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Let M be a compact connected m-dimensional manifold equipped with a

volume form dx.
Let X3, Xo, ..., Xy be a finite collection of smooth vectors fields on M such

that
Vi div(X;) =0

Let G be the lie algebra generated by the X;. We assume

Forany xe M, G, = T.M

i.e the vectors fields X; satisfy the hypoelliptic condition of Hérmander
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Hypoelliptic Random Walk

Let h €]0, ho] be a small parameter. Let us consider the following random
walk on M, xp, x1, ..., Xn, ... Starting at xg € M:

At step n, choose j € {1,..., N} at random and t € [—h, h] at random
(uniform), and define x,1 = ®;(t, x,) where ®;(t, x) is the flow of X;
starting at x.

Due to the condition div(X;) = 0, this random walk is reversible for the
probability p on M

. dx
~ Vol(M)

dp
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The Markov kernel

For any j, let T; 4 be the self adjoint operator on L?(M, dp)
T nf (x 2h/ F(;(t,x))dt (1.1)
Then T 4f(x) = [ f(y)Kjn(x,dy) where Kj 4 is a Markov Kernel, and
Ko, o) = NZm xd). T = [ Fkixdy)  (12)
M

are the Markov kernel and the Markov operator associated to our random
walk, i.e

P(xn+1 € Alxp = x) = /A Kn(x, dy) (1.3)
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Let K{(x, dy) be the kernel of the iterate operator T;). Then [, K/(x, dy)
is the probability to be in the set A after n steps of the walk starting at

x € M. Our goal is

1. To get estimates on the rate of convergence of the probability

K/ (x, dy) towards the stationary probability p

I|KP(x,dy) —pllTv asn—oo0 V¥x

where

Ip1 — p2llTv = supaes(a)|p1(A) — p2(A)]

is the total variation distance
2. To describe some aspects of the spectral theory of the operator T,
acting as a self adjoint contraction on L?(M, dp).
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Spectral gap

Since Ty is Markov and self adjoint, its spectrum is a subset of [—1, 1].

We shall denote by g(h) the spectral gap of the operator Tp,. It is defined
as the best constant such that the following inequality holds true for all
u€L?=12%M,dp)

lullfz = (uID)E < (u = Thulu)2 (21)

1
g(h)
The existence of a non zero spectral gap means that :

1 is a simple eigenvalue of Tp, and the distance between 1 and

Spec( Ty \ {1}) is equal to g(h).
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Theorem

There exists hg > 0, 69 €]0,1/2[, m > 0, and constants C; > 0 such that
for any h €]0, hg), the following holds true.

i) The spectrum of Ty, is a subset of [—1 + dg,1], 1 is a simple eigenvalue
of Ty, and Spec(Ty) N [1 — do, 1] is discrete. Moreover, for any

0 < X\ < 6oh2, the number of eigenvalues of Ty, in [L — h?\, 1] (with
multiplicity) is bounded by Ci(1+ \)™.

i) The spectral gap satisfies

Coh? < g(h) < Gh? (2.2)

and the following estimate holds true for all integer n

dy
supxem|| K7 (x, dy) — Vol(M )||TV < Cre &) (2.3)

v
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The limit diffusion operator
Let H((X;)) be the Hilbert space
H((X:) = {u € L2(M), V), Xjue L2 (M)}
Let v be the best constant such that the following inequality holds true for
all u e HY((X)))
E(u)

v

lullfz = (ul1)i2 <

) = s /. D e (24

By the hypoelliptic theorem of Hormander, one has H!((X;)) ¢ H*(M),
for some 1 > 0. For any fixed smooth function g € C*°(M), one has

lim =g = L) L=-5> X (2.5)
J

L is the positive Laplacian associated to the Dirichlet form £(u). It has a
compact resolvant and spectrum 1p =0 < vy = v <1 < .... Let m; be
the multiplicity of ;. One has my = 1 since Ker(L) is spaned by the

constant function 1 .
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The spectrum of Tp, near 1

Theorem
One has
limp_oh~2g(h) = v (2.6)

Moreover, for any R > 0 and € > 0, there exists hy > 0 such that one has
for all h €]0, hq]

Spec( )ﬂ]O R] C Uj»1lvj — &, vj + €] (2.7)

and the number of eigenvalues of L h2T b with multiplicities, in the interval
[vj —e,vj + €], is equal to m;.
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Dirichlet forms
Let

) = (F o Pl

Lemma

There exists hg > 0, C > 0, such that for all h €]0, ho] and any
up € L2(M) such that

llupl|22 + En(up) < 1

one has
Up = Vp + wp
Vi, [Xvalle < € (2.8)
[wall2 < Ch

As a direct byproduct, using also 3 ; | Xjv|?> < Cteliminfp_o Ep(v) for
v € HY((X;)), we get
Ch? < g(h) < Gh?
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Basic bounds

Lemma

1 Spec(Tp) N [1 — do, 1] is discrete, and there exists m > 0 such that for
any 0 < X\ < §oh=2, the number of eigenvalues of Ty, in [L — h?X, 1] (with
multiplicity) is bounded by Ci(1+ \)™.

2 There exists A > 0 such that any eigenfuntion Tp(u) = pu with

p € [1 — do, 1] satisfies the bound

lullee < Coh™Alull,2 (2.9)

v

The first item is an abstract consequence of the preceeding lemma and of
the injection H((X;)) C HH(M).
For the second item , one uses with p large enough the equation

u(x) = p~P Ty (u)(x)
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Total variation

Let My be the orthogonal projector in L2 on the space of constant functions

Mo(u)(x) = ﬁ /M u(y)dy (2.10)

Then

25UPXEMH T’ZX — deT\/ = ” T/: — no”Loo_)Loo (2.11)
Thus, we have to prove that there exist Cy, hg, such that for any n and
any h €]0, ho], one has

IT7 = Mol oo o0 < Cpe &) (2.12)
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Total variation

Observe that since g, ~ h?, we may assume n > Ch™2. In order to prove
2.12, we split Ty, in 3 pieces, according to the spectral theory.

Let 0 <A p <. S A< Ajpap <. < h=26y be such that the
eigenvalues of T in the interval [L — &g, 1[ are the 1 — h?); 5, with
associated orthonormals eigenfunctions e; 5

Th(e_,"h) = (1 — hz)\j?h)ej?h, (ej7h|ek’h)Lz = 0j k (2.13)

Then we write T, — Mo = Tp1 + Tho + Ths with

Thiloy) = D> (L= FXn)ea(x)en(y)
AL <A h<h«
Tho(x,y) = S (- Pan)en(x)einy) (2.14)

h7a<Aj,hSh725O
Tha=Th—Tlo— Th1— Tho
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Th1

)

One has T) — Mo = (T —Mo)" = T}y + T}, + T3, and the contribution

of T/, + T} is easily seen to be negligible.

Let E, be the (finite dimensional) subspace of L? span by the eigenvectors

€., Aj,h < h™*. One has dim(E,) < Ch™™,

Lemma

There exist &« > 0, p > 2 and C independent of h such that for all u € E,,

the following inequality holds true

lullZoqary < C(En(u) + llullZ=) (2.15)

v
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Nash inequality

From the previous Iemma using the interpolation inequality
[|ul]2, < ul|7,? HuHL1 , we deduce the Nash inequality, with
1/D =2—-4/p>0
241/D 1/D
JullZ? < Ch2((En) + PllulE) el p®, Vue B (216)

For A\j » < h™®, one has h?);; < 1, and thus for any u € E,, one gets
En(u) < |lull2, — || Thul|2,, thus we get from 2.16

2+1/D 1/D
Null 232 < Ch2((ul2 — || Thul 2 + 2| ul| %) |ull 2P, Vu € Ey (2.17)
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Nash inequality

There exists Gy such that Vh, Vn > h=2t%/2 ope has
| Tl Loe—100 < Co and thus since Ty p is self adjoint on L2

| T2l < Go. Fix po h=2+%/2, Take g € L? such that ||g||;1 < 1
and consider the sequence ¢,,n >0

an =T el (2.18)

Then, 0 < ¢pt1 < ¢, and from 2.17, we get

1455 -
Cn+2D < Ch 2(Cn — Cnt1 + h2cn)” T£+p Hl/D

o (2.19)
< CCYPh2(cp — cny1 + H2cy)
Thus there exist A which depends only on C, (5, D, such that for all

2
0<n<h2 onehas ¢, < (445)?P

The Stéphanois meeting 2013 19 /
G. Lebeau, L. Michel (Nice) Metropolis 28



Thus there exist Gy , such that for N ~ h=2, one has cy < Cy. This
implies
ITAPelle < Gollgll (2.20)

and thus taking adjoints
1T Pglli= < Collgll,2 (2.21)
and so we get for any n and with N+ p ~ h=2
I T gl < Co(1 = 2A10)" g2 (222)
And thus for n > h=2

[Tl oo < Coe™ (I Nn = Goeine=rea  h n > b2
(2.23)
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Main Lemma

Lemma

Under the hypoelliptic hypothesis, the following holds true for h €]0, ho]
with hy small enough:

There exists C such that for any uy, with support in L? such that

1-T,
lunllZ> + |(Thuh|uh)Lz| <1 (3.1)

one has
Up = Vh + Wy

j, [Xjvalle < € (32)
[[wall2 < Ch
G. Lebeau, L. Michel (Nice) Metropolis
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Main Lemma : sketch of proof

It is easy to see that 3.1 implies for some Cp > 0

unllz < Go

Vj up = Vhj+ whj
[Xjvhillz < Co
[whll2 < Coh

(3.3)

and we want to prove that there exists C > 0 such that

Up = Vp + wp
Vi, [ Xjvallz < C (34)
[whll2 < Ch
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Main Lemma : sketch of proof

In order to prove the implication (3.3) — (3.4) we will construct operators
dependingon h, 0 <j < N, 1< k<N

o, (G, By

such that &, Cj, BkJ, th){, (j > 1), Bth)g' (j > 1)
are uniformly in h bounded on L? and

N
1-® =Y GhX;+ hG
j=1
N (3.5)
X® =" BijX;+ Bio
j=1

and then we set

vh = ®(up), wp=(1—®)(up)
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Main Lemma : sketch of proof

The construction of the operators Cj, By j is easy if the vectors fields
Xi, ..., Xy are the derivatives coordinates 8%1, . % on M =RN just
using classical h-pseudodifferential operators.

Under the hypoelliptic hypothesis, the Hormander-Weyl calculus does not
work as soon as one needs > 3 brackets to span the tangent space (after
discussion with Jean-Michel Bony).

So we use the Rothschild-Stein method (Acta-Math 137, 1977) to reduce
the problem to a construction on a free (up to rank r) nilpotent Lie group.

The Stéphanois meeting 2013 25 /
G. Lebeau, L. Michel (Nice) Metropolis 28



Main Lemma : sketch of proof

Let G=G1 @ Go @ ... & G, be the free (up to rank r) Lie algebra with
generators Y7, ..., Y. One has span(Yi,..., Yy) = G1 and G; is spanned
by the commutators of order j, [Yi,[Yiy, [ Vi1 YiiI]---]-

The exponential map identifies G with the Lie group G, and the Y7, ..., Yy
with left invariant vectors fields on G by

Vif(x) = L (F(xemp(sY)lso

The action of Ry on G is given by
t.(vi,va, ..., vy) = (tvi, t2va, ... t'v,)

and
Q=>_jdim(g;)
is the quasi homogeneous dimension of G.
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Main Lemma : sketch of proof

Let f * u be the convolution on G
Foul) = [ oy Huly)dy
G

Then Yjf = f = Yjd. We will use operators of the form, with ¢ € S(G),
the Schwartz space on G

O(F) = xpn, on(x) = h~Qp(h1x) (3.6)
Then the equation
Yid =Y ByY;
is equivalent to find ¢y j € S(G) such that

Yo = Yidx o (3.7)
j
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Main Lemma : sketch of proof
Also, the equation 1 — ¢ = Zj CihY; reduces to solve

So—@=Y Yidxg (3.8)
Jj

with ¢; € C*°(G \ 0), Schwartz for |x| > 1, and quasi homogeneous of
degree —Q + 1 near 0.

Both 3.7 and 3.8 are consequence of the following cohomological lemma :
Let Z;(f) = Y;0 = f, which is a right invariant vector field.

Lemma

Let ¢ € S be such that fG wdx = 0. Then there exists px € S such that

0= Zi() (3.9)
P

This lemma is proved by induction on a family (Z) of r.i vectors fields
such that the (Zx(0)) spanned a graded Lie algebra.
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