector field on M. If a singular point of Y has nontrivial conformal distortion, then (M, g) is
conformally flat.

1.3. Global versus local essentiality. By Theorem 1.1, Riemannian essential conformal vector fields
always have singularities. In fact, as can be seen by examining the singularities of non-compact flows by
Mobius transformations on S™, the notions of essentiality and local essentiality coincide for Riemannian
conformal vector fields.

This property no longer holds in Lorentzian signature. Consider the following example, the Lorentzian
Hopf manifold. Take R3\ {0} endowed with the metric g, := go/|x|?, where go is the Minkowski metric
2dx1drs + dx3, and | - | denotes the Euclidean norm. Let h be the homothetic transformation = + 2z,
and let T be the discrete group generated by h. The quotient of R?\ {0} by I is a smooth manifold M,
diffeomorphic to S' x S?, endowed with the Lorentzian quotient metric, denoted g. The one-parameter
group of homotheties of R? descends to an isometric St-action on (M, g); denote it by {k'}. The linear
0O(1,2) action descends to a conformal action on (M, g).

Consider a unipotent one-parameter subgroup {a'} < O(1,2). It induces a one-parameter subgroup {u'} <
Conf(M, g), generated by a conformal vector field U. The isotropic line of fixed points of u’ projects onto
two closed null geodesics A;, i = 1,2, of (M, g), which are fixed pointwise by {u’}. Given p € A; and an
evenly covered neighborhood of p, it is clear that the conformal distortion of U at p is null. Alternatively,
the metric gg descends to a Lorentzian metric in the conformal class, well-defined in a neighborhood of p,
which is {u!}-invariant on this neighborhood. In particular—see also Lemma 2.2 below—the flow {u'} is
locally inessential at p.

However, {u'} is an essential conformal one-parameter subgroup of Conf(M,g). Indeed, all orbits of the
flow spiral around either A; or Ay. If ¢’ were a conformal u!-invariant metric, then for any p € M, the
values

g;([]7 U) = g’;t(p)(U7 U) — 07

contradicting the fact that U is spacelike on an open-dense subset. Thus {u’} is an essential conformal
flow of (M, g) all of whose singularities are locally inessential. Therefore local essentiality is stronger than
essentiality.

The commutative product ¢ = k'u’ admits no singularity on M. It is another essential one-parameter
group: indeed, if the convex k'-invariant subset Z = {¢’ € [g] | (¢*)*¢’ = ¢’} were non-empty, averaging over
{k'} would yield a metric in the conformal class which is both k! and ¢! invariant, therefore u!-invariant:
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a contradiction. Hence, even in dimension 3, a Lorentzian conformal vector field can be everywhere non-
singular and globally essential.

2. OUTLINE OF THE PROOF OF THEOREM 1.2

2.1. Linearizability of conformal vector fields. It is well known that, in the neighborhood of a sin-
gular point, any Killing field is linear in exponential coordinates. This linearizability property, however,
generally fails for conformal vector fields. Although some techniques are available to study such fields near
a singularity, there is currently no classification of their possible local normal forms. The situation becomes
much simpler when one deals with real-analytic structures. In this case, non-linearizability occurs only in
the conformally flat case (and then Lie theory provides the list of possible normal forms). More precisely:

Theorem 2.1 ([FM13], Thm 1.2). Let (M, g) be a real-analytic Lorentzian manifold of dimension at least
3. Let X be a local conformal vector field admitting a singularity x. If (M, g) is not conformally flat, then
X is linearizable in a neighborhood of x.

This result will be key in proving Theorem 1.2, since under the assumptions of that theorem we may always
assume that conformal vector fields are linearizable around their singularities.

2.2. Taxonomy of singularities for a linearizable conformal vector field. Our setting here is that
of a local conformal vector field Y on a Lorentzian manifold (M, g). We assume that p € M is a singularity
of Y, and that Y is linearizable in a neighborhood of p. In what follows, we denote by {¢! } the local flow
generated by Y (we do not assume completeness of Y, so {¢! } may be only a local flow). The linearized
flow {D,¢} } can be written as a product {e**A'}, where a € R is the conformal distorsion of Y, and
{A'} is a one-parameter group of O(1,n — 1). Such one-parameter groups fall into three categories (see
e.g. [Rat19], [Mat92]):

(1) Elliptic flows. Up to conjugacy, these are one-parameter groups in the compact subgroup O(n—1) C
O(1,n —1).

(2) Parabolic flows. They have exactly one fixed point on the boundary at infinity of real hyperbolic
space H"~2, and can be written as a commuting product {K'U'}, where {K'} and {U'} are two
one-parameter groups, respectively elliptic and unipotent.

(3) Lozodromic flows. They have exactly two fixed points on the boundary at infinity of real hyperbolic
space H"™2, and can be written as a commuting product {K'D'}, where {K'} and {D'} are
two one-parameter groups, respectively elliptic and hyperbolic, namely nontrivial and R-split in
O(1,n—1).

We may then classify the different singularities of Y into the following categories:

Isometry-like singularities. These are singularities p where the conformal distortion of Y vanishes. The
flow {D,} } belongs to O(1,n — 1).

Contracting/expanding singularities. Singularities p for which limy_, o |Dpe"| = 0 (resp. limy—, oo |Dpot| =
0) are called contracting (resp. expanding).

For instance, this category includes all flows of the form {D,¢'} = {e"*K'U'} with a # 0, where K* and
U are commuting elliptic and parabolic flows, respectively (possibly trivial).

For flows of the form {D,¢'} = {e~*' L'} with a # 0 and L' loxodromic, we may write in a suitable frame
of T,M:
e(a-i—b)t

(1) Dyt = e R! ,
6(afb)t
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with b > 0, and {R'} a one-parameter group in O(n —2). Being contracting (expanding) is then equivalent
to the condition a < 0 and |b| < a (resp. @ > 0 and |b| < a).

Observe that when p is a contracting singularity, the local flow {¢% } is defined for all ¢ > 0 on a neigh-
borhood U of p. Moreover, for any compact subset K C U, we have lim;_, o % (K) = p in the Hausdorff
topology.

Mized singularities. This is the case where { D, !} } has the form (1), and |b| > |a| > 0 in (1). Replacing Y
by —Y if necessary, the local dynamics of ¢! in our linearizable setting exhibit a one-dimensional unstable
manifold and a codimension-one strongly stable manifold.

Balanced singularities. This is the case |b] = |a| # 0 in (1). Looking at the linearized flow, we see that
{p} }, admits locally a null geodesic segment of fixed points together with a codimension-one strongly
stable manifold.

Nonsingular points. These are points p € M for which Y}, # 0.

2.3. Local inessentiality at regular points. A conformal vector field is always inessential in a neigh-
borhood of a nonsingular point p € M. By the flow-box theorem, there exist coordinates (t,z,..., 2" 1)
on a neighborhood U of p in which Y is simply %. We then define a Lorentzian metric h on U as follows:

h(t’ $) (uv U) = g(ov Z) (D(t,x)@it (u)v D(t,x)@it(v))'

The metric h belongs to the conformal class [g|,], and by construction it is invariant under the local flow
of Y.

2.4. Local inessentiality at isometry-like singular points. We state below a general result showing
that linearizable conformal vector fields are locally homothetic. It is likely that this observation already
appears in the literature, but we are not aware of any reference.

Lemma 2.2. Let (M, g) be a pseudo-Riemannian manifold, and' Y a conformal vector field with conformal
distortion a at a singular point p. Assume that Y is linearizable in a neighborhood U of p. Then there
exists a pseudo-Riemannian metric h in the conformal class [g|,] for whichY is homothetic with distortion
a, namely Ly h = 2ah.

Under the hypotheses of Theorem 1.2, and because of the linearization result proved in Theorem 2.1,
Lemma 2.2 implies, in particular, that in the neighborhood of any isometry-like singular point (corre-
sponding to the case of zero conformal distortion in the lemma), a conformal vector field is inessential.

Proof. Since Y is a conformal vector field, we have Ly (e~27g) = 0 and therefore Ly g = 2(Y.0)g, for some
smooth function ¢ : M — R. The metric ¢ defines a volume form wy, for which Lyw, = n(Y.c)wg. On the
neighborhood U where Y is linearizable, there exists another volume form wy, defined by the “Minkowski
metric in linearized coordinates,” for which Ly wy = nawg, with a being the distortion at the singular point
p. By replacing wo with —wy if necessary, we may write wy = e wp on U, for some smooth A : U — R.. It
follows that
Lyw, = (n(Y.\) + na)e™wy = (n(Y-\) + na)w,.
Together with Lywg = n(Y.0)w,, this yields
Yo—-YA=a.
This means precisely that on the open set U
Ly (e7?*g) = 2ae™**g.

In other words, Y is a homothetic vector field for the metric h := e~2*g, with conformal distortion a. [
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2.5. Existence of contracting/expanding singularities implies conformal flatness. Here, the limit
is understood with respect to the Hausdorff topology. The theorem below shows that such dynamical
behavior forces conformal flatness (hence it does not occur under the hypotheses of Theorem 1.2).

Theorem 2.3 ([Fral2a], Thm 1.3 (2)). Let (M,g) be a Lorentzian manifold. Assume that (fy) in
ConflOC(M, g), is a sequence of local conformal transformations, all defined a same open set. If there exists
an open set U, and a point xo such that fr,(U) — xo in the Hausdorff topology, then U is conformally flat.
In particular, if (M, g) is real-analytic, it is conformally flat.

When Y is a local conformal vector field admitting a contracting/expanding singularity p, we may first turn
Y into —Y to make p contracting. Then, we already observed that there exists an open set U containing
p such that limy, ¢} (U) = p. We then get the

Corollary 2.4. Let (M, g) be a real-analytic Lorentzian manifold. Assume that there exists on M a local
conformal vector field with a contracting/expanding singularity. Then (M, g) is conformally flat.

2.6. Mixed and balanced singularities. The discussion above shows that, given a real-analytic Lorentzian
manifold (M, g) which is not conformally flat, and a conformal vector field Y on M, the field Y is locally
inessential in a neighborhood of any point p which is either nonsingular for Y or an isometry-like singu-
larity. Theorem 2.1 and Corollary 2.4 show that contracting/expanding singularities do not occur under
those hypotheses.

To prove Theorem 1.2, it remains to consider singularities of mixed or balanced type. We shall show that
under the additional assumption that M is compact, such singularities cannot occur under the hypotheses
of the theorem. More precisely, a compact manifold M admitting a conformal vector field Y with such
singularities must necessarily be conformally flat. This will be established in the forthcoming theorems.
The proofs of these results are more subtle, as they rely on global dynamical arguments related to the
compactness of M.

The case of a mixed-type singularity will be treated in Section 4. It will essentially be shown that the
presence of a mixed-type singularity on a compact real-analytic Lorentzian manifold necessarily implies the
existence of a contracting/expanding singularity. By Corollary 2.4, this in turn forces conformal flatness.

The case of a balanced-type singularity is more delicate and will occupy a large part of this article. It
was proved in [MP22b, Prop 4.1] that existence of a balanced-type singularity implies conformal flatness
or existence of a real-analytic codimension-one foliation. As in that proof, we show in Section 5 that in a
neighborhood of a balanced-type singularity, there exists a gravitational pp-wave metric in the conformal
class. Combined with the assumption of real-analyticity, this leads to what is called a polarization of the
conformal structure. In Section 6, global dynamical arguments will then show that a second polarization
must appear, which ultimately implies conformal flatness and completes the proof of Theorem 1.2.

3. CONFORMAL CARTAN CONNECTIONS AND CURVATURE

3.1. Cartan’s viewpoint on conformal structures. The normal Cartan connection associated with a
conformal Lorentzian structure will play an important role in our proofs. We recall below some basic facts
about this perspective.

3.1.1. Equivalence problem for Lorentzian conformal structures. Let R*>™ denote R"*2 with standard basis
{eo,.-.,€nt1}, equipped with the quadratic form

Q2.0 () = 220Xn41 + 20125, + I R
The Lorentzian Einstein Universe, denoted Ein'" ™!, is the projectivization of the null cone

NP\ {0} = {x € R™2\ {0} ] Qa.n(x) = 0}
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It is a smooth quadric hypersurface of RP™ ! that naturally inherits a conformal class [91,n—1] of Lorentzian
signature from the ambient quadratic form on R?™. It is diffeomorphic to S' x, S®~!, where ¢ is inversion
on both factors. By construction, there is a transitive conformal action of the group G = PO(2,n) on
Ein’"! and in fact Conf (Ein"" ™, [91,n-1]) = G.

Thus, Ein™" ! is a compact, conformally homogeneous space, identified with G /P, where P is the parabolic
subgroup of G stabilizing an isotropic line in R?™. It has been known since E. Cartan that in dimension
n > 3, each conformal Lorentzian structure defines a unique Cartan geometry infinitesimally modeled on
Ein"" ! in the following sense.

Theorem 3.1 (E. Cartan; see [Sha96], Ch. V, and [CS09], Sec. 1.6). Let M be a connected manifold of
dimension n > 3. A conformal Lorentzian structure [g] on M canonically determines:

e qa principal P-bundle 7 : M — M; and

e a regular, normal Cartan connection, i.e., a one-form w : M — g satisfying, for all T € Z\/Z,
(1) ws : T;CJ/W\ = g is a linear isomorphism;
(2) (Rp)*w=Ad(p~") ow for allp € P;
(3) w(L(@-eY)) =Y foral Y €p.

Regularity and normality are technical conditions on the curvature of w (see Section 3.1.2 below) ensuring
uniqueness. For their detailed definitions, refer to [Sha96] and [CS09].

It is useful to clarify the meaning of Theorem 3.1 in the case of the conformal structure on the model
space Ein'""!. As seen above, Ein'""! can be identified with the homogeneous space G/P, where
G = PO(2,n). In this situation, the Cartan bundle is simply the group G itself, which naturally fibers over

G/P. The regular, normal connection associated with the conformal structure is, in this case, nothing but

the Maurer—Cartan connection w@.

Let us now explain how to recover the conformal structure [g] from the pair (]/W\ ,w). Let z € M and
& € M,. For any u € T, M and any @ € T; M such that 7.(4) = u, define tz(u) to be the projection of
wz (1) to g/p. This yields a well-defined linear isomorphism ¢z : T, M — g/p.

Equivariance of w with respect to the right P-action on M (see condition (2) in Theorem 3.1) implies that
for every & € M and every p € P:

(2) tip=Ad(p 1) o

Let I ,, denote the inner product determined by the quadratic form Qs ,, and let I; ,_;, or simply I, be
its restriction to the Minkowski subspace eg Ne;, ;.

The Lie algebra g = s0(2,7n) can be parametrized as follows:

a 13 0
g= v X -I¢|,aceR, veR" £€R", X eso(R",1)=s0(l,n—1)
0 —l —a

The grading decomposition g = g_1 & go ® g1 is given by the subalgebras parametrized by v, (a, X), and
&, respectively; note that p = gog X g+1. The subgroup Gy < P with Lie algebra gg preserves a unique
similarity class of Lorentzian scalar products on g/p. If {, ) is one of them, then for every z € M and & in
the fiber over x:

3) [92] = [(e2 (), ea ()]

3.1.2. Conformal curvature. Let [g] be a Lorentzian conformal structure on a manifold M, and let w denote
the normal Cartan connection associated with [g] (see Theorem 3.1). The curvature of w, denoted K, is

the g-valued two-form on M defined by
(4) K(X,Y)=dw(X,Y) + [w(X),w(Y)],
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for every pair X,Y of vector fields on M. Property (3) of w implies that K vanishes when one of its
arguments is vertical (i.e., tangent to the fibers of 7 : M — M). Moreover, the normalization condition
imposed on w implies that the two-form K actually takes values in p (torsion-freeness condition).

It is often convenient to view K as a function
ki M = A2(g/p)* ©p.
Let P act on the module A?(g/p)* ® p by (p.7)(u,v) = Ad(p)y(Ad(p~1)u, Ad(p~1)v) for all u,v € g/p.
Then the curvature function k satisfies the natural equivariance property:
Kg.p = p_l.:‘ij7
for every € M and peP.

Vanishing of the Cartan curvature on an open subset U C M is equivalent to the conformal flatness of
U. We can make the link between s and the Weyl (3, 1)-tensor W associated with the conformal class [g]
more explicit. If K denotes the projection of x onto the go factor of p = go X g4 1, then for every x € M
and u,v,w € T, M:

W (u, v,w) = [£3(03(u), 2(v)), 13 (w)].
Thanks to the equivariance properties of ¢ and &, this expression is independent of the choice of & in the
fiber over z.

3.1.3. Lifting conformal transformations and conformal vector fields. Conformal transformations of M
lift naturally and uniquely to bundle automorphisms of M leaving w invariant; conformal vector fields
similarly lift to P-invariant vector fields on M whose Lie derivative annihilates w. Conversely, any bundle
automorphism of M preserving w (resp. any vector field on M preserved by the P-action and preserving
w) induces a conformal diffeomorphism of M (resp. a conformal vector field on M). The lifted action of

Conf (M, [g]) preserves the parallelization of M determined by w (see property (1) of w in Theorem 3.1)

P

and is therefore free. Similarly, lifts of conformal vector fields to M are nonvanishing, showing that such
lifts are entirely determined by their value at a point.

Another way to understand this fact is the following. Let X be a conformal vector field on M, and let us
lift it to M as explained above. For any vector field Z on M, the relation Lxw(Z) = 0 reads

Xw(Z)-w([X,Z]) =0.

Together with the definition of the Cartan curvature:

K(X,Z)=dw(X,Z)+ [w(X),w(Z)] = Xw(Z) - Zw(X) —w([X, Z]) + [w(X),w(Z)],
we obtain
(5) Zw(X)=wX),wZ)]-K(X,2Z).
If ¢ = &(t) is any smooth path in M, and if we put &(t) == w(X(&(t))), then equation (5) leads to the
following first-order linear ODE for &:
(6) §'(t) = [€(t), w(@ (1)) — K(£(), w(a'(1))).
We call this the Killing transport equation along &.
3.1.4. Conformal exponential map. Any Z € g naturally defines a vector field Zon M by the relation

w(Z) = Z. Let {cptZ} denote the local flow on M generated by Z. At each & € M, define W; C g as the
set of Z € g such that ¢!, is defined for ¢ € [0,1] at 2. Then the exponential map at & is

exp(&,-) : Wz — ]\/4\, exp(z,Z) = cplz - .
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It is standard that W; is a neighborhood of 0, and the map & — exp(Z, &) determines a diffeomorphism

from an open set V; C W; containing 0 onto a neighborhood of # in M. Moreover, the map 7 o exp,
induces a diffeomorphism from a neighborhood of 0 in g_; to a neighborhood of = 7 (&) in M.

Let f be a conformal transformation of M. Then f.(Z) = Z, and if p € P, (Ry).(%) = Z,, where
Z, = (Adp~1)Z. This implies the important equivariance property:

(7) flexp(#,€))-p~ " =exp(f(2)-p~ ', (Adp)¢).

3.1.5. Development of curves and null geodesic segments. Recall that a pregeodesic of a Lorentzian metric
g is a parametrized curve 7 : I — M satisfying a differential equation of the form

D)= Fer ),

for some smooth function f : I — R. After a suitable reparametrization, a pregeodesic which is an
immersion becomes an affinely parametrized geodesic.

A remarkable fact of Lorentzian conformal geometry is that all metrics within the same conformal class [g]
admit the same null pregeodesics. In this case, we say that v(I) is a null geodesic segment. This property
can be verified directly by computation, but the normal Cartan connection associated with a conformal
structure provides a more conceptual approach, which we briefly present below.

The key point is that the Cartan connection defines a development map, which associates to any curve
traced on M a curve in the model space Ein'"~!. Recall from Subsection 3.1.1 that Ein""~! can be
viewed as the homogeneous space PO(2,n)/P, that its Cartan bundle is simply given by the projection
7e : PO(2,n) — Ein""™! and that the normal connection associated with the conformal structure of
Ein"""! is the Maurer-Cartan form w® on PO(2,n).

Let v : I — M be a smooth curve, and consider a lift 4 : [ — M. We denote by 4. the unique curve in
PO(2,n) satisfying the differential equation

wE(AL() = w(# (1),

with initial condition 4.(0) = 1. Observe that locally, the ODE defining 4. is linear, so that this curve is
defined on I. We set 7, (t) := mg (5 (t)), and call , the developed curve of y. One checks that if 3 : I — M
is another lift of the same curve -y, then there exists p € P such that 8, = p - .. Thus, any P-invariant
family F of curves on Ein'" ! defines a distinguished class of curves on M: namely, those curves whose
developments lie in representatives of F.

1,n—-1 1,n—1

A photon of the Einstein universe Ein is defined as the projection onto Ein of a totally isotropic
two-plane in R?™. It turns out that the null pregeodesics are precisely those curves whose developments
parametrize portions of photons. This is the content of the following statement, which also shows the
conformal invariance of null pregeodesics.

Theorem 3.2 ([Fr14], Thm. 5.3.3). A curve v : I — M parametrizes a null geodesic segment if and only
if its development v, : [ — Ein"""! parametrizes a photon.

As an example of application of Theorem 3.2, let us pick Z in the Cartan bundle M. Let u € g_1 be such
that (u,u) = 0. Then, s — 7o exp(Z, su) is an immersive parametrization of a null geodesic segment on
M. We shall make implicit use of this fact several times in what follows.

3.2. Algebraic features of s0(2,n). We recall here further algebraic information about the Lie algebra
50(2,n), which will be used extensively in our proofs below. Recall the description of g = s0(2,n) given in
Section 3.1.1:
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a 13 0
g= v X -I¢],aeR,veR" £€R", X eso(R", 1) =s0(l,n—1)
0 —tl —a

Similarly, the Lie algebra so(1,n — 1) can be decomposed as:

b Uy 0
so(ln—1)=¢ U R —U,|,beR, U_€R" 2 U, € (R"?*, Recso(n—2)
0 —tU_  —b

An R-split Cartan subalgebra in g is

(8) a= 0 , a,beR 3, 0=(0,...,0) n — 2 times.

Let o, B € a* be defined by a(a,b) = a and (a,b) = b. The following diagram represents the full restricted
root-space decomposition of s0(2,n) with respect to a:

a Ja—5 Ja Ja+s 0

96-a a gg 0 Gaip m = so(n — 2)
(9) [ g-g m 93 Ja dimgg =n—2=dimg,
g B 0 g-p3 a Ya-B dimgo—p =1 =dimga4p

—a—
0 -a-p B-a 98-« a

The factor m is the centralizer of a in a maximal compact subalgebra of s0(2,n) and is parametrized by R
in the decomposition of so(1,n —1). In accordance with this decomposition, we denote the root space g_g
(resp. gg) by u™ (resp. ut). The corresponding unipotent subgroups of G are U~ and U™.

For later use, we fix a basis Fy,...,E, of g_; such that £y € g_n138, En € g—a—3, and F; € g_, for
2 <i<n—1. We also impose the normalization (E1, E,) =1 and (E;, E;) = §;; for 2 <i,j5 <n— 1.

3.3. Gromov stratification for real-analytic structures. Following [Gro88|, a conformal class [g] in
dimension > 3 is a rigid geometric structure. In analytic regularity, it follows that the orbits of local
conformal vector fields are the fibers of a certain surjective analytic map onto a stratified analytic space.
The same is true if instead of the orbits of all local conformal vector fields, we consider only those that
centralize a given global analytic vector field Y. This amounts to say that the enhanced geometric structure
[gJU{Y} is rigid and analytic and therefore the stratification result applies to it. We will denote by Kill}®(z)
the Lie algebra of local conformal vector fields defined in a neighborhood of x and that centralize Y. In
the context of pseudo-Riemannian geometry, below are important consequences of Gromov’s stratification
theorem.

Theorem 3.3 ([Gro88|, §3). Let (M, [g]) be a closed manifold of dimension > 3 endowed with an analytic
pseudo-Riemannian conformal class. Let Y be an analytic vector field defined on M. Then,

(1) For all x € M, the Killé?c—orbit O(x) of = is a locally closed, analytic submanifold of M.
(2) For every x, the closure O(x) is semi-analytic and locally connected.

(8) For ally € O(x) \ O(z), dim O(y) < dim O(x).

Remark 3.4. These statements can also be deduced from several analogous results formulated within the
framework of Cartan geometries. If we were considering orbits of all local conformal vector fields, the
stratification result is proved in [Melll, Section 4]. A Frobenius theorem, the key part in this theory, is also
proved in [Pecl6] for enhanced Cartan geometries, which include geometric structures such as [g]U{Y }. The
setting is in C*° reqularity and the conclusions are valid over an open-dense subset. However, the method
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of [Melll] are easily adaptable to this context, and yield a Frobenius theorem for compact, real-analytic,
enhanced Cartan geometries, valid on entire manifold, which is exactly what is needed here.

3.4. Algebraic group structure on isotropy subgroups. Another useful consequence of Frobenius
theorem is the following proposition. We formulate it using the formalism of Cartan geometries, but it is
originally stated in [Gro88, §3| for rigid geometric structures.

Let (M,[g]) be a manifold of dimension > 3 endowed with a pseudo-Riemannian conformal structure.
For x € M, let Confiuoc denote the group of germs at x of local conformal diffeomorphisms fixing . Let
(M, M,w) denote the normalized Cartan geometry modeled on (G, P) associated to [g], and let & € M,
For all f € Conflwoc, there is a unique p € P such that f(fc).p_l = Z. The correspondence {f € ConfﬁfC >
p € P} identifies Conf'*® with a subgroup P* < P.

Proposition 3.5. In analytic regqularity, Ady(P%?) is an algebraic subgroup of Ady(P).

Proof. Let ® : M — W be the map as defined in [Mell1, Section 4]. By Proposition 3.8 of the same article,
P? coincides with the stabilizer in P of ®(2) € W. The result follows since Ady(P) acts algebraically on
w. O

4. LINEAR MIXED SINGULARITY IMPLIES CONFORMAL FLATNESS

Having gathered the necessary elements concerning the Cartan-geometric viewpoint on conformal struc-
tures, we can now pursue the program outlined in Section 2.6, with the aim of proving Theorem 1.2. In
particular, we shall study the consequences of the existence of a mixed-type singularity for the conformal
vector field Y, and establish the following:

Proposition 4.1. Let (M, g) be a closed, real-analytic Lorentzian manifold. Let'Y be a conformal vector
field on M. If Y admits a singularity of mized type, then (M, g) is conformally flat.

4.1. A general result about zeros of conformal vector fields. The idea behind the proof of Propo-
sition 4.1 is to show that the existence of a mixed-type singularity necessarily entails the existence of
contracting/expanding singularities, which in turn implies conformal flatness. Underlying this property is
a more general phenomenon, which we wish to isolate in the form of the following proposition:

Proposition 4.2. Let (M,g) be a smooth Lorentzian manifold. Let Y be a conformal vector field. Let
v:(—e,14€) = M, with € > 0, be a smooth immersion parametrizing a null geodesic segment. We assume
that Y wanishes at v(0) and (1), and that Y (y(t)) is collinear with ' (t) for all t. If v(0) is a singularity
of mized type for Y, then there exists 0 < tog < 1 such that v(tg) is a contracting/expanding singularity of
Y.

Proof. The proof will use intensively the notions and notations introduced in Sections 3.1 and 3.2.

We work in the Cartan bundle M. , endowed with its normal Cartan connection w, and we lift Y to a
vector field Y on M satisfying Lyw = 0. By hypothesis, v(0) is a singularity of mixed type for Y, and in
particular it is isolated. Hence there exists 0 < tp < 1 such that Y vanishes at v(¢o), but Y (y(¢)) # 0 for
t € (0,t9). We now lift v to an immersion 4 : (—¢,1+¢€) — M. Because ~(0) is a singularity of mixed type,
we may choose 4 such that

w(Y(4(0))) = diag(a, b, R, b, —a) =: D,
with |b] > |a| > 0 and R € o(n — 2).
Let us denote £(t) := w(Y (4(t))). Our hypothesis that Y is collinear with 4/ means that

§(t) = At w(¥ (1) + v (1),
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where A : (—¢,1+¢) — R is a function and v(t) € p for all t € (—¢,1 + €). Recall the Killing transport
equation established in Section 3.1.3:

(10) €'(t) = [6(1), w(¥' ()] — K(E(1), w(¥'(1)))-
Since k is antisymmetric and vanishes as soon as one of its arguments belongs to p, we are left with
(11) §(t) = [6(t), w(#' @®))]-

We now consider the analogous picture in the flat model. Namely, we identify Ein>" ! with the homo-
geneous space PO(2,n)/P, and look at the bundle 7 : PO(2,n) — Ein"""'. As already mentioned in
Section 3.1, the normal Cartan connection for Ein"" "' is simply the Maurer-Cartan form w® on PO(2,n).
Let 4. denote the development of 4 (see Section 3.1.5), i.e. the unique curve in PO(2,n) satisfying

WEAL) =w(¥' (1) forallte (—e1+e),
with 4,(0) = 1g. Since 7 is assumed to be an immersion, the vector 4/(¢) is never vertical. The same
is therefore true for 4, (¢), and v, := wg o 4, is itself an immersion. Theorem 3.2 ensures that ¢ — 7. (¢)
parametrizes a segment of a photon A C Ein"" !, This photon contains . (0) = [eg].
Let us now consider on PO(2,n) the right-invariant vector field Y, such that Y,(lg) = D. Because
Lf/*wG = 0, the function
Ea(t) == WO (Ya(3:(1))

satisfies equation (10). But w® has zero Cartan curvature, so equation (10) reduces to

€)= [6(1), 0 (2 (0)] = [ (1), (¥ (8))]-
In other words, & and &, satisfy the very same first-order ODE and take the same value at ¢t = 0, so
£(t) = &.(t) for all t € (—e, 14 €). Let us call Y, the the projection of ¥ on Ein""~!. Then Y (v.(t))
is tangent to v, (¢) for all ¢ € (—¢,1 +¢€), and Yi(7.(¢)) = 0 if and only if Y (v(¢)) = 0. In particular
Yi(7.(t)) # 0 for t € (0,tp), and Yi(7.(to)) = 0. To determine the nature of the singularity v(¢o), we want
to understand the P-conjugacy class of £(tg), which amounts to determining that of &, (¢o).

To do this, we first observe that there are only two photons containing [eg] which are invariant under the
matrix D, namely A; = [span(eg, e1)] and A,, = [span(eg, e,,)]. Hence A must be equal to either Ay or A,,.
Let us treat the case A = A; (the other case is analogous). The vector field Y, has exactly two singularities
on Ay, namely [eo] and [e1], so v« (to) is either [eg] or [e1]. But since Y (7.(t)) # 0 for ¢t € (0,¢p) and . is
an immersion, we must have . (ty) = [e1].

Let 71 be the element of PO(2,n) that switches eg and e;, as well as e, and e,41, and fixes the other
basis vectors es,...,e,—1. Then 7(r1) = [e1], hence there exists py € P such that v.(tg) -p1 = r1. As a
consequence,

w9 (Ve (3 (to))) = Ad(p1) wE (Ya(r1)).
By left-invariance of w®, we get
w(Yu(r1)) = Ad(r7Y) - D = diag(b, a, R, —a, —b).
Hence
w(Y (1(to))) = Ad(p1) - diag(b,a, R, —a, ~b).

Since diag(b, a, R, —a, —b) € go, the field Y is linearizable at v(t9). Because |b| > |al, the singularity (o)
is contracting/expanding, and Proposition 4.2 is proved.

When A = A,,, we proceed along the same lines, replacing r; with r,, the element of PO(2, n) that switches
eo and ey, e; and e,41, and leaves eg, ..., e,_1 fixed. In this case one obtains

W(Y(’y(to))) = Ad(p’VE) ' dla‘g(_b7 —a, R7 a, b)a
for some p,, € P, which again yields the contracting/expanding property for the singularity (o). O
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4.2. Proof of Proposition 4.1. We call zy the mized-type singularity of Y. The vector field Y is lin-
earizable in a neighborhood of zg, and we denote by {¢! } its flow. By assumption, replacing ¥ with —Y
if necessary, there exists a frame (F1,..., F,) in which the differential D, ¢} takes the form:

6(aer)t

D, ¢4 = e R
’ e(a—b)t

where b > a > 0, and {R'} is a one-parameter subgroup of SO(n — 2). In particular, x( is an isolated
singularity of Y, and the flow {¢} } admits a local stable manifold of dimension 1. More precisely, we saw
in Lemma 2.2 that ¢! acts by homothetic transformations for some metric go, defined on a neighborhood
of xp and belonging to the local conformal class [g]. A local parametrization of the stable manifold is
therefore given by s + exp, (sE,), where the exponential map is that of the metric go. We deduce that
the local stable manifold is a null geodesic segment (see Subsection 3.1.5). Moreover, any conformal vector
field defined locally around zy and commuting with Y must vanish at z (since z is isolated) and be
tangent to the local stable manifold of ¢, .

We now consider the geometric structure [g]U{Y}. Let 0 < so be small enough so that x,, := exp, (s0Ey)
is well defined, and introduce:

a::{gp§/~a:50 ’tGR}.

By the previous discussion, this is a null geodesic segment, which in fact coincides with the Kill%?c—orbit
of x,,. Since this Kill2*-orbit is one-dimensional, the remarkable topological properties of Kill2*-orbits in
the analytic setting, as stated in Theorem 3.3, allow us to fully understand the closure @ of o in M. We
refer the reader to the proof of Lemma 5.4 in [MP22b] to see how Theorem 3.3 leads to:

Lemma 4.3. There exists a point x1 € M such that:

a={rtUaU{z}.

Note that, a priori, 1 may coincide with xzy. Also note that lim;_, . cpg/ - s, = 21, and therefore z;
is a singularity of Y. We shall now show that there exists ¢ > 0 and an immersion v : (—e,1+¢) — M
that parametrizes a null geodesic segment such that y(0) = zg, v(1) = 1, and ([0,1]) = {zo} Ua U {z; }.
We can then apply Proposition 4.2, which ensures that the field Y must admit another singularity of
contracting/expanding type. The conformal flatness of (M, [g]) will then follow from Corollary 2.4.

For T' € R, introduce the following sets:
o> = {(py exp,, (s0En) | t> T}

and
o<y = {(py exp,, (s0En) | t< T}

Proving the existence of v amounts to showing that, for large |T'|, the sets {zo} U a7 and a<_r U {z1}
are each contained in the interior of an open null geodesic segment. This has already been verified at the
beginning of the proof for {z¢} U as>r. We now study the case of a<_p U {x;}.

Fix an arbitrary metric g in the conformal class [g], as well as an auxiliary Riemannian metric h on M.
There exist constants R > 0 and r > 0, and a neighborhood U of x, such that if z € U, the exponential map
exp, (with respect to g) is defined and injective on B(0,, R) (the ball in the metric k), and exp,(B(0,, R))
contains the closed ball B(z,r) (with respect to the Riemannian distance dj). Let 27 := ¢~ 7T (z4,). For
large T > 0, we have zp € U and a<_p U{z1} C B(zr,r). Let u be a tangent vector to a at zp, of unit
h-norm. Then the map

s+ exp,, (su), se&(—-R,R),

(where the exponential is taken with respect to g) is an immersion that parametrizes a null geodesic segment
containing a<_r U {z1} in its interior.
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5. LINEAR BALANCED SINGULARITY IMPLIES LOCAL GRAVITATIONAL PP-WAVE METRIC IN CONFORMAL
CLASS

In this section, we begin to investigate the geometric consequences implied by the presence of a blanced
singularity for a conformal vector field (see Subsection 2.2 regarding this notion). These remarkable
properties, which are of independent interest, are stated in Proposition 5.1 below. They will be used
in Section 6 to complete the proof of Theorem 1.2.

Recall that a Brinkmann metric is a Lorentzian metric admitting a parallel lightlike vector field X. Con-
sequently, its orthogonal distribution X+ is invariant by the Levi-Civita connection of the Lorentz metric
and therefore integrable. In the case where the foliation defined by X has flat leaves, with respect to
the restriction of the Levi-Civita connection, the Brinkmann metric is a pp-wave metric. When a pp-wave
metric is moreover Ricci-flat, we say that it is a gravitational pp-wave.

We also introduce the notion of polarization for a Lorentzian manifold (M, g). This notion is interesting
only for manifolds of dimension > 4. For such a manifold, let us denote by W the Weyl tensor on M. Let
D be a lightlike one-dimensional smooth distribution on M. We say that M is polarized with respect to D
it W(D+, D+, D) =0 and ImW C D+.

The aim of this section is to prove the following result, part of which was previously obtained in [MP22b,
Sec 4]. We provide a self-contained proof in the next three subsections for the reader’s convenience.

Proposition 5.1. Let (M, g) be a real-analytic Lorentzian manifold of dimension > 3. Assume that'Y is
a local conformal vector field, defined on an open subset of M, admitting a linearizable singularity xo which
is balanced. Then

(1) If the dimension of M is 3, then (M, g) is conformally flat.

(2) In any dimension > 4, there exists a neighborhood V' of xo such that the conformal class [g|y/]
contains a gravitational pp-wave metric go, for which Y is a homothetic vector field.

(8) If moreover (M, g) is not conformally flat (hence if M is of dimension > 4), there exists on M a
Conf'¢(M)-invariant, analytic lightlike line field D, with the following properties:
(a) The distribution D+ is integrable, and Y is tangent to the leaves of D*.
(b) (M,g) is polarized with respect to D.
(¢) In a neighborhood of each point of M, there exists a nonvanishing conformal vector field

tangent to D. Two conformal vector fields with this property differ by scalar multiplication.

(d) At xq, the direction D is transverse to the local one-dimensional singular locus of Y.

Observe that in the statement above, M is not assumed to be closed, hence Y may not be complete.
However, under the hypotheses of the proposition, there exists a neighborhood U of xy and a coordinate
system (z1,...,x,) on U, in which the local flow {¢} } of Y is linear equal to:

€—2t

(12) ht = e 'R
1

where {R'} is a one-parameter group in SO(n — 2). It follows that, shrinking U if necessary, ¢} is well
defined for all times t > 0. The semi-group {¢} };>0 admits a one-dimensional manifold of fixed points
on U, and a foliation by codimension one strongly stable manifolds. In particular, for every x € U,
limy—, 00 ¢4 () exists in U.

We begin by examining point (1) of the proposition, dealing with the three-dimensional case, since it follows
quickly from previous results. Let us consider the linearizing coordinate system (x1, x2, x3) for U. For every
x € U, the matrix of D¢}, t > 0, relatively to the frame field (52, -2-, 52-) is just diag(e2*,e~%,1).

dz1 Bxa’ dxs
It follows that, given a sequence ty — +00, @i}“ is stable at x, in the sense of [Fra07, Def. 3]. Now [Fra07,
Prop. 5] yields that the Cotton tensor vanishes on U. By analyticity, (M, g) is conformally flat.
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5.1. Parallel submanifolds in the Cartan bundle and special metrics in the conformal class.
Throughout this section, (M, [g]) denotes a Lorentzian conformal structure of dimension n > 3. We
interpret this conformal structure as a Cartan geometry modeled on Ein'"™! (see Theorem 3.1), and we
denote by (M ,w) the associated normal Cartan bundle. We refer the reader to Section 3.1, and especially
to Section 3.2 for the notations used below.

In what follows, we shall be interested in the parallel submanifolds of the bundle M. Given a vector
subspace ) C g, we say that a submanifold S cMis parallel with respect to h when S is an integral leaf
of the distribution w=(h). Equivalently, for every & € 3, one has wi.(TgUﬁ)) = h. The most interesting
situation occurs when h is a Lie subalgebra of g, for in that case w induces a Cartan subgeometry on 3.

The presence of parallel submanifolds of dimension > 1 often reflects special geometric properties of the
conformal structure (M, [g]). For instance, if the distribution w=!(g_1) admits an integral leaf through
&€ M, thenz = 7(%) admits of a conformally flat neighborhood. Similarly, an integral leaf of w=!(g_1®go)
yields, locally, a Ricci-flat metric in the conformal class around x (see the proof of Proposition 5.2 below).
Here, we refine those results and prove :

Proposition 5.2. Let (M,[g]) be a conformal Lorentzian manifold. Assume that there exists, in M, an
integral leaf by of the distribution w™'(g_1 ® ut), and let & € S. Then there exists, in a meighborhood
V' containing x = w(Z), a Ricci-flat Brinkmann metric in the conformal class [gl|,,] with parallel lightlike
vector field equal to the projection of w|§1 (E1), up to scalar.

Proof. We recall the definition of the conformal exponential map given in Section 3.1.4.

Because 3 is parallel with respect to g_; @ u™, there exists a small neighborhood V of 0 in g_; ® u™, for
which exp(Z,V) is defined and such that we have the inclusion exp(z, V) C 3. We may choose V small
enough so that Vo= exp(Z,V Ng_1) is transverse to the fibers of m and projects diffeomorphically onto
its image V', an open neighborhood of . We then consider V = V_, U, the saturation of V_, by the
Ut-action. It is a UT-principal bundle over V. We observe that V is still a parallel submanifold with
respect to g_1 @ ut. Indeed, w(TV_;) C w(T%) C g_1 ® ut, so that actually w(TV) C g_, @ ut by
Ut -equivariance of w and Ad(U™)-invariance of g_; @ u™.

The data of the bundle V defines a metric go in the conformal class | gly| in the following way. For any
choice of y € V', and u,v in T,V , we define:

go(U, U) = <LQ(U)7 LQ<U)>ﬂ

where ¢ is any point of V in the fiber of y, and (, ) is the Lorentzian scalar product on g/p introduced in
Section 3.1.1 (here we identify g/p with g_1). The definition of gq is consistent because, by equation (2),
we have for any p € U™:

(t3.p (1) L.p(v)) = (Ad(P™ )1y (u), Ad(p~)eg(v)) = (15(u), 15(v)).

By restriction, the Cartan connexion w induces on V a Cartan connexion with values in the Lie algebra
g_1 ® uT, that we will denote @. We observe that the curvature K of @ is merely the restriction of K to
TV.

One says that a vector field on V is horizontal when it is tangent to @ '(g_,). For any vector field X
on V, there exists a unique lift X on V which is horizontal and U -invariant. Conversely, any horizontal
U+-invariant vector field X on V projects to a well-defined vector field X on V.

The formula
(13) VxY = (X -w(Y))

defines a connection V on V. This connection is torsion-free, because for any vector fields X,Y on V,
K(X,Y)=K(X,Y) takes values in (g_1 duT)Nnp =ut.
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Finally, for any three vector fields X,Y, Z on V| we have

Z - {w(X),w(¥) = (Z - w(X),w(Y)) + W(X), Z w(Y)),

and thus Z - go(X,Y) = go(VzX,Y) 4+ go(X,V2Y). Therefore, V is the Levi-Civita connection of gq.

Let us now consider the vector field £y on V defined by @(F)) = E;. Because Ad(U™) fixes Ey, the field
FEy is U™-invariant and hence defines a vector field X on V. Since (E1, Eq1) = 0, the field X is lightlike.
Moreover, for any horizontal and U*-invariant vector field Y, we trivially have ¥ - w(El) = 0. This shows
that VX = 0: the field X is parallel with respect to gg, and thus gg is a Brinkmann metric.

Finally, let R denote the Riemann curvature tensor of the metric go. If y € V and w, v, w € T,,V, then (see
Section 3.1.2 for the link between the Cartan curvature and the Weyl tensor)

Ry (u,v,w) = [R(eg(u), 15(v), 15 (w)] = [°(15(u), 15(v), 15 (w)] = Wy (u, v, w).

The Riemann tensor of gg is thus equal to its Weyl tensor, proving that g is Ricci-flat. g

5.2. Second point of Proposition 5.1: Existence of a local pp-wave metric. By hypothesis, Y
is linearizable around zy. This means that there exists &y € M in the fiber of Zo, and a one-parameter
group {h'} in Gy, such that for every t > 0, ¢¥ (&0).h~" = Z¢ (see for instance [Fral2b], Prop. 4.2). The
linear isomorphism ¢z, conjugates the action of Dy, <p§, on T, M to the action of Ad(h') on g_1, after Go-
equivariant identification of g/p and g_1. It follows that up to conjugating h! in G, which amounts to right
translating 2o in the fiber, Ad(h?) acts on g_;, endowed with the basis (E, ..., E,), by the matrix h? (see
(12)). In other words, ht takes the following block-diagonal form in PO(2,n): ht = diag(et,e™?, Rt et e ),
where {R'} is the same one-parameter group as in (12).

5.2.1. Parallel submanifolds determined by the dynamics. The adjoint action of h' on g = s50(2,n) preserves
individually every root space. More precisely, the space

(14) 50 =0-a—p+atm+gars={E€g : Ad(h)E =€V}
comprises the fixed points of Ad(h'). On the spaces s11 = g + g—p and §_1 = g_, + gg, the action is by
Euclidean similarities

¢ e Ad(RY)E
2 (

Denote 5_5 = gg—_q (resp. s42 = ga—p), the eigenspaces associated to the eigenvalue e=2* (resp. €*'). Now

consider
s =s5)+5 1+5o=g1+at+tm+ul +g.ig,

the stable space for Ad(h?), t > 0; it comprises all vectors £ € g such that Ad(h!)¢ remains bounded for
t > 0. The strongly stable space

s =5 1 +5 o=FE4u"

comprises all vectors £ € g such that lim;_, ;- Ad(h*)€ = 0. The distributions w™!(s<) and w™!(s<<) can
be integrated into parallel submanifolds in M, by the following proposition. (See also [MP22b, Sec 4].)

Proposition 5.3 ([Fral2al, Prop. 4.8). There exists a neighborhood V of 0 in g such that < = exp(&q, VN
5<) and << = exp(&o, V Ns<<) are integral leaves of the distributions w=1(s<) and w=1(s<<).

In the sequel, it will be useful to choose V as a product of convex neighborhoods of the origin in each
rootspace of a.
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5.2.2. Special values of the curvature function. Recall from Proposition 5.2 that a local integral leaf of the
distribution w™1(g_1 +u') corresponds to a local Brinkmann metric in the conformal class. We will show
that this distribution is integrable on the manifold ¥<. Involutivity will follow from the special form of
the Cartan curvature:

Lemma 5.4. For every & € $<, the curvature r; has the following properties:

(1) Tmkz C ut.
(2) For every &,m in Ei-, kz(€,m) = 0.

Proof. Let & € £<. It is of the form # = exp(&o, ), for £ € VN s<. Because £ € §< = 63+ 6_1 + 5_o, we
have lim;_, 1 oo Ad(h?)¢ = £, where £ is the component of £ along so. Equation (7) yields:

&y = o4 (2).h7" = exp(Zo, Ad(RY)E).
It follows that lims—, 1 oo &t = Too With Zoo = exp(Z0, o). In particular, limy o Kz, = kz_,. By equation
(4), Kz, = h'.kz, from which we deduce that h'.k; remains bounded for ¢ > 0.

Now, recall that g1 = g—a+p ® g-a D 9_(at+p)- Recall also the description of the adjoint action of ht
on each rootspace given in Section 5.2.1. Let &,n be two linearly independent vectors picked in the set

{9-a+650-0i0_(atp)}- We have:
ke (Ad(h™")E AR~ ")) = eMrp(AA(RT)E, AR ")),

where A = 1,2 or 3. Since h'.r; is bounded, there must exist a constant C' > 0 such that for all ¢+ > 0, we
have:

(15) | Ad(RY).kz:(Ad(R™Y)E, Ad(R™Y)n)| < Ce M.

Because {R!} stays in a compact subgroup, we may consider a sequence f, — oo such that Rt — R...
Equation (15) then shows that the components of x;(Ad(Rs)&, Ad(Rs)n) along rootspaces on which
Ad(h?) does not act as a contraction must vanish. However, xz;(Ad(Ru)é, Ad(Rs)n) belongs to p, and
the only rootspace in p which is contracted by Ad(h') is u™. We get kz(Ad(Rx )&, Ad(Rs)n) € ut and
the first point of Lemma 5.4 follows, because Ad(Ry,) is an isomorphism on each rootspace.

To prove the second point of the lemma, we observe that Ei- = J—a+8 @ g—o. Taking two linearly
independent vectors &,7 in {g_o;§_(a+p)}, equation (15) is still satisfied, but the possible values of A are
just 2 and 3. On the other hand, the action of Ad(h!) on each rootspace of p is by a transformation of the
form £ — et Ad(RY)&, where u > —1. Thus, considering the same sequence (t;) as above, if a rootspace
component of kz(Ad(Rw )&, Ad(R)n) were nonzero, equation (15) would be violated for k large. This
finishes the proof of Lemma 5.4. O

5.2.3. Construction of the gravitational pp-wave. Let X and Z be two w-constant vector fields on $<. By
equation (4) defining the curvature, they satisfy the identity:

(16) w([X, Z]) = [w(X),w(2)] - K(X, 2).

Assume now that X and Z are tangent to w™*(g_1+u™). If w(X) or w(Z) belongs to u™, then K(X,Z) =0
and w([X, Z]) € g7 +ut. If both w(X) and w(Z) belong to g_1, then the first point of Lemma 5.4 ensures
that w([X,Z]) € ut. Therefore w'(g_; + ut) is involutive on 3<, as claimed. By Proposition 5.2
and its proof, there exists an integral leaf 1% through 2 that is U'-invariant and projects onto an open
neighborhood V' containing x, and such that the conformal class [g|/| contains a Ricci-flat Brinkmann
metric gg.

We recall that for any y € V, and u,v € Ty M, the metric gy is defined by the formula:
(17) go(u, v) := (15(u), 15(v)),

where ¢ is any point of 1% projecting on y.
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Let us check that gy is actually a gravitational pp-wave. By Proposition 5.2, the projection to V' of the
vector field w|;1 (E1) on V is lightlike and parallel for the Levi-Civita connection of go. It defines a one-
dimensional hghthke distribution D on V such that D+ is integrable. For any two vector fields X and Z
on V tangent to w|v (EL), the formula (16) and the second point of Lemma 5.4 give:

w([X, Z]) = [w(X),w(2)] = 0.

The distribution w\‘f/l (E{) is then integrable on V. Each leaf projects on an integral leaf of D+ on V.
Recall from (13) the link between the restriction of w to V and the Levi-Civita connection V of go. Because
the leaves of w|‘7/1 (E{) are w-parallel by definition, (13) shows that their projections to V are V-parallel,
hence totally geodesic. The curvature of the induced connection vanishes by the second point of Lemma
5.4. Therefore the integral leaves of D+ are flat and totally geodesic. The metric gy is thus a Ricci-flat
pp-wave.

5.2.4. The field Y is homothetic for go. From the beginning of the proof of Proposition 5.2, we recall that
V is obtained as exp(#g, V1) - U™, where V; is a small neighborhood of 0 in g_;. The adjoint action of k't
on g_1 is given by diag(e2!, ' R?, 1), so that by taking V; as a product of balls in g_a15, §—a and g_o—g
respectively, we can ensure that Ad(h')(Vy) C V; for all ¢ > 0.

We then claim that if § € V, then o (§) - b~ € V. Indeed, we can write §j = exp(io,&) - ut for some
£eV_jyand ut € UT. Then
ot (exp(Zo, &) -u™) - At = exp(do, Ad(R))E) - hluth™,

which is an element of V because Ad(h*)¢ € V_; and htuth~t e U,
Let y € V and § € V projecting onto y. For u,v € T,M, we set go(u,v) = (15(u),t5(v)). Since
o4 (9) - h~t € V, we also have by (17):

90(Dypy (), Dy (v)) = (1, (5)-n—1 (Dy#y (), bt (5)-n—t (Dy @y (v)))-
Now, (2) yields ¢yt (5).n-(Dy#y (w) = Ad(h')igt (5)(Dy@y (w)). Moreover ¢yt (5)(Dy@l (1)) = tg(u) be-
cause ¢!, preserves w.
We therefore obtain

90(Dy ¢y (u), Dy (v)) = (Ad(h")e5(w), Ad(h')eg(v)) = € (15(w), 15(0)) = e* go(u, v).

The second point of Proposition 5.1 is now fully proved.

5.3. Third point of Proposition 5.1: Existence of a global polarization. We assume that (M, g)
is not conformally flat, which, by the first point of Proposition 5.1, implies that M has dimension > 4.

The following lemma states that a non—conformally flat, real-analytic Lorentzian manifold can be polarized
with respect to at most one lightlike line field.

Lemma 5.5 ([Pecl7], Lemma 9). Let (M,g) be a real-analytic Lorentzian manifold of dimension > 4.
Assume that M is polarized with respect to distinct lightlike distributions D and D'. Then (M,g) is
conformally flat.

In fact, Lemma 9 of [Pecl7] establishes a pointwise result: if a Lorentzian manifold is polarized with respect
to two distinct lightlike directions D, and D/, at a point z, then the Weyl tensor vanishes at z. Being
polarized with respect to two distinct smooth lightlike line fields therefore implies the vanishing of the
Weyl tensor on an open set. The analyticity of the structure then yields conformal flatness, and the lemma
follows.
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5.3.1. Local conformal vector field and polarization. We stick here to the notations introduced in 5.2.3. We
still denote by X the projection of w\‘;l (E7) to V, and by D the one-dimensional lightlike distribution
defined by X.

Let z € V and & € V,. The first point of Lemma 5.4 ensures that whenever u,v are in T, M, then
Kz (tz(u), 12(v)) € ut. Thus, for any w € T, M, the bracket [kz (12 (u),t:(v)),12(w)] € Ei. In other words,
according to the interpretation of the Weyl curvature in terms of the Cartan curvature s from Section 3,
the image of W, is contained in D+ for all « € V, and the conformal structure is polarized with respect to
DonV.

Because X is parallel for gg, it is a Killing vector field of gy, and in particular a conformal vector field on
V. Let V be a connected component of the preimage of V' in the universal cover M. By analyticity and a
theorem of Amores [Amo79], the lift of X to V extends to a nontrivial global conformal vector field on M,
which will be denoted by X. As X is lightlike on the open set V, X is lightlike on all of M by analyticity.
Since M is not conformally flat, Theorem 1 of [Fra07] implies that X has no singularities.

Denote now by D the analytic lightlike line distribution on M generated by X. By the work done in Section
5.2.3, D+ is integrable on V, hence on M by analyticity. The conformal structure is polarized with respect
to D on V. Now, D+ is an analytic distribution on M, and the conditions

w(ot, Dt D=0 Im W CDt

correspond locally to analytic equations on M. Therefore, the conformal structure is polarized with respect
to D on all of M.

Let ¢ be any local conformal transformation of M defined on an open subset U. Let D' = ¢, D, defined on
©(U). Now the conformal structure on ¢(U) is polarized with respect to D and D’. By Lemma 5.5, and by
the assumption that M is not conformally flat, these must be equal. Therefore, D is Confloc(M )-invariant,
and in particular m; (M )-invariant. Tt follows that D descends to a well-defined and Conf'*¢(M)-invariant
line field on M, extending D as originally defined on V', with respect to which the conformal structure is
polarized.

5.3.2. The field Y is contained in D+. We still use the notations of 5.2.3, and now prove that the vector
field Y is contained in the distribution D+. Since this condition is locally given by analytic equations,
it suffices to check it on the open subset V. For |s| < e small enough, we define & := exp(Zo, sEn).
Because V is parallel with respect to g_1 +ut, we have &, € V for all s € (—€,€). Let us now choose
W to be a small open neighborhood of 0 in Ef-, so that exp(ms,f) is well deﬁned for all s € (—e ) and
& € W. Since w|v (Ef) is integrable on V, the sets Fy := exp(is, W) (E1 )

contained in V. The inverse mapping theorem implies that, after shrinking e and W if necessary, the map
D : (—€,€) X W — M defined by ®(s,€) := n(exp(ds,&)) is a diffeomorphism onto an open subset of V,
which we may assume to be V to simplify the notation. The submanifolds Fj 77( ) foliate V', and are
integral leaves of D+. We want to show that for any y € F, we have ¢ (y) € FS for all sufficiently small
t. We lift y to § = exp(&s, &), with £ € W. The equivariance of the exponential map (7), and the property
Ad(RY)E,, = E, yield

04 (25).h" = exp(9, s Ad(R')E,) = @s.
Now % (9).h~t = exp(is, Ad(h')€), and for small ¢, Ad(h')¢ € W since Ei- is preserved by Ad(h!). We
conclude that @i ().h~" € F, which implies @% (y) € Fy, as desired.
This subsection, together with 5.3.1 completes the proof of points 3(a) and 3(b) of Proposition 5.1.

5.3.3. Local conformal vector fields tangent to D. We now turn to point 3(c) of the proposition. Given a
point z € M, we may choose a small neighborhood U of x which is evenly covered by the covering map
M — M. Restricting the field X constructed in 5.3.1 to a connected component of the preimage of U,
and projecting on U, yields a conformal vector field Xy on U which is nonsingular and collinear to D. To
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complete the proof of 3(c), it remains to show that two local conformal vector fields that belong to the line
field D differ by a multiplicative constant. This is a direct consequence of the following result.

Lemma 5.6. [Pec23, Lemma 2.5] Let X, Y be two conformal vector fields of a connected pseudo-Riemannian
manifold (M, g) of dimension > 3. If for every x € M, X, and Y, are proportional, then X and Y are
collinear.

Finally, the transversality claimed in point 3(d) is clear. Indeed, the line D evaluated at ¢ is spanned by
the projection w*(w|‘;1 (E1)) while the tangent to the singular locus is spanned by ﬂ*(w|‘;1 (En))-

6. LINEAR BALANCED SINGULARITY IMPLIES CONFORMAL FLATNESS

The aim of this section is to prove the

Proposition 6.1. Let (M, g) be a closed, real-analytic, Lorentzian manifold. LetY be a conformal vector
field on M. IfY admits a singularity which is balanced, then (M, g) is conformally flat.

This will be the next step in the strategy outlined in Section 2, and will complete the proof of Theorem
1.2.

Our proof of Proposition 6.1 will be by contradiction. So, we assume that (M, g) is not conformally flat,
and Proposition 5.1 applies.

Denote by D the lightlike line field on M given by the third point of this proposition. Pick X a local
conformal vector field on U given by point 3(c) of the same proposition. By lifting X to a connected
component of the preimage of U in M and extending this lift to the whole universal cover by analytic
continuation, we obtain a global lightlike conformal vector field X on M. This vector field may not descend
to M, however, by construction of D, at any point of T € M the projection of X; to M always belong
to D,, where z is the projection of . If V' C M is another trivialization neighborhood of the universal
covering map, choosing a connecting component of its preimage, we can project X onto V, and a different
choice will yield a constant multiple of this projection (by Lemma 5.6) . We will call “ representative of
X" any such projections of X on such open subsets. Abusively, we will always denote by X any such
representative when the context in unambiguous.

6.1. A Killl}i’c-orbit of dimension 2 near the singularity. Let Y be as in the statement of Proposition
6.1 with singularity zo. The derivative D, ¢} has the form

e—2t

Dyt = e—tRt
1

as in the hypothesis of Proposition 5.1, and {¢% } is conjugate to {D,,¢% } in a neighborhood U of zy.

Lemma 6.2. IfY denotes the lift of Y to M, then [37, X] = 2X. In particular, if z is any other singularity
of Y, then D,y preserves D, and acts on it as the multiplication by e~

Proof. As above, let X denote a representative of X on U. The lightlike tangent vector X, is the fastest
eigenvector of D, ¢t , with eigenvalues e=2!. Tt follows that [V, X] = 2X on U. Indeed, the flow of ¥
preserves D all over M by Proposition 5.1. So, [Y, X] is everywhere collinear to X on U, hence there is a
constant A such that [V, X] = AX thanks to Lemma 5.6. And since [V, X],, = %’t:o (Do pt) 1 Xy, =
2Xp, we get A = 2. The same bracket relation is then true for Y and X over some connected component
of the preimage of U in the universal cover, hence on all of M by rigidity.

If x € M is another singularity of Y, considering an evenly covered neighborhood V' of z and picking X a
representative of X defined on V| we have [Y, X] = 2X over V, from which the second claim follows. O
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Let &y € M,, be such that

(18) wz, (V) = A =Y,

-1

with A € so(n — 2) the infinitesimal generator of R*. Denote by h* = ¥, so that !} (&0).h~" = 7.
Recall the notation of Section 3.2. Let é(s) = exp;, (sEy) and o = 7o &. Because Ad h'(E,,) = E,, the
equivariance of the exponential map (7) implies that « is a null geodesic on which Y vanishes, and the
isotropy of (! with respect to each &(s) is h! for all ¢ € R. Moreover, because E, is transverse to Ei in
R'"~1 the curve « is transverse to F along its length.

Choose a representative X on X on the neighborhood U of . Let € > 0 be such that (s,t) — ¢% (a(s))
is defined on (—e¢, €)? and parametrizes a surface S C U.

Denote by C = {x € M | Y, € D,}. Note that C is a closed, Kill\?*~invariant subset of M, since D is
Confloc(M ,g)-invariant. Let V' C M be an open subset where a representative X of X can be defined.
Since [X,Y] = —2X over V, it follows that for all z € V, and small enough ¢, D, % Y, = Yot ()2t X0t (2)-
Applying this to U and points z in the curve a, we obtain that Y is collinear to X on the surface S, i.e.

S ccC.
Lemma 6.3. There is a neighborhood V' of xo such that SNV =CNV.

Proof. Let z € U \ a. Due to the linearizability of ¢} on U and the explicit form of D,, ¢}, Y, # 0 and
we get that ¢! (2) — 200 as t = +oo for a certain point 2o, € a. Let W C U be a flow box for % . Let
T C W be a transversal, and let 7 > 0 be such that (y,s) € T x (—n,n) — ¢%(y) € W is a diffeomorphism,
and with @ C T. Let now V C W be a cylindrical neighborhood around « (in the linear coordinates),
invariant under {¢} }+>o.

Suppose now that z € C N V. Then, the full integral curve {¢ (z)} is also contained in C. This implies
that X and Y are collinear along the future curve {¢ (2)}i>0. So, {% (2)}+>0 is contained in an integral
curve of X in V. So, it is contained in a single ¢%-orbit in V, which must be the ¢’ -orbit of z.,. Hence,
z = p% (2o0) sor some s, which yields the conclusion. O

Let 21 = i (z9) € S for small enough ¢, and consider its Killi*-orbit O(x1). Since O(z1) C C, we get
O(x1) NV C S where V is as in Lemma 6.3, implying that dim O(x;) < 2.

Lemma 6.4. Let x € C be such that Y, # 0 and suppose that its Killl{/’c—orbit is one-dimensional. Then, x
is a periodic point of {pl }.

Proof. Observe that it amounts to prove that the Kill%?c—orbit O(z) is closed, hence a circle on which Y does
not vanish. So, let us suppose by contradiction that O(x) is not closed. By Theorem 3.3, any y € 900(z)
is fixed by all local conformal vector fields centralizing Y, in particular Y, = 0.

Since Y does not vanish on O(z), it follows that O(z) = {¢} (z)}ter by connectedness. Therefore, any
point y in the a-limit set (for the flow of V) of x is a singularity of Y. Let U be a neighborhood of y on
which a representative of X can be defined. Shrinking U several times if necessary, we may assume that U
is a flow-box for the local flow of X, with a transversal 7' C U containing y so that we have € > 0 such that
D :(s,2) € (—e,€) x T+ % (2) € U realizes a diffeomorphism. Let v(s) = ®(s,y). Since [V, X] = 2X,
we have 0 = (p%)+Yy = Y, (s) + 25X,(,), and in particular y(s) € C. Hence, for 0 < |s| < e and ¢t > 0,
ey (v(s)) = v(e™'s).

By assumption, we have a decreasing sequence (t;) — —oo such that ¢§¥ (z) — y. The fact that ! (v(s)) =
v(e~%s) for t > 0 implies that i (z) € U \ v(—¢,¢) for k large enough. Hence, up to an extraction, if
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(s, yp) == &1 (<p§i‘ (z)), we may assume that (yy) is a sequence of pairwise distinct elements converging to y.
Since {¢% () }+er is contained in C, each connected component of {4 (z)} NU is contained in an integral
curve of ¢! in U. Moreover, except eventually for k = 0, we have {®(s,yx), s € (—¢,€)} C {p} (z)}.
Indeed, the contrary implies that Y vanishes at some point z = ®(s’, yx). This point being in C, the same
reasoning as above implies that for all ¢ > 0, and for all % (P(s,yx)) = ®(s' + e 2'(s — ), yx). Applying

this at s = sy, the sequence (tx) being decreasing, we get yo = -+ - = y, hence k = 0. So, for any o € (—¢,¢€)
fixed in advance, we can adjust the times ¢, such that for all kK > 1, s, = 0. Hence, for any choice of o,
ti+0k

there is a sequence (dy) such that ¥ ™% (z) — v(0).

For o # 0, since Y does not vanish at (o), the dimension of the Kill\?*-orbit of (o) is at least 1. Since we

have just seen that (o) € O(x), Theorem 3.3 implies that v(c) € O(z). In particular, y(c) € O(z) and
v(—0o) € O(z). Therefore, we have ui, us € R such that y(o) = ¢y (z) and y(—0) = ¢y?(z). By symmetry,
we may assume u; > ug. Then, v(0) = @3 "2 (y(~0)) = y(—e2(“17%2)g) # 4(0), a contradiction. O

Consequently, since Y, # 0 and ¢}, (z1) — a(s) as t — +oo for some s € (—¢, €), 1 is not a periodic point
of ¥t . So, O(z1) is not one-dimensional by Lemma 6.4, hence it must be a surface, which we will denote
by ¥ in the rest of this section.

6.2. Values of w(Y) over . In this section, we determine the Ad(P)-orbits corresponding to the values
of w(Y) for all # € 7~1(X). We still denote by zp and x; the points in the previous section. Recall the
explicit form of Yy = wz, (Y) € p in (18).

Let X be a projection of X defined on U. The horizontality of the curvature form of the Cartan geometry
implies that Kz, (Y,X) = 0. By Lemma 2.1 of [BFMO09], this implies that 2wz, (X) = wz, (Y, X]) =

—[wso (V),wz, (X)] = —[Yo,ws,(X)]. Hence, ad(Yp).wz,(X) = —2wz,(X), and considering the action of

ad(Yp) on the restricted root-space decomposition of 0(2,n), we get that Xy := wz, (X) € gg—a-
Since [X,Y] = —2X, we have (@})*Yzo = Y¢§(io) + Qtf(w}(io). So, if we define &; := gog((io), then

wz, (V) = Yy — 2tXy. We denote once and for all Y3_, := —2tX; so that ws, (V) = Ys_q + Yo.
By definition, the pseudo-group Conféﬂ’c(M ,lg]) acts transitively on ¥. Hence, for all z € 3, there are
neighborhoods U, V' of 21 and x respectively and f : U — V conformal, such that f*Y =Y and f(z1) = =.

Consequently, Wf(il)(?) =Ys_q + Yo, proving that w; (V) € Ad(P).(Ys_o + Yp) for all € 7 1(X).
Therefore, if x5 € X, then for all #3 € M,,, ws,(Y) € g belongs to the closure of Ad(P).(Ys_o + Yp) in g.

Lemma 6.5. Let Z € g be an element in the closure of Ad(P)(Ys—o + Yo). Then, up to conjugacy in
P, Z is of the form Z = Zy or Z = Zg_o + Zy, where Zg_o € gg—a and Zy € a ®m is of the form
Zy = diag(A\, =X, B, A, —=\) with A € {£1} and B € o(n — 2).

Proof. Observe that Ys_o + Yy € g, seen as a square matrix, is semi-simple and with characteristic poly-
nomial (T — 1)%(T + 1)2xa(T), where A € o(n — 2) as in (18). Therefore, the same is true for Z.

For # € R?" isotropic and non-zero, we denote by [z] its projection in Ein'"™!'. If 2,y € R®" span

a totally isotropic two-plane, we denote by A(z,y) the projection of Span(z,y), i.e. the corresponding
light-like geodesic of Ein™"~!. We denote by (eq,...,e,;1) the same basis of R>" as in Section 3.1.1.

More geometrically, Yg_o, + Yy € g lies in the Lie algebra of the stabilizer in O(2,n) of the pointed light-
like geodesic ([e1], A(eo,e1)). Let pi € P such that Ad(pg)(Ys—a + Yo) — Z. Because P preserves the
light-cone Cj. ) of [eq] (i.e. the union of light-like geodesics passing through [eo]), which contains A(eo, e1),
the set of pointed light-like geodesics

K ={([y], Aleo, [z])), @ € Cleg) \ {leo]}, [y] € Aleo, 2)}

is compact and P-invariant. In fact, it contains exactly two P-orbits: the orbit of ([eg], A(eg,e1)) and the
orbit of ([e1], A(eq, e1)).
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Up to an extraction, pg.([e1], A(eg, e1)) converges to a point that belongs to one of these two orbits. Hence,
since P acts transitively on Cl¢.1\ {[eo]}, we have py € P such that Z’ := Ad(pg)Z belongs to the Lie algebra
of the stabilizer of either ([eo], A(eg,e1)) (case 1) or ([e1], A(eg, e1)) (case 2). For the sake of readability,
we will consider that Z = Z’ is already in one of those two stabilizers. In both cases, Z is a C-split matrix
and with characteristic polynomial (7' — 1)*(T + 1)%x .

e Case 1. In this situation, Z = Z, + Zi, + Z,,, where Z,, € gy, '= 958 @ ga—3 D@ 9o D Jamp- We let
Zy = Zy+ Zn. Concretely, Z has the upper triangular form

A ox ok % 0 A
pox 0 = Iz
Z = B % x|, with Be€o(n—2), and Zp = B
—px —p
—A -2

Since the spectrum of B is purely imaginary, we have A, u € {£1}. Since ad(Zm)lg, : 95 — 95 is

skew-symmetric with respect to the positive definite bilinear form By = —B(#.,.), its eigenvalues are

purely imaginary. Hence, we can define X3 := (ad(Zm)|g, —3(Za) id)~!Zg, so that [X3, Zo] = —Z3.
Note that [gu, §u] C 91 = ga—8 @ go @ gaep. Consequently, since [Xg, Z] € g3 B 9o D Jo+s,

1
Ad(e*P)Z = Z + [Xp, Zo) + [X5, Zu] + §[Xﬂ, (X3, Z]|

51251
=Zo+ 21

with Z; € g1. We decompose Z1 = Zy_g + Zo + Zo+. Applying if necessary Ad(pr), where
1

b1 = T2

1

we can assume that A = pu = £1 (remark that its action does not affect the current form of
Ad(e*#)Z). Now, by the same argument as above, we can chose X,, € g, such that [Xo, Zo] = —Z,

and if we set X415 = WZQ_H;, we get [Xa+8, Zo] = —Zayp. Now,

Ad(eXetXors) Ad(e*P)Z = Zo+ Z1 + [Xo + Xat s, Zo) = Zo + Za—p-

Since, [Zy, Za+s] = 0, Zy is semi-simple and Z,_g is nilpotent, we must have Z,_g = 0 since
Zo + Zq—p is semi-simple. This concludes the proof in case 1.
e Case 2. In the coordinates associated with the basis (eq,...,e,+1), Z has the upper triangular

form by blocks

A0 x % 0
z u * 0 *
7 = C * * :ZB,Q—FZO-FZQ-’—ZQ—‘FZOH,Q.
—u 0
—r =\

with Zog = Zg+ Zn €a®m. If Zg_, =0 (i.e. x =0), then we are reduced to case 1. So we may
assume x # 0. By the same argument as above, A\, u € {£1}. Since Z is semi-simple, so is the

block
A0
x u)
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So, we must have ;1 = —\ € {£1}. For the same reason as in case 1, ad(Zp)|g, and ad(Zy)|q, are
inversible. So, we can choose X,, € g, such that [X,, Zo] = —Z,. We then have

(Xo,Z] = [Xa, Zs—a)| — Zo + [Xa, Z5]
(X [Xa, Z]] = [Xa; [Xas Zp—al] € 8ot
Higher iterations of ad(X,) on Z are 0, hence
Ad(e*)Z =Zs—a+ Zo+ Zh+ Ziy s

for some new components Zj € gg and Z,, , 5 € ga+g- Pick now Xz € gg such that [Xg, Zo] = —Zj.
Then,

[Xg, Ad(e¥)Z] = —Z}
(X5, [Xs,Ad(e*)Z]] = 0,
hence
Ad(e*?eX)Z = Zg_a+ Zo+ Zl 1 5

Finally, since Ad(e*¢eX~)Z and Zz_, + Zy are semi-simple, Z, +p is nilpotent and [Zz_o +
Zy, Za+/3] =0 (recall A + g = 0), we must have Z/ w+p = 0, concluding the proof in case 2.

O

Consequently, we obtain that for any boundary point zo € 9%, either x5 is a linear singularity of Y of
balanced type, or Y,, # 0 and for some & € My,, ws,(Y) = Zg_o + Zy with Zg and Zj as in Lemma 6.5.
By Lemma 6.4, since dim O(z3) < 1, we get that ¢! has a periodic orbit at x5 in this second situation.

6.3. Periodic orbits. We start by ruling out the case of a periodic orbit of ¢!, not only in the boundary
of X, but also inside 2.

Proposition 6.6. The flow {4} has no periodic orbit on the closure .

Proof. Note that if we have such a periodic orbit at some point 2 € ¥, then there always is & € M, such
that wx(f/) = Zg_o + Zy, according to Lemma 6.5 and the paragraph that precedes it (we can choose
Zp—o=Ys_oand Zg =Yy if v € X).

We will show slightly more generally that if Y has a non-singular periodic orbit {¢% (z)}ier for some
x € C and that wz(Y) is of the form Zg_, + Z as above, for some & € M,, then an open subset of M is
conformally flat, contradicting the standing hypothesis of non-conformal flatness of M.

Let tyg > 0 be such that gp’;}’ () = z, and let f := <p§9. Note that since Y has a balanced singularity
at xo by assumption, the topology of Conf(M,[g]) makes that the one-parameter subgroup {@@}teR is
properly embedded in Conf(M,[g]). In fact this is equivalent to saying that for any & € M, the map
{teR— <pY( ) € M} is proper, and since ¢, (a:o) = Z0.€Y0, the claim follows.

In particular, the sequence f™(2) goes to infinity as n — 400. So, if ¢ = hol®(f) € P (recall that it is
defined as the unique element of P such that f(&).q~ %), then (¢") — oo in P. We now analyse the
possibilities for ¢. Since f,Y =Y, it follows that Ad(q ) (Y) =w;z(Y).

Lemma 6.7. Up to conjugacy in P, any element p € P centralizing Zg_o + Zy is either of the form
p = diag(\, A, RATLATY), N # 1 or p= +diag(1,1, R, 1,1)eXe+s.

Proof. Write p = goeX* with go € Gy and X; € g; = Ja—8 D ga P Jats-
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Consider first the action of Ad(p) on Zy + Zg_, modulo p. We get Ad(go)Zs—a = Zs—o mod.p, hence
Ad(g0)Zs—o = Zs—q since Ad(Gy) preserves g_;. It follows that go is of the form

A

go = R eXo = poeXé.
)\71
)\71
for some X} € gg.
Hence, p = poeX*, where X, € g, := 98 D 9a—5 D 9o D ga+ts- We then have

Z—a + Lo = Ad(p)(Zﬁ—a + Zo)
ad(X,)*
= Ad(po) | Zs—a+Z0+ ) %(Zﬁfa + Z)
k>1 :
ad(X,)*
=Zg_a +Ad(po) | Zo + Z T(Zﬁ—a + Zo)
k>1
Decompose now X, = Xg+ Xo_p + Xo + Xatg. Observe that, [X,, Zs_o + Zo] = [Xa—p, Zs—a) mod.g,,
implying W(Zﬁ,a + Zy) € g, for all k > 2 since [Xo_p,Zp—a] € a. Therefore, if we decompose
Zy = Zy ® Zy, then we get
(19) Za+ Zw = Zy+ Ad(po) Zm + Ad(po) ([Xa—p: Zs—a] + Z,) for some Z, € g,.

Hence, considering components on m and a respectively, we get Zyn = Ad(po)Zwm and [Xa—g, Zs—a] = 0,
which in turn implies that X,_g = 0 because the bracket go,—g X gg—o — a is non-degenerate.

Equation (19) then reads Z, = 0. We now develop this term in details. By definition,

ad(X,))*
Zy, = Z %(257a + Zy), where X, = X5+ X, + Xoy5.
k>1 :

Note that [X,+43, Zo] = 0 due to the form of Zy. Developping the expression, we obtain

k
S A 7, — (X5, Z0] o+ (X 2] + 5 (15, (X Zol) + (X (X5, )
k>1

a u k
Z wzﬁia = [Xu,Zs—a] + %[Xav [Xas Zg—al]-
k>1

Considering the components on g, we get that [X,, Zo] = 0. Since a(Z,) = £1, it implies [Zn, Xo] = £Xa.
But since ad(Zw)|g,, : 8o — fo is skew-symmetric with respect to the positive definite form By = —B(.,6.),
it has purely imaginary eigenvalues, hence X, = 0. It then follows [X3, Zo] = 0, and X = 0 by the same
argument because §(Z,) = +1.

Finally, X, = Xo+s € gats- Hence, Ad(pg)X, = \2X,,. Consequently, for all t € R, e!Xvpg = poet tXu,

SO

et Xupe=tXu — otXu(

o
poeXu)etX (tA2=1)+1) X,

e v = pge
Consequently, if || # 1, and if we set t = )\2’\—:, the conjugate of p by e!*+ equals py as announced. |

Let # € M, as chosen previously. Consider P?* < P as defined before Proposition 3.5. Then, ¢ € P*.
Moreover, Ady(P?) being algebraic, the Jordan decomposition of Ady(g) is internal to Ady(P?). So, since
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either Adg(q) = Adg(gn) Adg(ge) or Adg(g) = Adg(qu) Adg(ge) where
qn = diag(A\ A\ 1, -+ 1L ATEATY)) g = diag(1,1, R, 1,1), gy := Xt

and the products being commutative, we obtain that Ady(gn), Adg(q,) € Adg(P?) in the first case and
second case respectively. Note that in the second case, X1 # 0 since {¢"} has not compact closure in P.

In the first case, the Zariski closure of (Adg(qn)) is {Ady(diag(z,z,1...,1,z7  z71)), z € R*}, so
adg(diag(1,1,0,...,0,—1,—1)) € ady(p®) in the first case, and similarly we get ady(Xats) € adg(p?)
in the second case. Hence, adgy being injective, we obtain by definition of P? that there exists Z a local

conformal vector field defined in the neighborhood of x and such that w;(Z) = diag(1,1,0,...,0,—1,—1)

in the first case, and ww(Z) = X,+p in the second case.

The second case is not possible, because Z is a conformal vector field of a neighborhood of x in M, with
a second order singularity at x. It would in particular be non-linearizable at x, and Theorem 2.1 would
imply conformal flatness of M by analyticity, which is excluded.

In the first case, Z would have a linear balanced dynamics near x, yielding a polarization D’ of the conformal
structure on M by point 3(b) of Proposition 5.1. On the other hand, the singular locus of Z coincides
locally with the periodic orbit of z. Because, € ¥, the tangent to this periodic orbit at z is D,. Point
3(d) of Proposition 5.1 then ensures that D # D’, and Lemma 5.5 implies that M is conformally flat,
concluding the proof. O

6.4. Final contradiction. Hence, we obtain that any boundary point x € 0¥ is a singularity of Y. By
Lemma 6.5, there exists & € M, such that wz(Y) = Zy with Zp as in Lemma 6.5, i.e. x is a balanced linear
singularity of Y. In particular, in some coordinates of T, M,

1
Db = et Rt

ee?t

for some € € {1} and {R'} a one-parameter subgroup of O(n — 2). Note that the algebraic analysis of
Lemma 6.5 cannot provide the value of the sign e: some singularities of Y could be attracting, and others
repelling. But since [}7,5( | = 2X, if we pick a neighborhood of  where a representative X of X can be
defined, then D, ¢! X, = e7?'X,, proving that e = —1 for every singularity = € 9.

Hence, every z € 9% has a fundamental system of neighborhoods which are all stable under the action
of the semi-group {®} }+>0. For instance, in the linearizing chart, any Euclidean cylindrical neighborhood
around the axis corresponding to the line of fixed points of D, ¢} is stable for positive times (and in fact
collapses to the segment of fixed points in the domain of the chart).

It follows that for all y € X, a(y) NdZ = @, where a(y) denotes the a-limit set of y with respect to the flow
{p4 }. Indeed, if z € 9%, we can find U a neighborhood of z such that y ¢ U and which is stable under
{p% Hi>o. Tt follows that {¢} (y), t <0} NU =0, hence a(y) NU =0, and z ¢ a(y).

For an arbitrary y € X, consider K C a(y) a compact, minimal, {¢} }-invariant subset. We have seen
above that K C . Observe that K must have empty interior (for the induced topology of ¥), because if
not, its boundary would be empty by minimality, proving that K = X by connectedness. But this is not
possible since we have seen that any x € 9% has a neighborhood disjoint from «(y), proving that a(y) # X.
We finally invoke the following generalization of Poincaré-Bendixson Theorem to closed surfaces, due to
R. Schwartz.

Theorem 6.8 ([Sch63]). Let S be a surface and {¢'} a Ct flow of S. If K C S is a compact, minimal,
imwvariant subset, with empty interior, then K is either a singularity or a periodic orbit of the flow.

Actually, in the statement of the main theorem of [Sch63] there is a compactness assumption on the surface.
Nevertheless, the proof only requires a compact minimal subset, so it in fact demonstrates the statement
above.
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Consequently, since Y has no singularity in 3, we obtain that K is a periodic orbit of {4} } contradicting
Proposition 6.6.

Alternatively, the double of ¥ along its boundary admits a vector field agreeing with Y on each copy of 3.
The theorem of [Sch63] applied verbatim to this closed surface gives a contradiction as above.

We conclude that (M, [g]) is conformally flat, and the proof of Proposition 6.1 is complete.
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