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Abstract

THESIS: ANDERSON LOCALIZATION

IN DISORDERED DYNAMICAL SYSTEMS

SPECIALIZATION: Mathematics

POSTGRADUATE: Zhiyan Zhao

MENTOR: Professor Jiangong You
Abstract

In this thesis, we try to explain and investigate Anderson localization, an intriguing

physical phenomenon, from the perspective of mathematics. The disordered systems

we consider are two quasi-crystal models, i.e.,
e one-dimensional nonlinear Maryland model:
iy = (@it + Gn_1) + tan 7(z + na@) g, + €|gnl*qn,
where x € R/Z, and & € R is some fixed Diophantine vector;

e one-dimensional nonlinear quasi-periodic Schrédinger equation:

ig, = €(Gni1 + Gn1) + V(2 +nd@)gn + 1¢u’¢n, n €Z,

where V' is a nonconstant real-analytic function on R/Z, and & is some fixed

Diophantine number.

In the first chapter, we take the ergodic Schrodinger operator as the main object

of study, to explain localization in linear disorder systems. Some concepts in the

spectral theory of operators, e.g., exponential localization, dynamical localization, will

be given in this chapter. For three significant models, i.e., linear Anderson model, linear

Maryland model and one-dimensional linear quasi-periodic Schrodinger operator, we

shall state the corresponding conclusions respectively.
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Abstract

In the second chapter, we consider the one-dimensional nonlinear Maryland mod-
el. We shall prove that, for “most” compactly-supported small-amplitude initial data
(Gn(0))nez, if € is sufficiently small, then for “most” x € R/Z, the solution (g, (t))nez
of Equation (0.1) satisfies: for any fixed s > 0, the diffusion norm

> n*ga(t)?
neL

is uniformly bounded with respect to t.

In the third chapter, we consider the one-dimensional nonlinear quasi-periodic
Schrodinger equation. For “most” compactly-supported initial data (g, (0))nez, if € is
sufficiently small, then for a.e. = € R/Z, the solution (g, (t))nez of Equation (0.2)
satisfies: for any fixed s > 0,

Sltlp Z n*|qn(t)]* < oo.

ne”L

Key Words: disordered medium; Anderson localization; nonliear Schrodinger equation;

perturbation; KAM
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Abstract

THESE: LOCALISATION D’ANDERSON

DANS LES SYSTEMES DYNAMIQUES DESORDEONNES

DISCIPLINE: Mathématiques

PRESENTEE PAR: Zhiyan ZHAO

DIRIGEE PAR: Professeur Jiangong YOU
Résumé

Dans cette these, on essaye d’expliquer et d’étudier, du point de vue mathématique,

la localisation d’Anderson, qui est un phénomene physique intéressant. Les systemes

désordonnés qu’on considere sont deux modele de quasi-cristal, ¢’est-a-dire

e le modele de Maryland non linéaire unidimensionnel:

i, = €(qni1 + @u_1) + tanw(z + na)q, + €|g.|*q, n € Z,

avec x € R/Z et & € R un nombre diophantien fixé;

e ’équation de Schrédinger quasi-périodique non linéaire unidimensionnelle:

ig, = €(Gni1 + Gn1) + V(2 +nd@)qn + |¢u’dn, n €Z,

(0.3)

(0.4)

avec V une fonction analytique réelle non constante sur R/Z et @ € R un nombre

diophantien fixé.

Dans le premier chapitre, on prend 'opérateur de Schrédinger ergodique comme

I’objet de recherche principal, et explique la localisation dans les systemes désordonnés

linéaires. Quelques concepts dans la théorie spectrale de 'opérateur, par exemple, lo-

calisation exponentielle, localisation dynamique, seront donnés dans ce chapitre. Pour

trois modeles importants, c¢’est-a-dire le modele d’Anderson linéaire, le modele de Mary-

land linéaire et 'opérateur de Schrodinger quasi-périodique linéaire unidimensionnel,

on va énoncer les conclusions correspondantes respectivement.

v



Abstract

Dans le deuxieme chapitre, on considere le modele de Maryland non linéaire uni-
dimensionnel. On va prouver que pour la plupart des données initiales (¢,(0))nez avec
le support compact et la petite amplitude, si € est suffisamment petit, alors pour la

plupart 2 € R/Z, la solution (g, (t))nez d’Equation (0.3) satisfait &: pour tout s > 0

S 0%, (1)

nez

fixé, la norme de diffusion

est uniformément bornée par rapport a t.

Dans le troisieme chapitre, on considere I’équation de Schrédinger quasi-périodique
non linéaire unidimensionnelle. Pout la plupart des données initiales (¢, (0))ncz avec
le support compact, si € est suffisamment petit, alors pour presque tout = € R/Z, la

solution (g, (t))nez d’Equation (0.4) satisfait a: pour tout s > 0 fixé,

Sltlp Z n*|qn(t)]* < oo.
nez

Mots-clés: milieu désordonné; localisation d’Anderson; équation de Schrodinger non

linéaire; perturbation; KAM



Introduction

§0.1 Physical background

Localization of particles and waves in disordered media is one of the most intriguing
phenomena in solid-state physics. This phenomenon was first analyzed by the American
physicist P.W.Anderson[3], a Nobel prize winner in Physics. In Anderson’s model,
the disorderedness of the medium is generated by the random potential. He studied
the transport of non-interacting electrons in such crystal lattice. If the amplitude of
disorder becomes higher than a critical value, the diffusion in the lattice of an initially
localized wavepacket is suppressed. After the work of Anderson, there are still several
physicists who got the Nobel prize in Physics because of their outstanding contribution
on the research of localization. In 2012, American physicist S.Haroche and American
physicist D.Wineland have won this prize for ground-breaking experimental methods

that enable measuring and manipulation of individual quantum systems.

In recent years, some media with relatively weak disorderedness, e.g., the quasi-
crystal, have been concerned by physicists. Normally, such media can be introduced
by a quasi-periodic potential. As an important model in Bose-Einstein condensate and
optics, Maryland model[5] and Aubry-André model[4](also called Harper model) are
typical examples. Anderson localization in such linear systems, especially in the one-
dimensional case, has been thoroughly studied[42], and rigorous mathematical results

have been established[32].

As a well-known model in mathematical physics, the almost Mathieu operator
H, 4 acting on (?(Z) is defined by

(Hypa¥)n = (Yng1 + Yp1) + Acos2m(x + na),, n € Z,
where n is the primary lattice site index, & is some ratio between the wavenumbers
of two lattices, * € R/Z is an arbitrary phase, and 1, is a complex variable whose
modulus square gives the probability of finding a particle at the lattice site n. With &

a fixed Diophantine number, for a.e. z and A large enough, H, ) 5 exhibits dynamical

1



localization[23, 25], i.e., for any ¢ € (*(Z) with compact support and arbitrary d > 0,
sgp r@(t) .= s1t1p Z n?|(eHerateh), |2 < oo,
nez

This means, at any moment, there is not too much energy transfer.
In particular, there exists a transparent transition between diffusion and localiza-
tion for the almost Mathieu operator. From the perspective of spectral theory, it is

shown by Jitomirskaya[32] that, for a.e. x, H, )4 has
1. A > 2: only pure point spectrum with exponentially decaying eigenfunctions;
2. A = 2: purely singular continuous spectrum,;
3. A < 2: purely absolutely continuous spectrum.

There is a perfect agreement with this conclusion in some experiments(e.g., [30]). For

Vi1

a@=—, with an initial d—function wavepacket, the asymptotic spreading of the

wavepacket width 7(!)(¢) can be parametrized as r((t) ~ t7, and one finds three

different regimes
1. A > 2: localized regime, v = 0;
2. A = 2: sub-diffusive, v ~ 0.5;
3. A < 2: ballistic regime, v = 1.

However, the situation is much less clear in the presence of interactions(nonlinearities).
It strongly influences the possibility to observe the localization induced by disordered-
ness. One can start from the Gross-Pitaevskii(GP) equation[28, 38] in Hartree-Fock
theory, and get a generalized Aubry-André model which includes an additional nonlin-

ear term that represents the mean-field interaction. The Hamiltonian is

H = 3 (s + Fuat) + Acos2n(n + D)6l + 5001

ne’l

. H
and the equation of motion is generated by iy, = _W’ yielding the nonlinear

Schrodinger equation
iy + (Yng1 + V1) + Acos 2m(nd + )y + Bln|*bn =0, n € Z, (0.5)

2



that can be considered as the GP equation on a discretized lattice. Similar versions
of a discretized GP equation have been already used to investigate the dynamics of
condensates in different situations(see, for instance, [46]).

It is shown experimentally by Larcher-Dalfovo-Modugno[35] that, if the condensate
initially occupies a single lattice site, i.e., a d—function ,,(0) = d,,0, the dynamics of
the interacting gas is dominated by self-trapping in a wide range of parameters, even
for weak interaction. Conversely, if the diffusion starts from a Gaussian wavepacket
of width o, 1,(0) = ce_%, then self-trapping is significantly suppressed and the
destruction of localization by interaction is more easily observable. So, in the nonlinear
systems, the different forms of the initial state influences the formation of localization,

which is totally different from the linear case.

§0.2 Related works on mathematics

In the theory of mathematical physics, localization in disordered, nonlinear dy-
namical systems was initiated by Frohlich-Spencer-Wayne[19](Similar work was also
done by Poschel[39] and Vittot-Bellissard[47]), who constructed infinite-dimensional,

compact invariant tori for a large class of non-coupling systems

idn + Vit + D €mnl@m + Gn)’aa =0, n€Z,
mez
via the KAM techniques, where {V}, },,cz are i.i.d. random variables; €,,, are sufficiently
small and vanish for |m —n| large enough. Solutions which lie on such tori are localized
for all times.
Besides the conclusion, they raised the following conjecture in that paper.

Conjecture.[19] Consider the equation

ig, + €(qni1 + Gn1) + Vot + 6|aul*e. =0, n€Z, (0.6)

with {V},}nez 1.i.d. random variables. If € and § are small enough, with the equation
in a large class, then for “most” initial conditions ( “Most”, e.g., with respect to

the uniform measure on finite-dimensional unit spheres.), ¢(0) = (¢,(0))nez, of finite

3



support, the solutions q(t) = (g, (t))nez of (0.6) satisfy

hmt 1Zn2\qn =

neZ

Recently, there are several breakthroughs on such problem. For a large class of
equation in (0.6), Bourgain-Wang[10] constructed a quasi-periodic solution when ¢,

are sufficiently small. The precise statement is

Theorem 0.1 [10] Consider the nonlinear random Schridinger equation(0.6). Fix
J={ny, - m}r€Z,b>1 andlet w= Vp,, - ,V,) €ERI. When e =35 =0, the

equation above has solutions

b

b

uo(y,t) = > are "'6, (y), y€Z,
j=1
with a = (ay, -+ ,ap) satisfying that Z?.:l la;| is sufficiently small.
For 0 < € < 1, there exists X. C RZ\ R of positive probability such that for
0 <60 <1, if we fix x € X,, there exists a Cantor set G.s(x,a) € R of positive
measure and a smooth function w. s(z,a) defined on G s(x,a) such that if w € G 5(z, a)

then

Ueso(y t) = Y di(n, k) F ety (y)

(n,k)eZd+b

is a solution to Eq. (0.6), with

ﬂ(nj,—ej):aj, k‘:]_, ,b,

> e D ja(n, k)| < Ve + 6,
(n.k)gs
lw — wes| < cle+9),

for some ¢ > 0, where {e;}5_, are the basis vectors for Z and S = {n;, —e;}5_, C Z'*".

The sets X, and Ges(x,a) satisfy
ProbX, — 1, mesR7 \ G, 5(z,a) = 0, ase+d — 0.

Corollary 0.1 For 0 < e€,0 < 1, there exists X5 C RZ of positive probability, satis-

fying
ProbX, =1, ase+d—0,



such that for initial amplitudes a sufficiently small, there are quasi-periodic solutions
to (0.6).

Remark 0.1 The conclusion above has explained the conjecture of Frohlich-Spencer-
Wayne from another perspective. But for the conjecture “one equation has multiple

well-localized solutions”, it has not given a direct description.

§0.3 Results of this thesis

This thesis aims to analyze the nonlinear equations which have the forms similar
to (0.5), in order to investigate localization in nonlinear disordered dynamical systems.
Inspired by the experimental conclusion of [35], and the conjecture of Fréhlich-Spencer-
Wayne, we give rigorous mathematical arguments for localization in two important

nonlinear quasi-crystal models.
(1) Consider the one-dimensional nonlinear Maryland model
idy, = €(Gns1 + Gn_1) + tan(x + nd@)q, + |gul’qn, n €7,

where & € R? is some fixed Diophantine number and x € R/Z. For “most”
compactly-supported small-amplitude initial data (g, (0))nez, if € is sufficiently s-
mall, then for “most” = € R/Z, the solution (g,(t)),ez of the equation above

satisfies: for any fixed s > 0, the diffusion norm

> n®gu(t)?

nez

is uniformly bounded with respect to t. See Theorem 2.1 for the precise statement.
(2) Consider one-dimensional nonlinear quasi-periodic Schrodinger equation:
ign = €(qni1 + Gn-1) + V(€ + n@)Gn + |gnl’em, 1 €Z,

where & is also a fixed Diophantine number, and V is a nonconstant real-analytic

function on R/Z. For “most” compactly-supported initial data (g,(0))nez, if € is

5



sufficiently small, then for a.e. € R/Z, the solution (g,(t))nez of the equation

above satisfies: for any fixed s > 0,

SU1pans|qn(1§)|2 < 00.
t nez

See Theorem 3.1 for the precise statement.

In the formulations and proofs of various assertions of this thesis, we shall en-
counter absolute constants depending on the Hamiltonian, the dimension and so on.
All such constants will be denoted by ¢, ¢, cs, - - -, and sometimes even different con-

stants will be denoted by the same symbol.



%—& Localization of linear Schrédinger operators

Consider the linear Schrédinger equation
ig, = €(AQ)y + Vign, n€Z% (1.1)
where d > 1, A denotes the discrete Laplacian, i.e.,

Au‘:{ \ ’Z:_j:‘ﬁl -
07 |Z_j|€17é]'

{Vy }neza satisfies some disordered condition and independent of time t. The property

of its solution is completely determined by the linear operator H on ¢*(Z):
(HQ)n = e(AQ)n +Vagn, nE€E Zd7

so localization for Eq. (1.1) can be also interpreted as localization for the operator H.

81.1 Localization for ergodic operators

Definition 1.1 Given a probability space (2, F,P). We call a family of linear opera-
tors

Hy : (2% — 2(Z%), 6 €
is Z9—ergodic, if there exists a family of ergodic measure-preserving transformations
{T’}icza on (2, F,P) satisfying

(1) Any T;,—invariant subset A of 2 satisfies P(A) =0 or 1;

(2) Hrp = U;HpU}, where the unitary operator U; : (*(Z%) — (*(Z%) is defined by
(Ui)n = qn—i-

We use 0(H)(04.(H), 0s.(H), 0,,(H)) to denote the spectrum(absolutely contin-
uous, singular continuous spectrum, pure point spectrum) of H. In the spectral theory

of ergodic operators, we have the following elementary conclusion.

From now on, we use | - | to denote the ¢! —distance on Z9.

7



Theorem 1.1 (Pastur[36]) If Hy is a family of Z:—ergodic self-adjoint operator, then
there exists a closed set ¥ C R such that, with P—probability 1,

O'(Hg) =2.
Moreover, there are closed subsets Yge, Ysc, Xpp € R such that, with P—probability 1,
Uac(HO) == Eac; Usc(HG) == Esa Upp(H0> == pr-

We can study localization from the perspective of spectral theory or dynamical
systems. Due to the different perspectives, we have different ways to define it. In this

paper, we focus on the following three localizations.

Definition 1.2 For a family of Z—ergodic operator Hy : (*(Z%) — (*(Z%), we call
that Hy exhibits

(1) Spectral localization(SL)
if, with P—probability 1, Hy has only pure point spectrum, i.e., ¥ = ¥,, and
Z"ac - Esc - Q)

(2) Exponential localization(EL)
if Hy exhibits spectral localization and, with P—probability 1, its eigenfunctions are

exponentially decaying.

(3) Dynamical localization(DL)
if, with P—probability 1, for any compactly-supported o € (*(Z%),

2s|(_—itHy 2
su n|“’|(e nl” < oo, Vs>0.
P e ),

nezd

The three localizations have the following implications:
(DL) = (FL) = (SL).

It is worth noting that, (E'L) # (DL)(Refer to [15] for the construction of counter

examples).

There is a well-known and important sufficient condition for dynamical localization

8



Definition 1.3 If the family of Z4— ergodic operator Hy exhibits (SL), and, with P—probability

1, for its eigenvalue p,, n € Z¢, the corresponding eigenvector "™ = <¢§L)jezd satisfies
[95] < coerlorleimmnl g > 0,

for somer > 0 and |z,| ~ |n|"/?, then we call that Hy exhibits semi-uniform localized

eigenstates(SULE). Furthermore, if
’w;zl < cae—rU*xn\’ Yo >0,
then we call that Hy exhibits uniform localized eigenstates(ULE).

Obviously, (ULE)=-(SULE).

Theorem 1.2 (Rio-Jitormirskaya-Last-Simon[15]) If the family of Z%— ergodic opera-
tor Hy exhibits semi-uniform localized eigenstates, then Hy exhibits dynamical localiza-

tion.

Moreover, there are still some related conditions for dynamical localization, suffi-

cient or necessary. See [45] for details.

§1.2 Linear Schrodinger operators

§1.2.1 Anderson model

Consider Anderson model H : (*(Z%) — (*(Z%),
(Hq)n = €(AQ)n + Vign, n €7, (1.2)

where A is the discrete Laplacian, and {V,, },,cz« is a family of independently identically

distributed random variables, with the common distribution:
g=g(V,)dV,, ge L.

We also assume suppg is a bounded set. The probability space is taken to be RZ" with

measure

[T 9Va) = [ 3(Vi)dve, ge L™

nezd nezd



It is easy to verify that H is a Z?—ergodic self-adjoint operator, where {V,,},cza is the
random variable in the probability space. For the spectrum of H, with probability 1,
we have(by [14, 37])

o(H) = [—2ed, 2ed] + suppg.

Anderson model has been interested by mathematicians and physicists. About
localization of Anderson model, there are plenty of well-known works[1, 2, 17, 18, 24,

26, 27, 48].
Theorem 1.3 (Germinet-De Bievre[2]]) Consider Anderson model (1.2).

o When d =1, H has dynamical localization.

o When d > 1, if € is sufficiently small, then H has dynamical localization.

8§1.2.2 Maryland model

In this subsection, we will describe localization in the linear Maryland model in

detail, i.e., consider the linear Schédinger operator L = L(z) on ¢*(Z%):
(Lq)n = €(Aq), + tan(x + (n,a))q,, n € Z",

where & € R? satisfies the Diophantine condition: there exist constants ¥ > d, ¥ > 0
such that

(n, &), > ﬁ vn € 72\ {0}, (1.3)

and x comes from the full measure subset of R/Z:
1
X:{xGR/Z:x—k(n,@;ﬁ? ‘v’nEZd}.

This operator can be interpreted as an infinite dimensional matrix, with the matrix
entry
tanm(z + (n,&)), m=n
Lpn = €, m—n|=1 .
0, otherwise
According to the property of tangent function and Diophantine vector, we know

|tan7(z + (m, &) — tan7(z + (n,a&))| > ﬁ, m —n € Z\ {0}.

Hence, the operator L simulates the medium without resonance. This is widely and

deeply applied in the KAM iteration.

10



Theorem 1.4 Consider the linear Schridinger operators on (*(Z%):
(Lq)n = €(Aq), +tann(z + (n,&))q,, ne€Z' z€AX, (1.4)

where & € RY satisfies Diophantine condition(1.3). There exists a positive constant
€0 = €o(@), such that if 0 < € < ey, then the following holds.
For some R > 0, there is a periodic-one meromophic function V oon {z e C:

|Imz| < R}, satisfying
~ 1
e The poles of V arex:k+§, keZ,

o V(x)—tanwz is real-analytic on R/Z, with SIHJJ/)Z V() — tanmz| < e,
faS

and for every x € X, there is an orthogonal transform U : (*(Z) — (*(Z) with
(U = Iya)n| < cpee”2m=nl, (1.5)

such that U*LU = diag{V (z + (n, @))}neza.

This theorem (in its original form) is due to Bellissard-Lima-Scoppola[5]. The
proof will be given in P =.

Corollary 1.1 /5] Let 0 < € < ¢y as in Theorem 1.4. For every x € X, the operator
L = L(z) has a complete family of exponentially decaying eigenvectors, and the set of

eigenvalues is {V (x4 (n, @) }neza.

The operator L has some other important property, we can find the statements

ans proofs in references[5, 12, 15, 43].

According to the decay property of eigenvectors of L given as in (1.5), we can see

that L exhibits uniformly localized eigenstates. Combining with Theorem 1.2, we get

Corollary 1.2 Let0 < € < €y as in Theorem 1.4. Then the linear Schrodinger operator

L exhibits dynamical localization.

11



§1.2.3 Quasi-periodic Schrodinger operator
We consider the one-dimensional quasi-periodic Schrodinger operator T = T'(z) :
(X(Z) — (*(Z),

(Tq)n - E(Qn—H + Qn—l) + V(ZL‘ + na‘)Qm nc Z’ (16>

where & € R! satisfies the Diophantine condition(1.3), and V' is a nonconstant real-
analytic function on R/Z. As in [16], the potential function V' is a Gevrey function,

i.e., there are C', L > 0 such that

sup 0™V (x)| < CL™m!, m >0, (1.7)

z€R/Z

and there are also é , § > 0 satisfying the transversality condition

max 97 (V(z+¢) = V(2))| 2€>0, Va,Vy, (1.8)
max |0(V(z + ) = V(@) > Elpli, Vo, Ve, (1.9)

Clearly, the case V(z) = cos 2wz is included.

By [16] we know that if € is sufficiently small, 7" has only pure point spectrum.

Theorem 1.5 (Eliasson[16]) There exists € = €o(V, &) such that if 0 < € < €, then
for a.e. x € R/Z, the spectrum of T is purely pure point, with a complete set of
eigenvectors in (*(Z). Moreover, the measure of the set [inf V, sup V] \ o(T}) goes to 0

as € — 0.

About pure point spectrum and localization of quasi-periodic Schrodinger oper-
ators, there are still a lot of other works, e.g., [8, 11, 20, 31, 33, 44]. Since the idea
of proof of [16] plays an important role in considering the nonlinear problem, we will

describe it in detail.

Let us start with some notations for infinite-dimensional matrices. Given an
infinite-dimensional matrix D, with D,,, € R the (m,n)™ entry, for a subset A C Z,
we define At :=Z\ A,

Dmn7 ) GA
RY :={neR¥:n; =0 if i ¢ A}, DA::{ e

O otherwise

12



Then Dy : R + RM 5 RM + RA acts as RN < RZ 25 RZ 2% RA o the first
component and as the identity on the second component. (When there is no risk for
confusion, we will use D, also to denote its first component.)

Let Dy = diag{V (2 + n@) },ez and Zy = €A with A the discrete Laplacian. With

1
g€o = €1, 0p = 1 and any

_ L§+1 s 1)! 2
MO Z max{25+40 ((Sg_’— ) ) R 27:, 8} y NO Z 17 Po = Ngl,

one can define the following sequences as in [16],

SM3 L s e ov/?
My =M", a,==-M, v, Eyrl = Ep ,
T 1 (1.10)
—ay _ ay J—
Nyj1=¢,%, Pv+1 = €L, Op41 = gpu‘

Afterwards, when we consider the nonlinear model, these sequences of parameters will

appear in the KAM iteration in 5% —=%.

Theorem 1.6 Let 0 < € < € as in Theorem 1.4. The following holds for one-
dimensional quasi-periodic Schrodinger operator T .

Fiz any x € R/7Z. There exists a sequence of orthogonal matrices U,, v =1,2,---

with

1
(U, = )| < 2200 Im01,

such that U (Do + Zy)U, = D, + Z,, where Z, is a symmetric matriz satisfying
|(Zu>mn| S 81/€_py‘m_n|7

and D, is a symmetric matrix which can be block-diagonalized via an orthogonal matrix
Q. with
(Qv)mn =0 if |m—n|> N,.

More precisely, there is a disjoint decomposition | ; Ay =7 such that

D" =Q;D,Q, =[] [ng with $AY < M,, diamAY < M,N,, Vj.?

J

2The disjoint decomposition defines an equivalence relation m ~ n on the integers and, for each

n € Z, we denote its equivalence class by A”(n).
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Moreover, there exists a full-measure subset X C R/Z such that if we fix x € X,
then for each k € Z, there is a vy(k) such that

AU E) = A (K), Vv > (k).

In =% VU, we shall give an outline of the proof.

We can also consider higher-dimensional quasi-periodic Schrédinger operator H :
2(2%) — 2(Z2%), d > 1,

H = e(Aq)n + V(zy +nioy, -, 2g + ngq)qn, == (z1,--- ,1q4) € RY/Z,

where V' is nonconstant real-analytic on R?/Z?. Bourgain-Goldstein-Schlag[9] has
proven localization for the case d = 2, and Bourgain[7] generalized the conclusion

into the case of arbitrary dimension.

Theorem 1.7 [7] Fix any x € RY/Z%. For any § > 0, there exists e = ¢o(V,d) such
that if 0 < € < g, then there is a subset Q = Q(e, V) C R?/Z4 satisfying

mes(R?/Z\ Q) < 4,

such that for a = (aq,- -+ ,aq) € Q, H exhibits exponential localization and dynamical

localization. ®

3The definitions here of exponential localization and dynamical localization have been modified

into for one operator but not for an ergodic family.
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A — =

2 _E& Localization in one-dimensional nonlinear

Maryland model

Based on the conclusion of Bellissard-Lima-Scoppolal5], we consider the one-

dimensional nonlinear Maryland model
iy, = €(qny1 + Gu1) + tan(z + n@)q, + €|g.*qn, n € Z, (2.1)

in this chapter, where & € R satisfies Diophantine condition(1.3), and x belongs to the
full-measure subset of R/Z

1
X::{xER/Z:$+nd7é§, Vn € Z}.

§2.1 Statement of the result

First of all, we make a suitable coordinate transformation for Eq. (2.1), and then
establish an abstract KAM theorem, which can be applied to the transformed system
to study its localization. Localization for (2.1) can be derived by property of conjugate.
It is worth mentioning that, after the transformation, the parameter for establishing
the KAM theorem only comes from the nonlinearity. Indeed, the feasibility of the
initial coordinate transformation is guaranteed by the special property of the tangent

function and Diophantine number.

Theorem 2.1 For J = {ny,--- ,my} CZ, b>1, and k > 0, given an initial datum
q2(0) = (¢n(0))nez supported in J with qz(0) € €2 -[0,1]°. There is a sufficiently small
positive number €, = €.(&, k, J), such that if 0 < € < €., one can find a subset X, of
X with

mes(X \ X,) < €’ for some 0 < ¥ < 1

such that the following holds for fized x € X..
There exists a Cantor set O. = O (z) C [0,1]° with

10,1°\ O =0 as ¢ —0,*

'Hereafter, we use the symbol |O| to denote the Lebesgue measure of O C R®.
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such that if qz(0) € €2 - O, the solution qz(t) = (¢.(t))nez of Eq. (2.1) satisfies

su n? g, (t)]? < 0o, Vd > 0.
tpz |4 (1))

neL

Moreover, for every n € Z, q,(t) is quasi-periodic with respect to t.

Remark 2.1 As stated in §0.1, the nonlinear term €|q,|*q, in Eq. (2.1) has its physical

meaning, but its special form in the Hamiltonian, i.e., €|q,|*, is not essential, as long as

it is finite-range or sufficiently short-range and of bounded degree, for example, €|q,|*
can be replaced by
‘4

E‘Qn + 6’Qn’2q_nQn+1 + €|Qn|2an_n+1

in the finite-range case and
elgnl® Y e Mgy
k

in the short-range case.

§2.2 An abstract infinite-dimensional KAM theorem

§2.2.1 Function spaces and norms

Given Z; C Z, and d, p > 0, let éé,p(Zl) be the space of summable complex-valued

sequences ¢ = (qn)nez,, with the norm

b= 3 lanlin) e < oo,

nezi

lq

where (n) := v/1+n?. For r,s > 0, let Dy ,(r, s) be the complex b-dimensional neigh-
borhood of T® x {I =0} x {g =0} x {g =0} in T x R® x €} (Z1) x £} ,(Z,), i.e.,

Da,(r,s) :={(0,1,4,9) : [Imf] = [Im(01, -, 0)| <7, [I] <% |lgllap = lalla,p < s},

where | - | denotes the ¢!-norm of complex vectors.
Given a real-analytic function F(0,1,q,q;§) on D = Dy ,(r,s), Cjy (i.e., C in the

sense of Whitney) dependent on a parameter ¢ € 0,2 a closed region in R®. We expand

2In the rest of the paper, all dependencies on & are assumed of class Cfy,, thus all derivatives with

respective to the parameter £ € O will be interpreted in this sense.
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F' into the Taylor-Fourier series with respect to 0,1, q, q:
F(0.1,4.3:€) =Y Fap(0,1:£)q°¢

where, for multi-indices a 1= Y ;) anen, 8 := Y, 5 Bnén, an, Bn € N, with finitely
many non-vanishing components,
Fop(0,1;§) = Z Frap()I'é™”, ¢°q" = H @
kezb, lEN? (on,Bn)#(0,0)
(Here e,, denotes the vector with the n'® component being 1 and the other components

being zero.)

Definition 2.1 For each non-zero multi-index (o, ) = (an, Bn)nezy s Qn, Bn € N, with

finitely many non-vanishing components, we define

supp(a, 8) == {n € Zy : (an, Ba) # (0,0)},

ns = max{n € supp(a, f)},
N,s = min{n € supp(c, 3)},
nZB = max{]n;g], |n;5]},

andIOJ:ZZEZnEZla”7|ﬁ‘:::§:n€Z1ﬁn'
In particular, for || = |8] =0, define nl,; =n_s = nkz = 0.

With [0 Fruas| 1= 327, |0, Frtas| and |Fuaslo == supeco (|Fiias| + |0eFras)), let

| Fagllo = [Fuaslo 111e"™ ||Fllo := Y [Fuaslo [1'e*1™¢%]g”|.
k.l ko8

Define the weighted norm of F' as
|Fllo.0 = sup [ Fllo.* (2.2)

For the Hamiltonian vector field Xp = (0;F, —0pF, (=10, F')nez,, (105, F)nez, ) associ-
ated with F on D x O, define its norm by

IXrllp, 0 = 01 F|lp.0 + _”aGF”D o +sup Z (194, Fllo + 110g, Fllo) (n)?e™.

nEZl

3In the case of a vector-valued function F' : D x O — C*(b < +00), the norm can be defined as
b
[Fllp, 0 =2 i1 [IFillp, o
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Sometimes, for the sake of notational simplification, we shall not write the subscript

O in the norms defined above if it is obvious enough.

§2.2.2 Statement of the KAM Theorem

First, for the integrable Hamiltonian, Cf;, parametrized by £ € O, with the fol-

lowing form

N =e(€) + (W), D)+ D (€)andn, Z1 CZ,

neZq

the phase space is equipped with the symplectic structure dI Adf 41 dg, N\ dgy,.

nezq
For every £ € O, the corresponding Hamilton equation of motion to N is

do I

o _ 4 dgn _ dn
e dt

:—IQn N _:iQn_n, NEZ .
dt q q 1

0
’ dt

It admits a family of special quasi-periodic solutions
(0,0,0,0) = (6 + wt,0,0,0),

corresponding to invariant b—tori in the phase space.

Now we consider the following family of perturbed Hamiltonians

H=N+P=e(&)+ W), 1)+ > ntn+ P0,1,4,5:¢).  (23)
nezZi
on some D = Dy ,(r,s). We try to show the persistence of “most” of these b—tori
for H = N + P, provided that || Xp|p,o is sufficiently small, and the solutions of the
equation of motion on these tori are always well-localized.
Before stating the KAM theorem, we need to impose the following conditions on

the frequencies w, §2,, and the perturbation P.
(A1) Nondegeneracy of tangential frequencies: The map & — w(€) is a Cfy, diffeomor-
phism between O and its image.

(A2) Regularity of normal frequencies: For each n € Zy, Q, is a C}}, function of ¢ with
SUPeco |02, | < 1.

(A3) Regularity of the perturbation: The perturbation P is real-analytic in 0, I, ¢, ¢ and
C}, smoothly parametrized by £ € O.
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(A4) Decay property of the perturbation: P can be decomposed as P+ P, where

p:p(evla(L% Zpozﬁq qﬁ_ Z Pklaﬁll keq q67

(k l)#O

P=P(qq¢) = ZPa/sq ZP00a5q 7,

with
i e, o] + 6] < 2
[PasllDo <4 . : (2.4)
e Mes, ol + B8] >3
. ge s, laf + 8] <2
1Puslloo <4 7 . (2.5)
e Ptes™ sl ol + (6] > 3

Ab5) Gauge invariance of the perturbation: For P = Prosl'é®?¢%3® we have
( g 5

kezb, 1end
a,B

b
Pklaﬁzo if Zl{f]+|0é|—|ﬁ|7é0
j=1
Theorem 2.2 Assume that the Hamiltonian H in (2.3) satisfies (A1) — (A5). There

is a positive constant e, = e.(w, A, e,7,8,d,p) such that if || Xp|lpo < e < e, then

there exists a Cantor set O. C O with |O\ O] — 0 as ¢ — 0 such that
(a) there exists a Cfy, map @ : O, — RY, such that |0 — w|o, — 0 as € — 0;
(b) there exists a map ¥ : T® x O. — Dyo(r/2,0), real-analytic in 0 € T° and C},

parametrized by & € O, such that ||V — Wol[p,  r/20),0. — 0 as € — 0, where ¥y is
the trivial embedding: T x O — T x {0} x {0} x {0};

(c) for any 0 € T and § € O, V(0 + &(&)t,€) = (0 + &(t, 1(2),q(t),q(t)) is a b-
frequency quasi-periodic solution of equations of motion associated with the Hamil-

tonian H,

(d) for eacht, q(t) = (qn(t))nez, € Lio(Zn).

Remark 2.2 The statement (d) of the theorem above implies that

2
supznwlqn <C<supz g, (1) ) < o0,

ne”Z neL
which shows the conclusion of Theorem 2.1.
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§2.3 Hamiltonian and normal form

Back to Eq. (2.1), we fix z € X. After the coordinate transformation gz = Uqz,
with U given in Theorem 1.4, there is no difference in the linear part, and the new
equation transformed from the nonlinear equation (2.1) corresponds to the following

Hamiltonian

~ = - ~ 1 ~ = ~ =
H(QZa QZ) =A + G = Z Vn'Qn|2 + 56 Z uijaninQQO (26)

nez i,j,m,n€E”Z

where V,, = V,(z) := V(x + nd@). The off-diagonal decay of U in (1.5) implies the

short-range estimates of coefficients u;jnm,, i.e.,

|uijmn| < Ce—Q(max{i,j,m,n}—min{i,j,m,n}) . (27)

Indeed, we can calculate that

WUjjmn = Z UliUllemﬁln' (28>

IeZ

Without loss of generality, assume that ¢ < j < m < n, then

=2(|e=1|+|7 =1+ |m—1]+|n-1
figma] < €3 2t m— )
leZ
leZ
< 06_2(n_1).

We fix the tangential directions J = {ny,--- ,np} C Z, and Z; = Z \ J. When ¢
is sufficiently small, we have |n;| < &|Ine| fori=1,--- 0.

Fix r,d > 0 and p = 1, s < €3%. Define D = Dy ,(r,s) as in Subsection §2.2.1.

4
Before introducing action-angle variables and parameters, we need to transform H into

a Hamiltonian with a nice normal form. Hereafter, we will write the variable ¢z instead

of ¢z in the Hamiltonian for convenience.

Proposition 2.1 For € sufficiently small, there exists a subset X, of X with

mes(X \ X.) <€’ for some 0<¥ <1,
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such that for every x € X, there is a symplectic transformation ¥

= W(x), which
transforms H in (2.6) into
HoU = N+P
= e+ @O, 1) + Y Omtn + PO 0,68, (29)

nezq

a real-analytic Hamiltonian on D, CY, parametrized by £ € O := [e12,1]°. Here,

e w is a C, diffeomorphism between O and its image

e for eachn € Zy, Q, is a Cyy, function of & with sup |0¢Q,| < €.
¢e

Moreover, P has gauge invariance, and can be decomposed as P+ P with

P = p(@, -[7 q, 977 f) = Z Paﬁqaqﬁ - Z Pklaﬁ‘llei%ﬂ)qaqﬁ’

(k, l);ﬁO
P = Q>q£ Zpaﬁq ZPOOaﬁQQ7

satisfying

K 1, %
5 c1e 2"ap al + <9
||Paﬁ||p,og{ ol 4161 <

- : (2.10)
e, o] 41823

: eie 2", al+[f <2
HPaBHD,(’) < “Lnt —n,) : (2'11>
T3 o] + 18] > 3

Proof. We decompose the proof into the following parts.

e Construction of symplectic changes of variables

According to the form of H = A + G, let

_ 1 o
T(QZa QZ) = 56 Z uijaniqquQna

[él,131slml,[n|<x|In €|

7 ] mHin
Ai N Am a ‘/ : ‘/ + ‘/ ‘/

[il,17]sIm |, In|<x|In €|

F<qZ7 Q_Z) -
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and UL be the time-one map of the flow of associated Hamiltonian systems. For fixed

i,7,m,n € Z with |i|, |j|, |m|, |n| < k|In¢€|, consider the function

~

Vigmn () 1= V(@) = Vj() + Viu(2) = Va(@).
Since € is small enough, by Lemma 2.1 below, there exists a subset X, of X with
mes(X \ X.) < € for some 0<¥ <1,

such that if z € X, and {i,m} # {j,n}, then |V, ;m.(z)| > ¢1. This guarantees that
there is a uniform lower bound for the denominators in coefficients of F.

In view of the homological equation
1
{AF}+T = 5e Yo wigslalle
|il |51 <#| In€|
we know that the change of variables U1 sends H to
. 1 8
H \Ill - ‘/; i2 - 177 Z‘Q |2 R 212
°¥F iEZZ |¢i] +2€i||j|<zmn€|uﬁ|q, ;" + R, (2.12)

where
- 1 1

1 1
t={ AN F} oo Fy b~ {G.F} - (F} 4+
n: N— n: N—
Expand R as R = D Ra/ﬂ/q%/(jgl. Here (o/, ") = (@, Bn)nez, with finitely many
non-vanishing components, for which notations supp(c/, 8'), n5, > Nrgrs Mg and [,

8’| can be defined as in Definition 2.1. By the construction of R, we have

Ry =0, |o| #1657, (2.13)
Rag =0, || +5] <4, (2.14)
Roup =0, || +|6]=4, nhgy < kllne|. (2.15)

Moreover, by applying Lemma 2.2 below iteratively, *

~ _ + o
|Ra/5/| S ce 2(na/31 na’B’).

4For convenience of expression, we assume that the constant in Theorem 1.4 ¢ = 1.
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e Introduction of action-angle variables

Introducing the action-angle variables and the amplitude parameters to the Hamil-
tonian (2.12),

Gn =V 1o+ 67" Go=\1,+&e ™ neJ,

where (I,0) = (I, , Iy, 0ny, -+ ,0y,) are the standard action-angle variables in
the (¢n, Gn)nes-space around &, with & = (&, - ,&,) € €[e12,1]" the amplitude
parameter, and (q,q) = (¢n, Gn)nez,- Then the Hamiltonian in (2.12) becomes

HoUlk = Y Vil +&)+ Y Vilal* + —eZuW i+ &)

eJ ISYA ieJ
1 1
t5€ > L+ &)lg* + € D wiigi (L + &) (1 + &)
i€T,5€Z, ijed
[71<k|Ine| i#£]
1 -
+e > wiglallel + R

i,j€Z1
li], ]3] <r|In €]

= ZV] +ZV|Q1,|2+€ZUZZZZ§Z] + Z Wiijj é-l] +€J )

i€ 1€Zq €T i,jET
i#]

Z Uiijjfi|(1j|2 + Z Vifi + %EZ Uil + %E Z (RS,

1€J,J€L i€J 1€J €T
[71<k]In €] jAi

+R,

where

R=R+ _EZU””IQ —e Z Wiiji Ll + Z Usi55 1 !qJ|2

eJ i,j€T i€J,j€L]
i#] |71<k|Ine€|

By the scaling in time
0—6, I— 63”1, q— egﬁq, q— e%“q, £ — €"¢, (2.16)
we finally arrive at the rescaled Hamiltonian

Ho W} = W39 (H o W})(0, 63" ], €3%q, ¢3°3;€%6) = N + P,
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where N = e+ (w, I) + 3, cz. Qnlgnl?, with

~ 1« 1«
e = ¢ (F30) Z Vi&i + 56_5 Z Uil + 56_5 Z (CNSIST (2.17)

eJ i€J zzjijj
~ 1
wz(f) = 67(1%%)‘/; + U4iiiGi 1 5 Z uiz’jjgj’ 1€ J, (218)
_(H_H)Vn + 1 ; UiinnSi n| < k|ln
Qu(§) = ‘ 2 Zﬁ“ S Inl<wllnd €Z; (219
eV, In| > k| lne]

and P = 6_(1+§"‘)R(«9, €551, €35q, €37q; €rE).
e Properties of the new Hamiltonian NV + P

As shown in (2.8), wiij; = Y ez |Ual*|Uj|?, so, in view of (2.18), the b x b matrix

)
a‘g satisfies that

Uald. .
@),-{ S e
€ ij §ZleZ|Uil| |Ujl| R

By (1.5), we have
|Uzz - 1| < €, |Uzl| S 66_2“_”, [ 7é 1.

Hence, >, [Ual* > ¢(1 — €)*, while sup,; >,y [Uul*|Ua> < ce*. The diagonal
dominance of g‘g, which is deduced from the smallness of €, implies that w is a Cj
diffeomorphism between O and its image.

The formulation of €, given in (2.19) implies that 0¢, = 0 for |n| > k|Ine|. As
for the case |n| < k|Ine|, we have

|a§lQ |_ Z| aczl| | xnl|2§062; Zej
20

For n € Z;, the formulation of €2, given in (2.19) implies that 0., = 0 for

In| > k|Ine|. As for the case |n| < k|lne|, we have

1
|c951§2n| = 5 Z |U,‘l|2’Unl|2 < 062, 1€ J.

lez
By (2.13) and (2.14), each non-zero term of R can be rewritten as

I BT a=B

Rup a3 @) = Ropdy 07 ¢°0, 1| +18 =4, || =18,
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where ay = (an)neju Br = (5n)neja and q7 = (Qn)neja 47 = (Cjn)neja then the

introduction of action-angle variables brings us terms like

~ o an+Pn .
Ra’ﬁ’ (H ( [n + fn) el(a”5")0”> qaq_ﬁu

neJ

which, after the scaling (2.16), becomes

an+ﬂn
SRO/B/ (H ( legln +§n) el(an_ﬂn)9n> qaqﬂ’ (220)

neJ

where £ = e (H3m)e5 (ol HBsD+3r(1H8) - Ag a term of P = > ke Pras(De®?q2g?,
this means,

D k=) (o —Ba).

j=1 neJ
Then Z?Zl kj + |a| — |B] equals to its initial value Y, an — >, 7 Bn = || = |F'].
Thus, by (2.13),

b
Prog =0 if Y kj+]a| — |8 = [/| - |8'| # 0.
j=1

The gauge invariance of P is deduced by expanding Fj,p with respect to I.

We need to verify the decay property of P. Decompose P as P = P + P, which

has been given in the proposition.

) Jag|+[6s] =0
In this case, |o/| + || = |a| + |B] > 4 in view of (2.14), and the term in (2.20) is
e_(1+%”‘)e§"(|"‘|+|5|)}?a/g/qo‘qﬁ. This is a higher-order term of P, with its coefficient

smaller than

- ot ot
6%_1|RO/,3’| < 6%—1 . €e 2(na/3/ na’B’) < 6%6 2(na/3/ na/B/)‘ (221)

2) lagl+ 187121
This means supp(a’, 8")N[—%|Ine|, £[Ine|] # 0, i.e., there exists [n| < £|In¢€| such

that (al,, 3. # (0,0), then we have that
* K * + —
no/,B’ — 6| ln€| S na’ﬁ’ - |n| S nalﬁl — na,ﬂ,.
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Hence,

~ _ + - K I, YOS K O *
|Rargr| < ee 2narg ~Mare) < gefIme g T2arg — (1=5 Mg
By (2.14), we can consider Case 2) in the following two situations.

— If [o/| +|B'] = 6, then §(loay |+ |B7]) + 26(Ja| +|B]) = 3k and € < €3571. This

means the coefficient is not more than
E|Rwp| < 3l T M < e e, (2.22)
— If |o/| + |8'| = 4, then by (2.15), n},5 > x|Ine|, and hence
|Rop| < e Fe e ae = ¢l t5ne ara
This means the coefficient in (2.20) is not more than

E|Rur| < e N s < e (2.23)

Thus, Case 2), the coefficient of ¢*¢” in (2.20) can be controlled as

O‘n+ﬁn
‘C/’RO/,B/ (H ( V G%In + €n> €i(a"_’8")9")

neJg

_ *
< etie Marp,

D,0
In expanding /I, + &, around &,,, we need to keep &, apart from 0 to avoid singu-
larity. This is why we choose ¢ € [e1z, 1]°(after scaling).

There is no doubt that terms of P are all generated in Case 2), so, applying the
basic fact supp(a, #) C supp(/, f'),

| Pagllpo < €fe e < efe s,

which implies (2.10).
Terms of P come from both cases. When the term in (2.20) satisfies that oy = 8,
by expanding /I, + &, around §, we can obtain

5[:{&,5, <H (\/g)an—&-ﬁn> qagﬁ’

neJ
which contributes one term to P due to cancelation of angle variables. As in Case
2), the corresponding coefficient is not more than €% e "8, which can be replaced by
efe 2" es) as we need, since 5(nls —ngg) < nig. Together with (2.21), (2.11) is
proved. 0
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Combing (2.21) — (2.23) together, we have

|

||XP||Dd’p(r,s),O Sei=es.

To this stage, we have that all the assumptions of Theorem 2.2 hold for (2.9), which
conjugates with (2.1). Thus, Theorem 2.1 follows from Theorem 2.2.

We have applied several conclusions directly in proving Proposition 2.1. Now we

give their precise statements. The first lemma shows that the function
Vijma(r) = V(z +ia) = V(z + ja) + V(z + ma) — V(z + nd)
on X is not identically zero, if |i|, |j], |m]|, |n| < k|Ine| and {i,m} # {j,n}.
Lemma 2.1 For e sufficiently small, there exists a subset X, of X with
mes(X \ X.) < €’ for some 0<1 <1,
such that for any |i|, ||, |m|, |n| < k|lne| and {i,m} # {j,n}, we have
Vijmn(z)| > €1, Ve X. (2.24)

The proof of Lemma 2.1 is very similar to Appendix A in [22], and the measure

estimate is an analogue with Lemma 5.3 in [33]. For the sake of completeness, we give
its proof in Appendix 3% F..

The next lemma implies that the property (2.7) about the coefficients of the Hamil-

tonian is preserved under the poisson bracket.

Lemma 2.2 Consider two real-analytic functions’®

Glaz, @) = Y Gopds@y, Flaz. @)= Y., Fapasds,
P nt jﬁ <M
apf aff—=

with

(Gagl < cge™as™an) | | Fg| < cpe(mas™"as),

SHere we use (a, 3) instead of (o/, ') to denote (ay, By )nez for convenience.
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for some positive cg, cp and o. We have that
K(qz,qz) = iz (0g '+ 03, G — 0g, I+ 0,,G) = ZKaﬁfI%qg
nez a,f
satisfies

—o(nt.—n-
|Kop| < ¢+ M?cgepe 7(Map—Nap)

Proof. A straightforward calculation yields that

Kaop = iz (G&+en,6Fa,B+en - Gd,BJreanJren,B) ’ (2.25)
S

with the summation notation

nez, (&0 +(@ap) =(a,B),

nt . n_ . <M o nt .—n. <M
&,B+en &,B+en G+en,f G+ten,B

For Gy, 3F% 31, in (2.25), note that

(67

T < toooont - > - on .
nys < max{nd%nﬁ, ndﬁﬂn}, N,z > max{nd%mﬂ, ndﬁJre”},
then
+ e At St -
Mavend ~ Matens T Mafren  Maren = o8 T Map
Hence

_ + _n ) — + —n_ . _ + -
Gatenptapie,l < cacre O ten g Maten 8 e " Mabren Madren) < caepe Masmap),
ny ) n' T -

Doing the same for G 5., Fs,. 5 in (2.25), and noting that K, is a finite sum in
view of the definition of §, we have completed the proof of this lemma. O

2.4 KAM iteration

The remaining sections of this chapter are devoted to the proof of Theorem 2.2.
In this section we present the KAM iteration scheme applied to (2.3). This is a suc-
cession of infinitely many symplectic transformations. We will show that, under these
symplectic transformations, the perturbation is made smaller at the cost of excluding
a small-measure set of parameters and some weight of exponent. It will be shown in
the next section that the sequence of the symplectic transformations converges and, to
finish the proof of Theorem 2.2, the total measure of the set of parameters that has

been excluded is small.
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§2.4.1 Normal form

In order to perform the KAM iteration scheme, we shall first write the Hamiltonian
(2.3) into a normal form that is more convenient for this purpose. For simplicity, we
only outline the derivation of the normal form. Detailed construction and estimation
is similar to those for the general KAM step which we will show later.

To begin the KAM iteration, we set 7y = %, g9 = ei, and K, = 2|Inelpt,
po = Ky '. Let sy be such that 0 < sy < min{eg, s}, and define Dy = D, (0, So)-

We first consider the lower-order terms of P and P. According to (2.4) and (2.5)

in the assumption (A4) and the definition of norm (2.2), we have that coefficients of

P = Z Pkla5[l€i<k’9>qa(jﬁ, P - ZPO()aﬁqa(jﬁ

(ki)EEO a,f
satisfy that
|Pkla6|(9 < éfeipnz‘ﬂei‘klr, Vk € Zb, 2‘” + |Oé| + |B| <2 (226)
Decompose P as P = R+ (P — R), with

R := Z Pkla,é’euk’wqaq_B?

n;BSKO
2/l +|al+]B<2

P—R= Z Pklaﬁei<k7€> Ilqaq— + Z Pklaﬁei<k’9> ]lqaq—ﬂ
kL 5>Ko

k.l
2|1 >3
1<2|1|+ || +] 8| <2 [+lel+]181=

It follows, from (2.26) and the definition of the vector field norm, that one can make

so small enough so that

ot

g4,

N | —

1
| Xp—rllDs.0 < 560 =

We can rewrite R as

R = Zpklooei<k’9>ll+ Z (P*0g, + P0lg,)eltho)
k K

<1 In|<Kq
Y Brdmtn + Pyl Gnlo + Prlnda)e ™,
k

[m|,[n|<Kq
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where
klO k01 .__
P Pk[)e 05 Pn — Pk006n7

k20 ._ k11 .__ k02 . __
Pmn = Pk’l(em-‘,—en)O) Pmn = Pklemeny Pmn = PklO(em+en)-

The gauge invariance of P implies that for all m,n € Z,

P010 P001 p020 Pooz_o (2.27)

mn ?

To handle terms of R, we need to construct a symplectic transformation ®, = &},
defined as the time-1 map of the Hamiltonian flow associated with a real-analytic

Hamiltonian F, of the form

Z Frool'e 0 + Z (Frqn + F' )™

k+£0 k50

[1]<1 n|<Kg

+ Y (FEngn + F o + FA )™,
k0

[m],[n|< Ko

such that all non-resonant terms

Pkl001l6i<k79>7 k 7£ O? |l‘ S 17
Proas€*q°q’, k#0, nis < Ko, 1< |a] + 8] < 2,

will be eliminated, and terms
Poool', [I| <1, Porlgmdn, |ml,|n| < Ko,

will be added to the normal form part of the new Hamiltonian. More precisely, we

shall construct @}, such that F, satisfies the homological equation

{NyF*}‘i‘R:ZPozoofl-i- Z PO G-

i<t Im|,|n| <Ko

One can show that it is solvable on the parameter set

r \
|<k7w>‘ > |/€\ )
k7w +Q _Z—Oa
0= cco. Q’ T kA bl < Ko
|<k7w>+ + |> |k|TK4’
L |</~c,w>+Q Q ‘> \k\"'K‘“ )




By virtue of (2.27), which is guaranteed by gauge invariance of P, we need not consider
the lower bound of |€2,| or €2, £ €2,].
The parameter set satisfies that |O\ Og| = O(7). Indeed, by the assumptions on
w and €2, we have
9e({f ) + Q£ Q)] = k],

Therefore, by excluding some parameter set with measure O(), we have that

Yo
k Q,, Q.| > )
|k, w) + ] P,

The other conditions can be handled similarly.
With ®, = @}, the Hamiltonian (2.3) can be transformed into the following

system on Dy := Dy, (70, S0):
Hy=Ho®, =Ny + P,
with Ny and P, given as

-N‘O = 60(5) + <w0(€)v ]> < 207 ZO Z Q Qn(.?m

‘n‘>K0

where zy := (qn)\n\gKO, 2 1= (q_n)\n\SKoa and

0(§) = e(§) + Poooo(§),
0(§) = w(&) + Powogy=1)(£),
<A0(€ ZOsz> Z Q 5)(]71%1 + Z POH QmQTr

In|<Ko [m|,|n|<Ko

®

(S

Moreover, By satisfies || Xp, ||p, 0, < e1 = go and

1225l 0,00 < S N N
D 0 —_— *
aB 1Do,Oo e_pona67 |a| 1 |B| >3 )

e i<
Do,0p _ .
5 0,00 efpo(nzﬁfnaﬁ)7 |Oz| + |6| > 3

We shall prove that the decay property is preserved during the KAM iteration in the

following subsection.
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Suppose that, we have arrived at the v*" KAM step, and we consider the Hamilto-
nian H, = N, + P,, which is real-analytic on D, = D, (10, s,), and C’I}V parametrized
by € € O,(0, C Oy is a parameter set), with

N, = e, (&) + (W), 1) + (A2, 5) + D l&)ulns

|n|>Ky

P,=P,+ P, = Z 50, 1,9)¢°8” + > Prs(©)qd’,

a,B

where 2z, = (¢n)pm<k,, Zv = (Gn)nj<k,- Moreover, P, satisfies that || Xp,||p, 0, < &

and
e PMas, ol 4|8 < 2
IPsllp0, <9 7 - ; (2.28)
e s, ol +18] >3
e e Prlas lal + 5] <2
H 5HDV7OV — _ (n+ —n_ ) . (229)
e Prtes™ s ol + |8 > 3

We shall construct a subset 0,1 C O,, and a symplectic transformation ¢, : D,,; —
D,, so that the Hamiltonian H,,; = H, o ®, = N,.1 + P,;1, C}, parametrized by
¢ € 0,41, has similar properties with H,, and

5
|’XPV+1||DV+17OV+1 S 51% - €y+1.

(3]

From now on, to simplify notations, the subscripts (or superscripts) “v” of quan-
tities at the v*® step are neglected, and the corresponding quantities at the (v + 1)
step are labeled with “4”. In addition, all constants labeled with ¢, ¢y, ¢y, --- are

positive and independent of the iteration step..

Let Ky =2|In¢|K. In the KAM step detailed below, terms with (¢,, Gn) k<jnj<K,
will be added to the new normal components z,, z,. To facilitate the calculations when
solving a homological equation later on, we will also adopt the following expression of

the normal form N,

N = el©)+ W), D)+ (AO)22)+ Y. UO@mdn + Y, (&)t
K<|n|<K4 In|>K

= () + (W, 1) + (A2, 2) + > ()i,

\n\>K+
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where 21 = (¢u)mi<k, » 2+ = (Gn) <k, , and A is a Hermitian matrix with dim(A) <

2K, + 1 given by
- A 0
A= : (2.30)
0 Q,
K<|n|<Ky

§2.4.2 Truncation and homological equation

Expand P and P into their Taylor-Fourier series,

p: Z Pklaﬂei<k’9>llqaqﬁ, P: ZPOOanaqﬁ'
(k,l)gso a,B

By (2.28) and (2.29), and the definition of norm || - ||p.0,
|Priaglo < ceMase™ ™ Wk € 7P, 2|1 + |a| +|B8] < 2. (2.31)

Associated with terms in the normal form N, let R be the following truncation of P:

R(67[7Z+72+>: Z Pklaﬁe<k9>ll @ 6_R0+R1+R2,
201l +]al +15]<2
nZﬁSK+
with
Ry = Z Pklooel< ’9>[l>
i<
Rio= Y (PO, 4+ PR )0 = SR 2, 4 (R, 7,))0%0
\"|§I€K+ b
Ry = Y (PE0qugn + Pl amn + ProtGnn)e ™
<
= Z((Rk202+, 2p) + (R 2y, 24) + (RE%2, 2,))el ),
k
where RFI0 RFOL - RF20 - RKLL - REOZ are defined as
k10 k10 kOl ._ ( pkol
R (Pn )|n|§K+ g R¥Y = (P, )|n\§K+ ’
k20 . 520 KL (phil KOL . (phol

Since P = P, it is clear that

P iyioo = Prigo, R0 = RROL - R(=R)01 — RMO,

(2.32)
R(-k)20 = RkO2. R(—k)ll = RF1 RR02 — Rk20
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From our definition of norms, it follows that
| Xklpo < | Xplpo <e.

LXpr =K' r = TPy = 1. Let pr =K' r, = 5+ andn= £1. Since
P—-—R= Z Pklaﬁei<k’9>[lqaqﬁ + Z Pklaﬁ€i<k’0>llqaq_ﬁv (233)

k,l, n(’; >K

k,l
201l +lal+161>3 AT

combining with (2.31), there exists ¢; > 0 such that

1

ng’ (2.34)

—pln|
‘|XP7RHD¢1,P+(T++T72T+1775)70 S¢ Z ¢ tans <
In|>K4
provided that

(C1): e~ lrmro)E+ < e7 and ¢;5 < 3€.

s

We are going to construct a Hamiltonian F', defined on a new domain D, =
Dap, (14, 51) such that, the time-1 map ® = @ associated with the Hamiltonian
vector field Xp, is a (symplectic) map from D, to D which transforms H into H, the
Hamiltonian in the next KAM cycle. Let F' be of the form

F(ev-[az—‘raz-‘r) = F0+F1+F27

with

FO e Z Fkl006i<k79>ll,
k%0
[t1<1

F, = Z (F,]fmqn + F,’fOlq’n)ei<k79> = Z((F’ﬂo’ )+ <Fl<:017 2+>)€i<k,9>’

"z k0

|n\§K+

By, = Fk20 PR, o 4 k025 oy ,ilk6)

2 - Z ( mn dmAn + mn 9mdn + mn qmqn)e
|m‘7‘k”7|égK+
= Z(<Fk20z+7 Z+> + <Fk11z+7 E+> + <Fk022+7 Z-|—>)€i<k’9>7

k£0

and satisfy the homological equation
N F}+ R=¢ + (W, I) + (R"z, 7). (2.35)
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where €' = Py and w’ = Pyo(|l] = 1). By simple comparison of coefficients, we can

see Equation (2.35) is equivalent to the following system

for every k # 0 and |[| < 1.

Since A is Hermitian, there is a unitary matrix () such that

Q*AQ = A = diag{p;}j1<xc,

where {1;}<k, denote the eigenvalues of A. In addition, by (2.30), the eigenvalues
of A are all labeled with [j| < K, and p; = Q; for K < |j| < K;. Due to the

block-diagonal structure of A, we have that
Qmn =0 if |m —n|>2K + 1. (2.42)

Indeed, the diagonalization of A is just the diagonalization of A.

Define the new parameter set O, C O as

(
k,w)| > #,
kaw ]+1un| > W7

{
Op:=<K£€0: :i k#0, |ml||n| < K.
{

)
)

k,wﬂ—l—um—i—,un] > W,
)

k,w f+um—un|>ﬁa

\ J

The same as the construction of Oy in Subsection §2.4.1, we need not consider the
lower bound of |p,| or |g, & tiy,], in view of gauge invariance of P.
Obviously, (2.36) can be solved on O,. As for solvability of (2.37) — (2.41), let us

define the vectors R¥1°, R*' and the matrices RF20, R¥11 RF02 ag

RF10 . — Q*Rklo RROL . Q*ka
Rk20 . Q*RMOQ RFL .— Q*Ran Rk02 . Q*RkOQQ
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for k # 0. We consider the equations

(k)T = pn) 0 = 1R31°,
((k, )] + pn) RO = iR
((ky )T = pin = o) Fpy = iR,
((ky )T = p + ) Fop = iR,
(ks )T+ pi + ) ot = R0,

for k # 0, |m|,|n| < K4, which can be solved on O,. Then (2.37) — (2.41) are also
solved with

RO .— QFkI0 FROL.— QFkOL

k20 . Qﬁkon*’ kL. kanQ*’ k02 . kaon* ’

By (2.32), it is easy to show that

F(,k)loo = Fk‘lOO; F(_k)lo — Fk017 F(—k)OI — _F’klo7
F(=k)20 — }716027 (F(—k)ﬂ)* _ Fk:ll) F(—k)02 — [k20

Thus F = F.

§2.4.3 Property of the coordinate transformation

Lemma 2.3 F' has gauge invariance, and for € sufficiently small, the coefficients of F

satisfy that

5 _
| Fraoolo, < es|k|* e kI, (2.43)
|0, [FY g, < e |k[2m e Hre—rinl (2.44)
P2, [ER o, , [FE2|o, < ed|k[*m+ e krempmaxdimlni} (2.45)

VE#O0, |l] <1 and|m| |n| < K.
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Proof. Let us first consider F*? for instance, with other terms in (2.44) and (2.45)

analogous. By the construction above, we can present F*2Y as

FkQO — IZ anl Q;ngsz%anstZ‘lm (246)
" T <k7 w) — Hng T Hny ’

where the summation notation F denotes

[nal; nal, nsl, Ina| < K,
Iy —nl, ne —ni| 2K +1, |ng—ml|, |ng—ny| <2K+1 |
by virtue of the structure of @ in (3.21). Then by (2.31),

sup |Fk20(§)| < C(,Y—l|k’TKjlr)K4e(2K+1)p€e—pmax{|m|,\n|}e—|k\r'

Here we have applied the property of the orthogonal matrix (), and used the factor
e(E+Dr o recover the exponential decay.

To estimate |9, F%2°|, we need to differentiate both sides of (2.39) with respect to
&,Jj=1,2,---,b. Then we obtain the equation about d¢, F**°

(k)T — A) (0, F*™°) — (8, F*) A = G¢2°,
which can be solved by diagonalizing A via Q as above, where
G2 =10, R0 + F*0(0g, A) — [0, ((k, w) T — A)]F*°.

This equation also can be solved by diagonalizing A via @ Just like (2.46), we get the

%20 Qnm Q:unz (Glgfo)nzn3 Qn3n4 Qrum
O, P20 =~ - .
F < 7w> = Hny — Hny

formulation

By the decay property of RF2° and the construction of A, we have that

és%p |(Glgj20>mn| < C<7—1|k,|T+1Ki)K5€(4K+2)p€6—pmax{|m|,\n|}e—\k\r'
€Oy

Thus there exists ¢y > 0 such that

sup (|E57 | + 10 F )
£e04

C2(,)/—2|k,|2fr-i—1[(_8’_)[(96(6[(-{-3)/)66—/)max{\m\,|n|}6—|k|r

VAN

5 _ _
28 |2+ gmpmax{im inl} o~k

IN
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From the definition of O, it is easy to see that
| Fraoolo. < [(k, ) 21k Paoolo, <y k[P e e, k#0, I <1.

Thus, (2.43) — (2.45) hold under the assumption
(C2): 027*2}(_%}(96(6[”3)"5% <1

Suppose that 22:1 k;j + 2 # 0, which means R*° = 0. By the formulation of
F¥20in (2.46), F*?° = 0. Doing the same thing for F*1 k02 k10 RO a9 ahove, we

obtain the gauge invariance of F. O

We proceed to estimate the norm of Xz and to study properties of ®1, on domains

D; =Dy, (r+ +2(r—ry),ts),i=1,2,3,4.

Lemma 2.4 For e sufficiently small, we have | Xr|p, 0, < £s.

Proof. In view of (2.43) — (2.45), it follows that
1 5
8_2H89F||D370+7 ||81F||D3,(’)+ < C(T - T+)_(27+b+1)52’
and

1 n
sup— 3™ (104, Fllo, + 10, Fllo. ) {n)e"

3 neZl

IA

0 S S (FE o, +[F o, ) M e

3 k#£0
[n|<K

¢ —lr—r n
tsup = D (Flo, + Fnillo, + [Frlo. ) lam|e 507D fn)tert
3

k0
Im|,In| <K

< elr— 7’+)_(2T+b+1)Kiep+K+6%.
Putting together the estimates above, there exists a constant c3 such that
X pllpy0, < es(r —ry) G R derrEecs,

Moreover, if

(C3): c3(r — T+)*(27+b+1)Kjl_ep+K+5$ <1,

then Lemma 2.4 follows. [
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Now let Dy, := Dy, (14 + ﬁ(r —ry), ﬁns), i=1,2,3,4.

Lemma 2.5 For ¢ sufficiently small, we have ®% : Dsy, — Ds,, —1 < t < 1, and

moreover, || D®y — Id||p,, < €3

Proof. Let

lilFll+lel+8]
90:0I'0(z,)*0(z4 )?

ID"Floo, = mx{H

i+ el + Bl =m =20
D0,

Notice that F'is a polynomial of order 1 in [ and of order 2 in z,, z,. It thus follows

from Lemma 2.4 and Cauchy inequality that
ID™Flipy 0, < €5, ¥Ym>2.
Using the integral equation
t
0
and Lemma 2.4, one sees easily that ®f : Dy, — Ds,, —1 <t < 1. Moreover, since
t t
DL = Id+/ (DXp)D®%. ds = Id+/ J(D?*F)D®%. ds,
0 0
where J denotes the standard symplectic matrix, it follows that

|D®, — Id|p,, < 2||D*F|p,, < 25,

82.4.4 The new Hamiltonian

1
Let ® = ®L s, = UL Dy =Dg,, (ry,s:+) and

N+ =ey + <(JJ+,I> + <A+Z+, §+> + Z QnQan

|n|>K+
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where e, =e+¢€,wy =w+w, A, = A+ R, Then ® : D, — D, and, by Taylor’s
second-order formula,
H, = Ho®?=N+R)o®P+(P—R)o®
1
= N+{N,F}+R+/O(1—t){{N,F},F}ocI>;dt
1
+/{R,F}oq>;dt+(P—R)oq>}p
0
= N+{N,F}+R+ P,
= N +P +{N,F}+R—¢ — (W, 1) — (R 2, z,)
= N++P+7

1
where P, :/ {(1—=t){N,F} + R, F}o®, dt + (P — R) o ®j..
0 - -
The new normal form N, has properties similar to those of A/. Since A* = A and

(ROM)* = R"™' we have A% = Ay, ie., Ay is a Hermitian matrix. Then, from the

assumptions on P and P, we further have that
Wi —wlo, <&, [(As = A)alo, < emrmestimli) (2.47)
Let R(t) = (1 —t)(NMy — N) +tR. Then P, can be rewritten as
P, — /01(1 _ N, FY, FY o & di + /Ol{R, F}o®hdt + (P — R)o®,
/I{R(t), F}o®L. dt + (P — R) o .

Hence, Xp+ fO X{R(t ),F} dt + ((I)l )*Xp R)- EE%IEEQ D5

|DP%|p,, <1+ ||D®y —1I||p, <2, —1<t<1.

Furthermore, by Lemma A.3,

9
5

ot

_ 1
| X (e, Fyl|psy, < cn™? G

Then, combining with (3.29), || Xp, ||p,,0, < ci = £
Note that

P, = P=R+{PF}+ g {{N.F}F} + o {P.F}F} o+ -

+%{...{/\/,F}...7F}_|_%{...{p7F}...’F}_|_...
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The reality of P, is verified easily because, for any two function F' and G satisfying
F = F and G = G respectively, their Poisson bracket {F,G} satisfies {F,G} =
{F,G} ={F,G}.

It has been proved that the gauge invariance is preserved during the KAM iteration
by Lemma A.4, so we only need to examine the decay property of P.. More precisely,

if we decompose P, as P, = P+ + P+ with
P+—Z 6,1;€)q°q", P+:ZP;5(§)qqﬂ
a?ﬁ

we will show that

[zl epe P ol + || < 2
Dy ,O0L > ¥
T T eeas, ol 4+ 18123

1Pl g e Pmas, o] + 18] <2
0BlIPO 2\ o) ol 45> 8

For terms of P — R in (2.33), we have
|Paslloson < e, || Paslip,0, < eaa e, o] + |] > 3
If o] + |B] < 2, then by (C1) and njz > K,
1Pasllps.o.» | Pasllp, 0, < eean < gem(bmrodie . gmpeman < %8+6p+nzﬁ'

Here we applied the estimate |I| < s; < ie to handle the case that || 4 3] < 2 and
20 + |l + 18] = 3.
The decay property of remaining terms, which are made up of several Poisson

brackets, is covered by the following lemma.

Lemma 2.6 For ¢ sufficiently small, we have

ce e, Ja| + 18] < 2
e, ol + 1823

N)—'

1
I{P, F}apllps,, 0, < e

Proof. A straightforward calculation yields that

(P.Flas =1 Y (Pa+e 3P ires —PdmenFWmB) (2.48)

|n\5{(+
(a,8)+(a,8)=(a,8)

+ Y {Paﬁ,F } (2.49)

(@,8)+(a,8)=(a.B)
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In view of Lemma 2.3, we know that ||Fig||p,0, < e3¢ s

(1) Terms in (2.48)

%

Let us first consider the term Py,  5F; which contains Py, sF} 5.~ and

aten,Bt &, B4en?
p@+en,5Fa,B+en- In view of the construction of F, we have that |a| + |5 + e, = 1 or 2.
i) Jof+ (8] <2

In this case,

[ + en| + |6] = laf + 18] + 1 = (|a] +15]) < 3.

o If |6+ e,] 4+ |B] < 2, then, noting that n’, < max{n} n;B%n}, we have
o ’ —on* . 4 —pn*
HPa+en,BFd,B+enHDs,0+v ‘|Pd+en,BFd,B+en‘|D3,o+ S ge pndﬁ-enﬁ - E£5¢€ pna,5+en
< ese s, (2.50)

o If |& + e, + |#] = 3, then gauge invariance of P implies PMemB = 0. By the
construction of F', we can see that the only case, in which a higher-order term
of P is transformed into a lower-order term of {P, F}(indeed only {P,F}), is

(&, B) = (0,0), (&, B) = (e, B). By the definition of norm || Xr||p, o and the decay
property of P,

|Ds.0 < e PMaken s | Fo.enllDs,00 < csese P,

||Pa+en,ﬁ

*

Thus, noting that n; < max{n}, g, [n|}, we have

1 PatensFocallps.o, < csete s < cefe™as, (2.51)

i) |of +[6] =3

In this case, |& + e,| + |3| > 3. By the same argument as above, noting that

* < * 5 * * < + L —m ; ko
nhs < max{ndJremB, n&’men}, OF Moy SNL 5= Mgy 5T 1% 5., 5 We have

H]5d+en75Fd7B+enHD&@+ < e PMatend - g5 MMabten < 5%6_'0”313, (2.52)

’ _ + —n_ 4 — * 4 *
n’ —n . 4 n* 4 _
HPd+6n BFd B+8n||D3:O+ S e /)( a+en,B a+en7/3) - E5¢ P &,B+en S £s5e pnaﬂ_ (253)

Doing the same for Py 5, F.

a+e,,3 We finish estimates for terms in (2.48).
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(2) Terms in (2.49)

By Lemma A.2 and the inequality n}; < max{n’ FIRON B}’ we have

9 *
ese”Mes, Jal 46 <2
K Pss: Faptlps, 0, < elr—ri) 0" . . (2.54)
B B 3,0+ + g%eilm‘lﬂ, |Oé| + |/6| >3
Combining (2.50) — (2.54), there exists ¢4 > 0 such that
9 *
eveMor, ol + 6] =2
I{P, F}apllps, 0, < calr —r) ' ° K3 . :
B11 D3y, O+ + + (C:%efpnaﬂ7 |Oé| + |5| >3
provided that
(C4): cy(r —ry) 'K2em < 1,
then Lemma 3.4 follows. O

For V=P, —(P—-R)=},; Ya5q°q°, which is made up with iterated Poisson

brackets, we can estimate them as above, and obtain

sere o0, Jal + |6 < 2
ese s, al + 6] =3

1Yasllpy0p < {

for e sufficiently small. If we decompose Y into Y and Y, with
Y = Yas(0,1;9)¢°7, Y =) Vas(©)a"7’,
a,B a,B
then, applying the basic facts %(nzﬁ —ngp) <nggand pyp < 5,

sere s, ol + B <2

[Vaslio, 0, < *
I ebeemia, ol 11823

le e Ptmas, | + 18] < 2

Yasllo, o0, < - |
aBlDy, 04 gée_m(nzﬁ_n“ﬁ), o] + 6] = 3

This completes one step of KAM iterations.
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§2.5 Proof of Theorem 2.2

Let 79, S0, po, €0, Yo, Ko, Oo, Ho, Ny, Py be as given in Subsection §2.4. For

v=1,2,---, define the following sequences:
sy ; \ 1
&y = 5;171 = 804 v T = 5137 T = 81}67 KI/ = 2‘ 1n€y71|K11717 Pv = K; )
v+1 1 v—1 1
_ _ —1 _ - _ o—-3v A
T =To <]- ;2 > ; Sy = 877V—13V—1 =2 <21:I0 51) 50-

Consider H, = N, + P, on D, = Dy, (1,,5,), with

Ny = e+ (W), D) + (A2, 2) + Y (6t

n|>K,

= () + (W), D)+ (A (D1, )+ D ()i,

[n|>Ky 41

P, = P+ B =Y P06, + Y Pl(€)ad
a,fB a,B

where z, = (Qn>|n|§Ku= Zy = (Qn)lnISKua and

~ A, 0
A, = :
0 Q,
Ku<|n|§Ku+l

whose eigenvalues are {11} } <k, ,,, With {¢%};<k, being eigenvalues of A, and i = €,
for K, < |j| < K,41. Let

;

|k
|k :

Ou—i—l = 5 € OV : |<k} v k 7& 07 |m|7 |TL| S KV+1
|k

\
§2.5.1 Iteration Lemma

The preceding analysis may be summarized in the following

Lemma 2.7 There exists €y sufficiently small such that the following holds for all
v=0,1,--.
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a) H, =N, + P, is real-analytic on D,, C}, parametrized by ¢ € O, and
W
|wis1 = wl’|0u+17 [(Ays1 — Av)mn|(91,+1 <ege ™ max{mln[}

Moreover, P, has gauge invariance, and || Xp,||p, 0, < €,

P _ e ol 481 <2
H aﬁ"DV,OV —_ —,OVN* )
e s al+(8] >3

1P%51p,.0, < g, s, af + 18] <2
BIPO =) empnls=nas) o] + 18] > 3

b) There is a symplectic transformation ®, : D,,1 — D, with
+

4
HD¢V - IdHDy.t,_l,O S 63

v+1

such that H, .1 = H, o ®,.

Proof. Let ¢y = e’ max{cy, ¢z, c3,ca}. We need to verify the assumptions (C1)—(C4)
for all v = 0,1,---. Noting that 7, —r,41 = 7% and p, K, = 1, it is sufficient for us
to check:

(D1): ¢ps, < ey,

_ 1
(D2): Cora(zr+b+1)2(u+2)(2r+b+1)K£zﬁo <& ¥,

forallv=0,1,---.
By the choice of sy, the condition (D1) clearly holds for » = 0. Suppose that it
holds for some v. Then it is easy to see that
1 1
CoSpt+1 = 2733 - oSy, < 273ek g, < Epal-
Hence (D1) holds for all v.
As for (D2), let us take gy sufficiently small such that

_ 1
Cora(27+b+1)2(27'+b+1)(2K0| In 50‘)d+20 S €0 307

then (D2) holds for » = 0. Since for v =0,1,-- -,

(v+Dv
2

- 5
K, 41 =2K,|lng,| = 2" K, H |Ine;| = Ko(2] Ingg|)"*! (Z) 5

=0
1 _1n(B)

while ¢, % = (60 30) . This means that the right side of (D2) grows with v much

faster than the left side. Thus, (D2) holds true. O
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§2.5.2 Convergence
Define V¥ = ¢, 0PqgoPjo0---0P, ;, v=1,2,---. An induction argument shows
that U” : D,y — Dy and
H()O\I]V:HV:Ny—i_Pyy V:1727.'.

Let O. = N2 ,0,. Using Lemma 2.5 and standard arguments (e.g., [34, 40]), it
concludes that H,, N, P, and ¥” converge uniformly on Dd@(%ro, 0) x O, to, say, Hw,
N, Py and ¥, respectively, in which case it is clear that

Nao = €oo + (Woo, I) + (AsoZoo, Zoo)-

(1)

5\v
Since €, = g,*" , we have, by Lemma A.1, that

Xpoo |Dd,0(%7'070)><05 =0.
Since Hy o W” = H,,, we have
t v o__ v t
Oy oW =0 oY |

with ®%; denoting the flow of the Hamiltonian vector field Xp,. The uniform conver-
gence of ¥ and Xy, implies that one can pass the limit in the above and conclude
that, on de(%ro,O) x O,,

Pl 0 U™ =T 0, .

Hence, for all ¢ € O,

Py, (T(T” x {£})) = U¥Dy (T x {€}) = T=(T" x {¢}).
This means that U>°(T? x {¢}) is an embedded invariant torus of the original perturbed
Hamiltonian system at & € O.. Moreover, the frequencies wy(§) associated with
U (T? x {£}) are slightly deformed from the unperturbed ones, w(€).

§2.5.3 Measure estimates

At the v*™ step of KAM iteration, we need to exclude the following resonant

parameter set for k # 0,

c=rAU U RETU U =e.lU U Ro.

In| <Ky i1 Iml,|n| <Ky 1 [ml,|n| <Ky 41
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where

Ry = {f €0, : |{kw) < _|ZTT}’
R2 = lecO,:|(kw)+u| < —2
" ’ ! |k!TK3+1 ’
A
= k v 9
Yo
= Lok, wy, v v —_— 5.
Rik, {5 € O, (k) + s+ 1] < e |

It is clear that O\ O. C U, 50Uz Ri-
As eigenvalues of the Hermitian matrix A,, it is well-known that {1% } i<, ., Ciy

depend on ¢ and there exist orthonormal eigenvectors ¢ corresponding to p“, C4;

depending on € (see e.g. [13]). It follows that p” = (A7, 4*) and

v+1

85;‘:“7,; = <<0fjAV) Z’QZ]Z% Jg=1-- b
In view of the construction of A,, together with the estimates in (2.47), we have
|0 ((k w) + piy, = p) | 2 |0 ((R, wo) + € — Q)| — €6 k| — 25 = O([k])

for the set RY% . The cases for R, RY2, R¥3 ~ can be handled in an entirely analogous
way. Thus for fixed k # 0,

wU[ U =2|U[ U maa U U i)

In|<Ky41 Inl,|m|<Ky41 Inl,m|<Ky41

Since 7 > b, we have that

UUR:

v>0 k#£0

[0\ O] <

<CZZ |k-|7'+1 _CZ% 70_50 '

v>0 k#0 v>0
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T =E Localization in one-dimensional nonlinear

Schrodinger equation
In this chapter, we consider the lattice Schrodinger equation
iy = €(gni1 + Gu-1) + V(00 + 2)¢n + [al* 00, 1 EZ, (3.1)

where & € R satisfies the Diophantine condition(1.3), and V is a nonconstant real-

analytic function on R/Z.

§3.1 Statement of the result

Based on the KAM mechanism of Eliasson[16] in Theorem 1.6, we construct an
abstract KAM theorem, and apply this theorem to prove well-localization of Equation
(3.1) for typical initial data. From the KAM perspective, the main technical challenges

in this work are the following:

i) Unlike the model in [19], we need to tackle with the second order perturbation in

the Hamiltonian;

ii) Different from the method in [10], our proof is developed from the traditional KAM
method;

iii) Compared with the work in the previous chapter, the main difficulty is that the
corresponding linear operator has dense point spectrum with infinitely many res-

onances.

Theorem 3.1 Given an integer b > 1, and any J = {nq,--- ,np} C Z. Assume that
the support of the initial datum qz(0) = (¢n(0))nez is J and qz(0) € [0,1]°. There
exists a sufficiently small €, = €.(V, &, J), such that if 0 < € < €,, then the following
holds for a.e. x € R/Z.

There exists a Cantor set O, = O(x) C [0,1]° with |[0,1]°\ O] — 0 as € — 0
such that the solution q(t) = (¢,(t))nez of Equation (3.1), with initial datum q(0) € O,
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satisfies, for any fived d > 0,

sgp Z n*|q,(t)|* < oo.
nez

Moreover, for each n € Z, q,(t) is quasi-periodic in time.

Remark 3.1 The quasi-periodic solutions we obtained are not necessarily small-amplitude,

since the nonlinearity |q,|*q, is integrable.

Remark 3.2 Smallness assumption on € is necessary, otherwise the result is not true

even for the linear problem. This is different from the random potential case.

§3.2 An abstract infinite-dimensional KAM theorem and its

application

83.2.1 Statement of the KAM theorem

We still use the notations and norms in subsection §2.2.1. we consider the per-

turbed Hamiltonian

H = N+P+P
= e(z,8) + (W@, ), 1) + (Ux,)q,0) + Plg, G x) + P(0,1,4,G,€). (3.2)
defined on the domain D = Dy ,(r,s). Our goal is to prove that, for a.e. z € R/Z,

the Hamiltonian H admits invariant tori for “most” of the parameter £ € O = O(x),

provided that || X is sufficiently small. From now on, we shall not report z for

+plbo
convenience if it is irrelevant.

We need to impose some conditions on w, €2, and the perturbations P+ P.

(A1) Nondegeneracy of tangential frequencies: The map & — w is a Cfy, diffeomorphism

between O and its image.
(A2) Regularity of Q: Q=T+ A+ W.
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— T is the symmetric matrix defined in (1.6), independent of £. More precisely,
T = diag{V(z + na) }nez + €A,
with V' and & as in Equation (1.6).
— A is Hermitian, independent of &, satisfying

A<l ml, [n] < N (3.3)
"™ 71 0, otherwise

for some positive N.

— W is (Y, parametrized by £ € O, with

N L
0, otherwise
for some positive p < 1, 0 > p and sufficiently large N.
Moreover, there exists a subset J C Z such that
Q=0 if m or ne J. (3.5)

(A3) Short range of P: P(q,q) = Z\alzlﬁ\ZQ pagqaq’ﬁ is real-analytic in ¢, g, and inde-
pendent of £, with

|Pagl < e7Panma) o] = || > 2, (3.6)
8, P=0,P=0, VYneJ. (3.7)

(A4) Decay property of P: P = 3, ; Pos(0,1;€)q*q? is real-analytic in 0,1,q,q, C},
parametrized by £ € O, and

ccon, o] +|8] < 2

1Paslino < & , (3.8)
e os, lal+[6] =3

0, P=0;P=0, VneJ. (3.9)

(A5) Gauge invariance of P: For P = Z Puapl'e®¢2q®  we have

kezb,leNd
a,pB

b
Pkla,B =0 if Zkﬁj—F |Oé| — |ﬁ| 7’é 0.

J=1
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Theorem 3.2 Consider the Hamiltonian H in (3.2), with (A1)—(A5) satisfied. There
18 a positive constant

Ex :5*(w7‘/2657N7p70-7N7T787d7p)
such that if | Xp, pllp,0 < € < ., then for a.e. x € R/Z, there exists a Cantor set
O: = O (x) C O(x) with |O\ O = 0 as e — 0, such that the following holds.

(a) There exists a C, map & : O, — R®, such that |© — w|o, — 0 as e — 0.

(b) There exists a map ¥ : T® x O. — Dyo(r/2,0), real-analytic in 0 € T® and C};
parametrized by & € O, such that ||V — Wol[p,  r/2,0),0. = 0 as € — 0, where ¥y is
the trivial embedding: T x O — T® x {0} x {0} x {0}.

(c) For any 0 € T and € € O., W(0 +G(E)E) = (0 + D), (1), a(t),alt)) is a b-
frequency quasi-periodic solution of equation of motion associated with the Hamil-

tonian H.

(d) For eacht, q(t) = (qn(t))nez € Ly0(Z).

Remark 3.3 In case that H satisfies (A1) — (A5) at the first step, all assumptions
hold for the Hamiltonian at each KAM step (with suitable parameters).

§3.2.2 Application to Eq. (3.1)

The Hamiltonian associated with Eq. (3.1) is

N ] 1
H=3 V(e +n@)gdu+¢) @uldun +6u1) + 53 lal" (3.10)

nez neL neL

Fix 7= {ny, - m} CZ and Zy =Z\ J. Let e = Ei, with e sufficiently small such
that
1
Ini| <[lne| = Z'lnd’ i=1,---,b.

We introduce action-angle variables and amplitude parameters to the Hamiltonian

(3.10),

qn = V ]n + gneienv Gn = V In + gne_iena ne ja

where (I,0) = (I, ,In,,0ny, - ,0y,) are the standard action-angle variables in

the (qu, @n)nes-space around &, with & = (&, +,&,) € O = [eﬁ,l] C [0,1]° the
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amplitude parameter, and (¢, q) = (¢n, Gn)nez,- Then the Hamiltonian (3.10) becomes
H=N(0,1,q,3x,¢)+ Pq,q) + P0,1,4,G%),
with

NOTa.52.8 = S (Vie+nalg+36) + S (Vi +nd) + &)1,

neJ neJ
T Z V(z +na)|g|* + € Z (Gnn+1 + Gnln+1),
nezy nezy
n+1€zy,
S 1
Plg,q) = 3 > lanl*,
neZy
q 1 —i i, —
P(G,[,(],Q,f) = 52]2—'—6 Z \/Im+£m(€ 9an+€6mqn)
neJ W‘Lej,r‘zezl
m—n|=1

t+ € Z \/]m + gm \/In + fn(e_i(em_en) + ei(Gm—Gn))‘

m,neJ
|m—n|=1

After introducing the action-angle variables, we find that the structure of the
linear operator 7" in (3.10) has been destroyed. To overcome this disadvantage, we
need to add b variables g, ,- - ,q,, and the corresponding conjugates q,,,,- - ,q,, into
this system. For convenience, omit the prime of the newly-added variables and still

use ¢ to denote (g, )nez, since there is no confusion. We then rewrite N as

N = SVt na)e+5€) + 3 (Ve +nd) + )1,

neJg neJ
+ Z V(.QT + nd)’an + Z V(.’E + nd)‘an + EZ(@nanrl + QannJrl)
neZi neJ neL
- Z V(.Z‘ + n&)‘an — € Z ((annJrl + Qn@wl)
neJ {nn+1}NT#0
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with e(z,€) = Y V(z +n@)¢, + Zgn, and

neJ nej
W(x,f) = (V(l’ + nl&) + gnp ) V(l’ + nbd) + gnb)7 (311>
V(z+ma), m=n
Tn(z) = €, m—n==+1, (3.12)
0, otherwise

\
,

—V(z+ma), m=n, meJ
Apn(z) = —¢, m-n==+1, meJ . (3.13)

0, otherwise

\

Now, on some domain Dy ,(r, s), the regularity of P + P holds true:

Lemma 3.1 For e > 0 sufficiently small and s = —¢3 , if 11| < s* and ||q|la, < s, then

0| —

/\
»M»—t
m

HXIB—i-PHDd,p(T’s) —

We need to show that the Hamiltonian H = N 4+ P + P satisfies the assumptions
(A1) — (A5) of the KAM theorem, in which (A3) and (A5) are obviously satisfied.

A1l): Since {V(x + na)},ez is independent of £, we have that §2 = [, in view of
g J
(3.11). Thus (A1) holds.

(A2): Here, W = 0. Then, by (3.13), it is evident that (A2) holds with N = el

(A4): Note that terms of P merely correspond to the normal variables ¢,, G,, n € J,
n—1orn+1 € J, with the coefficients no more than ¢, and J C [—N,N] =
[~1|Ine|, L|Inel]. Then, with p < IN~1, (3.8) is verified since

1 1 \7
ce' 721 < eigPN,

Hence, Theorem 3.1 is a corollary of Theorem 3.2.

§3.3 KAM step

To start the KAM iteration for the Hamiltonian (3.2), let Dy = Dy, (70, S0), O,
Hy, Py, g9 = €1, No(including eq, wo, Wo, po, 0o, No), denote the initial quantities
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given in the assumptions (A1) — (A5) respectively, and require that e smaller than the
€o given in Theorem 1.6.

Suppose we have arrived at the v** step of the KAM iteration, v = 0,1,2,--,
recalling that several sequences have been given in (1.10). We consider the Hamiltonian

on D, :=Dy,, (r,,s,) and O,,

Hl/ == Ny+15+Py
= €V+<WV?[>+<QVQ>Q_>+p+Pu, (3.14)

where Q, =T + A+ W,, and (A1) — (A5) are satisfied, including (3.3), (3.6), (3.7)

and
(2)mn =0, {m,n}NJ #0, (3.15)
—oy, max{|m|, |n|} < N
z/e I m7 n - v
‘(Wu)mn‘(ﬂy § b ’ | | | y (316)
0, otherwise
e P, ol + B8] <2
1(FP))asllp,.00 < o , (3.17)
e es, a4+ (8] =3
0y Py =0;P, =0, neJ. (3.18)
Moreover, || X3, p [ID,.0, < €v.
Choose some 1,7 such that 0 < r,.; < r,, and let J, := [gs;%] For j =
0,1,---,J,, we define the quantities at each KAM sub-step as
0 = (1— 217]1/),0% r9 =, — J(rv;—fvﬂ) s — 9 Bichs,
and DY) = Dd7py+l(rl(,j),sl(,j)), e = séﬂ, j=0,1,---,J,. Our goal is to construct a

set 0,11 C O, and a finite sequence of maps

oY) . pU) — pU-1) j=1,2,--,J,,

v v v

so that the Hamiltonian transformed into the (v + 1) KAM cycle

HV+1 - Hl,O@l(/l) O-..O®£Ju)

- Ny+l+p+PV+1
= epp1 + (Wort, L) + (10, 0) + P+ P,
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satisfies all the above iterative assumptions (A1) — (A5) on D,y = DY) and C

parametrized by £ € 0,1, with new suitable parameters. Moreover,

- 2
16 ay/

||XP+PV+1HDV+17OV+1 S gl(JJU) S 63 Y - €V+1

83.3.1 Construction of O,

As described in Theorem 1.6, there exists an orthogonal matrix U, with
1
(U, = Iz)mn| < eZe 2071, (3.19)
such that UTU, = D, + Z,, where Z, is a symmetric matrix satisfying

(Z)) | < g,e7Pm—m, (3.20)

and D, is a symmetric matrix which can be block-diagonalized via an orthogonal matrix
@, with

More precisely,

D,=@Q;D,Q, =] Dk A7 < M,, diamAy < M,N,, Vj.
J

To describe U$2,U,, we need furthermore to consider U}AU, and U;W,U,. In
view of (3.3), (3.16) and (3.19), there exists a constant ¢; > 0 such that

| (U:(A + WV)UV)mn |Ol, < max{Nge?"’VN, pyale} . 6—0V~max{|m|, \n\}’

by a simple application of Lemma B.1. Define the truncation A, as

~ U*(A+W,U, , , < N,
iy o L WA WO, < N, 522,
0, otherwise
It follows that
‘ <U5(A + W)U, — fl,,) < g, e pvmax{iml, ‘”‘}, (3.23)
mniQO,

under the assumption

(C1): ¢; max{N2e37N p,o 2} . e=(v=rINe < ¢
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Let K,.1 := Nyy1 — (M, + 1)N, with the sequences M,,, N,, v =0,1,-- -, defined
in (1.10) and

Div = [ Div A =QiAQu, (3.24)
AYCAY

where AV := [J{A} : AN [—(K,11+N,), Kyp1+N,]# 0} € [=N,y1, N,i1]. In view
of (3.21) and (3.22), we have

(A )mn =0, max{|m|,|n|} > 2N,.

Since both of [?,”w and A, are Hermitian, there is an orthogonal matrix O, such

that
O*(DY%, + A,)0, = diag{}jenr,

where {7} jear are eigenvalues of D%, + A,. Due to the block-diagonal structure of

DX, + A,, we also have
(OV)mn =0,  |m —n|>2(M, +2)N,. (3.25)
Indeed, DXV + A, can be expressed as

D{, + A, = (Df, +A4,) 11 Dy,
AYN[=2Ny 2N, |=0
where A, := [J{AY : AY N [-2N,,2N,] # 0, AY C A"}, with diamA], < 2(M,, + 2)N,,.
The diagonalization of DX, + A, is just the diagonalization of blocks ([?7\,” + A,) and
ng.
As for the eigenvalues of DX, + A,, it is well-known that {u*},cav Ci-smoothly
depend on ¢ and there exist orthonormal eigenvectors v” corresponding to p”, Cf -

smoothly depending on ¢ (see e.g. [13]). In fact, ¥ = ((Dav + A, )%, 4p%) and

n

O, by, = <(a§j(DAv + ALY, j=1,---,b.

By the construction of A,, we have 851.1[1,, = ij(agjfly)@,, with A, the truncation of
Ui(A+W,(£))U,. Since D, A, U, and @, are all independent of &,

sup [Oepir| < ¢ sup [O(Wo)man| < cpu. (3.26)
56(91, £€0y

m,n
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We defined the new parameter set O, C O, as

|{(k,wy,)| > #, k # 0,
Op1 =98 €0, 1 [(kw) + > g, k#0, ned”, (3.27)
() + i i) > i, K £0, mon e A
for some 0 < v, < 1, 7 > b. These inequalities are famous small-divisor conditions for

controlling the solutions of the linearized equations.

[{3]

From now on, to simplify notations, the subscripts (or superscripts) “v” of quan-
tities at the v*® step are neglected, and the corresponding quantities at the (v + 1)
step are labeled with “+”. In addition, we still use the superscript (j) to distinguish

quantities at various sub-steps.

83.3.2 Homological equation and its approximate solution

For P =37, o5 Priag(§)I'e"?q*¢" according to (3.8) and the definition of norm

in subsection §2.2.1, we have
|Pruaglo < cePese” Iy e 78 20l + |af + 8] < 2. (3.28)
Decompose P = R+ (P — R) with

Re Y Pud®™I¢@. P-R= Y PO
2liHal +151 <2 2ltl+Hal +15123
It follows that || Xz|p.o < | Xp|lp.o < e. Recalling that P(g, ) is a sum of high-order

terms, then for n := 5%, there exists a constant ¢y > 0 such that

€3, (3.29)

o |

‘|X15|’Dd,p(7'7775))07 HXP*RHDd,p(T)nS)aO S 02775 S
provided that
(C2): s < te.
oP

Let € = Py and w’ = /Edﬂq:q:g,]:o. With O, defined as in (3.27), we

have

Proposition 3.1 There exist two real-analytic Hamiltonians

F= Z Fklaﬁqaqﬁll€i<k’0>a P= Z PkOaﬁqaq_661<k’0>a

k
12|+ || +|B|<2 1< +]B]<2
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and a Hermitian matriz W', all of which are C}, parametrized by & € O, such that
{N,F}+ R=¢+ (W, 1)+ (Wq,q) + P. (3.30)

Moreover, both of F' and P have gauge tnvariance, and for € sufficiently small,

|Fraaglo, < &b [kt kremrmas, (3.31)
’P]{:Oaﬁ‘0+ S 85|k’2T+1 —|k|7“ —p(l)n B (332)
ge_pmax{|m|7 ‘nl}7 m|, |n < N , m,n
’ /n‘O_,. < | | ’ | = 4V gj ’ (333)
0, otherwise
Oy F =0, F=08,P=0,P=0, neJ. (3.34)

Proof of Proposition 3.1: We decompose the proof into the following parts.
e Truncation and approximate linearized equations

At first, we rewrite R as

Z Pklooei%ﬂ)ll + Z(<Pk107 Q> + <Pk017 Q>)€i<k’6>
k

k
l11<1

+Z ((P*°q,q) + (P™'q,q) + (P, q))e",

where PO prOL - pk20 Pk”, P*92 yegpectively denote
(PF) == (Proeno) , (PY) == (Prooe,)
(P3) = (Prtemtenro) s (Prn) = (Prtemen) s (Pru) = (Prioen-ten))
The gauge invariance of P implies that P10, po0l  p020  po02 —
We try to construct a Hamiltonian F', of the same form as R, such that

{N,F}+ R=¢ +{,I)+ (P™q,q). (3.35)

By a straightforward calculation and simple comparison of coefficients, Eq. (3.35) is

equivalent to the following equations for k # 0 and |I| < 1,

<]€ (A})Fkloo == 1Pkl007 (336)

((k,w)Iz — Q)FM0 = ipk10) (3.37)

((k, w) Iz + Q) FHOL = i prot (3.38)
k20 k20 k20

((k,w)Iz — Q)F FF0Q = ip (3.39)

((k,w) Iz — Q) FM 4 FHIQ = ipH (3.40)

((k,w) Iz + Q)F*? 4 F2Q = | P (3.41)



In view of the definition of O, we know that (3.36) is solved on O, with
| Faoolo, <~ |k[P+ee” . (3.42)

As for (3.37) — (3.41), consider equations

((k,w) I, — (D + A))F*10 = {RF0, (3.43)
((k,w) Iz + (D + A))FFL = i Rk, (3.44)
((k,w)Iz — (D + A))F* — FF20(D + A) = iR, (3.45)
((k,w) Iy, — (D + A))FF 4 FFY(D 4 A) = iRF!Y (3.46)
((k,w) Iy + (D + A)FF? 4 FF2(D 4 A) = iRF2 (3.47)

instead, where D and A are defined in the previous subsection, and for k #0,

.z = 107, “017, (3.48)

n

Rk — { (U*Pkm)m In| < Ky

0, otherwise

A U*Pk ) pns  Im|, In| < K
Rffn:{ ( Joms ] In| < Ky @ =207, “117, “027.  (3.49)

0, otherwise

By (3.19) and (3.28), combining with Lemma B.1, there exists ¢3 > 0 such that

(U*P*), |0 < cs(o — p)_lee_pwe_‘k‘r, (3.50)
(U* P Um0 < e3(0 — p)~2eempmaxtimlini}g=lklr (3.51)
This means
* pkx Dk 1z _ Dn| ,—|k|r
|[(U*P™ — R™),|o < Lcte Pt mImIr (3.52)
. 1
I(U*kaU . ka)mn|(’) < Zgge—p“) max{|m/|, |n|}€—|k|r’ (353)

under the assumption that
(C3): c3(0 — p)te(PKs < 15,

Equations (3.43) — (3.47) provide us with approximate solutions to (3.37) — (3.41), with

the error estimated later.

e Block-diagonalization and construction of F
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Consider the equations

((k,w)Iy — (Dp + A))FM0 = {iRMO, (3.54)
((k,w)Ip + (Dp 4+ A))F*¥0! = iRFOL (3.55)
((k,w)In — (Dy + A))F*0 — F*0(Dy + A) = iR, (3.56)
((k,w) Iy — (Dy + A)F* 4 FMY(Dy + A) = iRF!, (3.57)
((k,w)Ix + (D + A)EFF% 4 FF2(D) 4+ A) = iR (3.58)

where Dy, A are defined as in (3.24) via the orthogonal matrix @, and
o { QRN w =107, 01
Q*RMQ, x =207, “117, “02"
Note that @, = 0 if [m —n| > N, then by (3.48) and (3.49), we have
R =0, |n| > K, +N, z=“10", “017,
RE =0, max{|m|,|n]} > K\ + N, x= %207, “117, “02".
Thus, recalling that A := [J{A; : A; N [—(Ky + N), K.+ N|# (0}, solutions of these

finite-dimensional equations satisfy
Ff*=0, ng A, x="*10", “01",
Fkr =0, {m,n}NA=0, z="207, “117, “02”.
Then, in view of the facts
((k,w)]z +(D+ [1)) ke = ((k,w)IA + (D + [1)) Pl g = 107, “017,
((k,wﬂz +(D+ 21)) Fre = ((k,w)]A + (Dy + A)) Fre g =907, “117, “027,
Fk(D + A) = F¥(Dy + A), x = “207, “117, “02”,

they are also solutions of



which are respectively equivalent to Equation (3.43) — (3.47) since D can be block-
diagonalized by the orthogonal matrix Q).

Now we focus on the following equations

for k # 0 and m,n € A, which is transformed from (3.54) — (3.58) by diagonalizing
Dy + A via the orthogonal matrix O. Obviously, these equations can be solved in O..
Hence, (3.43) — (3.47) are solved with

e _ | QOF™, z = 107, “01”
QOF’C%O*Q*’ xr = “20’77 “1177’ L£0277

Let K
Fk:p - { UFkI, T = 4410a7’ 440177

UFka:U*’ T = ¢42077’ 4:11777 “02”

then we obtain a Hamiltonian

ZFklooe [l+z FklO Fk:Ol 7>) i(k,0)

e k70
+ Z Fk20q q Fkllq’ > <Fk02q q>) <k,0>.
k40

It is easy to see that F' = F, by noting

F(—ry00 = Fhioo F(=R)10 = ko1 FEROT — 1o,
F(=k)20 — k02 (F(*k)ll) _ Fk117 FR02 — k20

e Estimates for coefficients of F

Apart from Fyoo which has been estimate in (3.42), we still need to handle F*°,
FROL R0 - pRLL - k02 1 ot s consider F¥20 for instance, and the other terms can be

mn mn ?

treated in an analogous way.
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By the construction above, one sees that

* * k20 * * *
FkZO =i § : Umm inm On2"30n3n4 n4ns Rn5n6Qn6n7On7nsOngn9 ng'rLloUnlon (3 59)
mn ) .
Fo <k> w> — HMng = Hng

where the summation notation F{ denotes

ny € Z, |na—mn1| <N, |ng—nal, Ing —ns| <2(M +2)N, |ns—ny| <N,
Ny € Z, |TL9 —n10| S N, |7’Lg —ngl, |n7 —7’L8| S 2(M+2)N, |n6 —TL7| S N

by virtue of the structure of  and O, i.e, (3.21) and (3.25). Then, by (3.51) and

Lemma B.1,

Here we have applied the property of the orthogonal matrices () and O, and used the

4M+10)

factor el NP to recover the exponential decay.

To estimate |9, F%2%|, we need to differentiate both sides of (3.56) with respect to
&, J=1,2,---,b. Then we obtain the equation about O, Fk20.

((k,w)Ix — (Da + A))(9e, F**°) — (0, F**°) (D + A) = RE,
which can also be solved by diagonalizing Dy + A via O as above, where
REY =10, R + F*(0, A) — (O, ((k,w) — A))F*.

We get the formulation

* k20 * * *
Z Umm anz Onzns On3n4 (jo )n4n5 Onsne On6n7 ang Ungn

ag.FlﬂO —
7 <kv OJ> ~ Hnz — Hng

I

with J; denotes

ny €7Z, |ng—ni| <N, |ng—mns|, Ing —ng| <2(M +2)N,
ns € Z, |ny—ns| <N, |ng—na|, |ns —ng| <2(M +2)N |

By the decay property of R¥2 and 85].121, we have that

gse%p |(R§JQO)mn| < C(,Y—l |k|T+1Ni)<O' _ p)—4M4N86(4M+1l)Np66—|k:|7’6—pmax{\m\,|n|}'
+
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Thus there exists ¢4 > 0 such that

sup (| Fpsy | + [0 F |)
§€0

C4(7_2|]€’2T+1NE)(0’ . p>—6M8N146(8M+20)Np86—pmax{|m|,|n|}6—|k|r

4 _ _
< €5|k|2T+1€ |k;|r€ pmax{|m|,|n|}7

IN

under the assumption
(C4): cyy (o — p)_GNngNMe(SM’LQO)N%% <1

Suppose that S0, k; + 2 # 0, which means P*° = 0. Then R*® = 0, since it is
a truncation of U*P*°U. By the formulation of F¥2Y in (3.59), F*?° = (.

From (A5) we see

b
PF20 =, Zki+2 #0.
=1
Since R*?0 is a truncation of U* P*°U  we have
b
R =0, Y ki+2#0.
=1

By the formulation of F¥2Y in (3.59), F*?° = (.
Doing the same thing for F¥1, Fr02 [kI0 - kOl 55 above, we obtain the gauge

invariance of F' and the inequality (3.31).
e Estimates for coefficients of P

Let W’ be the truncation of P!, satisfying

?

! P&%, |m|7|n|§N+
Wmn = .
0, otherwise

and

- <P011q,cj> i Z((PMOWD i <Pk017q> i <sz20q’q> i <pk11q,q> + <]\3k02@7 q—>>ei(k,0)
k0
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with
poir . po1l _ W,
pklo — (Pklo RklO) . 1(121 + Z)Fklo
pkOl — (Pk01 URkOl) 4 I(A 4 Z)Fk01
PFO = (PR~ URMOU”) —i(A+ Z)F* —iF*(A + Z),
PHY = (PP URMYUT) — (A 4 Z2)FM +iFFY (A + ),
PkOQ — (PkOZ kaU*) + 1(A + Z)FkOQ + iFkOQ(A + Z),
where A := (A+ W) — UAU*, Z := UZU*. Then we obtain
{N,F}+R=¢+ (' I)+ (Wq,q) + P. (3.60)

By (3.17) and (3.18), we have (3.33) holds and

PO, < cempmmimlin) < eF e max{jml, n}

under the assumption
(C5): e (PPNt < 25

As for the case k # 0 in (3.32), we only estimate P20 with the others entirely
analogous. By (3.53) and (C3), combining with Lemma B.1, we have

‘ (Pmo B U}?kQOU*>

_ )(U(U*PkQOU _ RkQO)U*)

mn O mn O

< —556_p(1> max{|m|,‘ﬂ‘}€_|k|7'. (361)

|
W

In view of (3.20) and (3.23),
‘Am"‘o < C(O - p)72€€fpmax{\m\,|n|}7 ‘Zmn‘ < C(J - p)*2€€fp|mfn|'

Then, by applying Lemma B.1 again, there exists cg > 0 such that

(F=aem) |, - |(@s20)
mn Oy mnlO4
- —1.2 T —|k|lr _—pD max{|m|, |n
< clo—p)Hp — pW)Les |k eIk emr {Iml, In|}
< isi|k|27+1e—"f"”e—ﬂ“)max{'m"'”'}, (3.62)

provided that
(C6): cs(0 —p)~*(p— pM))'e

SN

<

=
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Thus, we can obtain the estimate for P¥20 by putting (3.61) and (3.62) together.

By the construction of P, the gauge invariance is easily verified.
e Verification of (3.34)

In view of the construction of R and W' above, the objects in (3.60) that may
depend on the variables (g, G, )nes are F' and P. Let

F e S (S v )

k£0 \neJ

+> > (EE g + FE G + il Gngy,) | 47
k#0 \ {m,n}NJT#0

= 3 (M0, q) + (F2q) + (B0, q) + (Fq,0) + (F*%q,q) ) 9.
k#£0

For m or n € J, by (3.15), we have

(«h@&—gwmhimm)
— ]{? w Fk20 ZQ lEkQO ZFk2Oan
¢J =g
k,w) FF20 m,n € J
ke, w) Ep — Zzgj QuEy?, mgJ, neJ
k w>FTI:LQnO_Zl¢Jle Qp, meJ, ngJ
— ((( ,CU)IZ . Q)FkQO . Fk‘QOQ)

mn ’

This means, by comparing the coefficients in both side of Equation (3.60),

«wwﬂ%4nﬂ%—ﬁmghm CiPEO gl T £ .
Similarly,

(kw& thz—ﬁw,nej

(kwh+QFmL:—ﬂW,nej

( ((k,w)I; — Q) F* 4 F’MlQ)mn —iPFU ol N T £ 0,

( ((k,w) Iz + Q) FF? 4 Fk02§2)mn —iP*2 ol n T £ 0.
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Thus, {V, F'} equals to
DB+ B+ Y (Ph 4wt + Pl anda + PhGad) | €.
0 \nes {mapng£0

Hence, if we substitute F' with F'— a , which is independent of the variables (¢,, G )ne7,
then the system will keep independent of the variables (g, G )nes- (3.34) is satisfied.[]

83.3.3 Verification of assumptions after one sub-step
We proceed to estimate the norm of Xz, and to study properties of ®L on smaller
domains D; := Dy, (r) + i(r — V), i) i =123 4.

Lemma 3.2 For e sufficiently small, we have || Xr|p, 0, < £1 and | XpllDs, 0, < ei.

Proof. In view of the decay property of F' in Proposition 3.1, it follows that
1 Y )
?H%F”D&(%, 101 F||ps.0, < c(r— T(l)) (2r4b41) 4

and

1 n
sup = >~ (104, Fllo, + 195, Fllo, ) (n)er!"

Ds 2 ez
< Sup ZZ ‘Fk10| ++u;ko1| +) || (r—1 (r— T<1)))< >€p+|n‘
5 ez k+#£0
T— T() n
Hsup 303 (1Filo. + 1o, + I Fitlo, lanle 3D yder-
nGZ ké%

SIS

< C(r _ T(l))—(27+b+1)(p B p+)_25 '
Putting together the estimates above, there is a constant c¢; > 0 such that
HXFHD3,0+ < C7(T — 7’(1))7(27+b+1)(p _ ,0+)72€%.

In an entirely analogous way, we have

_(2r o 1
X pllps, 0, < cr(r =)= — p )=2es,
Moreover, if
(CT): er(r — rW)=Crebi (o) — p ) =2e3 < 1,
then Lemma 3.2 follows. 0



Let Dy, = Dy, (rY + ﬁ(r — ), ins), 1=1,2,3,4.
Lemma 3.3 For ¢ sufficiently small, we have ®% : Dy, — Ds,), —1 <t <1 and
| D&Y — I|p,, < 2e1.

Let FM M M 1), PO be the corresponding quantities in (3.30) respectively,

which means that we are in the 1% sub-step. Define H) as
H(l) = Ho (DlF(l)
= W+P+R)odLy +(P—R)odL,
1
= NP NP R [0 0 PO} PO} o @l
1
+/ {P+R,FW}od, dt+ (P—R)odl,
0

= N+ P+eW+ (@ 1)+ (Whq.q) + PV,

where

1
P .= pO ¢ /O {Q=t{N, FI}+ P+ R, FW} 0 @y dt + (P — R) 0 By,

Let R(t) := (1—1)(eW 4w, I) -+ (W Mg, §)+ PV)+tR, which satisfies | X e l|ps < ce.

Then PY can be written as
N 1 v
P = pW 4 / {R(t) + P, FV} o %y dt + (P — R) 0 ®p.
0

Hence,

1
Xpwy_pa) = / (D) Xryep, poy dt + (Ppo)) X(p-p)-
0

By Lemma A.3,

_9 T 27
I X (ray 18, pyllpsy, < e et = €2,

Then, combining with (3.29), recalling the conclusion of Lemma 3.2 and 3.3,

1 6 5 27 6
[ Xpm [lpm, 0, < 553 + 24 +2cew < g5 =),
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Now we need to show PW) satisfies assumptions (A4) and (A5). Note that

pPY = pO L p_R4{P FYY+{P FV}
1 1 . 1

1 1 Y
+—'{-~~{N,F(1)}~~~,F(l)}+—'{---{P,F(1)}--~,F(l)}
n! N———— n! N————
1

—{... Wy, Oy 4 ...
bl P FOY POy

n

Since all of N, P, P, FO, PO have gauge invariance, independent of variables
(Gn, Gn)nes, 50 does P due to Lemma A.4 and A.5 in Appendix.

For P—- R = Z Pklaﬁei<k’9>flq“q‘5, we have
2[l|+|el+]8]=3

1e@e s o] + |8 < 2
e s, al+(8] >3

| Pagllpe < {

Here we applied the estimate || < sV < 1) to handle the case that |a| + |8] < 2
and 2|1| + |a| + 18] > 3.
The decay property of remaining terms, which are made up of several Poisson

brackets, is covered by the following lemmas.

Lemma 3.4 For ¢ sufficiently small, {P, FV} satisfies

5 _

eie s ol + 8| < 2

I{P, FD}asllpsy 0. < . :
#lIDan O gie_pmn‘*ﬂ, lal + B} >3

Proof. A straightforward calculation yields that

. (1) )
(PFYy =i Y <Pd+en75Fm+en—PmmenFMemB) (3.63)

_ nez
(&,8)+(&,B)=(,B)

+ Y {Pd/;, Ff;} . (3.64)

(@,8)+(a,8)=(c.5)
e Terms in (3.63)

: (D)
Let us consider terms P, +67“/3F&7 B
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i) laf+18] <2

Since |a| + |8 + e, = 1 or 2 in view of the construction of F(), we have that

[ + ea| + 18] = lal + 18] + 1 = (|a] + |8]) < 3.

If | + e,| + || < 2, then, noting that nyg < max{n;renﬁ, n;men},

* N 7 _
PlaBren < gae Pas,

—on* - 3 —
HPdJren,BFci,%mnHDs,OJr < e Marend . gie

(3.65)

(3.66)

If G + ea| + 8] = 3, then, by (3.65), (&,3) = (0,0), (&, 3) = (. ). By the

definition of norm || Xp|p o and the construction of F%),

D0 < e Patens, || Fol |lpy0, < sete .

| ’ Pa+€n B

Thus, noting that n’; < max{n} . s, 7]},

7 *
gig Plas,

A~ =

§ _ *
| PotensFob Dy, < seteMas <

i) |of +[6] =3

By the same argument as above,

Iz p

@ ORI Sl O 3o
||Pd+€n,ﬁF 7B+en||D37O+ S e aten,B . c4e &,B+en S g4e ap

&

1)

) 5 (
Doing the same for Py 5., F aten,B’

we finish estimates for terms in (3.63).

e Terms in (3.64)

By Lemma A.2 and the inequality n}, < max{n’ 5 n B}’ we have

gie™, Ja| 46| < 2

1{Pss, F D Ips, < clr — V) "1y ) .
s T ehe o, |a] + 18] = 3

Combining (3.66) — (3.69), there exists cg > 0 such that
I{P, FMYagllp,, < cs(r—rD)n2(p — pV) =2 {

applying the fact that |&| + | B | <2. Moreover, if
(C8): es(r — rV) "2 (p— p) =22 < 1,

Lemma 3.4 is proved.
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By (3.28), (3.32) and (3.33), it is evident that the coefficients of
NV PO} =W 4 O 1)+ (WWg,q) + PY R

satisfies [[{N, FW}5]ps0, < cee "5, Then we have the following lemma, whose

proof is analogous to that of Lemma 3.4.

Lemma 3.5 For ¢ sufficiently small, {{ N, FW}, FM} satisfies
1 x
[N, PO FDYasloy, 0. < qete Mo
Lemma 3.6 For ¢ sufficiently small, {IB,F(I)} satisfies

||{]57 F(l)}a5||9370+ < sie_p(l)”zﬁ, la| 4+ |8] > 3.

Proof. It can be calculated that

> _ > 1) 1)
(PFOYs=i 3 (PaensFl s = Papre P ) (3.70)

ez
(&,8)+(&,B)=(,B)

For P, BF;1;+ in (3.70), since |&| 4 |3 + en| = 1 or 2 and |& + e,,| + |3] > 4 here,
it is obvious that |a| + |5] = |&| + ]B! +lal + 18] < 3.
Note that n},; < max{n} wren e bie, }, and
n2+enﬁ = max{na+e & —n;ﬂmg}, n;me = max{na ey ngy’m%}.
Then nt aten.d n(;renﬁ + n;men > n:’;lg, and hence

—on* 3
) P& Bven < gle_pnzﬁ.

+ —_ b
i} —p(n’, —g—m . ) 3
5‘+€n’5Fd,B+en <e Gten,B aten,B’ . cde

Ds

)
+en,3

P, FDYaslips < cs(p— p0)2eie s < cie s |a| + (8] > 3,

Doing the estimate for P, Grents) u in (3.70) similarly, we have that

if (C8) holds. O

Summarize the analysis above, then the decay property for P(Y) can be expressed

as

Proposition 3.2 For ¢ sufficiently small, P") = ZaﬂP( )(Q,I;f)q“qﬁ satisfies

eMe="Ms  Ja| + 18] < 2
1Dl 0, <

e ?Vms a4 8>3
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§3.3.4 A succession of symplectic transformations

With the verification of assumptions (A4) and (A5) completed, we finish one sub-
step of KAM iteration. Suppose that we have arrived at the j** sub-step, j = 1,--- , J,

with J = [25%], then we encounter the Hamiltonian
H(j—l) = Ho (I)F(1> 0---0 (I)llw'(j 1

= N+P+Z (WD, Iy + (WOq,q)) + PUY,

with the superscript “(0)” labeling quantities before the 15* sub-step in particular. Let
i—1) ._ i(k,0) 71 o =
RV .= N piet0rgeq. (3.71)
2\l|+\a]|c+|5|§2

As demonstrated in Proposition 3.1, on O, the following homological equation
{N,FDY} 4 RU-Y = eU) 4 () 1) + (WUq, q) + PV, (3.72)

can be solved, with F@), W) @ W@, pU) having properties similar to F(1, (),
), WO, PO respectively. Then we obtain

J
HD =HOVodp,, =N+P+> (" + 9 1)+ (W, q) + PV,

The estimates for ) and the verification of assumptions for PU) can be done similarly

as in subsection §3.3.3.

Proposition 3.3 Consider the Hamiltonian H in (3.14). There exist J symplectic

transformations ®V) = d! 1,---,J, generated by the corresponding real-analytic

F(])’ ':
Hamiltonians FY) respectively, such that

HY —=HodWo...00) = N4+ P+ G+ PV, j=1,---

is real-analytic on DY = D, ,, (r?, sV), with G; = S21_, (e + (WD, I) + (Wq, g)).
Fori=1,2,3,4, n=e5, let

l

DZ(J‘) = Dy, (9D 4 Z(T(j) — Uy, ZSU))’
D) = Dapo (r0*) 4 19 = r0+0), 25



(a) With RU=Y defined in (3.71), FY) satisfies the homological equation (3.72) on Oy,

and

1 Xpollpp-n o, <7107,
o, DYV DY 1< <,
D@y — I||pg{7—1> < 2e71elY),

e~ 1el0=De s ol + 18] < 2
{ 0, ol +161 =3
0, F9 =09, F9 =0, VYneJ.

1F g o, <

b) G, satisfies that || Xga.||.~o) <ce and fori=1,2,--- 7,
J JINDY O4

(

3

|W(i)’0+ < a(i_l),
W <{5kammwmw,WHMSMﬂmm€J

mnlO4 = :

0, otherwise

(©) 1 Xpspollpw,o, <9 and PY satisfies assumptions (A4), (A5), which include
N pi)pr
HP(])H . < E(J)e pY ap |O[| + |B| S 2
o ), — _ A n*
B 1IDU), O e (@) 5. |Oé| + |ﬁ| >3

9, PV =0, P9 =0, VneJ.

Let s, = s\/) = 2*3Jg%s, d=Wo...00W) and
Ny = ey + (wi, 1) +(Tq, q) + ((A+ Wy)q, 9),

with Q. =T+ A+ W,, and

J J J
€+:6+Z€(j), w+:w+2w(j), W+:W+ZW(j).
j=1

j=1 j=1

Then ® : D, — D. From the estimates of w¥) and W we have

lwy — wlo, < ce, (3.73)

1 —Lmax{|m|,|n|} < N m,n
|(W+ _W)mn|(’)+ S { o | ‘m” ‘n‘ B} v 7 ¢ j . (374)

0, otherwise
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Since W* = W and (W®)* = W W, is still a Hermitian matrix. So (A1) and (A2)
hold with py = p +¢2, oy := 1p.

Let P, = PY). It can be verified that the assumptions (A4) and (A5) for P(/)
hold, which is an analogue to the process in subsection §3.3.3.

This completes one step of KAM iterations.

83.4 Proof of Theorem 3.2

With Eo — 6%, opg = 1, N = “1’150|, andNo = 6|1H60|, Po = No_l,

cu L LTH(5+ 1)1)? 1227 +b+3
Mozmax{28+40 (EHD gy g 12ET T )},
=
one can define the following sequences as in [16],
R 1 o 1 —ay /2
Mu+1 = MSMgu a, = TM;?)SMS; Evt1l = 51361/ ,
T

—a a, 1

Ny =¢,", Pv+1 =€), Ovt1 = §;0u-

1

Given pg = &2, ro =1, so = s, & XJF¥the other sequences are defined as

1 _ Gy
Pv+1 = DPv + 537 Kl/+1 = Nu+l - (MI/ + 1)N1/7 JI/ = |i_€l/ 2 :| s

v+1 ' o N
r =To <1 — Z 2_’L> s Sl,_;’_]_ = 2_3JV€VS Sy, Yy = 830.
=2
Let D, and O, be as defined in Section §3.3.

§3.4.1 Iteration lemma
The preceding analysis can be summarized as follows.

Lemma 3.7 There exists ¢y sufficiently small such that the following holds for all
v=20,1,---.

(a) H, = N, + P + P, #D,is real-analytic on D,, and C}, parametrized by & € O,),
where
Ny = e + <wu7 ]> + <ng,(j>
= e+ (W, ) +{((T+A+W,)q,q)

PI/ = Z(Pu)aﬁ(97l;§)qaqﬁ7
a,B
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satisfying

(Qu>mn = 07 {m7 n} ﬂ j # ®7
(Wo)malo, < { poemrv ik, fml, ) < N,

0, otherwise

)

|wu+1 - WV|OV+1 S Ev,

Rl

8 6_%max{|m|7‘n|}7 |m|7 |n| S Nl/-‘rl’ m? n g \7

0, otherwise

|(WV+1 - Wl/)mn|(9y+1 S {

Moreover, P, has gauge invariance and || X, p ||lp,, 0, < €.,

e,e s ol + |B] < 2
’l(PV)aﬁ||DV70V S —o,n* )
e MM a4+ |8 >3
9, P, =9, P,=0, YnedJ.

b) For each v, there is a symplectic transformation ®, : D, — D, with
( +
1
HD®V - Id”Du-Q—hOu-kl S 637

such that H,.1 = H, o ®,,.

Proof. Let ¢y := 8¢ max{cy,- - ,cg}. Weneed to verify the assumptions (C1)—(C8)

for v=0,1,---. By noting that
1 . , r,—1r . ) —
ay _ -1 _ 1) _ v v+1 1 Pv— Putt
Nopr =€) =pp1, vl = 3P rd) =gt = RV P —pI T = SV

it is sufficient for us to check:
(D1) ¢os, < €y,

_ —(274b+1) _ -2
(D2) co (Ty 2;V+1> (pzx 2Jp1/+1) S 6;2710,

7

(D3) oNE, MENZESNers < o5
VKV 2

(D4) e "2 <ej,

forallv=0,1,---.

By the choice of sg, the condition (D1) clearly holds for v = 0. Suppose that it

holds for some v, then it is easy to see that

37, % 37, %
CoSpy+1 = 277e) s, < 277e) cey, < €y
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Hence (D1) holds for all v.
Let us first take ¢ sufficiently small such that

11 27 4b+1 _ 00\ 2
€[§—O—§a0(27+b+3) < l <Q> T (1 20 ) '

~ co \20 )

Here we have applied My > 2(27 + b+ 3) and ag = MO_?’gMg such that 55 — 3ae(27 +

b+3) > 0. Then, recalling that r, — r,.,; = 51 HLJ, = [gg‘*] Al

c To—T1 ~erbl Po — P1 _2<€—%
o\ 2, 2.J =0

i.e., (D2) holds for ¥ = 0. Since for v > 1 and for g, sufficiently small,

v Ay — a 2
L_lay(27—+b+3) (g) ]_ ( 7’0 )2T+b+1 1 51/_11 _ gllu
40 2 - Y 40
27 L& X vCrb+) gy \ 20 8K 5 ’

—(27+b+1 -2
oo [Tr = Tvt (areotd) Pv = Pr+1 < 5—%
"\ 2J, 2.J, -

Thus, (D2) holds true.

In Section 6 of [16], the basic smallness assumption of ¢, i.e., the inequality (D.3)

we have

in Lemma D.1, has been verified, then all other assumptions are immediate, including
the inequality

_1
FVNEGGMVNVPV S €y 8’

where I', increases superexponentially in M,. Since all of M,, N,, p, and ¢, here
are defined in the same way as [16], we can apply this inequality. So (D3) has been
verified.

By the definition of p,, a, and ¢,, we have

~la,
PrEv > In—.
€y

Then we see that (D4) holds for v =0,1,---. O
§3.4.2 Convergence

Now we fix z € X, with X defined as in Proposition 1.6. This means that the
blocks mentioned in Proposition 1.6 are eventually stationary after some step, i.e., for

each n € Z, there is a 1y(n) such that
A" n) = A"(n), Vv > py(n).
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In this case, the local decay rate for n may not shrink with v necessarily(p, is the

global upper bound of the rates for all n € Z).

Define V¥ = ¢qo0Py0---0P, 1, v =1,2,---. An induction argument shows that
(UL Dy+1 — D(), and

HyoU =H,=N,+P+P,.
Let O, = N52,0,. As in standard arguments, thanks to Lemma 3.3, it concludes

that H,, N, P,, V", e,, w, and W, converge uniformly on Dd,o(%ro, 0) x O, to, say,

Ho, Ny, Py, U, e, wse and W, respectively, in which case it is clear that
Noo = oo + (Woo, I) + (T + A+ Wi)q, q),

with Q. =T + A+ W satistying (Qee)mn =0 if m or n € J. Since || Xp,||p, 0, < e,

with €, — 0, it follows that HXPoo”Ddo(%ro,O),Oso =0

Since Hy o ¥” = H,, we have ®; o ¥ = U o &},  with ®}  denoting the flow
of the Hamiltonian vector field Xz,. The uniform convergence of ¥ and Xy, implies

that one can pass the limit in the above and conclude that
t o] o] t 00 1
q)HOO\D =y O(I)Hoo’ Y Z,Dd70(§7’0,0>%,D0.
Hence,
Py, (T2(T" % {€})) = T¥PY (T* x {€}) = T(T" x {&}), V€ € O,

This means that U (T® x {¢}) is an embedded invariant torus of the original perturbed
Hamiltonian system at & € O.,. Moreover, the frequencies w..(£) associated with

U(T? x {£}) are slightly deformed from the unperturbed ones, w(¢).

83.4.3 Measure estimate

At the v*™ step of KAM iteration, we need to exclude the following resonant

parameter set

z:=7z;1u(un,zz)u< U R)u( U Rzzn), -

neAv m,neAY m,neAY
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for any fixed z € X, where

v T
Rkl = {f €0, : |<k w,,}\ < |]€’T}7
v2 . __ . v v
Rkn = {é S Oy . |<k,w,,> +,un| < W},
v+1
v v Tv
szmn = {6 € OV : ’<kaw1/> _'_:Um—i_:un’ < ‘k"TN4 1}7
v+
Tv
Rit = {€€0usllbwn) +at =il < 0 b,
v+1

with {1} }jear eigenvalues of D%, + A,. Tt is clear that O\ O, C Uos0 Uszo Ri-
Recalling that wy is a diffeomorphism of £, together with the estimates in (3.26),
(3.73) and (3.74), we have

|0 ((k, w) + pi, = )| = 10g(k, wo)| = e[k = p = O(|k])

for the set RY: . The cases for RY!, R¥2, Ry, can be handled in an entirely analogous

way. Thus
meU(Ume)U( U R U( U i) <
neAv m,neAY m,neAY
Since 7 > b, we have that
|00\ O¢| < U URV < CZZ WTH —cZ’yl, ~ Y —50 .
v>0 k+£0 V>0 k#£0 V>0
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Mizk— Hamiltonian vector field and Poisson

bracket

For d, p, r, s > 0, let F, G be two real-analytic functions on D = Dy ,(r, s), both
of which C}, depend on the parameter £ € O.

Lemma A.1 The norm || - ||p,o has the Banach algebraic property, i.e.,

I1FGlp < [[FlolGllp-

Proof. Since (FG)kla,B = Z FI%Z&BGI}Z&,GH we have that
ktk=k, I+i=l
ata=a, B+A=8
IFGlp = sup Y [(FG)uaslolg(g”]| I'|eI™?!
D plas
_B11 711, ([E|+k]) [Tm6
< swp >, Y, FuaaGiigglola®l|@|| e

klo,B  ktk=k, i+i=l
a+a=a, f+B=4

IElplGllp-

IN

O

Lemma A.2 (Generalized Cauchy Inequalities) The various components of the
Hamiltonian vector field X satisfy: for any 0 <1’ <r, 0 < p < p,

Cc

106 F |y, 5) < 11,

r—r!
C
101D, 5) < ?HFHD,
Sup Z (HaQnFHO + ||a§nF||O) <n>de‘n|pl <

c
< A1l

Dap(13) ez, s(p—p')

Proof. We only prove the third inequality, with others shown analogously. Given

w € Ly (Z)\{0}, f(t) = F(-,-,q+tw,-) is an analytic function on the the complex disc

{z € C:|z] < ——1}. Hence

[wlla,p

O] =D w8, F

nez

Cc
< SIFlp - llwlla,,
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by the usual Cauchy inequality. As a linear operator on 657 p(Z), 0, F satisfies

‘Znezl Wn (9an‘

C
190 llop = sup === 2 <|IFl»
Let [|wl[4, = 5, then
9, Fl< sup [Gwfl-lwnl 106 loplonl _ €\ gy 0 a i
o lollap=s  lwllap — s = :

Hence, for any 0 < p’ < p,

/ C / C
|0g, Fl(n) e < 3 " || F|lpe ") < ——— || F|p.
i % e

nez nez

With F = Zw’aﬂ(6§Fkla5)llei<k’9>q"‘q’ﬁ, it can be proved similarly that

nez

Since in the process above, { € O and (0,1,q,q) € Dy,(r, 5) are arbitrarily chosen,
this inequality is proved. O

Lemma A.3 If | Xr|p <€, || Xcl|lp < ", then

1 X¢r6y 1 Day(r—0ms) < O™ In=2ee”,

foranyO<o<rand0<n<l.
For the proof, refer to [21].

Lemma A.4 If both of F and G have gauge invariance, then {F, G} has gauge invari-

ance.

Proof. F and G can be written as

F = Z Fkaﬁ<]a §)€i<k76>qaqﬂ7 G = Z Gka,@’(]7 £>6i<k’0>qaqﬁa
k,a,B k,a,B
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with Fiap = Grap = 0 if Z?Zl ki + |a| — |B| # 0. By a simple calculation, we have

{F.Grap = 1 ) (Q%f%aga@>cﬁ@5'-<k78ﬂ?kag>des> (A1)

k+k=k
at+a=a

B+p=p

+ Z Z (Fk(a+em)BG1%d(B+em) - de(BJrem)Gé(aJrem)B) - (A2)

k+k=k MEZL
at+a=a

B+B=p

Assume Z?=1 k; + |a] — |B| # 0. Then, in the summation above, it is impossible that

7j=1 7j=1
or
b b A
Y kitlaten =18 =) ki+lal =18+ em| =0,
=1 j=1
b b
D kitlal =18 +enl = ki +la+en| = |3 =0.
j=1 j=1
This means, in (A.1) and (A.2), each term = 0. Thus Lemma A .4 is obtained. O

Lemma A.5 [f there exists n, € Z such that
aqn*F - 8qn*F - aQn*G = alfn*G = 07

then 0,, {F,G} =0z, {F,G} =0.

Proof. Since

8%* {F,G} = 8%* ((@F, 09G) — (O F, 0;G) +1i Z (alImF - 05, G — 05, F - aqu)>
meZ
= <8I(aQn* F)’ 89(8%1* G)> - <89(aQH* F)’ al(a%w G)>
D (0404, F) - 03,,(0,.G) = 04,0y, F) - 0y, (0,..G))
meZ
=0
and similarly, 9z, {F,G} =0, Lemma A.5 is proven. O
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Mis§— Decay property of matrices

Lemma B.1 Given two matrices G = (Gmn)mnez and F = (Fip)mnez. Let K = GF.

(1) If |G| < cge=cm=l | Fnl < cpe™?F =2 for some positive cq, cp, oq, op >0,
then we have

|Kmn’ S CKe_UK‘m_n‘
for any 0 < o < min{og, or} and cx = c- cgep(min{og, op} —ox) ™ .
(2) If |Gpun| < cgeoemaxdimbinly | F 1 < cpemorim=nl then
K| < cxee o moximl.nl)
(3) If |Gonn| < cge™ 6™ | Fopp| < cpeormaxdimlinl} - gpen
K| < e mastlml.lal}
(4) If |G| < cgemoemaxdimlinlt g1 < cpeormax{imlinll ghen

‘Kmnl < CKerK max{|m|, |"|}.

In particular, if og # o, then the conclusions above hold with o = min{og, op} and

cx = c-cgeplog —op|7h

Proof. Since the matrix element of X' = G F can be formulated as K,,,, = ZleZ GouFin,

we have that, in Case (1), for any 0 < ox < min{og, op},

|(GF)mn‘ < Z|Gml“Fln‘

leZ
< cocp E e—ag|m—l\6—ap|l—n|
leZ
< CGCF6—0K|m—n| § e~ (06—oK)|Im=l| ;=(or—oK)[l-n]|

leZ

< ¢ cgep(minfog, op} — o) te KN,

Here we have applied the basic triangular inequality |m — | + [l — n| > |m — n|.
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Moreover, if ¢ # op, assume that 0 < og < op without loss of generality, then

GF < che e—oGIm=l| ;—or|l—n|
mn ~ GCF

leZ

< CGCF€—0G|m—n|§ e~ (0F—=0g)|l=n|
4

< c-cgep(op — Ug)_le_”G|m_”|.

As for Case (2)—(4), the corresponding conclusions can also be obtained by using

the trivial facts

im—I|+max{|l|, |n[} > max{|m|, |n|}, max{|m|, [I|}+max{[l], |n|} > max{|m|, |n|}.
Thus Lemma B.1 has been proved. O
Remark B.1 If we replace the matriz F satisfying |Fp,| < cpe™F max{|ml, [n} ith q

vector f = (fn)nez satisfying |fa| < cre=?tMl in Case (3) and (4), then for the vector

Gf, we can obtain also the conclusion that |(Gf),| < cxe oIl
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M= Proof of Theorem 1.4

For R > 0, let Ag denote the set of period 1 holomorphic bounded functions on
Sg:={z € C: |[Imz| < R},

equiped with the sup-norm

Ifllr == sup [f(2)]

2ESR
Assume that V' is a period 1 meromorphic function on Sg, and there exists some C' > 0

such that
V(z2) = V(z—a)| > Claly, VaeR, zeSg. (C.1)

V(z) = tanwz is a typical example, with any C' any value between 0 and 7. Such

function has the following stability.

Lemma C.1 Given any g € Ag, satisfying ||g|lz < oC. If0 < o < R, then'V :=V +g

is a meromorphic function on Sg_,, satisfying
- - 1
V(z) = V(z—a)| > C_EHQHR lal;, VaeR, zeSg,.

Moreover, z € Sp_, is the pole of V if and only if it is the pole of V.

Proof. Since g € Ag, using the Cauchy formula,

1 g(2)
< f;%—(z—z*)Zdz

where 7 is any path contained in Sg and enclosing z,. Thus

99,

1 , Vz, € SR_Q,

dg il
- < U )
dz(z*) ~ 2w dist(z,7)? 9l

According to the fact that z, € Sg_,, we can choose 7 as as the circle of radius o

around z,. Then
dg

<Ligl
dz = lIglE:

R—p
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Thus, if ||g||r < oC, from the inequality

dg
dz

lg(2) — g(z — a) S’ , YaeR, z€Sp,,

||y

R—p

we cal see

V()= V(e —a)| 2 V() - V(= —a) — l9(2) — 9(z — a)] = (c— gngnR) al.

For the invariance of poles, it is evident. O

We are going to analyze the linear operator L on (?(Z%), by applying the KAM

iteration with the normal form
D(z) = diag{V(z + (n, @)) }neze,

where & € R? satisfies the Diophantine condition (1.3) and x € R/Z such that x + na

is not the pole of V. Defined by (1.4), L is a sum of two infinite-dimensional matrix
L = Dy + Zy = diag{tan7(z + (n, &) },,eza + €A.

Consider the symmetric matrix Z = (Zpn)mnezd, With Z,,, € Apg, real-analytic

on R/Z, and satisfying the shift condition(with respect to &), i.e.,
Zm—i—k,n—l—kz(x) = Zmn(x + <k7 d))? YRS R/Za !
and there exists € > 0 such that

| Zon| e < g™, (C.2)

Lemma C.2 There exists un anti-symmetric matricF = (Fyn)mnezd, With Fu, € Ag

real-analytic on R/Z, satisfying the shift condition, such that
D, F|+ Z = diag{Z,n } neza- (C.3)

Moreover,

[Fmnlle < C7 7 m = nf™ - | Zunnl| .

'Tt is easy to verify that this property is conserved under the product of matrix.
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Proof. By a straightforward calculation,
(D, Flyn = (V(z+ (m,a&)) — V(x4 (n, &) Frn.

So, define F' as

then we get the equality (C.3). It is obvious that F' is anti-symmetric and satisfies the
shift condition.

Since V' satisfies the condition (C.1) and & satisfies the Diophantine condition
(1.3), we have

V(x+ (n,a&)) = V(x+ (m,a))| > C|(m —n)al, > CHlm —n| 7.

Hence,

[Fmnlle < CT4 7 m = nf™ - | Zunnl| .

O

Corollary C.1 There exists an orthogonal matriz U with U,,, € Agr real-analytic on

R/Z, satisfying the shift condition, such that
U(D+ Z)U = D + diag{ Zn }nezas + Z+,

where Z is a symmetric matriz with (Z;)m, € Ag real-analytic on R/Z, satisfying

the shift condition. Moreover, for any 0 < py < p, if € is sufficiently small,

(U = Ipa)mnllr < cC7Y57H(p — py) D gemprlm=nl,

1(Z4 )mnllr < e2e7Prm=n,

Proof. Let U = ef'. For k > 1, in view of

(Fk)mn = Z lelﬂllg Ut Ek,1n7

e7d
;€
=1, k—1
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if £ is sufficiently small,
[(F )l < (€7 (p — i) Dephemreimrl < % empetmn
Expand e*f as a power series, we can see
e e e
Noting that

Z, = e (D+2Z)e" — D — diag{Znn}nez

_ Z%[...[D7F]...7F]+ ;l[ Z,F)---  F),

o0

A,_/
k

we get

1(Z4 )l r < e2e7P+Im=n,
]

Let Vi =V 4+ Zy. According to Lemma C.1, for any 0 < Ry < R, V, is a

meromorphic function on Sg, , satisfying

£
R-R,

Vi(z) = Vi(z —a)| > (O— ) lal1, VaeR, z¢eSg, .

Moreover, z € Sg, is the pole of V, if and only if it is the pole of V.

Back to the analyse to the operator L, let Vy(2) = tannz, g9 = e’¢, py = 4, and

choose any Ry > 0,1 < Cy < 7. Forv=1,2,---, define the sequences:
(%)V Po Po Ro Ro
v = s v = — ; Rl/ — O
v = %0 Pr="9 " om PR Z R; — R

]+1

According to Lemma C.2 and Corollary C.1, we can get the following iteration lemma:

Proposition C.1 There exists €g = eo(&), such that for the linear operator L, the
following holds if 0 < € < €.

Forv=1,2---, there exists a meromorphic function V, on Sg,, satisfying
V,(2) = V(2 —a)| > Cylaly, Va€eR, ze€Sg,,
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and an orthogonal matriz U,, with (U,)mn € Ag, real-analytic on R/Z, satisfying the

shift condition, and
Uy = I2)mnll g, < cCol A (pos = o)~ THe, qemrrim=rl,
such that
uy---U LU, --- U, = diag{V,(z + (n,&)) }peze + Z,, Vz € X.

Here Z, is symmetric, with (Z,)mn € Ag, real-analytic on R/Z, satisfying the shift
condition, and

1(Z))mnllr, < 5V€7py‘min|-

According the iteration lemma above, when v — oo, V,, — V holds on S n, and,

in the sense of || - Hg,
u,---v,—-U, Z,—0.

By a direct calculation,

(U = Iza)mnl 2 < cC~ 1y teemmnl,
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MisE@ Owutline of the proof of Proposition 1.6

1

For any smooth function f defined on Z C R/Z, let | f|cs := max sup — |0F f(x)].
0<k<j zez K!

The operator T in (1.6) can be viewed as a sum of two infinite-dimensional matri-

ces, i.e.,diag{V (x4 na) ez + €A with A denoting the discrete Laplacian. It is natural

to define an abstract normal form containing diag{V (z + n@) },ez.

Definition D.1 Given a symmetric matriz D, smoothly parametrized by x € R/Z and

satisfying the shift condition

where & is a Diophantine number, i.e., for some v >0 and 7 > 1,

We say that D is in normal form if the following conditions hold.
(a) Short-range.

Ce=Pm=nlLk |m —n| <N
. VkE>0.

0, lm —n| >N

(b) Block diagonalization. Fiz any x, € R/Z. There exist an interval T centered in

Ty, a disjoint decomposition Uj A; = 7Z and a smooth orthogonal matriz () on L

such that
(bl) #A; < M and diamA; < MN for each j;
(b2) D =Q*DQ =[], Da,(z), V& € Z;
(b3) Qun =0 if [m—n| > N. Moreover, for allm, Q. Z 0 for at most M different
n;
(bd) |Q|ex < LF, VE > 0.
(c) Eigenvalues. There is a piecewise smooth function E(x) such that for each j,
{E(x, +na)}ner, are the eigenvalues of DAj (x4),

and there are sets Q0; O A, such that
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(cl) for each n, if infien, |E(x, + &) — E(z, +nd)| < K, then

1
T, +na € $*+md+§(1—x*) for some m € Q,

Q(x)(RAM) ¢ RU+n—m vz e T,
(c2) the resultant

ug, (¢, ) = Res (det(D(z + ), — tlg,),det(D(z)q, — tlg,)) "

satisfies
lug,|cr < (AMC)?M* B,

Lok
05?3342 TG douq,(p,x)| >0, Ve, Vo € R/Z;

Yk < SM?+1,2

(¢3) £ < M and diam®); < (1)

(c4) the intervals {n& + T}aise(n,,)<n are pairwise disjoint

(cd) for each v € L, uq,(p,x) satisfies

lug,|cr < (2MCO)M B* Vi < 5M? 41,3

1
ug,
0<rl£1<asM2 V'Bk x ](@7'1.)

> 9

H lo+ (m—n)al, |, VeeR/Z

m,nel;
Remark D.1 Condition (a) implies an estimate of D in the operator norm on (*(Z)

1
||D||Ck<oe +1Lk<(} L*, k> 0.

Consider the symmetric matrix Z(z), smoothly parametrized by = € R/Z, satis-
fying the shift condition, and

| Zpn| o < ge”m=mILE k> 0.

IThe resultant of two monic polynomials P and @ is defined as the product Res(P, Q) =
Y)-

2The norm is with respect to the variable ¢
3The norm is with respect to the variable z
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Lemma D.1 (The inductive lemma of [16]) Let D be in normal form on an in-
terval T C R/Z with parameters C, L, p, M, N, k, B, ¥, A\, and let a < g < h be
numbers restricted by

1 g h 1

—<a< < h< ———.
FMEE =0 90570 T 100527 M0 T BaMEME

Assume, as simplification, that
1<B<Z<L, M2>8, 1<C<2, pr9<1.

Let Z be a symmetric matriz, smoothly parametrized on R/Z, satisfying the shift con-
dition. Assume that
A< |Z| <9/B,

| Zn | < g Pm=mILk k> 0.

If there is a constant I' = I'(¥, 7,8, M), super-ezponentially decaying in M, such
that

a4
eSM

TRINT ‘
le] < T ['OST@_N’)] , (D.3)
then there is a smooth orthogonal matriz U, satisfying the shift condition, such that

(T = Dnlon < ez m=niL
and
U“(D+ 2)U =D+ 7,

with Z' a symmetric matriz, smoothly parametrized on R/7Z, satisfying the shift condi-

tion, and D' in normal form on an interval T' C T, with parameters

C'=(1+e2)C, L'=e"L, p=1p

N =97 M'= MM N'=ga,
K = eh, B =1L, V= ¢eIL,
and
2N <|7'| < &9,

1oma/2 i
1Z! |on < 25 “epImenirk,
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In addition,

L
|E(x. +ma) — E(z, + na)| < M'=e?, Vm € N(n),
p

Qx)RY™)C Y Q)(RM™), VreT,

meAN(n)

!/

1
D’ is in normal form with the same parameters also on x, + E(I — Ty).

Finally, if M > 27 then the closure of the sets
L -
{x,+ma: |E(x,+ma) — E(z, +(m+n)a)| <2M'—=e%}, Y4(1/N)™? < |n] < M'N',
p

{. +ma: |E(x, + ma) — E(z, + (m+n)@)| < 265}, VM'N' < |n| < 4(1/N)™+?
are unions of, respectively, at most e~z and e~ M9 many components, each compo-

nent being of length, respectively, at most e and e2M"9.

For the detail of proof, which contains the construction of new blocks A}, i.e., the new
equivalence relation on Z, and the new orthogonal transformation @)’, see Section 5 of

Reference [16].

For Zy = €A, we have
’(ZO)mn‘C’k < €0€7p0|m7n|L§.
with g9 = e€, po = 1 and Ly = L(see (1.7)). It has been proven by Eliasson in Section
6 of [16] that Dy = diag{V (z + n&) },nez is in normal form with Cy = C, Ly = L, any
L((s+1)h)?
§

and other suitable parameters kg, By, Ag, Up.
For v =0,1,2,---, let M, = M:™ and

1 1 35M3 1 1 25 M3
a, = = ( ) gy = 2057 M*a,, h,=— <—) :

M, > max {25+4C , 27, 8}, No>1, p=N;*,

M,

The other sequences can be defined as

1_—av/2
5&v 1/2 _hu
Evrl1 = 83 s CV+1 = (1 + &/ )Cy, Ly+1 =&, Ly,
—_ — Wy P v e h’/
NV+1 - €Va ) Pv+1 = 55 ) KRv+1 = &)%,
e e 7MV v e v
By+1 = Ll,, AV_;'_l =9 E‘g s ’l9y+1 = gg LV.
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The inequality (D.3), about parameters at the v*® step, has been verified in Section 6
of [16], so we can apply Lemma D.1 iteratively. For each v > 0, there is an orthogonal

matrix U, satisfying the shift condition, such that
- % % m—n| Tk
|(UV_IZ)mn’Ck <gpe 2 Lu-i—l

and
(ffo e Uy)*(Do + Zo)(ﬁo T Uz/) =Dy + 2y,

where D, 1 is in normal form with parameters C,. 1, Lyi1, pva1, Mui1, Nui1, Koy,

Byy1, Yoy, Avgr, and
—pu _ k
[(Zuv1)mnlor < €viae™ +alm n|Lu+1‘
Hence, in the operator norm || - [|cx,
Upy---U,—-U, Z,—0, D,— Dy.
Let U,y = UO e Ul,, by a simple calculation, we have
3 — L2 m—n| Tk
|(Uvs1 = Iz2)mnlor < ege 2 Ly

Clearly there is a uniform limit £¥(z) — E°°(x) which describes the spectrum of
D (x)-it is the closure of the image of E>°. Consider now the closure S, of the set of
all  such that
B () — Bao(z +nd)| < gM,,H%gg» for some 4(1/0)7*2 < |n| < M1 Nyor
or
!

3 1 .
|Eoo(x) — Ex(x + na)| < 565 for some M, 1N, .1 < |n| <4(1/A,41) 2

According to the final statement of Lemma D.1, this set is of measure less than
ced/ 200y By Borel-Cantelli Lemma, we conclude that there is a full-measure sub-
set X of R/Z such that for any x € X, each = + na will belong to only finitely many
S,’s. Choose x = x, of this sort, i.e., for all n € Z there is a vy(n) such that x,+na & S,
for v > 1y(n). Hence for such v’s,

L, -
|EY (2, +nd) — B (2, +na+ma)| > 2M, 1 —e%, Y4(1/)\)12 < |m| < M, 1N,41,
P

v
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1 -
|E” (2. +na) — BY(z, + na +ma)| > 2ef, VM, 1N, < |Im| <4(1/X,1) 2

This implies that A”(n) C [n —4(1/Auem)) ™2 1+ 4(1/Avym)) 2] for v > vo(n). The

blocks A¥(n) therefore become eventually stationary:

A" n) = A"(n), Vv > py(n).
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Mz Proof of Lemma 2.1

For |i|, ||, |n|,|m| < k|In€|, we consider the function

0 L .~ . ~ ~ ~
Vi inm(®) == tanm(z + i) — tan7(z + j&) + tan (2 + na) — tan7(z + ma)

on R/Z. To get the lower bound in (2.24), it is sufficient to show that

IV pn(@)] > 2€7

1,3,m,m
on some subset of R/Z, since sup ez, V() — tan 7| < e.

It is necessary to restrict the functions on the subset Xy = A5 N &Y C R/Z, with

the necessity clear somewhat later, where

Xy ={reR/Z:

1
x+na_§\z€n%o, Vin| < &|Inel},

Xy :={x e R/Z: |tan7(z + na)| > e, V|n| < k|lnel}.

)|
tanm | — — €120 || =
2

if € is sufficiently small. Then V%, (z) are all bounded piecewise smooth functions

Hence on Xy, for |n| < k|lne|,

,]_ 1
<ce o,  (E1)

€m0 < |tan 7(z + na)| < tan €120 7

on Xp. It is easy to see that there is at most ck|Ine| many connected components

contained in A, and
mes(R/Z\ (X, N X)) < ck|Ine| - emm < eTims

for e sufficiently small.
It is clear {i,n} = {j,m} implies that V;, = = 0, so we assume that {i,n} #

{j,m}. If, in addition, {i,n} N {j,m} # 0, then the intersection has a single element.

Assume that ¢ = 5 without loss of generality, then n # m and

0 _ ~ -
inm(T) = tan (2 + nd) — tan7(z + ma). (E.2)
Thus, we have

7'["'~y 1

0 > —M)@| > o= > €T, E.
\% ()] > 7w|(n —m)al; > e = € 1200 (E.3)

27]7n7m

The case {i,n} N {j,m} = 0 is much more complex, which can be decomposed

into the following four subcases:
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(S1) {i,n}N{j,m} =0 with i #n and j # m;
(S2) {i,n}N{j,m} =0 with i =n and j # m;
(S3) {i,n} N{j,m} =0 with i #n and j = m;
(S4) {i,n}N{j,m} =0 with i =n and j = m.
We only need to consider the subcases (S1) — (S3), since in the subcase (S4),

0
‘/i,j,n,m

(x) = 2(tan7(z + na) — tanw(x + ma)),
which is the same as in (E.2). Corresponding to (S1) — (S3), let

tanm(z +ia) tanw(z+ ja) tanw(z+na) tanw(x + ma)

B, () tan?w(z +iq) tan’7(z + ja) tan®w(x +na) tan?w(x + ma)
1\r) ‘= s

tand (z +iq) tan®m(x + ja) tan®m(x +na) tan®w(x +ma)

4

tan? (z +ia) tan'w(z +ja) tan?w(z +na) tan?7w(x +ma)

and
tanm(r +iq) tanw(x+ j&) tanw(x + ma)
By(z) := | tan’n(z +ia) tan’w(z+ja) tan?m(z +ma) |,

tand w(z +iq) tan®mw(x + ja) tan®mw(x + ma)

tanw(z +id) tanw(z+na) tanw(x +ma)

Bs(z) := | tan’m(z +ia) tan’w(z +na) tan?w(x + ma)

tan® 7(z + &) tan®(x +na) tan®7w(z 4+ ma)

Lemma E.1 Given |i|,|j|,|n|, |m| < k|lne|l. If € is sufficiently small, then for any

r € Xy, we have
e when (S1) holds, | det(By(x))| > em;

o when (S2) holds, | det(Bz(x))| > ez00;

Proof. The determinant of By(x) can be written as
tan 7(z 4 i@) - tan 7(z + j&) - tan 7(z 4+ nd) - tan 7(z + ma) - det(By(z)),
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with Bj(z) the Vandermonde matrix

1 1 1 1
tan7w(z +iq) tanw(zr+ ja) tanw(z+na) tanw(x + ma)
tan® w(z 4+ ia) tan®w(x + ja) tan®w(z +na) tan®w(z 4+ ma)

tan® m(x +ia) tan®m(z + ja) tan®7w(z +na) tand w(x + ma)

Then, when (S1) holds, we can obtain that |det(Bi(z))| > e, by (E.1) and (E.3),

combining with

det By (z) = H (tanw(z + n1&) — tanw(x + no@)) .
ni,ng€{i,j,n,m}
ni<ng
As for the subcases (S2) and (S3), there is no doubt that | det(Bz(x))|, | det(Bs(x))| >
eﬁ, which can be proved in the same way as above. O

For s € {0,1,2,3}, let
19(z) = (V(s)(x +ia), VO(z+ja), VO (z+na), VO (z+ md))T e R%,

where V(z) := tan 7z, V) is its s"—order derivative and V(*) means the function V'

itself in particular. We can calculate that

VW(z) = 7+ rtan’ 7,
VO(z) = 2r’tanme + 272 tan® r,
V() = 27° + 8r3tan® mx + 67 tan® 7z,

Moreover, if € is sufficiently small, then for x € A&}, we have that
VO@)] < cemm,  [VO(@)| <eeim,  [VO@)| < e, [VO()] < o,

Indeed, it can be checked that for s =0,1,2,---,

‘V(S)(x)| < ce o (E.4)
where ¢ = ¢(s) grows exponentially in s. Let
u(z) = a®(x), w(z)=aV(x)-7(1,1,1,1)7,

IS
S
—~
=
Il
I~g1
S
&
IS
©
=
S—
I
<

@ (z) —27%(1,1,1,1)".
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Thus the determinant of the 4 x 4 matrix (u® (), uV(z), v (x), u®(z)) equals to
¢ - det(By(x)), where B;(z) is defined as in Lemma E.1.

We need to arrive at some transversality conditions, which are elaborated in Corol-
lary E.1, by virtue of the following lemma .

Lemma E.2 (Proposition of appendix B in [6]) Let v - -- u“=Y be L indepen-
dent vectors in RY with ||u®|ax < 1. Let v € RY be an arbitrary vector, then there

exists s € {0,--- , L — 1}, such that
(v, u®)| > L™ 2|jv||a det U,

where det U is the determinant of the matrix formed by the components of the vectors

u®, and (-,-) is the usual scalar product.

For the proof see [6].

Corollary E.1 Given |i|,|j],|n|,|m| < k|lne|, and {i,n} N {j,m} = 0. If € is suffi-

ciently small, then for any v € Xy, we have

e when (S1) holds, there exists s € {0,1,2,3} such that

Z7]777/7”77/

Vo (x)‘ > cew: (E.5)

e when (S2) or (S3) holds, there exists s € {0, 1,2} such that

V(@) = cet. (E6)
Proof. Consider the vectors
SO (@) > 1
¥ (z) = M @la , 5=0,1,2,3.
u(z),  [ul(z)a <1

In view of (E.4),

| det(U(z))] > ¢ (H max{“u(;(x)ﬂgl, 1}> | det(By(x))] > c(em0)10 . e > ced,

S=
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for z € Xy. Apply Lemma E.2 with v = (1,—1,1,—1), thus we get that there exists
s € {0,1,2,3} such that

VIR (@)] = 10,39 @) = I, u @) > 0,5 @) = e+ 47 e ofla = e

27]7n7m P

As for the subcases (S2) and (S3), we can tackle with them similarly, applying
Lemma E.2 with v = (2,—1,—1) and v = (1,1, —2) respectively, together with the

corresponding conclusion Lemma E.1. 0

From now on, we set the constant ¢ = 1 in (E.5) and (E.6) for convenience. The

proof of Lemma 2.1 ends with the following lemma.

Lemma E.3 For e sufficiently small, there is a subset X, of Xy with
mes(Ap \ Xe) < e

such that for any |i|, |7, |n|, |m| < k|lne| and {i,n} # {j,m},

VO (x)| > 2, x€EX. (E.7)

Z7J7n7m

Proof. Fix |i|, |j], |n|,|m| < k|lne€| and {i,n} # {j,m}. Let us demonstrate that
mes({z € Xy : |V, (@) < 261}) < €5,

We only deal with the subcase (S1), with the others done similarly. By Corollary E.1,
for each x € A, we have

max

0<s<3 | b

VO(S) (I’)‘ Z 6&.

Let A := max sup
0<s<4 ze xy

We first consider the function V;’;,, . on (a,b), one of the connected components of

Z7_77"17771

Vo) (x)’ In view of (E.4), A < ce 2.

Xo. Partition (a,b) in about 2¢~31 many intervals of length no more than %ei. Choose

one of such intervals, say I. Then either [V}%,

with the interval I, or there is some xy € I such that [V}%, . (z0)] < 2¢i. In this case,
VO(S) (l’o)

T”J’n?m

(z)| > 2€1 for all z € I, so we are done

for some 1 < s < 3, > €50 by Corollary E.1. Let us say s = 3, which is

v2©) (ZE())‘ > ew. Since for z € I,

considered as the most complex case, so |V, ;"

0(3)

0(3
V;,j,n,m(x) - V;,j(,n),m(mo)‘ < Slell? i,3,m,m
)

1
VIO )| 2 — ol < AlI| < Seb,
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T (x)‘ > Lo

©,J,m,m 2

Now we analyze V” nm O I. If there is some x; € I such that

we obtain that

1

VI ()] < e,

/1/7.]7n’m

then for every = € I with |z — 21| > 4e15, there is some y € I such that
A (z) — @

©,7,1,Mm z 23T, m

,]nm )‘ ’

Hence there exists an interval I; C I, which contains z;, with |[;| < 46% so that if

z € I\ I, then |V @ (x ) > i3,

©,J,m,m

We then consider V; mm O0 I\ Iy, which has at most two connected components,
v (x 2)’ < €5, then for

1,J,m,m

denoted by J; and J,. If there is some x5 € J; such that

L

each z € J; with |z — x5| > 2€12, there is some y € J; such that

VO(l) (m)—VO(l) (ZL’Q)

Z7]7n7m 17]’n7m

L

0(2) ()) |x—l’2|>6%-2612:26 .

17]7n7m

o=

Therefore, we obtain an interval I, € J; C I\ I; with |I,| < 212, so that if z € J; \ L,
then

y o (x)‘ > €t . Doing the same for J, we get an interval I3 C Jy C I\ [}, with

,7,n,m
v (x)’ > ¢t

Z7]7n7m

|I5] < 2€12, such that if z € I\ (I; UL, U I3), then

It is clear that there is at most four connected components contained in I\ (I3 U
I, U I3), say Ji, J5, Ji and J;. If there is some | € J{ such that |V (21)] < e,

%,J,m,m

then for each x € J1 with |z — | > 4e12, there is some y € J| such that

Viinm (@) = Vi (@)] =

Therefore, we obtain an interval I{ C J]; C I\ (I3 U Iy U I3), which contains 2|, with
|I]| < 4erz, so that if z € J| \ I}, then | Vi (2)
and J}, we get intervals I}, I} and I}, with I} C J, € I\ (I; UL, U I3) and |I}] < 4ers,
k = 2,3,4, such that if z € (Ji_, (J \ I},), then

L

v (y)‘ o — 2| > €t - detr = e,

27]7n7m

T

| > 2¢1. Doing the same for J,, J}

1

VO (z)] > 2k

ijngm
Hence, (E.7) holds on I after excluding a subset with measure less than Bets since €
is sufficiently small. On the whole set A}, which is a finite union of no more than
ck|lnel - ¢~ 21 many intervals such as I, we need to exclude a subset with measure less
than
ck|Ine - €72 - €15 < €75,
Since the subscripts satisfy that |i|, |j], |n], |m| < k|In €|, the measure of the subset

. 11
of parameters we exclude is less than cx?|Ine|? - €35 < e%0. O
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