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Abstract

The Couette-Taylor instability occurs in a viscous fluid confined between two
coaxial rotating cylinders. When the Taylor number surpasses a critical value,
the stable Couette flow destabilizes, giving way to steady Taylor vortices. As
the Taylor number increases further, these vortices themselves become unstable,
transitioning into wavy Taylor vortices.

In this article, we focus on the small-gap limit, where the ratio of the cylinder
radii approaches unity and the rotation rates of the cylinders are nearly identical.
We provide a rigorous proof of the existence of a critical Taylor number T, at
which the Couette flow loses stability.

For Taylor numbers just above T, —under fixed axial periodicity—the solu-
tions to the limiting Navier-Stokes system are governed by a Ginzburg-Landau-
type partial differential equation. Beyond the classical Taylor vortex flow, we
demonstrate that a two-parameter family of solutions emerges at criticality for
T > T,. This family includes not only wavy vortices but also a variety of other
exotic flow patterns, all of which remain steady in the frame rotating at the
average angular velocity of the cylinders.
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1 Introduction

In this article, we study the classical problem of the flow of a viscous fluid
between two rotating cylinders, motivated in particular by the works of M.
Nagata [5], [6], [7]. More precisely, we consider the Navier-Stokes equations

Ou+ (u-V)u—vAu+ Vp=0, (1)

V-u=0 (2)

in the domain
Q:{(r,gp,z) | ri<r<7“o}.

In these equations, u(t, z,y, z) denotes the velocity of the fluid, p(¢,z,y, z) the
pressure, and v > 0 the viscosity. Moreover, (r, ¢, z) are the cylindrical coordi-
nates. The domain (2 is the interval between two cylinders with the same axis
at r = 0, the inner one being of radius r; and the outer one being of radius 7.

The inner cylinder (respectively the outer) rotates with an angular velocity
w; (respectively, w,). We assume that the fluid “sticks” to the boundary, namely
that the velocity of the fluid equals the velocity of the cylinders at r = r; and
r="7,.

Let us define the gap d, the radii ratio n and the ratio of rotation rates p by

T _ Wo

d:TO_T’L'a n=—, = —.
To Wi

We work in a rotating frame, with a rotation rate 2, defined by

w; + W, 1+ pu
Q= > :wiT.




We consider the stability and bifurcations of the Couette flow, defined by
B
U(r) =rQot(r) = (A = Qup)r + —, (3)

in this rotating frame, where A and B are constants such that the velocity of the
fluid coincides with the velocity of the cylinders at the inner and outer cylinders
2 1— U

N )
A—wim7 B—wzrim.

We focus on the small gap / slow rotation / high Reynolds regime where

d2 (1 —
n—1, w—1, w=w;— — 0, %:M%oo, (4)
v -n

and we define the Taylor number to be
T = 208R.

We refer to section 2 for the adimensionalization of the Navier-Stokes equations.
We first consider axi-symmetric perturbations and prove the existence of a
critical Taylor number 7.

Theorem 1.1. Forn and p close enough to 1, there exists T, > 0 such that the
Couette flow (3) is linearly stable with respect to azisymmetric perturbations if
T < T, and linearly unstable if T > T,.

Let a be the Fourier wave number associated with the axial coordinate z.
Using the method of oscillating kernels, without taking our asymptotics, V.
Yudovich [10] proved that for every a #0, there exists a critical Taylor number
T.(a)) > 0. This number defines the stability threshold for the Couette flow with
respect to axisymmetric perturbations: the flow is stable for T' < T.(«) and
unstable for T' > T.(«). Furthermore, V. Yudovich proved that the function
T.() is even, analytic, and goes to infinity as « approaches to 0 or to +oc.
Consequently, the critical Taylor number

T. = glei]%Tc(a) >0
is well defined. However, it remains an open question whether this minimum
is achieved at only two critical wavenumbers, +a, or if additional values of «
may also yield the minimum.

Thanks to our triple limit n — 1, © — 1, @ — 0, the analysis of linear
stability is significantly simplified. In this regime, the theory of oscillating ker-
nels is no longer required, and the problem reduces to determining whether a
certain self-adjoint operator admits a positive eigenvalue. Specifically, it suf-
fices to investigate whether 0 is an eigenvalue of a 6 x 6 system of ordinary
differential equations, whose solutions can be computed explicitly. For a fixed



a, T.(a) is characterized as the smallest positive root of an explicit hyperbolic-
trigonometric function, ensuring its existence (see Lemma 3.2). Numerically, it
is straightforward to tabulate T.(«) as the zeros of this explicit function. Our
calculations reveal that the global minimum 7T, ~ 1708 is achieved at only two
wavenumbers, o« = +a, ~ £3.117, in agreement with classical results [2].

We then turn to non axi-symmetric perturbations. Let 5 denote the az-
imuthal wave number.

Theorem 1.2. For fizred axial wavelength, if |BR| small enough, then the set
of eigenvalues of the linearized operator near the Couette flow is composed of a
denumerable set of real intervals. The largest eigenvalue X is double. Moreover,
for T > T., X\ crosses 0 together with an interval of real eigenvalues of length

T —T,—b(BR)? (b>0).

The theorem follows from Lemmas 4.1 and 4.2 and is based on the detailed
analysis of the eigenvalue A\g with the largest real part. We prove that g is
real, and that for T close to T., a close to a., and SR close to 0,

Ao = a3(T = T.) + as(BR)* + ag(a® —aZ)* +-- -
where a3 > 0, ag < 0 (proved numerically) and ag < 0.

Remark 1.3. It is a remarkable fact that all eigenvalues are real, despite the
non-self-adjointness of the linearized operator. This is due to an additional
symmetry with respect to the z axis that commutes with the system (see Lemma
4.1). This is specific to our limit case. Moreover, at criticality the eigenvalue
0 is not isolated, which prevents us from using classical reduction methods for
bifurcation problems.

As n — 1, the azimuthal period tends to infinity, so the azimuthal angle ¢
may be treated as a real variable y € R (see section 2 for the detailed compu-
tations). In this limit, the initial Navier-Stokes system turns into a new system
(26) that we call the limiting Navier-Stokes system.

For T > T. with T close to T., the Couette flow is unstable with re-
spect to perturbations with small azimuthal wave number 8. For the limiting
Navier—Stokes system (26), the dynamics of this nonlinear instability can be
formally described by a Ginzburg-Landau equation, written on an amplitude
A(t,y), which satisfies

oA 024 ,
E :0,3(T—TC>A—CL4% aiyz _CA‘A| 5 (5)

where c is a positive real number. We do not attempt to justify (5) here. Instead,
we focus on the time independent Ginzburg-Landau equation
0%A

az(T —T.)A — a4m2872 —cA|A]? = 0. (6)



Using the methods of spatial dynamics, in particular the approach of [4], it
can be proved that small-amplitude stationary solutions of the limiting Navier-
Stokes system (26) are, at leading order, described by small solutions of (6).
The argument in [4], developed for a nearby problem, carries over to our cur-
rent problem with only minor and simple modifications. To avoid reproducing
a lengthy classical proof, we omit this justification and focus instead on the
analysis of (6). The next Theorem describes the small-amplitude solutions of

(6)-

Theorem 1.4. For T > T, in addition to the constant solutions, a one param-
eter family of solutions of (6) bifurcates supercritically. For these solutions, the
amplitude A has a constant modulus |A| (independent of y) and a phase that is
linear in y.

Moreover, a two-parameters family of exotic solutions of (6) bifurcates, with
a modulus |A| which oscillates periodically in y, and a phase that is the sum of
an oscillating part and a linear part (see Figures 1 and 4).

In the theorem above, the constant solution corresponds to the steady axi-
symmetric Taylor vortex flow. The one-parameter family of solutions corre-
sponds to three dimensional wavy vortices, which are steady in the rotating
frame. The two-parameters family corresponds to exotic solutions of the lim-
iting Navier-Stokes equations (26), whose amplitude oscillates periodically in

Y.

2 The Navier-Stokes equations in cylindrical co-
ordinates

In this section, we adimensionalize the Navier-Stokes equations in cylindrical
coordinates. In cylindrical coordinates, a (not necessarily axi-symmetric) per-
turbation (u,uy,u.,p) of the Couette flow (3) satisfies the system (see [6])

0 1 20 19)
( V(Acyl*ﬁ))ur‘F ﬂ+7p

ot Vﬁ dp  Or
du, u?
_ —th% + 20ortty + 2 + 2 pup — (- V),
0 1 2 Ou, 10p
(5 7B = 3)Jwe vz 50+ 50

0 r
= 7Qrot alf; 7U/Ur - Qrotur - Grlle - QQTfuT - (u ! V)U<P7
0 0 ou,
(a_VAcyouz + £ = —Qpot 8@ - (u : v)um

together with the incompressibility condition, which in cylindrical coordinates

reads
ou, U, 1 Ou, Ou,

8r+r+r8g0 0z =0




Here the Coriolis term is added on the right-hand side, and A.y; is the Laplace
operator in cylindrical coordinates, namely
A _82+18+1 82+82
ot oz T ror g2 0p2 022
We perform the change of variables

r—r r

z ~
T = J = — Z = — t= —t
x d ) y dsD7 z d7 dQ?

where 7 is the average radius

. TotT 1+n
= = —T.

2 2

We rescale the velocity and the pressure by

u(t.rp.2) = Sl .9.2).
v oo
p(t7 T, P, Z) = ﬁp(fﬂ x,Y, Z)
Using the identities obtained in Appendix 6.1, we have
0 4\ op .. 0uz . . . . . 0tz
(a—2§ — A)ui + i S{xa—g +w(l+4p)iug — (a-V)as + (’)(w(l - M)a—y)

o

9y

+O(1 - n)%is — 2(@(1 — )i+ 01— n))ag +O(1—n)

(I—n)d+n)\.
+ ((1 — T])2£L’ + f%@
o  i\.  Op Oug (L= +n?) . . R s
. Otz R 0y 9.
+0(1 —mn) (uruy + a—y) + O(w(l — 1) 99 ) + O(1 —n)“ug,
0 N\ . op . 0u:z . R . Otz
(a—ffA)uer%—iﬁz % 7(u~V)uz+(’)(w(lf,u) 8@)7
o Ty "oz U ) (as + ag)'

In this system, O(-) denotes various smooth functions that go to zero in the
limit (4). We drop the hats and the linearized system takes the form

8tu = E(,W)u. (7)

3 Linear analysis in the axi-symmetric case

We first focus on radial, namely axi-symmetric instabilities, which are thus
independent of y.



3.1 Study of the linearized operator L,
For y independent functions, the linearized axisymmetric Navier-Stokes equa-

tions (7) read

(2~ a)ur+ 2 = w14y — 21— )+ O ) oty + O(1 — 1),

( 0 A)uy = [ww —w(l+ u)}ur +O0(1 - n)?u,,

ot 1-—n?
0 Op
Ouy ~ Ou,
Ox + 0z = O(1 = n)us.

Let us take the Fourier transform in the z variable and denote by « the Fourier
variable. We moreover take the Laplace transform in time and denote by A the
Laplace variable. Rescaling u, with

Uy = Ry,

and assuming that w9 is bounded, this leads to the system (where D = 9/0x)

A+ a* = D?u, + Dp—Ta, = O1— p)i, + O —n)’u,,
~ w ~
A +a® =DM, —u, = (9(&)%: +O(1 — n)*a,,
A+a? - DHu, +iap = 0,
Du, +iau, = O(1—n)u,.

Now, we multiply the first equation by a? and add iaD times the third one,
which gives

(A +a? — D*)(a®u, + iaDu,) — o*T, = O(1 — p)i, + O(1 — n)?u,.
We replace iaDu, by its expression from the fourth equation, and obtain
(A +a? — D3[(a? — D*uy + O(1 — n)Du,] — o*Ta, = O(1 — )iy, + O(1 — n)*uy,
(A +a? — D)y, — uy = 0(%)% +0(1 - )24,
We define now
I, = [(a> = D?) + 01 = n)D] us,
then the system above becomes

(M+a?—D),—aTi, = O(1—pu)i,+0(1-n)* [(a® — D?) + O(1 —)D] ' T,

(A +a? = D¥iy, — [(a® — D*) + O(1 - 77)1)]’1 I, =01 —n)*u, + O(%)%-



Since the operator [(a? — D?) 4+ O(1 — n)D)] s bounded, taking into account
of the boundary conditions u,(41/2) = 0 on u,, it is clear that, for (1—n), (1—pu)
and w/M close to 0, adding the boundary conditions on u, and the complemen-
tary ones on u, the operator on the right hand side is a small relatively compact
perturbation of the operator acting on the left side on (I'y,4y).

This implies that the eigenvalues \ are obtained via the simple perturbation
theory from the eigenvalues of the linear operator obtained for n =1, u = 1, i.e.

(A +a? — D*)(a® — D*)u, — a®Tu, = 0, (8)
(A +a? =D, —u, = 0.

3.2 Study of £,

For (n,u) = (1,1) we consider the eigenvalue problem

M, = (D?—a?)u, — Dp+ Ta,

N, = (D?*—a®)ty, + ug

M, = (D?—a*)u, —iap 9)
0 = Dug+icu,,

with the boundary conditions u, = 4, = u, = 0 in & = £1/2. We denote the
right-hand side of (9)1,2,3 to be the operator £;  acting on u = (uy, Uy, u,). As
seen above, this leads to the 6th-order differential equation

(A +a? — DH?(a? — D*)uy — o*Tu, = 0, (10)
with the boundary conditions
Uy = Duy =y = 0,2 = £1/2.
Then we show the following

Lemma 3.1. Let o > 0. The spectrum of L1 o is only composed of real isolated
(at least double) eigenvalues

< A << A< A < X

where \g < 0 for T < o*, and \, — —00 as n — 0.

Proof. The linear operator £L; , is symmetric with the following suitable scalar
product in [L?(—1/2,1/2)]3 :

1/2 -
(u,v) :/ ) Uz Ug + Ty 0y + u, U d.
—1/2

Indeed we obtain, using the divergence free condition on u and v, and integration
by parts
(L1,0u,v) = (u, L1,40).



Since it is known that the Stokes operator on

{L?[(_uz, 1/2) x R/(zw/a)Z]}Q

with the above boundary conditions is self-adjoint, negative, and idem for the
operator acting on u,, we deduce that the operator £;  is self-adjoint, hence
its spectrum is real. Moreover, as for the Stokes operator, it has a compact
resolvent, hence all its eigenvalues are real, discrete, with only an accumulation
at —oo. They all are at least double because of the symmetry +a.

Moreover, the largest eigenvalue \g is negative if T < a? as can be seen by
studying (L1 qu,u). O

We now study when 0 is an eigenvalue of £ .

Lemma 3.2. Let a > 0,

o= (Ta?)Y3,
and let
¥ = 0-a?>>0
ay = a? + +Vat+ a?o + o2, (11)

f
by = ——— \/a4+a20+02—a2—g.
ﬁ 2

Then A =0 is an eigenvalue of Ly o if and only if §1 =0 or §2 = 0 where

31 = 71)1 tan %(COShQQ+COS b2)+(\/§b2*d2) sinha2+(\/§a2+b2) Sinbg (12)
and
T2 := by (coshay —cos b2)+tan%[(\/§b2—a2) sinhag—(\/gag—&—bg) sin by]. (13)

The solutions of §1 = 0 give components uz, u, even in x, and u, odd in x. The
solutions of §2 = 0 give components u,,u, odd in x and u, even in x.

The proof of this Lemma is in Appendix 6.2. We now study the zeroes of
$1 and §».

Lemma 3.3. Let a > 0. Then §1(o,T) = 0 and F2(a, T) = 0 have infinitely
many positive solutions T'.

Proof. Note that, if we define & = 0/a?, az may be rewritten

|a] \/ o e
=—7=\/1+5+V1+5+52
V2 2
and similarly for bs. Moreover, we have for large &

by ~ Vo, azw%, sz—%-

The end of the proof is then straightforward from expressions (12) and (13). O




Definition 3.4. For a > 0, we define T.(«) to be the smallest positive zero of
$1 and §o.

Remark 3.5. It is very easy to compute numerically T.(a). Numerically, we
find that §1 = 0 gives T.(a) minimum for a = a. ~ 3.117 and T.(a.) =~ 1708
(see Appendiz 7.2), which are the classical values [2]. The equation F2 = 0
gives a larger value for T,. This is analogue to what happens (see [8]) in the
convection problem, where the components uy,u, of the eigenvector which are
even in = are more unstable that the odd ones.

3.3 A first bifurcation

When T' < T, all the eigenvalues of £L; , are real and negative. When T = T¢,
one eigenvalue is 0. For T > T,, close to T,, one eigenvalue is positive and
small. As a consequence, taking into account of the O(2) symmetry, we have a
pitchfork bifurcation (see [1]) at T..

The eigenvalues and eigenvectors of the full system are perturbations of the
eigenvalues and eigenvectors of £ . They are of the form

, oM~
((z,2) =™ | O(1)
O™
Let « = cv.. The eigenmodes corresponding to 0 are of the form

((,2) = €5 (x)

with its complex conjugate for —a.. The bifurcating flow is called the “Taylor
vortex flow” (TVF) and has the form (we choose a solution invariant under the
symmetry z — —z):

A(C+O) +0O(AP), AcR.

The Landau equation of A is described in Appendix 6.3 (see in particular formula
(37)). We have a line of solutions in translating the z coordinate (changing the
phase of amplitude A). On this line there is another symmetric solution obtained
by shifting z to z + 7/a.

4 Linear analysis in the non axisymmetric case

We now study general, non axi-symmetric perturbations.

10



4.1 Set up

At the leading order of the linearized system (7), we obtain the following system

( 0 A)ux + 9 _ maum + 2wy,

ot Ox dy
0 dp . Ouy
(E_A>uy+67y_mx By + Ruy,,
0 dp ou,
(a—A>uz—|—$—iﬂx y

Ouy, . % n Ou,
oz dy 0z

=0.

We take the Fourier transform in z with dual variable «, the Fourier transform

in y, with dual variable 3, and the Laplace transform in time, with dual variable
A. This leads to

0
A= 0%+ o + B*)u, + a—]; = ifRrus + 2wuy,
(A= 02 + o + BHuy, + iBp = iBRzu, + Ru,,
(A= 02 4+ o® + B*)u, +iap = ifRru,,

ou | .
— +ifuy +iau, = 0.
x

0

It is thus natural to assume that
B = PR

remains constant as SR goes to infinity. As a consequence, 3 goes to 0 as R goes
to infinity. The system thus simplifies into
(A +a? — D?* — iBx)u, + Dp = 2w,
(A4 a? — D? — iBx)u, +iBp = Ru,,
(A +a? — D* —iBx)u, +iap =0,
Dug + ifuy +iou, = 0,

(14)

where D = 8,.. Applying (A + a? — D? — i®Bz) to (14)4 and using (14)3 3 leads
to
(A +a? — D? — iBx)Du, + (o + f*)p = —iBu,. (15)

Hence, 32 should be neglected with respect to a?. Applying —D to (15) and
adding o? times (14);, we have

(A +a? — D* —iBz)(a® — D*)u, = 2wa’u,.

Finally, rescaling u, in
Uy = Ry,

11



it is now clear that i8p should be neglected in the second line of (14). We obtain
the system

(A+a? - D? —iBz)(a? — D*)u, = Ta’u, (16)
(A+a® = D? —iBx)i, = uyg, (17)

where the parameters are o, T, B, and where the boundary conditions are
Uy = Uy = Duy, =0, z==%1/2.

In the sequel, we will drop the hat on u,.

4.2 Expansion of A

In the previous section we have rescaled u, in u, = Ru,, and have neglected 32
with respect to o and 8p in the equation on uy. The linear system which we
study (to be compared with (7)) is now

(O —ADuL +Vip = Radyui + (Ty,0), (18)
(O —A)uy, = Rzdyuy + ug,
Vi-uy +Rou, = 0,

with 27 /a periodicity in z and boundary conditions
up =uy =0,2==1/2,

and where the index | means (z,2) components. Looking for solutions of the
form

az+6y)+)\t(uL, ay)t,

u= el
where u | , U, are functions of x, we obtain the system (16,17) in setting B = SR,
T = 2wWRA.

We know that A = 0 is the largest eigenvalue when 8 = 0, and T' = T,.(«, 0).
Moreover, T.(c,0) has a strict minimum at o, (see figure 5 for numerical evi-
dence), i.e.

dT, d?T,
da da?

We note that, for a given («,B), the eigenvalue A gives a unique eigenvector
U = (ug,uy)(x), even though A is a double eigenvalue when we take into account
of the symmetry z — —z and of the third component u,. The analyticity of the
linear operator in («,B) leads to the same analyticity for .

We first prove that the eigenvalues A are real.

(a,0) =0,

(e, 0) > 0.

Lemma 4.1. The eigenvalues A are real and are even functions of a and of 5.

Proof. Thanks to the form of system (16,17) we have the following symmetry
properties for A, B):

12



i) changing B in —% changes ) in ), and for B = 0, ) is real.

ii) Changing (z,B, uz(x), uy(2)) into (—z, =B, uy(—z), uy(—2x)) shows that
the same A is valid for the eigenvector (ug(—x),u,(—x)). Hence

Mo, B) = Mo, —B) = A, B).

Finally, the evenness property in « is obvious. O

Let us give the Taylor expansion of the largest eigenvalue )y in the neigh-
borhood of 0, for («,T,B) close to (a.,T.,0). From the previous Lemma, we
have

Ao = ag(a?® — a?) 4+ azT + asB? + ag(a® — a?)? + a7B%(a? — o?) (19)
+ agr(a® — ) +ap® + - -,
where all coeflicients a; are real and

T:=T—-"T.,.

Note that a? — a2 is at leading order proportional to a — a since
® —a? = (a—a)(a+a) =2a(a—a.) + O((a - ac)z).

Lemma 4.2. We have as =0, ag > 0, and we obtain numerically that aqy < 0,
ag <0 .

Proof. Since 7 = 0 corresponds to the strict minimum of 7" at & = a, when
B =0, we have

or

%(acv O) =0, (20)
2
%(aC,O) > 0. (21)

Fixing A\g = B = 0 in (19), taking derivative with respect to a and evaluating
at o = a, (20) implies ag = 0.

Next we prove that the coefficient a3 is positive. Let us denote by Lg the
linear operator defined as

_( —(a2 = D*)*uy + Tealu,
Lol = ( (D? — a?)uy + uy ’

where
U = (ug,uy)' uy = Duy = uy = 0,0 = £1/2.

Now the eigenvector of Lg for the eigenvalue 0 is
0,0
C = ( ) uy)ta

13



so that
Lo¢ =0.

Moreover, it is seen in Lemma 3.2 (see also Remark 3.5) that uJ, ) are even in
x. The system (16), (17) may be written as

Mo(Ho + aHp10)U = LoU +BL1ooU + aLo1oU + 7Loo1 U +
+%aL110U + aTL()uU + aQLOQ()U, (22)
with @ = a? — a? and
a2 — Du, Uy
H0U<(Cuy) ),H010U(0>7
_( iz(a? — D*)u, [ —2(a? = D*)u, + T.uy
LiooU = ( iu, s Lo1oU = _u, ;

2 ~ _
Loo1U = < ozcouy ),LMOU ( mgm )aLOHU ( %y >3L020 ( (1)695 )

As for the proof of selfadjointness of £; o, we may prove that L is selfadjoint
in [L%(—1/2,1/2)]? with the scalar product

1/2
U,V = / (s T5 + 02Ty o) de,
~1/2

so that
(LoU, V) = (U, LyV), for any U,V € dom(Ly).

It results that ( is orthogonal to the range of Lg. In the following computation,
we use

1/2
(HoU, U = / (1Dual? + a2fus|? + a2Toluy|)da > 0
—1/2
for U # 0. We also expand the eigenvector U as
U= C—i—%U(lOO)+aU(010)—l—TU(OOl)—i—%aU(HO)—|—&TU(011)+a2U(020)+%2U(200)+...

and identify the coefficients of &, 7,9, 82 in (22) where X is expanded in (19):

asHo¢ = LoU™ 4 Loio¢,
azHo¢ = LoU" + LogiC,

0 = LoU™ + Ly,
asHo¢ = LoU®) 4 L5001,

By construction of «a., T, we have as = 0, hence

<L010<7 <> = 07

14



ie.
1/2 1/2
—/ (2|Dul > + 202 [ul|? + afTC|u2 2V dx + / Tcugugd:r =0 (23)
~1/2 ~1/2

We also obtain
1/2
az(Ho(,¢) = (Lo01¢,C) = 043/ ) upuyde
—1/2

hence, from (23) and (Ho(¢,¢) > 0, we deduce that
az > 0.

The equation for U199 is valid since L10o¢ has odd components in z, hence
orthogonal to ¢ which has even components. Now we obtain

as(Ho¢, ¢) = (L1ooU™), ¢)

which needs to be computed numerically, at least to check that ay < 0.
Fixing A\g = B = 0 in (19) again, and taking second derivative with respect
to a and evaluating at a = ., we have

2, )
agﬁ(ac, 0) + 8aZag.

Since a3 > 0 and 7 has a strict minimum in «, this implies (numerically) ag < 0
by (21).

Finally, a4 < 0 follows from the numerical evidence (see Appendix 7.2) that
for Ay = 0 and fixed «, the critical T is an increasing convex function with
respect to B > 0.

In conclusion, the principal part of A becomes

0=

o = asT 4+ asB? +ag(a® — a?)? + arB?(a? — a?) + agr(a? — a?) +aror? (24)

where a; are real. ]

4.3 Study of the critical Taylor number
Let us now study how T, depends on o and 8. Let
by = —a4 >0, bg = —ag >0

where the strict signs of a4 and ag come from numerical computation (see Ap-
pendices 7.1, and 7.2). From the expression (24) of A, we deduce that the critical
value of T for a # «. is approximately reached for

2 2 ar agby } 2
—ai x| — B 25
@ e |:2b6 + 2b6a3 ( )
and b
T~T,.+ i%2 - 3 [(a3a7 + a9b4)2 + 4a10b6ai} B> T..
as 4b6(13
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5 The Ginzburg Landau equation

5.1 Limit of Navier-Stokes system

From now on we are dealing with the limit system

(O —ADuL +Vip = Radyui + (T, 0)" — (ur - Vi)ui,  (26)
(O — AUy, = ReOyUy +ug — (uy - Vi),
VL-uL—&—%@yay = 0,

with 27/, periodicity in z and boundary conditions
Ul =Uy =0,2==%1/2.

Here the index 1 means (z,z) components. The system (26) is derived from
the system in section 2 by rescaling of u, and dropping the small terms such as
R~19,p, as well as terms with factors of order (1 — ) and (1 — p). Moreover,
since we are looking for slowly varying functions of y, we also suppress 85 in
linear terms. Finally, because we seek solutions close to 0, we suppress quadratic
terms involving the operator Rd,, while keeping such terms in the linear part.
The linear part of (26) is studied in subsection 4.2.

5.2 The amplitude equation

Heuristically, the solutions of the limit Navier-Stokes equations (26) can be
described by the solutions of the following Ginzburg-Landau equation

0A ,0%A 9
E = agTA + b4m 87y2 — CA|A| 5 (27)
where the coefficients a3, ay = —bs and ¢ are computed in Appendices 6.3 and

6.4.

We do not attempt to justify this assertion in the general time-dependent
case, sending the reader to the work of G.Schneider [9]. Instead we restrict our
attention to steady solutions. The mathematical justification for the search of
steady solutions comes back to the spatial dynamics theory (see [4]), where the
coordinate y plays the role of time. In this setup, we look for solutions (now
independent of time) that are small and bounded for y € R. This would give a
4th-order ODE for A(y) € C, which coincides with the equation derived below
for the principal part of steady solutions.

In particular, small-amplitude steady solutions of the initial Navier-Stokes
system are described by small-amplitude steady solutions of the Ginzburg-
Landau equation. We do not prove this assertion in this article, since it is
a direct but lengthy application of the techniques developed in [4]. Accord-
ingly, the search of time-independent solutions of the Navier-Stokes can thus
be reduced to the search of time-independent solutions of the Ginzburg-Landau
equation, which is an easier task that we now detail.

16



We note that, for any 6 € R,

CLTi
Aly) ==

is a stationary solution of (27), which corresponds to the Taylor vortex flows.
There exists another family of solutions of (27) which are under the form

pei(o‘“2+ﬁy) + c.c.,

where b
as 4
=B, g2
c c
These solutions corresponds to wavy vortices.

The secondary bifurcation to such solutions occurs for (recall that T = 2wR)

by B2

2a3 R '

This leads in particular to a secondary bifurcation branching from Couette flow
(see Figure 1), under the form of steady wavy vortices (defined up to a shift in
2,9).

The branches of steady solutions obtained for A = pe®®¥ with 8 # 0 do
not meet each others, since they are parallel to the TVF branch (see Figure
1). Notice that these wavy vortices are steady in the rotating frame (rotation
rate €2,), hence they would correspond to time periodic wavy vortices for an
observer.

W= we+

Figure 1: TVF is given by az7 = cp?. Any point (7,p) in the grey region
corresponds to wavy vortices with A = pe®®¥ such that byR2B% = asT — cp?.
These solutions correspond to the boundary of the bounded region described in
Figure 3.

5.3 Stability of bifurcating steady wavy vortices

Let us start with the Ginzburg-Landau equation (27) ruling the principal part
of bifurcating solutions and study the stability of the steady solution

A = Agey, (28)
0 = a37—B§b4§R2—c|AO|2
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with respect to the time dependent Ginzburg-Landau equation.
Let us set _
A= AgePov 1 A

and consider the linearized system for (A’, A’) :

oA %A
=a3TA + b49f{2

9 3y —2c|Ag|? A — cAZA.

We only study the stability with respect to perturbations of the form A’ =
|A’|e*#'Y where B’ is different from By in general. Then we have to discuss the
eigenvalues of

< bsR% (B3 — B'?) — c|Ag|? —cAj )
Ay baR2(B2 — B2) — c| Ao )

where we used
azT — BP0M? — 2c|Ag|? = buR2(B2 — B'?) — c| Ao
The eigenvalues are

bR (85 — B,
baR2(B2 — B'?) — 2| Ao?.

It results that the steady solution (28) is stable for |3’| > |8/, and unstable for
18] < |Bol-

Notice that TVF corresponds to Sy = 0, so that it is stable with respect to
these perturbations, periodic in y, while for the wavy vortices with 8y # 0, they
are unstable with respect to perturbations such that 0 < |8’| < |8].

We expect that the genuine solutions of the Navier-Stokes equations have the
same stability properties as the corresponding solutions of the Ginzburg-Landau
equation.

5.4 Stationary solutions of the amplitude equation

We now study all the stationary solutions of the time-independent Ginzburg-
Landau equation. We recall that the principal part of a steady velocity vector
field is o B R
Aly)e"**U(x) + Aly)e"**U(x)
where A(y) € C, y € R and [7(3:) is the eigenvector (ul,u),u?)(z) defined in
previous section. Let us now look for solutions A(y) of
ZA
asTA+ b4ﬁ%za— —cA|A? =0,
0y?

which are small and bounded, when 7 is small. We claim that this (reversible)
system is integrable.

18



First we change the scale in y, and define the new positive coefficients

C as

Ry = = — = . 29
Y Y, Co 2b4 ) ago b4 ( )
Then the equation reads (suppressing the tilde)
0%A
-_— = —a(]TA + 2C()A A 2. 30
- A (30)
Let us set
Aly) = ply)e’W,
then
pl/ _ pa/? — QCOPS — agTp,
200" +p”" = 0,
hence
p29/ _ K,

2
= — + 20003 — QoTp,
p

where K is some constant. Now defining

u(p) = p”,

we finally obtain

2K?
u'(p) = v + deop?® — 2a97p

hence )
_ K 4 2
u(p) = = + cop* — agTp® + H,

where H is some other constant. It remains to look for bounded solutions of
the first order differential equation

K2
%= — + cop* — apTp® + H.

The cases with 8’ = SR = const and p = const give

K2
—F +copt —aprp?  + H=0

and correspond to periodic solutions A(y) = pe#V.

There are many other solutions, and we are interested in solutions such that
as y tends to oo, A(y) goes to the same bounded limit (small for g small) in
such a way that this will respect the azimuthal periodicity, since y replaces ¢.
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Let us first study the case K = 0, where we may take A real. The system
(30) leads to
A? = —agr A% + coA* + H,

and we can describe the phase portrait of the solutions in the plane (A, A’) as
indicated in Figure 2. For

2
0< H< M7
4cey

there is a family of closed orbits, surrounding 0 corresponding to periodic solu-

tions p(y), of period running from \/%f? (multiplied by R in the original scaling),

to oo. All these solutions are eligible for our problem. The limit case where
2
H = 907 Jeads to

460

2
A2 — (A2 _ @)
€0 200

aopT
260 :

which gives a heteroclinic orbit connecting the equilibrium points A = +
These points correspond to the Taylor Vortex Flow solution (T'VF). In this case,
the phase 0 is constant, and at each infinity the limits for A are different, corre-
sponding to a vertical shift of TVF by 7/a.. We may consider the juxtaposition
along the y coordinate of this solution with the symmetric one, then recovering
the periodicity in the azimuthal coordinate.

Very close to this heteroclinic we have periodic solutions with very long
periods, staying very close to TVF flow for long intervals in y. These solutions

are clearly eligible.

Ay

=0

Figure 2: Bounded solutions for K=0

Let us now consider the case where K # 0. Let us make a new scaling to
simplify the computations

p=kp, K=kK, cok*=1, aork®=7. (31)
Then, suppressing the tildes, we have

K2
W=—Pﬁw“4f+ﬂ
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The TVF equilibrium corresponds to p? = 7/2, K = 0, H = 72/4. We now
study the function f(X) defined for X > 0 by

K2
f(X) :—7+X2—TX+H,

and determine the region where f > 0. Since f(X) — —oc as X — 0F
and f(X) — 400 as X — +oo, the only interesting cases are when f is not
monotonous, taking the value 0 for two different values of X. We show that this
occurs for (H, K) in a certain bounded region of the plane. The limit cases are
when the minimum or maximum of f are on the X axis, so that we satisfy the
system

This gives

H = -3X?+27X
K* = —2X°+4+7X7

which is the equation, in parametric form, of the curve in the (H, K) plane
where f(X) cancels in a maximum or a minimum. We observe that we need to
study this curve from X = 0 until X = 7/2 (TVF flow) for which K cancels
(since K2 should be positive), and then take the symmetric curve through the
H axis. The point obtained for X = 7/3 is singular, giving maximum values for
Hand K : (H, K)max = (172/3,(7/3)3/2). The curve reaches the H axis (K = 0)
for H =0, and H = 72 /4 (this corresponds to the origin and to the heteroclinic
in the plane (A, A’) found for K = 0). We indicate on Figure 3 the shapes of
f(X) all along the curve and the shapes of f inside the region delimited by the
curve.

For p(y), the discussion is the same as for the pendulum equation. Inside
the region there is a family of periodic solutions, depending on (H, K), with
amplitudes varying from 0 for the left boundary with lower values of H, to a
limit corresponding to a family of homoclinic solutions at the right boundary
with larger values of H = H,,4,(K). When p (which stays > 0) describes one
of the homoclinics, this corresponds to solutions with the argument 6(y) such

that K
0'(y) — =B,

y—Foco E
where the limit is exponential, hence
0(y) :5y+90+K/y (21 - 1) ds.
o \P*(s) P
The condition for being an eligible solution (i.e. periodic in the azimuthal
coordinate) is that, there exists n € N such that

K/_O; (,021(3) - pé) ds = 2n. (32)
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Figure 3: f(X) for K # 0.

Since p(y) < poo depends on (Hpax(K), K), the condition (32) might be realized
for a discrete set of values of K. For K close to 0, p(y) stays nearly constant
close to TVF solution, except for a relatively small interval of values for y (see
Figure 4), so that the corresponding flow looks like a wavy vortex flow with a
small azimuthal modulation which has a little step near y = 0.

For the periodic solutions p(y) of period T'(H, K), we obtain

0(y) = B'y+0+d(y),
/ . K

. K TUHE) g
vo= T(H,m/o )’

where ¢ has the same period T'(H, K) as p. For solutions p(y) close to some
homoclinic, the amplitude stays nearly constant for long intervals of y and 6 is
the sum of 8’y plus periodic bumps as indicated on Figure 4.

It should be noted that all steady solutions, obtained for H = H,,;, or H =
H,,00 for (30), correspond to bifurcating time periodic solutions of the Navier-
Stokes equations, under the form of classical wavy vortices. Other solutions are
new, more exotic and still time periodic in the frame of an observer.

The persistence of the above solutions under perturbation terms of higher
order comes from the study (not made here) with the help of spatial dynamics
(where y plays the role of time). Here we obtain a fourth-order ODE of the form
(30) with higher order terms respecting the symmetries A — Ae’", A — A, and
reversibility symmetry (y, A(y)) — (—y, A(—y)). This is analogous (however
simpler) to what is done in [4], see also [3] p.222. Here the linear situation
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corresponds to a quadruple 0 eigenvalue with two 2 x 2 Jordan blocks where
the principal part of the normal form is given by (30). The periodic solutions
we find, persist in using an implicit function argument in a suitable function
space. The homoclinic solution also persists by the same type of geometric
argument as developed in [3] p.222. More delicate is the problem of persistence
under perturbation of the solutions corresponding to the region of the parameter
plane (H, K) at the interior of the bounded area. We may observe that these
solutions are such that, for a suitable 3, the function D(y) = A(y)e Y is
periodic, with the period of p(y). Then the persistence proof applies for these
periodic solutions (of a slightly modified equation), with a suitable 5. It results
that the solutions we provide here are principal parts of solutions of the limit
Navier-Stokes equations (26).

These results are summed up in Theorem 1.4.

p’ Hzl_lmin

max

0 -/
\— " ;
H:I_Imax K>0 H¢Hmax

Figure 4: Bounded solutions p for K > 0 and 0(y) for Hpin < H < Hppag.

6 Appendix A: Some computations

6.1 Rescaled Navier-Stokes equations

In this section, we provide detail computations for the derivation of (7) in
Section 2 and in particular we expand Acyu, r~2u, uZ /7, U + Qrot, Qpor in 7
and pu.

e Expansion of A.yu: we have

A _(1ﬁ+ 1l vo v iﬂLﬁ)A
W=\ Boi2 T id+rd20r | & (@d+ 2o | aazz)"
We have p )
-1
= = 0(1—1n),
Bd+7  a(l—p)+ 22 (1=mn)
P (B d-n@E -+ (1)
@d+7)?  (@(1—n) +157)? (&(1 —n) + =41)2

=1+ 0(1—-n),

23



therefore,

v/ 02 0? 9%\ . v /0t 00
Aot = 5 (5 + g + 5) 0+ O =0 5 (55 + 5g8):
e Expansion of r2u:
v d? v
= — o =01 —n)*=—a.
RN e R
e Expansion of u?/r:
Note that
d dr de 47 (=147
,:770:(1,17) :(lfn)szr( )( )
T o T T0 2
Hence ) ) )
uZ  vd , v 2. L=+ o
=m0t = )a
e Study of U’ + Q.o4:
2 2
p—n® l4p (I—p)(@+n°)
U Qo =204 = ) = 2 (5 = =) = e
e Expansion of .,
B (1—pwd+n%) 1—pr}
Qpor =(A—Q, = = —w ’ i
t ( f)+7,2 1_772 +w1—772’l"2
- 1—,u(1+772_ﬁ)
R R N r2)’
Note that
o " - ( n )2
2@ @)+ 2 @t g) )+
1—n,. 1\2
1—-n,. 1 —n,. 1,2
12t ) +3( ) +
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1—n? 2 r
1 772—1 1—n,. 1 1—n,. 1,2
ol AT e ) (e ) ]
1 1
=— -4+ —(22+1)+0(1 —n).
RrE (CERRNCI ()
A 2 (+2)n-1)
n+ n—
— = TE T o1 -y,
n(l+n) n(l+mn) ( )
we have ) )
1 147 T\ _
17772( 2 _72)_“0(1 ")
and hence

Qpor = —wi(l — ) [+ O(1 - 7)].

6.2 Critical Taylor number in axi-symmetric case

Solutions of (10) are linear combinations of exp(A;x), where the A = A; are the
6 complex solutions of

(A +a? — A?)?(a? — A?) = To? (33)

provided this polynomial of degree 6 has 6 different roots. If some roots are
equal, then the solution involves functions of the form x exp(A;z). Note that by
previous Lemma, o > o?.

This equation is a polynomial of degree 3 in A?. It can thus be explicitly
solved and has three roots Ax(\, o, T) for 1 < k < 3, leading to the six roots

iA,lc/z()\, o, T) for (33). If these 6 roots are different, u, is of the form

6
Uy (x) = Zﬁje)‘jz,
j=1

The boundary conditions give

6
Y BN =0,
j=1

6
D BN =0,

j=1
6
B+ a? - X)(a® - A)eEN —

j=1
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which is a 6 x 6 linear system. Let ©(A) be its determinant. Then if D())
vanishes and if all the roots A; are different, A is an eigenvalue.
When A = 0, equation (33) gives

A2 =a? — ()3, o= (Ta?)/?

where 11/3 stands for the three different cubic roots of 1. Thus we have

X = oo,
)\3 = Oé2 - Uja
X = o of
where /3
. 1 V3
=yt

One can see that A1, A2, and A3 are always different. Therefore, an eigenvector
u, should take the form

Uy = A1eMT 4+ Bie M 4 A9e™T + Boe T 4 A5 4 Bye 87
with

A1 = iblv
Ao = asg + ibs,
)\3 = a2 — ibg,

where by, ag and by are given by (11).
The boundary conditions are

Uy (£1/2) = Duy(£1/2) = (a® — D*)%u,(+1/2) = 0.

We may observe that

(@2-N? = o,
(@2 -N)? = o,
(=X = o

hence the boundary conditions become

A1€A1/2 + Blei)\l/z + A2€>\2/2 + BQ@iA2/2 + A3€>\3/2 + 3367)\3/2

A1€7A1/2 + B1€>\1/2 + A2€7A2/2 + B2€A2/2 + A3€7>\3/2 + B3€A3/2

)\11416)\1/2 - )\1316_)\1/2 + )\21426)\2/2 — )\ng€_>\2/2 + )\3A36A3/2 — )\3336_)\3/2
)\1A16_)\1/2 — )\1316/\1/2 + )\2A26_A2/2 — A2326A2/2 + )\3A36_k3/2 — >\3B36)\3/2
Ale)\l/z +B167)\1/2 +j2A2€)\2/2 +j2B267)\2/2 +]A36)\3/2 +]B367)\3/2
Ale—)\l/Q +B1€)\1/2 _|_j2A2e—)\2/2 +j232€>\2/2 +jA36—)\3/2 _|_jB3e)\3/2
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For obtaining a non trivial solution we need to verify that

e)\1/2 e)\2/2 e)\3/2 e—)\1/2 e—)\2/2 6—)\3/2
)\16)\1/2 Ao er2/2 A36A3/2 7)\167)\1/2 7)\267)‘2/2 7)\367)\3/2
e>\1/2 J e)\2/2 je>\3/2 ef)\l/Z j267>\2/2 jef)\g/2
AO(»T = e—/\1/2 —)\2/2 e—)\3/2 e>\1/2 e/\2/2 e)\3/2
)\16_)‘1/2 )\26_>‘2/2 )\36_/\3/2 —)\16)\1/2 )\2€>‘2/2 —)\36)\3/2
e—)\1/2 j2€—)\2/2 j€_>\3/2 e)\l/Q ,] e)\2/2 je)\g/Z

vanishes. We observe that A, . is real since A3 = A2. Now, after reorganisation,

we have
oM /2 er2/2 s /2 e—M1/2 o—N2/2
0 (1 /\2) A2/2 (1 /\3> A3/2 9p—A1/2 (14_&)6—)\2/2
1 A1
0 a-ghenr a=pent 0 (1 e
Aar=| _x )2 o—N2/2 o—a/2 A1 /2 A2/2
’ e 1 2 3 e 1 e 2
2eM1/2 (1+%)e*)‘2/2 1+ A3) a2 0 (1—32)ere/?
0 (=Ghe a=fenr 0 (1= e
which takes the form
A M N
o, T T N M
with
/2 er2/2 s /2
M = 0 (1- §f> A2/2 (1 - §3) As/2
0 (1—j%)eM2  (1—j)es/?
6—)\1/2 e—>\2/2 e—>\3/2
N = 2e M/ (14 32)e /2 (1438 )e /2
0 (L=ghem™/  (1—j)em™/
We have
M+N M+N M+ N
O s + ‘_‘ + O =M+ NN,

N M—-N

Thus A, » =0 if and only if |[M + N| =0 or |[M — N| =0.
With the “+” sign we obtain

cos % cosh ’\22 cosh 2
e~1/2  cogh )‘2 — % sinh ’\2 cosh 23 % s1nh ’\d =0
0 (1 fj ) cosh % I (1 — j) cosh 22
i.e.
cos b1 cosh % cosh ’\73
—by sin bl Agsinh 22 Agsinh 22 =0, (34)
0 —jcosh 22  j2cosh 22
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where
)\2 = Qa2 -+ ibg,
)\3 = a2 — ibz,

and where as, by, by are functions of a? and o defined by (11). A direct compu-
tation of this determinant leads to §; = 0.
With the “-” sign, we obtain

sin %1 sinh % sinh %
bycosZ  Aycosh22 Agcosh2g | =0, (35)
.. A 3/ s
0 —jsinh 22 j%sinh 5%

which leads to g2 = 0.
The equation §; = 0 comes from

M+ N|=0
which corresponds to solutions such that
Ay =B1,Ay = By, A3 = B3

in the eigenvector u,. This means that in this case u, and u, are even in z. In
the same way we prove that §» = 0 gives u, and uy odd in x. It is then clear
that the solutions for §; = 0 and §2 = 0 are distinct.

6.3 Coefficients of the Landau equation

Let us consider the system (26) ruling the velocity field U = (u, ,4,) indepen-
dent of y, then suppressing the hat, we obtain (below we detail the projection
IT on divergence free vector fields):

T,
oU = A U-Vip+ Uy —(UL'VL)U,
0
ViU, = 0,

where the subscipt L means components (z, z). The field U is 27/« periodic in
z, and satisfies the 0 boundary conditions at 2z = +1/2. Let us define operators

Teuy
LoU=A,U-Vipo+ Uy ;
0

where pg is such that
Vi (LoU)L =0,

(LoU)z =0, x==1/2;
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and
Uy
LU=-Vipp+{| 0 |,
0

with p; such that
Vi -(IqU)L =0,

(LU), =0, x==1/2;
and

B(U,U) = —(U.-V.)U+V.q,
V.- (BUU)L = 0, (BUU)),=0, z==+1/2.

Notice that the quadratic operator B is symmetrized if applied to two different
vector functions:

2B(U, V) =:1/2{BU+V,U+V)-BU -V,U-V)}.
Now our system reads as
U = LoU + 7L U + B(U,U), (36)

in a space of divergence free vector fields, satisfying the boundary conditions,
and where
T=T-T,.

For obtaining the Landau equation describing the first bifurcation occuring for
7 close to 0, we use the fact that Ly has a double 0 eigenvalue with eigenvectors

C _ 6ia”Z’UJO(£L'),Z _ efiaczﬁ(x),

(see subsection 4.2) and the fact that the rest of the spectrum of the self adjoint
operator Lo + 7L, is only composed of < 0 isolated eigenvalues, not close to 0.
Moreover the center manifold reduction applies (see [3]) with a O(2) symmetry,
and the dynamics near 0 reduces to the 2-dimensional differential equation in
C, at main orders

dA 9
e atA — cAlAl?, (37)
where
U = A)C+AR)C+D(A A7), (38)
(I)(A,Z,T) = TAq)g})) +A2q)20—|— |A|2¢’11 +Z2(I)720+

coeflicients ®;; being vector functions of z, z satisfying the boundary conditions.
The coeflicients a, ¢ and ®;; may be computed as indicated below. Replacing
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U by (38) in (36) and using (37), gives after identification of each monomial
P AP A"

ol = Lo@ly +Li¢ (39)
0 Lo®20 + B((, (),
0 = Lo®u +2B((,0),
—c( = Lo®a +2B((, ®11) + 2B((, Pap)- (40)
Since we have
Lo¢ =0,

with Lg selfadjoint, we obtain

a{¢, ¢) = (L(, ),

_C<CaC> = <2B(C7(I)11) + QB(Za (1)20)7C>7 (41)
where the scalar product is defined by

2n /e pl/2
(U, V) = / / (ugTz + Teuy Uy + u,T;) dedz.
0 —1/2

Now we show that a is just the coefficient a3 computed before, and we prove
below that ¢ > 0, without an explicit computation. Indeed we have

ug ()
¢ = oo | uble) |,
ub(a)
Dul +ia.u) = 0,
(@? = D*%u) = Tcagug,
(=Dl = ul,
ud = Dug:ug—o,m::tl/z

hence
1/2 1/2
a/ <|u2 24 Tc\u2|2 + |u2|2) dx = / ugugdx,
~1/2 —1/2

then noticing that (u%,u?

9,u) is real and ul = (i/a.)Dul, this is exactly the
coefficient ag > 0 already computed at Lemma 4.2.
Now, for the computation of ¢ we notice that for any real vector field U we
have

(B(U,U),U) =0. (42)
Indeed

_<B(U’ U)’U> <(UJ_ . VJ_)Ua U>

U? Uz
= /[VL-(ULTJ‘)—FTCVL-(UL?‘U) dzdz =0
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because of periodicity and boundary conditions. It then results that
2(B(Uy,Uz2),U) + (B(U1,U1),Uz) =0, (43)

for any real divergence free vector fields Uy, Us satisfying the boundary condi-
tions (just take in (42) U = U; +tUs and find the coefficient of t). Coming back
to (41) we may observe that

—c((+ ¢+ ) = (2B(C+( P2), ¢ +0),
where @, is defined by
Lo®2 +B(C+ (. ¢+ () =0.
Then, from (43) we obtain

(C+¢C+C) = B+ C+C), D)
= —<L0<I>2,<I>2).

Observing that ®5 is orthogonal to the kernel of Ly, where 0 is the largest
eigenvalue of the selfadjoint operator, we claim that (Lo®q,®2) < 0. Hence
¢ > 0 (we may mention that this type of proof is due to V.Yudovich [11] for the
Bénard-Rayleigh convection problem).
For an explicit calculation of ¢ we need to compute ®1; and ®5y. Let us
define
Byp = (ull,ull, ull)e,

x Yy ) z
and
o 2D(ug)?
(CL-VLI)C+(CL-Vi)C=| 2Dduy) |,
0
then we need to solve
D*ul' — Dp + Tculll1 = 2D(ul)?,
DQU;1 +ull = 2D(u2ug),
D!t = 0
Dull! = 0

x

with boundary conditions. Finally

q)ll = (Oauz}/lao)t7
with
2, 11 _ 0,0y , 11 _
D, = 2D(uyuy), u, (£1/2) =0,

1

yl is odd in x, and

hence u

T 1/2
uzlll(as) = 2/0 ug(s)ug(s)ds - 41:/ ug(s)ug(s)ds. (44)

0
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Let us now define
_ 2iaez(,,20 , 20 , 20\t
Dog = ™ (U, uy s Uy )

and compute

0
(Co-Vi)¢=e¥* | ugDuy —uyDug :
S0 D2b — L (Do)
then we need to solve
(D* —4a2)ul’ = Dp+Tul’ = 0,
(D? — 4a3)u§0 +uX = ugDug - ugDug,
(D? — 4022 — 2oy = [l D%l — (Dud)?,
Qe
Du?® + 2ia.u?® = 0,

ul’ = Du’ =u)’ =0,z =+£1/2.

This leads to the 6th order system

(D? —402)*u2’ — 402T.u; = 2D[uyD*u) — (Duj)?],
(D? — 40[3,)1@0 +u? = ugDug - ugDug7
u? = Du¥ = uio =0,z =+1/2.

This gives u2° and u?lo real and odd in z, while u2° is pure imaginary and even
in z. Now we can compute

2B((, ®11) = —¢"** | ulDu! |,

which satisfies the divergence free (in (z,z)) and boundary conditions. We also
obtain

QB(Za (1)20)

D D 10D
i 0 2(0uguio)20 Q%io 1;% %ug 1u§0 20
12 =
= —Ile'* ug Duy” + 2uy” Dug, + ug” Dug + 5uy Dug

(DD = 2y
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Hence, from (41), we finally obtain the positive number ¢ which is given by
1/2 1
c/ (\u2|2+T6|u2 2—|——2|Du2 2) dzdx
—-1/2 g

1/2 1
= /_1/2 Tcug [ugDuél + ugDuzo + 2u§0Dug + uiODug + éugDuio} dz

1/2 1
—l—/ u? [D(uguio) + 2u2 Dud + iugDuio} dx
~1/2

/2 4
—|—/ —2Du2 [D(ugDuio) - QuiODQUQ] dx
1/2 202

since the projection II disappears in the scalar product.

6.4 Computation of the Ginzburg-Landau equation

In this subsection we derive the partial differential equation satisfied by the
amplitude A(y,t), analogue to the usually called Ginzburg-Landau equation.
The perturbation U of the Couette flow is decomposed as

U=A(+AC+®(1,4,4,0,) (45)

where ‘
A= A(y7 t)a C = ewzCZUO(I,)’

and where we consider y as a ”slow variable” in the amplitude A. Hence 9, is
considered as a small parameter, and A, A, 9, A, 9, A, 024,02 A... are considered
to be independent in the expansions (see [1] and [4] for the justification of such
a computation in the search of steady solutions for Navier-Stokes equations). @
replaces the usual expression of the center manifold, which was used before for
computing the coefficients in the Landau equation (see (39), (40)). The system
with which we start is (26) where the hats are suppressed:

U = LoU + 7L, U + B(U,U), (46)
oU T uy
LoU=A,U+V,iypy+Re— + Uy ,
dy 0
Uy
LlU = 0 +VP1a
0

B(U,U)=—UL-V1)U+ Vpy,

where

VL . UL + %ayuy = 07 U|;C=i1/2 = 07
T = 2R w-w.)=T-T,,
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the terms Vpg, Vp1, Vpe are such that the result (the left hand side) is diver-
gence free and satisfies the boundary condition required for the projection II.
By construction, we have for the eigenvector ( :

LOC = Oa

with
uO(x) = (u2) ugv ug),
where u2, ug
The partial differential system ruling A(y, t) and A(y, t) has to commute with
the symmetries commuting with the system (46). There are four important such
symmetries:

are real and even in z, while v is pure imaginary and odd in .

i) translation z — z + h, represented by the operator T},

il) symmetry through horizontal plane: z — —z represented by the symmetry
S07

iii) azimuthal rotation: y — y + b represented by the operator Ry,

iv) symmetry with respect to z axis: (z,y) — (—z, —y) represented by the
symmetry S;. It should be noted that the symmetry S; is new with re-
spect to the usual Couette-Taylor system. This is due to our asymptotic
geometric situation and to the fact that we sit in a suitable rotating frame.

Then, we have

T,U(z,y,2z) = Ulx,y,z+h),
SoU(z,y,2) = (ua,uy, —uz)(z,y, —2),
RyU(z,y,2) = Ul(z,y+0,2),

SiU(x,y,2) = (—ug, —uy,u)(—z, -y, 2),

which corresponds to require the commutation of the amplitude system respec-
tively with the following actions:

Aetoh

A,

A( Ay +),
Aly) — —A(-y)

This explains why the principal terms in the PDE system are as

0A 0%A
E = (ZTA — baiyg

A
A
Y)

1117

— cA|AP? + h.o.t. (47)
where coefficients are real. Higher order terms would be in 724, ‘g;ﬁ T%Z?,
A|A[*, TA|AP?, |A|2%Z‘§‘, ... Below we explain how to compute coefficients con-
taining y derivatives in (47)), here only coefficient b since we already gave the

)
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method for computing the coefficients with no y derivative. It should be noticed
that if we consider the linearized system near the Couette flow, we need to re-
cover the most at right eigenvalues A and A computed before where we assume
a dependency in e*#¥ for A. We then obtain

\=ar —bB*+ h.ot.

and \. This is exactly what we already obtained at Lemma 4.2, with the explicit
dependency of coefficient b on the Reynolds number (a = a3, b = byR?).
For the computation let us define the coefficients as

o= ) i (x,2)rm AP AT (9, A (0, A) 1 (07 A (07 A)%..

pq
m2>0,|p|+[q|>1

where

(pOaplaPQa )
g = (90,901,q,-)

are multi-indices, and

o) = oy

since U and ® are real vector fields, and
0) _ 50 _
P1g = P50 =0
since the corresponding linear terms are already taken into account in (45).
The method consists in identifying monomials when we write (46) using the

expression (45) and replace 2% by (47). For the derivation we need to rewrite
the operator Lg as follows

Teouy

LoU = A U+Vip+Red,U+ | u. |,
0

0 = Vi -Ul+ROyuy,
where the subscript | means components (x, z). Then, using Lo¢ = 0, Lo (A()

becomes
Lo(AQ) = Rz(0,A)¢ + Vop.

Now, as an example, let us consider the coefficients @Eg)l)(oo)(x,z) of 9,A

and @Egém(ooo)(ac,z) of 8§A in ®. Then identifying the coeflicients of 9,4 and
defining B
p = Apo + Apo + (04 A)po1)00) + ---

where (pg, () satisfy

Nz

A+ Vipg +ee? u) =0
0

Vi-¢ = 0,
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we obtain

Ty (o1)(00)
0 = AP0+ | o1)(00) + Rz + V1po01)00) (48)
0
0 = ViP5 0100 +Ruy, Po1)00)ls=t1/2 =0

For obtaining the compatibility condition we take the scalar product of (48)
with emcz(ug,Tcug,ug)t. We observe that ® (o)) is uniquely determined in
assuming its orthogonality with ¢, where the scalar product (U, V') is understood
as

(U, V) = (ug, vg) + (Touy, vy) + (us,vs).

We may observe that the coefficient of e?®<* for Uz (01)(00) and Uy (o1)(00) are real
and odd in z, while for w,(1)(0) it is pure imaginary and even in x and for
P(o1)(00) it is real and even in .

Now the identification of the coefficients of 6‘5/1 leads to

Tetty(001)(000)

—b¢ =A1 ®0o1)(000) + U2(001)(000) + Rz (01)(00)
0 (49)

+ V LP(001)(000)>

0= V1 P 001)000) +Ryo1)(00)> P001)(000)le=+1/2-

As above we take the scalar product of (49) with e**+*(ul, Toul,u2)’, then we
obtain b in terms of ®(g1)(go) given by (48). An exercise left to the reader,
consists in verifying that we indeed obtain

b = R3b,.

7 Appendix B: Numerical study

7.1 The axisymmetric case

This paragraph is devoted to the numerical study of the functions §; and §s.
The figure 5 shows the value of the smallest positive zero T.(a) of §1(a, T) =0
as a function of a. For positive «, we see that the function T'(«) is convex and
has a unique minimum at a, =~ 3.117.

The zeros of Fa2(a,T) = 0 are always larger than the zeros of §1(«,T) = 0,
« being fixed.

7.2 The non axisymmetric case

In this section, we discuss the numerical study of the following system

(A +a? — D*)(a® — D*)u, +iBz(D* — o), = Ta u,,
(A + o — D*)u, — iBzu,

Ug

36



2000

1950 -

1900 -

© 1850 |

1800

1750

1700
2

Figure 5: Value of the smallest positive zero of T — §1(«, T') as a function of «

where the parameters are a2, T, B, and where the boundary conditions are
Uy = Uy = Duy = 0,2 = £1/2.
First, we rewrite this system as a first order system on
U= (umDum,Dzuz,D?’umuy,Duy)
which leads to
D*u, = —(A + o? — i%Bx)(a® — D*)u, + D*a*u, + T u,,
D?uy = (A + a? — iBx)uy, — Uy,

a system that we shorten in
DU = AU

where A is the corresponding 6 x 6 matrix.
We consider this equation as a Cauchy problem starting at « = —1/2. We
construct three independent solutions U', U? and U? defined by

U'(-1/2) = (0,0,1,0,0,0), U*(—1/2) = (0,0,0,1,0,0)
and
U3(-1/2) = (0,0,0,0,0,1).

Any solution to our problem is a linear combination of u!, u? and w® which
satisfied

up(1/2)  ui(1/2)  wui(1/2)
S\, B,T) := | Dul(1/2) Du2(1/2) Du3(1/2) |=o.

ul(1/2) w2(1/2)  ud(1/2)
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Figure 6: The critical Taylor number T.(«a, 3) as a function of a for various
values of 8.

It is very easy to approximate numerically u', u? and u3 and to compute 6.

The first step is to solve 6(T) = 0, a and ‘B being given. This gives the
critical Taylor number T,(«,B). The second step is to compute the minimum
T.(B) of T.(a,B) over a.

We note that T,(28) is minimum when B = 0, where it equals the classical
value of 1707 for a =~ 3.117. Moreover, on the range of o which is studied on
this figure, T, is a convex function of @ when 9 is fixed.

Figure 8 displays T.(a.,B) as a function of B, together with its quadratic
approximation at 8 = 0. This in particular shows, numerically, that a4 < 0.
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