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The pseudo-hyperbolic space

H2,n = model of pseudo-Riemannian manifold of signature (2, n)
and constant curvature -1.

Projective model: open set in P(Rn+3).
Boundary: ∂H2,n is the frontier of H2,n in P(Rn+3).
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Higher rank Teichmüller theory

Representations of surface groups in rank 2 Lie groups yield the
notion of maximal representations in PO(2, n + 1).

A maximal representation ρ : π1(S)→ PO(2, n + 1) gives:

a ρ-equivariant positive boundary loop Λ in ∂H2,n,

a ρ-equivariant maximal surface in H2,n, bounded by Λ.

Alex Moriani Polygonal surfaces in the pseudo-hyperbolic space



Introduction
Polygonal surfaces

Higher rank Teichmüller theory

Representations of surface groups in rank 2 Lie groups yield the
notion of maximal representations in PO(2, n + 1).
A maximal representation ρ : π1(S)→ PO(2, n + 1) gives:

a ρ-equivariant positive boundary loop Λ in ∂H2,n,

a ρ-equivariant maximal surface in H2,n, bounded by Λ.

Alex Moriani Polygonal surfaces in the pseudo-hyperbolic space



Introduction
Polygonal surfaces

Higher rank Teichmüller theory

Representations of surface groups in rank 2 Lie groups yield the
notion of maximal representations in PO(2, n + 1).
A maximal representation ρ : π1(S)→ PO(2, n + 1) gives:

a ρ-equivariant positive boundary loop Λ in ∂H2,n,

a ρ-equivariant maximal surface in H2,n, bounded by Λ.

Alex Moriani Polygonal surfaces in the pseudo-hyperbolic space



Introduction
Polygonal surfaces

Higher rank Teichmüller theory

Representations of surface groups in rank 2 Lie groups yield the
notion of maximal representations in PO(2, n + 1).
A maximal representation ρ : π1(S)→ PO(2, n + 1) gives:

a ρ-equivariant positive boundary loop Λ in ∂H2,n,

a ρ-equivariant maximal surface in H2,n, bounded by Λ.

Alex Moriani Polygonal surfaces in the pseudo-hyperbolic space



Introduction
Polygonal surfaces

Maximal surfaces

A maximal surface is an embedded, complete spacelike surface in
H2,n, local critical point for the area functional.

The positive loops generalize to semi-positive loops in ∂H2,n.

Theorem (Labourie–Toulisse–Wolf)

Given a semi-positive loop in ∂H2,n, there is a unique maximal
surface in H2,n bounded by this loop.

Semi-positive loops in ∂H2,n ⇔ maximal surfaces in H2,n.
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Two examples

Left : the maximal surface bounded by a regular circle. Totally
geodesic copy of the hyperbolic plane.
Right : the maximal surface bounded by a polygon with 4 vertices.
The surface is isometric to the euclidean plane.

These examples are extreme because of the following [Cheng]:
A maximal surface in H2,n has sectional curvature −1 ≤ K ≤ 0.
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Question : can we understand some geometric properties of a
maximal surface Σ in H2,n knowing its boundary ∂Σ ?

Theorem (M. ’24)

Let Σ be a maximal surface in H2,n. The following are equivalent:

1 Σ is polygonal, i.e. ∂Σ is a finite polygon,

2 Σ has finite total curvature,

3 Σ is asymptotically flat.

Moreover, (1), (2), (3) imply that (Σ, g) ' C and q4 ∈ C[X ].
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Idea of the proof

Compare different ideal boundaries associated with the maximal
surface.

Use techniques coming from Hadamard geometry (nonpositively
curved simply-connected manifolds):

Horofunctions and horoballs,

Convexity of the distance function,

Tits distance on the ideal boundary.
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Two difficulties

The ambient space is pseudo-Riemannian. No ambient distance
function.

The boundaries are not easy to compare.
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Barbot surface (polygon with 4 vertices)
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