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Abstract After recalling the definition and basic properties of Ulrich bundles, we
focus on the existence problem: does every smooth projective variety carry an Ulrich
bundle? We show that the Serre construction provides a positive answer on certain
surfaces and threefolds.
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1 Introduction

Ulrich bundles have had three lives. They first appeared in the 80’s in commutative
algebra, starting with [21], under various names (linear maximal, or maximally gen-
erated, Cohen—Macaulay modules). They entered the realm of algebraic geometry
twenty years later, with the beautiful paper [11]. But it is only in the recent years that
they have received wide attention among algebraic geometers.

In these notes we will first explain the definition and basic properties of Ulrich
bundles, and motivate their study by the case of hypersurfaces. We will then focus
on the fundamental and intriguing question of the subject, which goes back to [21]:
does every smooth projective variety carry an Ulrich bundle? We will show that the
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classical Serre construction of rank 2 bundles gives interesting examples for some
surfaces and threefolds.

We will work over the complex numbers, though most results are valid over any
algebraically closed field. We will denote the ambient projective space by P when we
do not need to specify its dimension.

2 Ulrich bundle on hypersurfaces

We start with a classical problem: given a smooth hypersurface X C P, can we
write the equation of X as a determinant of linear forms? The (positive) answer for a
smooth cubic surface goes back at least to 1863 [20]. But a determinantal hypersurface
det(L;;) = 0 is singular along the locus where rk (L;;) drops at least by 2, which has
codimension < 3, so a smooth hypersurface of dimension > 3 cannot be written as a
determinant.

Let us settle therefore for a weaker property: we ask whether X can be defined sez-
theoretically by a linear determinant. This can be expressed nicely in terms of vector
bundles on X:

Proposition 2.1 Let X be a smooth hypersurface of degree d inP, given by an equation
F =0, and let r be an integer > 1. The following conditions are equivalent:

(1) F" =det(L;j), where (L;;) is an rd x rd matrix of linear forms on PP.
(i1) There exist a rank r vector bundle E on X and an exact sequence

0— Op(=1)4 L5 004 5 E - 0.

Proof If (ii) holds, the determinant of L vanishes exactly along X, hence is propor-
tional to some power of F', thus to F” for degree reasons.

Assume that (i) holds. We claim that the cokernel E of the homomorphism
L: Op(=1)' - OI’Pd is a vector bundle on X. Let x € X; the depth of the stalk E
as an Op ¢ -module or as an Oy ,-module is the same, and is equal by the Auslander—
Buchsbaum formula to

depth(Ey) = dim(Op ) — proj.dimOP,x (Ex) =dim(Op ) — 1 =dim(Ox ),

hence E is a free Ox -module, so E is locally free on X.
The first Chern class of E as a Op-module is —rdci(Op(—1)) = r[X], hence E
has rank r. ]

The vector bundles E which appear in (ii) will be our main object of study. They can
be characterized in a variety of ways:

Proposition 2.2 Let X C P be a smooth hypersurface of degree d, E a rank r vector
bundle on X. The following conditions are equivalent:

(1) There exists an exact sequence 0 — Ofpd(—l) N O{P)d — E — 0.
(ii) The cohomology H*(X, E(—p)) vanishes for 1 < p < dim(X).
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(iii) If m: X — H is the projection from a point of P\ X to a hyperplane, the vector
bundle . E is trivial (hence isomorphic to Orf? ).

It turns out that this proposition is a particular case of a more general result, which
makes sense on any smooth projective variety:

Theorem 2.3 ([11]) Let X C P be a smooth variety, and let E be a vector bundle on
X. The following conditions are equivalent:

(1) There exists a linear resolution
O—->L.—>L._i—>---—>Ly—>E—0

with ¢ = codim (X, P) and L; = Op(—i)?i.
(i1) The cohomology H*(X, E(—p)) vanishes for 1 < p < dim(X).
(iii) Ifm: X — PUmX) s 4 finite linear projection, the vector bundle . E is trivial.

The vector bundle E is an Ulrich bundle if it satisfies these equivalent conditions.

Proof We first prove the theorem holds for X = P. In that case (i) and (iii) just
mean that the vector bundle E is trivial, and we must prove that this follows from (ii).
Indeed (ii) implies H? (P, E(—p)) = 0 for p > 0, which means that E is O-regular
in the sense of Mumford [17, Lecture 14]; this implies in particular that E is globally
generated, and satisfies H? (P, E) = 0 for p > 0. The Hilbert polynomial x (E(¢))
vanishes for t = —1, ..., —n, with n = dim(PP), and its leading coefficient is r/n!;
therefore x(E(¢t)) = r(t + 1)--- (¢t 4+ n)/n!, hence hO(E) = r. Thus we have a
surjective homomorphism O, — E, which is necessarily an isomorphism.

Let us treat the general case. We put n = dim (X). If (iii) holds, for 1 <i < n we
have H*(X, E(—i)) = H*(P", m.E(—i)) = 0, hence (ii). Conversely, if (ii) holds,
the vector bundle F = m, E on P" satisfies H*(P", F(—i)) = 0 for 1 <i < n, hence
is trivial by the case already treated.

The implication (i) = (ii) follows from the vanishing of H*(P, Op(—i))forl <i <
dim (P). Assume that (ii) holds. We will define by induction a sequence of O-regular
sheaves K; on P, for 0 < i < ¢, such that:

(@) Ko = E;

(b) K;41(—1) is the kernel of the evaluation map HO(P, K;) ® Op — K;;

(c) H*(Ki(—j)) =0for1 < j <n+i.
Suppose K; are defined for0 < i < p; wedefine K, 11 by (b). From the exact sequence
0— Kpr1(=1) — HOP, K,)®0p — K, — Oand(c) we get H*(Kp41(—j)) =0
forl < j<n+p+1,andalso H1(K,1(—q)) = H"_I(K,,(—(q —1))) = 0. Thus
K41 is O-regular and satifies (b) and (c).

Put L; = H(P, K;)®Op(—i); the exact sequences 0 — K;;1(—i—1) > L; —
Ki(—i) — 0 give a long exact sequence

00— K.(-¢)—> L, y— - ---—Ly— E— 0.

Now (c) means that K, is an Ulrich bundle on PP, hence trivial by the first part of the
proof. O
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Remark 2.4 1. Condition (ii) depends only on the line bundle O x (1) (and not on the
space of sections giving the embedding in [P). We will sometimes say that E is an
Ulrich bundle for (X, Ox (1)).

2. A direct sum of vector bundles is an Ulrich bundle iff each summand is an Ulrich
bundle. Thus we need only to classify indecomposable Ulrich bundles.

3. The case X = P” can also be deduced from Beilinson’s result that (O, O(1), ...,
O(n)) form an exceptional collection for the derived category D?(P"): an Ulrich
bundle is orthogonal to O(1), ..., O(n), hence it is trivial.

Using the theorem, we can now answer our question on representation of hypersurfaces
by linear determinants. Already in the case of quadrics, the result and the proof are
far from trivial:

Proposition 2.5 Let Q C P"*! be a smooth quadric. If n is odd (resp. even) there is
exactly one (resp. two) indecomposable Ulrich bundles on Q, of rank 21=D/21_ As g
consequence, we can write (X % 4+ -+ X%)’ as a determinant of linear forms if and
only if r is a multiple of 21*=3)/2],

Proof The projection 7: Q — P" from a point p € P"*!\ X realizes Q as a double
covering of P". We choose the coordinates so that Q is given by an equation Xﬁ -
q(Xo,...,X,) =0, and 7(Xo, ..., Xy+1) = (Xo, ..., Xy). Thus  is branched
along the quadric ¢ = 0 in IP". This implies 7,0gp = Op:» @ Opr(—1), with the
multiplication Opn (—1) @ Opr (—1) — Opr given by ¢.

The data of a vector bundle E on Q is equivalent to the data of the vector bundle
7. E on P”, together with an algebra homomorphism ¢: 7,09 — End(w.E). If E
is a rank r Ulrich bundle, we have m. E = OHZJ,,, and ¢ is given by a matrix A €
M., (C) ®c HO(P", Opn (1)), that is, a matrix A = (A;j (X)) whose entries are linear
forms in X = (Xo, ..., Xp), satisfying A% =qg(X)- I,

_ Equivalently, we can view A as a C-linear map A: C' S My, (O), satisfying
A(v)? = g(v)- I, for all v in C"*!. This is the same as a C-algebra homomorphism
Cni1 — Mo, (C), where C,4 is the Clifford algebra C(C"+, ¢). If n is odd, the
algebra C,, 1 is simple, hence has a unique simple module, of dimension 2"*+1/2,
which corresponds to an indecomposable Ulrich bundle of rank r = 2= D/2 If  is
even, C,41 is a product of two simple algebras of dimension 2" hence has two simple
modules of dimension 2"/% corresponding to two non-isomorphic indecomposable
Ulrich bundles of rank 2*=2)/2, O

Remark 2.6 The “spinor” bundles ¥ (resp. ¥ and X_) appear in [16], with a stronger
result: the vector bundles (X, Op(1),...,0¢(n)) for n odd, (X_, X4, 0g(1),...,
Og(n)) for n even form a semi-orthogonal decomposition of the (bounded) derived
category of coherent sheaves on Q. For instance when n = 2, the quadric Q is isomor-
phic to P! x P! and £+ and X~ are the pull-back of Opi (1) by the two projections.

Using the notions of matrix factorization and of generalized Clifford algebra asso-
ciated to a higher degree form, Herzog, Ulrich and Backelin have obtained a vast
generalization of Proposition 2.5:

Theorem 2.7 ([14]) Any smooth complete intersection X C P carries an Ulrich
bundle.
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3 Some general properties

We first list a few direct consequences of Theorem 2.3.

(3.1) Let E be arank r Ulrich vector bundle on X C P. Then H' (X, E(j)) = Oforall
jand 0 < i < dim(X) and h°(E) = rd (this follows from Theorem 2.3 (iii)).

(3.2) An Ulrich bundle is semi-stable; if it is not stable, it is an extension of Ulrich
bundles of smaller rank (this follows again from Theorem 2.3 (iii)).

(3.3) The Ulrich bundles on a curve C C P are the bundles E (1), where E is a vector
bundle with vanishing cohomology.

(3.4) If E is an Ulrich bundle on X C P and Y is a hyperplane section of X, E}y is
an Ulrich bundle on Y. This follows from the exact sequence 0 — E(—1) —
E— Ey—0.

(3.5) Let E and F be Ulrich bundles for (X, Ox (1)) and (Y, Oy (1));putn = dim (X).
Then EXF(n) is an Ulrich bundle for (X xY, Ox(1)XOy(1)). Indeed,
H (XxY, E(—p)RF(n—p)) = H (X, E(—p))QH*(Y, F(n—p)). The first
factor is zero for 1 < p < n and the second one forn + 1 < p < n+dim(Y).

(3.6) Letr: X — Y be a finite surjective morphism, L a very ample line bundle on
Y, E a vector bundle on X. Then E is an Ulrich bundle for (X, 7*L) if and
only if . E is an Ulrich bundle for (Y, L).
This follows from the isomorphism H*(Y, T EQL%) = H (X, EQm*L%).

Proposition 3.1 (P", Op:(d)) admits an Ulrich bundle of rank n!.

Proof Consider the quotient map 7 : (P!)” — Sym”P! = P, the pull-back 7*Opn (1)
1SOpr (DX -+ XOpi (1).By (3.5) thelinebundle L = Op1 (d—1)X - - - MOp1 (nd—1)
is an Ulrich line bundle for ((P')", 7*Opn(d)), hence 7, L is an Ulrich bundle for
(P, Opn (d)) by (3.6). O

In [11], the authors use a much more sophisticated method to construct a homogeneous
Ulrich bundle for (P", Opx (d)), of rank d2) . The classification of Ulrich bundles for
(P, Opn(d)), and in particular the smallest possible rank of such bundles, is very
much open; see Proposition 6.1 for the case of (P3, Op3(2)).

Corollary 3.2 ([11]) Let X C P be a smooth variety of dimension n, carrying an
Ulrich bundle of rank r. For every d > 1, (X, Ox(d)) carries an Ulrich bundle of
rank rn!.

Proof Let E be an Ulrich bundle of rank r for X, 7 : X — P" a finite projection, and
F an Ulrich bundle of rank n! for (P", Opn (d)). Then E ® w*F is an Ulrich bundle of
rank rn! for (X, Ox(d)). O

4 Ulrich line bundles

Ulrich line bundles are rather exceptional; for instance, they cannot exist on a variety
X C P of degree d > 1 with Pic(X) = Z0Ox(1) (if Ox (k) is Ulrich, we have
hOx(k — 1) = 0and h°(Ox (k) =d by (3.1), hence k = 0 and therefore d = 1).
Apart from the case of curves and projective spaces, there are a few situations where
they do exist:
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Proposition 4.1 (i) Let S C P be a del Pezzo surface (embedded by its anticanonical
system). Let L be a line bundle on S with L> = —2, L-Kg = 0. Then L(1) is an
Ulrich line bundle on S. We can take for instance L = Og(£ — £, where £ and ¢ are
two disjoint lines.

(ii) Let X C P be a scroll over a curve B: that is, there exists a fibration p: X — B
whose fibers are linear subspaces in P. Let M be a line bundle on B with H*(B, M) =
0. Then p*M ® Ox (1) is an Ulrich line bundle on X.

Proof (i) We have x (L) = 0 by Riemann—Roch, HO(S, L) = 0 because L-Kg =0
and Ky is ample, H*(S, L) = O since (Ks®L~'-Kg") < 0, hence H*(S, L) = 0.
Then H*(S, L~ 1) = 0 for the same reason, hence H*(S, L(—1)) =0 by Serre duality.

(i1) We have Rp,.(p*MQ0Ox(—k)) = M Q® Rp,.Ox(—k). The derived direct image
Rp.Ox(—k) vanishes fork = 1, ..., dim(X) — 1; for k = 0 we get H*(X, p*M) =
H*(B,M) =0. O

Another interesting case is that of Enriques surfaces S C IP [8]. Suppose S has no
(—2)-curves. If we can express Og(1) as Og(A — B), where A, B are divisors with
A% = B% = —2, then Og(A)®0Og(1) is an Ulrich line bundle, because Og(A) and
0s5(A)®0g(—1) = Og5(B) have vanishing cohomology. Borisov and Nuer conjecture
that this is always possible, and prove it for the Fano model S c P>,

5 Rank 2 Ulrich bundles on surfaces

(5.1) Let S C PP be a smooth projective surface. To find Ulrich bundles on S, a natural
attack is to look for bundles E such that E(—1) and E(—2) are Serre dual, so that the
vanishing of H*(E(—1)) implies that of H*(E (—2)). If E has rank 2, this is achieved
by imposing det(E) = Kg(3), which means that E is special in the sense of [11]:

Definition A rank 2 Ulrich bundle £ on a smooth projective variety X C P of
dimension n is special if det(E) = Kx(n + 1).

The existence of such a bundle implies that the Chow form of X admits a “Bézout
expression” as a Pfaffian (loc. cit.).

(5.2) Let E be arank 2 Ulrich bundle on X, and let C be a smooth linear curve section of
X; using (3.3), (3.4) and the adjunction formula, we getdeg E(—1);c = 2g(C) -2 =
deg Kx(n — 1)|c, hence deg E|c = deg Kx(n + 1)|c. If Pic(X) = Z, this implies
det(E) = Kx(n + 1): thus in this case every rank 2 Ulrich bundle is special.

Proposition 5.1 A minimal surface S C P of Kodaira dimension O admits a special
rank 2 Ulrich bundle, except perhaps for some special K3 surfaces.

Proof Recall that there are four classes of such surfaces, namely K3, Enriques, abelian
and bielliptic surfaces. The case of K3 surfaces is treated in [1], using the Lazarsfeld—
Mukai construction. For each polarization type, the special surfaces for which the
method does not apply form a strict subvariety of the moduli space.
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We will give a uniform proof for the three remaining cases,! using the Serre con-

struction in the following form (see for instance [13, Theorem 5.1.1]). By Remark 2.4-1
(Sect. 2) we can assume that S is embedded by the complete linear system |Og(1)].
Recall that a finite set of points Z C § has the Cayley—Bacharach property if for every
p € Z, any hyperplane containing Z\{p} contains Z. If this is the case, there exists a
rank 2 vector bundle £ and an extension

0— Ks— E—IJz(1) = 0. (%)

Our aim is to show that a certain twist of E(1) is an Ulrich bundle. We will use the
following easy lemma:

Lemma 5.2 Let S C P be a smooth surface, and let E be a rank 2 vector bundle on
S with det(E) = Ks(1), ho(E) = x(E) = 0. Then E(1) is a special Ulrich bundle.

Proof Wehave Ks® E* = E(—1), hence h*(E) = h°(E(—1)) = 0. Since x (E) = 0
this implies H*(E) = 0, then H*(E(—1)) = H*(Ks®E*) = 0. [ ]

As a consequence, we have the following result, due to Casnati [9], and improving [7]:

Proposition 5.3 Let S C P" be a surface with g = pg = 0 and H'(S,05(1)) = 0.
Then S admits a rank 2 special Ulrich bundle.

Proof We choose for Z a set of n + 2 general points of S. They form a projective
frame of P”, so Z satisfies the Cayley—Bacharach property. We have x (Jz(1)) =
x(Os(1)) —n —2 = —1, hence x(E) = 0. We have H°(Iz(1)) = 0 since Z is
general, hence E(1) is an Ulrich bundle by Lemma 5.2. ]

Let us come back to Proposition 5.1. Proposition 5.3 implies the case of Enriques
surfaces (H'(S, Og(1)) is zero by the Kodaira vanishing theorem). Let S C P” be
an abelian or bielliptic surface. We choose a smooth hyperplane section C = S N H
of S, and a subset Z of n 4 1 general points of C. Then any subset of n points of Z
span H, hence Z satisfies the Cayley—Bacharach property. Note that g(C) = n + 2
by Riemann—Roch and the adjunction formula.

Let n be an element of order 2 of Pic®(S), with n # Og, Ks; we will apply
Lemma 5.2 to E®n. Since x(Ogs) = 0 and x(Jz(1)) = x(Os(1)) = n—1 =0,
we have x(E®n) = x(E) = 0; we want to prove HY(E®n) = 0. Let us twist
the exact sequence (x) by n; we have H 0K s®mn) = 0, hence it suffices to prove
H°I,®n(1)) = 0. Since H(S,n) = 0, the restriction map H'(S, n(1)) —
H(C,n(1)c) is injective, and induces an injection of H°(S,Jz®n(1)) into
HO(C, n(1)|c(—Z)); thus it suffices to prove that the latter space is zero. We have
n(ic = Kc®((n ®KS_1)\C§ since 77®KS_1 is nontrivial, so is its restriction to C,
hence h°(C, nM)c) =g(C)—1=n+1and ho(c, n(1)jc(—Z)) = 0 because Z is
general. Thus by Lemma 5.2, E ®n(1) is a special Ulrich bundle. O

! The case of abelian surfaces was treated in [6], and that of Enriques surfaces in [7] and [9].

@ Springer



A. Beauville

Remark 5.4 1t is quite possible that every rational surface carries a rank 2 Ulrich
bundle. On the other hand, as observed in [11, Section 6], a general surface S C P3
of degree > 16 does not carry a rank 2 Ulrich bundle. Indeed the existence of such a
bundle on a surface S with Pic(S) = Z implies that the equation of S can be written
as a Pfaffian of linear forms [4, Corollary 2.4], and this is not possible for a general
S cP3of degree > 16 [4, Proposition 7.6].

6 Fano threefolds of index 2

Recall that a (smooth) Fano threefold X has even index if there exists a line bundle L
on X with L2 = K31 If L is very ample, it embeds X as a subvariety of degree d of
PdH, withd = (L§). There exist seven families of such threefolds, with 3 < d < 8
([15, Theorem 3.3.1]; note that there are two cases with d = 6). For d = 8 we have
X=PandL = Op3(2), otherwise X has index 2, that s, L is not divisible in Pic (X).

Proposition 6.1 Every Fano threefold X C P41 of even index admits a special rank
2 Ulrich bundle.

(Recall that a rank 2 Ulrich bundle E on a threefold X is special if det(E) = Kx(4);
in this case this means det(E) = Ox(2) ford < 8, and det(E) = Ox (4) for d = 8).

Proof Recall that a complete linear system of degree n > 3 on an elliptic curve I'
defines an embedding i: I' < P"~!; the curve i(I') is projectively normal, and is
called a normal elliptic curve. We will prove in the lemma below that the threefold X
contains a normal elliptic curve I' C pd+l (of degree d +2). Since wr = Or, we have
det(Nr/x) = Or(2). Since H*(X, Ox(=2)) = H*(X, Kx) = 0, there exist by the
Serre construction (see e.g. [2]) a rank 2 vector bundle £ on X and an exact sequence

0—->0Ox—> E—Ir(2) — 0. (%)

Let us show that E is an Ulrich bundle. Since det(E) = Ox(2), we have E(—2) =
Kx®E(—2)* and E(—3) = KxQ® E(—1)* Therefore using Serre duality it suffices
to prove H*(E(—1)) = 0 and H(E(—2)) = 0 fori = 0, 1. But this follows from the
equalities

H*(Ox(=1)) = H*(Ir(1)) =0 and H'(Ox(-2)) = H'(Jr) =0

for i = 0, 1, which are a consequence of the Kodaira vanishing theorem and Serre
duality. O

Lemma 6.2 X contains a normal elliptic curve I’ C P4+1,

Proof Assume first d < 7. Let H be a general hyperplane in P4*!; the surface
S = X N H is a del Pezzo surface, obtained by blowing up 9 — d points of P> in
general position. Consider the linear system of quartic curves in P? passing doubly
through two of these points, and simply through the others. It is easy to see that it is
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base point free, and therefore contains a smooth curve, which gives a normal elliptic
curve 'y C H of degree d + 1.

Now let p be apointof ', and let L be aline contained in X butnotin H, and passing
through p. We want to show that the curve C = I'g U L can be deformed to a smooth
curve I" in X, which must be a normal elliptic curve of degree d + 2. According to [12,
Theorem 4.1], it suffices to prove HY(L, Np,x) = 0and HY(Ty, Nry/x(=p)) =0.
The normal bundle Ny, x isequal to O, (1)@ Op(—1) or O% [15, Lemma 3.3.4], hence
its H' vanishes. The normal bundle Nry,x is an extension of (Ng,x)r, = Or, (1) by
Nr,/s; since both line bundles have degree d+1 > 4, we have HY(Ty, Nry/x(—p)) =
0, hence our assertion.

Now we consider the case d = 8,50 X = u(IP’3) C P, where v is the Veronese
embedding given by the linear system |Op3(2)|. Let I' be a smooth elliptic curve of
degree 5 in P>, We observe that a smooth quadric or a quadratic cone cannot contain an
elliptic curve of degree 5, so I is not contained in a quadric; therefore the restriction
map v*: HO(P3, Op3(2)) — HO(T", Or(2)) is bijective, and v(I") is a normal elliptic
curve in P’, O

Remark 6.3 1. The existence of an Ulrich bundle (possibly of higher rank) could
also be deduced case by case from the explicit description of these threefolds
given in [15].

2. In the particular case of cubic threefolds, the Ulrich bundles given by Proposi-
tion 6.1 have already been constructed and studied in [18]. They have a beautiful
geometry, see [18] and also [5,10]. In the cases d = 4 or 5, Ulrich bundles are
considered in [3].

3. Conversely, any special Ulrich bundle E of rank 2 on X is of the above form.
Indeed, let s be a general section of E; the zero locus I' of s is a smooth curve,
and we have an exact sequence

0— Oy — E — Ir(2) — 0.

Since E is Ulrich, we have h!'(Jr) = 0 and h2(Ir) = 1, hence h°(Op) =
h'(Or) = 1, so that T is an elliptic curve. Moreover we have O@r)) =
Kl (Jr(1)) = 0, hence T is a normal elliptic curve in pa+l

4. If3 < d <5, we have Pic(X) = Z, so any rank 2 Ulrich bundle is special (5.2)
and stable, because there are no Ulrich line bundles on X (see (3.2)). It is easy
to see that this is still the case for d = 7 or 8. However for d = 6 there exist
non-special rank 2 Ulrich bundles, and non-stable special rank 2 Ulrich bundles.

5. The same method produces a rank 2 Ulrich bundle on the Fano fourfolds of index
3, X  P?*2 containing a del Pezzo surface of degree d 4 2. However these Fano
fourfolds are not general. For instance, the cubic fourfolds containing a degree
5 del Pezzo surface are exactly the Pfaffian cubics, that is, those which can be
defined by the Pfaffian of a 6 x 6 skew-symmetric matrix of linear forms; they
form a hypersurface in the moduli space of cubic fourfolds [4, Proposition 9.2].

We now consider the moduli space of rank 2 special Ulrich bundles on X; it is an open
subset of the moduli space of semi-stable rank 2 bundles.
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Proposition 6.4 The moduli space M of rank 2 special Ulrich bundles on X is smooth
of dimension 5.

Proof Let 3 be the Hilbert scheme of normal elliptic curves in P4*! contained in X.
Since H'(X, Ox(—2)) = 0, a curve I' in H determines the vector bundle E in M up
to isomorphism [2]. This defines a map p: H — M which is surjective (Remark 6.3-3
above); the fiber p_1 (E) is canonically identified with an open subset of P(H 0(X, E)),
so p is smooth of relative dimension 2d — 1 (3.1).

Let I' € 3, and let N be the normal bundle of I" in X. From the exact sequence
(k*) we get an isomorphism N = E|r. Therefore deg N = 2d + 4. We will prove
that H'! (I'y N) = 0; this implies that the Hilbert scheme J{ is smooth of dimension
2d + 4, hence that M is smooth of dimension 5.

The Ulrich bundle E admits a presentation

Op(=1)7 25 02 > E > 0

where M is amatrix of linear forms. Restricting to I, dualizing and taking cohomology,
we get an exact sequence

0— HYT. N*) > HOT. 0p)? -5 HOT, O (1))".

Let v € HYI', N*); we have 'Mv = 0 in HO(T", Or(1))? = HOP4H, Op(1))4.
Since M is generically surjective, ‘M is generically injective, so this implies v = 0.
Therefore HO(I', N*) = 0, and H'(I", N) = 0 by Serre duality. ]

Example 6.5 o Let X beacubic threefold, and let J 2X be the translate of the interme-
diate Jacobian of X which parametrizes 1-cycles of degree 2. The map M — J2X
which associates to a rank 2 Ulrich bundle E the class ca(E(—1)) is an open
embedding; its image is the complement of the divisor in J2X parametrizing sum
of two lines [5, Corollary 6.4].

e Consider X = IP3, embedded in P’ by the Veronese embedding. Any rank 2 Ulrich
bundle on X is the kernel of a homomorphism 7p3 (1) — Ops3 (3) given by a contact
form o € HO(P3, Q1(2)) [11, Proposition 5.11]. Thus the moduli space M is the
open subset of contact forms in P(H(P3, ©'(2))), or equivalently the space of
non-degenerate skew-symmetric forms on C* up to a scalar.

Remark 6.6 Assume 3 < d < 5. Let S be a very general surface in the linear system
|0x(2)], so that S is a K3 surface with Pic(S) = Z. Let Mg be the moduli space of
stable vector bundles on S with ¢ = 0, ¢ = 4; itis an open subset of the holomorphic
symplectic 10-dimensional manifold constructed by O’Grady [19]. The proof of [5,
Proposition 8.4] applies identically to show that the map E — E(—1)|s induces an
isomorphism of M onto a Lagrangian subvariety of Mg. However ford = 4 or 5
these subvarieties do not seem to be part of a Lagrangian fibration.
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