ALMOST PRESCRIBING SCALAR CURVATURE
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ABSTRACT. We introduce a method of mixed convex integration and demonstrate its suit-
ability for solving a particular class of semilinear second-order partial differential relations.
As an application, we provide a new proof of a result on scalar curvature originally established
by Lohkamp.

1. INTRODUCTION

Let # : E — M be a smooth fiber bundle, where E is the total space and M is the base
manifold. A section s : M — FE corresponds to a smooth map such that 7(s(z)) = « for all
x € M. The jet bundle J*(E) of order k is the bundle whose fiber over a point x € M consists
of the equivalent classes of sections s that agree up to order k at z. A partial differential relation
in this setting is a subset

R C J¥E),
which imposes constraints on the k-jets of sections of E. A section s: M — F is a solution of
the partial differential relation R if its k-jet J* satisfies

JEz)eR  Vre M.

This general framework encompasses a wide variety of partial differential relations arising in
differential geometry. For further details, we refer the reader to Gromov’s monograph [4], as
well as the books by Spring [I1] and Eliashberg and Mishachev [I]. Examples of first-order par-
tial differential relations include various types of immersions between smooth manifolds, while
second-order relations concern, for instance, free maps or Riemannian metrics satisfying specific
curvature conditions. Several techniques have been developed to establish the existence of solu-
tions to partial differential relations, sometimes at the cost of topological assumptions. Among
these, the theory of convex integration — developed by Gromov [3| [4], following earlier work by
Nash [10] — provides a method for resolving partial differential relations satisfying ampleness
conditions. Nevertheless, some existence results are beyond the scope of currently available
methods, such as those in Lohkamp’s theory of negative Ricci or scalar curvature [5l [6, [7]. The
aim of the present paper is to show how some of Lohkamp’s results on scalar curvature can be
recovered using a method of mixed convex integration.

Let (M, g) be a smooth Riemannian manifold of dimension n > 2. In [6], Lohkamp demon-
strated that for n > 3, if g¢ is a smooth Riemannian metric on M, then for every o € R and
every € > 0, there exists a smooth Riemannian metric g. on M such that

r(g) <a and g~ golley < e

where r(g.) denotes the Ricci curvature of g. and ||ge — 90||Cg is the C%-norm of g. — g on

M with respect to the reference metric g. This result improved a previous result by the same

author in [5], which established the existence of smooth Riemannian metrics with negative

Ricci curvature on any smooth manifold of dimension at least 3. It is worth noting that, by the
1
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Gauss-Bonnet theorem, this result does not extend to dimension 2. Lohkamp’s proof is highly
technical. It relies on a covering argument that superposes many metrics on M derived from a
perturbation of the Euclidean metric in R™, which is identical to the Euclidean metric outside
the unit ball but exhibits negative Ricci curvature within the ball. Subsequently, Lohkamp
refined his result in the case of scalar curvature. In [7], he demonstrated the following result:

Theorem 1.1. Let (M,g) be a smooth Riemannian manifold of dimension n > 3, then for
every smooth Riemannian metric go on M, every smooth function k : M — (0, +00), and every
€ > 0, there exists a smooth Riemannian metric g. on M satisfying

Scal? — k — e < Scal?® < Scal” —k and ||ge — gollco < €.
9

It is important to note that the results of Lohkamp in [6] [7] are, in fact, stronger than those
stated here. For instance, in [7], he showed that the new metric g. can be chosen to coincide
with go on a closed subset of M while maintaining the same control on its scalar curvature as
described in Theorem outside that set. The proof proceeds by superposing several small
deformations of the initial metric, utilizing a suitable covering of the manifold.

The purpose of this paper is to develop a method of mixed convex integration and use it
to provide a new proof of Theorem [1.1l The partial differential relation given by the scalar
curvature does not fit within the general framework of convex integration mentioned above.
Specifically, it is not ample, as the scalar curvature tensor is affine in second-order partial
derivatives. Our proof of Theorem exploits this property, along with the specific structure
of first-order terms. It follows from a general method (see Proposition that allows solving
a particular class of semilinear second-order partial differential relations. This mixed convex
integration method relies on the corrugation process introduced by the third author in [12],
which provides an alternative formula to those previously used in convex integration. It allows
the perturbation to be split into several terms, each of which has a more easily controlled effect
on the partial derivatives of the perturbation (see Proposition .

The paper is organized as follows: Section [2]introduces the general method of mixed convex
integration and demonstrates its application for solving a particular class of second-order semi-
linear partial differential relations. Section [3]is dedicated to proving Theorem in the case
of a torus. For pedagogical clarity, we first address the perturbation of the flat metric on the
torus, then explain how to handle a general metric on the torus. Section |4] provides the proof
of Theorem in its general form. Finally, the Appendix includes the formulas of Ricci and
scalar curvature in local coordinates, along with the proof of a technical result.

Acknowledgment: The third author was partially supported by the Luxembourg National
Research Fund (FNR) 021/16309996/HypSTER, and then benefits from the support of the
French government “Investissements d’Avenir” program integrated to France 2030, bearing the
following reference ANR-11-LABX-0020-01.

2. MIXED CONVEX INTEGRATION

The purpose of this section is to introduce a method of mixed convex integration taylored
to solving a particular class of semilinear second-order partial differential relations. Instead of
considering jet bundles between general manifolds, we focus on jets bundles from R™ to R™,
allowing certain periodicity properties. This level of generality is sufficient for our application
to Theorem Throughout this section, we fix two integers n and m with n,m > 1.
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2.1. A few notations. Given an integer d such that 0 < d < n, and a set K C R”*‘ﬂ we

denote by C2¢, (K x R R™) the set of smooth functions f : K x R — R™ satisfying

fler, . Tn—dy Tnegy1 + k1, xn + ka) = f(21,...20) Ve e R, VkeZ9,

where # = (z1,...,2,) and k = (ki1,...,kq). If K is not open, a function f : K x R? — R™
is smooth if it extends smoothly to an open neighborhood of K. When d = 0, the space
Crea(K X R? R™) coincides with the set C>(K,R™) of smooth functions from K C R" to
R™. When d = n, it coincides with C2° (R™ R™), the set of smooth functions from R™ to R™

per
which are Z"-periodic. In all cases, C5g, ;(K X R? R™) consists of smooth functions defined
on a subset of R™ with coordinates (x1,...,x,) to R™ with coordinates (y1,...,¥m). For any
smooth function f defined on a subset of R™ and valued in R™, we denote by 9;f and 32»2]» f
(with 4,5 = 1,...,n) the first and second-order partial derivatives of f with respect to z; and

z;, x;, respectively. If i = j we sometimes use the notation 9? f.

2.2. Mixed corrugation processes. Recall that Cp¢,.(R,R™) denotes the set of smooth 1-
periodic functions from R to R™.

Definition 2.1 (Integral-loop operator). The integral-loop operator
Int : C2.(R,R™) — C2° (R,R™)

per per
is defined for every v € C22 (R,R™) by

per

Int(y)(¢) ::/0 (v(s) —7) ds VteR with 7:2/0 v(s) ds,

and for every positive integer n we denote by Int" = Int o --- o Int the mapping corresponding
to n iterations of Int.

The integral-loop operator defines a linear operator from the vector space CSST(R, R™) into
itself, it is the building block of corrugation processes, the deformation technique used in convex

integration.

Fix an integer d with 0 < d < n and a compact set K C R”_d7 and define E := K x R<.
Given f € Cpe, 4(E,R™) and {7; }zer a well-adapted family of loops valued in R™, that is, of
the form {7, := v(z,) }sep for some v € Cpg. ;. (K X R+ R™), we define, for any positive
integers IV, b, and any i € {1,...,n}, the smooth function I € C35, ,(E,R™) by

F(x) = f(z)+ % It (v,) (Nz;) Vo= (z1,...,2,) € K.

The function F, said to be obtained by a corrugation process from f for 67, tends to f in
C%-topology as N — +o0, its derivatives of order strictly less than b tend to the corresponding
derivatives of f, and the derivative of order b along the z; variable are asymptotically controled
by that of f and v (see Proposition (i)-(iil) below with §, = 0). We now combine corruga-
tion processes at orders one and two. The following result describes the properties of smooth
functions obtained through this mixed corrugation process.

Proposition 2.2. Let f € Cp, ;(E,R™) and {Vz}ser, {z}zer be two well-adapted smooth
families of loops valued in R™. For any positive integer N and any i € {1,...,n}, define the
function F € C3¢ ,(E,R™) by

1 1
(2.1) F(x):= f(z)+ N Int () (Nz;) + N2 Int* (6,) (N ;) Ve = (21,...,2,) € E.
Then, the following properties are satisfied:

(i) |F = fllco = O(1/N) (as N — +c0).
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(i) For all j € {1,...,n} with j #1, |0;F — 0;f||co = O(1/N).

(iti) For all j,k € {1,...,n} with j,k # 4, |07, F — 8% flco = O(1/N).
Moreover, the following properties are satisfied for any x € E, with O(1/N) that is uniform
with respect to v € E:

(iv) 0;F(x) = 0;f(x) + Yo (Nw;) — ¥z + O(1/N).

(v) O2F(x) = 2 f(x) +2 (Bre(Na:) — Orva) ) + Niw(Nai) + 8(Nai) = T + O(1/N),
where 4, stands for the derivative of v, with respect to the periodic parameter of the
loop.

(vi) For allj € {1,...,n} with j #1, 6%F(.r) = 81-2jf(x) + 0j7x(Nz;) — (0;v5) + O(1/N).

Proof of Proposition|[2.9 To prove (i), we observe that for every x € E, we have
1 1 9
F(z) - f(z) = N Int (o) (N;) + el Int” (6z) (Ni) -

By compactness and periodicity, the functions (z,t) € K x R4 v 7,(t) and (x,t) € K x

R*1 s §,(t) are bounded. Consequently, the functions (x,t) € K x R4 s Int(vy,)(t) and

(z,t) € K x R Int(8,)(t) are also bounded. Thus, we deduce that ||F — f|co = O(1/N).
To prove properties (ii)-(v), we note that, if {a, }rcx is a smooth family of loops then

(2.2) 0;(Int () (1)) = Int (8j0,) (£)  and I (Int (az) (£)) = Int (9;raz) (t)

Vee E,VteR, Vi, ke{l,...,n}
To prove (i), we fix j € {1,...,n} with j # i , and evaluting Int(v,) and Int*(d,) in (2.2)
at t = Nux;, whose derivative in 0; is zero, we obtain

0, F(x) — 0, f () = %Int (972) (Nas) + % nt? (9,6,) (Na)  Va € E.

Since the functions (,t) + Int(9;7;)(t) and (z,t) = Int* (9;8,) (t) are bounded over K x R4*1,
by the same argument as in (i), we infer that ||0;F — 9, f||co = O(1/N).

To prove (iii), we fix j, k € {1,...,n} with j,k # i. In the same way as in (ii), as j, k # i,
we have for every z €

1 1
PpF () — 05 f(x) = + ot (7)) (Nz) + e Int* (0%.6,) (Nz;)  Vz € E.

We conclude as before.
To prove (iv) and (v), we use again the formula (2.2)), but this time, as we consider ¢t = Nz,
and take derivatives in 9;, we have an additional term. We obtain for every = € F,
OiF(z) = 0 f (x) + Yo (Nxi) — 7
1 1 — 1 9
+ 7 It (072) (Vay) + — (It (6,) (V) = k(@) ) + 15 Int? (9id) ()

and

O (@) = 02 (@) + Nia (No) +2 ((93e) (Vo) — 932) + o Tt (83) (N

— 2 [ESR 1
0, (Nag) =5, + (10t (9:6) (V) — Tk (B30, ) + 7 Int? (926,) (Nai)

We conclude as above. Finally, assertion (vi) follows by taking the partial derivative with
respect to x; of the above formula for 0;F. O
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2.3. Semilinear second-order partial differential relations. As before, we fix an integer
d with 0 < d < n and a compact set K C R"‘d, and define E := K x R4, A partial differential
relation R in J?(E,R™) is a subset of

n(n+1)
2

J2(E,R™) = E x R™ x (R™)" x (R™)
and a smooth function f € C3g, ,(E,R™) is a solution of R if its 2-jet satisfies

T3(@) = (o S (@), @ @), 0uf (@), (02 1(@)),_cye) ER - Va € E.

Our goal is to show how the mixed corrugation process introduced in the previous section can
be used to solve a particular class of semilinear second-order partial differential relations. For
simplicity, we focus on partial differential relations that are solvable by a mixed corrugation
process along the x; variable.

To isolate the components of the 2-jets corresponding to derivatives along the x; variable,
we write the elements of J?(E,R™) as

0 1 1 (2
o= (JO,U oL, o), (Uij)1§i§j§n> .
We denote by & the tuple obtained from o by removing the terms og, o1 and Ufj forj=1,...,n,
and define J?(E,R™) as the set of all such tuples & with o € J?(E,R™). Finally, we use the
notation o2, to refer to the tuple of all components of the form ofj with j =2,...,n.

Definition 2.3. A partial differential relation R C J*(E,R™) is said to be semilinear in xq
if there are two smooth maps L : E — (R™)* and R : E x J*(E,R™) x R™ x (R™)"~! —» R
satisfying

{ L (o0 + (05—a,k)) = L (00)

d
R (00 + (0p_a, k), 5,01, 0’%*) =R (00, g o1, 0%*) ¥ (On—a; k) € {0} x Z

forallog € E, 6 € J2(E,R™), o} € R™, and 0%, € (R™)"~!, such that
R = {0’ € J2(E,R™)|L(0g) -0} + R (09,5,01,01,) = 0}.

For every e > 0, we call e-thickening of R the open partial differential relation R. C J?(E,R™)
defined by

RE = {O’ S JQ(E,RM) |L<UO) : 0’%1 + R (0-0;6-a0’}a0-%*) € (_676)}'

The reason for choosing to include &, o}, 0, in the definition of R is justified by the following
result, whose proof follows from Proposition [2.2

Proposition 2.4. Let R C J?(E,R™) be a semilinear (in x1) partial differential relation as
mn Deﬁnition and let f € C;;’hd(E,Rm). Assume that there are two well-adapted smooth
families of loops {Vz}zer and {0;}zcr valued in R™ satisfying the following properties:

(L1) For everyx € E, 7, =0, =0;

(L2) For every x € E and everyt € R, L(z) - v5(t) = 01L(z) - vx(t) = 0.

(L3) For every x € E and every t € R,

L(x) - (o%1 + 0a(1)) + R (2,6,01(2) + 72 (t), 07, + 072 (1)) =0,
where o := J7(x) and 8.7, (t) is the tuple (Davx(t), -+ , Opx(t))-
then, for every € > 0, the smooth function F € C° (E,R™) given by formula satisfies

per,d
the following properties for N sufficiently large:

(@) [IF = fllco <€
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(b) For every z € E, J&(z) € R..

Proof of Proposition[2.]} Let R and f be as in the statement, and let {v,;}sep and {0 }srer
be two well-adapted smooth families of loops valued in R™ satisfying (L1)-(L3). Assertion (a)
follows from Proposition (i). To prove (b), fix € E and set

o= J]%(x) and 6 := J&(x).
Assertions (ii)-(iii) of Proposition [2.2] yield
0 =05+ O(1/N),

where O(1/N), here and throughout, is uniform with respect to x € E. Moreover, assertions
(iv)-(vi) of Proposition [2.2] combined with (L1), give

Ol =0F(x) = o} +7 (Naw) +O(1/N)
03, = 0iF(z) = o2 +2017: (Nz1) + N¥, (Nz1) + 6, (Nzy) + O(1/N)
03; =05 F(x) = of;+0;7(Nxz1) +O(1/N),Vj=2,...,n.

The derivation of the first equality of (L2) with respect to ¢ and x1, along with its second term,
gives
L(z) - 4. (t) = L(z) - 017(t) =0 vt € R.
As a result, by setting 07, := (6%,,--- ,602,), we have
L(z)- 03, + R (2,0,01,01,) = L(z) - (63, + 05 (N21) + O(1/N))
+ R (z,5 + O(1/N),01 + v (Nz1) + O(1/N), 0, + 8.7z (N21) + O(1/N)) .
Next, observe that, by the periodicity properties of L and the compactness of K,
L(z) - (o1, + 8, (Na1) + O(1/N)) = L(z) - (o7, + 8, (Na1)) + O(1/N),
and, by the periodicity properties of f, {Vs}ser, {0z }zcr and R, and the compactness of K,
that
R (2,6 + O(1/N),01 + 75 (N21) + O(1/N), 0%, + 9.7z (Nz1) + O(1/N))
=R (2,6,01 + 7 (N21) 0%, + 0,7 (N21)) + O(1/N).
By (L3), it follows that
which completes the proof of (b). O
2.4. Geometrical interpretation of Proposition The constructions of solutions in
classical convex integration theory relies on a single family of loops that satisfy a specific prop-

erty, which can be interpreted geometrically. Here, we provide the geometric interpretation
related to the existence of the loops families {7V, }zep and {0, }zcr from Proposition

Let us consider the framework of Proposition 2.4 and assume, in addition, that R does not
depend upon o2, and that L is constant. The condition (L2) is equivalent to the requirement
that, for any x € F, the image of -y, lies within the vector subspace Ker(L) C R"™. The condition
(L3) involves finding two well-adapted smooth families of loops, {V;}zer and {6, }secr, such
that for each x € E, the map t — (7, (t), 0, (t)) takes values in the set

Roo o = {(0m) € R X B | L (o} + ) + B (r.0,0}(x) + v) = 0}.

Furthermore, the condition (L1) imposes a constraint on the averages of the maps t € R —
(72(t),0,(t)) for x € E. In particular, the assumptions of Proposition [2.4] cannot be satisfied if
the convex hull of the set (Ker(L) x R™) MR, 5, 52 C R™ x R™ does not contain the origin.
This geometric interpretation will be discussed through a specific example in Remark
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3. ALMOST PRESCRIBING SCALAR CURVATURE ON TORI

The purpose of this section is to explain how techniques of mixed convex integration can be
employed to construct smooth metrics with almost prescribed curvature on tori of dimension at
least 3. For clarity, we begin with the case of a perturbation of the flat metric on T". We then
address the case of a general metric on T”. Finally, we describe how to modified the proof of
the latter to construct a metric with almost prescribed scalar curvature on a thick torus. This
result will play a key role in the proof of Theorem

3.1. Perturbations of the flat metric. We prove Theorem [I.1] here in the case where gy = g
is the flat metric induced by the Euclidean metric on T = R™/Z™. In this setting, we have
Scal(go) = 0.

Proposition 3.1. Assume that n > 3. Then, for every smooth function k : T" — (0, 4+00) and
every € > 0, there exists a smooth Riemannian metric g. on T™ satisfying

—k —e<Scal’ < —k and | ge— gollco < €.
Proof of Proposition[3.4 Let k : T" — (0,+00) be a smooth function, and let ¢ > 0 be fixed.
Set € := ¢/2. Denote by go and k the lifts of go and k to R™ as Z"-periodic metrics and

functions, respectively. We consider a perturbation § of gy whose matrix (g;;) has the form (J;;
denotes the Kronecker symbol)

{ gij = (QO)Z‘J‘ = 6ij for (Zv.]) € {1’ s 7n}2 \ {(272)7 (3’3)}
Gii = e?hi (.(70)“ = M for (7’73) € {(2,2), (373)}7

where hg, hs : R™ — R are two smooth Z"-periodic functions. The scalar curvature of g is given
by the expression (see Appendix |A.3))

Scalg = —2(812h2 + 8%h3 + (81h2)2 + (81}13)2 + 81h2 alhg)
— 2872]12 (8§h3 — Oghg O3 + (32h3)2> — 2672]13 (8§h2 — O3h3 93ho + (83h2)2>

-2 Z(@QhQ + 02h3 + (0;ha)* + (9;h3)? — O;ha 3ih3)-

i=4

Consequently, the desired result follows, by setting ho = F} and h3y = F5, if we show that there
is a function F = (Fy, Fy) € C.(R™, R?) such that

per
[Fllco <€ and J3(z) € Re,
where R C J2(R",R?) is the semilinear (in z;) partial differential relation defined as
R = {0 € J*(R",R*)| Lo}, + R(00,5,01,0%,) = 0}.
with
(3.1) L=-2(1,1)
and

(32) R (00,670%,0%*) = —2((0%)? + (O’%); + (O’%)l (0%)2) + INC(UO) + €

=267 (o), = (o), (od), + (o1)3) ~ 27 (o), — (o), (o), + (o3)])



8 F. ALIOUANE, L. RIFFORD, AND M. THEILLIERE

To apply Proposition with f = 0, we need to construct two well-adapted (Z™-periodic in the
x variable) smooth families of loops {7V }zern and {0, }zern valued in R? such that, for every
x € R™, the following conditions are satisfied:

79: :51 =0, (’Vl’)l—’_(’YI)Q :07

FOEE (0 = ()2 = () (1))

From these conditions, we must have (7;)2 = —(7z)1. If we further impose (d;)2 = 0, then
(0;)1 must be defined as

and  (0z)1 + (0z)2 =

(3.3) (0)1 = —5— — ((7=)1)?

and it must satisfy (), = 0. Since fol cos?(27t) dt = 1/2, the function

(o)1 (t) := \/ k() + & cos(2nt) Ve e T, Vt e R

ensures that (6;)1, as defined in 1} , satisfies (6;); = 0. We conclude the proof by considering
the metric on T™ obtained from g via the quotient operation and by applying Proposition [2.2
with N large enough. O

Remark 3.2. Let us pursue the geometric interpretation initiated in Section 2.4} The partial
differential relation that appears in the above proof is given by

R = {a € J2(R",R2) | L- 02 + R (00,5,0),02,) = o}.

where L and R are defined in equations and . The existence of well-adapted (Z"-
periodic in the x wvariable) families of loops {Vz}tzern and {0z }uern, satisfying conditions
(L1)-(L3) of Propositz'on with 0 = 0 requires the existence, for each x € R™, of a loop
(71,725 01, 02) € Cpe, (R, R?) taking values in the set Ker(L) N'R, 5, g2, where

per
Ker(L) = {(Ulvvz,w17w2) € R* vy + o 20}
Rop,,00 = {(U17U27w17w2) eR*| — 2wy +w2+v%+v§+v1vz]+l~€(m)+€:0},

and whose average equals zero (condition (L1)). To visualize it in the hyperplane Ker(L), set
v1 = —vg; then Ry 5, o2 corresponds to the surface below:

FIGURE 1. The surface 2(w; + wy + v}) = F, where F is a constant
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Since the function H(vi,wi,ws) = 2(wy + wa + v?) is convex, the point (0,0,0) belongs to
the convex hull of a level set {H = F} for some F € R if and only if 0 = H(0,0,0) < F. This
implies that condition (L1) requires I;(x) + € to be nonnegative, which essentially explains why
our perturbation method does not accomodate negative values of k.

3.2. Perturbations of a general metric on T". We prove Theorem [I.I] here in the case of
a general metric on T™. The main idea of the proof, aside from the use of Proposition [2.4] is
to consider a certain type of diagonal deformation of the metric, up to a diffeomorphism. The
metric g denotes the flat metric induced by the Euclidean metric on T = R"/Z".

Proposition 3.3. Assume that n > 3. Then, for every smooth Riemannian metric gg on T™,
every smooth function k : T™ — (0,+00), and every e > 0, there exists a smooth Riemannian
metric g satisfying

—k —e < Scal’ —Scal” < —k and | g — go||02 <e.

Proof of Proposition[3.3 Let gy be a smooth Riemannian metric on T, k : T" — (0, +00)
be a smooth function, and let € > 0 be fixed. Denote by §o and k the lifts of gy and k
to R™ as Z™-periodic metrics and functions, respectively. We consider a Z™-periodic smooth
orthonormal family of vector fields X!,..., X" on R", that is, satisfying (d;; stands for the
Kronecker symbol)
(90), (X', X7)=6;  VzeR”,
and we assume that
= (XY (x),e1) >0 and (X2(z),e1) == (X"(x),e1) =0 Vo e R”,

where e1,...,e, and (-,-) stand respectively for the canonical basis and the canonical scalar
product in R™. Such a family can easily be constructed by applying the Gram-Schmidt process
starting from the canonical orthonormal family for the Euclidean metric. Then, for every x € R"
we denote by P, = ((Py);;) the n x n matrix with columns X!(x),..., X" (z) which satisfies

(3.4) Py (90), Po =1dy

and

(3.5) (Pr)y; =010: Vji=1,....n,

and we define a perturbed metric § on R™ by

(3.6) §o = QUD(x)Q, with Q,:=P-'  V&cR",

where D is a Z"-periodic n x n diagonal matrix with coefficients (1,e"2 e2hs 1 ... 1) with

ho, hs : R — R two smooth functions to be chosen later. The proof of the following lemma is
postponed to Appendix [B] It relies on the formulas for scalar curvature provided in Proposition

A.5| which appear in Appendix [A.4] and (3.4)-(3.8). In the statement, J?(z) represents the
PP pp 2 () rep

2-jet of the function h = (hq, he) with the components x, 9} h and 812jh for j =1,...,n removed,

as was done in Section Additionally, we denote by 0 the elements of .J(T™, R?) for which
all components are zero.

Lemma 3.4. For every x € R™, we have

Scal? = Scal? — 2a2 (a%hz(m) + 02hs (x)) — 4o, Y (P, (aﬁj ha(z) + afjhg(x))
=2

J
— 202 ((Ouha(2))” + (103 (2))* + Orha(2)Ohhs ()
+ ‘112 (LE, jz(fﬁ)) Blhg(x) + \113 (1‘, j}%(l‘)) 81h3(x) + v (ZZ?, j}ZL(.T)) y
where U, Uy, U3 : R™ x J2(T",R?) — R are smooth functions and ¥(z,0) =0 for all x € R™.



10 F. ALIOUANE, L. RIFFORD, AND M. THEILLIERE

Set € := €/2. The desired result follows, by setting ho = F; and hz = Fy, if we show that
there exists a smooth function F = (Fy, Fy) € C,.(R™,R?) such that

per
[Fllco <€ and Ji(z) € Re,
where R C J2(T",R?) is the semilinear (in x;) partial differential relation defined by
R = {0 € JA(T",R?)| L (0g) - 01, + R (09,5,07,0%,) = 0}.
with
L(0o) = —2a2,(1,1)
and
. 2 2
R (00, 5,01,0%) = =202, ((o1)} + (o1); + (1), (o1),)

n

—dag, Y (P);, ((U%j)1 - (U%j)2>

+ U (6) + Uy (5) (01), + T3 (5) (o), + Kk (00) + &

To apply Proposition with f = 0, we need to construct two well-adapted (Z™-periodic in
the x variable) smooth families of loops {7, }zcrn and {d;}sern valued in R?, such that, for
every x € R™, the following conditions hold:

Vo = g$ =0, (%6)1 + (%6)2 =0,
and

202 ((8:)1 + (02)2) = =202 (7)) + (1)) + (s (1))

n

100 3 (P, (052), + (0),)

j=2
+ \:[/2(% 0) (756)1 + \113("T7 0) (756)2 + ];(x) +E

where we have used ¥(z,0) = 0. From these conditions, we must have (y;)2 = —(7)1 for all
x € T™. This implies that (9j7z)1 + (9j7z)2 = 0 for all j = 2,...,n. Thus, if we further impose
(0z)2 = 0, then (,); must be defined as

(3.7) 202 (6,)1 = =203 ((12)1)” + (¥2(2,0) — U3(2,0)) (12), + k(x) +&,
and it must satisfy (d,), = 0. Since fol cos?(2nt) dt = 1/2, the function

k(z)+é
(Va1 (t) = e cos(2mt) Ve e T", Vit € R

x

ensures that (8,)1, as defined in (3.7), satisfies (0z); = 0. The result then follows by Proposi-
tion [2:4] and by considering the metric on T™ obtained from g via the quotient operation. [

3.3. Prescribing scalar curvature on thick tori. The following result will plays a key role
in the proof of Theorem Its proof is simply an adaption of the proof of Proposition [3.3

Proposition 3.5. Let n,d be two integers withn >3 and 1 <d<n—1. Let § > 0, and let
O (=6,1+06)x B"H0,6) x TY — V := Im(®) C R™,

be a smooth diffeomorphism. Let h,hg be two smooth Riemannian metrics on the open set
V C R™. Then, for any v > 0, any smooth function s : V — [0,00), and any compact subset C
of V, there exists a smooth Riemannian metric h, on V satisfying the following properties:

() lhy = hollco <v on C.
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(i) For every z € C, —s(z)? — v < Scal™ — Scal™ < —s(2)? + v.
(iii) For every z €V, s(z) =0 = (h,), = (ho)--
Proof of Proposition[3.5 Let h, ho be the Riemannian metrics on
V= (—=6,146) x B"471(0,4) x T¢
defined as the pullbacks of i and ho by @, respectively. Those metrics, along with the function
s, can be lifted to metrics h, hg, and a function s, on
V= (=6,146) x B"%71(0,6) x R?,
with coordinates, (1, - - ,x,), which are Z?-periodic in the last d variables. Consider a smooth

orthonormal family (with respect to ﬁo) of vector fields X1,..., X™ on V which is Z%periodic
in the last d variables and satisfies

g = (XY (x),e1) >0 and (X%(x),e1) =--- = (X"(x),e1) =0 Vo eV,
where eq,...,e, and (-,-) stand respectively for the canonical basis and the canonical scalar
product in R™. As in the proof of Proposition for every # € V' we denote by P, = ((P.)i;)
the n x n matrix with columns X*!(z),..., X"(z) and we define a perturbed metric » on V by
(3.8) hy = QUD(x)Q, with Q,:=P;' VzelV,
where D is a diagonal matrix with coefficients (1,e2"2,¢2/s 1,...,1) where hy,hs : V — R

are two smooth functions that are Z?-periodic in the last d variables. Let C' be the lift of
C = ®1(C) c V in R". The desired result will follow, by setting ha(z) = Fi(x) and
hs(x) = Fy(z) for all z € E := C C V, if we show that, for any v > 0 there is a smooth
function F = (Fy, Fy) € C%2 ,(FE,R™) such that

per,d
|Fllgo <v and Ji(z) € Ry,
where R C J?(E,R?) is the semilinear partial differential relation defined by
R = {O’ € JXE,R*)|L(0g) -0, + R ((T(),&,O’i,d%*) = 0}.

with

L(00) = =203 (1,1)
and

. 2 2
R (00, 5,01,0%) = =202, ((o1)} + (o1); + (1), (o1),)
n
—dag, > (P ((0), + (03),)
j=2
+ U (6) + 2 (5) (01), + ¥3(5) (07), + 5(00)?,

where the maps ¥ and ¥; come from Lemma [3.4] To apply Proposition 4] with f = 0, we
need to construct two well-adapted smooth families of loops {7v;}zer and {J;}.cp valued in
R2, such that, for every x € E, the following conditions hold:

Ve = gﬂc =0, (’Ym)l + (’Yr)Z =0,
and

202, ((8)1 + (82)2) = =202, (((3)1)” + (1)) + (2); (7))
(P (0572), + (9510,

n
—4dag,

j=2

+ \IIQ('Ta O) (’Yw)l + \II3('T) O) (’Yw)2 + g(x)Qv
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where we have used ¥(z,0) = 0. From these conditions, we must have (y;)2 = —(7)1 for all
x € E. This implies that (9j7;)1 + (0j7z)2 = 0 for all j = 2,...,n. Thus, if we further impose
(0z)2 = 0, then (d,); must be defined as

(3.9) 2a92c(5x)1 = *20‘5 ((’Y:c)1)2 + Vs (2,0) (v2); + Vs(2,0) (72)y + g(z)Q’
and it must satisfy (d,), = 0. Since fol cos?(27t) dt = 1/2, the function
5(x)
+)1(t) ==
(ra(t) = =

ensures that (d,)1, as defined in , satisfies (6); = 0. By construction, if 5(x) = 0 then
0, = v = 0 and as a consequence hy = (/Nzo)x. Therefore, by Proposition the above
discussion shows that for every v > 0, there exists a metric h, on V, that is periodic in the last
d variables, such that

cos(27t) Ve e E, vVt e R

HBV - ﬁo”cg <,
where the C%-norm is taken over E,
—3(x)? —v< Scalil” - Scalgo < —§@x)?*+v Vo € E,
and
5x)=0 = (h)e=(ho)s VreV.

The result then follows by Proposition and by considering the metric h, obtained by push-
forward of h, by the quotient map and the map ®. O

Remark 3.6. The above proof easily demonstrate that a Riemannian metric can be perturbed
into a Riemannian metric with controlled scalar curvature at a given point. More specifically,
let h and hg be two smooth Riemannian metrics on an open neighborhood V' of the origin in
R™. Then, for any v > 0, any smooth function s : V. — [0,00), and any compact subset C of
V', there exists a smooth Riemannian metric h, on V satisfying the following properties:

(i) 17w = hollco <€ on C.
(i) For every z € C, —s(z)? — v < Scal™ — Scal < —s(2)? + v.
(iii) For every z €V, s(z) =0 = (hy), = (ho).-

Of course, by considering a suitable chart, this result can be extended to manifolds.

4. PROOF OF THEOREM [I.1]

The proof of Theorem consists of equipping the manifold M with a triangulation and
solving the relation simplex by simplex, starting from the 0-dimensional simplices and pro-
ceeding up to the n-dimensional simplices. Before presenting the proof, we recall some basic
facts about simplicial complexes and triangulations, referring the reader to [9] for further details.

Let k a positive integer be fixed. A simplex of dimension d in R¥, with 0 < d < k, is a subset
o of R¥ defined as the convex hull of d+ 1 affinely independent points, called its vertices. More
precisely, these are (d 4+ 1) points vy, ...,vq € R* such that v; — vo,...,vq — vo are linearly
independent. A face of a simplex ¢ is any simplex obtained by taking the convex hull of a
subset of the vertices of o. A simplicial complex K in R* is a collection of simplices in R¥ that
satisfy the following natural compatibility conditions:

(1) Every face of a simplex in K is itself an element of K.
(2) For any two simplices 01,09 € K, if their intersection 1 N oy is non-empty then, it is
a face of both o; and os.
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(3) The set
K] := U o,
cekl
called the geometric realization of I, has the property that every point in it has a
neighborhood that intersects only finitely many simplices in K.

The dimension of the simplicial complex I is defined as the maximum of the dimensions of
its simplices. A smooth triangulation of a smooth manifold N is a pair (K, px), where K is a
simplical complex in some Euclidean space, and @i : || = N is a homeomorphism with the
additional property that the restriction of ¢ to each simplex in K is a smooth embedding. The
celebrated Whitehead Theorem asserts that every smooth manifold admits a smooth triangu-
lation. Moreover, for a smooth manifold with boundary, any triangulation of the boundary can
be extended to a triangulation of the entire manifold.

To prove Theorem [1.1| we begin by recalling that M is equipped with a smooth Riemannian
metric g. Additionally, we consider a smooth Riemannian metric gy on M, a smooth function
k: M — (0,+00), and € > 0. Since the smooth manifold M admits a smooth triangulation,
Theorem [I.1] will follow from the following property for d = n:

(P;) Let K be a simplicial complex of dimension d, and let @i : || = M be a continuous map
that is a homeomorphism onto its image, with the property that its restriction to each simplex
of I is a smooth embedding and the image of each simplex lies within a local chart of M.
Let £ be a simplicial subcomplex of K, meaning it is a simplicial complex whose simplices are
contained within /C, which may be empty. Let g, be a smooth Riemannian metric on M, U, be
an open subset of M containing i (|£]), and let a € (0, 1) such that the following properties
are satisfied:

(Pdl) Hgg — go“og < eon M.
(P42) Scal?s < Scal? — k — ae on Up.
(Pa3) Scal’s > Scal? —k — e on M.
Then, for every § € (0, «), there exists a smooth Riemannian metric gx on M that satisfies:
(Pa4) llgc — gollco < e on M.
(Pg5) Scal’® < Scal?® — k — fBe on @i (|K]).
(Pg6) Scal’c > Scal?® —k — e on M.
(PaT) gk = gc on Ug.

For d = n, a triangulation (K, o) of M, £ = ), and a = 1/2, property (P;) provides a
metric g. = gx satisfying the conclusion of Theorem We now proceed to prove (Py) by
induction for every integer d € [0, n].

The property (Fp) follows from the fact that the geometric realization of a simplicial complex
of dimension 0 is a locally finite union of points and Remark

Assume that (Py) holds for any d’' € {0,...,d} with d € {0,...,n — 1} and let us prove
(Pa+1). Let K be a simplicial complex of dimension d+1, and let ¢ : || = M be a continuous
map that is a homeomorphism onto its image, with the property that its restriction to each
simplex of K is a smooth embedding and the image of each simplex lies within a local chart
of M. Let L be a simplicial subcomplex of K, let g be a smooth Riemannian metric on M,
and let Uz be an open subset of M containing ¢x(|£]). Fix «, 8 € (0,1) such that 8 < «, and
assume that (P;1)-(P;3) hold. Define M to be the simplicial complex consisting of all simplices
of IC of dimension less than or equal to d, together with all simplices of £. We claim that, by
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the property (Py) given by the induction hypothesis, there exists a smooth Riemannian metric
gm on M satisfying the following properties:

(@) llgm — gollco < e on M.

(b) Scal™ < Scal? — k — (8 4 a)e/2 on o (|M]).

(c) Scal? > Scal?® — k — e on M.

(d) grm =g on Ug.
To establish this, let £; and M, denote the simplicial complexes consisting of all simplices of
L and M, respectively, that have dimension less than or equal to d. By property (P;), since
Mg has dimension d, Lq C Mg, prc(La) C oxc(L) C Ug, and (B + a)/2 < «, there exists a
smooth Riemannian metric ga, on M satisfying

+
lgama — gollco < €, Scal®™a < Scal® — k — w on pr(|Mql),
Scal?Ma > Scal? —k —e on M, and gm, = gc on Ur.
Since pic(IM]) = wic(IMal) U vk (|£]), (P42) holds, and (8 + «)/2 < «, the metric gym = g,
satisfies the required properties (a)-(d).
It remains to achieve the construction of gx on the images by ¢x of simplices of K which are
not in M. These simplices have dimension d + 1, and their boundary is contained in i (|M]).

We need the following lemma whose proof is postponed to Appendix [C}

Lemma 4.1. For every integer k € [2,n], there exists a compact set ¥k c D¥, the closed unit
disc in R*, with the following properties:
(i) There exists an open smooth submanifold Sk of R with codimension 2 such that ©F =
¥k N D¥, and F is transverse to ODF.
(ii) For every open neighborhood N of ¥* U ODF, there exists a smooth map ® : TF~1 x
[0,1] — Int(DF \ X*) such that ® is a diffeomorphism onto its image and ®(TF~! x
{0,1}) C V.

ia

D3

FIGURE 2. The codimension 2 manifold 33 associated with D3, shown in red,
is the union of a vertical segment containing the origin and a planar circle
centered at the origin

Let us describe how to construct gx on @i (o), where o is a (d + 1)-dimensional simplex in
K that does not belong to M. Since all faces of ¢ with dimension at most d are contained in
My, property (b) above provides control over the scalar curvature of gaq on the topological
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boundary dpi (o) of i (o) in M. Consequently, there exists an open set U C M containing
Opx (o) such that

UrUOpi(oc) CU and Scal™™ < Scal?® — k —

won U.

Since @i (o) lies within a local chart of M, we assume, without loss of generality, that we are
working in R™. That is, we assume the existence of an open set W C R™ containing both U
and @i (o), and our goal is to construct a smooth Riemannian metric gx on W satisfying the
following conditions:

() llgx — gollcg < e on W.

(f) Scal?® < Scal?® — k — Be on @i (o).

(g) Scal?® > Scal? —k —e on W.

(h) gk = gc on Ug.
Consider a smooth diffeomorphism F : R4t — R4*! that maps the (d + 1)-dimensional closed
unit disc D! to a set D satisfying the following properties:

D C Int(px(o)), ¢x(oc)cUUD, and 0D CU.

Next, apply Lemma [£.1] with ¥ = d + 1 and define
Y= F (4.
By construction, specifically by property (i) of Lemma 3 is a smooth submanifold with
boundary of dimension d — 1 in D = F(D%t!), and its boundary 9% is contained within the
boundary 9D of D. By Whitehead’s Theorem, ¥ admits a triangulation (S, ¢s) induced by
a triangulation of 9%. In other words, there exists a simplicial subcomplex P of S such that
ws(|P|) = 9X. Since 9% C 9D C U, property (P;—1) from the induction hypothesis (applied
with K =8, vk =5, L=P, 92 =gm, U =U, a = (f+ @)/2, and 8 = (35 + «)/4) yields
a metric gs on W satisfying
(38 + a)e
4

Scal?® > Scal? —k —€¢ on M, and gs=guy on U.

Then, define the smooth Riemannian metric gy, on W by

llgs — 90“03 <€, Scal?® < Scal? —k — on ¢s(|S]),

I = 9gson px(o)
I = gmon W\ k(o)
Since gs coincides with g on the open set U that contains Opi(c), ¢/, is smooth, and
moreover, the control of its scalar curvature on ps(|S]) = X can be extended to an open set U’
containing U and 3. Therefore, ¢/, satisfies:
() lgh — 9ollco < eon W.
() Scal™ < Scal®® — k — 38+ a)e/4 on U'.
(k) Scal?™ > Scal? — k —eon W.
(1) ¢y =gconU,CcUCU".
By assertion (ii) of Lemma and using the diffeomorphism F', there exists a smooth map
U:T4 % [0,1] — Int(D\ ) C D C px(0) C W CR"
which is a diffeomorphism onto its image and satisfies ®(T?~! x {0,1}) C U’. This immersion
W can be smoothly extended, for some § > 0, to a diffeomorphism
®:(—6,1+6) x B"910,0) x T — V := & ((—46,1 + ) x B"471(0,6) x T) c W

satisfyin
e T :=@([0,1] x {0} x T%) = ¥ (T x [0,1]).
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FIGURE 3. The union of U (in blue) and D (in yellow) covers the simplex
@i (o). The green region corresponds to points belonging to both U and D

Fix a compact neighborhood C' C V of T. By properties (i) and (k), there exists

w ve (o @9

such that

(4.2) 19 — gollce +v <€

and

(4.3) Scal’™ > Scal® — k — €+ 2v on C.

FIGURE 4. The sets U’, X2, and T in the case where @i () is a 2-dimensional
simplex in ambient dimension 3

Next, consider a smooth function s : V' — [0, 00) satisfying the following conditions:
(m) s=00on U U(WV\C).
(n) s2—v > Scal?™ — Scal® + k + B¢ on C.
(0) 5%+ v < Scal’ — Scal® + k + ¢ on C.
Such a function exists because

Scals™ — Scal® + k + Be + v
B+a)e ,_(a=PBe (@—Be __(a—Pe

_— <V —

1 v 1 1 8

— Scal%m — Scal® + k +
by (j) and (@.1),

ScalM — Scal® + k+e—v>v on C
from (d.1)-([.3), and , since 2v < (a — B)e/4 < (1 — B)e/2 (using ([E.1)),
Scal?M — Scal® + k + Be + v < Scal¥ — Scal® + k+¢—v on V.
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By applying Proposition with h = g, ho = ¢\, v, 5, and C, we obtain a metric h, on V
satisfying:

(®) 7w = glley <von C.

(q) For every z € C, —s(2)? — v < Scal — Scalgﬁ‘/’ < —s(2)? +v.

(r) For every z €V, s(z) =0 = (hy). = (g\q)--
As a consequence, combining (q) with (n)-(o), we deduce
(4.4) Scal® — k — e < Scal™™ — s> — 1 < Scal™

< Scal™ — s2 + v < Scal® — k — Be on C.

Moreover, since h,, coincides with gy, on the open set V'\ C by (m) and (r), these metrics have
the same scalar curvature on V' \ C. Using (k), we obtain

(4.5) Scal™ = Scal’ > Scal® —k —e on V \ C.
We conclude by defining gx on W as follows:

gc = h,onV

g = gy on W\V.

By construction, gx is smooth, property (e) follows from (4.2)) and (p), (f) follows from ({4.4))
and T' C C, (g) follows from (4.4)-(4.5) and (k), and finally (h) follows from (1) and (m).

APPENDIX A. RICCI AND SCALAR CURVATURES IN RIEMANNIAN GEOMETRY

The aim of this section is to recall the definitions of Ricci and scalar curvatures and to provide
formulas to compute them in local coordinates. We adopt the notations of the textbook by
Gallot, Hulin and Lafontaine [2].

A.1. Main definitions. We condider a smooth compact manifold M of dimension n > 2
equipped with a smooth Riemannian metric g. The Levi-Civita connection V9 of the metric
g is the unique connection which is torsion-free and consistent with g where the first property
means that (I'(TM) stands for the set of smooth vector fields on M)

V&Y—V%X:[X,Y} VX, Y e (TM)
and the latter
X g(Y,2)=g(VY.Z) +g(Y,V%Z) VXY, ZeT(TM).

The Riemann curvature endomorphism RY : T(TM) x T(TM) x T(TM) — T'(TM) of g is the
(1, 3)-tensor defined by

RY(X,Y)Z =V} (V4 Z) — V% (V42) + Vixy Z VXY, Z eT(TM)
and the Riemann curvature tensor RY : T'(TM) x T(TM) x T(TM) x T'(TM) — R of g, also
denoted by RY, is the (0, 4)-tensor given by
RY(X,Y,Z,T) = g(RYX,Y)Z,T)  VX,Y,Z T € T(TM).

The Ricci curvature is the (0, 2)-tensor defined as the trace with respect to g of the endomor-
phism v € T, M — RI(z,v)z € T,, M (with x, z € T,, M) and the scalar curvature is given by
the trace of the Ricci curvature with respect to the metric g. In other words, if (e;)i=1,..» is
an orthonomal basis with respect to g, at some point m € M, then we have

Ric? ( ng RI(x,e;)y, e;) ZRQ (z,€ei,y,€) Va,y € T, M,
=1
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n
Scalgn = § R, (e, €5, €i, 6]‘) :

ij=1

So, if x = y = e; then Ric?(z,x) corresponds to the sum of sectional curvatures of all planes
with bases (e;,e;) for 7 € {1,...,n}\ {¢} and if n = 2, we have Ric?! = kg where & is the
Gaussian curvature on M.

Assume now that we work on a neighborhood of a point m € M with local coordinates

(x1,...,x,) and denote by g;; and g% the metric g and its inverse g

1 in these coordinates. If

two vector fields X,Y € T'(T'M) are given in local coordinates by

then V%Y is given by

n n

X = ZXZ@, Y = ZYZBZ»,

i=1 i=1

n

V&Y = Z ZXfBYz—i—ZFkX]Yk i

where the Christoffel symbols '

Thus, if X =0;,Y =

so that
RI(X,Y)Z

with

In conclusion, if X,Y

(A.1) RicY, := Ric(z,

7,k=1

”, for 4,j,0in {1,...,n}, are defined as

% Z (sz (0igjp + 059ip — 5pgij)>-

I _
Iy =

0j, Z = O, then we have

n

V4Z =Y (Th)a and V§Z=> (I)a,
=1 =1

I
<
~Q
<
N

|
<
Xh:
4

% vZ) +VixyZ
= V§(V&Z) - Vé’( (V%Z)

(ar k}+zr7/l‘ _]k:)

p=1 p=1
= Z fjkap?
p=1
R, = O;T%, — arjk+2(rp ~ 0T

are two vector fields with X =z = 0;, Z = z = 0y at m, then we have

Z Z Rv]k Z (ajrvk a ij + Z (Fjr :k sz]k>>

j=1

for all i,k =1,...,n and moreover the scalar curvature is given by

(A.2)

Scal’ := > g Ric;.

ij=1
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A.2. Ricci and scalar curvatures in the general case. Keeping the notations of the previ-
ous section we can decompose the Ricci tensor as the sum of two terms, one which is composed
of derivatives of second order of g and the other gathering terms with derivatives of order one.

Proposition A.1. Fach term of the Ricci tensor can be written for any i,k € {1,...,n} as

9 9.2 9,1
Ric}, = Ry +RY,

with
I~
RY = 2 Z 9" (Ojkgip — Oikgjp — OjpGir + OipGik)
J:p=1
and
RYG =~ Z gﬂgpq[ 9914 (Oigrp + OkGip — Opgik) + 9ig1q (9jgkp + Ogjp — Opgjk)

J l,p,q=1
+ (04951 — 0195q) (Oigip + OkGip — Opgir) — (0q9i1 — 019iq) (Oj9kp + OkGjp — OpYijk)

Proof of Proposition[A-1l By (A.1]), we have for any i,k in {1,...,n},

Ric, = (a s, —o.T%, + Z (rﬂ T — rg’rrgk)>
J:
1
2

[(@‘gjp)(@gkp + OkgiP — OpGik) + 9P (0}igp + Ojrgip — Djpix)
Jp=1

—(9:9"")(0gkp + Og;p — Opgji) — ¢7* (i grp + OikGjp — aipgjk)‘|

'r 2
+ Z (FJT ik zr jk) Rfk; +Rzk’

g,r=1
where R%?, R%" are defined by

I w— .

2

Ry = 3 Z 9?05k Gip — OikGjp — OjpGik + OipGjk) »
J,p=1

and

n

1 . )
(A3) RY' = 3 > [(ajgﬂp)(aigkp + Okgip — Opgir) — (9ig’")(0jgrp + Okgjp — 3p9jk)]

J:p=1
+ Z ( gr zk Zrl—‘;k)

7,r=1

Now, we want to express the derivatives of coefficients of g+

their derivatives. Writing that ¢!

in term of coefficients of g and
is the inverse of g, we obtain

n
_ ik
1 — Zg gkj
k=1

for any 4,5 = 1,...,n. Taking a partial derivative d; in the above expression yields for any
i,5,l=1,...,n

n

Z(ijalgik + gikalgkj> =0,

k=1



20 F. ALIOUANE, L. RIFFORD, AND M. THEILLIERE

then multiplying with ¢7™, we have

n
> (gjmgkj@zgik +g’ mgik@zgkj) =0
k=1

which gives
- Z (gjmgikalgkj> = Z (gjmgkjalgik) = Z(&nk@lgik) = 09"
k=1 k=1 k=1
Coming back to (A.3]), we obtain
g1 _1 il opa
R% =3 Z g7 g’ | = 0jq14 (&'gkp + Okgip — apgik) + 0igiq (ajgkp + Okgjp — apgjk)
Jbp.q

1 ,
+1 Z gl g [(@'gpz + 09t — 019jp) (DiGrq + Orgiq — Oqik)
Jlp.a

— (0igpt + Opgit — 019ip) (0 9kq + Okgiq — aqgjk):| .

The required formula follows by interchanging p and ¢ in the last sum and simplifying with the
first sum. O

Applying the above formulas to (A.2]) gives
Proposition A.2. The Scalar curvature of a metric g can be written as,

Scal? := 8§92 4+ §91,

with
n
S92 =" (9% — g7 9™*) Ojrgip
i.k.j,p=1
and
S9:1

n

1 o
1 Z g% g’ g™ <_4ajglqaigkp+48jglqapgik+3aiglqakgjp_aqgjlapgik _2aqgilajgkp> :
i,k,,0,p,q=1

Proof of Proposition[A.3. One has,
Scal? = ZgikRicfk.
ik
We can write

Scal? := §9' 4 892,

i 1 ¢ ik j
(A4) S9P=73 g'RY = 2 > %9 (ikgip — Oingjp — Dipgik + Dingjk)
ik ik, gp=1
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and
8971 — ZngRgél
1 - ik gl pq
=1 Yo 9% = 0,914 (igkp + Ongip — Opgin) + Diiq (0;9kp + Dugip — p3yn)
i,k,j,l,p,q=1
(A.5)
+ (99951 — 019jq) (Digrp + OkGip — Opgir) — (9q9it — N19iq) (Oj9rp + Okgjp — Bpgjk):| :
To simplify the relation (A.5)), let us set

1
S9t = 1(A+B+C+D),

where
TL
A = g kg]lgpq( jglq zgkp + akgip - aink))
{ kJ,lm q=1
’I’L
B = g% g " (8zglq i Gkp + Ongip — Opgjn) )
k.7, lm q=1
'IL
C = g '“g”g”q( Bq95t — 9195q) (Digrp + Ogip — apgik))
i,k,7, l ,p,q=1
n
D = g '“g”g”q( 9q9it — Oi9iq) (03 9kp + Ogip — Opgjn) )
i,k,7, l ,p,q=1
As g and g~! are symmetric, we have

n

> g% 0ige = >, 9" Okgip

ik=1 ik=1
then we get
n
A= Z gikgjlgpq( — 0j914 (20igkp — OpGi) )
i,k,5,Lp,q=1

Using the same idea to exchange (j1) and (pg), we obtain

n n
> P00k = D 979" 10igi1gOpgin
Jilpg=1 Jbp.q=1

one has
n

B= > g*glg (aiglqakgjp)-
i,k,7,0,p,q=1
Now exchanging (ik) to (jl) and p to ¢, we have

n
> g 0910000 = > ¥ 0 9P 0igp00git, Y 9% 0k = > 9 Okgip
i,.5,k,l,p,q i,5,k,l,pq i,k=1 i,k=1

we have
n

C= Z gikgjlgpq (28jglqapgik - aqgjl(‘azogik - 8lgjq (28igkp - 8pgik) ) .
i,k,5,l,p,q=1
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Finally, by
n n
Z 9" g7 049010 gkp = Z 9% 9" 0491109,
i,kj,l=1 J\lp,q=1
n n
> """ 0gi0kgin = Y 99" 019iq0pgjn,
i,k,p,q=1 i,k,p,q=1
n n
> g P 0,900005 = > 9% 9P 019140005
i,k,p,q=1 ,k,p,q=1
and
n n
> %9000k = Y 99" 0ig140k5)p,
ik jol=1 ik l=1
we have

n
D=2 Y gikgjlgpq( — 0491105 grp + 8iglqakgjp>-
i,k,7,l,p,q=1
Substituting the formula A, B, C' and D in 89!, we deduce by the use of the following relation
Z 9'0q14 = Z 7'919;q,
J,l=1 j,l=1
that

S91 =
n

1 .
4 Z 9" g g < —40;9140i9rkp +40; 9140 gix + 309140k 9jp — 0q9510pGix — 2aqgilajgkp> :
i,k,,l,p,q=1

Returning to the formula of S92, we use the following identifications
> g gP0uwgip = D 9 900k, Y 9 P Okgin = D 99" Oipgjn-
i,k,j,p i,k,j,p i,k,5,p i,k,j,p

So, relation (A.4) can be written as

n
§9% = Z 9% 9" (Ojgip — Djpgi) »
ik,j,p=1

from which we obtain
n

§7= 3" (g%g" — g"g"") Ojrgip.
i,k,j,p=1

O

A.3. Ricci and scalar curvature of diagonal metrics. The purpose of this section is to
specify the formulas of Ricci and scalar curvatures in the case of a diagonal metric. So we
assume that there are smooth functions f1,..., f, : M — R such that

(A4.6) gii=e*fi Yi=1,...,n.
By noting that
Okgii = 2e*110 f;  and  Opigi = 2210 f; + 4€2T 0y f,0,

for all 4, k, I, Proposition yields:
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Proposition A.3. Assume that g is diagonal of the form then we have for any i,k €

{1,...,n}
Ric/, = R%? + RY,

where
RGP =— (aiifj +ez(fi—fj)ajjfi)
J=1,3#i
foralli=1,...,n,
RG: = — Z Oir fj
J=1,5¢{i,k}
for alli k€ {1,...,n} with i #k,
Ry = > AUoif0fi— > (0if;)7+ Y 0if;0f
J=1#i =15 =15
n n
— Z =1 fi0, fi — Z 2= (9, f;)?
Jp=1j#i,p¢{i,j} J=1,j#i
foralli=1,...,n, and
RG == > 0fiofi+ >, Okfi0ift Y, 0ifionfi
J=1j¢{ik} J=1.3¢{ik} j=1.j¢{i.k}

forallik € {1,...,n} with i # k.
Morever, Proposition gives:
Proposition A.4. Assume that g is diagonal of the form then we have
Scal? = §9% 4 S9!,

with
59’2 =-2 Z e_gf'iaiifj
ij=1,j#
and
Sl =2 Z e i, fi0if; —2 Z e (0. f;) - Z =218, f;0, fi.
1,j=1,i#j i,j=1,j#1 i,3,p=1,571,p¢{i.j}

A.4. Scalar curvature of a metric with diagonal perturbation. Given a Riemannian
metric g = (g;;) in R™ with n > 3 of the form

(A.7) g=A"A with A; =1d,,

where 7 € R" is fixed and z € R"® — A, € GL,(R) is a smooth mapping, we consider a
perturbation § of g on a neighborhood of Z of the form

(A.8) Gg=A"DA

where D is a n x n diagonal matrix with coefficients (e2/1,... e2/") and fi,..., f, are smooth

functions on a neighborhood of Z valued in a neighborhood of 0 € R (in such a way that g
remains positive definite near ). Using that (we denote the coefficientss of A by (a;;))

n
gl]:g”_’_Z(ler_l)arlaT] VZ:.]Zl,,’I’L,
r=1
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we verify that the first and second-order partial derivatives of § are given by

n

(A9) Dudis = gy + 23 (7 Of) iy ) + D (¢4 = 1) [(Ouars) ary + i (9kiny)])

r=1 r=1

and

(A10)  Okigij = OkiGij + 2 Z(e% Ok fr) ariarj> + 4 Z(ezfr (Okfr) (OLfr) &m&m)

r=1 r=1

+2) (,ngr (O fr) [(Brri) Grj + i (311‘1”)]) +2) (e2fr (O fr) [(Okri) @rj + @i (akarj)]>
T Z( (€47 = 1) [(Outrs) vy + (Ohays) (D) + (Aiys) (Ouiars) + s (Dwaiiry)]),

for all 4, j,k,l =1,...,n. Then, by applying the scalar curvature formulas given in Proposition
at T where Az =1d,, and gz = D(Z), we obtain:

Proposition A.5. Assume that g is diagonal of the form then we have
(A.11) Scall = Scall + BI + Q% + EY,

where Bg, which is linear in the second-order derivatives of f1,..., fn at T is given by

(A.12) Bl = -2 Z (—Qf*”’)a? ())

i,j=1,i#j

where Qg, which is quadratic in the first-order derivatives of f1,..., fn at T, is given by

(A13) Q= -2 Z ( @ (9, 1(2)) )

i,7=1,1#j
- Y (MOas@oas@)+4 Y (PO f@0.8)),
i,4,k=1,i#£j i,j=1,i#j

and where E9 is an error term which can be written as

(A14) Eg = (I)O (fl(i') 7f’rl( )7 A(j)ﬂ?g‘i(‘%))

n

+ (B (R0, ful@), 01 A(). 0°A(e) (0 ()
r=1k=

where ®g and ®q 1, Po . with k =1,...,n, are smooth function in the variables fa, f3,a;;, 3,%&1]-
and 0%,a;; such that ®¢(0,0,-,-,-) = 0.

Proof of Proposition[A.5, Formulas of Proposition along with gz = D(Z), yield

Scald := 892 4 891,
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with
n
» ik o
s = Y (el - i) ondu(@)
ik p=1
= Z.@;Q‘L 39 (% Zgiga 391 (T)
4,j=1 i,j=1
n
= > 6_2”(”6_2”(1)(&jﬁm(ﬂ?)—%Qu(ﬂ?))
i.j=1,i#j

and (from now on we omit )

i1 1 N~ ap o o o o
s = 4 Y, e MemMe 2fp(_4ajgjpaigip+4ajgjp8pgii+3aigjpaigjp

i,5,p=1
— 0595 0pGii — 28pgij8jgip> :
The first term 82’2 can be written as

832 = Z <8ijgij - 8jj§m‘)

i,j=1,i#j
n
+ Z 672fi672fj (6”_@1] — 8”gm> - Z (&Jg” - 5’jj§]n)7

0,j=1,1#] 0,j=1,1#]

which by using (A.10)) is equal to

s2= Y ((aijgij _ ajjgii) —~ 2(6—2fj8ffi) - 4(3—2fj (9;f:) (&‘fﬁ)) + Ay

i,j=1,i#j
with
n
Ag = Z (e2fie™2li — 1) (8ij§ij - 3;‘]’%‘)
4,j=1,i#j

+ Z Z e 2fig=21i <262frc’?ifr [ajari 6rj + Opi ajarj] + QleTOjfr [6Z'am' 5”‘ + Opi 8i@7~j}

t,g=1,i7#] r=1,j
+ (€% = 1) [03j@pi Orj + Ot Djlirj + Ojri Diirj + Oy aijarj])>
— Z <2€2fi 8jfi [8jdii + aj(i“‘] + 2¢%7i 6jf2 [aj@“‘ + @-dii]
4,j=1,i#j
+ (€2fi — 1) [6?@1‘1‘ + 0;G4; 0jas; + Ojas; 0G4 + 8%%] ) )

where for all 7,7, k,1, Orig;; can be written as

n

OniGi; = Z(akz@m‘ Orj + Oklri O1Grj + O1Gri Oklyrj + Or 3kz@rj)-

r=1
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Hence by pluging the above formula for Ok;§;;, we obtain

n

%= 3" (§%9" - ") Ojngip
i,k,7,p=1

APPENDIX B. PROOF OF LEMMA [3.4]

Let x € R™ be fixed. The pullback g of gy by the affine diffeomorphism ¥ : R® — R™ defined
by
U(z):=x+ P,z Vz e R",

on a neighborhood of 0 = ¥~1(x) is given by (using )
9= = P, (G0) g (o) Pr = Py (Qfﬂ(z)Q\p(z)) P, = (Q@(Z)Pz)tr (Qu(z)Px) where P,Qu (o) = 1dy,
and the pullback g of g by ¥ by (using (3.8))

9: = PGy Pe = PtrQ\I/(z (V(2)) Quz) P

= (Q\Il(z)Px) D (z+ Pp2) (Quez) Pr) -
So, by setting A(z) := P,Qy(s) which verifies A(0) = Id,, we can apply the formula of scalar
curvature provided in Appendix By noting that D(x + P,z) is a diagonal matrix with

diagonal coefficients (1,e2/2,e2f3 1,... 1) where
(B.1) fi(z) = h; (z + Py2) Vi=2,3
for z on a neighborhood of the origin 0, (A.11)-(A.14)) yield (we set fi =0 for k # 2, 3)
(B.2) Scal? = Scal] = Scald + BY + Q3 + EJ = Scal® + BY + Q3 + EY,
with
B3)  Bi=-2 Y (O8£0) -2 3 (72032 £5(0)),
k=1,k#2 k=1,k#3
(B4) Qg -9 Z <€72fk(0) (aka(O))Q) _9 Z (672fk(0) (akf3(0))2)
k=1,k#2 k=1,k#3
—2 Y (0h(0)05500)
k=1,k¢{2,3}

+ 272209, £,(0)82 f3(0) + 2e 2730 35 £3(0)D5 f2(0),

and FY is an error term that can be written as

E§ = @ (£2(0), f3(0), 0" A(0),0° A(0))
+ 37 (B2 (£2(0), £3(0), 8" A(0), 2 A(0)) (D4 2(0)) )
k=1

+ 3 (®a (£200), £(0), 0" A(0), 2 A(0)) (31f5(0))),
k=1

where ®¢ and ®s , P31, with k = 1,...,n, are smooth functions in the variables f(0), f5(0),
dtai;(0) and 93a;;(0) such that ®¢(0,0,-,-) = 0. By (B.1)), we have

O f:(0) = dyh (Xk(:c)) and  92f,(0) = d2h; (Xk(x),Xk(x)> Vk=1,...,n, Vi=23
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Hence, by (3.5), for every i = 2,3, we have

3

81f1(0) = amalhl(x) + (P )j 1 a]h (3’]),

Jj=2

D £i(0) = Q20%hi(2) + 200 3 (P, i) + 3 (Po)y (Pu)yy OBhila),

and for every i =2,3and k=2,...,n

O fi(0) = ' (Pe),  O5hi(x), 0% fi(0) = (Pr) i (Pr), j 0Fhi().

£ -

<
||
N

.
=
U
N

As a result, Bg in (B.3) can be expressed as

B = ~202(03ha(x) + 0%ha(w) ) — daw S (Pu) 1 (9 halw) + 0% ha(x))
Jj=2
=2 3 (P, (Po)yy (0%ha(@) + 3 ha(a))
j,k=2

n n

_QZz(e—m(o)(P) W (P2), 02l ) 2 ¥ Z(—ka(o) k(Pm)l,kafzhs(m))

k=3j,1=2 k=2,k#3 j,1=2

27
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with the two last lines depend only on J? and x. The term Qg in 1) can be written as

Q6 = —202 ((@1ha(2))” + (Buha(2)* + ihala)diha(x))

— 20@; ( (Pg;)j’l (28jh2(x) + 6jh3(.’17)) alhg(x)
j=2
— 200 ( (PQJ)j,l (ajhg(.f) + 2(’)jh3(33)) 81h3(3:)
=2
-2 (Pz)j,1 djha(x) Z(Pw)j,1ajh3(x)
j=2 =2
2 2
-2 Z(Px)j,1 djha(z) | —2 Z(Px)j,l Ojh3(x)
Jj=2 j=2
2
- 22 6_2fk(0) (P$)j,k thg(a:)
k=3 j=2
2
-2 > 2@ (Pr) ;5 Ohs(x)
k=2, k#3 =2
oS (S (B, 05hae) | [ S0 (), 05hs)
k=4 \ j—=2 j=2

n n

+2e 3@ N (P); 5 05ha(x) | | Y (Pa); 5 05ha() |

j=2 j=2

where the terms multiplying 01ha(z) and 01hs(z)) appearing on the second and third lines,
respectively, and all other remaining terms depend only on j,f and z. Finally, the above
formulas for 9y f2(0) and 9y f3(0) also allow to express Ej as desired. The conclusion readily

follows from (B.2)).

AprPENDIX C. PrROOF OF LEMMA [4.1]

For the proof, we introduce the following notation: for any set S C R¥ and for any v > 0,
S, refers to the v-neighborhood of S defined as S, := S + vInt(DF).
We prove the result by induction. For k = 2, we define X2 as the center of the disc D? and set
»2 := %2, By construction, %2 is a smooth submanifold of R? with codimension 2 that does
not intersect 9D2. Consequently, 2 is tranverse to dD?, which proves (i). Next, let A/ be an
open neighborhood of ¥? U dD?. Then, there exists v > 0 such that X2 U (0D?), C N. The
set D%\ (23/2 U (0D?),/2) is an annulus, diffeomorphic to S' x [0, 1], which proves (ii).
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Now, assume that the result holds for & > 2, and proceed to prove it for k + 1. Set
Ri = {(xl,--~ , X)) € RF |21 > 0},
consider the smooth map

F:S'xRE — Rk
0, (x1, - ,2)) +— (r1cosb,x18inb, a9, -, xp),

and define the sets D¥ C R% and LF+1 C R¥*! as follows:

D-kr = D" mR’i and LF* = {(yl, k) € RFT = gy = 0}-
The map F' is a smooth diffeomorphism onto its image, and we have:
(C.1) F (S' x DE) = DF+1\ Lk,

By induction hypothesis, there exist sets ©* ¢ D* and ¥¥ C R¥ satisfying properties (i)-(ii).
Since ¥¥ has codimension 2 and is transverse to the sphere OD* we may assume, without loss
of generality, by rotating and shrinking ©* outside D¥, if necessary, that there exists § > 0
such that %% does not intersect the closed ball B¥(%,d) where Z := (—1,0,---,0). For every
R > 0, let zg := (R,0,---,0), and consider the affine diffeomorphism ¢g : R¥ — R* by
vr(x) :==xr + (R + 1)z. Using this map, define the sets:

D% = pgr (Dk) . k=g (ik> , Xhi=op (Ek) , Br:=v¢r (Bk(fc,é)) .

By construction, properties (i)-(ii) are satisfied by replacing D*, $*, SF with Dk k. f]’f%, the set
Bp coincides with the closed ball B¥(z, (R4 1)d), and %% does not intersect Br. Furthermore,
there exists R > 0 such that for any R > R, D% contains the closure of Di, denoted Di,
in its interior. Let & := (1/2,0---,0) € D¥, and for each v € S¥~1, let 74 (v) (resp. Tr(v)
for R > R) denote the length of the line segment formed by the intersection of the half-line
&+ [0, +o00)v with D¥ (resp. D%). For each R > R, the map 7x : S*~! — (0, +00) is smooth,
while 7, : S¥~1 — (0, +00) is Lipschitz and smooth outside the set of v € S¥~! such that the
half-line & + [0, +-00)v intersects the sphere S¥=* N {z; = 0}. Moreover, we have 7z > 7 for
all R > R. Choose a smooth, nondecreasing function y : [0, +00) — [0, 1] such that u(1/8) =0
and j(1/4) = 1. For every R > R, define the map Uy : R¥ — R¥ by

=

SR (R PR T R R = RO N

[ —&]

=

z if x=
By construction, for every R > R, Uy is a Lipschitz homeomorphism satisfying
vy (DY) = Dk
Furthermore, consider the compact set Sp C D%, defined as the convex hull of the union of line
segments formed by the intersection of D% with all half-lines of the form & + [0, +-00)v, with
v € SF71, that intersect the sphere S¥=! N {z; = 0}. The map ¥3' is smooth outside Sz and
any y € D% such that U5'(y) € {z; = 0} lies in Sg. Finally, note that, for every R > R, the

set Sg is contained in the closed ball centered at z with radius 3.
To conclude the proof, we fix R > R such that (R + 1)§ > 3, and define

Sk g1 ($k
= wg! (Sh).
By construction, ¥¥ does not intersect the set Br = B¥(%, (R 4 1)J), which contains the set

Sg, as (R+1)8 > 3. Consequently, X* is an open smooth submanifold of R* with codimension
2. If it intersects the boundary of Di, this occur at points in DF N Rf_, and the intersection



30 F. ALIOUANE, L. RIFFORD, AND M. THEILLIERE

is transverse. In particular, by shrinking Yk outside DF if necessary, we may assume that f]’i
is contained in R’i. Then, we define

ShHl = SFFL A DFL where SR = LM U F(ST x 2F).

We now address the verification of properties (i)-(ii) for & + 1. The set L**! is a codimension
2 vector space that is transverse to D1, Additionally, Z’fr is an open smooth submanifold
of RF with codimension 2, contained in Ri, and transverse to Di. Since F' is a smooth

diffeomorphism onto its image, the image of S! x iﬁ under F' is an open smooth submanifold
of RFt! with codimension 2, transverse to 9D**1. Moreover, by , this image does not
intersect L**1, completing the proof of (i). To prove (ii), consider an open neighborhood N of
Yk y oD+, By the above construction, there exists an open neighborhood N _,’f of the closed

set 8D7_lfr U (ii N D*) in R* such that
F(S' x (N¥ARE)) C N
and the set
N = Ug (M)

is an open neighborhood of D% U ¥k, By the induction hypothesis, there exists a smooth
map ®% : TF=1 x [0,1] — Int(D% \ £%) such that ®% is a diffeomorphism onto its image and
@’&(T’“fl x {0,1}) C NV, ﬁ. We conclude by approximating \If’f;z with a smooth diffeomorphism
via regularizing 7. Since ®% is valued in Int(D% \ 2%) and ®%(T*~1 x {0,1}) C NE, there
exists v > 0 such that

(C.2)  dist (xp;; (% (a, 1)) ,0D" U (i'j; N Di)) >v Y(at) e T x [0,1]
and
(C.3) Ut (@R t)) € (NF),  V(ent) € TF ' x {0,1}.

Next, consider a smooth approximation 7 : S! — (0, 4+00) of 74 in the C°-topology, and define
the map ¥ : RF — R* by

1SN

(= nla—ah) o+ ule—i) o+ 2D @-a)| it oz

[z—2]

U(z) =

2>

T if x=

Since 7g > 74 and ¥ is defined radially, the map ¥ is a smooth diffeomorphism if |7 — 74|/ co
is sufficiently small. Furthermore, ¥~! converges uniformly to \111}1 on compact sets as |7 —
74| lco — 0. Therefore, using the fact that ®% is valued in Int(D%\ %), along with (C.2)-(C.3),
we may assume that ¥ is a smooth diffeomorphism satisfying the following properties:

T (@h () € Int(DE N\ (ZX N DY) V(a,t) e T" ' x [0,1]
and
U (@h(at)) CNE Y(a,t) € T" T x {0,1}.
Finally, noting that T* = S* x T*~!, we define ® : T* x [0,1] — Int(D*+!\ 2*+1) by
®(0,0,t):=F (0,0 (®F(c, 1)) V(0, ) € ST x TF 1 x [0,1].

By construction, ® is a smooth diffeomorphism onto its image, satisfying property (ii) for k+ 1.
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