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The complement M(A) = V\(Uae4 Ha) decomposes into path
components, called chambers: C4 = mo(M(A)).

Denote by s, the orthogonal symmetry with respect to H,. If
(Ha)aca is stable under s for all € A, the arrangement is called
a Coxeter arrangement. We write A = Ay where W is the
subgroup W =< s,,a € A > of O,(R). This is justified by

Proposition (Coxeter, Tits)

There is a one-to-one correspondence between essential Coxeter
arrangements Ay and finite Coxeter groups W.

The Coxeter group W acts simply transitively on C4,, .
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Theorem (Brieskorn '71, Deligne '72)

For any Coxeter arrangement A, M3(.A) is aspherical. In
particular, w1 (Moa(Aw)/W) is the Artin group of W.
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Purpose of the talk

Construct simplicial models for the homotopy type of M(A).

@ Fox-Neuwirth '62 and Milgram '66 construct poset models for
My (Ag,) for any k and any n.

@ Salvetti '87 constructs poset models for M3(.A) for any
hyperplane arrangement A.

@ Smith '89 constructs simplicial models for My (Ag,) for any
k and n.

@ This induces simplicial models for E,-operads for 1 < n < oo,
cf. Barratt-Eccles, B. '96.
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Orient a hyperplane arrangement A in V, by choosing for each H,
two half-spaces H such that HX N H, = H, and Hf UH; = V.
Then each point x € V defines a sign vector sgn, € {0,+}4 by

0 if x € Hy;

sgny(a) =
gnx(@) {i if x € HE\ Ha.

The face monoid F4 C {0,+}4 is the set of sign vectors
P € {0, £} such that there exists x € V with sgn, = P.
For P, @ € F 4 the product PQ € F 4 is defined by

) P(a) if P(a) #0;
(PQ)(e) = {Q(a) if P(a) =0.

The facets cp = {x € V/|sgn, = P} are convex subsets of V.

Lemma (Green order of left regular band F4)

tpCeo &2 P<Q «— PQR=Q
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For subcomplexes K7, K> of a simplicial complex L sth.
Vert(L) = Vert(Ky) U Vert(K3), one has: |L|\|Ki| ~ |Kz|. Thus,

Proposition (Orlik '91)

CD) = My(A)
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Definition (Salvetti '87)

S = {(P,C) € FaxCa|P<C}
(P,C) > (P',C")iff P< P’ and P'C = C'.

Definition (Higher Orlik and Salvetti complexes)

) = {(P1,...,Pe) € (Fa)¥| Py Pk € Ca}P

SE ={(Pr,-.,Pe1,C) € (FA)IxCal PL <+ < Py < C}
(Py,... Py, C) > (Pl,..., P, C)iff\Vi: P, < PIAPIC=C

v

Theorem (cf. Mori-Salvetti '11)

1C%)| = My(A) and (Py,...,Pi) = (Pi, PiPa,..., PiPs--- Py)
defines a homotopy equivalence of posets Cfp — Sfp.
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Definition

The universal bundle EG of a group G is the simplicial set with
d-simplices (go, . -.,&n) € G"™! and diagonal G-action.
The classifying space BG is the quotient EG/G.

Proposition
H.(G;Z) = H.(|BG|; Z)

The symmetric group &, embeds into a product [[;; <, &j; :
° &; = Bij({i,j}) = &2.

06—)6,:,':(70—)0',)':{(ij) if (i) > o())




On a certain filtration of the universal bundle of a finite Coxeter group
Universal bundle of symmetric groups

ES; is an co-dimensional sphere, hemispherically decomposed,
with the antipodal &,-action. Convention: E;&, = S91




On a certain filtration of the universal bundle of a finite Coxeter group
Universal bundle of symmetric groups

Lemma

ES; is an co-dimensional sphere, hemispherically decomposed,
with the antipodal &,-action. Convention: E;&, = S91

| A\

Corollary (Smith filtration '89)

ES, embeds into a product [[;; <, ES; and inherits a
canonical filtration E4&,, by restriction of the product filtration.




On a certain filtration of the universal bundle of a finite Coxeter group
Universal bundle of symmetric groups

Lemma

ES; is an co-dimensional sphere, hemispherically decomposed,
with the antipodal &,-action. Convention: E;&, = S91

A\

Corollary (Smith filtration '89)

ES, embeds into a product [[;; <, ES; and inherits a
canonical filtration E4&,, by restriction of the product filtration.

Theorem (Smith '89, Kashiwabara '93, B. '96)

|Ea(Gn)| ~ Ma(As,) ~ F(R?, n)




On a certain filtration of the universal bundle of a finite Coxeter group
Universal bundle of symmetric groups

Lemma

ES; is an co-dimensional sphere, hemispherically decomposed,
with the antipodal &,-action. Convention: E;&, = S91

Corollary (Smith filtration '89)

ES, embeds into a product [[;; <, ES; and inherits a
canonical filtration E4&,, by restriction of the product filtration.

Theorem (Smith '89, Kashiwabara '93, B. '96)

|Ea(Gn)| ~ Ma(As,) ~ F(R?, n)

The permutation operad (S,)n>0 induces E4-suboperads
(E4(Shp))n>0 of the Barratt-Eccles Ex-operad (ES,)n>o0.
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For each A, the adjacency graph G 4 has vertex set C4 and edge
set {(C,C")eCaxCa|IPE€Fu:P<CandP < C'}. Since
P(c) = 0 for a unique a € A, the edges of G4 are labelled by A.
Let S(C,C") ={a e A| C(a)C'(ar) = —1}. Then:
@ The edge-path of any geodesic joining C and C' in G4 is
labelled by S(C, C’), in particular d(C, C") = #5(C, C');
e Forany C,C’,C":5(C,C")=5(C,C"AS(C',C").

Proposition (Bjorner-Edelman-Ziegler '90)

The face monoid F 4 is determined by the adjacency graph G 4.

Definition

Let E4 be the simplicial set whose n-simplices are (n + 1)-tuples
(Go, Ci, - - ., Go) of chambers. (Go, Ci,..., C,) € E iff
(5(Co, G1),...,5(Ch-1, Cy)) contains < d times each o € A.
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|
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E 4 is contractible, filtered by simplicial subsets EJ(L‘k);
 Eq, =EW and Ey,,/W = BW;

@ There is a simplicial map nerve(S%)) — EJ(L‘k) defined by
projection onto the chamber component.

o E gop = E4 x Ep compatible with filtrations.

| Q
A\

Conjecture

For any finite Coxeter group W, one has ]Eidv)v| ~ My(Aw).

This would extend the operad structure of the B/C/D-Coxeter
groups to the higher complements of their Coxeter arrangement.
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