Bifurcations of viscous boundary layers in the half space
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Abstract

It is well-established that shear flows are linearly unstable provided the vis-
cosity is small enough, when the horizontal Fourier wave number lies in some
interval, between the so-called lower and upper marginally stable curves. In
this article, we prove that, under a natural spectral assumption, shear flows
undergo a Hopf bifurcation near their upper marginally stable curve. In
particular, close to this curve, there exists space periodic traveling waves so-
lutions of the full incompressible Navier-Stokes equations. For the linearized
operator, the occurrence of an essential spectrum containing the entire nega-
tive real axis causes certain difficulties which are overcome. Moreover, if this
Hopf bifurcation is super-critical, these time and space periodic solutions are
linearly and nonlinearly asymptotically stable.

1 Introduction

In this paper, we consider the incompressible Navier-Stokes equations in the
half space 2 =R x R4

O + (u” - V)u" —vAu” + Vp” = f¥, (1)
V-u”" =0, (2)

together with the Dirichlet boundary condition
u/=0 when y=0 (3)

and address the classical question of the linear and nonlinear stability of
shear flows for these equations.
A shear flow is a stationary solution of (1,2,3) of the form

U(y) = (Us(y)70)7 fl/ = (_VAU&O)v

where Ug(y) is a smooth function, vanishing at y = 0 and converging expo-
nentially fast at infinity to some constant Uy .
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The question of the linear stability of such shear flows is one of the most
classical question in Fluid Mechanics, which has been intensively studied
since the pioneering work of Lord Rayleigh at the end of the 19*" century.
The situation has been progressively understood in the 20** century thanks
to the works of L. Prandtl, Orr, Sommerfeld, Schlichting and C.C. Lin to
only quote a few names. We in particular refer to [8, 15, 16] for a detailed
presentation of the approach in physics.

Figure 1: Stability of shear flows: horizontally, the Reynolds number (inverse
of v), vertically the horizontal wave length « of the perturbation. In grey,
the unstable area. Top sub-figure: Euler-stable profile. Bottom sub-figure:
Euler-unstable profile. From [14].

Roughly speaking, shear flows can be classified into two categories:

e Some are spectrally unstable for the Euler equations, namely in the
case v = 0 (see the bottom sub-figure of Figure 1). According to
Rayleigh criterium, such shear flows have inflection points.

e Other are spectrally stable for the Euler equations, which is the case
if they have no inflection points, for instance if they are convex or
concave (see the top sub-figure of Figure 1).

In both cases, provided the Reynolds number is large enough, namely



provided the viscosity v is small enough, the shear layer is linearly unstable
with respect to perturbations whose horizontal wavenumber « lies in some
interval [a_(v), a4 (v)] for some increasing functions a4 (v). The function
a_(v) (respectively a4 (v)) is called the lower (respectively upper) marginal
stability curve.

Let us fix v = 1y small enough, which corresponds to a large enough
Reynolds number. Then if a@ > a4 (1), we note that the harmonics of a,
namely all the positive multiple of «, remain larger than the basic harmonic
a4 (vp) and thus are all stable. As a consequence, we expect that the shear
layer U is linearly and nonlinear stable with respect to perturbations which
are 27/« periodic.

However, if o < a4 (1) and close to a (1), a linear instability appears
and, following [16] (section 5.3), we expect a bifurcation: small perturbations
will grow exponentially till the nonlinear term saturates them, leading to a
bifurcated solution, which is a traveling wave of small amplitude.

The aim of this article is to investigate mathematically this physical sce-
nario. We first formalize the spectral situation depicted on Figure 1, which
leads to the following set of assumptions and then study the bifurcation
arising at a4 (v).

We take the Fourier transform in the x variable, with dual Fourier vari-
able o. We denote by Sp,, the spectrum of the linearized Navier-Stokes
equations after this Fourier transform, and by A(«, v) € Sp,,, the eigenvalue
(if it exists and is unique) with the largest real part.

In this article, we assume that, when the viscosity v is small enough,
there exist two smooth and increasing functions a4 (v), defined for v small
enough, with a_(v) < a4 (v), such that

(A1) for a_(v) < |a| < ax(v), AMa,v) exists, is unique, and satisfies
RA(a, \) > 0.

Moreover, A is simple, with corresponding eigenvector ((z,y) of the
form

C(@,y) = V[, (y),

for some smooth stream function 1, (y) which is exponentially de-
creasing at infinity,

(A2) for o] > a4(v), close to a4 (v), A(«,v) exists, is unique and satisfies

R, v) <0,



(A3) for |a| = at(v), AM(a,v) is well defined and purely imaginary. More-
over, defining vy(a) by a = ay (1)

(al/é)%)‘)(aa y)’l/:l/o(a) > 0.

The mathematical proof of the existence of an unstable mode for some
values of a has been initiated in [9], where it is established that any shear
flow is spectrally unstable for the incompressible Navier-Stokes equations
provided the viscosity is small enough, a first result later improved by [6]
and [2]. In this last paper, we proved that strictly convex or concave flows
satisfy the set of assumptions (Al), (A2) and (A3) under the additional
assumptions U[(0) # 0 and Uy # 0.

When we cross the upper marginally stable curve a = a4 (v), two eigen-
values cross the imaginary axis (corresponding to f£a): we are exactly in
the situation of an Hopf bifurcation. This paper focuses on the study of this
bifurcation.

Let us now state our main result in an informal way. We refer to Theo-
rems 18, 22 and 27 for detailed statements, including precise definitions of
the function spaces.

Theorem 1. Let us assume (A1), (A2) and (AS3). Let vy > 0 and let
a = at(w), let us consider perturbations which are 27/« periodic in x.
Then, at v = 1y, the system undergoes a Hopf bifurcation:

o for v < vy, the shear flow U is linearly and nonlinearly stable,

o if the Hopf bifurcation is subcritical, there exists a time and space
periodic solution of (1,2,3) for v < vy sufficiently close to vy, and this
time and space periodic solution is linearly unstable,

o if the Hopf bifurcation is supercritical, there exists a time and space
periodic solution of (1,2,3) for v > vy, sufficiently close to vy, and this
time and space periodic solution is linearly and nonlinearly stable.

There exist many works dealing with Hopf bifurcations on Navier-Stokes
equations (see [11] for detailed references), however, all these works con-
sider bounded domains or periodic domains (for Couette-Taylor flow [7] or
Bénard-Rayleigh convection for example). Recently, some works deal with
parallel flows, like for example Poiseuille flow in [5] at section 6.4, where a
sub-critical Hopf bifurcation of a traveling wave is completely treated (see
also [1] for the Hopf bifurcation of a shear flow between two plates).



None of these works deal with an half plane domain (z € R,y € R™), as-
suming periodicity only in the x direction, the y direction being unbounded,
which is a problem of serious physical interest. As the domain is unbounded
in the y direction, the essential spectrum of the linearized operator goes up
to zero and there is no spectral gap. The classical tools of bifurcation theory
can not be applied and we have to design a new approach. Moreover, in cases
where the shear flow U is stable, perturbation do not decay exponentially
fast, but only like polynomially fast, like ¢~1.

The super-criticality or sub-criticality of the Hopf bifurcation depends on
the sign of a coefficient which unfortunately can only be numerically studied.
In the case of exponential profiles Us(y) = 1 — e~ ¥, numerical evidence [3]
indicates that the Hopf bifurcation is supercritical.

The paper is organized as follows: in section 2, we introduce the various
function spaces, the various linear operators and investigate their spectra
and their related semi-groups. In section 3 we prove the stability of the shear
flow U above the upper marginal stability curve. In section 4 we investigate
the bifurcation and prove the existence of a time periodic solution to the
Navier Stokes equations. In section 5, we focus on the linear and non linear
stability of this periodic solution. The proofs of the various lemmas are
detailed in the Appendix.

Notations

In all this paper, n will be a sufficiently small positive number. We define
the one-dimensional periodic torus of period 27/« to be T = R/(27/a)Z.
We define the Banach space Cg(Rﬂ by its norm

lullco = sup [u(y)e™].
yeRT
The components of a two dimensional vector field v will be denoted by
v = (v*,vY). We denote by D the derivative with respect to y. We denote
by u,(y) the nt* Fourier component of a function u(z,).

By a slight abuse of language, we will also denote the vector (U, 0) by
Us.



2 Preliminaries

2.1 Function spaces

We first observe that if v = (v*,;9Y) is a two dimensional divergence free
vector field which is independent on x and vanishes at y = 0, then, using
the incompressibility condition, v¥ = 0.

Let us define the Banach space

X, =L2e L™,
so that v € &}, can be written as
v = T+, V€ L,
w = (v5,0), vg € L=(RY),
where we defined

2 ={ve L3 V-5=0,= =0},
with

27 /o
£ = {i e [T, COR ) /0 W, y) de =0, [z < oo},

L% = {(§,0); vf € LR},

a2, = 3 unliZe,
In|>1
loollze = loElzee.

Note that we do not assume any decay in y on vy. By analogy, we define
the Banach spaces HTZI7 H?] and

Z, =H2e W™,

where

H2 = {ae HE V-5 =0, Bly=0 = 0, [[7] 2 < oo},

2m /o
Hg = {ﬂ € [H?[T, Cg(RJr)H?; /0 u(x,y)dx =0, ||ﬂHH72, < 00}7

6



W2 = { (15, 0); vfly=0 = 0, vf € W**(RY)},
with the corresponding norms

153 = 3= 1D0aliZg + 02 DonlZg +ntonl2y
In|>1

and
[vollyir2,ee = 05 l2.00

so that Z,— X, densely.
We also define the intermediary Banach space

°r1 21,
Vy=HoWh> o x,,

ay = {veH'T,opEN)

27 /o
/ B y)da =0, V3= 0,1, = 0, 5] < o0}
0 m

Lo = {(of,0); v € Whe(®Y) }

and the norm
51y = 37 w2 lenliEy + 1 DenllZy.
In|>1
2.2 The Helmholtz decomposition in X

Let u € L% @ (L>)?. Then u can be decomposed in v = @ + ug with @ € L%
and ug € [L°(RT)]2. We further decompose % in

T=7+Vo
with v € L% and
- 0 -
Ap =V -1, 8?Fﬂ=w%ﬂeL%m,

where V - @ is understood in the distribution sense. The component ug can
be decomposed as

_ Ug 0 Ug I 0o
w0 = (3) (o) (5) =2



with D¢y = uy € L>®(R™"), so that v+ vy € X,,. We note that vy and ¢g are
independent of . We now define the projection II on divergence free vector
fields by

Lemma 2. Letn < /2. Let u € L% ® (L*)?, which may be decomposed in
u=1tu+ug, u€ Ly up e (L2R"))

We can further decompose u in 4 = v + % where v € L% We define the
projection Ilu by
IMu = Tu + (Tu)

where It = ¥ and (Iu)o = (v§,0). The projection 11 is bounded from L to
L% and from (L>®)? to L>®
The projector II is highly classical, however our function spaces are not

the usual ones. We thus detail the proof of this Lemma in Appendix 6.1.

2.3 Linear operators

We define the linear operators Ly, LES)), LM by

L(V) = L(O) + L(1)7

¥)
Lgu))v = vlAv, LW = —T|(U-V)v+ (v- V)U|,

and further decompose ng)) in

L) =L+ (v — w) L’
with
L0y = vollAv, L'v = I1Awv.

(0

Note that L’ and L(V)) are Stokes operators. We easily obtain the following

Lemma.

Lemma 3. Assume that U € CY(RT) with
U@y +|DU(y)| < M < oo, y€eRT,

then, the linear operator L) cancels on Whee,  For n < «a/2 and v =
v+ € 2, withv € Hg, vo € W2 then

Lmv:Lmﬁeﬁ;
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Moreover for u € u+ ug € Y, with u € H} ug € Wl’oo, then

T]7
LWy =LWye L2,
There exists C > 0 such that we have the estimates

ILDv]| 1 < O3]l g
n n
1Ml < Clll g -
The main observation is that

y
(U-Vv+ (v-V)U = UsOpv + (U DUS),

0

cancels when v is independent of 2 and v¥ = 0, which is the case in W1,

2.4 Study of L{) and L,

We now turn to the study of the spectrum and of the resolvent of the operator
L(g). This operator is the classical Stokes operator, however our spaces are
not the usual ones, thus we have to restart its study from the beginning.

Lemma 4. The spectrum of LES} = IIvA acting in L s only formed by

an essential spectrum which equals

Sl L) = (—00,0] =R,

and we have the estimates

H(L(o) _ )‘H)AH V21 when R\ > 0,
) =)y = | (A cosf/2)~1 when A = |\|e with R\ < 0.
For X\ € (—00,0], the range of the operator LES)) — A is not closed in L.

Now consider the linear operator LES) = IIvA acting in L% . For any
d >0 such that 0 < 6 < /6, and X € C such that

2
0 < arg()\+l/a2) < ?ﬂ -4,

0 < eo<|A+wa?

there exists C' > 0 such that, for n > 0 small enough,
0], €l
ey = Prva?

9



The spectrum of LES)) on L?7 is thus contained in an angular sector of C

defined by
2
% <arg(A+ 1/052) <.

The proof of this Lemma is detailed in Appendix 6.2.
With this inequality, A is only on the upper complex plane ? Shouldn’t

it be
4

27
—= <arg(\ 2) < —,
3 <arg(A 4+ va®) < 3
with a similar change in the Lemma 7

—271/3 + 6 < arg(\ + va?) < 21/3 — 6.

To be changed everywhere.

Remark 5. If we chose to include the exponential decay e~ for the 0-
Fourier mode, this would imply that

0
v

Splj e Lg )) C {)\ € C; || < dvn(vn? — §R)\)}
n
which is a parabolic region centered on, and containing, the negative real

axis, bounded on the right side by R\ = vn?.
Moreover, we have the following corollaries.

Lemma 6. The linear operator LES)) = IIvA acting in L,Q7 has a bounded

inverse in ,C(ID/%, Hg) In Hg, the norms ||- HH% and HLES)) : HL% are equivalent.
This Lemma is a direct consequence of Lemma 4 since
~ 0)~ ~ ~
912 < MILE)l 3 < Mel|AT] 15 < Mel[7] 5.

Lemma 7. There exists M > 0 such that the spectrum of L, is included
m

{])\—l—uagl < M} U {2% <arg(A +va?) < 7T} U (—o0,0].

In the domain, |\ + va?| > M and 0 < arg(\ +va?) < 27/3 —§ for some
positive §, we have

C

[Ze) =07 < 1 (5)

£(L2)
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We detail the proof of this lemma in Appendix 6.3.
We now decompose L(V) in

LW = g0 4 g (o)
where
L0y — —H[(U+ - V)v}, L)y — —H[((U —U,)- V)v +(v- VU
Lemma 8. Assume that U € C*(R") satisfies
U(y) = Us| + DU ()| + |D*U(y)| < ce™™, y €RT,

then the linear operator L9 js relatively compact with respect to Lg% acting

in X.

This Lemma is proved in Appendix 6.4 (see [13] for the definition of
relative compactness of an operator with respect to another operator).

Lemma 9. The essential spectrum of L, is the essential spectrum of LEB)) +

L0 [t is the half line (—00, 0] if restricted to L. The rest of the essential
spectrum, for the operator restricted to L%, is included in the region Yy,
defined by
RA < —v(a® —n?),

and either (@0)?
v(SA
RA< ————— 2
U2 + 4v21? v
or

21/3 < arg(\ 4 va?) < m.

The rest of the spectrum of L,y = LES% + LW is uniquely formed by isolated
etgenvalues with finite multiplicities at finite distances of 0. See Figure 2.

Proof. The localization of the essential spectrum of LES) + L(10) s proved

in Appendix 6.5. The result on the spectrum of L(,) comes from the fact

that it is the addition to LES)) + L9 of the linear operator L9 which

is a relatively compact perturbation, using the fact that U(y) — U4 tends
towards 0 exponentially as y — co. We then apply theorem 5.35 in [13]. [

A corollary of the Lemmas above is the following estimate for A far
enough on the imaginary axis, which will be useful in the study of bifurcating
periodic solutions.

11



Lemma 10. Assume w > 0 andn > 0 small enough, then there exists C' > 0
and N > 0 such that for |n| > N

<

n|

IN

(inw — L(V))i

1”5(;«,7)

Figure 2: a) Location of the spectrum of L, inside the region bounded by
dashed line b) Location of the essential spectrum in the hatched region ¥/,
and on half left real line.

2.5 Semi-groups

For the study of the linear and nonlinear stabilities of the basic flow U, we
need to understand the behavior of the semi-group eX®? for t > 0. We start
with estimates on the Stokes flow.

Lemma 11. Let n > 0 be small enough. Assume 0 < 6 < w/6. The linear

(0)
operator LE% is the infinitesimal generator of a bounded semi-group elw)t

in L(X,) and holomorphic for t € C in a sector of angle 7/3 — 20 centered
on RY. Moreover there exists C > 0 such that for any t > 0,

L 9

e (V)t”qjg]) < Ce ™

L
[H gy < C. (6)

12



Proof. This Lemma follows from the estimate (5) and from classical results
on holomorphic semi-groups (see [13]). O

Now the operator L, is a perturbation of LES)) with the same essential
spectrum as LES)) + LOY | and with possible eigenvalues in a region bounded
by the dashed curve in Figure 2. By assumptions (A1), (A2) and (A3), the
spectrum of eigenvalues stays on the left half complex plane for « fixed and
v < vy(a). Moreover, for v = 1y, we have two simple isolated eigenvalues
+iwp with no other eigenvalue of L,y = LO 1+ LM as well on the imaginary
axis as on the right side of the complex plane. It results from the bound of
the spectrum found in previous section, and from the fact that eigenvalues
are isolated, that there is a vertical line in the left complex plane bounding
all other eigenvalues, at a finite distance from the imaginary axis, hence
staying on the left side of the complex plane for v close to vyg.

As soon as we are able to justify the definition and obtain a good estimate
of the semi-group generated by L., it will result that the linear stability of
the basic solution is determined by the sign of the real part of the eigenvalues
perturbing the above two eigenvalues, meaning in this case that spectral
stability implies linear stability.

Remark 12. If we introduced the decay in e~ in the 0- Fourier mode of
the function spaces, we could not obtain an estimate such as (6), since we
would have an exponential growing in evn’t for the bound.

For the study of the nonlinear stability of the basic flow U, we need
to estimate ef®? in E(yn,Zn) so that we can apply the semi-group to
B(u,u) € Y. This is detailed in the next Lemmas.

Since the part of the operator L, acting in L% is uncoupled from the

L part, we shall split the study in the two corresponding parts.

2.5.1 Study of ef®? in L*> and in L;;O

Lemma 13. Assume that the eigenvalues A of L, are such that ®A < <
0. Then, for any vo € W™, where

lvollypze = ool zoo + 1Dv0l o + 1D 000 o llv0€™ [l = [[v0l|
we have the estimate

M
Lt M .
He ) UOH - 1 +tHUO”W3,<x>, t € [0,00). (7)

13



71
Moreover, for fo € W™, we have

< M
Ww2ee = V(1 + V1)
Note that we have L(O)

W) T Lo = ng; on L> (since LY cancels). Note
also that we can choose v > 0 with 0 < v < va?/2 such that all the
eigenvalues of the linearized operator L(,) acting in L727 are such that A <
—27.

The proof, which relies on the study of Dunford’s formula on the contour
I' described in Figure 3, is detailed in Appendix 6.6.

We observe on (7) that despite of the spectrum containing the full negat-
ice real axis, we have a decay at infinity in ¢ as soon as the semi-group
operates on functions decaying to 0 exponentially as y goes to co, which is
better than (6) in £(L>). However we loose the decay in y for e*®ty,. To
obtain (7) and (8) we make a direct proof.

HeL(V)thH 1follyyzc, ¢ > 0. (8)

I

3

C

\

\
o

—_

gl

Figure 3: Contour I' for the estimate of the semi-group used in Lemma 13.
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2.5.2 Study of the semi-group el®? in L727

The following Lemma, which can be found in [12] chap VII, uses the holo-
morphy of the semi-group eX®? :

Lemma 14. As soon as there exists M > 0 such that the following estimate
holds

H(]I . ELES)))_lHﬁ(Hl iy < M 2 2 € (0,8), 6 > 0, 9)

then 3C > 0 such that

(0)
eL(V)t

€ (0,1]. (10)

< —

‘c(ﬁ%,ﬁg) — /2
In the Appendix 6.7, we will prove the following Lemma.

Lemma 15. There exists M > 0 such that the estimate (9) holds in E(ﬁ%; H%)

Let us now consider the linear operator L) = LE% + LM acting in L%
We have

_ (0) (O)\-17(1
1—cLg,) = (]I—gL(U))(H—g(]I—gL(V)) L >>,

and we notice

H (1-eL)" L(1>H < Hg(]l—gL(O) - < M2,

Wy
L(H2) ) Hz:(ﬁz,l,,ﬁg)HL HL(H%H%)
hence, for € small enough, Me'/? < 1/2 and the operator ]I—e(]I—eLES)))_lL(l)
has a bounded (by 2) inverse in £(H3) It results that
2M . °rl ©. 2
—75 in L(H,, Hy)

H(H B EL(”))_lH Hc(ﬁ%,ﬁg) =y

and, from Lemma 14 applied to L), the following

(0)y—1
< _
C(iLy3) ~ 2H(H w)

Lemma 16. Assume that the eigenvalues A of L,y are such that RA <y <
0, then, foru € Hg, we have

Loyt~ =t 177 .
e ()u)ﬁ% < Me™ [l 3, t 2 0.

Moreover, we have the estimate

1
HeLW)t H <M1+ —)eﬂt fort>0.

L(HYH2) — ( 1/2

Proof. This results from the fact that the set of (isolated) eigenvalues of L,
is located as indicated in Lemma 7, and we notice that R\ < + is realized
for v > 1p, due to the definition of vy(a). O

To be detailed. Why for t > 1.

15



2.6 Study of the quadratic term

Let us define projections P and P, in X, (separating the 0-Fourier mode
from the oscillating part): for any u € &)

u = ﬁu+Pgu,
Pu = EGIOJ%, Pyu = ug € L.

The above projections naturally work in Z,, or ;. The aim of this section
is to show that the quadratic operator

B(u,v) = —%H[(u -V)v+ (v- V)u}

is well defined in ), for u and v in Z,,.

Lemma 17. The quadratic operator B is bounded from Z, to Y, : there
exists C' > 0 such that

1B (u,v)[ly, < Cllullz,|v]z,- (11)
Proof. Let us decompose u, v in Z,
u=u+ug, v="70+1
then

PB(u,v) = PB(@,7)+ B(u,vo) 4+ B(T, uo)

PyB(u,v) = PyB(u,0). (12)
Indeed,
(ug - V)vg = u§Dug =0

since uf = 0 for ug € L. This implies that PyB (ug,vo) = 0.
Now, we observe that (u- V)vp and (ug - V)v satisfy

2

|-y, = D Na DIy < loolf s,
T In>1
~ 2 2|~y (12 ~y z\ (12
H(u : V)vo‘ . don [ai Dvg |G + 1D (uh Dog) [ o
K [n|>1

IN

vollys .00 12771 + llvollfac 1122,
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and analogously for (ug - V)v. Hence, since II is bounded from H% to H%,
we obtain easily

HB(ﬂ, v) + B(3, uO)H

IN

gy S Oy leollwncs + 131 ol

IN

Cllullz, llv] 2,-

Now, before considering (u - V)v, let us first consider the product of a scalar
function f in H% with a scalar g function in L%, both with 0-average. We
show that the product fg is in L727. Indeed, for Fourier coefficients, we have

(fg)n = Z fr9q

P,q=n—p
and )
IGallos < 32 ~lphllesllgalics.
p#0,q=n—p7#0
so that
1
1Dl < |3 | X Inhlglay,
p'#0 P,q=n—p
Hence

1F93: <€ " InfoliZglloalZe < CIIF I3 ll0l2s.
n,p,q=n—p

Coming back to (- V)v , with @ and ¥ in H}, we deduce immediately that
P(u-V)o e H%, and the bound (11) for PB(%, d) holds immediately in H,%
For the 0-Fourier mode, we have also

1
1ol < | 3 5 | S ool lg-ly < CUFIZ lols.
p'#0 P
so that Py(u - V)v satisfies easily

[1Po(@ - V)ollynee < Cllallmz 0]z,

and estimate (11) holds. O

17



3 Nonlinear stability of U

In this section, we consider the nonlinear evolution problem with an initial
data close to the basic flow U, assuming that the spectrum of the linearized
operator L, is situated on the left side of the imaginary axis, except the
essential spectrum which contains the full negative real line. We prove the
nonlinear stability of U.

Assume £ > 0 and let us define the Banach space Z, ¢ by

Ze= {v =T +vp; 0 € CORT, H2), vy € CO(RY, W),

[I[v]]

Note the exponential weight in time for the non zero Fourier component and
the (1 + ¢) weight in time for the zero Fourier component. We now detail
the stability part of the Theorem 1 of the introduction.

e = sup ([5(0)e 3 + 11+ o)l ) < 00

Theorem 18. Let us assume 1 > 0 and assume that the set of eigenvalues
A of operator L, satisfies
RN < =€ <0,
then there exists € > 0 such that for
1Bo0)l g2 + [P (@)l < <.

there is a unique solution v € Z,¢ of the following differential equation in
A,

dv

E = L(V)’U+B(U,U), (13)

with vi—g = v(0) = Pv(0) + Pyw(0). Moreover there exists M > 0 such that
11Pulllne < MI[IPo(0)] 2,
Pelle < M(1RwO) iz + 1BoO)],).
Remark 19. Notice that the above Theorem says that
1Po@)l gz < Me ¥ |[Pu(0)l| g, t 20,
M

1Psw®llpen < 1o (1P + 1IP0I, ). ¢ 2 0.

The slow decreasing of the 0-mode as t — 0o is due to the influence of the
essential spectrum of L, sitting on the full negative real line. Moreover,
we may notice that the decay in y at 0o is lost for the 0-mode for t > 0.
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Proof. Using (12) and (11) shows that there exists C' > 0 such that we have
the estimates

IN

|PB@5) + 2B, w)| C (115 + 1 5 ol . )

Clal,.

71
H"I

A

[1PoB (0, 0) 100 <

Now (13) becomes

dv o~ ~

df'l; = L(V)Q}+PB(1),U) +2B(/l},1}0)7
d ~ ~

;?O = L(V)'UO + PoB(’U, U)7

which leads to the following integral formulation for ¢t > 0
~ t ~
7(t) = elwtPu(0)+ / el (t=s) [PB@, V) + 2B(,v0) | (s)ds, (14)
0
t
vo(t) = el Pyuw(0) + / L =) Py B(3, ) (s)ds, (15)

0

where we look for v +vg € Z, ¢. Indeed we can solve the system above by
the implicit function theorem with respect to (v, vp) in the neighborhood of
0 for v(0) = Pv(0) + Pyv(0) with

Pu(0) sufficiently small in Hg ,

Pyv(0) sufficiently small in an
Using the bound of the imaginary parts of eigenvalues which are isolated in
the left half complex plane, there exist &,, > 0 such that the eigenvalues A

of L, satisfy
supRA = =&, < =€ < 0.

We choose £; such that —¢§,, < =& < —€. Then we have the estimates

el iy < Ce 8 >0,
L(H2)
C
L(U)t . o -

e ”g(wg»m,wloo) < 1+¢ t >0,

_ 1 e (l—
P R =l I S

||eL(l,>(t—s C

t>s.
)’

Moot oe s <
”L(W’}’ W2 = t—s(1+t—s
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We notice that

t Litp . D .
e e Pu(0)| g2 < ClIPU(0)ll 5.
c
Lt . . .
le* @ Poo(O)llyece < 75 1P00(O)lhig:
that
HesteLmt—s) [153(5, v) + 2B(1, vo)] (s) H 2
1 (e _ ~ ~
< MO(1+ = )e @I el 7+ wol e
and that

- MC
e = = s(l+ /i —3)

Hence the right hand side of (14), and (15) is quadratic and C! in (v,vg) €
Z,.¢. It results by the implicit function theorem, that for (Pv(0), Pyv(0))
small enough in Hg @ an, there exists a unique solution (v,vg) € Z,¢ in a
neighborhood of 0. Moreover, directly from the system (14), (15), we have
the estimate

Jesrt-0 p .0 e

t
~ 1
St~ ) o =, N1/9
lle v(t)||H% < CHPU(O)HH}] +MC/O (I+ (t — 8)1/2)

x @93l |5 + voll . eds,

hence B
112lll. = CIPoO)| 72 + El[Vlllnel[[0+ volllne.

using
t
1 —(t—s
/0[1+(t—s)1/2€ Jds < C1(5) for § > 0.
In the same way, we obtain
I[vollln.g < CllPov(O) 200 + KII[T1]]5 ¢

using
1)
e ds < 2(0)

t
1
, for § > 0.
) == R

Hence,

13lln.e < ClIPOO) g +CEK [ Pov(0)ll 2.0 11T g + KINBG ¢ + K[ .
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so that for v(0) such that

- ~ 1
CK|| Pyo(0) 2.0 + 2CK | Po(0)|| g + AC*K* | Po(0) I, < 5,

2
we obtain

I[olllne < 2C[Pv(0)]l 72,

[volllne < CHPov(O)Hng+4C?KHPU(0)H§%

A

which ends the proof of the nonlinear stability. O

4 Study of the bifurcation

4.1 Setup

Let us define
s =wt

such that the time-periodic solution which we are looking for is now 27w
periodic in s. The wave number w is an unknown of the bifurcation, which
must be determined.

Let us define the bifurcation parameter p as

H=V—=1
By assumption, L := L, has two purely imaginary simple eigenvalues
+iwy, associated to eigenvectors of the form
C — eiam@(y), Z — e—ia:pﬁ(y) (16)

and no other eigenvalues of non negative real part.
In what follows, we need to invert the linear system

— _Lv=
wods v=Ff

in a space of vector functions which are 27 periodic in s and 27/« periodic
in z. We expand f and v in Fourier series in time and space, k being the
Fourier wave number in time and n the Fourier wave number in space. This
leads to the sequence of equations

ikwovk,n - ank,n = fk,n
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where (k,n) € Z?, and where the linear operator L,, is defined in a space of
vector functions of y by

an

_ 2 2 2 . (ol
L,v, = vy(D* — n“a”)v, + p )& maUwv, ,

0

— X Yy
0 =inav, + Dv),

where ¢, is the related component of the pressure. We know by assumption
that

o L, — ikwy is invertible for n # 0 and k # 41,

e for n =1, L, — iwy has a 1-dim kernel spanned by (,

for n = —1, Ly, + iwp has a 1-dim kernel spanned by ¢,

for n # 41, L,, F iwy is invertible,

for k # 0, Lo — tkwy is invertible.

It remains to study the invertibility of L.

4.2 Study of the inverse of L,

Lemma 20. If foo € L;°, then the equation

Lovoo = ( 790) a7

has a unique solution such that v, is bounded. Moreover,

[vo,0llwz.ee < Cyll foollzee
for some positive constant C,,.
Proof. The equation (17) leads to

uD?vo0 = fop-

Taking care of the boundary condition v, = 0 at y = 0 and its boundedness
at infinity, we find

1 [e.e]
Dufyy = - B / foo(s) ds+ A,
Yy

1 Y &
Voo = — ; dT[—/ foo(s)ds + A]

0
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for some constant A to be determined so that ”Ug,o is bounded and Dvao
tends exponentially to 0 at infinity. This leads to A = 0 and to
1 [Y >
oY) = —— dT/ foo(s)ds,
Y Jo T
and, by Fubini’s theorem,
1 Y o
o) =~ [ | shootsids+y [ fuols)as].
o 0 Yy
which ends the proof of the Lemma. O
‘We note that
1 [t
li r = —— d
y_lffoo Uo,o(y) % Jo SfO,O(S) S,

which in general does not vanish. Thus, in general, v does not go to 0 at
infinity, but Dvg and D2v§70 decay exponentially fast at infinity. However
vo,0 only appears in the operator (v - V)v , and thus only in terms of the
form (vgo - V)v and (v- V)vg o where v will be exponentially decaying.

4.3 The eigenvectors ( and (*

We look for ¢ = e"*9(y) € Z, where a # 0 and 9 = (0%, 0Y) € Cg satisfy

A . {76700 N vy’
zwov:yo(DQ—az)v—i—(D)q—zaUU—( 0 >,

0 = iad” + DvY
with % = 0¥ = 0 for y = 0. This leads to vY € C’% and
iwp — vo(D?* — a?) — mU] (D? — a®)oY +iaU"tY =0 (18)

with ¥ = Do¥Y = 0 for y = 0, which is the Orr-Sommerfeld equation.

By assumption, (18) has a non trivial smooth solution 9¥(y), satisfying
the boundary conditions, unique up to a multiplicative constant. Moreover,
there exist ¢; > 0 and n > 0 such that

[0Y(y)| + [DoY(y)| < cre™™
for 0 <y < 4o00. It results that there exists ¢ > 0 and 1 > 0 such that
[0(y)| + [Do(y)| < ce™™

for 0 <y < +oo (see [9]).
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4.4 Pseudo-inverse of wyd/ds — L

The aim of this section is to construct a pseudo inverse to the linear operator

d
L=wy— — L
wods

in a space of 2 periodic vector functions.

Let us define ¢*, the eigenvector of L* for the eigenvalue —iwg, such that
(¢,¢*) =1 (see [13]). Let Ty = R/27Z. Let H be a subspace of L?(Ty, X;)
such that, for every v € H,

(0, ) = (v, ) =0
and such that vgg = 0. Let us define
H* = HY(Ty, X,) N L*(Ty, 2,),
together with its norm
loliFs = 10501122z, ) + 011220z, 2,

Lemma 21. For f € H, there exists a unique v € H* N'H such that

(wodis — L)v = f.

This defines a pseudo-inverse L' to L which satisfies

vl e < I £ ]2

Proof. As f € H, f is of the form

flays)= 3 funly)eitstnoo)

(n,k)ezZ?

with
<f1,1€mx7C*> = <f_1,_1e’m’”,5> =0, foo=0.

Similarly, we look for v € H, namely for a function v of the form

U(SL‘, v, S) — Z vkm(y)ei(ks%ﬂmx)
(n,k)eZ?

with
<v1,1e’ax,§*> _ <v_17_167“m,§*> —0, v =0.
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This leads to
(ikwo - Ln)'Uk,n = fk,n (19)

for (k,n) # £(1,1) and (k,n) # (0,0).

Changed below

Using Lemma 10, we know that there exists kg and ¢ such that if |k| > ko
is large enough, the equation (19) has a unique solution such that

1D*vknllcg + Inl | Dviallcy + (1 +n®)|[vkn

lco < [femllcg, — (20)

and c
[vkmllco < m”fk,nﬂcg

provided (k,n) # +(1,1),(0,0).

For n # £1, n # 0 and |k| < ko, L, is invertible by assumption in
section 2.1, thus (20) is still valid (up to the change of the factor ¢ > 0). For
n = %1, (20) is also valid since fy, is orthogonal to ¢* and ¢*, and thus in
the range of ikwg — Ly,. For n =0, as fopo = 0, vo,0 = 0, and we just have to
consider the case k # 0, where ikwy — Lg is invertible by Lemma 10, thus
(20) is still valid.

Combining all these estimates, we get that the pseudo inverse of L is
bounded from H to H*. O

4.5 Bifurcation of a time periodic solution

We are looking for a solution v, which is 27 periodic in s, 27/« periodic in
x, of the non linear equation

[wdii - L]v = uL'v 4+ B(v,v) (21)
where
L'v = IIAw,
B(v,v) = —II(v - V)v.
Let

H* = H*(Ty, X,) N HY(Ty, Z,).

We decompose v € H as
v=uU+w,

V= AeisC —i—Ze_iSZ—i- 20,0,

(w117, C*) = (w_1_1e7% *) =0,

25



wo,0 = 0,

and define the projection By by

w = Pov.

The projection Py is bounded in H'(Ty, &,) and in H # and commutes with
the linear operator (wds — L). In the following we use the property of our
system invariant under two SO(2) symmetries, hence commuting with the
operator T, representing the translation in time s — s+ a, and the operator
78 : * — x + [3 representing the translation in space.

We now prove the following bifurcation theorem, which precises Theorem
1 and gives an expansion in terms of the amplitude €, of the bifurcation
parameter u, of the time frequency w and of the time and space periodic
solution near the bifurcation point.

Theorem 22. For p in a right or left neighborhood of 0, there ezists a
bifurcation time-periodic solution of (21) which is a traveling wave function
Ve (&, y) where

E=z+ l
o
under the form R
Ve=eWi + 2V + O(e%) € Z,,
with

Vi = (e + e Q) Eﬁg,

Vo = @226%°% 4+ Wyge 2 L uny,
ple) = pa+ 0,
we) = wo+eiws+ O,
Moreover, we have

/'LQ«DQ - 062)57 Z*> —iwy = Cc— b7 §R<(D2 - O‘2)Za E*> > 07

Wa2e®C = (2iwg — LO) 1 B(e"¢(, e5C) € HZ,
Vg = —2Lng(eia52, e710) e W2,
c = —(2B(( va0), € "),

b = <2B(e_m5?, eQia£@2,2), emfz*%
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We note that the bifurcation is supercritical if ps > 0, i.e. R(c —b) > 0,
where

c—b=(4B(C.Lg' BC.0) — 2B, (2iwn — L)' B(G.Q) ). ¢*).

Proof. We use an adapted Lyapunov-Schmidt method (variant of the im-
plicit function theorem). Using the decomposition v = v 4+ w, the system
becomes

d , dv
(w()% — L)w — Lovo,o = pL'v — (w —w0)£ + B(v,v),

where we look for v such that w € PoH™, A € C, vo,0 € W2 and for
(p, w — wp) close to 0 in R2. After decomposition, this becomes

<w0% - L>w = uPoL/ (v + w) — (w — wo)% +PoB(v +w,v+w), (22)

d |
(1L (0 +w) - (w=w0) 5+ Blu+w,u+w), ) =0, (23)
Lovo,o + uL'voo + | B(v + w,v + w)]o 0= 0, (24)

where we look for solutions (w, A,vp,0) in a neighborhood of 0 in
PoH™ x C x W,

We first solve (22) with respect to w € PBoH™ in function of v, w — wo, 0,0
and £ in a neighborhood of 0. Moreover, the choice of our spaces (see (20))

implies that

dw 1

E?%OB(’W U) €H (Tlv Xn)a
which allows to apply the implicit function theorem with respect to w. The
principal part independent of w in the right hand side of (22) is

L'y +PBoB(v, v)

so we find
w = W(A’va — Wo, K, UO,O) € cngHﬁﬁ’

with
_ d -1 .
W(A, A,w — wo, i, v0,0) = (wo% - L) {MmoL v+ PoB(v, Q)}
+ O (el + [l + lo = wol | 1) + |1l | = ol [1el])-
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We notice that for A =0, id est for v = vg 9, we have

W(0,0,w — wo, p, vo,0) = 0.
Using now T,, we have

T.(ACe™) = Ae(e', T,v(s) = v(s +a),
hence, the commuting property leads to
T.W (A, A, w — wo, p,v00) = W (™A, e ™A, w — wo, 1, v0,0)-

Moreover, we note that, in using 7_, /,

TuT_qjo = Id, for any a € R (25)

on the v part.
Replacing w by W in equations (23) and (24), we obtain an infinite
dimensional system

F(A,Zﬂ.d — Wwo, W, /UO,O) - 07
LOUO,O + ,U/L/’U070 + [B(Q + W, v+ W)}oy() =0.

We notice that, applying T, for any a € R,
F(eiaA7 eiiaza W — wo, W, UO,O) - eiaF(A7Z7 W — wo, W, 1)()7()),

so that A is in factor in I and only occurs by |A|?. Moreover

(ML (0 + W), ¢ ) = Ap(AC¢*) + O(lul [ W),

<(w — wo)%, C*ei5> = iA(w — wp),

<B(Qaﬂ)aC*€is> = 2A<B(C7U0,0)7C*>7

hence, it is clear that F' is of the form
0= Au(AC, ¢*) — iA(w — wo) + bAJAJ* + 24(B(C, v0,),¢) (26)
+O(JA 6 + 1l | A + lal [ Al Jonol + 4] [oool® + A1) (27)

where

b— 2<B(Z, (2iwo — L)LBI(C, g)) : g*>. (28)
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Finally, looking for A # 0 leads to
0 = p{A¢,¢*) = i(w — wo) + b|A* + 2(B(C, v0,0), ¢*) (29)
+ O (1 + (Il + w — wo | AP + Al). (30)
Let us notice that
(L/G,¢*) = (AG,C) = oA, ().

The (0,0) mode equation (24) has a very specific form. Indeed, defining by
Py the projection giving the 0-Fourier mode, we may observe that

B(Pyv, Pyv) = 0, for any v € W,

hence the term B(v + W, v + W) has the decay property in e”". It results
that [B(v + W, v+ W)loo € L;°. Moreover we observe that

Loo +uL' = (1+ 2)Lg,
Vo
hence, using Lemma ?7, (24) may be written in W2 as
(1+ Vﬁ)vop + L&(l)[B(Q-f— W,v+ W)loo =0,
0

which can be solved in vgg € W2 by the implicit function theorem, notic-
ing that A only occurs with |A|?. The principal part independent of v o in
(24) is

[B (Aei$< + Ae ¢, AeS¢ + Ae—”g‘)} o= 2| A*B(¢, Q) € C°.

This leads to
w0 = —2/APLGEB(C,C) + O (|l 4] + 14]*).

Replacing vgo by its expression in (29) leads to a two dimensional real
system, solvable by implicit function theorem, with respect to p and w — wy.
The equivariance of the system under the groups 7}, and 75 and (25) of the v
part implies that (25) also holds on W, meaning that we obtain a travelling
wave, with a function depending on (s,z) as z + s/a. Defining

e = 4(B(C. LiB(C.0).¢").
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we finally obtain the bifurcating solution, parametrized by A (defined up to
a phase shift)

H= e e AP + 004"

w—wy = (3(17 —c)+ R(c — b)I(AC, ¢*)

R(AC, ¢*)
voo = —2|APLy§B(¢,¢) + O(JA[*) € W*,
w = A%e?(2iwg — L)' B((,¢) + c.c. + O(|APP) € PoHH,
v = Ae"C + Ae " + v0,0 + W.

AP +0(l4*),

The theorem is proved as soon as we replace |A| by e. O

We notice that the phase of A is arbitrary, which corresponds to an
arbitrary shift parallel to the x axis , or to shift in time. Moreover, by
assumption,

R(AL, ) > 0.

Then, the supercriticality or subcriticality of the bifurcation depends on the
sign of R(c — b) which needs to be computed.

5 Nonlinear stability of the bifurcating traveling
wave

In all what folloows tohe bracket (-, ) is unolerstood as the duality product
between X, = L? @& L and X,y = (L2)* @ L'
5.1 Study of the linearized operator

We proved that the bifurcating periodic solution is in fact a travelling wave,
function of (ax+wt, y). It is then natural to change coordinates in replacing
x by

E=o+ —.
o
With these coordinates, we define
6(57 y? t) = U(:'r? y? t)?
so that the Navier-Stokes system becomes
dv

=L, +B(0,9), V-5=0, (31)
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with

w 00U w 0U
L,,0=Lyo—~—=LO9%4 uL't - ==
wV )V 008 vt p 0 98’
where
O — 1, + M,

(vo)
The linear operator L, is acting in &}, with domain Z;. In the following
we need to localize the essential spectrum of the linear operator
w+aly 0

© , yo1_ w9 _ _wtaly 0
j AU § — JIIA
w T o 0€ g Q@ o0&

in IO/% This is described in the following Lemma

Lemma 23. There exists n > 0 small enough, such that for any X in the
spectrum of

JTIA — w + OZU+ ﬁ
Q@ o0&
acting in Icz%, we have A € Xy, , where (see Figure 4)
YU = {%)\ < —v(a?® - 7]2)}
2
< 2y < < - re SN2+t
N { {2%/3 <arg(Ag +rva®) < 71'} U {§R)\ S T Gral )T 4V2a2772(\s)\) +1n I/} }

For X outside of this region Xy ., where

2
0 <arg(Ao + I/()cz) < % -0

with 0 < 6 < 7/6, and where we add §; small to U, there exists C > 0 such

that
w+aUy 0 >—1 H C
L(L2

| (i = =20 5 - VS T

The proof of this Lemma is identical to the proof of Lemma 9 for the es-
sential spectrum, just changing U, in Uy +w/«. This enlarges the parabolic
region.

Now we know that there is a bifurcating steady solution of (31) which is

Vo&n) “ Vi, y,1), w = w(e),u = ple),

as described in Theorem 22.
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Figure 4: Hatched region Xy, ., and negative real line containing the spec-
trum of VIIA — (U + g)a% and the essential spectrum of L, ,.

Now we introduce ¢, ¢] € (L%)* defined by
1 e~ =
¢ = Q(emgf* — e 140),
1 . .~ e~
6 = (el o),
and we prove the following

Lemma 24. Forn > 0 small enough, there exists M such that the spectrum
of L, s first composed of an essential spectrum included in the region ¥,
and in the half negative real line. The rest of the spectrum is a set of isolated
etgenvalues A with finite multiplicities, such that

A= )\7(10) — nw,

where )\7(10) is an eigenvalue of L,y associated with the eigenvector ¢, =
ey, € Hg
Defining the linear operator

As = Lu,w + 2B(‘7€7 ')a
then, the essential spectrum of Ac is formed by the half negative real line
and a region perturbing at order €2 the region ¥. of figure 4.
For e =0, the operator

woa

Ao = Lyyle=0 = L) — o %
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has a double 0 eigenvalue. For € # 0, 0 is a simple eigenvalue of A. with
eigenvector

]. a‘/} - ~ . =~ °
= e £ =1 ZO{S — 77’(16 2
Ve T i(e"*(—e () +0(e) € H,

<U67¢8> - 17 <U€7¢>{> - 07

and there is another simple eigenvalue 0. = 2R(b — ¢)e? + O(&3) in the
neighborhood of 0. All other eigenvalues A of A are such that there exists -y
independent of €, with

RA< —y <0

for € close to 0. Moreover the eigenvector u. belonging to o. has its order 1
part in H?, while its order € part has a component in W™, and u. satisfies

"7’
<u€7¢6> - 07 <u5,¢>{> =1.

Proof. The perturbation —%a% is in E(ZU,IEI%) and is relatively bounded
with respect to L. The proof made for Lemma 7 applies for the pertur-

bation operator L(1) — %8% showing that the spectrum of L, is included

in the region X defined by
A+ va?| < M,

or 2r/3 < |arg(A + va?)| < m, or A € (—o0,0],

which is a right bounded region centered on the negative axis. This result is
valid for the whole spectrum, including the essential spectrum and isolated

eigenvalues.
Since the perturbation operator LY ig relatively compact with respect
to L(® as well with respect to vIIA — %8%, we can assert that the essen-

tial spectrum of L, is formed by (—o0, 0] corresponding to its part acting
from WQ’OO, and a part in Yy, , corresponding to its part acting from Hg
(see Figure 4). The rest of the spectrum is composed of isolated eigenvalues
with finite multiplicities, deduced from those of L, in the following simple
way. First we notice that there is no change in the subspace L (0-Fourier
mode), where the eigenvalues are the same for both operators. All other
eigenvalues correspond to eigenvectors in Hg of the form

e (y), n #0,

so that an eigenvalue A of L, corresponds to an eigenvalue A —inw of Ly,
which does not change the real part of the eigenvalue.
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Now about the linear operator A., we observe that the perturbation
2B(VE, -) is not relatively compact because of the 0 Fourier component of
V., which does not decay as y goes to infinity. However, the part 2B(P0f/;, 3
which is of order £2 only acts on non zero Fourier components, hence perturbs
the spectrum (including the essential spectrum) at order 2 (see [13]). The
rest of the perturbation ZB(PVE, -) is relatively compact, hence does not
perturb the essential spectrum.

Now, we observe that 0 is a double eigenvalue of Ly y|c=0 = L(y,) — %%

with the 2-dimensional (on R) eigenspace
ae™ s + ae ¢, (32)

Then differentiating
Lu,w‘/a + B(Vaa ‘/a) =0

with respect to £ leads to
Lu,wvs + 23(‘757 'Ue) =0,

which shows that v, € H% (defined in Lemma 24) belongs to the kernel
of the linearized operator A, in particular for ¢ = 0, which corresponds
to a = i in (32). Let us look for eigenvalues close to 0 for & close to 0.
Here the problem is not standard since 0 is double, not isolated and lies
in the essential spectrum of L, ,,,. However we can justify the following
computation, identical to the computations used in the standard case. As
soon as we can obtain the principal part of a potential eigenvector and of the
potential eigenvalue, the rest of the expansion in powers of € relies on the
implicit function theorem, as in the computation of the bifurcating periodic
solution. Now we check that

<7)57¢8> =1, <057¢>{> =0,

due to the fact that higher order terms in v. occur with harmonics ™, with
[n| > 1. We notice that for any u € H; we have in L,

0
(Lo =% 5w 7) =0, 5 =0.1 (33)

Indeed by definition of the duality product <L,27, (L%)*> we have
9 9 N\ _
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hence

(i = 2 5007 = (s Ly + 22 50)65) =0

wo 0
( o)+ — §)C* — 0.
We may interpret (33) in saying that o; for j = 1,2 are in the kernel of
(LE*VO) + %8%) It is known (see [13] p.185) that non isolated eigenvalues
might not exist for the adjoint operator. Here we are saved by the fact that
this occurs in HTQ] where 0 is not in the essential spectrum of the reduced

since

operator.
Now, since we perturb a double eigenvalue, we need to find another
eigenvalue (necessarily real) close to 0. For this search, we make the Ansatz

o = €01+ 820'2 + ...

u = u0+€u1+82u2+...€Zn

and identify powers of € in the identity

w o0
Ly +pL' - *575 +2B(V., )| u = ou.
Order €° leads to 5
wp Jug
L(VO)UO - ;75 =0,

which gives
uy = ae'C + Ee*méa a € C,
where we notice that a = ¢ corresponds to the already known solution v..
At order ¢, we obtain
wo ouq

o 85 + QB(Vla ’LL(])

g1ug = L(Vo)ul

Taking the duality product with emfgf* leads to
aoy = <2B(V1,u0),ei°‘§5*>

which vanishes because of the periodicity in & and of factors like e™*¢, with
n odd in the duality product. Hence o1 = 0 and

—_—~— -1
wo O
w = —(L(,,O)—E()a?) 2B(Vi, uo)

= 2&@27262106 + 26’[/1}2’26_%&6 + (a + a)’Ugyo.
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At order €2 we obtain

0
)Uz + poL'ug — %% +2B(Vi,u1) + 2B(Va, up).

woa

020 = (L(Vo) T 08

Taking the duality product with e?®¢ CA* leads to
aoy = a,u2<(D2 - oz2)2, CA*> —dawy — (a +@)c + 2ab + ab — ac.

The identity
pa((D? = a?)C, ) — iy = — b
reduces the above identity to
aocy = (a+a)(b—c).

We know that (a + @) = 0 is a solution at any order, which gives the
eigenvalue 0 and the eigenvector ve. We deduce the other solution (which is
defined up to a real factor) by choosing

10

e
p— 9 pr—
arga , a p——
and
o9 = 2R(b—¢).
Now

(uo, ¢g) = 0, (uo, ¢7) = 1.

We can go on the computation of ¢, using the Fredholm alternative as in
the simple case, so that finally

(ue, @) = 0, (ue, 1) =1,

because of periodicity in & and factors as e™¢ with |n| # 1 for u. — ug. This
ends the proof of Lemma 24. O

5.2 Elimination of the Goldstone mode. Operator A..

The Goldstone mode is the eigenvector %‘g = aeve. Using the invariance of

the system (31) under translations in £, we can eliminate the 0 eigenvalue
and obtain a system in the codimension 1 subspace

{u, ¢g) = 0.
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Indeed, let us set R
V= Tb(VE =+ 6“)7 <u7 ¢8> =0, (34)

where 7, represents the shift & — & + b, not forgetting that (v, ¢f) = 1.

Then
at Pt Tear e\ T Be

and (31) becomes, after factoring out 7,

du db ou
(04115

— 4+ = ) = Lyu+2B(V., B(u, ).
priR —I—(%) wt+2B(Ve,u) + eB(u, u) (35)

Taking the duality product with ¢ leads to

db ou N = X
a0t (5g96)) = (B 60) + (2B(Vz, ) +<Bluw,w). 65), (36)
which may be written as

db

i = ge(u). (37)

Taking into account
(Ger00) = ~(u ged) = afu o)

* * W — w
(Lywu, ¢3) = (uL'u, ¢5) + 4

we observe that, for [|u[|z, small enough,

0, 67) = O fall ),

g:(u) = =(2B(Vi,u), ¢5 ) + O(Jullz, + <l ull%, ).
Now defining the projection Q. for any v € &, by
Qv = v — (v, Pp) Ve,
then, since v, € H,?, we observe that
Py(Qzv) = Pov, Qeue = ue.

The rest of (35), which is now independent of b, becomes

M Aut 2QuBluu) 94“)@53? (38)
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where the linear operator A. is defined by
Ae - Qa(Lu,w + 2B(‘757 )) = Q@Aa‘
We know that the eigenvector u. satisfies

<u5, ¢6> =0,

and R
(Ly,w + QB(V;:, ))Ue = OclUg,

so that we have
Au. = Qa (Lu,w + QB(‘/}& ))ue = OglUg.

Remark 25. We note that u. is not in H? since it contains a 0— Fourier
mode. In fact we have

ue = Pu. + Pyue, (ug, @7) =1, Pyue = 2v90¢ + O(e?).

The rest of the spectrum of A, is the same as the spectrum of A, except
the eigenvalues o, and 0. The estimates obtained for the spectrum are similar
to those for L, . Due to the perturbation of order ¢, we can assert that all
eigenvalues other than o., outside of the region where the essential spectrum
is located, are in the region indicated on Figure 4, have finite multiplicities,
are isolated and situated on the left of the line R\ < —k < 0. Observe that
now the subspace with 0 average and the subspace with only the 0 Fourier
mode are coupled by the term B(V.,u):

N

PB(V.,u) = PB(PV.,4)+ B(PV., Pyu) + B(P,V.,0)
PyB(Vo,u) = PyB(PV., @),

)

so that the estimates on the semi group are more complicated if we wish to
separate the subspaces.
5.3 Nonlinear stability

In the subspace P.&; we need to solve the initial value problem

d
= = Acu+ B(w), u(0) € Z, (39)
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with «(0) small enough in norm, and where B, is analytic from Z, to Y,

with
%

213
Using that Qgﬁ = ﬁQE, PyQ. = Py and B(Pyu, Pyv) = 0, we have

Bs(u) = EQsB(u7 U) - ga(u)Qs

- - B B o
PB(i+Pow) = eQ-PB(@,T) +2:Q=B(T Pou) — go(T + Pou) Qe
PoB:(u+ Pou) = ePyB(u,u),
hence, there exists 0 > 0 such that for [jul|z, <4
I1B-(w)ll,., < cellulZ,, (40)

|92 ()| < cellullz,,

where

Yo = {f € Vui Pof € Wy},

From the properties of the operator A, we can prove that the spectrum of
eA<t is the union of an essential spectrum and of a bounded set of isolated
eigenvalues of finite multiplicities. More precisely the essential spectrum
is included in the union of the real interval [0,1] with a set included in
{N € C;\ = e 0 € %,} where 3, is as in Figure 4. It results that in the
case when the eigenvalue 0. < —ke?, the spectral radius of et equals 1.
Hence, we have
||6A5t||5(zn) <, fort>0.

However, this estimate is not sufficient to avoid secular terms in the solution
of the initial value problem (39).

Let us proceed in adapting the proof of Theorem 18. We obtain the
following Lemma

Lemma 26. Let us assume that 0. < —re?, then there exists C(e) > 0 such
that

Cle)
Act
e e(z.2) < 7 T 20 (41)
5 cle) 5 c(e)

At . < . .
1P fll a2y < \/£(1+\/i)”Pf”H% i 1Pof ey £>0 (42)

dOm= c(e)

Act R < . ° 100 .

o™ fll pyireey < TIPSy + \/Z(H\/i)llPofIIW;, , >0
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The proof is done in Appendix 6.9. The estimate (42), valid for all
t > 0, shows the loss of regularity as ¢ — 0. We are now ready to prove the
following

Theorem 27. Assuming o. < 0, choosing n > 0 and € small enough, there
exists § > 0 such that for [|u(0)||z,, < 0 there is a unique solution u of

du
i Acu+ Be(u),u(0) € Z,,,, t > 0. (43)
Moreover, we have
®llz, < 22 )1z, . t = 0.
n — 1 _|_t 1777]7 -_

This stability result is completed by the solution b(t) for the shift mode
given by (37), leading to

b(®)] < [b(0)] + In(1 +£)C"(e) [u(0)] , ,, £ = 0.
Proof. The integral formulation of (43) is
t
u(t) = e?=tu(0) + / eAet=o) B, (u(s)) ds. (44)
0

Using the estimates (40), (41), (42), we obtain

C(e) t ceC(e)
0z, < Tz, + [ a1, i )

Let us define

lullle = sup |1+ s)u(s)

)

s€[0,t] n
then
11+ Bu®) =z, < CENu)]z,, + K@©lllull}, (46)
where
ceC(e)(1+1t)
/ Vit —s( 1+\/t_5)(1+82)d3<K(5)a (47)

which can be checked by splitting the integral in s < ¢/2 and s > t/2. In
view of (46), if ||u(0)]|z,,, is small enough, then ||(1 +#)u(t)| z, is bounded
uniformly in time, by a constant time ||u(0)| z,,,- The Lemma is proved. [
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6 Appendix

6.1 Proof of Lemma 2

The Helmholtz decomposition is very classical, however, as our function
spaces are not standard, we have to detail it. We take the Fourier transform
in the horizontal variable of the decomposition

- _ 0 -
u=v+Vo, A¢) =V-u, 8j|y:0 = Uy|y=0a

which gives
(D? —n?a®)¢, = inau® + Du¥ = g,,
D¢, (0) = u¥(0) = hp,
where, by definition

[un(@)] < Mae™,  lullf; = Y My < oo,
In[>1

and Du}, is defined in the distribution sense. We easily obtain (for n > 0)

! h —najr—y| 1 - —na(t+y) b —nay
bnly) = 5 ; gn(T)e dr—% ; gn(T)e dT—@e )
Replacing g, by its expression gives, after an integration by parts,

L - O T (r-1)
tu(y) = 2/0 (u¥ —duy)(T)e" TV dr — 2/ (W + ) (7)e" TV dr

1 [ !
e R s
We observe that ¢, € C'(RT) with
Yy e )
Donly) = G [ liug —urerear = G [ (iug + upr)erar
2 Jo 2 Jy
o
H e — i)

and using (48), provided that n < «/2, ¢, is such that the following esti-
mates hold, with ¢ independent of n

My,
Gum)e™| < =, Dgu(y)e™| < M.

The result is that V¢ € L,QI and v € L%, with [[7]];, < cHuHLg7 The result
n

on the component in L™ is straightforward.
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6.2 Proof of Lemma 4
6.2.1 Resolvent estimate and spectrum in L

For the part of the linear operator in L, we need to solve for A ¢ (—o0,0],

vD*f — ¥ = fo € L°(R")
vE(0) = 0, vF € WH™,

Let us define s such that Rs > 0 and s> = \/v, then

L[ (ryestv—n)
O T‘sy/o folrje
7Sy+T
251// folr

so that, we check that v € W2 and

[ follzoe
‘ ( )’ = | H%S‘V

hence for arg A\ = 0 € [0, 7), if RA <0,
1 1 1

|s||Rs|lv  v|s|2cos(0/2) - |\l cos(6/2)

If RA > 0, then we have

L V2
[sliRsly = T

since in this case, 0 < 6 < 7/2. This proves the first estimate in Lemma 4.
Let us now concentrate on the case A\ < 0. Then we have

1 (v
v5(y) = Asinsy + 31//0 fo(r)sins(y — 7) dr,

where s2 = —\/v > 0 and where A is arbitrary. Let us now show that the
range of LEZD/)) — Al is not closed. Indeed, let us choose fo € L°(R™) such
that fo(y) = x(y)/y, where x(y) is the characteristic function of the set

2mn 2mn + /2

Up>1] P p ]

42



We obtain

y ’ .
/ fo(r)sins(y — 7)dr = sin sy/ XCOS STdT — CoS sy/ Xsm STdT,
0 0 T ; -
and

s Y cossT s
. d
Z (2mn + m/2) </0 XS Z (27n)
y

1<n<N(y) 1<n<N(y)
s Y sinst S
S ot [y
1<n<N(y) (2mn+7/2) o g 1<n<N(y) (2mn)

with [sy] = 27N (y),[:] being the integer part. As y — oo, series on both
sides diverge, since the function [j fo(7)sins(y — 7)dr behaves as

: s
(sin sy — cos sy) Z )’
1<n<N(y)
hence the limit is not in W2°°(R™), showing that fy is not in the range of
LEE)) — AL Now consider the sequence {f¥)} yen defined by

FN) = fo(y)xo.n-
It is clear that {f(™} is a Cauchy sequence in L>°(R*) since for M > N
1

70 = FOD e <

and this series converges in L°(R™) towards fo. Moreover the functions
F™N)(y) lie in the range of LES)) — Al since
—7)d
von (y sy/ fo(r)sins(y — 7)dr,

is the solution of (L g )) M)voy = fOV) with vgy € W2, Since fy is not
in the range, this shows that the range is not closed.
For A = 0, we obtain

i) =y [ [ s [ pwar]

which shows that 0 is not eigenvalue. Moreover in choosing fy(y) = 1/ (1 +y)
in L* but not in the range, and choosing a Cauchy sequence { fN) =
foXjo,n7} converging to fo in L°° and sitting in the range of L(,), shows that
the range is not closed. Hence A = 0 lies in the essential spectrum.
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6.2.2 Resolvent estimates in L?7

Let us now study the linear system

(LES)) —ANv=f¢€ L%,

namely Stokes’ equation, where we look for v € H,27 Using the Fourier series
for f and v leads for n # 0 to

A mna f
D? — n2a2 — 7) _ n 4
1/( n-a an—i- D an A (48)
inavy + Dvy = 0,
with boundary condition v,|y—o = 0, where
mnaf, + Dgy, = 0.

By definition of L3, ||(fu. gn)lcg < My with 32,0 M7 = [|(f,9)|[7,. This
leads to

A 1
2 2 n[n2 (22, N,y _ L/,2 29
(D? —n%?)[D (na—ky)}vn = ~(D*—n’a’)g.,  (49)
vy = Dvl=0fory=0,

leading to explicit expressions for vZ and vj. With
n

A
2 =n2a+ 2,
v

we obtain

wn (0) [na + Sp

5 (e — ™M) eV 4 e*my] , (50)

un(y) = wnly) — o

where
L —sulr—yl
wn(y) = — ; gn(T)e dr —

2vs,

1

2vs,

/ gn(T)efs"(Ter)dT. (51)
0

We have the following useful Lemma:

Lemma 28. There exists C > 0 such that for any 6 with 0 < § < w/6, any
n # 0 and any A € C such that 0 < arg(\ + va?) < 27/3 — § we have

|sn| > Rsp, > C<av n?—1+ ])\+1/a2]1/2>.
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Proof. Using
A 2
s2 = (n? 1)’ + +Vya ,

we have, with § = arg(\ + va?),

cos 6

2 1
|sn|* = | (n? = 1)a® + \)\—1—1/042@ +ﬁ])\+ua2]2sin20,

v
hence
4 2 2.4, 1 212 2 21 2
sn]” = (n® = 1)%a” + —|A +va”[" +2(n” — 1)a”~|A + va| cos,
v v
which implies
1
|sn]4 > [(n2 — 1)2a4 + —2])\ + Va2’2:| for cosf >0,
v
1
> (1—|cosb)) [(n2 —1)%at + — A+ 1/(12\2} for cosf < 0.
v
Hence, in all cases
2 01 2 2, 1 2
|sn] zcosi{(n —1a” + —| A+ rva ]}, (52)
v
and, as 6/2 < m/3,

1 1
|sn| > 5[(712 — 1)1/2044- W!)\—i— Va2]1/2} > C’(om/n2 — 14+ A+ Va2|1/2>,

where the constant C' depends on v. Now, we also have

1 1 1
2 _ .2 2] _ 12 _1ya2 4+ 2 2
(Rsp)* = 2[?)‘%sn+|sn\ ] 2[(n Da* + V\)\—i—ua | cos O + |sn| }

Using (52), we obtain
1 0 0 1
2 > - 7 2 2 v - 2 ]
(Rsp)* > 2[(1+cos2)(n 1a” + <c0s2+cose>V]A+Va ]}

Since cos#/2 + cos @ > cos(mw/3 —0/2) — cos(w/3+0) > 0, it results that, as
above (adapting the constant C),

Rsy, > C(ﬂ\/ﬁ—i— ’/\ + VO(2’1/2>7

which ends the proof. O
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Now, from (51) we have the estimate

3M.
w el < n ,
W) < g e =)

and assuming that \ is such that |\ + va?| > €2, we choose n > 0 such that
€0
<C—,
T
so that

?Rsn—7]>C’<a\/n2—1+|/\+ua2|1/2—%0> > %(a\/n2—1+|)\+1/a2|1/2).

Finally we have (using |n| # 0)

cM,,
Y| < , 53
[waly)e™| < (n? —1a+ |\ + va?| (53)
hence
w o
Coming back to (50) we observe that
’na—i—sn _ |sp 4 nal?
na— s, |a? — | X +va?||
and assuming that |\ +va?| # o? when ) is real , it is clear that
|sn 4 nal? .
——————— < ¢y independent of n and A.
|sn|(Rsn — 1)
It results that
vY < _
Now we have
oo = _ Duy
" ina’
hence Du (1)
x Wn Y . Sn —no —S8
= 2 (0)— (e — TSy, 54
i) = =2, ) e, (5

It is easy to check that, after integration by parts,

/ Dgn(T)e_S”(y+T)dT,
0

Dw,(y) = / Dgp(r)e*"V=Tldr +

21/5n VSp
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and since

D
fn = gny ‘fn(y)eny’ S Mna
ina
we obtain
3M,

‘ Dw(y)

77@”
mao

< .
~ 2|sa|(Rsn —n)
Now collecting (54), (55), (53) for w,(0), and

1 |na + sp|

<
Ina — sp|(Rsp, — 1) (Rsp, — n)|a® — [N+ va?|| —

C4,

we obtain, with a constant ¢ independent of A

(1171125 + llgll3 ).

C

<« =
H,UHL% = ’)\+ Vag,

which is the result stated in Lemma 4.

6.3 Proof of Lemma 7

We first prove that the linear operator LX) is relatively bounded with respect

to LES)), namely that for v € H%

0
1ZO0] 5 < alloll g5 +BIZL) o]l 2, (56)

where we can assume b small. Indeed

Y
(LWy),, = —I1,, [inaUvn +U’ (”")} :

0

thus

||(L(1)U)n||cg < c(|n| +1)M,
where

sup [0n(y)|e™ = M,
hence )
NED0pl2y < 262 (0t + ) M2,

and since

ol = 3 M2,

In|>1
W%, = D n*M;+n?|Dogllgo + |1 D%val| 2o,
n | |>1 n n

n|>
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we obtain

1) 12 2 211,112 c 2
12O, < 2 ol + 55l

Thanks to the equivalence between HLEB))UH iz and |[|v]| i

(0)
||U||H% < KHL(V)UHig]a
we obtain (56) with b = Kce and a = ¢/2¢ which may be large.

Now, using (56) on v = (A — LES)))w together with the bounds obtained
in Lemma 4, we have

aH(A - LES)) HE(L2 HLE?) ng)) Hc(i%)
M + Kee(1+ |Ai|2|a2|)

provided
0 < arg(\ +va?) < 27/3 — 4.

It is clear that

_ 7(0)y—1 0y _ 7(0)\—1
aljo - £6) Hg(ig) ol £ - £ Hc(ig) <1
for € such that )
va“e 1
K65<2+ cC ) < 2
and imposing
C
A+ va?| > % (57)

Applying the theorem 3.17 p.214 in [13], we deduce that the set of \ satisfy-
ing (57) is included in the resolvent set of LES)) + LM = L,y when restricted
to the subspace IDLZ

Now in the subspace L°°, we have LU | jo = 0, hence the result holds.
This means that the spectrum of eigenvalues of L(,) is located in a right
bounded region as indicated in the Lemma.
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6.4 Proof of Lemma 8

Let us consider a sequence {v(™},en C Z, such that v™ and LES%U(”)

are bounded in X}, then the linear operator L1 g relatively compact with
respect to LES) if there exists a subsequence {v(p")}pneN such that L(1:¢)y(Pn)
converges in X&;.

We know that L1 € £(Z,,)),) acts separately in C(ﬁ%, H%) and can-
cels in LW W) so it is sufficient to work in E(ﬁg, H%)

Here we use an additional property of L(19) : the function U (y) tends
exponentially to Uy for y — oo as e Y. The m — th Fourier component

(U=Uy)-V)o+(v- V)U] (y) = (U(y) — Uy )imavm(y) + o5, (y)U' ()

m

is bounded by
Ke—(rtmy (1 + |m|) lom (y)e™| < Ke~Ortmy (1 + |m|)‘|vm||027

where
d o+ mQ)HUmH%g = Hvllf;%'

Im|>1

It appears, from the properties of the projection II described in Appendix
6.1, that

LM e £(Hy, L )N L(HZ HY ).

Let us show that the identity map H% .
for our purpose.
We define the space H% ~-and similarly L7277 N> Where

— L,27 is compact, which is sufficient

2T
i} = {# e [H'[(T.C(0. )] /O B, y)dr =0,V 7 =0, 0], = 0}.

Let us consider a sequence {U(n)}nEN bounded in H% +~> and the correspond-
: n)N soorrl
ing sequence {v(MN}, oy in H, ., where

SN () = v (y) for y € [0, N]
" 0fory>N

Then

2o — vV |2 + Do) — DoV |2y < 4MZe Y,
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where
M2 = m? o2 + Do 2.

Since the interval [0, N] is bounded, and the functions are bounded and

equicontinuous in y, there is a subsequence {v(pg)}n converging in L% N

when n — oo. 7
Now, for any N we have

N N —
[oe) = oo < KeTMey, for g > p,

. N . P
and €,, — 0 as n — oo since {vPn)}, is a Cauchy sequence in L%’N.

Now extracting the diagonal subsequence {v(p%)} N—oo We obtain a Cauchy
sequence {v®PN)} in L3, hence converging.

6.5 Proof of Lemma 9

To prove Lemma 9, let us proceed as in Appendix 6.2.2. We have explicitly
the solution v of

VITAD — H[U+(‘;LZ} — o= fel2, v0) =0,

with formulas (48), (49) in Appendix 6.2.2. The result is based on good
estimates given at Lemma 28, for s, and Rs,, — n where now

s, =n"o

A — inall
2 = n?a? + 2 R, > 0,

and 77 > 0 is small enough. We first observe that if A is such that s, =0 or

Rs, = n then X is situated in a very specific region which can be avoided for

a finite number of values 1 < |n| < Ny. Then it will be sufficient to obtain

lower estimates for |s,| and Rs, — n for values of n such that |n| > Np.
First consider A such that s, = 0. This implies

A = 71/042712, Ai = naly,
hence

v

Ao = ——x
7

()2, (58)

2

which means that A belongs to a parabola P;, truncated by A, < —va” since

In| > 1.
Now consider A such that Rs, = 7. This implies

A+ A2 + B2 =21,
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with

A—n2a? 4 g diznaly
v’ v '
Hence

B? = 4n* — 44An?,
which leads to
N — nalUy)? = 42n* — 41/772 A + va’n?
+ n

(\i — naly)?
)\7» = —T — I/(Oé

202 _ )
which is a set of parabolas in C with the following envelope (varying the

parameter |n| > 1)
v

S TR

U2 + 422" i

It results that if A is such that Rs, = n then

A =

v 2 2 2 2
)\7‘ S —mAZ +1/7] y )\7’ S —V(Oé —n ), (59)

which corresponds again to a parabolic region, truncated by A, < —v(a? —
n%) < 0 for n < a. It is clear that the parabola (58) is included in this region.
Let us choose A outside of region (59) and such that

0 < arg(A +va?) < 2n/3 -6,

and follow the method used in Appendix 6.2.2. We have for cosf > N%

U C
i e < £ for |n| > No,

where

2 92772
n“a U?

v

1
|sn |t > [(n2 —1)%at + ﬁ|/\ + Va2|2] +

and for cos(27/3 — §) < cosf < ]\%7

2 92772
n“a U?

v2

C 1
|sn|? > (1— | cos 6] — Fﬂ)[(n2 —1)%at + ﬁ\)\ + 1/042\2] +
so that in all cases

|5n|? > (cos0/2 — 61)[(n? — 1)a? + %]A + va?|],
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where 7 is such that

C

W)l/Q =cos6/2—01, 01 < g,
0

2
0/2 —
(cos“ 0/ No

using cos /2 > cos(n/3 —9/2) > 1/2.
Now we have

(Rs,)? > %{(1 +cos0/2 —61)(n? —1)a? + (cos /2 + cos ) — 51)%\)\—1—1/042]}.
We have now

cosf/2+cos — 6 > cos(m/3 —06/2) —cos(w/3+ ) — 01
f&

> —— — ¢4y for § small enough.

Hence choosing Ny large enough, such that

C VB

—_ < ,
Ny 8
we obtain the required estimates of Lemma 28 in Appendix 6.2.2.

Now, the inverse of LES)) + L9 — X is bounded in L2 by C/|X + va?|
provided that we adapt the constant C' in order to take care of the Fourier

components with [n| < Np.
The Lemma 9 is then proved.

6.6 Proof of Lemma 13
Let f € Ly°. Then v = (A — LES)))*l f is explicitely given by

oly) = 1/°°f<>s(y T>df+/ f()ewdr  (60)

2sv

—s(y+T
 2sv / fr

. L .
We want to estimate||e” )" f|| o, using
0 1 -1
Dy '/ext (A . Lgﬂ))) fdx, (61)
r

where the contour I' is detailed on Figure 3, where the limit § = 0 is ex-
pected.
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The estimate obtained at Lemma 4 is not sufficient, and does not use
the decay at oo of f(y). Now we have, with s2 = \/v, Rs > 0

I = L) e <

_ oo if — 2
< sy~ Ml 1 s —nl £, (62)

3

O TR
1= L)l < g

v

|l for 5 < s,

where we notice that Rs — 7 may be < 0. In fact, we use estimate (62) only
for large |A|. For bounded |A| we use next result.

6.6.1 Special estimates for bounded X
Let us come back to
Au—vD*u=f €L, v(0)=0. (63)
and assume that A is bounded. We first solve
vD%*y = —f,

looking for v such that v — 0 as y — co. We find

v(y) = _/yoo ds/sOO f(VT)dT,

so that

e~ -

e e~
s, || D? < - .
Wl 1070w < =1l

-ny
o [fllzge, IDv()Il <

lo(w)ll <

Let us now solve

Mo —vD?*w = —v
w(0) = 0,
leading to
— 00 y
w(y) = A / v(T)e* W dr — A v(r)e W dr
2sv J, 2sv Jq
A o0
A —s(y+7)
5w ; v(T)e dr,
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leading to

3s| 3|s|

|
lolleg < 2

holle < L) Al
1Dl < o |rLoo_3' L ey
D2~ < 3’A'||D o < 3‘*' L Fllase,
i.e.
falhwss < 20 (14 0l e

Now we solve
Mw; —vD?*w; =0, wi(0) = —v(0),

which leads to

I

|

<
—~
(=)
S~—
<-{)I
vl
<

w1 (y)

hence o 4| ’2
1+ |s|+|s
< — 5 Il

leHW2

The sum
U=v+w+w

satisfies (63) and we have the estimate

(1+| )?
W2°°_

= L] Iz < collfle  (64)
which is used for A = vs? bounded by a certain A.

6.6.2 Study of the contour integral
On the part I'g of I we have A = 6¢*?, —7/2 < § < /2. For any § > 0

ot [ (o) sl < M [

(&)
§5€5t||f||Lg°7

IN

which goes to 0 as § goes to 0, ¢t being fixed.
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On the part I'y we have A = —7 + i, 7 € [0,7], with v > 0 of order 1,
so that dA = —dr. Hence

71 -1 c 7 C oo 1 ~yt
H ; / 6)\t<)\ L(0)> fd)\H < OHfHLk/ 6—Ttd7_ OHfHLk ( e )
2im Jry ) L= 21 0 27 t

Now on the part 'y of the contour I' we have A\ = —y + i3, § € [0, 4], so
that d\ = df3, and the estimate (64) leads to

o [ (- 20) g < W )
2

It is then clear that the estimates for integral on I'; and I's may be obtained
in the same way and that the integral on 'y UT'; U T, UT9UTy has a limit
when 6 — 0. Completing with the rest of I' which is independent of 9, and
which is bounded in a standard way for ¢ € (0,1), and bounded for ¢ > 1

by ce~%*, we obtain an estimate of the form (the essential part comes from
the integral on I';)
Ly H 1 / At( 0\ %
@) o < ||=— A—L ) d)\H < — .
L )], = 1l

6.6.3 End of the proof

The rest of the proof of the first part of Lemma 13 results from the fact that

(0)
eL(”)t commutes with LES)) and from

)= 0= L

2.y _ 7 (0)
D*(\— L o)

—12
) ) Df
implying
(0) C
D2E 0 fll e < ——— | D2F]| oo
1D fllz < 711Dz
Moreover the interpolation estimate
IDv]| e < [[D*0] o0 + (0]l £ov,
is obtained in solving
D*v—v=geL>® v(0)=0.

Indeed this leads to

1 [ 1 [
v(y) = —2/0 g(T)e|TydT+2/0 g(m)e” ) dr,
L Ty L y—7 L —(T+y)
Du(y) = 5 g(T)e" Ydr — 5 g(m)e? " Tdr — 3 g(m)e dr,
0 Y 0
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and we obtain
1Dv]|roe < llgllzoe < [[D?lzo0 + [[v] poe.
Now taking v = (A — L ) 1 f we have the first part of the Lemma.
Let f e W, ™. Then the solution v(y) in W™ of
(A= L) =f

with s2 = \/v, Rs > 0, is given by (60) and after an integration by parts,
we have

1 o0 o0

1
Du(y) = 2sy feye v Tldr 4 52 | f(m)e v,

D*u(y) = /f _SdeT—{—l/oof/
Y

- / f(r)e *Wtdr,
vJo

It is clear that we have the estimates

onleoo for [\ < A
v o < , 65
Jolly {|“MmeﬁHA€F3 (65)
HD2 H { OHfHW1oo for |)\| <A
V|| [,oe )
\/m||f||W1 o for A € T'g
where A € T's is such that arg A = 27/3 — §, hence
1 3
RA =~ A\ = dIA], 4 <9 ~ \2[|)\| < 00
It results that for A € I' we have the estimates
C
(oo} < e 1N (oo}
[vllw2.ee < ) [0 (66)
(67)

v o0 §
o]l \/W\Ifllw

The estimate (66) implies the first part of the Lemma 13 already proved.
Estimate (67) leads to the second estimate (8) in Lemma 13, where we notice
that the behavior in 1/4/]A| for |\| large in the part T' of the integral (61)
gives the factor 1/4/ for ¢ near 0, while the integral on I'; gives a bound in
1/(1+t)ast— oo.
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6.7 Proof of Lemma 15

Let us solve the system

(I—eL?

OVue = ue i, u. € 2 (68)

hence in Fourier components

no 1 [u?
(D2 - S%)“a,n"" < D >Qn = a/(u:)’

T y -
inoug , + Duf, = 0,ucply=0 =0,

<

where
. . y _
mau, + Dul =0,

2 2 2
s =n‘o —.
" + eV
We then obtain
1
(D* —n*a®)[D? — sp)ul, = Q(DQ —n*a)ul,
uwl, = Dul, =0fory=0,

which allows to solve separately in uf, and uZ,,. First, we obtain

e—Sny _ e—TLOéy

Ugn(y) = wn(y) — Dwn(o)sn——na’ (69)
where
LI | ~ (r+y)
wa(y) = ~ o= /0 (e + o /0 w(r)e T dr,
After an integration by parts, we obtain
— 1 yD Y(r)e sn=T)q OOD Y(r)esnv=7) g
wn(y) - 281/8721 0 un(T>6 Ul 2€VS% ) un(T)e T
+ ! /00 Dul (t)e™* "W+ dr — ! ud (y)
2evs? Jo " evs? "

from which we deduce that

3M, M,
2ues? (s, —n)  evns?

|wn (y)e™| <

o7



where

n?|ul(y)e™|? + |Du(y)e™* < My,
ull, = M.
H
! In>1
We also have
Dwn(y) = - ! /yDuy(T)e_s”(y_T)dT ! /OODuy(T)e_s"(T_y)dr
2evsy Jo " 2evsn Jy n

[ (1+9)
_ D Y —Sn(TTY d
v /0 ul(1)e T,
from which we deduce that

3M,
| Dwy (y)e™| < -

~ 2uesp(sp—n)’

and
Dw,(y) = L ["pu (r)e ¥ Tdr — 1/00 Dul(r)e " dr
! 2ev Jo " 2ev J, n
1 o0
tom |, Dub()e T dr,
from which we deduce that
M,
D2wn(y)e™] < —on
2ve(sy, — 1)

Now, we show that there exists C' > 0 such that for |n| > 1

2
max{ 3n In| n| 3 } < C (70)

2ues2(sy, —n) ves?’ 2vesy(sn —n) 2ve(s, —n) el/2’
Indeed, we notice that
1
es2 = en*a®+1/v > §(a|n|\/§+ 122,

Valsi=n) > (ol = nV2VE +072),

so that, for 1 small enough, there exists ¢ > 0 independent of n and & such
that
VESn > VE(sn —1) > c<\n\\/§+ 1).
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Then, we have (with X = |n|\/c)

3n? < 3n2\/c < C1 X? < C
2ues (s, —n) ~ 2ve(|n|y/e+1)2 T e (X +1)3 — gl/2’
In| 1 X C
< <
2uesy(sn — 1) ~ 2wt/ (X +1)2 — £1/2
3 3 1 C
< <

e(sy, —n) ~ 2evy/e X +1 ~ /27
showing that (70) holds true. It then results that
4 2 2 2 2, (12 My
nlwnliZy + n2 | Dwnl2 + |1 DPwallZy < C1=2,

Coming back to (69), we use (assuming from now on that n > 0)

M,

D n < 77X: 9
[ Dwn (0)] _CO(X—|—1)2 ny/€,

and good estimates for the function of y defined by
def € 5nY — emnay
Sp — NQ

Indeed, we have

le=(ra=my _ o= (sn=my

—(na— n)y( — ¢~ (snna)y)

e

<
< (sn —na)
(na—n)e’
hence there exists C' > 0 such that
C
lballey < =
and M
2 n n
Now
Dbn(y) _ noe~"Y — Sne_sny _ sy n na(e‘nay — e_Sny)
Sy — N Sp — X
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hence there exists C' > 0 such that
|Dbulc < C

and

N MX M,
(X412~ *VaX +1)2 —

[ D, (0) Dby ey < C1 M,

In the same way, we have

n2a2(e—sny _ e—nozy)

D?bu(y) = (sn +na)e™¥ +

Sp — nQ
leading to
X+1
2
D%y < €5~
hence
| Dw,, (0)D?b, || co < coC3M, 1 ot
Finally

4 2 2 2 2 2
nllugnlicy +n7llDudplice + 1D ugnllcy < C—*
Let us now consider uy, .. We have

X
(D? — 2yl = —inagy+ -, u? (0) =0,
’ Vpe

n,Ee

hence

D?uf,,(0
n(y) = 2o g,
and
L[ ~sn (=) L[ (v-7)
Une(y) = 251/3%/0 DuZ(t)e "W~ dr — 25us%/y Dut(7)es W= dr
bgs [ D@0 - L
2evs;, Jo " evs? "
iD*uZ (0 Y | o—Sny
+2V2:(> <_bn(y) + W) .
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It appears that the estimates on the part without D?uf,(0) is the same as
the estimates obtained for wy,(y). Now we have in addition, as seen above

iD?u? ,(0) <C M, ’
X +1

2vs,

X+1
R

n? (bl + nllDballce + [[Dbllee < Ci
Finally, we easily have

9 e—nay + e—Sny
n —

H nae "YW 4 spe” Y H n2a2e " 4 s2e=sny
n

Sn + na o Sp + na o Sy + nao
X+1
S 02 il )
NG
hence finally
4 2 2 2 2 2 M
i llucnlicy +n7llDucylice + 1D%ugnllcy < €%,

which ends the proof of the Lemma 15.

6.8 Complementary estimate on (L, — A)_lﬁ

Let us consider v € Hg solution of
(Lyw—ANv=feL,

for A ¢ Xy, .. We have

Ly = L + LO, with LO — pia — @9

s v,w v,w a 875 )

and going to the Fourier components, we obtain

[(Lu?w)n - )‘]Un + (L(l))nvn = fn,

T Y

(L) nvnllco < C(1+ [n])|vnllco-

with

hence
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Now, from the computation above, we know that for A ¢ Xy,

C
<
£c9) — (n?=1)+ A+ va?|’

iz -7
so that there exists Ny such that for |n| > Ny

|E)n = N ED),

<1/2
cen SV2

hence, for |n| > Ny
lonlleg < 2MEL)n — N Fulley

2C

<
- =1+ A+v

ey

Now consider a contour I' such as the one described at Figure 2, we can
choose I' such that there is no eigenvalue (bounded discrete set) of (L, )x,
on it for 1 < |n| < Ny, it results easily that for A € I" there exists M > 0
with

~ M
-1 o -
(Lo =N Pl azy < Nt o2
~ M
-1 . M
(Lo =N Pl a2y < Nt va212’

19
(Lo~ N7 Pl iy < M.
We may observe that, for A € T', there exists C' > 0 and a > 0 such that

1
A+ Va2| > a(a2 + |A]).

6.9 Estimate for (A — A.)"! for A € I, and for e4<!

Let us estimate the solution of
()\ - Aa)u =fe QaXn;
where we look for u € Q.Z,. We look for

u = Puc+w+u, B= <U7¢>{>7 <u7¢8> =0,
Pu = ﬂPug—F@, Pou:ﬂPoug—i-uo,
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with

fo= muet+g+ fo. n={f¢1), {f ) =0,
Pf = nPu.+g, Bf =nPoue + fo,

and

A (fus +w+wy) = Posus+ Aw+ Acug,
Acug = LOug+2Q-B(Vz, ug),
A = Q.[L,.0+2B(V.,w)].

Then, we obtain the following system for the unknown 3, w, ug :

(A= 02)8 =1+ ([Lyw — Lugwy + 2B(Ve, )(@ +uo), 83),  (71)

(A= PA)G = G+ 2PQ.B(V.,up), (72)
()\ - Ll(,o))uo == fO + 2POB(‘/}5a ﬂj)v (73)

and we need to estimate the solution all along the curve I' described by A.
Now we fix the choice of I' in such a way that v which fixes the parts I'y
and I'y is such that

v =K% ~|o.|/2,

so that the curves I'g UT'y U T lie on the right of the real eigenvalue 0. =
—|oe|. We notice that the operator PA, is

Qs(Lu,w + QﬁB(f/\Ysa ))a

and we notice that for ¢ = 0, it is the operator QoL,, ., which has a simple
eigenvalue 0, eliminated when it is acting in the subspace orthogonal to ¢7.
The remaining spectrum is then a perturbation of order e of the spectrum
of L, ., except the eigenvalue close to 0, i.e. its spectrum is "far” on the left
from the imaginary axis. It results from estimates obtained at Appendix
6.8, that we have, with a certain a > 0 the estimates

C

| =Pad = oy

for A e,

and in the same way

C

<—— _ for\erT, 74
COHLAZ) ~ a+ |A\V? o (74)

o 7|
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using the following property for A € I’

1 < c
IA+va?| ~ a?+ ||’

for some ¢, a > 0.

From (72), (73) we obtain immediately, for A € T',
W= (A= PA)7'G+2(\ — PA.) ' PQ.B(Vz, u)
up = (A — LN fo + 200 = LY 'Ry B(V., ).
Finally we obtain

@— Doy = (A—PA) G420\ = PA)'PQ.B[V.,(A— L) fy,
up — Eepug = (A= L) o+ 200 — L)1 B[V., (A — PA.) 1],

where we need to estimate the operator D, ) acting on w :

— de ~ 1= -~ _ ~
Doy ™ 4\ — PA)TPQ.B[V., (A — L)' P, B(V., )], (75)

and the operator I, ) acting on ug :

de _ = ~ 1 =
Bouo a0 — LOY 1Py B[V., (A — PAL) ' PQ.B(V-, up)). (76)

6.9.1 Estimate for D, )
We have

HDE,AHL(Q%) < CEQH()‘ - PAe)_ng(g}]’g%)H(/\ - LI(/0)>_1”£(W%’W2,00)7
hence, using (64) and (74),

cC?e?

||Da,)\H£ 2 < < 0162, for A € I's
WD = /(@ + /)
2.2
< CTED 2 for AeToUT, UT,
(a++/IA])

It results that for ¢ small enough, the operator I — D, ) has a bounded
inverse in L(H,).
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6.9.2 Estimate for FE. )

In the same way, we have
HEE,)\HL(Wzoo) < 052”(/\ - Lz(/o))_l Hﬁ([/i/}%ﬁ/loo) H(/\ - PAs)_ng(gg],g;]),

hence

|| Ex, < Che?, for A el

A ||£(W2,oo)

It results that, for € small enough, the operator I — E. 5 has a bounded
inverse in £(W2%).

6.9.3 Estimates related to g and fj

we have now

- . Ce
2PQ.B[Vey A= LY folll 7 < <200, for A\ €T
H Q- [ € ( ) fO]HH% = \/W(l_i_\/m)’nfﬂ”wg 3
C()Cé‘
< ———— |\ follgr2.00, for A€ TgUTy U,
(1+ I/\D,H i
~ ~ Ce
1~ ~
2Py B[V., (A — PA,) 9||V°V7} < mHgHﬁjg-

For g € H% and fj in W,7loo we obtain instead

~ ~ Ce
_ 1,01 N O e
[2RBIV- (A~ PA) il < — [l
0 € £ g W”} = at ’)\| g H,,l]
6.9.4 Estimate related to §
For the component 8 of u we obtain
n € ~
= F
p AN—o0: AN—o¢ (@ + uo)

[E(w +uo)l < Cw] gy + l[uollyr<):

where for A € I' we have |\ — 0| > $x%¢? by construction.
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6.9.5 Estimates for A<t

We still use the contour I' defined in Figure 3 with v = k%c? ~ |o.|/2. We
realize that
- _ 1 -
Pt + G+ fo) = - / e (@ + BPuc ) dA
r

20T

1
Poet(nus + G+ fo) = %r/rekt(qurBPous)d)\

where the explicit part of 8 gives

1 AN —|oelt
— —d\ = el 77
2i7r/pe A—o. e (77)
Now we use on I's,
lole < =Sl + o7 1ol
) — g "2,00,
iy = @ T @+ A+
lollome < ¢ sl 4l
Ul ir2,00 < 0llyi2.00 + g )
we VINA+ /I T @2 e+

and on I'g UT'; UT,

CCOC €

1@l < [l + = 1ol
H% = a2+|)\| gH% ( ’)\ 0W007

ped 151
@@ pnat v

Uo|lirz,0 <
H 0HW27 1+\/|7 HfOHW

and for g € H,% and fo in W,™

lol < —C i + e 1ol
o O o
= |A| 0+ D+ V) W

cC?e -
[wollyizee < ———=Ifollyy;1. 191l g1
\/IAI ( + VAN +VIAD d

It results that there exists M (g) > 0 such that

‘1/ X
A% T

1 At M(e)
o [ < 21 ]

M(e)
14¢

(1515 + I foll gz |

<
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and for g € H% and fy in W,}Oo
M(e) L M)

1 At~ follyi;.
< _— ° ,00

1 \ M(e) L M)
e T P T M s

Now we also have

1 1
/ eMBdN\ = ne~loelt 4 /e)‘t ©F(@ + ug)d,
2l7T T T

2 A—0¢

with

1 a € ~
— F ax|
‘27:7T/I‘€ A—o0¢ (@ + uo)

c 1 v
(== d)\H ).
€ <‘ 22'7T/p 2im / et leOO)

Since it is sufficient to estimate (W + ug) in H% @ W similarly, we have

e

L[ x_ € cM(e) /-
) oL d)\’ ( a i Yc>0> .
b /F 3o P @ u)dA] < s (1@ + ol
Finally, we obtain the following estimates for a certain constant C(¢)
PO
e ulz, < T

In the same way, for g € H% and fy in I/[/'77’oo we obtain

5 CE) % C(e)
Act . < T\ . -
1Pl ey < s ﬁ)HPuHH% Pl
C), 5 C(e)
PheAet . < I SV | =T
1Poe™ ull iy < 17 8 Vi v i
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