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3�Ø©¥§·�ÁãlêÆ��Ý�ã¿ïÄAndersonÛ�zù��

É'5�Ôny�"·�¤�Ä�ÃSXÚ´ü�­��O¬�.§=

• ����5Maryland�.µ

iq̇n = ε(qn+1 + qn−1) + tan π(x+ nα̃)qn + ε|qn|2qn, n ∈ Z, (0.1)

Ù¥x ∈ R/Z§
α̃ ∈ R�,��½�Diophantine�þ¶

• ����5[±ÏSchrödinger�§µ

iq̇n = ε(qn+1 + qn−1) + V (x+ nα̃)qn + |qn|2qn, n ∈ Z, (0.2)

Ù¥V�R/Zþ��~�)Û¼ê§α̃ ∈ R�,��½�Diophantineê"

31�Ù¥§·�±H{Schrödinger�f��Ì�ïÄé�§0��5

ÃSXÚ¥�Û�zy�"�fÌnØ¥��'Vg§X�êÛ�z!Ä�

Û�z�§¬3dÙ¥�Ñ"éun�­���.§=�5Anderson�.!

�5Maryland�.±9���5[±ÏSchrödinger�f§·�¬©O�ã®

k��'(J"

31�Ù¥§·��Ä����5Maryland�."·�y²§éu/�

õê0;|8��Ì�Ð©^�(qn(0))n∈Z§�ε¿©��§é/�õê0�x ∈
R/Z§�§(0.1)�)(qn(t))n∈Z ÷vµ∀s > 0§*Ñ�ê∑

n∈Z

n2s|qn(t)|2

'u�mt´��k.�"
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sup
t

∑
n∈Z

n2s|qn(t)|2 <∞.
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Abstract

In this thesis, we try to explain and investigate Anderson localization, an intriguing

physical phenomenon, from the perspective of mathematics. The disordered systems

we consider are two quasi-crystal models, i.e.,

• one-dimensional nonlinear Maryland model:

iq̇n = ε(qn+1 + qn−1) + tan π(x+ nα̃)qn + ε|qn|2qn, n ∈ Z, (0.3)

where x ∈ R/Z, and α̃ ∈ Rd is some fixed Diophantine number¶

• one-dimensional nonlinear quasi-periodic Schrödinger equation:

iq̇n = ε(qn+1 + qn−1) + V (x+ nα̃)qn + |qn|2qn, n ∈ Z, (0.4)

where V is a nonconstant real-analytic function on R/Z, and α̃ is some fixed

Diophantine number.

In the first chapter, we take the ergodic Schrödinger operator as the main object

of study, to explain localization in linear disorder systems. Some concepts in the

spectral theory of operators, e.g., exponential localization, dynamical localization, will

be given in this chapter. For three significant models, i.e., linear Anderson model, linear

Maryland model and one-dimensional linear quasi-periodic Schrödinger operator, we

shall state the corresponding conclusions respectively.

iv



Abstract

In the second chapter, we consider the one-dimensional nonlinear Maryland mod-

el. We shall prove that, for “most” compactly-supported small-amplitude initial data

(qn(0))n∈Z, if ε is sufficiently small, then for “most” x ∈ R/Z, the solution (qn(t))n∈Z

of Equation (0.3) satisfies: ∀s > 0, the diffusion norm∑
n∈Z

n2s|qn(t)|2

is uniformly bounded with respect to t.

In the third chapter, we consider the one-dimensional nonlinear quasi-periodic

Schrödinger equation. For “most” compactly-supported initial data (qn(0))n∈Z, if ε is

sufficiently small, then for a.e. x ∈ R/Z, the solution (qn(t))n∈Z of Equation (0.4)

satisfies: ∀s > 0,

sup
t

∑
n∈Z

n2s|qn(t)|2 <∞.

Key Words: disorder medium; Anderson localization; nonliear Schrödinger equation;

perturbation; KAM
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§0.1 Ôn�µ

âf½Å3ÃS0�¥�Û�z§́ ��ÔnÆ�1Æ¥�É'5�y

���"{IÔnÆ[§NobelÔnÆø�ÌP.W.Anderson[3]mé
éù�y

��ïÄ"3Anderson��.¥§0��ÃS5´ÏL�Å ³�)�"¦ï

Ä
3ù��¬�¥Ã�p�^�>f�$Ä"XJ�Å§ÝØäOr¿

�L
,��.�§@oéuÐ©G�e8¥u,�«��Å�§Ù3¬�

¥�*ÑÒ¬����"gAnderson��§Ekõ ÔnÆ[du3Û�z

ïÄ¥�#Ñ�z§¼�NobelÔnÆø"2012c§{IÔnÆ[S.Haroche�

{IÔnÆ[D.WinelandÏ�ïÄU
þÝÚö��NþfXÚ�â»5¢

��{¼dÏJ"

Cc5§�
ÃS5�é�f�0�§XO¬N§m©É�ÔnÆ[

��'5"ù��0�§  �±ÏL[±Ï½öV±Ï� ³5�)"

��Bose-Einsteinvà�±91Æ¥�­��.§Maryland[5]�.±9Aubry-

André[4]�.£q¡Harper�.[29]¤Ò´Ù¥;.��L"3ù��a��

5XÚ¥§cÙ´3����/e§Û�z®²��
¿©�ïÄ[42]§$

��k�
î��êÆØy��±ïá[32]"

·��±�ÄêÆÔn+�¥Í¶�almost Mathieu�fHx,λ,α̃ : `2(Z) →
`2(Z)§

(Hx,λ,α̃ψ)n = (ψn+1 + ψn−1) + λ cos 2π(x+ nα̃)ψn, n ∈ Z,

Ù¥n´�:��I§α̃�ü��:�m�Åê�'§x ∈ R/Z´?�Ð©�
 §
ψn��ECþ§Ù��²�L«3�:n?é�âf�VÇ"�α̃��

�½�Diophantineê�§é¿©��λ±9A�??�x ∈ R/Z§Hx,λ,α̃¬¥y

ÑÄ�Û�z[23, 25]y�§=?�;|8�ψ ∈ `2(Z)±9s > 0§

sup
t
R(s)(t) := sup

t

∑
n∈Z

n2s|(eiHx,λ,α̃tψ)n|2 <∞.

ùÒ¿�X§3?Û�m:§ÑØ¬u)��ÌÝ�Uþ=£"

AO/§éalmost Mathieu�f§*Ñ�Û�z�m�=C´²w�3�"

lÌnØ��Ý§Jitomirskaya[32]y²
§éA�??�x§Hx,λ,α̃äk

1



1. λ > 2µX:Ì±9�êP~�A�¼ê¶

2. λ = 2µXÛÉëYÌ¶

3. λ < 2µXýéëYÌ"


3�
Ôn¢�¥§�3X�
ê��[(J�±þ(Ø�{/ÎÜ£~

X[30]¤"�α̃ =

√
5− 1

2
§Ð©Å���δ−¼ê§òÅ°¼ê

R(1)(t) :=

(∑
n∈Z

n2|(eiHx,λ,α̃tψ)n|2
) 1

2

�O�5UìR(1)(t) ∼ tγ��ª�y§@o§�âλ���ØÓ§R(1)(t)¬¥

yÑn«ØÓ��â/�µ

1. λ > 2µγ = 0¶

2. λ = 2µγ ∼ 0.5¶

3. λ < 2µγ = 1"

,
§�âfm��p�^=��5�Ï�\\XÚ��§�¹ÒØ´

@o²w
"ù«�p�^§¬r�/K�dÃS5¤p�Ñ�Û�zy

�"�ïÄù��XÚ§·��±lHartree-FocknØ¥�Gross-Pitaevskii£GP¤

�§[28, 38]§����í2�Aubry-André�.§Ù¥�¹
��L«²þ|

�p�^���5�"ÙHamilton¼ê�

H =
∑
n∈Z

[
(ψn+1ψ̄n + ψ̄n+1ψn) + λ cos 2π(x+ nα̃)|ψn|2 +

1

2
β|ψn|4

]
,


�âiψ̇n = − ∂H
∂ψ̄n
¤�)�$Ä�§=���5Schrödinger�§

iψ̇n + (ψn+1 + ψn−1) + λ cos 2π(nα̃ + x)ψn + β|ψn|2ψn = 0, n ∈ Z. (0.5)

ù�±w�´lÑz�:þ�GP�§"d	§lÑzGP�§�Ù¦aq�

�§��±^5�yØÓ�/evà��ÄåÆ1�£~X§[46]¤"

Larcher-Dalfovo-Modugno[35]ÏLê�¢�y²§XJÐ©Å��δ−¼ê§

ψn(0) = δn,0,

2



@oéu(0.5)�)ψ(t) = (ψn(t))n∈Z§

R(1)(t) =
∑
n∈Z

n2|ψn(t)|2

3é��ã�m­½u,���¥"ù�±n)�§Û�zy�U
�*

	�"��/§XJ*Ñ©u�°Ý�σ�GaussianÅ�

ψn(0) = ce−
n2

2σ2 ,

@oR(1)(t)¬±Y/O�"ùL²§Û�z�»�
"dd��§3��5

XÚ¥§Ð��ØÓ/�¬r�/K�Û�z�/¤§ù��5�/´�

,ØÓ�"

§0.2 �'�êÆó�

3êÆÔnnØ¥§Fröhlich-Spencer-Wayne[19]mé
é��5ÃSXÚ

¥Û�z�ïÄ"ÏLKAMóä§¦�é�ÍÜXÚ

iq̇n = Vnqn +
∑
m∈Zd

εmn(qm + q̄m)2qn, n ∈ Zd,

¥��õêÑ�E
Ã¡�ØC�¡§Ù¥{Vn}n∈Zd��xÕáÓ©Ù��
ÅCþ§εmn¿©��3|m−n|v
���""ù
�¡þ�)§¬©ª8¥
3,�«�¥"£Pöschel[39]±9Vittot-Bellissard[47]�kLaq�ó�¤

Ø±þ(Ø�	§Fröhlich-Spencer-Wayne3Ó�Ø©¥�JÑeãß�"

ß�[19]�Ä�§

iq̇n = ε(∆q)n + Vnqn + δ|qn|2qn, n ∈ Zd, (0.6)

Ù¥{Vn}n∈Zd��xÕáÓ©Ù��ÅCþ"XJεÚδv
�§@oéùx�

§¥�/�õê0£¦ÈÿÝ¿Âe¤§/�õê0£k���m¥LebesgueÿÝ

¿Âe¤;|8�Ð©^�q(0) = (qn(0))n∈Zd§�§(0.6)�)q(t) = (qn(t))n∈Zd÷

v

lim
t→∞

t−1
∑
n∈Zd

n2|qn(t)|2 = 0.

3



Cc5§'u±þß�§<���
�
?Ð"Bourgain-Wang[10]y²
§

XJε, δ¿©�§@oéu?¿�½��Ð�§�3(0.6)¥���a�§§¦

�)q(t) = (qn(t))n∈Zd'u�mt´[±Ï�"äN(ØLã�

½n 0.1 [10] �Ä�§(0.6)"�½J = {n1, · · · , nb} ∈ Zd, b > 1§¿-ω =

(Vn1 , · · · , Vnb) ∈ RJ"�ε = δ = 0�§±þ�§k)

u0(y, t) =
b∑

j=1

ake
−iVnj tδnj(y), y ∈ Zd,

Ù¥a = (a1, · · · , ab)÷v
∑b

j=1 |aj|¿©�"
éu0 < ε � 1§�3�VÇf8Xε ⊂ RZd \ RJ¦�é0 < δ � 1§e

�½x ∈ Xε§Kk�ÿCantor8Gε,δ(x, a) ∈ RJ±9½Â3Gε,δ(x, a)þ�1w¼

êωε,δ(x, a)¦��ω ∈ Gε,δ(x, a)�§

uε,δ,x(y, t) =
∑

(n,k)∈Zd+b
û(n, k)e−i〈k, ωε,δ〉tδj(y)

´�§(0.6)���[±Ï)§�

û(nj,−ej) = aj, k = 1, · · · , b,∑
(n,k)6∈S

ec(|n|+|k|)|û(n, k)| <
√
ε+ δ,

|ω − ωε,δ| < c(ε+ δ),

é,�c > 0¤á§Ù¥{ej}bj=1´Zbþ�Ä.�þ§
S = {nj, −ej}bj=1 ⊂ Zd+b"

8ÜXε�Gε,δ(x, a)3ε+ δ → 0�©O÷v

ProbXε → 1, mesRJ \ Gε,δ(x, a)→ 0.

íØ 0.1 éu0 < ε, δ � 1§�3�ÿVÇ8Xε,δ ⊂ RZd§3ε + δ → 0�©O÷

v

ProbXε → 1,

¦�é�½�¿©��Ð�§�§(0.6)�)´[±Ï�"

5º 0.1 ±þù�(Ø§l,���Ý�º
Fröhlich-Spencer-Wayne�ß�"

�´éu/���§éAõ�P~5ûÐ�)0�ß�§T(Ø¿��Ñ�

�£ã"

4



§0.3 �Ø©(JVã

�©�3ÏL©Û�(0.5)/ªaq���5Schrödinger�§§&Ä��

5ÃSÄåXÚ¥�Û�zy�"·�¬�â[35]�¢�(Ø§±9Fröhlich-

Spencer-Wayne�ß�§éü«­����5O¬�.¥�Û�zî�êÆ

Øy"

(1) �Ä����5Maryland�.

iq̇n = ε(qn+1 + qn−1) + tan π(x+ nα̃)qn + |qn|2qn, n ∈ Z,

Ù¥α̃ ∈ R��Diophantineê§x ∈ R/Z"éu/�õê0;|8��Ì�
Ð©^�(qn(0))n∈Z§�ε¿©��§é/�õê0�x ∈ R/Z§±þ�§�
)(qn(t))n∈Z ÷vµ∀s > 0§*Ñ�ê∑

n∈Z

n2s|qn(t)|2

'u�mt´��k.�"äN�ã�½n2.1"

(2) �Ä����5[±ÏSchrödinger�§

iq̇n = ε(qn+1 + qn−1) + V (x+ nα̃)qn + |qn|2qn, n ∈ Z,

Ù¥α̃���Diophantineê§V´R/Zþ����~�)Û¼ê"éu/�
õê0;|8�Ð©^�(qn(0))n∈Z§�ε¿©��§éA�??�x ∈ R/Z§
±þ�§�)(qn(t))n∈Z ÷vµ∀s > 0§

sup
t

∑
n∈Z

n2s|qn(t)|2 <∞.

äN�ã�½n3.1"

3�Ø©��«y²L§±9L�ª¥§·�¬��Nõ��~ê"ù


~ê�6uHamiltonXÚ§�m�ê�Ï�"ly3å§ù
~ê¬�I

P�c, c1, c2, · · ·"k��ÿ§=¦´ØÓ�~ê§·��¬æ^�Ó�ÎÒ5
L«"

5



1�Ù �5Schrödinger�f�Û�z

�Ä�5Schrödinger�§

iq̇n = ε(∆q)n + Vnqn, n ∈ Zd, (1.1)

Ù¥d ≥ 1§∆L«lÑ�Laplace�f§=

∆ij =

{
1, |i− j|`1 = 1

0, |i− j|`1 6= 1
, 1

{Vn}n∈Zd÷v,«ÃS5^����mtÃ'"ù��§)�5���d`2(Zd)þ
��5�f

(Hq)n = ε(∆q)n + Vnqn, n ∈ Zd,

¤û½§Ïd�§(1.1)�Û�z��±n)��fH�Û�z"

§1.1 H{�f�Û�z

½Â 1.1 �½��VÇ�m(Ω,F ,P)"·�¡�x�5�f

Hθ : `2(Zd)→ `2(Zd), θ ∈ Ω

´Zd-H{�§XJ�3(Ω,F ,P)þ��xH{��ÿC�{Ti}i∈Zd÷v

(1) Ω�?¿Ti-ØCf8A§Ñ÷vP(A) = 0½1¶

(2) HTiθ = UiHθU
∗
i§d?j�fUi : `2(Zd)→ `2(Zd)÷v(Uiq)n = qn−i"

·�æ^σ(H)£σac(H), σsc(H), σpp(H)¤L«�fH�Ì£ýéëYÌ§Û

ÉëYÌ§:Ì¤"3H{�f�ÌnØ¥§kXeÄ�(Ø"

½n 1.1 (Pastur[36])XJHθ´�xZd-H{�g��f§K�3��48Σ ∈
R¦�§3P-VÇ1¿Âe§

σ(Hθ) = Σ.

d	§�348Σac,Σsc,Σpp ∈ R¦�§3P-VÇ1¿Âe§

σac(Hθ) = Σac, σsc(Hθ) = Σsc, σpp(Hθ) = Σpp.

1ld?m©§·�±| · |L«Zdþ�`1ål"
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éuÛ�z§·��±lÌnØÚÄåXÚü��¡?1ïÄ"duï

Ä��ÝØÓ§Û�z�ÒkØÓ�½Â�ª"3�©¥§·�Ì�ïÄX

en«Û�z"

½Â 1.2 éu�xZd-H{�fHθ : `2(Zd)→ `2(Zd)§·�¡Hθäk

(1) ÌÛ�z(SL)

XJHθ3P-VÇ1¿Âe�k:Ì§=Σ = Σpp�Σac = Σsc = ∅"

(2) �êÛ�z(EL)

XJHθäkÌÛ�z�ÙA�¼ê3P-VÇ1¿Âe¥y�êP~5"

(3) Ä�Û�z(DL)

XJéu?¿äk;|8ψ ∈ `2(Zd)§3P-VÇ1¿Âek

sup
t

∑
n∈Zd
|n|2s|(e−itHθψ)n|2 <∞, ∀s > 0.

±þn«Û�zkXe�%¹'X§

(DL)⇒ (EL)⇒ (SL).

���J�´§(EL) 6⇒ (DL)§�~��E��©z[15]"

éuÄ�Û�z��½§k��Í¶�­��¿©^�"

½Â 1.3 e`2(Zd)þ��fHäkÌÛ�z§�éz�A��µn, n ∈ Zd§�
A�A��þψn = (ψnj )j∈Zdé,�r > 0±9|xn| ∼ |n|1/d÷v

|ψnj | ≤ cσe
σ|xn|e−r|j−xn|, ∀σ > 0,

K¡�fHäk���Û��A��(SULE)"?�Ú§e

|ψnj | ≤ cσe
−r|j−xn|, ∀σ > 0,

K¡�fHäk��Û��A��(ULE)"

w,§(ULE)⇒(SULE)"

½n 1.2 (Rio-Jitormirskaya-Last-Simon[15]) e`2(Zd)þ��fHäk���Û

��A��§@oHäkÄ�Û�z"

d	§�kÙ¦ÚÄ�Û�z�'�^�§�)¿©^�Ú7�^�§

��[45]"
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§1.2 �5Schrödinger�f

§1.2.1 Anderson�.

�ÄAnderson�.H : `2(Zd)→ `2(Zd)§

(Hq)n = ε(∆q)n + Vnqn, n ∈ Zd, (1.2)

Ù¥∆L«lÑ�Laplace�f§
{Vn}n∈Zd��xÕáÓ©Ù��ÅCþ§�
Ù�Ó�©Ù�

g = g̃(Vn)dVn, g̃ ∈ L∞.

·�b�suppg´k.�§KRZd�w�´�k¦ÈVÇÿÝ∏
n∈Zd

g(Vn) =
∏
n∈Zd

g̃(Vn)dVn, g̃ ∈ L∞

�VÇ�m"N´�y§H´Zd-H{�g��f§Ù¥{Vn}n∈Zd´¦ÈVÇ
�mRZd¥��ÅCþ"'uH�Ì8§3VÇ1¿Âe§·�k£[14, 37]¤

σ(H) = [−2εd, 2εd] + suppg.

Anderson�.��Ñ´êÆ[ÚÔnÆ[�'%�é�"'uAnderson�

.¥�Û�z§kéõÍ¶�ó�[1, 2, 17, 18, 24, 26, 27, 48]"

½n 1.3 (Germinet–De Bièvre[24]) �ÄAnderson�.(1.2)"

• �d = 1�§HäkÄ�Û�z"

• �d > 1�§XJεv
�§KHäkÄ�Û�z"

§1.2.2 Maryland�.

3�!¥§·�é�5Maryland�.¥�Û�z?1�[Qã§=�

Ä`2(Zd)þ��5Schödinger�fL = L(x)§

(Lq)n = ε(∆q)n + tan(x+ 〈n, α̃〉)qn, n ∈ Zd,

Ù¥α̃ ∈ Rd÷vDiophantine^�µ�3γ̃ > 0, τ̃ > d§¦�

|〈n, α̃〉|1 ≥
γ̃

|n|τ̃
, ∀n ∈ Zd \ {0}, (1.3)

8




x�gR/Z��ÿf8

X =

{
x ∈ R/Z : x+ 〈n, α̃〉 6= 1

2
, ∀n ∈ Zd

}
.

T�f�±w���Ã¡��Ý
§ÙÝ
���

Lmn =


tanπ(x+ 〈n, α̃〉), m = n

ε, |m− n| = 1

0, o.w.

.

�â��¼ê±9Diophantine�þ�5�§��

| tanπ(x+ 〈m, α̃〉)− tanπ(x+ 〈n, α̃〉)| ≥ γ̃

|m− n|τ̃
, m− n ∈ Zd \ {0}.

Ïd�fL�[
vk���0�"ù�:3KAMS�L§¥kX2���

\�A^"

½n 1.4 �Ä`2(Zd)þ��5Schrödinger�f

(Lq)n = ε(∆q)n + tan π(x+ 〈n, α̃〉)qn, n ∈ Zd, x ∈ X , (1.4)

Ù¥α̃ ∈ Rd÷vDiophantine^�(1.3)"�3��ε0 = ε0(α̃)¦�§�0 < ε < ε0�§

±e(Ø¤á"

é,�R > 0§�3{z ∈ C : |Imz| < R}þ1−±Ï�æX¼êV̂§÷v

• V̂�4:�x = 〈n, α̃〉+
1

2
, n ∈ Zd§

• V̂ (x)− tanπx3R/Zþ´¢)Û�§� sup
x∈R/Z

|V̂ (x)− tanπx| ≤ ε§

�éz�x ∈ X§�3��C�U : `2(Zd)→ `2(Zd)§÷v

|(U − IZd)mn| ≤ cLεe
−2|m−n|, (1.5)

¦�U∗LU = diag{V̂ (x+ 〈n, α̃〉)}n∈Zd"

ù�½n£±Ù�©�/ª¤́ dBellissard-Lima-Scoppola[5]y²�§Ùy

²L§¬3N¹n¥�Ñ"
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íØ 1.1 [5] X½n1.4¥��-0 < ε < ε0"Kéz�x ∈ X§�fL = L(x)ä

k�x����êP~�A��þ§
A���8Ü�{V̂ (x+ 〈n, α̃〉)}n∈Zd"

�fL�kéõÙ¦­��5�§3©z[5, 12, 15, 43]¥k�[��ãÚ

y²"

�â(1.5)¤�Ñ�L��A��þ�P~5�§��Läk��Û��A

��"(Ü½n1.2§��

íØ 1.2 X½n1.4¥��-0 < ε < ε0§K�5Schrödinger�fLäkÄ�Û

�z"

§1.2.3 [±ÏSchrödinger�f

·�Äk�Ä��[±ÏSchrödinger�fT = T (x) : `2(Z)→ `2(Z)§

(Tq)n = ε(qn+1 + qn−1) + V (x+ nα̃)qn, n ∈ Z, (1.6)

Ù¥α̃ ∈ R1÷vDiophantine^�(1.3)§
V�R/Zþ��~�¢)Û¼ê"X[16]¥

��§ ³¼êV´��Gevrey¼ê§=�3C, L > 0¦�

sup
x∈R/Z

|∂mV (x)| ≤ CLmm!, m ≥ 0, (1.7)

���3ξ̃, s̃ > 0¦�î�5^�

max
0≤m≤s̃

|∂mϕ (V (x+ ϕ)− V (x))| ≥ ξ̃ > 0, ∀x,∀ϕ, (1.8)

max
0≤m≤s̃

|∂mx (V (x+ ϕ)− V (x))| ≥ ξ̃|ϕ|1, ∀x,∀ϕ, (1.9)

¤á"é²w§V (x) = cos 2πx=T�almost Mathieu�f��/´�¹3Ù¥

�"

d©z[16]��§�ε¿©��§éA�??�x ∈ R/Z§Tx�kX:Ì"

½n 1.5 (Eliasson[16]) �3ε0 = ε0(V, α̃)¦��0 < ε < ε0�§éuA�?

?�x ∈ R/Z§Tx�Ì�X:Ì§�äk�x`2(Z)¥���A��þ"d

	§[inf V, supV ] \ σ(Tx)�ÿÝ3ε→ 0�ª�u0"
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'u[±ÏSchrödinger�f�X:Ì±9Û�z§�kéõÙ¦�ó�§

~X§[8, 11, 20, 31, 33, 44]"du[16]�y²g�3·��Ä��5¯K�å

X­���^§·�3d?1[��£ã"

Äk§·�0��
ÚÃ¡�Ý
�'�ÎÒ"�½��Ã¡�Ý
D§

Ù¥(m,n) ��Ý
��Dmn ∈ R"éuΛ ⊂ Z§½Â

RΛ := {n ∈ RZ : ni = 0, ∀i 6∈ Λ}, DΛ :=

{
Dmn, m, n ∈ Λ

δmn, o.w.
.

@oN�

DΛ : RΛ + RΛ⊥ → RΛ + RΛ⊥ , Λ⊥ := Z \ Λ,

küÜ©§1�Ü©�RΛ ↪→ RZ D−→ RZ proj−→ RΛ§
1�Ü©�3RΛ⊥þ�ð

ÓN�"�Ø�3ÜÂ�§·�Ò��^DΛL«Ù1�Ü©"

-D0 = diag{V (x+ nα̃)}n∈Z, Z0 = ε∆§�À�ε0 = ε
1
4 , σ0 = 1±9?¿�

M0 ≥ max

{
2s̃+4C

Ls̃+1((s̃+ 1)!)2

ξ̃
, 2τ̃ , 8

}
, N0 ≥ 1, ρ0 = N−1

0 ,

·��±X[16]¥@�½Â±eS�µ

Mν+1 = M s̃M3
ν

ν , aν =
1

τ̃
M−3s̃M3

ν
ν , εν+1 = ε

1
2
ε
−aν/2
ν

ν ,

Nν+1 = ε−aνν , ρν+1 = εaνν , σν+1 =
1

3
ρν .

(1.10)

3���1nÙ¥§·��Ä�A���5�.�§ù
S�ò¬3KAMS

�L§¥Ñy"

½n 1.6 X½n1.4¥��-0 < ε < ε0§Kéu��[±ÏSchrödinger�fT§

±e(Ø¤á"

?¿�½x ∈ R/Z§�3����Ý
Uν, ν = 1, 2, · · ·§÷v

|(Uν − IZ)mn| ≤ ε
1
2
0 e
− 3

2
σν |m−n|,

¦�U∗ν (D0 + Z0)Uν = Dν + Zν§d?Zν���÷v

|(Zν)mn| ≤ ενe
−ρν |m−n|

11



�é¡Ý
§
é¡Ý
Dν�ÏL���Ý
Qν¢y©¬é�z§Ù¥

(Qν)mn = 0, |m− n| > Nν .

äN/§�3Z�Ø��©)
⋃
j Λν

j = Z¦�

D̃ν = Q∗νDνQν =
∏
j

D̃ν
Λνj
, ]Λν

j ≤Mν , diamΛν
j ≤MνNν , ∀j.2

d	§�3�ÿf8X̃ ⊂ R/Z¦��·��½�xáuÙ¥�§Kéz

�k ∈ Z§�3��êν0(k)¦�

Λν+1(k) = Λν(k), ∀ν ≥ ν0(k).

3N¹o¥§·�ò�ÑT·K�y²V�"

½n1.6`²
�fT�kX:Ì§
���ã�£ã§%¹
���Û

��A��§Ïd

íØ 1.3 X½n1.4¥��-0 < ε < ε0§K�5Schrödinger�fTäkÄ�Û

�z"

·���±�Äp�[±ÏSchrödinger�fH : `2(Zd)→ `2(Zd), d > 1,

H = ε(∆q)n + V (x1 + n1α1, · · · , xd + ndαd)qn, x = (x1, · · · , xd) ∈ Rd/Zd,

Ù¥V´Rd/Zdþ��~�)Û¼ê"Bourgain§GoldsteinÚSchlag[9]y²
d =

2�/e�Û�z§
Bourgain[7]�5òT(Øí2�?¿�ê��/"

½n 1.7 [7] �½x0 ∈ Rd/Zd"?�δ > 0§�3ε0 = ε0(V, δ)¦��0 < ε < ε0�§

�3f8Ω = Ω(ε, V ) ⊂ Rd/Zd÷v

mes(Rd/Zd \ Ω) < δ,

l
éα = (α1, · · · , αd) ∈ Ω§Häk�êÛ�zÚÄ�Û�z"

2Z�Ø��©)½Â
�ê��«�d'X§¤±éz�n ∈ Z§·��ÏLPÒΛν(n)½Âù

«�d'X"
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1�Ù ����5Maryland�.¥�Û�z

3Bellissard-Lima-Scoppola[5](Ø�Ä:�þ§·�3�Ù¥�Ä���

�5Maryland�.

iq̇n = ε(qn+1 + qn−1) + tan(x+ nα̃)qn + ε|qn|2qn, n ∈ Z, (2.1)

Ù¥α̃ ∈ R÷vDiophantine^�(1.3)§�xáuR/Z��ÿf8

X := {x ∈ R/Z : x+ nα̃ 6= 1

2
, ∀n ∈ Z}.

§2.1 (Ø��ã

·�Äké�§(2.1)?1·���IC�§,��E��Ä��KAM½

n§¦Ù�±A^�C���XÚ¥§?
ïÄ#XÚ¥�Û�zy�"�

XÚ(2.1)�Û�z�d�Ý�5���"���J�´§²L�IC��

�§�EKAM½n¤I�ëêþJ�g��5�"¢Sþ§Ð©�IC��

�15§́ d��¼ê9Diophantineê�AÏ5�¤�y�"

½n 2.1 ?�J = {n1, · · · , nb} ⊂ Z§b > 1§±9κ > 0§?�|8�J�Ð
�qZ(0) = (qn(0))n∈Z§÷vqZ(0) ∈ εκ2 · [0, 1]b"�3��¿©��ε∗ = ε∗(α̃, κ, J )§

¦�e0 < ε < ε∗K�3X�f8Xεé,�ϑ ∈ (0, 1)÷vmes(X \ Xε) < εϑ§¦�

�x ∈ Xε�§Xe(J¤á"
�3�Cantor8Oε = Oε(x) ⊂ [0, 1]b÷v�ε → 0�|[0, 1]b \ Oε| → 0§1 ¦�

�qZ(0) ∈ Oε�§�§(2.1)�)qZ(t) = (qn(t))n∈Z÷v

sup
t

∑
n∈Z

n2d|qn(t)|2 <∞, ∀d > 0.

d	§éz�n ∈ Z§qn(t)'u�m´[±Ï�"

5º 2.1 X§0.1¤ã§(2.1)¥���5�ε|qn|2qnäkÙÔn¹Â"ØL§§
3Hamilton¼ê¥�AÏ/ª§=ε|qn|4§¿Ø´7L�"¢Sþ§��5�
�/ª��´k�§½á§�gêkþ.=�§~X§k�§/ª

ε|qn|4 + ε|qn|2q̄nqn+1 + ε|qn|2qnq̄n+1

1ld?m©§·�3�Ø©¥^PÒ|O|L«O ⊂ Rb�LebesgueÿÝ"
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½öá§/ª

ε|qn|2
∑
k

e−%|n−k||qk|4, % > 0.

§2.2 ��Ä��Ã��KAM½n

§2.2.1 �mÚ�ê

�½Z1 ⊂ Z±9d, ρ > 0§̀ 1
d,ρ(Z1)L«÷v

‖q‖d,ρ :=
∑
n∈Z1

|qn|〈n〉deρ|n| <∞,

�S�q = (qn)n∈Z1��m§d?〈n〉 :=
√

1 + n2"éur, s > 0§Dd,ρ(r, s)KL
«Tb × {I = 0} × {q = 0} × {q̄ = 0}3Tb × Rb × `1

d,ρ(Z1)× `1
d,ρ(Z1)¥���§=

Dd,ρ(r, s) := {(θ, I, q, q̄) : |Imθ| = |Im(θ1, · · · , θb)| < r, |I| < s2, ‖q‖d,ρ = ‖q̄‖d,ρ < s},

d?| · |�b��þ�`1�ê"

éD = Dd,ρ(r, s)þC1
W/�6uξ ∈ O�¢)Û¼êF (θ, I, q, q̄; ξ)§2 ·�ò

Ù'uθ, I, q, q̄Ðm¤Taylor-Fourier?ê�/ª

F (θ, I, q, q̄; ξ) =
∑
α,β

Fαβ(θ, I; ξ)qαq̄β,

Ù¥§éu�¹k��"���õ­�êα :=
∑
n∈Z1

αnen, β :=
∑
n∈Z1

βnen, αn, βn ∈

N§
Fαβ(θ, I; ξ) =

∑
k∈Zb, l∈Nb

Fklαβ(ξ)I lei〈k,θ〉, qαq̄β =
∏

(αn,βn)6=(0,0)

qαnn q̄βnn .

£enL«1n����1Ù¦��þ�"��þ"¤

½Â 2.1 éu�¹k���"���õ­�ê(α, β) = (αn, βn)n∈Z1§½Â

supp(α, β) := {n ∈ Z1 : (αn, βn) 6= (0, 0)},

n+
αβ := max{n ∈ supp(α, β)},

n−αβ := min{n ∈ supp(α, β)},

n∗αβ := max{|n+
αβ|, |n

−
αβ|},

23�©¥§¤k'uëêξ ∈ O��65Ñ´C1
W�§Ïd'uξ�¦��´3d¿Âe?1�"
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±9|α| :=
∑
n∈Z1

αn§|β| :=
∑
n∈Z1

βn"

AO/§XJ|α| = |β| = 0§½Ân+
αβ = n−αβ = n∗αβ = 0"

-|∂ξFklαβ| :=
∑b

i=1 |∂ξiFklαβ|, |Fklαβ|O := supξ∈O (|Fklαβ|+ |∂ξFklαβ|)§½Â

‖Fαβ‖O :=
∑
k,l

|Fklαβ|O |I l|e|k||Imθ|, ‖F‖O :=
∑
k,l,α,β

|Fklαβ|O |I l|e|k||Imθ| |qα||q̄β|.

?�Ú§·��½ÂF�\��ê3

‖F‖D,O := sup
D
‖F‖O. (2.2)


F¤éA�Hamilton�þ|XF = (FI ,−Fθ, (−iFqn)n∈Z1 , (iFq̄n)n∈Z1)§Ù3D ×
Oþ��ê½Â�

‖XF‖D,O := ‖∂IF‖D,O +
1

s2
‖∂θF‖D,O + sup

D

1

s

∑
n∈Z1

(‖∂qnF‖O + ‖∂q̄nF‖O) 〈n〉de|n|ρ.

�
ÎÒL«þ��B§�vkÜÂ�3�§·���Ñ±þ�ê¥�e

IO"

§2.2.2 KAM½n�Qã

Äk�ÄC1
W/�6uëêξ ∈ O§�äkXe/ª��x�ÈHamiltonX

Ú

N = e(ξ) + 〈ω(ξ), I〉+
∑
n∈Z1

Ωn(ξ)qnq̄n, Z1 ⊂ Z.

3d�/e§��mD�
"(�dI∧dθ+i
∑

n∈Z1
dqn∧dq̄n"éz��ξ ∈ O§N

¤éA�Hamilton$Ä�§�µ

dθ

dt
= ω,

dI

dt
= 0,

dqn
dt

= −iΩnqn,
dq̄n
dt

= iΩnq̄n, n ∈ Z1.

Ù3��m¥�ØC�¡éA�T�§���AÏ�)

(θ, 0, 0, 0)→ (θ + ωt, 0, 0, 0).

y3§·�3,«�D = Dd,ρ(r, s)þ�Ä6Ä�HamiltonXÚ

H = N + P = e(ξ) + 〈ω(ξ), I〉+
∑
n∈Z1

Ωn(ξ)qnq̄n + P (θ, I, q, q̄; ξ). (2.3)

3éu�þ�¼êF : D ×O → Cn§K�ê�½Â�‖F‖D,O :=
∑n
i=1 ‖Fi‖D,O"
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·�Áãy²§é/�õê0�ëêξ ∈ O£3Lebesgue ÿÝ¿Âe¤§�

�‖XP‖D,O¿©��§Hamilton�§H = N + PE,äkØC�¡§�$Ä�

§3T�¡þ�)3�m¥©ªäkûÐ�P~5"

3�ãKAM½n�c§·��IéªÇω, Ωn±96ÄP\þ±e^�"

(A1) �ª��òz5µN�ξ → ω(ξ)´O�Ù��m���C1
W�©Ó�"

(A2) {ª��K5µé?¿�n ∈ Z1§Ωn'uξÑ´C1
W¼ê§�sup

ξ∈O
|∂ξΩn| � 1"

(A3) 6Ä��K5µ 6ÄÜ©P´'uθ, I, q, q̄�¢)Û¼ê§�C1
W/�6

uξ ∈ O"

(A4) 6Ä�P~5µXJ·�òP©)�P̆ + Ṕ§Ù¥

P̆ = P̆ (θ, I, q, q̄; ξ) =
∑
α,β

P̆αβq
αq̄β =

∑
(k,l)6=0
α,β

PklαβI
lei〈k,θ〉qαq̄β,

Ṕ = Ṕ (q, q̄; ξ) =
∑
α,β

Ṕαβq
αq̄β =

∑
α,β

P00αβq
αq̄β,

@o

‖P̆αβ‖D,O ≤

{
εe−ρn

∗
αβ , |α|+ |β| ≤ 2

e−ρn
∗
αβ , |α|+ |β| ≥ 3

, (2.4)

‖Ṕαβ‖D,O ≤

{
εe−ρn

∗
αβ , |α|+ |β| ≤ 2

e−ρ(n+
αβ−n

−
αβ), |α|+ |β| ≥ 3

. (2.5)

(A5) 6Ä�5�ØC5: éuP =
∑

k∈Zb, l∈Nb
α,β

PklαβI
lei〈k,θ〉qαq̄β§e

∑b
j=1 kj+|α|−|β| 6=

0§KPklαβ ≡ 0"

½n 2.2 b�(2.3)¥�HamiltonXÚH÷v(A1) − (A5)"�3��¿©��

�êε∗ = ε∗(ω,Ωn, ε, r, s, d, ρ)¦��‖XP‖Dd,ρ(r,s),O < ε ≤ ε∗�§k���ÿ

�Cantor8Oε ⊂ O÷vµ�ε→ 0�§|O \ Oε| → 0§�Xe(Ø¤á"

(a) �3C1
W�N�ω̃ : Oε → Rb¦��ε→ 0�§|ω̃ − ω|Oε → 0"

(b) �3'uθ)Û�'uξ´C1
W�N�Ψ : Tb × Oε → Dd,0(r/2, 0)¦��ε →

0�‖Ψ−Ψ0‖Dd,0(r/2,0),Oε → 0§d?Ψ0�²��i\N�§=

Ψ0 : Tb ×O → Tb × {0} × {0} × {0}.

16



(c) é?¿θ ∈ Tb±9ξ ∈ Oε§Ψ(θ + ω̃(ξ)t, ξ) = (θ + ω̃(ξ)t, I(t), q(t), q̄(t))´H¤é

A$Ä�§���bª[±Ï)"

(d) éz�t§q(t) = (qn(t))n∈Z1 ∈ `1
d,0(Z1)"

5º 2.2 ±þ½n¥�(d)L²

∑
n∈Z1

n2d|qn(t)|2 < c

(∑
n∈Z1

〈n〉d|qn(t)|

)2

<∞, ∀t ≥ 0.

ù%¹
½n2.1�(Ø"

§2.3 Hamilton¼ê�IO.

£��§(2.1)§¿�½x ∈ X"²L�IC�qZ = Uq̃Z§�§��5Ü©

¥ÒØ�3�©�
§d?U�½n1.4¥¤J����C�"d��5�

§(2.1)=z���#�§éAXXe/ª�Hamilton¼êµ

H(q̃Z, ¯̃qZ) = Λ +G :=
∑
n∈Z

V̂n|q̃n|2 +
1

2
ε
∑

i,j,m,n∈Z

uijnmq̃i ¯̃qj q̃m ¯̃qn, (2.6)

ùpV̂n = V̂n(x) := V̂ (x+nα̃)"U�Bé��P~5(1.5)§%¹
Xêuijmn�P

~5�§=

|uijmn| < ce−2(max{i,j,m,n}−min{i,j,m,n}). (2.7)

¢Sþ§

uijmn =
∑
l∈Z

UliŪljUlmŪln. (2.8)

Ø���5§�b�i ≤ j ≤ m ≤ n§K

|uijmn| ≤ c
∑
l∈Z

e−2(|i−l|+|j−l|+|m−l|+|n−l|)

≤ ce−2(n−i)
∑
l∈Z

e−2(|j−l|+|m−l|)

≤ ce−2(n−i).

·�À����J = {n1, · · · , nb} ⊂ Z§�-Z1 = Z\J"�εv
��§|ni| ≤
κ
6
| ln ε|, i = 1, · · · , b"

17



�½r, d > 0±9ρ = 1
4
, s ≤ ε

2
3
κ§¿X§2.2.1¥@�½ÂD = Dd,ρ(r, s)"

3Ú\�^-�Cþ±9ëê�c§�
��/ª�Ð�IO.§·�I

éHamilton¼ê��
C�?n"ly3å§�
ÎÒ{B§·�±qZ�

Oq̃Z5L«{Cþ"

·K 2.1 XJε¿©�§K�3R/Z�f8Xεé,0 < ϑ < 1÷v

mes(X \ Xε) < εϑ,

¦��x ∈ Xε�§�3"C�Ψ = Ψ(x)ò(2.6)¥�H=z�C1
W/�6uë

êξ ∈ O := [ε
κ
12 , 1]b�¢)ÛHamilton¼ê

H ◦Ψ = N + P

:= e(ξ) + 〈ω(ξ), I〉+
∑
n∈Z1

Ωn(ξ)qnq̄n + P (θ, I, q, q̄; ξ), (2.9)

Ù¥§

• ω´O�Ù��m���C1
W �©Ó�§

• éz�n ∈ Z1§Ωn'uξÑ´C1
W¼ê§÷vsup

ξ∈O
|∂ξΩn| ≤ ε"

d	§Päk5�ØC5§�eòP©)�P̆ + Ṕ§Ù¥

P̆ = P̆ (θ, I, q, q̄; ξ) =
∑
α,β

P̆αβq
αq̄β =

∑
(k,l)6=0
α,β

PklαβI
lei〈k,θ〉qαq̄β,

Ṕ = Ṕ (q, q̄; ξ) =
∑
α,β

Ṕαβq
αq̄β =

∑
α,β

P00αβq
αq̄β,

@o

‖P̆αβ‖D,O ≤

{
ε
κ
4 e−

1
2
n∗αβ , |α|+ |β| ≤ 2

e−
1
2
n∗αβ , |α|+ |β| ≥ 3

, (2.10)

‖Ṕαβ‖D,O ≤

{
ε
κ
4 e−

1
2
n∗αβ , |α|+ |β| ≤ 2

e−
1
2

(n+
αβ−n

−
αβ), |α|+ |β| ≥ 3

. (2.11)

y²µT·K�y²©�Xen�Ü©"
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• "C���E

�âH = Λ +G�/ª§-

T (qZ, q̄Z) =
1

2
ε

∑
|i|,|j|,|m|,|n|≤κ| ln ε|

uijmnqiq̄jqmq̄n,

F (qZ, q̄Z) =
i

2
ε

∑
V̂i−V̂j+V̂m−V̂n 6=0

|i|,|j|,|m|,|n|≤κ| ln ε|

uijmn

V̂i − V̂j + V̂m − V̂n
qiq̄jqmq̄n,

�-Ψ1
FL«�AHamilton�6��m−1N�"éu�½�

i, j,m, n ∈ Z, |i|, |j|, |m|, |n| ≤ κ| ln ε|,

·��Ä¼ê

Vi,j,m,n(x) := V̂i(x)− V̂j(x) + V̂m(x)− V̂n(x).

duε´v
��§�âe¡�Ún2.1��§�3X�f8Xε§é,�0 < ϑ <

1÷v

mes(X \ Xε) ≤ εϑ,

¦��{i,m} 6= {j, n}�§|Vi,j,m,n(x)| ≥ ε
1
4"ùÒ�y
F�Xê¥Ñy�©1

k��e."

dÓN�§

{Λ, F}+ T =
1

2
ε

∑
|i|,|j|≤κ| ln ε|

uiijj|qi|2|qj|2,

·���IC�Ψ1
FòH=z�

H ◦Ψ1
F =

∑
i∈Z

V̂i|qi|2 +
1

2
ε

∑
|i|,|j|≤κ| ln ε|

uiijj|qi|2|qj|2 + R̃, (2.12)

Ù¥

R̃ = G− T + {G,F}+
1

2!
{{Λ, F}, F}+

1

2!
{{G,F}, F}+ · · ·

+
1

n!
{· · · {Λ, F} · · · , F︸ ︷︷ ︸

n

}+
1

n!
{· · · {G,F} · · · , F︸ ︷︷ ︸

n

}+ · · · .

òR̃±R̃ =
∑

α′,β′ R̃α′β′q
α′

Z q̄
β′

Z��ªÐm"dR̃��E§��

R̃α′β′ = 0, |α′| 6= |β′|, (2.13)

R̃α′β′ = 0, |α′|+ |β′| < 4, (2.14)

R̃α′β′ = 0, |α′|+ |β′| = 4, n∗α′β′ ≤ κ| ln ε|. (2.15)
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d	§ÏLA^���Ún2.2§��4

|R̃α′β′| ≤ εe
−2(n+

α′β′−n
−
α′β′ ).

• �^–�Cþ�Ú\

éHamilton¼ê(2.12)Ú\�^–�Cþ±9�Ìëê

qn =
√
In + ξne

iθn , q̄n =
√
In + ξne

−iθn , n ∈ J ,

Ù¥(I, θ) = (In1 , · · · , Inb , θn1 , · · · , θnb)´(qn, q̄n)n∈J –�m¥3ξNC�IO�^–

�Cþ§
ξ = (ξn1 , · · · , ξnb) ∈ εκ · O = εκ[ε
κ
12 , 1]b��Ìëê§�-(q, q̄) =

(qn, q̄n)n∈Z1"@oHamilton¼ê(2.12)=z�

H ◦Ψ1
F =

∑
i∈J

V̂i(Ii + ξi) +
∑
i∈Z1

V̂i|qi|2 +
1

2
ε
∑
i∈J

uiiii(Ii + ξi)
2

+
1

2
ε
∑

i∈J ,j∈Z1
|j|≤κ| ln ε|

uiijj(Ii + ξi)|qj|2 +
1

2
ε
∑
i,j∈J
i 6=j

uiijj(Ii + ξi)(Ij + ξj)

+
1

2
ε

∑
i,j∈Z1

|i|,|j|≤κ| ln ε|

uiijj|qi|2|qj|2 + R̃

=
∑
i∈J

V̂iIi +
∑
i∈Z1

V̂i|qi|2 + ε
∑
i∈J

uiiiiξiIi +
1

2
ε
∑
i,j∈J
i 6=j

uiijj(ξiIj + ξjIi)

+
1

2
ε
∑

i∈J ,j∈Z1
|j|≤κ| ln ε|

uiijjξi|qj|2 +

∑
i∈J

V̂iξi +
1

2
ε
∑
i∈J

uiiiiξ
2
i +

1

2
ε
∑
i,j∈J
j 6=i

uiijjξiξj


+R,

d?

R = R̃ +
1

2
ε
∑
i∈J

uiiiiI
2
i +

1

2
ε
∑
i,j∈J
i6=j

uiijjIiIj +
1

2
ε
∑

i∈J ,j∈Z1
|j|≤κ| ln ε|

uiijjIi|qj|2.

ÏLºÝC�

θ → θ, I → ε
4
3
κI, q → ε

2
3
κq, q̄ → ε

2
3
κq̄, ξ → εκξ, (2.16)

��Hamilton¼ê

H ◦Ψ1
F = ε−(1+ 7

3
κ)(H ◦Ψ1

F )(θ, ε
4
3
κI, ε

2
3
κq, ε

2
3
κq̄; εκξ) = N + P,

4�
L���B§·�3db�½n1.4¥�~êcL = 1"
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Ù¥N = e+ 〈ω, I〉+
∑

n∈Z1
Ωn|qn|2§


e = ε−(1+ 4
3
κ)
∑
i∈J

V̂iξi +
1

2
ε−

κ
3

∑
i∈J

uiiiiξ
2
i +

1

2
ε−

κ
3

∑
i,j∈J
i 6=j

uiijjξiξj, (2.17)

ωi(ξ) = ε−(1+κ)V̂i + uiiiiξi +
1

2

∑
j∈J
j 6=i

uiijjξj, i ∈ J , (2.18)

Ωn(ξ) =

{
ε−(1+κ)V̂n + 1

2

∑
i∈J uiinnξi, |n| ≤ κ| ln ε|

ε−(1+κ)V̂n, |n| > κ| ln ε|
, n ∈ Z1 (2.19)

�P = ε−(1+ 7
3
κ)R(θ, ε

4
3
κI, ε

2
3
κq, ε

2
3
κq̄; εκξ).

• #Hamilton¼êN + P�5�

duX(2.8)¥¤«§uiijj =
∑

l∈Z |Uil|2|Ujl|2§K�âL�ª(2.18)§b × bÝ


∂ω
∂ξ
÷v (

∂ω

∂ξ

)
ij

=

{ ∑
l∈Z |Uil|4, j = i

1
2

∑
l∈Z |Uil|2|Ujl|2, j 6= i

, i, j ∈ J .

ÏL(1.5)§��

|Uii − 1| < ε, |Uil| ≤ εe−2|i−l|, l 6= i.

Ïd§
∑

l∈Z |Uil|4 > c(1− ε)4§
supi 6=j
∑

l∈Z |Uil|2|Ujl|2 ≤ cε2"ε¿©��y
∂ω
∂ξ
�

é�Ó`5§l
ω�O�Ù��m�C1
W�©Ó�"

éun ∈ Z1§(2.19)¥Ωn�L�ª`²éu|n| > κ| ln ε|§∂ξΩn = 0"�u|n| ≤
κ| ln ε|§

|∂ξiΩn| =
1

2

∑
l∈Z

|Uil|2|Unl|2 ≤ cε2, i ∈ J .

d(2.13)Ú(2.14)��§R̃����"����

R̃α′β′q
α′

Z q̄
β′

Z = R̃α′β′q
αJ
J q̄

βJ
J qαq̄β, |α′|+ |β′| ≥ 4, |α′| = |β′|,

d?αJ = (αn)n∈J , βJ = (βn)n∈J§�qJ = (qn)n∈J , q̄J = (q̄n)n∈J§@o�^−�
Cþ�Ú\Ò�5/ª�

R̃α′β′

(∏
n∈J

(√
In + ξn

)αn+βn
ei(αn−βn)θn

)
qαq̄β,
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��§§�²ºÝC�(2.16)=z�

ER̃α′β′

(∏
n∈J

(√
ε
κ
3 In + ξn

)αn+βn

ei(αn−βn)θn

)
qαq̄β, (2.20)

Ù¥E = ε−(1+ 7
3
κ)ε

κ
2

(|αJ |+|βJ |)+ 2
3
κ(|α|+|β|)"��P =

∑
k,α,β Pkαβ(I)ei〈k,θ〉qαq̄β���§

ù¿�X§
b∑

j=1

kj =
∑
n∈J

(αn − βn).

@o
∑b

j=1 kj + |α|− |β|Ò�uÙÐ©G�e��
∑

n∈Z αn−
∑

n∈Z βn = |α′|− |β′|"
Ïd§�â(2.13)§�

∑b
j=1 kj + |α| − |β| = |α′| − |β′| 6= 0�§Pkαβ ≡ 0"ÏL

éPkαβ'uI?1Ðm§P�5�ØC5�±�y"

y3§·��yP�XêP~5"Uì·K¥Qã��ª§òÙ©)

�P = P̆ + Ṕ"

1) |αJ |+ |βJ | = 0

3d�/e§�â(2.14)��|α′| + |β′| = |α| + |β| ≥ 4§�(2.20)¥��

�ε−(1+ 7
3
κ)ε

2
3
κ(|α|+|β|)R̃α′β′q

αq̄β"ù´Ṕ�p��§ÙXêØ�L

ε
κ
3
−1|R̃α′β′| ≤ ε

κ
3
−1 · εe−2(n+

α′β′−n
−
α′β′ ) ≤ ε

κ
3 e
−2(n+

α′β′−n
−
α′β′ ). (2.21)

2) |αJ |+ |βJ | ≥ 1

ù¿�Xsupp(α′, β′)∩[−κ
6
| ln ε|, κ

6
| ln ε|] 6= ∅§=�3|n| ≤ κ

6
| ln ε|¦�(α′n, β

′
n) 6=

(0, 0)§@oÒk

n∗α′β′ −
κ

6
| ln ε| ≤ n∗α′β′ − |n| ≤ n+

α′β′ − n
−
α′β′ .

l
§

|R̃α′β′ | ≤ εe
−2(n+

α′β′−n
−
α′β′ ) ≤ εe

κ
3
| ln ε|e

−2n∗
α′β′ = ε1−

κ
3 e
−2n∗

α′β′ .

�â(2.14)§·��±l±eü«�¹�Ä�/2)"

– e|α′| + |β′| ≥ 6§Kκ
2
(|αJ | + |βJ |) + 2

3
κ(|α| + |β|) ≥ 3κ�E ≤ ε

2
3
κ−1"ù`

²(2.20)¥qαq̄β�XêØ¬�L

E|R̃α′β′ | ≤ ε
2
3
κ−1 · ε1−

κ
3 e
−2n∗

α′β′ ≤ ε
κ
3 e
−2n∗

α′β′ . (2.22)
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– e|α′|+ |β′| = 4§K�â(2.15)§n∗α′β′ > κ| ln ε|§¿�

|R̃α′β′ | ≤ ε1−
κ
3 e−κ| ln ε|e

−n∗
α′β′ = ε1+ 2

3
κe
−n∗

α′β′ .

Ïd§(2.20)¥�XêØ�L

E|R̃α′β′ | ≤ ε−(1+ 7
3
κ)ε2κε1+ 2

3
κe
−n∗

α′β′ ≤ ε
κ
3 e
−n∗

α′β′ . (2.23)

Ïd§3�/2)e§(2.20)¥qαq̄β�XêØ�L∥∥∥∥∥ER̃α′β′

(∏
n∈J

(√
ε
κ
3 In + ξn

)αn+βn

ei(αn−βn)θn

)∥∥∥∥∥
D,O

≤ ε
κ
4 e
−n∗

α′β′ .

é
√
In + ξn3ξnNCÐm�§·�I�4ξn�� l0±;�Û5"¤±·

�£3ºÝC��¤3[ε
κ
12 , 1]b¥À�ëê"

ÎÃ¦¯§P̆���þ3�/2)¥�)§¤±§�âÄ�¯¢supp(α, β) ⊂
supp(α′, β′)§��

‖P̆αβ‖D,O ≤ ε
κ
4 e
−n∗

α′β′ ≤ ε
κ
4 e−n

∗
αβ .

ù%¹
(2.10)"

Ṕ���3ü«�/¥Ñ¬�)"�(2.20)¥��÷vαJ = βJ�§ÏL

ò
√
In + ξn3ξnNCÐm§·��ÏL�Cþ��p-���Ṕ¥��

ER̃α′β′

(∏
n∈J

(√
ξn

)αn+βn

)
qαq̄β.

X�/2)¥�O�@�§�A�XêØ�Lε
κ
4 e−n

∗
αβ"AO/§XJ|α|+ |β| ≥

3§Tþ.��âI�O��ε
κ
4 e−

1
2

(n+
αβ−n

−
αβ)"ù´du1

2
(n+

αβ − n
−
αβ) ≤ n∗αβ"(

Ü(2.21)§·�Ò�¤
(2.11)�y²" �

�â(2.21)− (2.23)§��

‖XP‖Dd,ρ(r,s),O ≤ ε := ε
κ
8 .

�d§(2.9)÷v½n2.2�¦�¤kb�^�"du§�(2.1)¤éA�XÚ´

�p�Ý�§�½n2.1�y"
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3·K2.1�y²L§¥§·���A^
�
(Ø"y3·�ÒòÙä

N�ã§¿�Ñ7��y²"1��ÚnL²§XJ

|i|, |j|, |m|, |n| ≤ κ| ln ε|, {i,m} 6= {j, n},

@o¼ê

Vi,j,m,n(x) = V̂ (x+ iα̃)− V̂ (x+ jα̃) + V̂ (x+mα̃)− V̂ (x+ nα̃)

3XþØ¬ð�""

Ún 2.1 éu¿©��ε§�3R/Z�f8Xεé,�0 < ϑ < 1÷v

mes(X \ Xε) < εϑ,

¦�é?¿|i|, |j|, |m|, |n| ≤ κ| ln ε|�{i,m} 6= {j, n}§k

|Vi,j,m,n(x)| ≥ ε
1
4 , ∀x ∈ Xε. (2.24)

Ún2.1�y²�[22]¥�N¹Aé�q§Ù¥�ÿÝ�OÜ©K�[33]¥

�Ún5.3aq"��±Ø©���5§·�3N¹Ê�ÑäN�y²"

e��ÚnL²§k'Hamilton¼êXê�5�(2.7)'uPoisson)Ò´

µ4�"

Ún 2.2 �Äü�¢)Û¼ê5

G(qZ, q̄Z) =
∑
α,β

Gαβq
α
Z q̄

β
Z, F (qZ, q̄Z) =

∑
α,β

n+
αβ
−n−

αβ
≤M

Fαβq
α
Z q̄

β
Z,

÷v

|Gαβ| ≤ cGe
−σ(n+

αβ−n
−
αβ), |Fαβ| ≤ cF e

−σ(n+
αβ−n

−
αβ),

Ù¥cG, cF , σ > 0"·�k

K(qZ, q̄Z) = i
∑
n∈Z

(∂qnF · ∂q̄nG− ∂q̄nF · ∂qnG) =
∑
α,β

Kαβq
α
Z q̄

β
Z

÷v

|Kαβ| ≤ c ·M2cGcF e
−σ(n+

αβ−n
−
αβ).

5�ÎÒL«�B§d?·�^(α, β) �O(α′, β′)5L«(αn, βn)n∈Z "
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y²µÏL��O�§��

Kαβ = i
∑
S

(
Gα̌+en,β̌

Fα̂,β̂+en
−Gα̌,β̌+en

Fα̂+en,β̂

)
, (2.25)

Ù¥�¦ÚÎÒ�

S =

 n ∈ Z, (α̌, β̌) + (α̂, β̂) = (α, β),

n+

α̂,β̂+en
− n−

α̂,β̂+en
≤M or n+

α̂+en,β̂
− n−

α̂+en,β̂
≤M

 .

éu(2.25)¥�Gα̌+en,β̌
Fα̂,β̂+en

§5¿�

n+
αβ ≤ max{n+

α̌+en,β̌
, n+

α̂,β̂+en
}, n−αβ ≥ max{n−

α̌+en,β̌
, n−

α̂,β̂+en
},

@o

n+
α̌+en,β̌

− n−
α̌+en,β̌

+ n+

α̂,β̂+en
− n−

α̂,β̂+en
≥ n+

αβ − n
−
αβ.

Ïd§

|Gα̌+en,β̌
Fα̂,β̂+en

| ≤ cGcF e
−ρ(n+

α̌+en,β̌
−n−

α̌+en,β̌
)
e
−ρ(n+

α̂,β̂+en
−n−

α̂,β̂+en
) ≤ cGcF e

−ρ(n+
αβ−n

−
αβ).

é(2.25)¥�Gα̌,β̌+en
Fα̂+en,β̂

�Ó��?n§¿dS�½Â��Kαβ��k�Ú§

TÚn�y²�d�¤" �

§2.4 KAMS�

�Ù{e�Ü©�3y²Ä�KAM½n2.2"3ù�Ü©§·�òéA^

uHamiltonXÚ(2.3)�KAMS�?1[���y"ù´ÏL��"�IC�

5¢y�§·�òy²§�X"�IC��Øä�^§3��Ü©ëê��

ê��cJe§6Ä�þ�Ú¬��"3e�Ü©§·�¬�y"�IC�

S��Âñ5§¿?1�A�ÿÝ�O§?
�¤½n2.2�y²"

§2.4.1 IO.

�?1KAMÚ½§·�LòHamilton¼ê(2.3)z�äkBuS��IO

.�/ª"�Bå�§3��IO.L§¥§·���Ñ���µe"C�

��E±9�OÑ���KAMÚ½¥��aq§¬3��äN¥yÑ"

3KAMS�m©�c§-r0 = r
2
, ε0 = ε

5
4±9K0 = 2| ln ε|ρ−1, ρ0 = K−1

0 "À

�v
��s0÷v0 < s0 < min{ε0, s}§¿½ÂD0 = Dd,ρ0(r0, s0)"
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·�k�ÄP̆ÚṔ¥�$g�"�â(A4)¥�(2.4)Ú(2.5)±9�ê½Â(2.2)§

��

P̆ =
∑

(k,l)6=0
α,β

PklαβI
lei〈k,θ〉qαq̄β, Ṕ =

∑
α,β

P00αβq
αq̄β

÷v

|Pklαβ|O ≤ εe−ρn
∗
αβe−|k|r, ∀k ∈ Zb, 2|l|+ |α|+ |β| ≤ 2. (2.26)

òP©)�R + (P −R)§Ù¥

R :=
∑

n∗
αβ
≤K0

2|l|+|α|+|β|≤2

Pklαβe
i〈k,θ〉qαq̄β,

@o

P −R =
∑

k,l,n∗
αβ
>K0

1≤2|l|+|α|+|β|≤2

Pklαβe
i〈k,θ〉I lqαq̄β +

∑
k,l

2|l|+|α|+|β|≥3

Pklαβe
i〈k,θ〉I lqαq̄β.

d(2.26)±9�þ|�ê�½Â§���s0v
��§

‖XP−R‖D0,O ≤
1

2
ε0 =

1

2
ε

5
4 .

·��òR�¤

R =
∑
k
|l|≤1

Pkl00e
i〈k,θ〉I l +

∑
k

|n|≤K0

(P k10
n qn + P k01

n q̄n)ei〈k,θ〉

+
∑
k

|m|,|n|≤K0

(P k20
mn qmqn + P k11

mn qmq̄n + P k02
mn q̄mq̄n)ei〈k,θ〉,

d?
P k10
n := Pk0en0, P k01

n := Pk00en ,

P k20
mn := Pkl(em+en)0, P k11

mn := Pklemen , P k02
mn := Pkl0(em+en).

Xb�^�(A5)¤«§P�5�ØC5%¹
é?¿m,n ∈ Z1,

P 010
n , P 001

n , P 020
mn , P

002
mn ≡ 0. (2.27)

���R¥��§·�I��E��"C�Φ∗ = Φ1
F∗§Ù¥¢)ÛHamilton¼

êF∗/ª�µ

F∗ =
∑
k 6=0
|l|≤1

Fkl00I
lei〈k,θ〉 +

∑
k 6=0
|n|≤K0

(F k10
n qn + F k01

n q̄n)ei〈k,θ〉

+
∑
k 6=0

|m|,|n|≤K0

(F k20
mn qmqn + F k11

mn qmq̄n + F k02
mn q̄mq̄n)ei〈k,θ〉,
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Φ1
F∗L«�AHamilton�6��m−1N�"TC�¦�R�¤k����

Pkl00I
lei〈k,θ〉, k 6= 0, |l| ≤ 1,

Pk0αβe
i〈k,θ〉qαq̄β, k 6= 0, n∗αβ ≤ K0, 1 ≤ |α|+ |β| ≤ 2,

���§


P0l00I
l, |l| ≤ 1; P 011

mn qmq̄n, |m|, |n| ≤ K0,

¬�V\�#Hamilton¼ê�IO.Ü©"�(�/§·�ò�EΦ1
F∗¦�F∗÷

vÓN�§

{N , F∗}+R =
∑
|l|≤1

P0l00I
l +

∑
|m|,|n|≤K0

P 011
mn qmq̄n.

·��±y²§±þÓN�§3ëê8

O0 =


ξ ∈ O :

|〈k, ω〉| ≥ γ0

|k|τ ,

|〈k, ω〉+ Ωn| ≥ γ0

|k|τK2
0
,

|〈k, ω〉+ Ωm + Ωn| ≥ γ0

|k|τK4
0
,

|〈k, ω〉+ Ωm − Ωn| ≥ γ0

|k|τK4
0
,

k 6= 0, |m|, |n| ≤ K0


.

þ´�)�"5�ØC5¤�y�(2.27)§¦�·�Ø7�Ä|Ωn|½|Ωm±Ωn|�
e."

ëê8O0÷v|O \ O0| = O(γ0)"¢Sþ§dωÚΩn�b�^�§k

|∂ξ(〈k, ω〉+ Ωm ± Ωn)| ≥ c|k|.

Ïd§ÏL�KO¥ÿÝ�O(γ0)�f8§̂ �

|〈k, ω〉+ Ωm ± Ωn| ≥
γ0

|k|τK4
0

=�÷v"Ù¦^��±?1aq?n"

ù�§C�Φ∗ÒòHamilton¼ê(2.3)=z�D0 := Dd,ρ0(r0, s0)þ�#XÚ

H0 = H ◦ Φ∗ = N0 + P0.

N0ÚP0/ª©O�

N0 = e0(ξ) + 〈ω0(ξ), I〉+ 〈A0(ξ)z0, z̄0〉+
∑
|n|>K0

Ωn(ξ)qnq̄n,

P0 = P̆0 + Ṕ0 =
∑
α,β

P̆ 0
αβ(θ, I, ξ)qαq̄β +

∑
α,β

Ṕ 0
αβ(ξ)qαq̄β,
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ùpz0 := (qn)|n|≤K0 , z̄0 := (q̄n)|n|≤K0§


e0(ξ) = e(ξ) + P0000(ξ),

ω0(ξ) = ω(ξ) + P0l00(|l|=1)(ξ),

〈A0(ξ)z0, z̄0〉 =
∑
|n|≤K0

Ωn(ξ)qnq̄n +
∑

|m|,|n|≤K0

P 011
mn (ξ)qmq̄n.

d	§P0÷v‖XP0‖D0,O0 ≤ ε
5
4 = ε0§±9

‖P̆ 0
αβ‖D0,O0 ≤

{
ε0e
−ρ0n∗αβ , |α|+ |β| ≤ 2

e−ρ0n∗αβ , |α|+ |β| ≥ 3
,

‖Ṕ 0
αβ‖D0,O0 ≤

{
ε0e
−ρ0n∗αβ , |α|+ |β| ≤ 2

e−ρ0(n+
αβ−n

−
αβ), |α|+ |β| ≥ 3

.

3���Ü©¥§·�¬y²§TP~5�3KAMS��´©ª�±�"

b�·�?1�1ν�KAMÚ½§�Ä½Â3Dν = Dd,ρν (rν , sν)þ§�C1
W/

�6uξ ∈ Oν£Oν ⊂ O0�,ëê8¤�¢)ÛHamilton¼êHν = Nν + Pν§Ù

¥NνÚPν/ª©O�

Nν = eν(ξ) + 〈ων(ξ), I〉+ 〈Aν(ξ)zν , z̄ν〉 +
∑
|n|>Kν

Ωn(ξ)qnq̄n,

Pν = P̆ν + Ṕν =
∑
α,β

P̆ ν
αβ(θ, I, ξ)qαq̄β +

∑
α,β

Ṕ ν
αβ(ξ)qαq̄β,

Ù¥zν = (qn)|n|≤Kν , z̄ν = (q̄n)|n|≤Kν"d	Pν÷v‖XPν‖Dν ,Oν < εν±9

‖P̆ ν
αβ‖Dν ,Oν ≤

{
ενe
−ρνn∗αβ , |α|+ |β| ≤ 2

e−ρνn
∗
αβ , |α|+ |β| ≥ 3

, (2.28)

‖Ṕ ν
αβ‖Dν ,Oν ≤

{
ενe
−ρνn∗αβ , |α|+ |β| ≤ 2

e−ρν(n+
αβ−n

−
αβ), |α|+ |β| ≥ 3

. (2.29)

·�ò�E#�ëê8Oν+1 ⊂ Oν±9"C�Φν : Dν+1 → Dν§¦�e�
�KAMÚ½¥�Hamilton¼êHν+1 = Hν ◦Φν = Nν+1 +Pν+1äk�Hν�q�5

�§C1
W/�6uξ ∈ Oν+1§�

‖XPν+1‖Dν+1,Oν+1 ≤ ε
5
4
ν = εν+1.
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ly3å§�{zÎÒ§·��K1νÚêþ¥�eI£½þI¤/ν0§

¿�^eI£½þI¤/+0L«1ν + 1Ú¥�êþ"d	§3�©{eÜ©

¥§·�%@§�IP�c, c0, c1, · · ·�~êÑ´���Ø�6uS�Ú½"

-K+ = 2| ln ε|K"3Xe�KAMÚ½¥Cþ(qn, q̄n)K<|n|≤K+ò�V\�#

�Cþz+, z̄+¥"�
3��)ÓN�§�BuO�§·�òIO.N�¤
Xe/ª

N = e(ξ) + 〈ω(ξ), I〉+ 〈A(ξ)z, z̄〉+
∑

K<|n|≤K+

Ωn(ξ)qnq̄n +
∑
|n|>K+

Ωn(ξ)qnq̄n

= e(ξ) + 〈ω(ξ), I〉+ 〈Ã(ξ)z+, z̄+〉+
∑
|n|>K+

Ωn(ξ)qnq̄n,

d?§z+ = (qn)|n|≤K+ , z̄+ = (q̄n)|n|≤K+"
÷vdim(Ã) ≤ 2K+ + 1�HermitianÝ


Ã��/ª/��

Ã :=

(
A 0

0 Ωn

)
K<|n|≤K+

. (2.30)

§2.4.2 �ä�ÓN�§

òP̆�Ṕ©OÐm�±eTaylor-Fourier?ê�/ªµ

P̆ =
∑

(k,l)6=0
α, β

Pklαβe
i〈k,θ〉I lqαq̄β, Ṕ =

∑
α, β

P00αβq
αq̄β.

�â(2.28)�(2.29)§±9�ê‖ · ‖D,O�½Â§

|Pklαβ|O ≤ εe−ρn
∗
αβe−|k|r, ∀k ∈ Zb, 2|l|+ |α|+ |β| ≤ 2. (2.31)

éX�IO.N¥��§-R�P�Xe�ä:

R(θ, I, z+, z̄+) =
∑

2|l|+|α|+|β|≤2
n∗
αβ
≤K+

Pklαβe
i〈k,θ〉I lqαq̄β = R0 +R1 +R2,
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Ù¥

R0 =
∑
k
|l|≤1

Pkl00e
i〈k,θ〉I l,

R1 =
∑
k

|n|≤K+

(P k10
n qn + P k01

n q̄n)ei〈k,θ〉 =
∑
k

(〈Rk10, z+〉+ 〈Rk01, z̄+〉)ei〈k,θ〉

R2 =
∑
k

|m|,|n|≤K+

(P k20
mn qmqn + P k11

mn qmq̄n + P k02
mn q̄mq̄n)ei〈k,θ〉

=
∑
k

(〈Rk20z+, z+〉+ 〈Rk11z+, z̄+〉+ 〈Rk02z̄+, z̄+〉)ei〈k,θ〉.

d?Rk10, Rk01, Rk20, Rk11, Rk02�

Rk10 :=
(
P k10
n

)
|n|≤K+

, Rk01 :=
(
P k01
n

)
|n|≤K+

,

Rk20 :=
(
P k20
mn

)
|m|,|n|≤K+

, Rk11 :=
(
P k11
mn

)
|m|,|n|≤K+

, Rk01 :=
(
P k01
mn

)
|m|,|n|≤K+

.

duP̄ = P§é²w§

P(−k)l00 = Pkl00, R(−k)10 = Rk01, R(−k)01 = Rk10,

R(−k)20 = Rk02, R(−k)11
>

= Rk11, R(−k)02 = Rk20.
(2.32)

d�ê�½Â��§

‖XR‖D,O ≤ ‖XP‖D,O ≤ ε.

-ρ+ = K−1
+ , r+ = r

2
+ r0

4
±9η = ε

1
4"du

P −R =
∑
k,l

2|l|+|α|+|β|≥3

Pklαβe
i〈k,θ〉I lqαq̄β +

∑
k,l, n∗

αβ
>K+

2|l|+|α|+|β|≤2

Pklαβe
i〈k,θ〉I lqαq̄β, (2.33)

2(Ü(2.31)§���3c1 > 0¦�

‖XP−R‖Dd,ρ+ (r++
r−r+

2
, ηs),O ≤ ε

∑
|n|>K+

e−ρ|n| + c1ηs ≤
1

4
ε

5
4 , (2.34)

XJ

(C1)µe−(ρ−ρ+)K+ ≤ 1
8
ε

1
4§�c1s ≤ 1

8
ε"
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�e5§·�ò�ED+ = Dd,ρ+(r+, s+)þ�Hamilton¼êF§¦�Hamilton�

þ|XFéA��m−1N�Φ = Φ1
F�òH=z�D+þHamilton¼êH+"b�F�

±©)�

F (θ, I, z+, z̄+) = F0 + F1 + F2,

Ù¥

F0 =
∑
k 6=0
|l|≤1

Fkl00e
i〈k,θ〉I l,

F1 =
∑
k 6=0
|n|≤K+

(F k10
n qn + F k01

n q̄n)ei〈k,θ〉 =:
∑
k 6=0

(〈F k10, z+〉+ 〈F k01, z̄+〉)ei〈k,θ〉,

F2 =
∑
k 6=0

|m|,|n|≤K+

(F k20
mn qmqn + F k11

mn qmq̄n + F k02
mn q̄mq̄n)ei〈k,θ〉

=:
∑
k 6=0

(〈F k20z+, z+〉+ 〈F k11z+, z̄+〉+ 〈F k02z̄+, z̄+〉)ei〈k,θ〉,

�éue′ = P0000, ω′ = P0l00(|l| = 1)÷vÓN�§

{N , F}+R = e′ + 〈ω′, I〉+ 〈R011z+, z̄+〉. (2.35)

²L{ü�Xê'�§���§(2.35)�duXÚ£éz�k 6= 0±9|l| ≤ 1¤:

〈k, ω〉Fkl00 = iPkl00, (2.36)

(〈k, ω〉I − Ã)F k10 = iRk10, (2.37)

(〈k, ω〉I + Ã)F k01 = iRk01, (2.38)

(〈k, ω〉I − Ã)F k20 − F k20Ã = iRk20, (2.39)

(〈k, ω〉I − Ã)F k11 + F k11Ã = iRk11, (2.40)

(〈k, ω〉I + Ã)F k02 + F k02Ã = iRk02. (2.41)

duÃ´��HermiteÝ
§K�3��Ý
Q¦�

Q∗ÃQ = Λ := diag{µj}|j|≤K+ ,

d?µj�Ã�A��"d	§�â(2.30)§·��^|j| ≤ KIPA�A��§


éK < |j| ≤ K+§-µj = Ωj"dÃ�©¬é�(�§��

Qmn ≡ 0, |m− n| > 2K + 1. (2.42)
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¢Sþ§Ã�é�zL§=�A�é�zL§"

½Â#�ëê8O+ ⊂ OXe

O+ : =


ξ ∈ O :

|〈k, ω〉| > γ
|k|τ ,

|〈k, ω〉I + µn| > γ
|k|τK2

+
,

|〈k, ω〉I + µm + µn| > γ
|k|τK4

+
,

|〈k, ω〉I + µm − µn| > γ
|k|τK4

+
,

k 6= 0, |m|, |n| ≤ K+


.

�§2.4.1¥O0��E�Ó§·��âP�5�ØC5
ØI�Ä|µn|½|µm ±
µn|�e."
é²w§�§(2.36)3d«�¥�)"�u(2.37)−(2.41)§·�kék 6= 0½

Â�þR̃k10, R̃k01±9Ý
R̃k20, R̃k11, R̃k02µ

R̃k10 := Q∗Rk10, R̃k01 := Q∗Rk01,

R̃k20 := Q∗Rk20Q, R̃k11 := Q∗Rk11Q, R̃k02 := Q∗Rk02Q.

�Äe��§|

(〈k, ω〉I − Λ)F̃ k10 = iR̃k10,

(〈k, ω〉I + Λ)F̃ k01 = iR̃k01,

(〈k, ω〉I − Λ)F̃ k20 − F̃ k20Λ = iR̃k20,

(〈k, ω〉I − Λ)F̃ k11 + F̃ k11Λ = iR̃k11,

(〈k, ω〉I + Λ)F̃ k02 + F̃ k02Λ = iR̃k02.

§��du3O+þ�)��§|

(〈k, ω〉I − µn)F̃ k10
n = iR̃k10

n ,

(〈k, ω〉I + µn)F̃ k01
n = iR̃k01

n ,

(〈k, ω〉I − µn − µm)F̃ k20
mn = iR̃k20

mn ,

(〈k, ω〉I − µn + µm)F̃ k11
mn = iR̃k11

mn ,

(〈k, ω〉I + µn + µm)F̃ k02
mn = iR̃k02

mn ,

Ù¥k 6= 0, |m|, |n| ≤ K+"@o

F k10 := QF̃ k10, F k01 := QF̃ k01,

F k20 := QF̃ k20Q∗, F k11 := QF̃ k11Q∗, F k02 := QF̃ k02Q∗
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Ò©O�(2.37)− (2.41)�)"d(2.32)´�

F(−k)l00 = Fkl00, F (−k)10 = F k01, F (−k)01 = F k10,

F (−k)20 = F k02, (F (−k)11)∗ = F k11, F (−k)02 = F k20.

ÏdF̄ = F"

§2.4.3 �IC��5�

Ún 2.3 Fäk5�ØC5§�éu¿©��ε§F�Xê÷v

|Fkl00|O+ ≤ ε
5
6 |k|2τ+1e−|k|r, (2.43)

|F k10
n |O+ , |F k01

n |O+ ≤ ε
5
6 |k|2τ+1e−|k|re−ρ|n|, (2.44)

|F k20
mn |O+ , |F k11

mn |O+ , |F k02
mn |O+ ≤ ε

5
6 |k|2τ+1e−|k|re−ρmax{|m|,|n|}, (2.45)

∀ k 6= 0, |l| ≤ 1±9|m|, |n| ≤ K+"

y²µ·�±F k20
mn�~?1�Ä§(2.44)Ú(2.45)¥����aq?n"�â±

þ��EL§§·��òF k20
mnL��

F k20
mn = i

∑
F

Qnn1Q
∗
n1n2

Rk20
n2n3

Qn3n4Q
∗
n4m

〈k, ω〉 − µn1 − µn4

, (2.46)

Ù¥§�â(3.21)¥Q�(���§

F :=

{
|n1|, |n2|, |n3|, |n4| ≤ K+,

|n1 − n|, |n2 − n1| ≤ 2K + 1, |n4 −m|, |n3 − n4| ≤ 2K + 1

}
.

@o§d(2.31)§

sup
ξ∈O+

|F k20
mn (ξ)| ≤ c(γ−1|k|τK4

+)K4e(2K+1)ρεe−ρmax{|m|,|n|}e−|k|r.

ùp§·�A^
��Ý
Q�5�§¿^Ïfe(2K+1)ρ¦�êP~5�±¡

E"

��O|∂ξjF k20
mn |§·�é�§(2.39)ü>'uξj¦�§j = 1, 2, · · · , b"·��

�'u∂ξjF
k20��§

(〈k, ω〉I − Ã)(∂ξjF
k20)− (∂ξjF

k20)Ã = Gk20
ξj
,
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d?

Gk20
ξj

:= i∂ξjR
k20 + F k20(∂ξj Ã)− [∂ξj(〈k, ω〉I − Ã)]F k20.

ù��§Ó��ÏL|^QòÃé�z��ª)�"�X(2.46)��§·��

�L�ª

∂ξjF
k20
mn =

∑
F

Qnn1Q
∗
n1n2

(Gk20
ξj

)n2n3Qn3n4Q
∗
n4m

〈k, ω〉 − µn1 − µn4

.

dRk20�P~5±9Ã��E§·�k

sup
ξ∈O+

|(Gk20
ξj

)mn| ≤ c(γ−1|k|τ+1K4
+)K5e(4K+2)ρεe−ρmax{|m|,|n|}e−|k|r.

Ïd§�3~êc2 > 0¦�

sup
ξ∈O+

(|F k20
mn |+ |∂ξF k20

mn |)

≤ c2(γ−2|k|2τ+1K8
+)K9e(6K+3)ρεe−ρmax{|m|,|n|}e−|k|r

≤ ε
5
6 |k|2τ+1e−ρmax{|m|,|n|}e−|k|r,

2dO+�½Â§��

|Fkl00|O+ ≤ |〈k, ω〉|−2|k||Pkl00|O+ ≤ γ−2|k|2τ+1e−|k|rε, k 6= 0, |l| ≤ 1.

Ïd(2.43)− (2.45)¤á§XJ

(C2)µc2γ
−2K8

+K
9e(6K+3)ρε

1
6 ≤ 1"

b�
∑b

i=1 ki+2 6= 0§ùÒ¿�XRk20 ≡ 0"�â(2.46)¥F k20
mn�L�ª§F

k20 ≡
0"éF k11, F k02, F k10, F k01�Xþ?n§=��F�5�ØC5" �

·�òéXF��ê?1�O§¿3«�Di := Dd,ρ+(r+ + i
4
(r − r+), i

4
s),

i = 1, 2, 3, 4þ§ïÄC�Φ1
F�5�"

Ún 2.4 éu¿©��ε§·�k‖XF‖D3,O+ ≤ ε
4
5"

y²µ�â(2.43)− (2.45)§��

1

s2
‖∂θF‖D3,O+ , ‖∂IF‖D3,O+ ≤ c(r − r+)−(2τ+b+1)ε

5
6 ,
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±9

sup
D3

1

s

∑
n∈Z1

(
‖∂qnF‖O+ + ‖∂q̄nF‖O+

)
〈n〉deρ+|n|

≤ sup
D3

c

s

∑
k 6=0
|n|≤K+

(
|F k10
n |O+ + |F k01

n |O+

)
e|k|(r−

1
4

(r−r+))〈n〉deρ+|n|

+ sup
D3

c

s

∑
k 6=0

|m|,|n|≤K+

(|F k20
mn |O+ + |F k11

mn |O+ + |F k02
mn |O+)|qm|e|k|(r−

1
4

(r−r+))〈n〉deρ+|n|

≤ c(r − r+)−(2τ+b+1)Kd
+e

ρ+K+ε
5
6 .

ò±þ�O�(Ü§���3~êc3¦�

‖XF‖D3,O+ ≤ c3(r − r+)−(2τ+b+1)Kd
+e

ρ+K+ε
5
6 .

XJ

(C3)µc3(r − r+)−(2τ+b+1)Kd
+e

ρ+K+ε
1
30 ≤ 1§

KÚn3.2�y" �

-Diη := Dd,ρ+(r+ + i
4
(r − r+), i

4
ηs), i = 1, 2, 3, 4"

Ún 2.5 éu¿©��ε§kΦt
F : D2η → D3η§−1 ≤ t ≤ 1"d	§

‖DΦt
F − I‖D1η < 2ε

4
5 .

y²µ-

‖DmF‖D,O+ = max

{∥∥∥∥ ∂|i|+|l|+|α|+|β|F

∂θi∂I l∂(z+)α∂(z̄+)β

∥∥∥∥
D,O+

, |i|+ |l|+ |α|+ |β| = m ≥ 2

}
.

5¿�F´I�ê�1�z+, z̄+�ê�2�õ�ª"dÚn2.4±92ÂCauchyØ

�ª

‖DmF‖D2,O+ < ε
4
5 , ∀m ≥ 2.

|^È©�§

Φt
F = id +

∫ t

0

XF ◦ Φs
F ds

ÚÚn2.4§́ �Φt
F : D2η → D3η , −1 ≤ t ≤ 1"d	§Ï�

DΦt
F = Id+

∫ t

0

(DXF )DΦs
F ds = Id+

∫ t

0

J(D2F )DΦs
F ds
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£ùpJL«IO"Ý
¤§¤±

‖DΦt
F − I‖D1η ≤ 2‖D2F‖D2η ≤ 2ε

4
5 .

�

§2.4.4 #Hamilton¼ê

-Φ = Φ1
F , s+ =

1

8
ηs , D+ = Dd,ρ+(r+, s+)±9

N+ = e+ + 〈ω+, I〉+ 〈A+z+, z̄+〉+
∑
|n|>K+

Ωnqnq̄n,

d?e+ = e+ e′, ω+ = ω + ω′, A+ = Ã+R011"@oΦ : D+ → D§�

H+ := H ◦ Φ = (N +R) ◦ Φ + (P −R) ◦ Φ

= N + {N , F}+R +

∫ 1

0

(1− t){{N , F}, F} ◦ Φt
F dt

+

∫ 1

0

{R,F} ◦ Φt
F dt+ (P −R) ◦ Φ1

F

= N + {N , F}+R + P+

= N+ + P+ + {N , F}+R− e′ − 〈ω′, I〉 − 〈R011z+, z̄+〉

= N+ + P+,

Ù¥P+ =

∫ 1

0

{(1− t){N , F}+R,F} ◦ Φt
F dt+ (P −R) ◦ Φ1

F"

N+äkÚN�q�5�"dÃ∗ = ÃÚ(R011)∗ = R011§��A∗+ = A+§

=A+E�HermiteÝ
"?�Ú§dP̆ÚṔ�b�^�§·�k

|ω+ − ω|O+ ≤ ε, |(A+ − Ã)mn|O+ ≤ εe−ρmax{|m|,|n|}. (2.47)

-R(t) = (1− t)(N+ −N ) + tR"@oP+�L«�

P+ =

∫ 1

0

(1− t){{N , F}, F} ◦ Φt
F dt +

∫ 1

0

{R,F} ◦ Φt
Fdt+ (P −R) ◦ Φ1

F

=

∫ 1

0

{R(t), F} ◦ Φt
F dt+ (P −R) ◦ Φ1

F .

¤±§XP+ =
∫ 1

0
(Φt

F )∗X{R(t),F} dt + (Φ1
F )∗X(P−R)"dÚn2.5§

‖DΦt
F‖D1η ≤ 1 + ‖DΦt

F − I‖D1η ≤ 2, −1 ≤ t ≤ 1.
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?�Ú§�âÚnA.3§

‖X{R(t),F}‖D2η ≤ cη−2ε
9
5 =

1

4
ε

5
4 .

(Ü(3.29)§‖XP+‖D+,O+ ≤ ε
5
4 = ε+"

5¿�

P+ = P −R + {P, F}+
1

2!
{{N , F}, F}+

1

2!
{{P, F}, F}+ · · ·

+
1

n!
{· · · {N , F} · · · , F︸ ︷︷ ︸

n

}+
1

n!
{· · · {P, F} · · · , F︸ ︷︷ ︸

n

}+ · · · .

P+�¢)Û5ÒéN´�y
"¢Sþ§é©O÷vF̄ = FÚḠ = G�?¿

ü�¼êFÚG§§��Poisson)Ò÷v{F,G} = {F ,G} = {F,G}"
�âÚnA.4��§5�ØC5'uPoisson)Ò´µ4�§Ïdù�5�

3KAMS�L§¥´©ª�±�"·��I2�yP+�P~5�=�"�

(�/§e·�òP+©)�P̆+ + Ṕ+§Ù¥

P̆+ =
∑
α,β

P̆+
αβ(θ, I; ξ)qαq̄β, Ṕ+ =

∑
α,β

Ṕ+
αβ(ξ)qαq̄β,

·�òy²

‖P̆+
αβ‖D+,O+ ≤

{
ε+e

−ρ+n∗αβ , |α|+ |β| ≤ 2

e−ρ+n∗αβ , |α|+ |β| ≥ 3
,

‖Ṕ+
αβ‖D+,O+ ≤

{
ε+e

−ρ+n∗αβ , |α|+ |β| ≤ 2

e−ρ+(n+
αβ−n

−
αβ), |α|+ |β| ≥ 3

.

éu(2.33)¥P −R��§·�k

‖P̆αβ‖D+,O+ ≤ e−ρn
∗
αβ , ‖Ṕαβ‖D+,O+ ≤ e−ρ(n+

αβ−n
−
αβ), |α|+ |β| ≥ 3.

e|α|+ |β| ≤ 2§K�â(C1)±9n∗αβ > K+§

‖P̆αβ‖D+,O+ , ‖Ṕαβ‖D+,O+ ≤ εe−ρn
∗
αβ ≤ εe−(ρ−ρ+)K+ · e−ρ+n∗αβ ≤ 1

2
ε+e

−ρ+n∗αβ .

d?·�A^
Ø�ª|I| ≤ s+ ≤ 1
8
ε+���|α|+ |β| ≤ 2�2|l|+ |α|+ |β| ≥ 3�

�/"

{e��Ñ´deZ­Poisson)Ò|¤§ÙP~5��d±eÚn�

�"
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Ún 2.6 éu¿©��ε§k

‖{P, F}αβ‖D3η ,O+ ≤
1

4
ε

1
4

{
εe−ρn

∗
αβ , |α|+ |β| ≤ 2

e−ρn
∗
αβ , |α|+ |β| ≥ 3

.

y²µÏL��O���

{P, F}αβ = i
∑
|n|≤K+

(α̌,β̌)+(α̂,β̂)=(α,β)

(
Pα̌+en,β̌

Fα̂,β̂+en
− Pα̌,β̌+en

Fα̂+en,β̂

)
(2.48)

+
∑

(α̌,β̌)+(α̂,β̂)=(α,β)

{
Pα̌β̌, Fα̂β̂

}
. (2.49)

dÚn2.3§·��‖Fαβ‖D3,O+ ≤ ε
4
5 e−ρn

∗
αβ"

(1) (2.48)¥��

·�k�ÄPα̌+en,β̌
Fα̂,β̂+en

§§�¹
P̆α̌+en,β̌
Fα̂,β̂+en

ÚṔα̌+en,β̌
Fα̂,β̂+en

"�âF�

�E§��|α̂|+ |β̂ + en| = 1½2"

i) |α|+ |β| ≤ 2

3d�/e§

|α̌ + en|+ |β̌| = |α|+ |β|+ 1− (|α̂|+ |β̂|) ≤ 3.

• XJ|α̌+ en|+ |β̌| ≤ 2§@o§�âÄ�¯¢n∗αβ ≤ max{n∗
α̌+en,β̌

, n∗
α̂,β̂+en

}��

‖P̆α̌+en,β̌
Fα̂,β̂+en

‖D3,O+ , ‖Ṕα̌+en,β̌
Fα̂,β̂+en

‖D3,O+ ≤ εe
−ρn∗

α̌+en,β̌ · ε
4
5 e
−ρn∗

α̂,β̂+en

≤ ε
9
5 e−ρn

∗
αβ . (2.50)

• XJ|α̌ + en| + |β̌| = 3§KP�5�ØC5%¹
Ṕα̌+en,β̌
= 0"dF��E

��§P�pg�=z�{P, F}£¢Sþ�´{P̆ , F}¤�$g�����
/=�(α̂, β̂) = (0, 0), (α̌, β̌) = (α, β)"d�ê‖XF‖D3,O�½Â±9P�P~

5§

‖P̆α+en,β‖D3,O ≤ e−ρn
∗
α+en,β , ‖F0,en‖D3,O+ ≤ csε

4
5 e−ρ|n|.

Ïd§5¿�n∗αβ ≤ max{n∗α+en,β
, |n|}§·�k

‖P̆α+en,βF0,en‖D3,O+ ≤ csε
4
5 e−ρn

∗
αβ ≤ cε

9
5 e−ρn

∗
αβ . (2.51)
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ii) |α|+ |β| ≥ 3

3d�/¥§|α̌ + en|+ |β̌| ≥ 3"��c�Øyaq§d

n∗αβ ≤ max{n∗
α̌+en,β̌

, n∗
α̂,β̂+en

},

½

n∗αβ ≤ n+
α̌+en,β̌

− n−
α̌+en,β̌

+ n∗
α̂,β̂+en

,

��

‖P̆α̌+en,β̌
Fα̂,β̂+en

‖D3,O+ ≤ e
−ρn∗

α̌+en,β̌ · ε
4
5 e
−ρn∗

α̂,β̂+en ≤ ε
4
5 e−ρn

∗
αβ , (2.52)

‖Ṕα̌+en,β̌
Fα̂,β̂+en

‖D3,O+ ≤ e
−ρ(n+

α̌+en,β̌
−n−

α̌+en,β̌
) · ε

4
5 e
−ρn∗

α̂,β̂+en ≤ ε
4
5 e−ρn

∗
αβ . (2.53)

éPα̌,β̌+en
Fα̂+en,β̂

�Ó��?n§·�Ò�¤
(2.48)¥����O"

(2) (2.49)¥��

dÚnA.2±9Ø�ªn∗αβ ≤ max{n∗
α̌β̌
, n∗

α̂β̂
}§��

‖{Pα̌β̌, Fα̂β̂}‖D3η ,O+ ≤ c(r − r+)−1η−2

{
ε

9
5 e−ρn

∗
αβ , |α|+ |β| ≤ 2

ε
4
5 e−ρn

∗
αβ , |α|+ |β| ≥ 3

. (2.54)

(Ü(2.50)− (2.54)��§�3c4 > 0¦�

‖{P, F}αβ‖D3η ,O+ ≤ c4(r − r+)−1η−2K2
+

{
ε

9
5 e−ρn

∗
αβ , |α|+ |β| ≤ 2

ε
4
5 e−ρn

∗
αβ , |α|+ |β| ≥ 3

.

XJ

(C4)µc4(r − r+)−1K2
+ε

1
20 ≤ 1

4
§

KÚn3.4�y" �

éuY = P+ − (P − R) =
∑

α,β Yαβq
αq̄β¥deZ�Poisson)Ò�^
¤�

�§·�Ó��éÙ?1Xþ��O§¿é¿©��ε��

‖Yαβ‖D+,O+ ≤

{
1
2
ε+e

−ρn∗αβ , |α|+ |β| ≤ 2

ε
1
5 e−ρn

∗
αβ , |α|+ |β| ≥ 3

.
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e·�òY©)�Y̆ + Ý§Ù¥

Y̆ =
∑
α,β

Y̆αβ(θ, I; ξ)qαq̄β, Ý =
∑
α,β

Ýαβ(ξ)qαq̄β,

@o§A^Ä�¯¢1
2
(n+

αβ − n
−
αβ) ≤ n∗αβ�ρ+ < ρ

2
§��

‖Y̆αβ‖D+,O+ ≤

{
1
2
ε+e

−ρ+n∗αβ , |α|+ |β| ≤ 2

ε
1
5 e−ρ+n∗αβ , |α|+ |β| ≥ 3

,

‖Ýαβ‖D+,O+ ≤

{
1
2
ε+e

−ρ+n∗αβ , |α|+ |β| ≤ 2

ε
1
5 e−ρ+(n+

αβ−n
−
αβ), |α|+ |β| ≥ 3

.

�d§·�Ò�¤
��KAMÚ½"

§2.5 ½n2.2�y²

-r0, s0, ρ0, ε0, γ0, K0, O0, H0, N0, P0X§2.4¤½Â�@�"éν = 1, 2, · · ·§
½ÂXeS�µ

εν = ε
5
4
ν−1 = ε

( 5
4)
ν

0 , ην = ε
1
4
ν , γν = ε

1
16
ν , Kν = 2| ln εν−1|Kν−1, ρν = K−1

ν ,

rν = r0

(
1−

ν+1∑
i=2

2−i

)
, sν =

1

8
ην−1sν−1 = 2−3ν

(
ν−1∏
i=0

εi

) 1
4

s0.

3Dν = Dd,ρν (rν , sν)þ�ÄHν = Nν + Pν§Ù¥

Nν = eν(ξ) + 〈ων(ξ), I〉+ 〈Aν(ξ)zν , z̄ν〉+
∑
|n|>Kν

Ωn(ξ)qnq̄n

= eν(ξ) + 〈ων(ξ), I〉+ 〈Ãν(ξ)zν+1, z̄ν+1〉+
∑

|n|>Kν+1

Ωn(ξ)qnq̄n,

Pν = P̆ν + Ṕν =
∑
α,β

P̆ ν
αβ(θ, I; ξ)qαq̄β +

∑
α,β

Ṕ ν
αβ(ξ)qαq̄β

d?zν = (qn)|n|≤Kν , z̄ν = (q̄n)|n|≤Kν§�

Ãν =

(
Aν 0

0 Ωn

)
Kν<|n|≤Kν+1

.

40



·�±{µνj}|j|≤Kν+1L«Ãν�A��§Ù¥Aν�A���{µνj}|j|≤Kν§
µνj = Ωj,

Kν < |j| ≤ Kν+1"-

Oν+1 =


ξ ∈ Oν :

|〈k, ων〉| > γν
|k|τ

|〈k, ων〉+ µνn| >
γν

|k|τK2
ν+1
,

|〈k, ων〉+ µνm + µνn| ≤
γν

|k|τK4
ν+1
,

|〈k, ων〉+ µνm − µνn| ≤
γν

|k|τK4
ν+1
,

k 6= 0, |m|, |n| ≤ Kν+1


.

§2.5.1 S�Ún

�c�©ÛL§�o(�

Ún 2.7 �3¿©��ε0§¦�éν = 0, 1, · · ·§k

(a) Hν = Nν + Pν3Dν´¢)Û�§C1
W/�6uξ ∈ Oν§¿�

|ων+1 − ων |Oν+1 , |(Aν+1 − Ãν)mn|Oν+1 ≤ ενe
−ρmax{|m|,|n|}.

d	§Päk5�ØC5§�‖XPν‖Dν ,Oν ≤ εν§

‖P̆ ν
αβ‖Dν ,Oν ≤

{
ενe
−ρνn∗αβ , |α|+ |β| ≤ 2

e−ρνn
∗
αβ , |α|+ |β| ≥ 3

,

‖Ṕ ν
αβ‖Dν ,Oν ≤

{
ενe
−ρνn∗αβ , |α|+ |β| ≤ 2

e−ρν(n+
αβ−n

−
αβ), |α|+ |β| ≥ 3

.

(b) �3"C�Φν : Dν+1 → Dν ÷v

‖DΦν − I‖Dν+1,Oν+1 ≤ ε
4
5
ν ,

¦�Hν+1 = Hν ◦ Φν"

y²µ-c0 = e10 max{c1, c2, c3, c4}"I��yb�^�(C1) − (C4)§éν =

0, 1, · · ·Ñ¤á"5¿�rν − rν+1 = r0
2ν+2±9ρνKν = 1§�I�yµ

(D1)µc0sν ≤ εν§

(D2)µc0r
−(2τ+b+1)
0 2(ν+2)(2τ+b+1)Kd+20

ν+1 ≤ ε
− 1

30
ν §

éν = 0, 1, · · ·¤á"
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ds0�À�§(D1)éν = 0¤á"b�§é,�ν¤á§@o´�

c0sν+1 = 2−3ε
1
4
ν · c0sν < 2−3ε

1
4
ν · εν < εν+1.

Ïd(D1)éz�νÑ¤á"

�u(D2)§-ε0v
���

c0r
−(2τ+b+1)
0 2(2τ+b+1)(2K0| ln ε0|)d+20 ≤ ε

− 1
30

0 ,

¤±(D2)éν = 0¤á"duéν = 0, 1, · · ·§

Kν+1 = 2Kν | ln εν | = 2ν+1K0

ν∏
i=0

| ln εi| = K0(2| ln ε0|)ν+1

(
5

4

) (ν+1)ν
2

,


ε
− 1

30
ν =

(
ε
− 1

30
0

)( 5
4)
ν

"ùÒ¿�XØ�ª(D2)�m>�ν�O���¯u�

>"Ïd§(D2)¤á" �

§2.5.2 Âñ5

½ÂΨν = Φ0 ◦Φ1 ◦ · · ·◦Φν−1§ν = 1, 2, · · ·"±þ�8BÚnL²Ψν : Dν+1 →
D0§±9

H0 ◦Ψν = Hν = Nν + Pν , ν = 1, 2, · · · .

-Oε = ∩∞ν=0Oν"@o§|^Ún2.5±9�
�'�IO·K£~X[34,

40]¤��§3Dd,0(1
2
r0, 0)×OεþHν , Nν , Pν±9Ψν©O��Âñu4�H∞, N∞,

P∞9Ψ∞"é²w§3d�/e§

N∞ = e∞ + 〈ω∞, I〉+ 〈A∞z∞, z̄∞〉.

duεν = ε
( 5

4)
ν

0 §K�âÚnA.1��§

XP∞|Dd,0( 1
2
r0,0)×Oε ≡ 0.

ÏH0 ◦Ψν = Hν§¤±

Φt
H0
◦Ψν = Ψν ◦ Φt

Hν ,

Ù¥Φt
HL«Hamilton�þ|XH��6"Ψν�XHν���Âñ5L²§

Φt
H0
◦Ψ∞ = Ψ∞ ◦ Φt

H∞
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3Dd,0(1
2
r0, 0)×Oεþ¤á"Ïd§é¤kξ ∈ Oε

Φt
H0

(Ψ∞(Tb × {ξ})) = Ψ∞Φt
N∞(Tb × {ξ}) = Ψ∞(Tb × {ξ}).

l
��Ψ∞(Tb×{ξ})´�©�6ÄHamiltonXÚH03ξ ∈ Oεþ���i\Ø
C�¡"d	§Ψ∞(Tb × {ξ})¤éA�ªÇω∞(ξ)��ªÇω(ξ)�kUC"

§2.5.3 ÿÝ�O

3KAMS��1νÚ¥§·�I�ék 6= 0�K±e���ëê8

Rν
k := Rν1

k

⋃ ⋃
|n|≤Kν+1

Rν2
kn

⋃ ⋃
|m|,|n|≤Kν+1

Rν3
kmn

⋃ ⋃
|m|,|n|≤Kν+1

Rν4
kmn

 ,

Ù¥

Rν1
k :=

{
ξ ∈ Oν : |〈k, ων〉| <

γν
|k|τ

}
,

Rν2
kn :=

{
ξ ∈ Oν : |〈k, ων〉+ µνn| <

γν
|k|τK2

ν+1

}
,

Rν3
kmn :=

{
ξ ∈ Oν : |〈k, ων〉+ µνm − µνn| <

γν
|k|τK4

ν+1

}
,

Rν4
kmn :=

{
ξ ∈ Oν : |〈k, ων〉+ µνm + µνn| <

γν
|k|τK4

ν+1

}
.

é²w§O \ Oε ⊆
⋃
ν≥0

⋃
k 6=0Rν

k"

��HermiteÝ
Ãν�A��§{µνn}|n|≤Kν+1C
1
W/�6uξ§��3éAuµνn§

Ó�C1
W/�6uξ�IO��A��þψνn £��§~X[13]¤"·�kµνn =

〈Ãνψνn, ψ̄νn〉9
∂ξjµ

ν
n = 〈(∂ξj Ãν)ψνn, ψ̄νn〉, j = 1, · · · , b.

dÃν��EL§§(Ü�O(2.47)§��éu8ÜRν4
kmnk

|∂ξ(〈k, ων〉+ µνm − µνn)| ≥ |∂ξ〈k, ω0〉| − ε
1
2
0 |k| − ε

1
2
0 = O(|k|).

éuRν1
k §Rν2

kn§Rν3
kmn�?1aq?n§Ïd∣∣∣∣∣∣Rν1

k

⋃ ⋃
|n|≤Kν+1

Rν2
kn

⋃ ⋃
|m|,|n|≤Kν+1

Rν3
kmn

⋃ ⋃
|m|,|n|≤Kν+1

Rν4
kmn

∣∣∣∣∣∣ ≤ cγν
|k|τ+1

.

duτ ≥ b§K

|O \ Oε| ≤

∣∣∣∣∣⋃
ν≥0

⋃
k 6=0

Rν
k

∣∣∣∣∣ ≤ c
∑
ν≥0

∑
k 6=0

γν
|k|τ+1

= c
∑
ν≥0

γν ∼ γ0 = ε
1
16
0 .
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1nÙ ����5Schrödinger�§¥�Û�z

�Ù¥§·��Ä�:Schrödinger�§

iq̇n = ε(qn+1 + qn−1) + V (nα̃ + x)qn + |qn|2qn, n ∈ Z, (3.1)

Ù¥α̃ ∈ R÷vDiophantine^�(1.3)§
V´R/Zþ��~�¢)Û¼ê"

§3.1 (Ø��ã

/ÏEliasson[16]�KAMÅ�§=½n1.6§·���E��Ä�KAM½n§

¿|^§5y²�§(3.1)¥é;.Ð��Û�z"lKAM�Ý5w§ù�ó

��Ì�J:�µ

i) ØÓu[19]¥��.§·�7L?nHamilton¼ê¥���6Ä�¶

ii) ØÓu[10]¥æ^��{§·��y²´ÏLDÚ�KAM�{��§¿�

�EÑKAM�¡¶

iii) �1�Ù¥�ó��'�§���(JÒ3u§TXÚ¤éA�È:Ì

�5�fkÃ¡õ?���3"

½n 3.1 ?�J = {n1, · · · , nb} ⊂ Z§b > 1"b�Ð�qZ(0) = (qn(0))n∈Z�|8

�J§¿÷vqZ(0) ∈ [0, 1]b"�3¿©��ε∗ = ε∗(V, α̃,J )§¦��0 < ε < ε∗�§

±e(ØéA�??�x ∈ R/Z¤á"
�3Cantor8Oε = Oε(x) ⊂ [0, 1]b÷v�ε → 0�|[0, 1]b \ Oε| → 0§¦��|

8�J�Ð�qZ(0) ∈ Oε�§K�§(3.1)�)qZ(t) = (qn(t))n∈Z÷v

sup
t

∑
n∈Z

n2d|qn(t)|2 <∞, ∀d > 0.

d	§éz�n ∈ Z§qn(t)'ut´[±Ï�"

5º 3.1 ½n¥¤���[±Ï)¿Ø7´��Ì�"

5º 3.2 ε¿©��b�´7L�§ÄK±þ(Ø=¦´é�5¯K�ØU

¤á"ù��Å ³��/ØÓ"
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§3.2 ��Ä��Ã��KAM½n9ÙA^

§3.2.1 KAM½n��ã

·�Eæ^§2.2.1¥¤½Â�ÎÒÚ�ê"3,«�D = Dd,ρ(r, s)þ�Ä
6Ä�Hamilton¼ê

H = N + P̆ + P

= e(x, ξ) + 〈ω(x, ξ), I〉+ 〈Ω(x, ξ)q, q̄〉+ P̆ (q, q̄;x) + P (θ, I, q, q̄;x, ξ). (3.2)

·�Áãy²§éA�??�x ∈ R/Z§±9/�õê0�ëêξ ∈ O = O(x)§

��‖XP̆+P‖D,Ov
�§HäkØC�¡§�$Ä�§3T�¡þ�)3�m
¥©ªäkûÐ�P~5"�Bå�§XJ´é�½�x?1�Ä§·�Ò

�ÑTëê"

éªÇω, Ω±96ÄP̆ + P§·�b�±e^�¤á"

(A1) �ª��òz5µN�ξ → ω(ξ)´O�Ù��m���C1
W�©Ó�"

(A2) Ω��K5µΩ = T + A+W"

– T´X(1.6)¥¤½Â�§Ø�6ξ�é¡Ý
"äN/`§

T = diag{V (x+ nα̃)}n∈Z + ε∆,

V�α̃��(1.6)¥��Ó"

– A´��Ø�6ξ�HermiteÝ
§�é,N̂ > 0÷v

|Amn| ≤

{
c, |m|, |n| ≤ N̂

0, o.w.
. (3.3)

– W´C1
W/�6uξ ∈ O�HermiteÝ
§�é,���p � 1±9σ �

ρ÷v

|Wmn|O ≤

{
pe−σmax{|m|, |n|}, |m|, |n| ≤ N

0, o.w.
. (3.4)
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d	§�3Z�f8J¦�

Ωmn ≡ 0, {m,n} ∩ J 6= ∅. (3.5)

(A3) P̆�á§5µP̆ (q, q̄) =
∑
|α|=|β|≥2 P̆αβq

αq̄β'uq, q̄¢)Û§Ø�6ëêξ ∈ O§
�

|P̆αβ| ≤ e−ρ(n+
αβ−n

−
αβ), |α| = |β| ≥ 2, (3.6)

∂qnP̆ = ∂q̄nP̆ ≡ 0, ∀n ∈ J . (3.7)

(A4) P�P~5�µ P =
∑

α,β Pαβ(θ, I; ξ)qαq̄β'uθ, I, q, q̄¢)Û§C1
W/�6u

ëêξ ∈ O§�

‖Pαβ‖D,O ≤

{
εe−ρn

∗
αβ , |α|+ |β| ≤ 2

e−ρn
∗
αβ , |α|+ |β| ≥ 3

, (3.8)

∂qnP = ∂q̄nP ≡ 0, ∀n ∈ J . (3.9)

(A5) P�5�ØC5µéuP =
∑

k∈Zb,l∈Nb
α,β

PklαβI
lei〈k,θ〉qαq̄β§e

∑b
j=1 kj+ |α|−|β| 6= 0§

KPklαβ ≡ 0"

½n 3.2 �Ä(3.2)¥÷v(A1)− (A5)�Hamilton¼êH"�3��

ε∗ = ε∗(ω, V, α̃, N̂ , p, σ,N, r, s, d, ρ)

¦��‖XP̆+P‖D,O ≤ ε ≤ ε∗�§éA�??�x ∈ R/Z§Ñk��Cantor8Oε =

Oε(x) ⊂ O(x)÷vµ�ε→ 0�§|O \ Oε| → 0§�Xe(Ø¤á"

(a) �3C1
W�N�ω̃ : Oε → Rb¦��ε→ 0�§|ω̃ − ω|Oε → 0"

(b) �3'uθ)Û�'uξ´C1
W�N�Ψ : Tb × Oε → Dd,0(r/2, 0)¦��ε →

0�‖Ψ−Ψ0‖Dd,0(r/2,0),Oε → 0§d?Ψ0�²��i\N�µ

Ψ0 : Tb ×O → Tb × {0} × {0} × {0}.

(c) é?¿θ ∈ Tb±9ξ ∈ Oε§Ψ(θ + ω̃(ξ)t, ξ) = (θ + ω̃(ξ)t, I(t), q(t), q̄(t))´H¤é

A$Ä�§���bª[±Ï)"

(d) éz�t§q(t) = (qn(t))n∈Z ∈ `1
d,0(Z)"

5º 3.3 eH÷v(A1) − (A5)§Kéz�KAMÚ½¥�Hamilton¼ê§ù


b�^�þ¤á£±Ü·�ëê¤"
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§3.2.2 éu�§(3.1)�A^

�Ä�§(3.1)§Ù�A�Hamilton¼ê�

H =
∑
n∈Z

V (x+ nα̃)qnq̄n + ε
∑
n∈Z

q̄n(qn+1 + qn−1) +
1

2

∑
n∈Z

|qn|4. (3.10)

�½J = {n1, · · · , nb} ⊂ Z§�Z1 = Z \ J"-ε = ε
1
4§Ù¥ε¿©�¦�

|ni| ≤ | ln ε| =
1

4
| ln ε|, i = 1, · · · , b.

·�éHamilton¼ê(3.10)Ú\�^–�Cþ±9�Ìëê

qn =
√
In + ξne

iθn , q̄n =
√
In + ξne

−iθn , n ∈ J ,

Ù¥(I, θ) = (In1 , · · · , Inb , θn1 , · · · , θnb)´(qn, q̄n)n∈J –�m¥3ξNC�IO�^–

�Cþ§
ξ = (ξn1 , · · · , ξnb) ∈ O = [ε
1
12 , 1]b ⊂ [0, 1]b��Ìëê§(q, q̄) =

(qn, q̄n)n∈Z1"@oHamilton¼ê(3.10)=z�

H = N (θ, I, q, q̄;x, ξ) + P̆ (q, q̄) + P (θ, I, q, q̄; ξ),

Ù¥

N (θ, I, q, q̄;x, ξ) :=
∑
n∈J

(V (x+ nα̃)ξn +
1

2
ξ2
n) +

∑
n∈J

(V (x+ nα̃) + ξn)In

+
∑
n∈Z1

V (x+ nα̃)|qn|2 + ε
∑
n∈Z1

n+1∈Z1,

(q̄nqn+1 + qnq̄n+1),

P̆ (q, q̄) :=
1

2

∑
n∈Z1

|qn|4,

P (θ, I, q, q̄; ξ) :=
1

2

∑
n∈J

I2
n + ε

∑
m∈J , n∈Z1
|m−n|=1

√
Im + ξm(e−iθmqn + eiθm q̄n)

+ ε
∑
m,n∈J
|m−n|=1

√
Im + ξm

√
In + ξn(e−i(θm−θn) + ei(θm−θn)).

3Ú\�^–�Cþ��§·�uy�5(3.10)¥�5�fT�(��»

�
"��Ñù�Ø|^�§·��XÚ¥V\b�Cþq′n1
, · · · , q′nb9Ù�

Ýq̄′n1
, · · · , q̄′nb"duvk?ÛÜÂ§·��Ñ#OCþ�þI/

′0§,�E
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^qL«(qn)n∈Z"ù�NÒ���

N =
∑
n∈J

(V (x+ nα̃)ξn +
1

2
ξ2
n) +

∑
n∈J

(V (x+ nα̃) + ξn)In

+

[∑
n∈Z1

V (x+ nα̃)|qn|2 +
∑
n∈J

V (x+ nα̃)|qn|2
]

+ ε
∑
n∈Z

(q̄nqn+1 + qnq̄n+1)

−
∑
n∈J

V (x+ nα̃)|qn|2 − ε
∑

{n,n+1}∩J 6=∅

(q̄nqn+1 + qnq̄n+1)

= e(x, ξ) + 〈ω(x, ξ), I〉+ 〈T (x)q, q̄〉+ 〈A(x)q, q̄〉,

Ù¥e(x, ξ) :=
∑
n∈J

V (x+ nα̃)ξn +
1

2

∑
n∈J

ξ2
n§

ω(x, ξ) := (V (x+ n1α̃) + ξn1 , · · · , V (x+ nbα̃) + ξnb), (3.11)

Tmn(x) :=


V (x+mα̃), m = n

ε, m− n = ±1

0, o.w.

, (3.12)

Amn(x) :=


−V (x+mα̃), m = n, m ∈ J

−ε, m− n = ±1, m ∈ J
0, o.w.

. (3.13)

y3§3,·��«�Dd,ρ(r, s)þ§P̆ + PäkXe�K5µ

Ún 3.1 éu¿©��ε > 0±9s =
1

8
ε

1
4§e|I| < s2�‖q‖d,ρ < s§K

‖XP̆+P‖Dd,ρ(r,s),O ≤ ε
1
4 = ε.

·�I��yHamilton¼êH = N+P̆+P÷vKAM½n�b�^�(A1)−
(A5)§Ù¥(A3)�(A5)´w
´��"

(A1): du{V (x+ nα̃)}n∈ZØ�6ξ§�â(3.11)��∂ω
∂ξ
≡ IJ"Ïd(A1)¤á"

(A2): ùpW ≡ 0"�â(3.13)§é²w(A2)¤á§Ù¥N̂ = 1
4
| ln ε|"

(A4): 5¿�3P���¥§{�ICþ�k(qn, q̄n), n 6∈ J , n− 1½n+ 1 ∈ J ,

J ⊂ [−N̂ , N̂ ] = [−1
4
| ln ε|, 1

4
| ln ε|]§�ÙXêþØ�uε"@o§duρ ≤ 1

6
N̂−1§

�

cε1−
1
24 ≤ ε

1
4 e−ρN̂ ,

(3.8)�±�y"

ù�§½n3.1Ò´½n3.2�íØ
"
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§3.3 KAMS�

�
é(3.2)?1KAMS�§-D0 = Dd,ρ0(r0, s0), O0, H0, P0, ε0 = ε
1
4 , N0£�

)e0, ω0, W0, p0, σ0, N0¤�b�^�(A1) − (A5)¥¤�Ñ�Ð©ëê§¿�

¦ε�u½n1.6¥�Ñ��.�ε0"

b�·�®²?1�
KAMS��1νÚ§ν = 0, 1, 2, · · ·£�
ëêS�
®3(1.10)¥½Â¤"·�3Dν := Dd,ρν (rν , sν)ÚOνþ�ÄHamilton¼ê

Hν = Nν + P̆ + Pν

= eν + 〈ων , I〉+ 〈Ωνq, q̄〉+ P̆ + Pν , (3.14)

Ù¥Ων = T + A+Wν§�(A1)− (A5)¤á§�)(3.3), (3.6), (3.7)±9

(Ων)mn ≡ 0, {m,n} ∩ J 6= ∅, (3.15)

|(Wν)mn|Oν ≤

{
pνe
−σν max{|m|, |n|}, |m|, |n| ≤ Nν

0, o.w.
, (3.16)

‖(Pν)αβ‖Dν ,Oν ≤

{
ενe
−ρνn∗αβ , |α|+ |β| ≤ 2

e−ρνn
∗
αβ , |α|+ |β| ≥ 3

, (3.17)

∂qnPν = ∂q̄nPν ≡ 0, n ∈ J . (3.18)

d	§‖XP̆+Pν
‖Dν ,Oν ≤ εν"

À�rν+1¦Ù÷v0 < rν+1 < rν"-Jν :=
[

5
2
ε
−aν

2
ν

]
§½ÂKAMfL§¥�ê

þ

ρ(j)
ν = (1− j

2Jν
)ρν , r(j)

ν = rν −
j(rν − rν+1)

Jν
, s(j)

ν = 2−3jε
j
5
ν sν ,

±9D(j)
ν = Dd,ρν+1(r

(j)
ν , s

(j)
ν ), ε

(j)
ν = ε

j
5

+1
ν , j = 0, 1, · · · , Jν"·��8�´�Ef

8Oν+1 ⊂ Oν±9k����C�

Φ(j)
ν : D(j)

ν → D(j−1)
ν , j = 1, 2, · · · , Jν ,

¦��=��e��KAMÚ½�Hamilton¼ê

Hν+1 = Hν ◦ Φ(1)
ν ◦ · · · ◦ Φ(Jν)

ν

= Nν+1 + P̆ + Pν+1

= eν+1 + 〈ων+1, I〉+ 〈Ων+1q, q̄〉+ P̆ + Pν+1

3Dν+1 = D(Jν)
ν þ±#�ëê÷vb�^�(A1)− (A5)"d	§

‖XP̆+Pν+1
‖Dν+1,Oν+1 ≤ ε(Jν)

ν ≤ ε
1
2
ε
−aν/2
ν

ν = εν+1.
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§3.3.1 Oν+1��E

X½n1.6¥¤ã§�3��Ý
Uν÷v

|(Uν − IZ)mn| ≤ ε
1
2
0 e
− 3

2
σν |m−n|, (3.19)

¦�U∗νTUν = Dν + Zν§Ù¥é¡Ý
Zν÷v

|(Zν)mn| ≤ ενe
−ρν |m−n|, (3.20)


é¡Ý
Dν�±ÏL��Ý
Qν©¬é�z§�Qν÷v

(Qν)mn = 0, |m− n| > Nν . (3.21)

äN/§

D̃ν = Q∗νDνQν =
∏
j

D̃ν
Λνj
, ]Λν

j ≤Mν , diamΛν
j ≤MνNν , ∀j.

�
£ãU∗νΩνUν§·�I�?�Ú�ÄU∗νAUνÚU∗νWνUν"ÏL��A^

ÚnB.1§d(3.3), (3.16)Ú(3.19)��§�3~êc1 > 0¦�

| (U∗ν (A+Wν)Uν)mn |Oν ≤ c1 max{N̂2e3σνN̂ , pνσ
−2
ν } · e−σν ·max{|m|, |n|},

½Â�äÂν�

(Âν)mn :=

{
(U∗ν (A+Wν)Uν)mn , |m|, |n| ≤ Nν

0, o.w.
. (3.22)

@o ∣∣∣(U∗ν (A+Wν)Uν − Âν
)
mn

∣∣∣
Oν
≤ ενe

−ρν max{|m|, |n|}, (3.23)

XJ

(C1)µc1 max{N̂2e
3
2
σνN̂ , pνσ

−2
ν } · e−(σν−ρν)Nν ≤ εν"

-Kν+1 := Nν+1 − (Mν + 1)Nν§Ù¥S�Mν , Nν , ν = 0, 1, · · ·§X(1.10)¥¤

½Â§�

D̃ν
Λν :=

∏
Λνj⊂Λν

D̃ν
Λνj
, Ãν := Q∗νÂνQν , (3.24)

d?Λν :=
⋃
{Λν

j : Λν
j ∩ [−(Kν+1 + Nν), Kν+1 + Nν ] 6= ∅} ⊂ [−Nν+1, Nν+1]"�

â(3.21)Ú(3.22)§��

(Ãν)mn ≡ 0, max{|m|, |n|} > 2Nν .
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duD̃ν
ΛνÚÃνÑ´HermiteÝ
§K�3��Ý
Oν¦�

O∗ν(D̃
ν
Λν + Ãν)Oν = diag{µνj}j∈Λν ,

Ù¥{µνj}j∈Λν�D̃ν
Λν + Ãν�A��"dD̃ν

Λν + Ãν�©¬é�(���§

(Oν)mn ≡ 0, |m− n| > 2(Mν + 2)Nν . (3.25)

¢Sþ§D̃ν
Λν + Ãν�L«�

D̃ν
Λν + Ãν = (D̃ν

Λ′ν
+ Ãν) ·

∏
Λνj∩[−2Nν ,2Nν ]=∅

D̃ν
Λνj

Ù¥Λ′ν :=
⋃
{Λν

j : Λν
j ∩ [−2Nν , 2Nν ] 6= ∅, Λν

j ⊂ Λν}§÷vdiamΛ′ν ≤ 2(Mν + 2)Nν"

@o§D̃ν
Λν + Ãν�é�zL§=�Ù¥�f¬(D̃ν

Λ′ν
+ Ãν)ÚD̃ν

Λνj
�g�é�z

L§"

��D̃ν
Λν + Ãν�A��§{µνn}n∈Λν´C1

W/�6uëêξ ∈ Oν��3�A
uµνn§Ó�C1

W/�6uξ���5�A��þψνn£��§~X[13]¤"¢S

þ§µνn = 〈(D̃Λν + Ãν)ψ
ν
n, ψ̄

ν
n〉�

∂ξjµ
ν
n = 〈(∂ξj(D̃Λν + Ãν))ψ

ν
n, ψ̄

ν
n〉, j = 1, · · · , b.

dÃν��E§��∂ξj Ãν = Q∗ν(∂ξj Âν)Qν§Ù¥Âν�U∗ν (A+Wν(ξ))Uν��ä"Ï

�Dν , A, UνÚQνÑØ�6uξ§¤±

sup
ξ∈Oν
|∂ξµνn| ≤ c sup

ξ∈Oν
m,n

|∂ξ(Wν)mn| ≤ cpν . (3.26)

é,0 < γν � 1, τ ≥ b§·�½Âëê8Oν+1 ⊂ OνXeµ

Oν+1 :=

ξ ∈ Oν :

|〈k, ων〉| > γν
|k|τ , k 6= 0,

|〈k, ων〉+ µνn| >
γν

|k|τN2
ν+1
, k 6= 0, n ∈ Λν ,

|〈k, ων〉+ µνm ± µνn| >
γν

|k|τN4
ν+1
, k 6= 0, m, n ∈ Λν .

 . (3.27)

ùÒ´���5z�§�)��©1^�"

ly3å§�{zÎÒ§1νÚ�êþ�eI£½þI¤/ν0ò��Ñ§


1ν + 1Ú��A�êþK�\5eI£½þI¤/+0"d	§·�E±þ

I/(j)0«©ØÓfL§¥�êþ"

51



§3.3.2 ÓN�§9ÙCq)

éuP =
∑

k,l,α,β Pklαβ(ξ)I lei〈k,θ〉qαq̄β§�â(3.8)±9§2.2.1¥�ê�½Â§·

�k

|Pklαβ|O ≤ εe−ρn
∗
αβe−|k|r, ∀k ∈ Zb, 2|l|+ |α|+ |β| ≤ 2. (3.28)

�Ä©)P = R + (P −R)§Ù¥

R :=
∑
k

2|l|+|α|+|β|≤2

Pklαβe
i〈k,θ〉I lqαq̄β, P −R =

∑
k

2|l|+|α|+|β|≥3

Pklαβe
i〈k,θ〉I lqαq̄β.

@o‖XR‖D,O ≤ ‖XP‖D,O ≤ ε"duP̆ (q, q̄)�q, q̄�pg��Ú§Kéuη := ε
1
5§

�3~êc2 > 0¦�

‖XP̆‖Dd,ρ(r, ηs),O, ‖XP−R‖Dd,ρ(r, ηs),O ≤ c2ηs ≤
1

8
ε

6
5 , (3.29)

XJ

(C2)µc2s ≤ 1
8
ε"

-e′ := P0000, ω′ :=

∫
∂P

∂I
dθ|q=q̄=0,I=0"eO+X(3.27)¥¤½Â§K·�k

·K 3.1 �3ü�Hamilton¼ê

F =
∑
k 6=0

1≤2|l|+|α|+|β|≤2

Fklαβq
αq̄βI lei〈k,θ〉, P̀ =

∑
k

1≤|α|+|β|≤2

P̀k0αβq
αq̄βei〈k,θ〉,

±9HermiteÝ
W ′£ÑC1
W/�6uξ ∈ O+¤§¦�

{N , F}+R = e′ + 〈ω′, I〉+ 〈W ′q, q̄〉+ P̀ . (3.30)

d	§F�P̀Ñäk5�ØC5§�éu¿©��ε§

|Fklαβ|O+ ≤ ε
4
5 |k|2τ+1e−|k|re−ρn

∗
αβ , (3.31)

|P̀k0αβ|O+ ≤ ε
7
5 |k|2τ+1e−|k|re−ρ

(1)n∗αβ , (3.32)

|W ′
mn|O+ ≤

{
εe−ρmax{|m|, |n|}, |m|, |n| ≤ N+, m, n 6∈ J

0, o.w.
, (3.33)

∂qnF = ∂q̄nF = ∂qnP̀ = ∂q̄nP̀ ≡ 0, n ∈ J . (3.34)

·K3.1�y²µ·�òy²©�±eÜ©"
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• �ä±9Cq�5z�§

Äk§·�òR��

R =
∑
k
|l|≤1

Pkl00e
i〈k,θ〉I l +

∑
k

(〈P k10, q〉+ 〈P k01, q̄〉)ei〈k,θ〉

+
∑
k

(〈P k20q, q〉+ 〈P k11q, q̄〉+ 〈P k02q̄, q̄〉)ei〈k,θ〉,

Ù¥P k10, P k01, P k20, P k11, P k02©OL«(
P k10
n

)
:= (Pk0en0) ,

(
P k01
n

)
:= (Pk00en) ,(

P k20
mn

)
:=
(
Pkl(em+en)0

)
,
(
P k11
mn

)
:= (Pklemen) ,

(
P k02
mn

)
:=
(
Pkl0(em+en)

)
.

P�5�ØC5L²P 010, P 001, P 020, P 002 ≡ 0"

·�Áã�E���R/ª�Ó�Hamilton¼êF¦�

{N , F}+R = e′ + 〈ω′, I〉+ 〈P 011q, q̄〉. (3.35)

d��O�±9Xê�{ü'�§éuk 6= 0Ú|l| ≤ 1§�§(3.35)�due�

�§µ

〈k, ω〉Fkl00 = iPkl00, (3.36)

(〈k, ω〉IZ − Ω)F k10 = iP k10, (3.37)

(〈k, ω〉IZ + Ω)F k01 = iP k01, (3.38)

(〈k, ω〉IZ − Ω)F k20 − F k20Ω = iP k20, (3.39)

(〈k, ω〉IZ − Ω)F k11 + F k11Ω = iP k11, (3.40)

(〈k, ω〉IZ + Ω)F k02 + F k02Ω = iP k02. (3.41)

�âO+�½Â§��(3.36)3O+þ�)§�Ù)÷v

|Fkl00|O+ ≤ γ−2|k|2τ+1εe−|k|r. (3.42)

�u(3.37)− (3.41)§·��Ä�§|

(〈k, ω〉IZ − (D + Â))F̂ k10 = iR̂k10, (3.43)

(〈k, ω〉IZ + (D + Â))F̂ k01 = iR̂k01, (3.44)

(〈k, ω〉IZ − (D + Â))F̂ k20 − F̂ k20(D + Â) = iR̂k20, (3.45)

(〈k, ω〉IZ − (D + Â))F̂ k11 + F̂ k11(D + Â) = iR̂k11, (3.46)

(〈k, ω〉IZ + (D + Â))F̂ k02 + F̂ k02(D + Â) = iR̂k02, (3.47)
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ùpD�ÂXc�!¤½Â§�ék 6= 0§

R̂kx
n =

{
(U∗P kx)n, |n| ≤ K+

0, o.w.
, x = “10”, “01”, (3.48)

R̂kx
mn =

{
(U∗P kxU)mn, |m|, |n| ≤ K+

0, o.w.
, x = “20”, “11”, “02”. (3.49)

d(3.19)�(3.28)§�ÏLA^ÚnB.1§���3c3 > 0¦�

|(U∗P kx)n|O ≤ c3(σ − ρ)−1εe−ρ|n|e−|k|r, (3.50)

|(U∗P kxU)mn|O ≤ c3(σ − ρ)−2εe−ρmax{|m|, |n|}e−|k|r. (3.51)

ù¿�X

|(U∗P kx − R̂kx)n|O ≤
1

4
ε

7
5 e−ρ

(1)|n|e−|k|r, (3.52)

|(U∗P kxU − R̂kx)mn|O ≤
1

4
ε

7
5 e−ρ

(1) max{|m|, |n|}e−|k|r, (3.53)

XJ

(C3)µc3(σ − ρ)−4e−(ρ−ρ(1))K+ ≤ 1
4
ε

2
5"

�§(3.43) − (3.47)�)=�(3.37) − (3.41)�Cq)§��·�òéØ�?1

�O"

• ©¬é�z±9F��E

�Ä�§|

(〈k, ω〉IΛ − (D̃Λ + Ã))F̃ k10 = iR̃k10, (3.54)

(〈k, ω〉IΛ + (D̃Λ + Ã))F̃ k01 = iR̃k01, (3.55)

(〈k, ω〉IΛ − (D̃Λ + Ã))F̃ k20 − F̃ k20(D̃Λ + Ã) = iR̃k20, (3.56)

(〈k, ω〉IΛ − (D̃Λ + Ã))F̃ k11 + F̃ k11(D̃Λ + Ã) = iR̃k11, (3.57)

(〈k, ω〉IΛ + (D̃Λ + Ã))F̃ k02 + F̃ k02(D̃Λ + Ã) = iR̃k02, (3.58)

Ù¥D̃ΛÚÃX(3.24)¥´ÏL��Ý
Q¤½Â�§


R̃kx :=

{
Q∗R̂kx, x = “10”, “01”

Q∗R̂kxQ, x = “20”, “11”, “02”
.
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5¿��|m− n| > N�Qmn = 0§@od(3.48)Ú(3.49)��

R̃kx
n ≡ 0, |n| > K+ +N, x = “10”, “01”,

R̃kx
mn ≡ 0, max{|m|, |n|} > K+ +N, x = “20”, “11”, “02”.

Ïd§�âΛ :=
⋃
{Λj : Λj ∩ [−(K+ +N), K+ +N ] 6= ∅}§ù
k��Ý
�§

�)÷v

F̃ kx
n ≡ 0, n 6∈ Λ, x = “10”, “01”,

F̃ kx
mn ≡ 0, {m,n} ∩ Λ = ∅, x = “20”, “11”, “02”.

@o§�Ä�(
〈k, ω〉IZ ± (D̃ + Ã)

)
F̃ kx =

(
〈k, ω〉IΛ ± (D̃Λ + Ã)

)
F̃ kx, x = “10”, “01”,(

〈k, ω〉IZ ± (D̃ + Ã)
)
F̃ kx =

(
〈k, ω〉IΛ ± (D̃Λ + Ã)

)
F̃ kx, x = “20”, “11”, “02”,

F̃ kx(D̃ + Ã) = F̃ kx(D̃Λ + Ã), x = “20”, “11”, “02”,

§�©O��§ (
〈k, ω〉IZ − (D̃ + Ã)

)
F̃ k10 = iR̃k10,(

〈k, ω〉IZ + (D̃ + Ã)
)
F̃ k01 = iR̃k01,(

〈k, ω〉IZ − (D̃ + Ã)
)
F̃ k20 − F̃ k20(D̃ + Ã) = iR̃k20,(

〈k, ω〉IZ − (D̃ + Ã)
)
F̃ k11 + F̃ k11(D̃ + Ã) = iR̃k11,(

〈k, ω〉IZ + (D̃ + Ã)
)
F̃ k02 + F̃ k02(D̃ + Ã) = iR̃k02,

�)"duD�±ÏL��Ý
Q©¬é�z§±þ��§©O�du�

§(3.43)− (3.47)"

y3§ék 6= 0Úm,n ∈ Λ§·�'5e��§µ

(〈k, ω〉 − µn)F̌ k10
n = i(O∗R̃k10)n,

(〈k, ω〉+ µn)F̌ k01
n = i(O∗R̃k01)n,

(〈k, ω〉 − µm − µn)F̌ k20
mn = i(O∗R̃k20O)mn,

(〈k, ω〉 − µm + µn)F̌ k11
mn = i(O∗R̃k11O)mn,

(〈k, ω〉+ µm + µn)F̌ k02
mn = i(O∗R̃k02O)mn.
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ù´ÏL��Ý
OòD̃Λ + Ãé�z§d(3.54)− (3.58)=z
5�"²w/§

ù
�§3O+þ�)"l
§(3.43)− (3.47)�)�

F̂ kx =

{
QOF̌ kx, x = “10”, “01”

QOF̌ kxO∗Q∗, x = “20”, “11”, “02”
.

-

F kx :=

{
UF̂ kx, x = “10”, “01”

UF̂ kxU∗, x = “20”, “11”, “02”
,

@o·�Ò��Hamilton¼ê

F =
∑
k 6=0
|l|≤1

Fkl00e
i〈k,θ〉I l +

∑
k 6=0

(〈F k10, q〉+ 〈F k01, q̄〉)ei〈k,θ〉

+
∑
k 6=0

(〈F k20q, q〉+ 〈F k11q, q̄〉+ 〈F k02q̄, q̄〉)ei〈k,θ〉.

5¿�
F(−k)l00 = Fkl00, F (−k)10 = F k01, F (−k)01 = F k10,

F (−k)20 = F k02, (F (−k)11)∗ = F k11, F (−k)02 = F k20,

ÒN´y²F̄ = F"

• éFXê��O

Ø
3(3.42)¥�O�Fkl00§·��I��F k10
n , F k01

n , F k20
mn , F k11

mn , F k02
mn"·

�±F k20
mn�~?1�Ä§Ù¦��aq"ÏL±þ��E§��

F k20
mn = i

∑
F0

Umn1Qn1n2On2n3O
∗
n3n4

Q∗n4n5
R̂k20
n5n6

Qn6n7On7n8O
∗
n8n9

Q∗n9n10
U∗n10n

〈k, ω〉 − µn3 − µn8

, (3.59)

Ù¥§�âQ�O�(�§=(3.21)Ú(3.25)§¦ÚPÒF0L«{
n1 ∈ Z, |n2 − n1| ≤ N, |n3 − n2|, |n4 − n3| ≤ 2(M + 2)N, |n5 − n4| ≤ N,

n10 ∈ Z, |n9 − n10| ≤ N, |n8 − n9|, |n7 − n8| ≤ 2(M + 2)N, |n6 − n7| ≤ N

}

@o§d(3.51)ÚÚnB.1§

sup
ξ∈O+

|F k20
mn (ξ)| ≤ c(γ−1|k|τN4

+)(σ − ρ)−4M4N8e(4M+10)Nρεe−|k|re−ρmax{|m|,|n|}.
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ùp·�A^
��Ý
QÚO�5�§¿^Ïfe(4M+10)Nρ¦�êP~5�

±¡E"

��O|∂ξjF k20
mn |§·�Ié(3.56)�ü>'uξj, j = 1, 2, · · · , b¦�"@o·

���'u∂ξj F̃
k20��§

(〈k, ω〉IΛ − (D̃Λ + Ã))(∂ξj F̃
k20)− (∂ξj F̃

k20)(D̃Λ + Ã) = R̆k20
ξj
,

Ù¥

R̆k20
ξj

:= i∂ξj R̃
k20 + F̃ k20(∂ξj Ã)− (∂ξj(〈k, ω〉I − Ã))F̃ k20.

ùÓ��±ÏL^OòD̃Λ + Ãé�z)�"·�Ò��L�ª

∂ξjF
k20
mn =

∑
F1

Umn1Qn1n2On2n3O
∗
n3n4

(R̆k20
ξj

)n4n5On5n6O
∗
n6n7

Q∗n7n8
U∗n8n

〈k, ω〉 − µn3 − µn6

,

Ù¥F1L«{
n1 ∈ Z, |n2 − n1| ≤ N, |n3 − n2|, |n4 − n3| ≤ 2(M + 2)N,

n8 ∈ Z, |n7 − n8| ≤ N, |n6 − n7|, |n5 − n6| ≤ 2(M + 2)N

}
.

dR̂k20Ú∂ξj Â�P~5§·�k

sup
ξ∈O+

|(R̆k20
ξj

)mn| ≤ c(γ−1|k|τ+1N4
+)(σ − ρ)−4M4N8e(4M+11)Nρεe−|k|re−ρmax{|m|,|n|}.

Ïd�3~êc4 > 0¦�

sup
ξ∈O+

(|F k20
mn |+ |∂ξF k20

mn |)

≤ c4(γ−2|k|2τ+1N8
+)(σ − ρ)−6M8N14e(8M+20)Nρεe−ρmax{|m|,|n|}e−|k|r

≤ ε
4
5 |k|2τ+1e−|k|re−ρmax{|m|,|n|},

XJ

(C4)µc4γ
−2(σ − ρ)−6N8

+M
8N14e(8M+20)Nρε

1
5 ≤ 1"

d(A5)��

P k20 ≡ 0,
b∑
i=1

ki + 2 6= 0.

Ï�R̂k20´U∗P k20U��ä§¤±

R̂k20 ≡ 0,
b∑
i=1

ki + 2 6= 0.

57



2�âL�ª(3.59)¥F k20
mn�L�ª§F

k20 ≡ 0"

éF k11, F k02, F k10, F k01UXþ�ª�Ó�?n§·���F�5�ØC

5§±9Ø�ª(3.31)"

• éP̀Xê��O

-W ′�P 011��ä§÷v

W ′
mn =

{
P 011
mn , |m|, |n| ≤ N+

0, o.w.
,

�-

P̀ = 〈P̀ 011q, q̄〉+
∑
k 6=0

(〈P̀ k10, q〉+ 〈P̀ k01, q̄〉+ 〈P̀ k20q, q〉+ 〈P̀ k11q, q̄〉+ 〈P̀ k02q̄, q̄〉)ei〈k,θ〉

÷v

P̀ 011 := P 011 −W ′,

P̀ k10 := (P k10 − UR̂k10)− i(À+ Z̀)F k10,

P̀ k01 := (P k01 − UR̂k01) + i(À+ Z̀)F k01,

P̀ k20 := (P k20 − UR̂k20U∗)− i(À+ Z̀)F k20 − iF k20(À+ Z̀),

P̀ k11 := (P k11 − UR̂k11U∗)− i(À+ Z̀)F k11 + iF k11(À+ Z̀),

P̀ k02 := (P k02 − UR̂k02U∗) + i(À+ Z̀)F k02 + iF k02(À+ Z̀),

Ù¥À := (A+W )− UÂU∗, Z̀ := UZU∗"@o§

{N , F}+R = e′ + 〈ω′, I〉+ 〈W ′q, q̄〉+ P̀ . (3.60)

d(3.17)Ú(3.18)��(3.33)¤á§�

|P̀ 011
mn |O+

≤ εe−ρmax{|m|, |n|} ≤ ε
7
5 e−ρ

(1) max{|m|, |n|},

XJ

(C5)µe−(ρ−ρ(1))N+ ≤ ε
2
5"

éu(3.32)¥k 6= 0��/§·�=éP̀ k20?1�O§Ù¦���aq?

n"d(3.53)Ú(C3)§¿(ÜÚnB.1§��∣∣∣(P k20 − UR̂k20U∗
)
mn

∣∣∣
O

=
∣∣∣(U(U∗P k20U − R̂k20)U∗

)
mn

∣∣∣
O

≤ 1

4
ε

7
5 e−ρ

(1) max{|m|, |n|}e−|k|r. (3.61)
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2�â(3.20)Ú(3.23)§

|Àmn|O ≤ c(σ − ρ)−2εe−ρmax{|m|, |n|}, |Z̀mn| ≤ c(σ − ρ)−2εe−ρ|m−n|.

@o§ÏL2gA^ÚnB.1§�3c6 > 0¦�∣∣∣(F k20(À+ Z̀)
)
mn

∣∣∣
O+

,
∣∣∣((À+ Z̀)F k20

)
mn

∣∣∣
O+

≤ c6(σ − ρ)−2(ρ− ρ(1))−1ε
9
5 |k|2τ+1e−|k|re−ρ

(1) max{|m|, |n|}

≤ 1

4
ε

7
5 |k|2τ+1e−|k|re−ρ

(1) max{|m|, |n|}, (3.62)

XJ

(C6)µc6(σ − ρ)−2(ρ− ρ(1))−1ε
2
5 ≤ 1

4
"

Ïd§ò(3.61)�(3.62)�(Ü§=��·K¥'uP̀ k20��O"

dP̀��E§5�ØC5N´�y"

• (3.34)��y

�â±þR�W ′��E§(3.60)¥k�U�6Cþ(qn, q̄n)n∈J��kFÚP̀"

-

F́ =
∑
k 6=0

(∑
n∈J

(F k10
n qn + F k01

n q̄n)

)
ei〈k,θ〉

+
∑
k 6=0

 ∑
{m,n}∩J 6=∅

(F k20
mn qmqn + F k11

mn qmq̄n + F k02
mn q̄mq̄n)

 ei〈k,θ〉

=:
∑
k 6=0

(
〈F́ k10, q〉+ 〈F́ k01, q̄〉+ 〈F́ k20q, q〉+ 〈F́ k11q, q̄〉+ 〈F́ k02q̄, q̄〉

)
ei〈k,θ〉.

éu÷vm½n ∈ J�(m,n)§d(3.15)§��(
(〈k, ω〉IZ − Ω)F́ k20 − F́ k20Ω

)
mn

= 〈k, ω〉F́ k20
mn −

∑
l 6∈J

ΩmlF́
k20
ln −

∑
l 6∈J

F́ k20
ml Ωln

=


〈k, ω〉F k20

mn , m, n ∈ J
〈k, ω〉F k20

mn −
∑

l 6∈J ΩmlF
k20
ln , m 6∈ J , n ∈ J

〈k, ω〉F k20
mn −

∑
l 6∈J F

k20
ml Ωln, m ∈ J , n 6∈ J

=
(
(〈k, ω〉IZ − Ω)F k20 − F k20Ω

)
mn
.

59



'��ª(3.60)ü>���Xê§(
(〈k, ω〉IZ − Ω)F́ k20 − F́ k20Ω

)
mn

= −iP̀ k20
mn , {m,n} ∩ J 6= ∅.

aq/§ (
(〈k, ω〉IZ − Ω)F́ k10

)
n

= −iP̀ k10
n , n ∈ J ,(

(〈k, ω〉IZ + Ω)F́ k01
)
n

= −iP̀ k01
n , n ∈ J ,(

(〈k, ω〉IZ − Ω)F́ k11 + F́ k11Ω
)
mn

= −iP̀ k11
mn , {m,n} ∩ J 6= ∅,(

(〈k, ω〉IZ + Ω)F́ k02 + F́ k02Ω
)
mn

= −iP̀ k02
mn , {m,n} ∩ J 6= ∅.

Ïd§{N , F́}Ò�u∑
k 6=0

∑
n∈J

(P̀ k10
n qn + P̀ k01

n q̄n) +
∑

{m,n}∩J 6=∅

(P̀ k20
mn qmqn + P̀ k11

mn qmq̄n + P̀ k02
mn q̄mq̄n)

 ei〈k,θ〉.

ù¿�X§XJ·�±Ø�6Cþ(qn, q̄n)n∈J�F − F́�OF§@o��XÚ

Ò¬�±�Cþ(qn, q̄n)n∈J�Ã'5"ù�(3.34)Ò�±÷v" �

§3.3.3 b�^���y

·�òéXF��ê?1�O§¿ïÄΦ1
F3��«�

Di := Dd,ρ+(r(1) +
i

4
(r − r(1)),

i

4
s), i = 1, 2, 3, 4,

þ�5�"

Ún 3.2 éu¿©��ε§‖XF‖D3,O+ ≤ ε
3
4§�‖XP̀‖D3,O+ ≤ ε

5
4"

y²µ�â·K3.1¥F�P~5�§
1

s2
‖∂θF‖D3,O+ , ‖∂IF‖D3,O+ ≤ c(r − r(1))−(2τ+b+1)ε

4
5 ,

�

sup
D3

1

s

∑
n∈Z

(
‖∂qnF‖O+ + ‖∂q̄nF‖O+

)
〈n〉deρ+|n|

≤ sup
D3

c

s

∑
n∈Z

∑
k 6=0

(
|F k10
n |O+ + |F k01

n |O+

)
e|k|(r−

1
4

(r−r(1)))〈n〉deρ+|n|

+ sup
D3

c

s

∑
n∈Z

∑
k 6=0
m∈Z

(|F k20
mn |O+ + |F k11

mn |O+ + |F k02
mn |O+)|qm|e|k|(r−

1
4

(r−r(1)))〈n〉deρ+|n|

≤ c(r − r(1))−(2τ+b+1)(ρ− ρ+)−2ε
4
5 .
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ò±þ�O�(Ü§K���3~êc7 > 0¦�

‖XF‖D3,O+ ≤ c7(r − r(1))−(2τ+b+1)(ρ− ρ+)−2ε
4
5 .

æ�Ó���ª§��

‖XP̀‖D3,O+ ≤ c7(r − r(1))−(2τ+b+1)(ρ(1) − ρ+)−2ε
7
5 .

d	§XJ

(C7)µc7(r − r(1))−(2τ+b+1)(ρ(1) − ρ+)−2ε
1
20 ≤ 1

3
§

@oÚn3.2¤á" �

-Diη = Dd,ρ+(r(1) + i
4
(r − r(1)), i

4
ηs), i = 1, 2, 3, 4"

Ún 3.3 éu¿©��ε§Φt
F : D2η → D3η, −1 ≤ t ≤ 1§�

‖DΦt
F − I‖D1η < 2ε

3
4 .

y3§�rN·�?311�fL§¥§·�-F (1), e(1), ω(1), W (1), P̀ (1)L

«(3.30)¥�A�þ"½ÂH(1)�

H(1) := H ◦ Φ1
F (1)

= (N + P̆ +R) ◦ Φ1
F (1) + (P −R) ◦ Φ1

F (1)

= N + P̆ + {N , F (1)}+R +

∫ 1

0

(1− t){{N , F (1)}, F (1)} ◦ Φt
F (1) dt

+

∫ 1

0

{P̆ +R,F (1)} ◦ Φt
F (1) dt+ (P −R) ◦ Φ1

F (1)

= N + P̆ + e(1) + 〈ω(1), I〉+ 〈W (1)q, q̄〉+ P (1),

Ù¥

P (1) := P̀ (1) +

∫ 1

0

{(1− t){N , F (1)}+ P̆ +R,F (1)} ◦ Φt
F (1) dt+ (P −R) ◦ Φ1

F (1) .

-R(t) := (1− t)(e(1) + 〈ω(1), I〉+ 〈W (1)q, q̄〉+ P̀ (1)) + tR§§÷v‖XR(t)‖D3 ≤ cε"@

oP (1)����

P (1) = P̀ (1) +

∫ 1

0

{R(t) + P̆ , F (1)} ◦ Φt
F (1) dt+ (P −R) ◦ Φ1

F (1) .
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l
§

XP (1)−P̀ (1) =

∫ 1

0

(Φt
F (1))

∗X{R(t)+P̆ , F (1)} dt + (Φ1
F (1))

∗X(P−R).

dÚnA.3��§

‖X{R(t)+P̆ , F (1)}‖D2η ≤ cη−2ε
7
4 = ε

27
20 .

@o§(Ü(3.29)±9Ún3.2Ú3.3�(Ø§

‖XP (1)‖D(1),O+
≤ 1

2
ε

6
5 + 2ε

5
4 + 2cε

27
20 ≤ ε

6
5 = ε(1).

·��I�yP (1)÷vb�^�(A4)Ú(A5)"5¿�

P (1) = P̀ (1) + P −R + {P̆ , F (1)}+ {P, F (1)}

+
1

2!
{{N , F (1)}, F (1)}+

1

2!
{{P̆ , F (1)}, F (1)}+

1

2!
{{P, F (1)}, F (1)}+ · · ·

+
1

n!
{· · · {N , F (1)} · · · , F (1)︸ ︷︷ ︸

n

}+
1

n!
{· · · {P̆ , F (1)} · · · , F (1)︸ ︷︷ ︸

n

}

+
1

n!
{· · · {P, F (1)} · · · , F (1)︸ ︷︷ ︸

n

}+ · · · .

duN , P̆ , P , F (1), P̀ (1)Ñäk5�ØC5§�Ø�6Cþ(qn, q̄n)n∈J§��â

N¹¥�ÚnA.4ÚA.5§P (1)�äkù
5�"

éP −R =
∑

2|l|+|α|+|β|≥3

Pklαβe
i〈k,θ〉I lqαq̄β§·�k

‖Pαβ‖D(1) ≤

{
1
4
ε(2)e−ρn

∗
αβ , |α|+ |β| ≤ 2

e−ρn
∗
αβ , |α|+ |β| ≥ 3

.

d?§·�A^�O|I| ≤ s(1) ≤ 1
4
ε(1)5?n|α| + |β| ≤ 2�2|l| + |α| + |β| ≥ 3�

�/"

{e��Ñ´ÏLeZ­Poisson)Ò¤�§ÙP~5%¹ue�Ún�

¥"

Ún 3.4 éu¿©��ε§{P, F (1)}÷v

‖{P, F (1)}αβ‖D3η ,O+ ≤

{
ε

5
4 e−ρ

(1)n∗αβ , |α|+ |β| ≤ 2

ε
1
4 e−ρ

(1)n∗αβ , |α|+ |β| ≥ 3
.
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y²µÏL��O���

{P, F (1)}αβ = i
∑
n∈Z

(α̌,β̌)+(α̂,β̂)=(α,β)

(
Pα̌+en,β̌

F
(1)

α̂,β̂+en
− Pα̌,β̌+en

F
(1)

α̂+en,β̂

)
(3.63)

+
∑

(α̌,β̌)+(α̂,β̂)=(α,β)

{
Pα̌β̌, F

(1)

α̂β̂

}
. (3.64)

• (3.63)¥���

Äk�ÄPα̌+en,β̌
F

(1)

α̂,β̂+en
"

i) |α|+ |β| ≤ 2

�âF (1)��EL§§|α̂|+ |β̂ + en| = 1½2§Ïd·�k

|α̌ + en|+ |β̌| = |α|+ |β|+ 1− (|α̂|+ |β̂|) ≤ 3. (3.65)

e|α̌ + en|+ |β̌| ≤ 2§@o§5¿�n∗αβ ≤ max{n∗
α̌+en,β̌

, n∗
α̂,β̂+en

}§

‖Pα̌+en,β̌
F

(1)

α̂,β̂+en
‖D3,O+ ≤ εe

−ρn∗
α̌+en,β̌ · ε

3
4 e
−ρn∗

α̂,β̂+en ≤ ε
7
4 e−ρn

∗
αβ . (3.66)

e|α̌ + en| + |β̌| = 3§K�â(3.65)§(α̂, β̂) = (0, 0), (α̌, β̌) = (α, β)"d�

ê‖XP‖D,O�½Â±9F (1)��E§

‖Pα+en,β‖D3,O ≤ e−ρn
∗
α+en,β , ‖F (1)

0,en‖D3,O+ ≤ sε
3
4 e−ρ|n|.

Ïd§5¿�n∗αβ ≤ max{n∗α+en,β
, |n|}§K

‖Pα+en,βF
(1)
0,en‖D3,O+ ≤ sε

3
4 e−ρn

∗
αβ ≤ 1

4
ε

7
4 e−ρn

∗
αβ . (3.67)

ii) |α|+ |β| ≥ 3

�±þ�Øyaq§

‖Pα̌+en,β̌
F

(1)

α̂,β̂+en
‖D3,O+ ≤ e

−ρn∗
α̌+en,β̌ · ε

3
4 e
−ρn∗

α̂,β̂+en ≤ ε
3
4 e−ρn

∗
αβ . (3.68)

éPα̌,β̌+en
F

(1)

α̂+en,β̂
�Ó��©Û§·�Ò�¤
é(3.63)¥����O.

• (3.64)¥���

dÚnA.2±9Ø�ªn∗αβ ≤ max{n∗
α̌β̌
, n∗

α̂β̂
}§·�k

‖{Pα̌β̌, F
(1)

α̂β̂
}‖D3η ≤ c(r − r(1))−1η−2

{
ε

7
4 e−ρn

∗
αβ , |α|+ |β| ≤ 2

ε
3
4 e−ρn

∗
αβ , |α|+ |β| ≥ 3

. (3.69)
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ò(3.66)− (3.69)�(Ü§¿�âÄ�¯¢|α̂|+ |β̂| ≤ 2§���3c8 > 0¦�

‖{P, F (1)}αβ‖D3η ≤ c8(r − r(1))−1η−2(ρ− ρ(1))−2

{
ε

7
4 e−ρ

(1)n∗αβ , |α|+ |β| ≤ 2

ε
3
4 e−ρ

(1)n∗αβ , |α|+ |β| ≥ 3
.

d	§XJ

(C8)µc8(r − r(1))−1η−2(ρ− ρ(1))−2ε
1
2 ≤ 1

4
§

@oÚn3.4�y" �

d(3.28), (3.32)±9(3.33)§²w��

{N , F (1)} = e(1) + 〈ω(1), I〉+ 〈W (1)q, q̄〉+ P̀ (1) −R

�Xê÷v‖{N , F (1)}αβ‖D3,O+ ≤ cεe−ρ
(1)n∗αβ"¤±§·�k±eÚn§Ùy²

aquÚn3.4"

Ún 3.5 éu¿©��ε§{{N , F (1)}, F (1)}÷v

‖{{N , F (1)}, F (1)}αβ‖D3η ,O+ ≤
1

4
ε

6
5 e−ρ

(1)n∗αβ .

Ún 3.6 éu¿©��ε§{P̆ , F (1)}÷v

‖{P̆ , F (1)}αβ‖D3,O+ ≤ ε
1
4 e−ρ

(1)n∗αβ , |α|+ |β| ≥ 3.

y²µ·�k

{P̆ , F (1)}αβ = i
∑
n∈Z

(α̌,β̌)+(α̂,β̂)=(α,β)

(
P̆α̌+en,β̌

F
(1)

α̂,β̂+en
− P̆α̌,β̌+en

F
(1)

α̂+en,β̂

)
. (3.70)

éu(3.70)¥�P̆α̌+en,β̌
F

(1)

α̂,β̂+en
§du|α̂| + |β̂ + en| = 1½2§�|α̌ + en| + |β̌| ≥ 4§

K|α|+ |β| = |α̌|+ |β̌|+ |α̂|+ |β̂| ≤ 3"

5¿�n∗αβ ≤ max{n∗
α̌+en,β̌

n∗
α̂,β̂+en

}§±9

n∗
α̌+en,β̌

= max{n+
α̌+en,β̌

, −n−
α̌+en,β̌

}, n∗
α̂,β̂+en

= max{n+

α̂,β̂+en
, −n−

α̂,β̂+en
}.

@on+
α̌+en,β̌

− n−
α̌+en,β̌

+ n∗
α̂,β̂+en

≥ n∗αβ§�∥∥∥P̆α̌+en,β̌
F

(1)

α̂,β̂+en

∥∥∥
D3

≤ e
−ρ(n+

α̌+en,β̌
−n−

α̌+en,β̌
) · ε

3
4 e
−ρn∗

α̂,β̂+en ≤ ε
3
4 e−ρn

∗
αβ .

é(3.70)¥�P̆α̌,β̌+en
F

(1)

α̂+en,β̂
��aq�O§Ïd§e(C8)¤á§

‖{P̆ , F (1)}αβ‖D3 ≤ c8(ρ− ρ(1))−2ε
3
4 e−ρ

(1)n∗αβ ≤ ε
1
4 e−ρ

(1)n∗αβ , |α|+ |β| ≥ 3.

�
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o(±þ�©ÛL§§P (1)�P~5�L«�

·K 3.2 éu¿©��ε§P (1) =
∑

α,β P
(1)
αβ (θ, I; ξ)qαq̄β÷v

‖P (1)
αβ ‖D(1),O+

≤

{
ε(1)e−ρ

(1)n∗αβ , |α|+ |β| ≤ 2

e−ρ
(1)n∗αβ , |α|+ |β| ≥ 3

.

§3.3.4 ��"C�

�¤
éb�^�(A4)Ú(A5)��y§·�Ò?1
KAMS����

fL§"b�·�®²�
1j�fL§§j = 1, · · · , J =
[

5
2
ε−

a
2

]
§·��

�Hamilton¼ê

H(j−1) = H ◦ Φ1
F (1) ◦ · · · ◦ Φ1

F (j−1)

= N + P̆ +

j−1∑
i=1

(
e(i) + 〈ω(i), I〉+ 〈W (i)q, q̄〉

)
+ P (j−1),

AO/§�þI/(0)0�êþL«11�fL§?1�c�êþ"-

R(j−1) :=
∑
k

2|l|+|α|+|β|≤2

P
(j−1)
klαβ e

i〈k,θ〉I lqαq̄β. (3.71)

X·K3.1¥¤Øã�§3O+þ§±eÓN�§

{N , F (j)}+R(j−1) = e(j) + 〈ω(j), I〉+ 〈W (j)q, q̄〉+ P̀ (j), (3.72)

�)§�F (j), ω(j), W (j), P̀ (j)©OäkaquF (1), ω(1), W (1), P̀ (1)�5�"ù�

·��±��

H(j) = H(j−1) ◦ Φ1
F (j) = N + P̆ +

j∑
i=1

(
e(i) + 〈ω(i), I〉+ 〈W (i)q, q̄〉

)
+ P (j).

éuF (j)��O±9éP (j)�b�^��y§�±�§3.3.3¥@�aq?1"

·K 3.3 �Ä(3.14)¥�Hamilton¼êH"�3��"C�Φ(j) = Φ1
F (j)§©O

d�A�¢)ÛHamilton¼êF (j))¤§¦�

H(j) = H ◦ Φ(1) ◦ · · · ◦ Φ(j) = N + P̆ +Gj + P (j), j = 1, · · · , J,
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3D(j) = Dd,ρ+(r(j), s(j))þ¢)Û§Ù¥Gj =
∑j

i=1

(
e(i) + 〈ω(i), I〉+ 〈W (i)q, q̄〉

)
"é

ui = 1, 2, 3, 4§η = ε
1
5§-

D(j)
i = Dd,ρ+(r(j+1) +

i

4
(r(j) − r(j+1)),

i

4
s(j)),

D(j)
iη = Dd,ρ+(r(j+1) +

i

4
(r(j) − r(j+1)),

i

4
ηs(j)).

(a) X(3.71)½ÂR(j−1)§KF (j)3O+þ÷vÓN�§(3.72)§�

‖XF (j)‖D(j−1)
3 ,O+

≤ ε−
1
4 ε(j−1),

Φt
F (j) : D(j−1)

2η → D(j−1)
3η , −1 ≤ t ≤ 1,

‖DΦt
F (j) − I‖D(j−1)

1η
< 2ε−

1
4 ε(j−1),

‖F (j)
αβ ‖D(j−1)

3 ,O+
≤

{
ε−

1
4 ε(j−1)e−ρ

(j−1)n∗αβ , |α|+ |β| ≤ 2

0, |α|+ |β| ≥ 3
,

∂qnF
(j) = ∂q̄nF

(j) ≡ 0, ∀n ∈ J .

(b) Gj÷v‖XGj‖D(j)
3 ,O+

≤ cε§�éui = 1, 2, · · · , j§

|ω(i)|O+ ≤ ε(i−1),

|W (i)
mn|O+ ≤

{
ε(i−1)e−ρ

(i−1) max{|m|, |n|}, |m|, |n| ≤ N+, m, n 6∈ J
0, o.w.

.

(c) ‖XP̆+P (j)‖D(j),O+
≤ ε(j)�P (j)÷v(A4)Ú(A5)§Ù¥�)

‖P (j)
αβ ‖D(j),O+

≤

{
ε(j)e−ρ

(j)n∗αβ , |α|+ |β| ≤ 2

e−ρ
(j)n∗αβ , |α|+ |β| ≥ 3

∂qnP
(j) = ∂q̄nP

(j) ≡ 0, ∀n ∈ J .

-s+ = s(J) = 2−3Jε
J
5 s, Φ = Φ(1) ◦ · · · ◦ Φ(J)§±9

N+ = e+ + 〈ω+, I〉+ 〈Tq, q̄〉+ 〈(A+W+)q, q̄〉,

Ù¥Ω+ = T + A+W+§�

e+ = e+
J∑
j=1

e(j), ω+ = ω +
J∑
j=1

ω(j), W+ = W +
J∑
j=1

W (j).
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@oΦ : D+ → D"léω(j)ÚW (j)��O§·���

|ω+ − ω|O+ ≤ cε, (3.73)

|(W+ −W )mn|O+ ≤

{
ε

1
2 e−

ρ
2

max{|m|, |n|}, |m|, |n| ≤ N+, m, n 6∈ J
0, o.w.

. (3.74)

duW ∗ = W�(W (i))∗ = W (i)§¤±W+E´HermiteÝ
"Ïd§(A1)�(A2)E

¤á§Ù¥p+ = p+ ε
1
2 , σ+ := 1

3
ρ"

-P+ = P (J)"·��±�yb�^�(A4)Ú(A5)éP (J)¤á§ùaqu

3§3.3.3¥¤?1�L§"

�d§·��¤
��KAMÚ½"

§3.4 ½n3.2�y²

-ε0 = ε
1
4 , σ0 = 1, N̂ = | ln ε0|§�N0 = 6| ln ε0|, ρ0 = N−1

0 ,

M0 = max

{
2s̃+4C

Ls̃+1((s̃+ 1)!)2

ξ̃
, 2τ̃ , 8,

12(2τ + b+ 3)

τ̃

}
,

XeS��Uì[16]¥��ª½Â

Mν+1 = M s̃M3
ν

ν , aν =
1

τ̃
M−3s̃M3

ν
ν , εν+1 = ε

1
2
ε
−aν/2
ν

ν ,

Nν+1 = ε−aνν , ρν+1 = εaνν , σν+1 =
1

3
ρν .

�½p0 = ε
1
2
0 , r0 = r, s0 = s§�½ÂS�

pν+1 = pν + ε
1
2
ν , Kν+1 = Nν+1 − (Mν + 1)Nν , Jν =

[
5

2
ε
−aν

2
ν

]
,

rν = r0

(
1−

ν+1∑
i=2

2−i

)
, sν+1 = 2−3Jνε

Jν
5
ν sν , γν = ε

1
80
ν .

Dν�OνX§3.3¥¤½Â"

§3.4.1 S�Ún

±þ�©ÛL§�o(Xe"

Ún 3.7 �3¿©��ε0§¦�Xe·Kéν = 0, 1, · · ·¤á"
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(a) Hν = Nν + P̆ + Pν3Dνþ´¢)Û�§C1
W/�6uξ ∈ Oν§Ù¥

Nν = eν + 〈ων , I〉+ 〈Ωνq, q̄〉

= eν + 〈ων , I〉+ 〈(T + A+Wν)q, q̄〉

Pν =
∑
α,β

(Pν)αβ(θ, I; ξ)qαq̄β,

÷v

(Ων)mn ≡ 0, {m,n} ∩ J 6= ∅,

|(Wν)mn|Oν ≤

{
pνe
−σν max{|m|, |n|}, |m|, |n| ≤ Nν

0, o.w.
,

|ων+1 − ων |Oν+1 ≤ εν ,

|(Wν+1 −Wν)mn|Oν+1 ≤

{
ε

1
2
ν e−

ρν
2

max{|m|, |n|}, |m|, |n| ≤ Nν+1, m, n 6∈ J
0, o.w.

.

d	§Pνäk5�ØC5§�‖XP̆+Pν
‖Dν ,Oν ≤ εν,

‖(Pν)αβ‖Dν ,Oν ≤

{
ενe
−ρνn∗αβ , |α|+ |β| ≤ 2

e−ρνn
∗
αβ , |α|+ |β| ≥ 3

,

∂qnPν = ∂q̄nPν ≡ 0, ∀n ∈ J .

(b) éuz�ν§�3��"C�Φν : Dν+1 → Dν ÷v

‖DΦν − Id‖Dν+1,Oν+1 ≤ ε
1
2
ν ,

¦�Hν+1 = Hν ◦ Φν"

y²µ-c0 := 8e20 max{c1, · · · , c8}"·�I�éν = 0, 1, · · ·�yb�^�(C1)−
(C8)"5¿�

Nν+1 = εaνν = ρ−1
ν+1, σν+1 =

1

3
ρν , r(j)

ν −r(j+1)
ν =

rν − rν+1

2Jν
, ρ(j)

ν −ρ(j+1)
ν =

ρν − ρν+1

2Jν
,

�I�y

(D1) c0sν ≤ εν ,

(D2) c0

(
rν − rν+1

2Jν

)−(2τ+b+1)(
ρν − ρν+1

2Jν

)−2

≤ ε
− 1

20
ν ,
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(D3) c0N
8
ν+1M

8
νN

20
ν e

8MνNνρν ≤ ε
− 7

40
ν ,

(D4) e−
ρνKν+1

2Jν ≤ ε
2
5
ν ,

éuν = 0, 1, · · ·¤á"
ds0�À�§(D1)3ν = 0�²w¤á"b�Ùéu,�ν¤á§@o

c0sν+1 = 2−3Jνε
Jν
5
ν · c0sν < 2−3Jνε

Jν
5
ν · εν < εν+1.

Ïd(D1)é¤kν¤á"

À�¿©��ε0¦�

ε
1
20
− 1

2
a0(2τ+b+3)

0 ≤ 1

c0

( r0

20

)2τ+b+1
(

1− εa0
0

5

)2

.

d?·�A^
Ø�ªM0 ≥ 12
τ̃

(2τ + b + 3)±9a0 = M
−3s̃M3

0
0 ¦� 1

20
− 1

2
a0(2τ +

b+ 3) > 0"@o§£�rν − rν+1 = r0
22+νÚJν =

[
5
2
ε
−aν

2
ν

]
§��

c0

(
r0 − r1

2J0

)−(2τ+b+1)(
ρ0 − ρ1

2J0

)−2

≤ ε
− 1

20
0 ,

=(D2)3ν = 0�´¤á�"duéν ≥ 1±9¿©��ε0§k

ε
1
40
− 1

2
aν(2τ+b+3)

ν � ε
( 6

5)
ν

0 � 1

2ν(2τ+b+1)c0

( r0

20

)2τ+b+1

, ε
1
40
ν �

(
ε
aν−1

ν−1 − εaνν
5

)2

,

K

c0

(
rν − rν+1

2Jν

)−(2τ+b+1)(
ρν − ρν+1

2Jν

)−2

≤ ε
− 1

20
ν .

Ïd§(D2)¤á"

3©z[16]�16Ü©§εν�¿©�5§=ÚnD.1¥�Ø�ª(D.3)§�±

�y§@oÙ¦b�^�����§�)Ø�ª

ΓνN
2
ν e

6MνNνρν ≤ ε
− 1

8
ν ,

Ù¥Γν´�Mν��êO��,�~ê"du�©¥�Mν§Nν§ρνÚεν�[16]¥

�½Â�ª�Ó§·��±A^ù�Ø�ª"¤±(D3)¤á"

dρν§aνÚεν�½Â§k

ρνε
− 1

2
aν

ν > ln
1

εν
.

@o(D4)éν = 0, 1, · · ·Ñ¤á" �
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§3.4.2 Âñ5

�½x ∈ X̃§Ù¥X̃�½n1.6¥¤½Â"ùÒ¿�X§½n1.6¥¤J��

©¬¬3,�Ú½��Ø2O�§=éz�n ∈ Z§�3ν0(n)¦�

Λν+1(n) = Λν(n), ∀ν ≥ ν0(n).

3ù«�/e§n?�ÛÜP~�ÝØ72�Xν
~�£
ρν´éA¤kn ∈
Z�P~�Ý��Ûe.¤"
½ÂΨν = Φ0 ◦Φ1 ◦ · · · ◦Φν−1, ν = 1, 2, · · ·"±þ�8BÚnL²Ψν : Dν+1 →

D0§±9

H0 ◦Ψν = Hν = Nν + P̆ + Pν .

-Oε = ∩∞ν=0Oν"|^Ún3.3±9�
IO·K§��3Dd,0(1
2
r0, 0) ×

Oεþ§Hν , Nν , Pν , Ψν , eν , ων±9Wν©O��Âñu4�H∞, N∞, P∞, Ψ∞,

e∞, ω∞±9W∞ é²w§3d�/e§

N∞ = e∞ + 〈ω∞, I〉+ 〈(T + A+W∞)q, q̄〉,

Ù¥Ω∞ = T + A + W∞÷v�m½n ∈ J�(Ω∞)mn ≡ 0"du‖XPν‖Dν ,Oν ≤ εν§

�εν → 0§K‖XP∞‖Dd,0( 1
2
r0,0),Oε = 0"

ÏH0 ◦ Ψν = Hν§·�kΦt
H0
◦ Ψν = Ψν ◦ Φt

Hν
§Ù¥Φt

H0
L«Hamilton�þ

|XH0��6"Ψν�XHν���Âñ5L²§

Φt
H0
◦Ψ∞ = Ψ∞ ◦ Φt

H∞ , Ψ∞ : Dd,0(
1

2
r0, 0)→ D0.

Ïd§

Φt
H0

(Ψ∞(Tb × {ξ})) = Ψ∞Φt
N∞(Tb × {ξ}) = Ψ∞(Tb × {ξ}), ∀ξ ∈ Oε.

l
��§Ψ∞(Tb × {ξ})´�©�6ÄHamiltonXÚH03ξ ∈ Õþ���i\
ØC�¡"Ψ∞(Tb × {ξ})¤éA�ªÇω∞(ξ)��ªÇω(ξ)�kUC"

§3.4.3 ÿÝ�O

3KAMS��1νÚ¥§·�Ié�½�x ∈ X̃�K±e���ëê8

Rν
k := Rν1

k

⋃( ⋃
n∈Λν

Rν2
kn

)⋃( ⋃
m,n∈Λν

Rν3
kmn

)⋃( ⋃
m,n∈Λν

Rν4
kmn

)
, k 6= 0
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Ù¥

Rν1
k :=

{
ξ ∈ Oν : |〈k, ων〉| <

γν
|k|τ

}
,

Rν2
kn :=

{
ξ ∈ Oν : |〈k, ων〉+ µνn| <

γν
|k|τN2

ν+1

}
,

Rν3
kmn :=

{
ξ ∈ Oν : |〈k, ων〉+ µνm + µνn| <

γν
|k|τN4

ν+1

}
,

Rν4
kmn :=

{
ξ ∈ Oν : |〈k, ων〉+ µνm − µνn| <

γν
|k|τN4

ν+1

}
,


{µνj}j∈Λν�D̃ν
Λν + Ãν�A��"é²w§O \ Oε ⊆

⋃
ν≥0

⋃
k 6=0Rν

k"

£�ω0´��'uξ��©Ó�§¿(Ü�O(3.26), (3.73)±9(3.74)§�

�éu8ÜRν4
kmn§

|∂ξ(〈k, ων〉+ µνm − µνn)| ≥ |∂ξ〈k, ω0〉| − ε
1
4
0 |k| − p = O(|k|).


Rν1
k , Rν2

kn, Rν3
kmn��/�aq?n"Ïd∣∣∣∣∣Rν1

k

⋃( ⋃
n∈Λν

Rν2
kn

)⋃( ⋃
m,n∈Λν

Rν3
kmn

)⋃( ⋃
m,n∈Λν

Rν4
kmn

)∣∣∣∣∣ ≤ cγν
|k|τ+1

.

dτ ≥ b��§

|O0 \ Oε| ≤

∣∣∣∣∣⋃
ν≥0

⋃
k 6=0

Rν
k

∣∣∣∣∣ ≤ c
∑
ν≥0

∑
k 6=0

γν
|k|τ+1

= c
∑
ν≥0

γν ∼ γ0 = ε
1
80
0 .
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N¹� Hamiltonian�þ|�Poisson)Ò

éud, ρ, r, s > 0§-FÚG�D = Dd,ρ(r, s)þ�ü�¢)Û¼ê§�Ñ
´C1

W/�6uëêξ ∈ O"

Ún A.1 �ê‖ · ‖D÷vBanach�ê5�§=

‖FG‖D ≤ ‖F‖D‖G‖D.

y²µdu

(FG)klαβ =
∑

ǩ+k̂=k, ľ+l̂=l

α̌+α̂=α, β̌+β̂=β

Fǩľα̌β̌Gk̂l̂α̂β̂,

·�k

‖FG‖D = sup
D

∑
k,l,α,β

|(FG)klαβ|O|qα||q̄β||I l|e|k||Imθ|

≤ sup
D

∑
k,l,α,β

∑
ǩ+k̂=k, ľ+l̂=l

α̌+α̂=α, β̌+β̂=β

|Fǩľα̌β̌Gk̂l̂α̂β̂|O|q
α||q̄β||I l|e(|ǩ|+|k̂|)|Imθ|

≤ ‖F‖D‖G‖D.

�

Ún A.2£2ÂCauchyØ�ª¤Hamiltonian�þ|XF��Ü©÷vµ0 < r′ <

r, 0 < ρ′ < ρ§

‖∂θF‖Dd,ρ(r′, s) ≤
c

r − r′
‖F‖D,

‖∂IF‖Dd,ρ(r, s
2

) ≤
c

s2
‖F‖D,

sup
Dd,ρ(r, s

2
)

∑
n∈Z1

(‖∂qnF‖O + ‖∂q̄nF‖O) 〈n〉de|n|ρ′ ≤ c

s(ρ− ρ′)
‖F‖D.

y²µ·��Iy²1n�Ø�ª§,	ü�aq"�½ω ∈ `1
d,ρ(Z1) \ {0}§

@o

f(t) = F (∗, ∗, q + tω, ∗)
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´��{z ∈ C : |z| < s
‖ω‖d,ρ

}þ�)Û¼ê"dÏ~�Cauchy�O§��

|f ′(0)| =

∣∣∣∣∣∑
n∈Z1

ωn · ∂qnF

∣∣∣∣∣ ≤ c

s
‖F‖D · ‖ω‖d,ρ.

��`1
d,ρ(Z1)�mþ��5�f§∂qFÒ÷v

‖∂qF‖op := sup
ω 6=0

∣∣∑
n∈Z1

ωn · ∂qnF
∣∣

‖ω‖d,ρ
≤ c

s
‖F‖D.

-‖ω‖d,ρ = s
2
§@o

|∂qnF | ≤ sup
‖ω‖d,ρ= s

2

|∂qnF | · |ωn|
‖ω‖d,ρ

≤ ‖∂qF‖op|ωn|
s
2

≤ c

s
‖F‖D〈n〉−de−|n|ρ.

Ïd§é?¿0 < ρ′ < ρ§∑
n∈Z1

|∂qnF |〈n〉de|n|ρ
′ ≤ c

s
‖F‖D〈n〉de−|n|(ρ−ρ

′) ≤ c

s(ρ− ρ′)
‖F‖D.

éuF̃ =
∑

k,l,α,β(∂ξFklαβ)I lei〈k,θ〉qαq̄β§aq�y∑
n∈Z1

|∂qnF̃ |e|n|ρ
′ ≤ c

s(ρ− ρ′)
‖F‖D.

du3±þL§¥§ξ ∈ O±9(θ, I, q, q̄) ∈ Dd,ρ(r, s2)´?¿�½�§1n�Ø

�ª�y" �

Ún A.3 e‖XF‖D < ε′, ‖XG‖D < ε′′§Ké?¿0 < ζ < r±90 < η � 1§

k‖X{F,G}‖Dd,ρ(r−ζ,ηs) < cζ−1η−2ε′ε′′"

y²L§��[21]"

Ún A.4 e¢)Û¼êFÚGÑäk5�ØC5§K{F,G}Eäk5�ØC
5"

y²µF�G����

F =
∑
k,α,β

Fkαβ(I; ξ)ei〈k,θ〉qαq̄β, G =
∑
k,α,β

Gkαβ(I; ξ)ei〈k,θ〉qαq̄β,
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Ù¥Xê÷v§e
∑b

j=1 ki + |α| − |β| 6= 0§KFkαβ = Gkαβ ≡ 0"²��O�§�

�

{F,G}kαβ = i
∑
ǩ+k̂=k
α̌+α̂=α

β̌+β̂=β

(
〈∂IFǩα̌β̌, k̂〉Gk̂α̂β̂ − 〈ǩ, ∂IGk̂α̂β̂〉Fǩα̌β̌

)
(A.1)

+i
∑
ǩ+k̂=k
α̌+α̂=α

β̌+β̂=β

∑
m∈Z

(
Fǩ(α̌+em)β̌Gk̂α̂(β̂+em) − Fǩα̌(β̌+em)Gk̂(α̂+em)β̂

)
. (A.2)

±þ¦Úª¥§XJ
∑b

j=1 ki + |α| − |β| 6= 0§@o

b∑
j=1

ǩj + |α̌| − |β̌| =
b∑

j=1

k̂j + |α̂| − |β̂| = 0,

½ö
b∑

j=1

ǩj + |α̌ + em| − |β̌| =
b∑

j=1

k̂j + |α̂| − |β̂ + em| = 0,

b∑
j=1

ǩj + |α̌| − |β̌ + em| =
b∑

j=1

k̂j + |α̂ + em| − |β̂| = 0

Ñ´Ø�Uu)�"ùÒ¿�X§(A.1)Ú(A.2)¥�z��Ñ≡ 0"dd§Ú

nA.4�y" �

Ún A.5 e�3n∗ ∈ Z¦�

∂qn∗F = ∂q̄n∗F = ∂qn∗G = ∂q̄n∗G ≡ 0,

@o∂qn∗{F,G} = ∂q̄n∗{F,G} ≡ 0"

y²µdu

∂qn∗{F,G} = ∂qn∗

(
〈∂IF, ∂θG〉 − 〈∂θF, ∂IG〉+ i

∑
m∈Z

(∂qmF · ∂q̄mG− ∂q̄mF · ∂qmG)

)
=

〈
∂I(∂qn∗F ), ∂θ(∂qn∗G)

〉
−
〈
∂θ(∂qn∗F ), ∂I(∂qn∗G)

〉
+i
∑
m∈Z

(
∂qm(∂qn∗F ) · ∂q̄m(∂qn∗G)− ∂q̄m(∂qn∗F ) · ∂qm(∂qn∗G)

)
≡ 0

�aq/§∂q̄n∗{F,G} ≡ 0§ÚnA.5�y" �
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N¹� Ã¡�Ý
�P~5�

Ún B.1 �½Ý
G = (Gmn)m,n∈ZÚF = (Fmn)m,n∈Z§¿-K = GF"

(1) XJ|Gmn| ≤ cGe
−σG|m−n|, |Fmn| ≤ cF e

−σF |m−n| é,cG, cF , σG, σF > 0¤á§@

oé?¿0 < σK < min{σG, σF}§±9cK = c · cGcF (min{σG, σF} − σK)−1§k

|Kmn| ≤ cKe
−σK |m−n|;

(2) XJ|Gmn| ≤ cGe
−σG max{|m|, |n|}, |Fmn| ≤ cF e

−σF |m−n|§@o

|Kmn| ≤ cKe
−σK max{|m|, |n|};

(3) XJ|Gmn| ≤ cGe
−σG|m−n|, |Fmn| ≤ cF e

−σF max{|m|, |n|}§@o

|Kmn| ≤ cKe
−σK max{|m|, |n|};

(4) XJ|Gmn| ≤ cGe
−σG max{|m|, |n|}, |Fmn| ≤ cF e

−σF max{|m|, |n|}§@o

|Kmn| ≤ cKe
−σK max{|m|, |n|}.

d	§XJσG 6= σF§K±þ(Øéu

σK = min{σG, σF}, cK = c · cGcF |σG − σF |−1

�¤á"

y²µduK = GF�Ý
���±L«�Kmn =
∑

l∈ZGmlFln§·���§3

�/(1)¥§é?¿0 < σK < min{σG, σF}§

|(GF )mn| ≤
∑
l∈Z

|Gml||Fln|

≤ cGcF
∑
l∈Z

e−σG|m−l|e−σF |l−n|

≤ cGcF e
−σK |m−n|

∑
l∈Z

e−(σG−σK)|m−l|e−(σF−σK)|l−n|

≤ c · cGcF (min{σG, σF} − σK)−1e−σK |m−n|.
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d?·�A^
Ø�ª

|m− l|+ |l − n| ≥ |m− n|.

d	§eσG 6= σF§Ø�b�0 < σG < σF§@o

|(GF )mn| ≤ cGcF
∑
l∈Z

e−σG|m−l|e−σF |l−n|

≤ cGcF e
−σG|m−n|

∑
l∈Z

e−(σF−σG)|l−n|

≤ c · cGcF (σF − σG)−1e−σG|m−n|.

�u�/(2)− (4)§�A�(J�±ÏL

|m− l|+ max{|l|, |n|} ≥ max{|m|, |n|},

max{|m|, |l|}+ max{|l|, |n|} ≥ max{|m|, |n|},

aq��"

Ïd§ÚnB.1�±y²" �

5º B.1 3�/(3)Ú(4)¥§XJò÷v|Fmn| ≤ cF e
−σF max{|m|, |n|}�Ý
FO�

�÷v|fn| ≤ cfe
−σf |n|��þf = (fn)n∈Z§@oéu�þGf§·�k

|(Gf)n| ≤ cKe
−σK |n|.
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N¹n ½n1.4�y²

éu,�R > 0§-ARL«3

SR := {z ∈ C : |Imz| < R},

þ)Û�1−±Ï¼êf��N§�½ÂÙ�ê

‖f‖R := sup
z∈SR
|f(z)|.

b�V´½Â3SR := {z ∈ C : |Imz| < R}þ�1−±Ï�æX¼ê§3¢¶þ
�¢�§��3,�C > 0¦�

|V (z)− V (z − a)| ≥ C|a|1, ∀a ∈ R, z ∈ SR. (C.1)

V (x) = tan πxÒ�w�´��;.�~f§Ù¥C�0u0Úπ�m�?¿�"

ù��¼êVäkXe�­½5"

Ún C.1 ?�g ∈ AR§÷v‖g‖R < %C"XJ0 < % < R§@oṼ := V + gÒ

´SR−%þ�æX¼ê§�÷v

|Ṽ (z)− Ṽ (z − a)| ≥
(
C − 1

%
‖g‖R

)
|a|1, ∀a ∈ R, z ∈ SR−%.

d	§z ∈ SR−%´Ṽ�4:§��=�§´V�4:"

y²µdug ∈ AR§@oA^CauchyúªÒ��∣∣∣∣dgdz (z∗)

∣∣∣∣ ≤ ∣∣∣∣∮
γ

1

2πi

g(z)

(z − z∗)2
dz

∣∣∣∣ , ∀z∗ ∈ SR−%,

d?γ´SR¥�7:z∗�?¿´»"Ïd∣∣∣∣dgdz (z∗)

∣∣∣∣ ≤ |γ|
2π dist(z, γ)2

‖g‖R.

�âz∗ ∈ SR−%ù�¯¢§�À�γ�±z∗�¥%±%��»��±"@o∥∥∥∥dgdz
∥∥∥∥
R−%
≤ 1

%
‖g‖R.

77



l
�‖g‖R < %C�§dØ�ª

|g(z)− g(z − a)|
|a|1

≤
∥∥∥∥dgdz

∥∥∥∥
R−%

, ∀a ∈ R, z ∈ SR−%,

��

|Ṽ (z)− Ṽ (z − a)| ≥ |V (z)− V (z − a)| − |g(z)− g(z − a)| ≥
(
C − 1

%
‖g‖R

)
|a|1.

'u4:�ØC5�y§Ò�~²w
" �

·�Áãæ^IO.�

D(x) = diag{V (x+ 〈n, α̃〉)}n∈Zd ,

�KAMS��©Û`2(Zd)þ��5�fL§Ù¥x ∈ R/ZØ�¼êV�4:§

�α̃ ∈ Rd÷vDiophantine^�(1.3)"ù´duÏL(1.4)½Â�L�w�´ü�

Ã¡�Ý
�Ú§=

L = D0 + Z0 = diag{tan π(x+ 〈n, α̃〉)}n∈Zd + ε∆.

�Äé¡Ý
Z = (Zmn)m,n∈Zd§Ù¥Zmn ∈ AR3R/Zþ�¢)Û�§£'
uα̃¤÷vshift^�§=

Zm+k,n+k(x) = Zmn(x+ 〈k, α̃〉), x ∈ R/Z, 1

¿��3¿©��ε > 0¦�

‖Zmn‖R ≤ εe−ρ|m−n|. (C.2)

Ún C.2 �3�é¡Ý
F = (Fmn)m,n∈Zd§Ù¥Fmn ∈ AR3R/Zþ¢)Û§�
÷vshift^�§¦�

[D,F ] + Z = diag{Znn}n∈Zd . (C.3)

d	§

‖Fmn‖R ≤ C−1γ−1|m− n|τ̃ · ‖Zmn‖R.
1N´�y§ù�5�'uÝ
¦{´µ4�"
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y²µÏL��O���

[D,F ]mn = (V (x+ 〈m, α̃〉)− V (x+ 〈n, α̃〉)Fmn.

Ïd§½ÂÝ
F�

Fmn =


Zmn

V (x+ 〈n, α̃〉)− V (x+ 〈m, α̃〉)
, m 6= n

0, m = n
,

@o�ª(C.3)¤á"Ý
F��é¡5±9shift^�w
´�"

duV÷v^�(C.1)�ω̃÷vDiophantine^�(1.3)§l
k

|V (x+ 〈n, α̃〉)− V (x+ 〈m, α̃〉)| ≥ C|(m− n)α̃|1 ≥ Cγ̃|m− n|−τ̃ .

¤±

‖Fmn‖R ≤ C−1γ̃−1|m− n|τ̃ · ‖Zmn‖R.

�

íØ C.1 �3��Ý
U§Umn ∈ AR3R/Zþ¢)Û§�÷vshift^�§¦�

U∗(D + Z)U = D + diag{Znn}n∈Zd + Z+,

Ù¥Z+´��é¡Ý
§(Z+)mn ∈ AR3R/Zþ¢)Û§�÷vshift^�"d

	§é?¿0 < ρ+ < ρ§�ε¿©��§

‖(U − IZd)mn‖R ≤ cC−1γ̃−1(ρ− ρ+)−(τ̃+1)εe−ρ+|m−n|,

‖(Z+)mn‖R ≤ ε
3
2 e−ρ+|m−n|.

y²µ-U = eF"ék ≥ 1§�âL�ª

(F k)mn =
∑
lj∈Zd

j=1,··· ,k−1

Fml1Fl1l2 · · ·Flk−1n

���ε¿©��§

‖(F k)mn‖R ≤ c(C−1γ̃−1(ρ− ρ+)−(τ̃+1)ε)ke−ρ+|m−n| ≤ ε
2k
3 e−ρ+|m−n|.
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òe±F?1�?êÐm§��

‖(e±F − IZd)mn‖R ≤ ε
1
2 e−ρ+|m−n|.

5¿�

Z+ = e−F (D + Z)eF −D − diag{Znn}n∈Zd

=
∞∑
k=2

1

k!
[· · · [D,F ] · · · , F︸ ︷︷ ︸

k

] +
∞∑
k=1

1

k!
[· · · [Z, F ] · · · , F︸ ︷︷ ︸

k

],

l
��

‖(Z+)mn‖R ≤ ε
3
2 e−ρ+|m−n|.

�

-V+ = V + Z00"�âÚnC.1§é?¿�0 < R+ < R§V+´SR+þ�æX

¼ê§�÷v

|V+(z)− V+(z − a)| ≥
(
C − ε

R−R+

)
|a|1, ∀a ∈ R, z ∈ SR+ .

d	§z ∈ SR+´V+�4:§��=�§´V�4:"

£�é�fL�©Û§-V0(z) = tan πz, ε0 = e4ε, ρ0 = 4§¿?�R0 > 0±

91 < C0 < π"éν = 1, 2, · · ·§½ÂS�µ

εν = ε
( 3

2)
ν

0 , ρν =
ρ0

2
+

ρ0

2ν+1
, Rν =

R0

2
+

R0

2ν+1
, Cν = C −

ν∑
j=0

εj
Rj −Rj+1

.

�âÚnC.2±9íØC.1§��XeS�·Kµ

·K C.1 �3ε0 = ε0(α̃)§¦�é�5�fL§±e(Ø30 < ε < ε0�¤á"

éν = 1, 2, · · ·§�3��SRνþ�æX¼êVν§¿÷v

|Vν(z)− Vν(z − a)| ≥ Cν |a|1, ∀a ∈ R, z ∈ SRν ,

±9����Ý
Uν§(Uν)mn ∈ ARν3R/Zþ¢)Û§�÷vshift^�§±9

‖(Uν − IZ)mn‖Rν ≤ cC−1
ν−1γ̃

−1(ρν−1 − ρν)−(τ̃+1)εν−1e
−ρν |m−n|,
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¦�

U∗ν · · ·U∗1LU1 · · ·Uν = diag{Vν(x+ 〈n, α̃〉)}n∈Zd + Zν , ∀x ∈ X .

d?Zν´��é¡Ý
§(Zν)mn ∈ ARν3R/Zþ¢)Û§�÷vshift^�§±

9

‖(Zν)mn‖Rν ≤ ενe
−ρν |m−n|.

dd��§�ν →∞�§Vν → V̂3SR
2
þ¤á§¿�3�f�ê‖ · ‖R

2
�¿

Âe§

U1 · · ·Uν → U, Zν → 0.

²��O�§��

‖(U − IZd)mn‖R
2
≤ cC−1γ̃−1εe−2|m−n|.
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N¹o ½n1.6�y²V�

éuI ⊂ R/Zþ�1w¼êf§½Â|f |Cj := max
0≤k≤j

sup
x∈I

1

k!
|∂kxf(x)|"

(1.6)¥��fT�±w�´ü�Ã¡�Ý
�Ú§=

T = D0 + Z0 = diag{V (x+ nα̃)}n∈Z + ε∆.

·���½Â�«�)
diag{V (x+ nα̃)}n∈Z�IO."

½Â D.1 �½�1w�6ux ∈ R/Z�é¡Ý
D§÷v±eshift^�

Dm+k,n+k(x) = Dmn(x+ kα̃), ∀k ∈ Z, (D.1)

Ù¥α̃´�Diophantineê§=�3γ̃ > 0§τ̃ > 1§¦�

|nα̃|1 ≥
γ̃

|n|τ̃
, ∀n 6= 0.

XJe�^�÷v§·�¡D´��IO."

(a) á§5.

|Dmn|Ck ≤

{
Ce−ρ|m−n|Lk, |m− n| ≤ N

0, |m− n| > N
, ∀k ≥ 0.

(b) ©¬é�z. ?¿�½x∗ ∈ R/Z"�3±x∗�¥%�«mI§��é�ê
8pØ���©)

⋃
j Λj = Z§±9��3Iþ1w���Ý
Q¦�

(b1) éz�j§]Λj ≤M�diamΛj ≤MN¶

(b2) D̃ = Q∗DQ =
∏

j D̃Λj(x)§∀x ∈ I¶

(b3) e|m− n| > N§KQmn ≡ 0"d	§éz�m§Qmn 6≡ 0=é�õM�Ø

Ó�n¤á¶

(b4) |Q|Ck ≤ Lk§∀k ≥ 0"

(c) A��.�3©ã1w¼êE(x)§¦�éz�j§{E(x∗+nα̃)}n∈Λj´D̃Λj(x∗)�

A��§��38ÜΩj ⊃ Λj¦�
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(c1) éz�n§einf l∈Λj |E(x∗ + lα̃)− E(x∗ + nα̃)| < κ§K�3m ∈ Ωj¦�

x∗ + nα̃ ∈ x∗ +mα̃ +
1

2
(I − x∗),

Q(x)(RΛ(n)) ⊂ RΩj+n−m, ∀x ∈ I;

(c2) (ª1

uΩj(ϕ, x) = Res
(
det(D(x+ ϕ)Ωj − tIΩj), det(D(x)Ωj − tIΩj)

)
÷v

|uΩj |Ck < (4MC)2M2

Bk, ∀k ≤ s̃M2 + 1, 2

max
0≤k≤s̃M2

∣∣∣∣ 1

ν!Bk
∂kϕuΩj(ϕ, x)

∣∣∣∣ ≥ ϑ, ∀ϕ, ∀x ∈ R/Z;

(c3) ]Ωj ≤M�diamΩj ≤
(

1
λ

)τ̃+2
¶

(c4) «m{nα̃ + I}dist(n,Ωj)<NpØ��¶

(c5) éz�ϕ ∈ I§uΩj(ϕ, x)÷v

|uΩj |Ck < (2MC)2M2

Bk, ∀k ≤ s̃M2 + 1, 3

max
0≤k≤s̃M2

∣∣∣∣ 1

ν!Bk
∂kxuΩj(ϕ, x)

∣∣∣∣ ≥ ϑ

 ∏
m,n∈Ωj

|ϕ+ (m− n)α̃|1

 , ∀x ∈ R/Z.

5º D.1 ^�(a)%¹
éuD : `2(Z)→ `2(Z)��f�ê��Oµ

‖D‖Ck ≤ C
eρ + 1

eρ − 1
Lk ≤ C

4

ρ
Lk, ∀k ≥ 0.

�Äé¡Ý
1w�6ux ∈ R/Z�Ý
Z(x)§÷vshift^�§�

|Zmn|Ck < εe−%|m−n|Lk, ∀k ≥ 0. (D.2)

1ü�Ä�õ�ªP�Q�(ª½Â�Res(P,Q) =
∏

P (x)=0
Q(y)=0

(x− y)"
2�ê¥�¦�´'uCþϕ"
3�ê¥�¦�´'uCþx"
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Ún D.1 ([16]¥�Ún7) -D�«mI ⊂ R/Zþ�¹ëêC, L, ρ, M , N , κ,

B, ϑ, λ�IO.§�-a < g < h÷v��^�

1

τ̃M3s̃M3 ≤ a <
g

20s̃τ̃M4
<

h

100s̃2τ̃M8
, h ≤ 1

5s̃M2s̃M3 .

b�

1 ≤ B ≤ L, M ≥ 8, 1 < C < 2, ρ, κ, ϑ ≤ 1.

-Z���÷vshift^��é¡Ý
"b�

λ ≤ |I| ≤ ϑ/B,

|Zmn|Ck < εe−ρ|m−n|Lk, k ≥ 0.

XJ�3�M��êP~�~êΓ = Γ(γ̃, τ̃ , s̃,M)§¦�

|ε| < Γ

[
ρτ̃κϑλτ̃

2

LN τ̃
e−Nρ

]ees̃M4

, (D.3)

K�31w���Ý
Ũ§÷vshift^�§¦�

|(Ũ − I)mn|Ck < ε
1
2 e−ρ

′|m−n|L′k

±9

Ũ∗(D + Z)Ũ = D′ + Z ′,

Ù¥D′´«mI ′ ⊂ Iþ�IO.§�këê

C ′ = (1 + ε
1
2 )C, L′ = ε−hL, ρ′ = 1

2
ρ,

λ′ = 9−M
′
λ, M ′ = M s̃M3

, N ′ = ε−a,

κ′ = εh, B′ = L, ϑ′ = εgL,

�

2λ′ ≤ |I ′| ≤ εg,

|Z ′mn|Ck < ε
1
2
ε−a/2e−ρ

′|m−n|L′k.

,	§

|E(x∗ +mα̃)− E(x∗ + nα̃)| < M ′L

ρ
εg, ∀m ∈ Λ′(n),
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Q′(x)(RΛ′(n)) ⊂
∑

m∈Λ′(n)

Q(x)(RΛ(m)), ∀x ∈ I ′,

�D′3«mx∗ + 1
2
(I ′ − x∗)þ´�k�Óëê�IO."

��§XJM ≥ 2τ̃§@o8Ü

{x∗+mα̃ : |E(x∗+mα̃)−E(x∗+ (m+n)α̃)| < 2M ′L

ρ
εg}, ∀ 4(1/λ)τ̃+2 < |n| < M ′N ′,

{x∗ +mα̃ : |E(x∗ +mα̃)− E(x∗ + (m+ n)α̃)| < 2ε
1
8}, ∀M ′N ′ < |n| < 4(1/λ′)τ̃+2

�4�§©O´�õkε−
g

5s̃M2Úε−M
4g��Ý�ε

g

4s̃M2Úε2M4g©|�¿8"

TÚn�y²�¹
#�©¬Λ′i§=3Zþ#��d'X§±9#���Ý

Q′"y²L§��©z[16]�15Ü©"

éuZ0 = ε∆§·�k

|(Z0)mn|Ck < ε0e
−ρ0|m−n|Lk0,

Ù¥ε0 = eε, ρ0 = 1�L0 = L£�(1.7)¤"3[16]�16Ü©¥§Eliasson®y

²§D0 = diag{V (x+ nα̃)}n∈Z´��IO.§Ù¥C0 = C£�(1.7)¤§N0 ≥ 1§

M0 ≥ max

{
2s̃+4C

Ls̃+1((s̃+ 1)!)2

ξ̃
, 2τ̃ , 8

}
,

�kÙ¦Ü·�ëêκ0, B0, λ0, ϑ0"

éν = 0, 1, 2, · · ·§-Mν+1 = M
s̃M3

ν
ν §±9

aν =
1

τ̃

(
1

Mν

)3s̃M3
ν

, gν = 20s̃τ̃M4
νaν , hν =

1

5s̃

(
1

Mν

)2s̃M3
ν

.

Ù¦S�½ÂXeµ

εν+1 = ε
1
2
ε
−aν/2
ν

ν , Cν+1 = (1 + ε
1/2
ν )Cν , Lν+1 = ε−hνν Lν ,

Nν+1 = ε−aνν , ρν+1 = εaνν , κν+1 = εhνν ,

Bν+1 = Lν , λν+1 = 9−Mνεgνν , ϑν+1 = εgνν Lν .

�âS�{εν}�½Â§Ø�ª(D.3)3[16]�16Ü©¥��y²"Ïd§Ú

nD.1�±Ì�A^"éz�ν ≥ 0§Ñ�3÷vshift^����Ý
Ũν¦�

|(Ũν − IZ)mn|Ck < ε
1
2
ν e
− ρν

2
|m−n|Lkν+1
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�

(Ũ0 · · · Ũν)∗(D0 + Z0)(Ũ0 · · · Ũν) = Dν+1 + Zν+1,

Ù¥Dν+1��këêCν+1, Lν+1, ρν+1, Mν+1, Nν+1, κν+1, Bν+1, ϑν+1, λν+1�IO

.§�

|(Zν+1)mn|Ck ≤ εν+1e
−ρν+1|m−n|Lkν+1.

l
§3�f�ê‖ · ‖Ck¿Âe§

Ũ0 · · · Ũν → U, Zν → 0, Dν → D∞.

-Uν+1 = Ũ0 · · · Ũν§²��O�§

|(Uν+1 − IZ)mn|Ck < ε
1
2
0 e
− ρν

2
|m−n|Lkν+1.

²w/§�3��4�E∞(x)¦�§Eν(x)→ E∞(x)"D∞(x)�Ì8=�E∞�

�4�"y�Ä÷v

|E∞(x)− E∞(x+ nα̃)| < 3

2
Mν+1

Lν
ρν
εgνν , ∃n s.t. 4(1/λν)

τ̃+2 < |n| < Mν+1Nν+1

½ö

|E∞(x)− E∞(x+ nα̃)| < 3

2
ε

1
8
ν , ∃n s.t. Mν+1Nν+1 < |n| < 4(1/λν+1)τ̃+2

�¤kx�4�Sν"�âÚnD.1¥����ã§ù´��ÿÝ�ucε
gν/20s̃M2

ν
ν �

8Ü"�âBorel-CantelliÚn§·���§�3R/Z��ÿf8X̃¦�é?
¿x ∈ X̃§z�x + nα̃��3uk��Sν�¥"À�ù�a.�x = x∗§=é

¤kn ∈ Z§�3ν0(n)¦�éuν ≥ ν0(n)Ñkx∗ + nα̃ 6∈ Sν"Ïd§éù��ν§

|Eν(x∗+nα̃)−Eν(x∗+nα̃+mα̃)| ≥ 2Mν+1
Lν
ρν
εgνν , ∀ 4(1/λν)

τ̃+2 < |m| < Mν+1Nν+1,

|Eν(x∗ + nα̃)− Eν(x∗ + nα̃ +mα̃)| ≥ 2ε
1
8
ν , ∀Mν+1Nν+1 < |m| < 4(1/λν+1)τ̃+2.

ùL«éuν ≥ ν0(n), Λν(n) ⊂ [n − 4(1/λν0(n))
τ̃+2, n + 4(1/λν0(n))

τ̃+2]"¤±

¬Λν(n)ÒØ2*�
§=

Λν+1(n) = Λν(n), ∀ν ≥ ν0(n).
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N¹Ê Ún2.1�y²

éu|i|, |j|, |m|, |n| ≤ κ| ln ε|§·�3R/Zþ�Ä¼ê

V 0
i,j,m,n(x) := tan π(x+ iα̃)− tanπ(x+ jα̃) + tan π(x+mα̃)− tanπ(x+ nα̃).

dusupx∈R/Z |V̂ (x) − tan πx| ≤ ε§Ïd§���(2.24)¥�e.§�Iy²

3R/Z�,�f8þk
|V 0
i,j,m,n(x)| ≥ 2ε

1
4 .

·�k7�òù
¼êÑ��3f8X0 = X ′0 ∩ X ′′0 ⊂ R/Zþ£7�5���
�¤§Ù¥

X ′0 :=

{
x ∈ R/Z :

∣∣∣∣x+ nα̃− 1

2

∣∣∣∣ ≥ ε
1

1200 , ∀|n| ≤ κ| ln ε|
}
,

X ′′0 :=
{
x ∈ R/Z : | tanπ(x+ nα̃)| ≥ ε

1
1200 , ∀|n| ≤ κ| ln ε|

}
.

Ïd3X0þ§é¿©��ε§±9|n| ≤ κ| ln ε|§

ε
1

1200 ≤ | tanπ(x+ nα̃)| ≤
∣∣∣∣tanπ

(
1

2
− ε

1
1200

)∣∣∣∣ =
∣∣∣tan ε

1
1200π

∣∣∣−1

≤ cε−
1

1200 . (E.1)

@oV 0
i,j,m,n(x)ÒÑ´X0þk.�©ã1w¼ê"N´�y§X0�õkcκ| ln ε|�

ëÏ©|§�é¿©��ε÷v

mes(R/Z \ (X ′0 ∩ X ′′0 )) ≤ cκ| ln ε| · ε
1

1200 < ε
1

1400 .

é²w§�{i,m} = {j, n}�§V 0
i,j,m,n ≡ 0"¤±·�b�{i,m} 6= {j, n}"X

J�k{i,m}∩ {j, n} 6= ∅§@oT�8=k����"Ø���5§b�i = j,

m 6= n§K

V 0
i,j,m,n(x) = tan π(x+mα̃)− tanπ(x+ nα̃). (E.2)

Ïd§

|V 0
i,j,m,n(x)| ≥ π|(m− n)α̃|1 ≥

πγ̃

2τ̃ | ln ε|τ̃
≥ ε

1
1200 . (E.3)


{i,m} ∩ {j, n} = ∅��/Òw���E,§§�©�±eo«f�/µ
(S1) {i,m} ∩ {j, n} = ∅§i 6= m�j 6= n¶

(S2) {i,m} ∩ {j, n} = ∅§i = m�j 6= n¶
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(S3) {i,m} ∩ {j, n} = ∅§i 6= m�j = n¶

(S4) {i,m} ∩ {j, n} = ∅§i = m�j = n"

·��I�Ä(S1)− (S3)§ù´du3(S4)¥§

V 0
i,j,m,n(x) = 2(tan π(x+mα̃)− tanπ(x+ nα̃))

�(E.2)¥��/aq"�Au(S1)− (S3)§-

B1(x) :=


tanπ(x+ iα̃) tan π(x+ jα̃) tan π(x+mα̃) tan π(x+ nα̃)

tan2 π(x+ iα̃) tan2 π(x+ jα̃) tan2 π(x+mα̃) tan2 π(x+ nα̃)

tan3 π(x+ iα̃) tan3 π(x+ jα̃) tan3 π(x+mα̃) tan3 π(x+ nα̃)

tan4 π(x+ iα̃) tan4 π(x+ jα̃) tan4 π(x+mα̃) tan4 π(x+ nα̃)

 ,

±9

B2(x) :=


tanπ(x+ iα̃) tan π(x+ jα̃) tan π(x+ nα̃)

tan2 π(x+ iα̃) tan2 π(x+ jα̃) tan2 π(x+ nα̃)

tan3 π(x+ iα̃) tan3 π(x+ jα̃) tan3 π(x+ nα̃)

 ,

B3(x) :=


tanπ(x+ iα̃) tan π(x+mα̃) tan π(x+ nα̃)

tan2 π(x+ iα̃) tan2 π(x+mα̃) tan2 π(x+ nα̃)

tan3 π(x+ iα̃) tan3 π(x+mα̃) tan3 π(x+ nα̃)

 .

Ún E.1 �½|i|, |j|, |m|, |n| ≤ κ| ln ε|"eε¿©�§Ké?¿x ∈ X0§k

• �(S1)¤á�§| det(B1(x))| ≥ ε
1

120¶

• �(S2)¤á�§| det(B2(x))| ≥ ε
1

200¶

• �(S3)¤á�§| det(B3(x))| ≥ ε
1

200"

y²µB1(x)�1�ª�L��

tanπ(x+ iα̃) · tan π(x+ jα̃) · tanπ(x+mα̃) · tanπ(x+ nα̃) · det(B̃1(x)),

Ù¥B̃1(x)�VandermondeÝ

1 1 1 1

tanπ(x+ iα̃) tan π(x+ jα̃) tan π(x+mα̃) tan π(x+ nα̃)

tan2 π(x+ iα̃) tan2 π(x+ jα̃) tan2 π(x+mα̃) tan2 π(x+ nα̃)

tan3 π(x+ iα̃) tan3 π(x+ jα̃) tan3 π(x+mα̃) tan3 π(x+ nα̃)

 .

88



¤±§�(S1)¤á�§d(E.1)�(E.3)§±9úª

det B̃1(x) =
∏

n1,n2∈{i,j,m,n}
n1<n2

(tan π(x+ n1α̃)− tanπ(x+ n2α̃)) ,

��| det(B1(x))| ≥ ε
1

120"

�u(S2)�(S3)§ÎÃ¦¯§| det(B2(x))|, | det(B3(x))| ≥ ε
1

200"ù´Ï�·

��±?1aqu±þ�y²" �

és ∈ {0, 1, 2, 3}§½Â

ũ(s)(x) =
(
V (s)(x+ iα̃), V (s)(x+ jα̃), V (s)(x+mα̃), V (s)(x+ nα̃)

)> ∈ R4,

Ù¥V (x) := tan πx§V (s)�Ù1s��ê§�V (0)L«¼êV��"²O���

V (1)(x) = π + π tan2 πx,

V (2)(x) = 2π2 tanπx+ 2π2 tan3 πx,

V (3)(x) = 2π3 + 8π3 tan2 πx+ 6π3 tan4 πx.

d	§eε¿©�§@oéux ∈ X0§k

|V (0)(x)| ≤ cε−
1

1200 ,
∣∣V (1)(x)

∣∣ ≤ cε−
1

600 ,
∣∣V (2)(x)

∣∣ ≤ cε−
1

400 ,
∣∣V (3)(x)

∣∣ ≤ cε−
1

300 .

¢Sþ§�±�yés = 0, 1, 2, · · ·§k∣∣V (s)(x)
∣∣ ≤ cε−

s+1
1200 , (E.4)

d?c = c(s)�s�êO�"-

u(0)(x) = ũ(0)(x), u(1)(x) = ũ(1)(x)− π(1, 1, 1, 1)>,

u(2)(x) = ũ(2)(x), u(3)(x) = ũ(3)(x)− 2π3(1, 1, 1, 1)>.

Ïd§4 × 4Ý
(u(0)(x), u(1)(x), u(2)(x), u(3)(x))�1�ª�uc · det(B1(x))§Ù

¥B1(x)XÚnE.1¥¤½Â"

·�Ié¼êV 0
i,j,m,n���
î�5^�"d±eÚn§§�ò3í

ØE.1¥�)"
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Ún E.2£[6]Appendix B¥�·K¤-u(0)§· · ·§u(L−1)�RL¥�L��5Ã

'��þ§�÷v‖u(s)‖`1 ≤ 1§s = 0, 1, · · · , L − 1"?�v ∈ RL§K�3s ∈
{0, · · · , L− 1}§¦�

|〈v, u(s)〉| ≥ L−
3
2‖v‖`1 detU,

Ù¥detU��þu(s)¤|¤Ý
�1�ª§�〈·, ·〉L«SÈ"

y²L§��[6]"

íØ E.1 �½|i|, |j|, |m|, |n| ≤ κ| ln ε|§�{i,m}∩ {j, n} = ∅"eε¿©�§Ké?

¿x ∈ X0§k

• �(S1)¤á�§�3s ∈ {0, 1, 2, 3}¦�∣∣∣V 0(s)
i,j,m,n(x)

∣∣∣ ≥ cε
1
60 ; (E.5)

• �(S2)½(S3)¤á�§�3s ∈ {0, 1, 2}¦�∣∣∣V 0(s)
i,j,m,n(x)

∣∣∣ ≥ cε
1

100 . (E.6)

y²µ�Ä�þ

ū(s)(x) =


u(s)(x)

‖u(s)(x)‖`1
, ‖u(s)(x)‖`1 > 1,

u(s)(x), ‖u(s)(x)‖`1 ≤ 1,
, s = 0, 1, 2, 3.

�â(E.4)§éx ∈ X0§

| det(U(x))| > c

(
3∏
s=0

1

max{‖u(s)(x)‖`1 , 1}

)
| det(B1(x))| > c(ε

1
1200 )10 · ε

1
120 > cε

1
60 .

±v = (1,−1, 1,−1)A^ÚnE.2§���3s ∈ {0, 1, 2, 3}¦�∣∣∣V 0(s)
i,j,m,n(x)

∣∣∣ = |〈v, ũ(s)(x)〉| = |〈v, u(s)(x)〉| ≥ |〈v, ū(s)(x)〉| ≥ c · 4−
3
2 ε

1
60‖v‖`1 = cε

1
60 .

�u(S2)Ú(S3)§·�©O±v = (2,−1,−1)Úv = (1, 1,−2)§¿(ÜÚ

nE.1¥��A(Ø§A^ÚnE.25?1aq?n" �
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�Bå�§ly3å§·�-(E.5)Ú(E.6)¥�~êc = 1"Ún2.1�y²

L§§ò3±eÚn¥�¤"

Ún E.3 é¿©��ε§�3X0�f8Xε§÷v

mes(X0 \ Xε) < ε
1
50 ,

¦�é?¿|i|, |j|, |m|, |n| ≤ κ| ln ε|�{i,m} 6= {j, n}§k

|V 0
i,j,m,n(x)| ≥ 2ε

1
4 , x ∈ Xε. (E.7)

y²µ�½|i|, |j|, |m|, |n| ≤ κ| ln ε|�{i,m} 6= {j, n}"·�òy²

mes({x ∈ X0 : |V 0
i,j,m,n(x)| < 2ε

1
4}) < ε

1
45 .

·�=?n�/(S1)§Ù¦��/�aq?1"díØE.1§éz�x ∈ X0§k

max
0≤s≤3

∣∣∣V 0(s)
i,j,m,n(x)

∣∣∣ ≥ ε
1
60 .

-A := max
0≤s≤4

sup
x∈X0

∣∣∣V 0(s)
i,j,m,n(x)

∣∣∣"�â(E.4)§A ≤ cε−
1

240"

·�Äk3X0���ëÏ©|(a, b)þ�Ä¼êV 0
i,j,m,n"ò(a, b)©���

�2ε−
1
24�«m§KÙ¥z�«m�ÝØ�L1

2
ε

1
24"À�Ù¥��«m§P

�I"@o§eé¤kx ∈ Ik|V 0
i,j,m,n(x)| ≥ 2ε

1
4§·�BÃIéI?1?Û?

n"ÄK§�3,�x0 ∈ I§¦�|V 0
i,j,m,n(x0)| < 2ε

1
4"ù«�¹e§díØE.1§

�31 ≤ s ≤ 3§¦�
∣∣∣V 0(s)
i,j,m,n(x0)

∣∣∣ ≥ ε
1
60"·��Ä�E,��/§=s = 3§

K
∣∣∣V 0(3)
i,j,m,n(x0)

∣∣∣ ≥ ε
1
60"Ï�éux ∈ I§

∣∣∣V 0(3)
i,j,m,n(x)− V 0(3)

i,j,m,n(x0)
∣∣∣ ≤ sup

y∈I

∣∣∣V 0(4)
i,j,m,n(y)

∣∣∣ · |x− x0| ≤ A|I| < 1

2
ε

1
60 ,

���
∣∣∣V 0(3)
i,j,m,n(x)

∣∣∣ ≥ 1
2
ε

1
60"

�X§·�3Iþ©ÛV
0(2)
i,j,m,n"e�3,�x1 ∈ I¦�

∣∣∣V 0(2)
i,j,m,n(x1)

∣∣∣ < ε
1
12§K

éu÷v|x− x1| > 4ε
1
15�x§�3,�y ∈ I¦�∣∣∣V 0(2)

i,j,m,n(x)− V 0(2)
i,j,m,n(x1)

∣∣∣ =
∣∣∣V 0(3)
i,j,m,n(y)

∣∣∣ · |x− x1| ≥
1

2
ε

1
60 · 4ε

1
15 = 2ε

1
12 .
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Ïd§�3�¹x1�«mI1 ⊂ I§�÷v|I1| ≤ 4ε
1
15§¦�XJx ∈ I \ I1§@

o
∣∣∣V 0(2)
i,j,m,n(x)

∣∣∣ ≥ ε
1
12"

I \ I1�õkü�ëÏ©|§P�J1ÚJ2"·�3Ùþ�ÄV
0(1)
i,j,m,n"e�

3x2 ∈ J1¦�
∣∣dV 0

i,j,m,n(x2)
∣∣ < ε

1
6§Ké|x− x2| > 2ε

1
12§�3,�y ∈ J1¦�∣∣∣V 0(1)

i,j,m,n(x)− V 0(1)
i,j,m,n(x2)

∣∣∣ =
∣∣∣V 0(2)
i,j,m,n(y)

∣∣∣ · |x− x2| ≥ ε
1
12 · 2ε

1
12 = 2ε

1
6 .

Ïd§·���«mI2 ⊂ J1 ⊂ I \ I1÷v|I2| ≤ 2ε
1
12§¦�XJx ∈ J1 \ I2§@

o
∣∣∣V 0(1)
i,j,m,n(x)

∣∣∣ ≥ ε
1
6 . éJ2�Ó��?n§·���«mI3 ⊂ J2 ⊂ I \ I1§÷

v|I3| ≤ 2ε
1
12§¦�XJx ∈ I \ (I1 ∪ I2 ∪ I3)§@o

∣∣∣V 0(1)
i,j,m,n(x)

∣∣∣ ≥ ε
1
6"

é²w§I \ (I1 ∪ I2 ∪ I3)¥�õko�ëÏ©|§P�J ′1, J ′2, J ′3ÚJ ′4"e�

3x′1 ∈ J ′1¦�
∣∣V 0
i,j,m,n(x′1)

∣∣ < 2ε
1
4§Ké|x− x′1| > 4ε

1
12 �3,�y ∈ J ′1 ¦�

|V 0
i,j,m,n(x)− Vi,j,m,n(x′1)| =
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i,j,m,n(y)

∣∣∣ · |x− x′1| ≥ ε
1
6 · 4ε

1
12 = 4ε

1
4 .

Ïd§·����¹x′1�«mI ′1 ⊂ J ′1 ⊂ I \ (I1 ∪ I2 ∪ I3)÷v|I ′1| ≤ 4ε
1
12§¦�

XJx ∈ J ′1 \ I ′1§K|V 0
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1
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1
12 , k = 2, 3, 4§¦�

ex ∈
⋃4
k=1 (J ′k \ I ′k)§K

|V 0
i,j,m,n(x)| ≥ 2ε

1
4 .

duε´¿©��§Ïd�K��ÿÝ�u5ε
1
15�8Ü��§(E.7)3Iþ¤á"

3X0þ§k��cκ| ln ε| · ε− 1
24��Iù��«m§¤±·�I�Kf8�ÿÝ
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1
45"
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[40] Pöschel, J.: Quasi-periodic solutions for a nonlinear wave equation. Comment. Math.

Helvetici 71, 269–296(1996).
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