HECKE TRANSFORMATION FOR ORTHOGONAL BUNDLES
OVER CURVES

CHRISTIAN PAULY AND HACEN ZELACI

ABSTRACT. Given an orthogonal bundle E over a smooth projective curve X
we define a Hecke transformation in the moduli space of orthogonal bundles by
performing an elementary transformation with respect to a Lagrangian sub-
module L C E3, at some point x € X. We show that the analogue of Tyurin’s
duality theorem holds for orthogonal bundles. Special cases of orthogonal
bundles of ranks 2, 3,4 and 6 are studied in detail.

1. INTRODUCTION

Hecke transformation is a powerful tool in studying the geometry of moduli
spaces of vector bundles over curves, and it is a source of numerous deep results.
Since its introduction in the 1970s [NR75a], [INR75b], [Tyu74], it has been studied
intensively, see for example [Hwa03], [HR04], [Sun02]. Hecke transformations and
the induced Hecke correspondences between vector bundles are also one of the
fundamental concepts appearing in the formulation of the geometric Langlands
correspondence [Ere07].

In this paper, we introduce a novel definition of Hecke transformation for or-
thogonal bundles, extending previous constructions given in [BG10], [Abel3] and
[CCL22]. In order to state the main result we need to introduce some notation.
Let X be a smooth projective curve of genus g defined over an algebraically closed
field K of characteristic # 2 and E an orthogonal bundle over X of rank r, i.e.; a
vector bundle with a non-degenerate symmetric bilinear form b : £ x E — Ox.
Then b induces an isomorphism E = E*. Fix a point « € X and consider its local
ring O := Ox , with maximal ideal 9t and the stalk Em of the vector bundle F at
x. Then Ey, = E;c ® O/M? is a free rank r module over the ring of dual numbers
K[e] = O/9M2 and the restriction of b endows this module with a non-degenerate
quadratic form. Our first result is

Theorem 1.1. Let L C Fy, be a Lagrangian submodule and denote by E’ the
kernel subsheaf of E

E' =ker (E — Fa,/L).
Then H(E,L) := E' @ O(z) is an orthogonal bundle.

The subvariety OX(FEs2,) of the orthogonal Grassmannian OGr(r, Fa,) parame-
terizing Lagrangian K[e]-submodules of Es, admits (Proposition a stratification

k
i=0
with & = [ 5], where each stratum OX;(Es,) is the total space of a vector bundle
over the orthogonal Grassmannian OGr (¢, E;). We also show in subsection 4.3 that
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the orthogonal Grassmannian OGr(2, E,) parameterizes the orthogonal analogue
of Hecke curves.

We then construct a natural analogue of the Hecke correspondence for orthogonal
bundles. To do so, we introduce an open subset M° of the moduli space of semi-
stable special orthogonal bundles M(SO,.) and construct a parameter space OX°
of Hecke data with two morphisms

ox°
MO MO

Then OX? is a double fibration over M? with the property that for any orthogonal
bundle E € M? the fiber 771(E) is an open subset in OXy(Ea,) U OXg_1(Fay).
The morphism 7’ associates to a pair (F, L) the Hecke transform H(E, L) defined
in Theorem 1.1. Note that M, as well as the fibers 7=1(E) for any E € M°, have
two connected components. In Proposition [£.3]we express the connected component
containing H(E, L) in terms of those containing £ and L.

Finally we show that Tyurin’s duality theorem ([Tyu74] §5.2]) for ordinary vector
bundles can be adapted to orthogonal bundles.

Theorem 1.2. The relative tangent bundles over OX° of the two fibrations ™ and
7’ are dual to each other, i.e. we have an isomorphism

Tﬂ— - T:/

The paper is organized as follows: in Section 2 we start with studying K[e]-
submodules of the free K[e]-module V&€V for a K-vector space V and show that the
parameter space ¥ C Gr(n, V@eV) of such K[e]-submodules admits a natural strat-
ification (Proposition [2.2). In Section 3 we introduce Lagrangian K]e]-submodules
of the quadratic module Fs, and give the orthogonal analogue (Proposition
of the stratification of the parameter space OX(Es;) C OGr(r, E2,). In Section 4
we prove Theorem 1.1 and work out the orthogonal analogue of a Hecke curve. In
Section 5 we give an explicit description of the Hecke transformation for low rank
vector bundles. Finally, in Section 6, we prove the analogue of Tyurin’s duality
theorem.

We expect these constructions to adapt as well to symplectic bundles and to
anti-invariant bundles, as introduced and studied in [Zel22] and [Zell9]. We plan
to address these questions in a future work.

Acknowledgments. The second author acknowledges funding from the CNRS
(Chaire Maurice Audin) for a research visit at the Laboratoire J.A. Dieudonné at
the Université Cote d’Azur in November 2022, when this project was started. We
would like to thank Vladimiro Benedetti and Indranil Biswas for useful discussions.

2. HECKE TRANSFORMATION AND MODULES OVER THE RING OF DUAL NUMBERS

2.1. Preliminaries on modules over the ring of dual numbers. Let = be a
point of X and let O := Ox , be the local ring of the curve X at the point = and
M C O its maximal ideal. Then O/ = K and O/M? = K[| with ¢ = 0, the
ring of dual numbers over K. Note that the last equality depends on the choice of
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a uniformizing parameter in O, which is mapped to e. We fix such an isomorphism
through the whole paper and we will write K|e] instead of the ring O/9M2. Then
we have the following natural exact sequence of K[e]-modules

0 — eK — Kle] — K — 0.

Tensoring with the stalk E, of the vector bundle E at the point x we obtain an
exact sequence of K[e]-modules

0 — eE, — By — E, — 0,

where we write E, = F, ® K, the fiber of the vector bundle E at the point z,
and FEs, = F, ® K[e]. We observe that there exists a non-canonical K[e]-linear
isomorphism Fs, = E, @ €F,, i.e. the above exact sequence is (non-canonically)
split.

Let L be a finite-dimensional K[e]-module. Giving the structure of a K[e]-module
is equivalent to giving a K-linear endomorphism denoted -, multiplication with e,
on L which is nilpotent of order < 2, i.e. -€ o -¢ = 0. Considering then the Jordan
decomposition of -e allows us to show that any K[e]-module L is isomorphic as
K[e]-module to

L=K[]® ¢ K9,

for some uniquely determined integers f,g € N. Note that K is a K[e]-module on
which € acts trivially.

We will say that L is free if ¢ = 0 and that L is almost-free if ¢ = 1. We
consider the following natural submodules of L given as image and kernel of the
multiplication by €

LW = im(-€) and L®? = ker(-e).
Then we have the natural inclusions
LWcrL®cL.
Note that the quotient module L(z)/L(l) =~ K®9, We define the torsion degree of a
K[e|—module L to be dimg (L) /LM).
Given two K[e]-module L and M and a K][e|-linear homomorphism ¢ : L — M,

then it is easy to see that ¢ preserves the above filtrations, i.e. ¢(L(*) c M®. So
we can consider the induced map

bo : L(Q)/L(l) N M(z)/M(l).
‘We then define
(1) Homg, (L, M) = {¢ € Homg (L, M) | ¢o = 0}.

Note that if L is free, then Hom]?qe] (L, M) = Homg( (L, M).
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2.2. Parameterizing K[e]-submodules. We consider a K-vector space V of di-
mension 7 and a K[e]-submodule L C V @ €V with dim L = n < 2r. Then L fits
into an exact sequence

0 eG L F 0

@ | / [

0 —— eV — VeV 25V —— 0,

where the vertical maps are inclusions, G = LNeV and F = 7w(L). One easily sees
that the structure of K[e]-module on L is equivalent to the inclusion F' C G.

Lemma 2.1. The Kle]-modules L and (V @ €V') /L have the same torsion degree.

Proof. We denote (V @ €V) /L by M. With the above notation we easily see that
LW = ¢F and L® = eG. Moreover, we have a canonical surjection between two
exact sequences of K[e]-modules

0 eV VeV —— =V 0

® L I

0 —— e(V/G) —— M —=— V/F —— 0,

from which we deduce that M) = ¢(V/G) and M) = 7=1(G/F). In particular
we see that
M(2)/M(1) ~ G/F = L(Q)/L(l).

We introduce the closed subvariety
Y={[L] € Gr(n,V@eV) | eL C L}
of the Grassmannian of n-dimensional subspaces of V @ e€V. Then a point in X

corresponds to a K[e]-submodule L of V' @ eV of dimension n.

The following proposition describes a natural decomposition of 3.
Proposition 2.2. We denote a = max(0,n —r).
(1) We have a decomposition into a disjoint union
5]

EZUm

where 3; is the total space of a vector bundle with fiber Hom(F,V/G) over
the flag variety Flag(i,n — i, V) parameterizing flags 0 C F C G C V with
dim F =14 and dim G =n — 1.

(2) For any integer a <1 < |5 | the union

l
S= %
i=a
coincides with the closure of ¥y in ¥ and we have

dimY; = n(r —n+1) +1(n — 21).
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Proof. (1) Consider a K[e]-submodule L and its associated exact sequence (2). De-
note ¢ = dim F. Then the inclusion F' C G implies the inequality ¢ < n — 4, which
implies ¢ < [ 5. Also, the inclusion G C V' implies n —i < r, which is equivalent to
n —r < 4. Thus, according to the dimension ¢ = dim F' associated with L, we get a
set-theoretical decomposition of ¥ into subsets ¥; for a < i < [§]. Fix an integer
¢ in this interval. Then, the vector spaces F' and G of the exact sequence give
aflag0 C F C G CV, hence a point in Flag(i,n — i, V). Fixing a flag, we see that
all extensions of F' by €G contained in V @ ¢V are parameterized by Hom(F, V/G)
as follows :

For ¢ € Hom(F,V/G) denote by L the fiber product given by ¢ and the natural
quotient map V — V/G. So we obtain the following morphism of exact sequences

0 G L ul F 0
lld l@ lsa
0 eG eV e(V/G) —— 0.

Then the composite map (m,p) : L — F@eV C V@€V is injective, with associated
flag0C FCGCV.

Conversely, given L we consider the projection ¢ : L — €V onto the factor eV
and observe that ¢ induces the identity on the subspace eG. Thus taking the map
induced on the quotients we obtain a map ¢ : F' — € (V/G).

(2) Fixing an integer [ satisfying a <1 < | %] we observe that the union

l
| |Zi={LleX| dm(LNneV)>n-1}

is the intersection in the Grassmannian Gr(n,V @ €V') of ¥ with a Schubert va-
riety. Thus this intersection is a closed subvariety of ¥. The dimension count is
straightforward. O

Remark 2.3. Note that the smallest stratum X, is isomorphic either to Gr(n,€V)
ifa=0(<=n<r)orGr(a,V)ifa=n—r>0.
Remark 2.4. In particular we obtain

) 2k(r — k) for n = 2k even,
dim ¥ =
2k(r—k—1)4+r—1 forn=2k+1 odd.

Proposition 2.5. If L € X;, then the torsion degree of L is n — 2¢. In particular,
if L lies in the largest stratum ¥ = |, then L is free if n is even, and L is almost
free if n is odd.

Proof. This is a straightforward consequence of the description of ¥; given in Propo-
sition O

We note that the subvarieties %, are singular for a < [ < | 5], but one can
construct natural desingularisations as follows — this construction was explained
to us by V. Benedetti. Over Gr(n — [, V), we consider the relative Grassmannian

%l : il — GY(?’L—Z,V)

such that over [G] € Gr(n—1, V) the fiber 7; ' ([G]) equals Gr(l,G@e (V/G)). Then
¥, is a desingularisation of ¥;, which follows from
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Proposition 2.6. For any a <1< [%], we have

e an open immersion ¥, < ; over Gr(n—1,V),
e q surjective map X — X, which restricts to an isomorphism on ¥; C ;.

Proof. Tt suffices to construct two morphisms ¢ : 3; < 3, and p: DI 3 satisfying
pot =id. Given a flag (F,G) € Flag(l,n —[,V) and a linear map ¢ : F — V/G,
we define

WF,G¢)=F=im(j®ep: F = Gae(V/Q)),
where j : F' — G is the inclusion of F' into G. On the other hand, given a subspace
F C G&e(V/Q) we consider the projection ¢ : G & €V — G & ¢(V/G) and define

p(F)=L=qg ' (F)CG&eV CVaeV.

Then ¢L C G C L, so L is a K[e]-module. It is clear that p ot = id and that p is
surjective. ([l

2.3. Hecke curves revisited. For the convenience of the reader, we recall here
the construction of Hecke curves as given in [NR75b] (see also [Hwa03]). Let E be
a rank r vector bundle on X and fix a point z € X. For a hyperplane G C E, we
let

0—>E—>E—>EI/G—>O.

The bundle E is called the Hecke transformation of E at the point x with respect
to G. Note that over z we have the exact sequence

OﬁEx/G%EQ,%G%O.

Let F' C G be a line and consider its 2-dimensional pre-image II C Ew, which con-
tains the line £, /G. For any line L C II C E, we consider the Hecke transformation
of E with respect to L
0—>E’—>E—>EI/L—>O.

When L = E, /G, the bundle E' ® O(z) coincides with E. Moreover, if g > 4 and E
is general, the bundle E’ is stable ([Hwa03, Proposition 2]). Thus, considering all
lines L C II, we obtain a rational curve of vector bundles E’ ® O(z), parameterized
by P! = P(II) in the moduli space of stable vector bundles, known as a Hecke
curve. Note that the parameter space of Hecke curves with fixed z is the Flag
variety Flag(1l,r — 1, E,).

In terms of the decomposition of
Y C Gr(r, Eyy) = Gr(r, E, @ eEy)

given in Proposition [2.2] we observe that the Hecke curve associated to the flag
[F C G] € Flag(1,r — 1, E,) corresponds to the fiber of the projection

¥, — Flag(l,r — 1, E,)
over this point. Note that ¥; is the total space of a line bundle over Flag(1,r —
1,E;). Then the fiber Hom(F, E,/G) over [F C G] can be completed to a P!
by taking is closure in X;. The point at co corresponds to Yo = {eE,}, which

correponds under the Hecke transformation to the vector bundle E on the Hecke
curve.
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2.4. Tangent space to the stratum ¥;. In the next proposition we describe the
tangent space to the stratum 3; of 3.

Proposition 2.7. Let [L] € ¥;. Then the tangent space at [L] to 3; is the K-vector
space
Ti)%i = Homg gy (L, (V @ €V) /L)

of Kle]-linear maps between L and (V @ eV)/L satisfying ¢o = 0 (see (I)). In
particular, the injective map v : Xy — Gr(n,V @ €V) is an embedding.

Proof. The natural exact sequence on tangent spaces at a point [L] of the fibration
3, — Flag(i,n —i,V) is given by

0 — T(% — Ty B — TrcFlag(i,n —i,V) — 0.
We can identify the tangent space along the fiber T[Tf]lEi with Hom(F,V/G). For-

getting the K[e]-module structure gives an injective map ¢ : ¥; — Gr(n,V @ €V)
and its differential at [L] is

dupy = Ti ¥ — Homg (L, (V @ €V)/L).
Clearly the restriction of di(r to T[TLe]lEi = Hom(F,V/G) is the injective map
a: Hom(F,V/G) — Homg (L, (V @ €V)/L)
sending ¢ € Hom(F,V/G) to
joepor: L "5 F % e(V/G) L5 (V@ eV)/L,
where j is defined in . We introduce the subspace
Hom’" (L, (V & eV)/L) C Homg(L, (V & €V)/L)
of K-linear maps 9 : L — (V @ €V)/L satistying ¥ (eG) C €(V/G). Then clearly «
factorizes through HOInH’;“(L7 (V@ €eV)/L) and we have an exact sequence
0 — Hom(F,V/G) — Hom]{zl(L, (VeeV)/L) LA Hom(F,V/F)®Hom(G,V/G) — 0.
Moreover, the flag variety Flag(i,n — ¢, V') can be viewed as a closed subvariety
Flag(i,n —i,V) C Gr(i, V) x Gr(n —4,V)

and it is straightforward to check that its tangent space at [F' C G] € Flag(i,n—i, V)
identifies with the subspace of

T Gr(i, V) @ Tig)Gr(n — 4, V) = Hom(F, V/F) © Hom(G, V/G)
cut out by the condition
(4) (tr,ta) € TipcaFlag(i,n —i,V) <= tgoira) = T(ra) °tr,

where i(pg) : F' — G and m(pq) : V/F — V/G are the natural inclusion and
projection associated with the flag [F* C G]. We will need the following

Lemma 2.8. For any ¢ € Hom]{zl(L, (V@ €eV)/L) we have an equivalence
¢ is Kle] — linear <= tgoi(pq) = T(ra) otr,
with B(¢) = (tr,t¢) € Hom(F,V/F) ® Hom(G,V/G).
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Proof. We denote (V @ €V))/L by M and recall from the proof of Lemma [2.1] that
LW = ¢F and M® = 7=Y(G/F). Since ¢ € Hom%'(L,(V @ €V)/L) we have a
morphism of exact sequences

0 eG L —T— > F 0
b b
0—— e(V/G) -2 M —" V/F 0.

If ¢ is K[e]-linear, then egp(l) = ¢(el) for all I € L. We notice that e/ € L(Y) = ¢F.
If we denote by w(I) = f, we can write el = e¢f. On the other hand e¢(l) only
depends on the class of ¢(I) modulo M) = 7=1(G/F), which implies that we can
consider e¢(l) € M/M?) = V/G. Thus, the equality ep(l) = ¢(el) is equivalent to
teoir)(f) =mrg)otr(f) with (1) = f. O

We can now conclude the proposition by observing that the previous lemma gives
an isomorphism induced by the differential di(r,

TipceFlag(i,n —i,V) = Homly (L, (V & €V)/L) /Hom(F, V/G).
Finally, we also observe that if ¢ is K[e]-linear, then
$o=0 <= ¢(L?)c M
= ¢(eG) C e(V/G)
¢ € Homfy, (L, (V& eV)/L).

Thus Hom]%[e](L, (VaeeV)/L)= Homg[le] (L, (V@ €eV)/L) and we are done. O

n

Corollary 2.9. In particular fori= %], we have

TiyE = TS| 2| = Homg (L, (V @ €V)/L).

3. LAGRANGIAN KJ¢]-SUBMODULES

3.1. Preliminaries on Lagrangian submodules. We now equip V with a non-
degenerate symmetric bilinear form

b1 :VxV—K

with associated quadratic form ¢;. Extending K[e]-linearly, we obtain a non-
degenerate symmetric bilinear form on VeV = V®xK]e] with associated quadratic
form go. Then we have the equality

(5) g2(a + €b) = q1(a) + €2b1(a,b) Va,be V.
An important definition of this paper is the following

Definition 3.1. We say that a K[e]-submodule L of V @ €V is Lagrangian if

(1) L is isotropic for the quadratic form g on V @€V,
(2) dim L =dimV =r.

Then we immediately see that for a Lagrangian submodule L C V @ €V we have
a K[e]-linear isomorphism

(V @ eV)/L 5 L* = Homg (L, K[d]).
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Given a subspace F' C V we denote its associated orthogonal subspace by

Ft =ker(V =5 V* — F*).

~

Note that we have a canonical isomorphism V/F+ = F*. We recall that F is
isotropic if and only if F C F* and that dim F + dim F+ = r.

Lemma 3.2. If L. C V@€V is a Lagrangian submodule, then we have the following
inclusion of exact sequences

0 —— eF+ L F 0
| [ |
0 % VeV 25V —— 0

where F' = 7(L) is an isotropic subspace of V.

Proof. Using the expression of the quadratic form we immediately obtain that
F = w(L) is an isotropic subspace of V. We define the subspace M C V as
eM = LNeV. Then for any a +eb € L and m € M, with a,b € V, we have
a+ e(b+m) € L, hence

0=ga(a+elb+m)) =q(a)+ 2e(bi(a,b) + bi(a,m)).

We deduce that by (a,m) = 0 for any a € F and m € M, hence M C F*+. We then
obtain the equality M = F-, since dim M = dim F*. ([l

3.2. Parameterizing Lagrangian submodules. We can describe the set of La-
grangian K[e]-submodules L C V @ eV with fixed n(L) = F C V as follows.

Proposition 3.3. Given an isotropic subspace F' C V there is a bijective correspon-
dence between the set of Lagrangian Kle]-submodules L C V @ €V with n(L) = F
and the vector space

Hom***¥ (F,V/F*) = Hom™" (F, F*) = A*F*,
where Hom®**" (F, F*) denotes the space of skew-symmetric maps ¢ : F — F*,
Proof. Let ¢ € HomSkeW(F . V/F+), pulling back the exact sequence
0—FLt >V V/Ft—=o,
by ¢ : F — V/F+, we get the diagram

J

0 Ft Ly—">F 0,
("
0 Frl v _"oyipt o

Define ¢ : L, = V @ €V by ¢ = (m,ei). Then ¢ is injective, since if ¢(v) = 0, then
m(v) =0, so v = j(w), but then 0 = i(v) = i(j(w)) = j'(w), so w = 0 and hence
v=0.

We claim that ¢(L,) is an isotropic submodule. Indeed, by equation we have
for any w € L,

P2(1w)) = @ (7(w)) + €2bi (7(w), i(w)),
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but since F is isotropic, ¢1(m(w)) = 0. Now
b (m(w),i(w)) = by (m(w

= —bi(m(w), p(7(w)))-

Hence by (m(w),i(w)) = 0, and so ¢(L,) is isotropic. Since dim L, = r, it is La-
grangian. Now clearly n(L,) = F.

Conversely, by Lemma and by the proof of Proposition 1) any Lagrangian
K[e]-submodule L with (L) = F induces a linear map ¢ : F — V/F+ = F*.
Hence any Lagrangian submodule L is of the form ¢(L,). It remains to show that
¢ is skew-symmetric. We have by equation (5]) that for any f € F, by (f, o(f)) = 0.
Writing this equality for f + f’ for any f, f’ € F and after developing we obtain
that b1 (f, (¢ + ¢*)(f")) = 0. We deduce from these equalities that ¢ + ' = 0,
hence ¢ skew-symmetric. (]

Remark 3.4. If dim F' = 1 there is a unique Lagrangian K[e]-submodule L with
associated F. The corresponding orthogonal Hecke transformation (see section 4)
associated to this Lagrangian submodule was already studied in [Abel3].

Now we can state the analogue of Proposition for the subvariety
(6) OX ={[L] € OGe(r,V@®eV) | eL C L}

of the orthogonal Grassmannian OGr(r, V @ €V') of Lagrangian submodules. First,
we note that €V is Lagrangian, so [e€V] € OX. Secondly, we recall the fact that
OGr(r,V @ €V) has two (isomorphic) connected components, which we denote by
OGr'™ (r,V @ eV) for m = 0,1 with the characterizing condition

[eV] € OGO (r, V & eV).
Accordingly, the subvariety OX has two connected components
ox =0z uost.

Proposition 3.5. (1) For m = 0,1, we have a decomposition into a disjoint
UnLon
ozt™ = | | o,

i=m[2]

i<Lg]

where OX; is the total space of a vector bundle with fiber A2F* over the
orthogonal Grassmannian OGr(i,V') parameterizing isotropic subspaces F'

with dim F = 1.
(2) For any integer 0 <1 < | 5| the union
o% = | | ox;
i=1[2]

i<l
coincides with the closure of OX; in OX™) | where m is determined by the
condition m = 1[2].

Proof. The proof is similar to the proof of Proposition [2.2] using the description of
the Lagrangian submodules given in Proposition |3.3 (]
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Remark 3.6. If r > 2 is even, OXz has two connected components. Its closure Oz
is connected and has two irreducible components.

Remark 3.7. We have the following dimensions :
e If r = 2k even, then
dim OX©® = dim O2W = k(k — 1).
e If r =2k + 1 odd, then
— if k even, dimOX(® = k2 and dim OX™M) = k2 — 1,
— if k odd, dim OX© = k2 — 1 and dim OXM) = k2.

We note that the subvarieties OY; are singular for 2 < [ <
construct natural desingularisations as follows: consider over OGr
Grassmannian

| 5], but one can

(1, V) the relative
e 6\2/][ — OGI"(Z,V)

such that over [F] € OGr(l,V) the fiber 7, *([F]) equals OGr°(l, F @ ¢F*) — here

we equip F @ eF* with the standard hyperbolic form and OGr®(1, F @ eF*) denotes

the connected component of the orthogonal Grassmannian containing the subspace

[F] € OGr(l, F ® ¢F*). Then OY; is a desingularisation of O%;, which follows from

Proposition 3.8. For any 0 <1 < [5] we have

e an open immersion OX; — 6El over OGr(l,V),
® a surjective map OX; — O, which restricts to an isomorphism on O%; C
0x;.

Proof. Tt suffices to construct two morphisms ¢ : O¥; — 6§l and p : 6\55 —- 0%
satisfying p o« = id. Given an isotropic subspace F' € OGr(l,V) and a skew-
symmetric map ¢ : F — F*, we define

WF,¢)=F =im(id®ep: F — F @ eF*).
On the other hand, given a subspace F C F & eF* we consider the projection
q:F®eV - F®e(V/Ft) =F @ eF* and define

p(F)=L=q Y(F)CF®eV CVaeV.
Then L is Lagrangian and since el C eF C eF*+ C L, L is a K[eJ-module. It is
clear that p o+ = id and that p is surjective. O

3.3. Tangent space to the largest stratum of OX(™). The next proposition
can be proved by adapting without difficulty the proof of Proposition 2.7] to the
orthogonal case.

Proposition 3.9. Let L be a Lagrangian Kle]-submodule of V & €V such that [L]
lies in the largest stratum of OX(™ . Then [L] € OX(™) is a smooth point and the
tangent space at [L] to OX(™) is the K-vector space

m 0,skew *
T O™ = Homy " (L, L")

of skew-symmetric K[e]-linear maps between the two Kle]-modules L and L*, which
satisfy ¢g = 0.

Remark 3.10. If we denote k = | %], then the largest stratum of OX(™ is either
0% or OXj_; depending on the parity of m and k — see Proposition [3.5
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4. ORTHOGONAL HECKE TRANSFORMATIONS AND ORTHOGONAL HECKE CURVES

We first recall that given an orthogonal vector bundle E and a point z € X we
have a free K[e]-module Es, and we consider as in @ the subvariety

OX(Es,) = {[L] € OGr(r, Ea,) | eL C L}.
Note that the choice of a K[e]-linear isomorphism Fs, = E, & eE, induces an

isomorphism OX(Fs,) = OX.

4.1. Proof of Theorem For L € OX(Es,;) we have the defining exact se-
quence for the vector bundle E’

0— E' — E — Fy,/L — 0.

On the other hand E(—2x) appears as a subsheaf of E' and we have the exact
sequence
0 — E(—2z) — E' — L — 0.

Tensoring with O(2z) and dualizing leads to

0 — (E'(22))" — E* — L* — 0,
where L* denotes the K[e]-module Homgq (L, K[e]). Since L is Lagrangian, we have
a Kle]-linear isomorphism Fs,/L =+ L*. Thus the isomorphism E = E* induces

an isomorphism E’ = (E'(2x))", i.e. E'(x) is an orthogonal bundle, as can be seen
from the following exact sequences

0 E E Eyy/L —>0
00— (E'(22))" E* L* 0.

O

Remark 4.1. We note that the bundle £’ can be constructed via two consecutive
Hecke transformations as follows:

First, let L € OX;(F2,) be a Lagrangian subspace and let F C E, defined by
L) = ¢F. Then we have eF+ = L. Consider the first Hecke transformation of
FE with respect to F', given by the short exact sequence:

0—-F—E—E,/F—0.
The fiber of E at x fits into the following diagram

0 —— e(E,/F) E, F 0

I

0 —— €(Ey/F) —— Es;/eF —— E, —— 0,

from which we deduce the following exact sequences

0 —— e(Ft/F) —— L)eF —— F —— 0

£ .

0 —— €e(E,/F) E, F 0.
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Note that dim L/eF = r — i. Perform now a second Hecke transformation on E
with respect to G = L/eF, resulting in the exact sequence:

O—>E’—>E—>Em/G—>O.

Thus, the bundle E’ is obtained through this process of two consecutive Hecke
transformations.

Remark 4.2. For an orthogonal bundle F and a Lagrangian submodule L € OX;(Es,)
we denote the associated orthogonal Hecke transformation by

E'(z) = H(E, L).

We recall that the quadratic form induces a K]e]-linear isomorphism Fa, /L — L*.
Thus we have an exact sequence of K[e]-modules

0— L — FEy, — L* — 0.
Using the defining exact sequence of H(E, L) we obtain the exact sequence
0— L" — H(E,L)oy — L — 0.
Moreover, we have the following reciprocity relation
(7) H(H(E,L),L*) = E.

4.2. Orthogonal Hecke transformations and second Stiefel-Whitney class.
We recall that the second Stiefel-Whitney class wo(F) of an orthogonal bundle E
takes values in H?(X,Z/27) = 7/2Z.

Proposition 4.3. For any orthogonal vector bundle E and any Lagrangian sub-
module L € OX;(FEs,;), the second Stiefel-Whitney classes of E and its orthogonal
Hecke transform H(E, L) satisfy the following relation

’IUQ(H(E,L)) = wg(E) +1 [2]
Proof. We will use [Ser90, Theorem 2] which says that
wy(E) = dim HY(E ® k) + (r + 1) dim H°(k) + dim H*(6 ® k) [2]

for any theta-characteristic k. Here we denote § = det E.
Suppose that wo(E) = 0 [2]. Since the second Stiefel-Whitney class is constant
under deformation, we can assume that F is of the form

E=08V &)/,

where V is a vector space of dimension r — 1 equipped with a non-degenerate
quadratic form. Note that § is a 2-torsion line bundle, so ¢ is an orthogonal line
bundle. Choose an isotropic subspace F' C V of dimension ¢ and a decomposition
of the vector space V = F & (FL /F ) @ F’. Then the orthogonal Hecke transform
of E at the point x with respect to a Lagrangian L C V ® Oa, with n(L) = F is

H(E,L)=Fo0(z)® (F*/F) 2 0a F' @ O(-x) ® 4.
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Now we have

wa(H(E, L)) = dim H'(H(E,L) ® k) + (r + 1) dim H%(k) + dim H°(§ ® k) [2]
(r —2i — 1) dim H°(x) 4 i dim H°(x(2)) + i dim H° (k(—x))
+dim H(6 ® &) + (r + 1) dim H (k) + dim H*(0 @ ) [2]
i (dim H°(k(z)) — dim H (k(—2))) [2]

= i (dim H(k(z)) — dim H" (k(z))) [2] (by Serre duality)
=i [2] (by Riemann-Roch)
=wq(F) +1 [2].

In order to treat the case when wy(F) =1 [2], we can use H(H(E,L),L*) = F —
see Remark |

4.3. Orthogonal Hecke curves. Analoguous to the construction of the Hecke
curves for vector bundles (see subsection 2.3), we can construct maps from P! to
the moduli of orthogonal bundles. Fix an orthogonal bundle £ and a point x € X.
With the previous notation

%2 : 6\2/:2 — OGI‘(Q, Em)

is a P-bundle over the orthogonal Grassmannian OGr(2, E,) completing the total
space of the line bundle OX,. For [F] € OCr(2, E,), the fiber 7, ' ([F]) gives, after
orthogonal Hecke transformation, a family of orthogonal bundles parameterised by
P!, Note that the point at oo corresponds to OXy = {eE,}, which corresponds
to E under Hecke transformation. Our construction of an orthogonal Hecke curve
associated to [F] € OGr(2, E,) coincides with that of [CCL22| Section 4.3].

5. LOW RANK CASES

In this section we describe the orthogonal Hecke transformations H(E, L) for
orthogonal vector bundles F having low rank. We fix a point x € X. We recall
that OXy = {€E,} and that for L = ¢E, we have H(E,L) = E.

5.1. Rank two bundles. We observe that OX; consists of two Lagrangian sub-
modules. A rank two orthogonal bundle has one of the following two forms:

(1) E=M & M~ for some M € Pic(C). Note that det E = Oc¢. In this case,
we clearly see that

H(E,L) = M(z) ® M~ (—xz) or M(—z)® M~ ().

(2) E = 7¢M where 7® : C, 2L, C is the étale double cover attached to the
two-torsion line bundle o € Pic(C)[2] (i.e. o® = O¢),and M € Nm™(O¢).
In this case we have that

H(E,L) = (M(x1 —x2)) or 7w} (M(z2 —z1)),

where (7%)7!(z) = {z1, 22}
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5.2. Rank three bundles. A rank three orthogonal bundle with trivial determi-
nant is of the form
E = Sym?*(F) @ det(F)~! = Endo(F),
where F' is a rank two bundle. We can assume that deg F' equals 0 or 1.
Let L € O%y, then L) = K¢ for some nonzero ¢ € Endg(F), = Endg(F,) such
that det(¢) = 0. We then obtain
L® = (K¢)* = {¢ € Endo(F,) | Te(v 0 ¢) = 0}

Note that since Tr(¢) = det(¢) = 0, we have ¢> = 0. In particular, we have

Im(¢) = Ker(6).
Let F' be the Hecke transformation of F' with respect to the line D = Im(¢). Then
we have

Proposition 5.1. The Hecke transformation of E with respect to L is given by

H(E,L) =Endo(F'(z)) if degF =0
H(E, L) = Endo(F") if deg F =1

5.3. Rank four bundles. Let E be an orthogonal bundle of rank 4 of trivial de-
terminant, then F = sZom(F,G), where F and G are two rank two vector bundles
such that det F' = det G. We can assume that deg F' = 0 or 1 which distinguished
the two connected components of the moduli space. Note that the quadratic form
is given by the determinant.

(1) Le 0% : Let K¢ C E, be an isotropic line. Let L C FEs, be the La-
grangian subspace

0= e(Kp)t = L — Ko — 0.
Denote by H, = Ker(¢) and H, = Im(¢). Consider the Hecke transforma-
tion

0—-F —-F—F,/H, =0,

0—-G —-G— G, /H, —0.
Proposition 5.2. The Hecke transformation of E with respect to L is given
by

H(E,L) = Hom(F',G").
(2) L€ 0%, : Let LY ¢ E, = Hom(F,,G,) be the isotropic plane associated
to L. Then there exists either a line D C G, (or D C F,) such that
LW = Hom(F,, D) (or LY = Hom(D, G,)).
This two cases distinguished the two connected components of the maximal
stratum OX,. In the first case we let M C Ga, such that L = Hom(Fs,, M)
(or M C Fy, such that L = Hom(M, Ga,) ). Let G’ (resp. F’) be the Hecke
transformation of G (resp. F') with respect to M. Then we have
Proposition 5.3. The Hecke transformation of E with respect to L is given
by
H(E,L) = #om(F,G") (resp. H(E,L) = #om(F',G) ).
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5.4. Rank six bundles. Let E be a rank 6 orthogonal bundle. There exists a
rank 4 vector bundle F' such that

E=A%F with det FF = Ox or
E=A%F)(x) with detF = Ox(—2z)
Note that det(A?(F)) = (det F)®? and that we have the following surjection
I A2F2m —» (A2F)2:E = EQI.

Let L C Fy, be a Lagrangian submodule. Following the dimension of L(1) =
L/eL, which is 1, 2 or 3, we get the following three cases:

(1) L € O%; : In this case, there exists a non-zero ¢ € E, = Hom™ % (F,, F¥),
isotropic and such that

0= e(Kp)t - L — Ko — 0.

Moreover, there exists a submodule P C Fy, such that 7(A?P) is equal
to L, and we have

0—eFp, —-P—K—0,
where K = ker ¢ C F, which has dimension 2.
(2) L € OX5 : In this case, there exists a non-zero w € F, and W C F, an
hyperplane containing w such that
0= e(wAW)r 5L —swAW —0.

Moreover, one can sees that L equals 7w(A?P), where

0 eW P Kuw 0
|
0 eF, Fo, F, 0.

(3) Le OEéO) : In this case there exists W C F, hyperplane such that L =
7(P) wehre P = A2P) and

0 eW P w 0
0 eF, Foy F, 0.
(4) Le OES) There exists w € F, non zero such that L = 7(P), where P =
P AF, and
0 —— eKw P Kw 0
0 eFy Fy, F, 0.

Proposition 5.4. Let E = A?F (resp.(A’F)(z) ) and L € OX. Let F' be the
Hecke transformation of F' with respect to P C Fy,. Then we have

(1) L e 021
H(E, L) = (A*F')(z) (resp. A*(F'(x))).
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(2) L € 0%y
H(E, L) = A*(F'(x)) (resp. (A*F'(z))(x) ).
(3) Leos:
H(E,L) = (AQF')(:L') (resp. AQ(F'(x)) ).
(4) L eos:
H(E, L) = (A*F'(x))(x) (resp. (A*F’'(2x)) ).
6. TYURIN’S DUALITY THEOREM

6.1. Moduli spaces of orthogonal bundles. For simplicity of exposition, we
assume here that K has characteristic 0 and we consider only special orthogonal
bundles, i.e., principal SO,-bundles, or, equivalently, orthogonal bundles F with
trivial determinant. For the precise definition of special orthogonal structure see,
e.g., [Ram81, Remark 2.6]. Moduli spaces for semistable principal G-bundles over
X were constructed in [Ram96] for any semisimple algebraic group G. In the
particular case G = SO,. the moduli spaces M(SO,.) were studied, e.g., in [Ram81],
[Ser08]. We recall that M (SO,.) has two connected components

M(SO,) = M°(S0,) U M(SO,)

distinguished by the second Stiefel-Whitney class (see also subsection 4.2). We
denote by M C M(SO,.) the open dense subset corresponding to stable orthogonal
bundles and consider a universal orthogonal bundle V over the product M x XIH
The bundle V comes equipped with a non-degenerate quadratic form b: VxV — O
which induces an isomorphism V — V*. For a fixed point x € X we denote by
V, the restriction of ¥V to M x {x} Consider the sheaf of principal parts P!(V)

associated to V [Gro67, §16.7] which fits into the exact sequence

0— A x®V—P(YV)—V-—0

and denote by Vs its push-out under the projection of Q},, v = p3,Q%, & P Q%
onto the second factor p% QY. So we obtain an exact sequence of bundles over
M x X

(8) 0 — pkQX @V —Vy —V —0.

By functoriality of the formation of the sheaf of principal parts we obtain by re-
stricting this exact sequence to {E} x X the following

0—QY®E —PYE) — E —0.
Moreover, by restricting to M x {z} we obtain the extension
0 — eV — Vo — V, — 0.

This extension is not split. Note that we consider these vector bundles as Oy ®
Ox,/M? = Oprle]-modules and that the quadratic form on V induces an Opy[e]-
linear isomorphism with the exact sequence

0—eV: —V;, —V: — 0.

1Strictly speaking the universal bundle V only exists over Mx X , where M — M is a finite
étale cover, but it can be shown that the fibration OX(V2,) as defined in @ descends to M.
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As in the previous section denote by
(9) 70X (Vay) — M
the fibration in Grassmannians of Lagrangian Cle]-modules, i.e., for a stable or-

thogonal bundle E € M the fiber 7~1(E) equals OX(Fy,). We recall that both M
and OX(FEs;) have two connected components.

If we denote k = [ 5], then, as observed in Remark the largest stratum of
the two connected components of OX(Vs,) are OXg(Va,) and OXg_1(Va,), which
we denote for simplicity OX; and OX;_;. By Proposition OX; and OX_q are
smooth fibrations over M. Consider the rational map 7’

(10) 0%, UOX,_1

~ ’
g ~
~N
~
~N
Al

M M

defined by associating to any stable orthogonal bundle F and any isotropic sub-
module L € OX(Fs,), for I = k or k — 1, the orthogonal Hecke transformation
H(E,L)H Note that 7’ is only a rational map since H(FE, L) is not necessarily
stable. This observation leads us to introduce the following notion.

Definition 6.1. Let E be an orthogonal vector bundle over X. We say that F is
superstable if every orthogonal Hecke transform of E with respect to any Lagrangian
submodule at any point of X, is stable.

Proposition 6.2. The orthogonal bundle E is superstable if and only if for every
isotropic subbundle F C E

deg(F)
= —1.
Proof. The proof goes exactly as in [Tyu74, Proposition 9]. ]

Proposition 6.3. If g > 4, then there erists an open dense subset M° C M
corresponding to superstable orthogonal bundles.

Proof. By [CCL22, Lemma 4.1] applied with 6 = 1, we know that there exists an

open dense subset M’ C M such that any F € M’ is 1-stable, which means that
% < 0 for any isotropic subbundle F' C E. In particular, for an isotropic line

subbundle F' C E we obtain that u(F) = deg(F) < —1.

Consider now a bundle E € M’ which is not superstable. Then there exists an
isotropic subbundle F C E of rank 7/ with u(F) = & > —1. By the previous

observation, we can conclude that > 2. Consider the bundle G = A’F @ Kx.
Then rk(G) = “==1) and deg(G) = (' — 1)(d’ + /(g — 1)). Thus
r'(r'—1)

X(G) = (=D +r(g=1))+ ——

(1-9)
= 0@+ ()

> (-1 (i3

) > 0.

21t can be shown that if E has a special orthogonal structure, then H(E,L) is naturally
equipped with a special orthogonal structure.
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We deduce that dim H(X, G) > 0, so there exists a non-zero skew-symmetric map
h:F*— F® Kx. Then the composition

i

johoi* :Ex2FE* “ s " s PoKy 5 EoKy

is a non-zero skew-symmetric Higgs field, which is nilpotent of order 2, since
ker(i*) = F+ and F C F*. This implies that E is not a very stable orthog-
onal bundle. But, by [BR94, Corollary 5.6] a general orthogonal bundle is very
stable. Thus we conclude that if £ € M’ is very stable, then F is also superstable.
This yields the desired open dense subset M° C M’ C M. (]

6.2. The duality theorem. By construction of the open dense subset M° in
Proposition we obtain a morphism induced by 7’

Y (M) — M
and define the open subset OX0 = (7/)~1(M?) C OX,UOX)_;. Thus by restricting
we obtain two morphisms

ox°
MO MO

Lemma 6.4. For any E' € MP° the fiber (') ~1(E’) is an open subset of Oy (E}, )U
OXk_1(EL,).
Proof. By the reciprocity relation we have the equivalence
E'=H(E,L) < E=H(E L%
for any E € M° and any L € OXy(Ea;) U OXk_1(F2;). On the other hand by
Lemma [2.1] and Proposition [2.5| we obtain that L* € OXy(ES, ) U0, _1(EL,). O
The main result of this section is the following:
Theorem 6.5 (Tyurin’s duality). The relative tangent bundles over OX0 of the
two fibrations m and 7' are dual to each other, i.e. we have an isomorphism
T.=Tr.
Proof. The proof is similar to [Tyu74], §5.2]. For the convenience of the reader, we
provide a full proof in our case. First, we will construct over OX° x X a family of
orthogonal bundles inducing 7’ as classifying morphism. We can consider the vector
bundle Vs, over MY C M as a torsion sheaf supported on M° x {z} C M°x X. We

denote by 7*V,, —» Q the universal quotient bundle over OX° x {z} c OX° x X.
Then we consider the kernel

F =ker ((m xidx)*V — 7*Va, — Q).
So we have an exact sequence over OX0 x X
(11) 0—F — (rxidx)"V — Q —0.

We then restrict (1)) to OX? x Spec(O/M?) = OX° x {2z}, i.e. we take the
tensor product with the torsion sheaf pri (O/9?), and then take direct image onto
0%° x {z}. So we obtain the following long exact sequence over O%0 x {z} = OX°

0— Tor?ZOXX(Q,pr}(O/E)J?Q)) — Flosox{2z} — T Vaz —» Q — 0.
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Similarly as in [Tyu74], one can show that
Torf™ ¥ (Q, priy (0/m%) = Q.

Using the non-degenerate quadratic form on Vs, and the fact that Q parameterizes
quotients by Lagrangian submodules, we obtain the following two exact sequences
of vector bundles over OX°

0— Q" — 7V, — Q9 —0
0— Q— Flosoxfaa} — Q" —0

By construction of F we see that the classifying map of F ® pri,O(z) is the mor-
phism 7/. We also deduce that the morphism 7’ factorizes as follows

ox0 —* Ox0
MO \ MO
where v is the automorphism of OX° defined by

w(Ev L) - (Elv L*)

with ' = H(E,L) and L* € OX(FE),) U OX,_1(F%,). Then there exists a line
bundle £ over OX° such that

(1) (Vaz) = Flosoxf2e} @ £
and such that we have an isomorphism of exact sequences

-k -

0—=Q®L— Foxox{a} ®L—>Q" @ L—0.

Moreover, by Proposition the relative tangent bundle T equals
0,skew *
T, = Homo[e] (9%, Q).
On the other hand we have

Tﬂ./ = w*Tﬂ' = Hom%’fjew(Q, Q*)

These two bundles are clearly dual to each other. (Il
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