
ALMOST PRESCRIBING SCALAR CURVATURE

BY MIXED CONVEX INTEGRATION

F. ALIOUANE, L. RIFFORD, AND M. THEILLIÈRE

Abstract. We introduce a method of mixed convex integration and demonstrate its suit-

ability for solving a particular class of semilinear second-order partial differential relations.
As an application, we provide a new proof of a result on scalar curvature originally established

by Lohkamp.

1. Introduction

Let π : E → M be a smooth fiber bundle, where E is the total space and M is the base
manifold. A section s : M → E corresponds to a smooth map such that π(s(x)) = x for all
x ∈M . The jet bundle Jk(E) of order k is the bundle whose fiber over a point x ∈M consists
of the equivalent classes of sections s that agree up to order k at x. A partial differential relation
in this setting is a subset

R ⊂ Jk(E),

which imposes constraints on the k-jets of sections of E. A section s : M → E is a solution of
the partial differential relation R if its k-jet Jks satisfies

Jks (x) ∈ R ∀x ∈M.

This general framework encompasses a wide variety of partial differential relations arising in
differential geometry. For further details, we refer the reader to Gromov’s monograph [4], as
well as the books by Spring [11] and Eliashberg and Mishachev [1]. Examples of first-order par-
tial differential relations include various types of immersions between smooth manifolds, while
second-order relations concern, for instance, free maps or Riemannian metrics satisfying specific
curvature conditions. Several techniques have been developed to establish the existence of solu-
tions to partial differential relations, sometimes at the cost of topological assumptions. Among
these, the theory of convex integration – developed by Gromov [3, 4], following earlier work by
Nash [10] – provides a method for resolving partial differential relations satisfying ampleness
conditions. Nevertheless, some existence results are beyond the scope of currently available
methods, such as those in Lohkamp’s theory of negative Ricci or scalar curvature [5, 6, 7]. The
aim of the present paper is to show how some of Lohkamp’s results on scalar curvature can be
recovered using a method of mixed convex integration.

Let (M, g) be a smooth Riemannian manifold of dimension n ≥ 2. In [6], Lohkamp demon-
strated that for n ≥ 3, if g0 is a smooth Riemannian metric on M , then for every α ∈ R and
every ε > 0, there exists a smooth Riemannian metric gε on M such that

r(gε) < α and ‖gε − g0‖C0
g
< ε,

where r(gε) denotes the Ricci curvature of gε and ‖gε − g0‖C0
g

is the C0-norm of gε − g0 on

M with respect to the reference metric g. This result improved a previous result by the same
author in [5], which established the existence of smooth Riemannian metrics with negative
Ricci curvature on any smooth manifold of dimension at least 3. It is worth noting that, by the
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Gauss-Bonnet theorem, this result does not extend to dimension 2. Lohkamp’s proof is highly
technical. It relies on a covering argument that superposes many metrics on M derived from a
perturbation of the Euclidean metric in Rn, which is identical to the Euclidean metric outside
the unit ball but exhibits negative Ricci curvature within the ball. Subsequently, Lohkamp
refined his result in the case of scalar curvature. In [7], he demonstrated the following result:

Theorem 1.1. Let (M, g) be a smooth Riemannian manifold of dimension n ≥ 3, then for
every smooth Riemannian metric g0 on M , every smooth function k : M → (0,+∞), and every
ε > 0, there exists a smooth Riemannian metric gε on M satisfying

Scalg0 − k − ε < Scalgε < Scalg0 − k and ‖gε − g0‖C0
g
< ε.

It is important to note that the results of Lohkamp in [6, 7] are, in fact, stronger than those
stated here. For instance, in [7], he showed that the new metric gε can be chosen to coincide
with g0 on a closed subset of M while maintaining the same control on its scalar curvature as
described in Theorem 1.1 outside that set. The proof proceeds by superposing several small
deformations of the initial metric, utilizing a suitable covering of the manifold.

The purpose of this paper is to develop a method of mixed convex integration and use it
to provide a new proof of Theorem 1.1. The partial differential relation given by the scalar
curvature does not fit within the general framework of convex integration mentioned above.
Specifically, it is not ample, as the scalar curvature tensor is affine in second-order partial
derivatives. Our proof of Theorem 1.1 exploits this property, along with the specific structure
of first-order terms. It follows from a general method (see Proposition 2.4) that allows solving
a particular class of semilinear second-order partial differential relations. This mixed convex
integration method relies on the corrugation process introduced by the third author in [12],
which provides an alternative formula to those previously used in convex integration. It allows
the perturbation to be split into several terms, each of which has a more easily controlled effect
on the partial derivatives of the perturbation (see Proposition 2.2).

The paper is organized as follows: Section 2 introduces the general method of mixed convex
integration and demonstrates its application for solving a particular class of second-order semi-
linear partial differential relations. Section 3 is dedicated to proving Theorem 1.1 in the case
of a torus. For pedagogical clarity, we first address the perturbation of the flat metric on the
torus, then explain how to handle a general metric on the torus. Section 4 provides the proof
of Theorem 1.1 in its general form. Finally, the Appendix includes the formulas of Ricci and
scalar curvature in local coordinates, along with the proof of a technical result.

Acknowledgment: The third author was partially supported by the Luxembourg National
Research Fund (FNR) O21/16309996/HypSTER, and then benefits from the support of the
French government “Investissements d’Avenir” program integrated to France 2030, bearing the
following reference ANR-11-LABX-0020-01.

2. Mixed convex integration

The purpose of this section is to introduce a method of mixed convex integration taylored
to solving a particular class of semilinear second-order partial differential relations. Instead of
considering jet bundles between general manifolds, we focus on jets bundles from Rn to Rm,
allowing certain periodicity properties. This level of generality is sufficient for our application
to Theorem 1.1. Throughout this section, we fix two integers n and m with n,m ≥ 1.



ALMOST PRESCRIBING SCALAR CURVATURE BY MIXED CONVEX INTEGRATION 3

2.1. A few notations. Given an integer d such that 0 ≤ d ≤ n, and a set K ⊂ Rn−d, we
denote by C∞per,d(K × Rd,Rm) the set of smooth functions f : K × Rd → Rm satisfying

f (x1, . . . , xn−d, xn−d+1 + k1, . . . xn + kd) = f (x1, . . . xn) ∀x ∈ Rn, ∀k ∈ Zd,
where x = (x1, . . . , xn) and k = (k1, . . . , kd). If K is not open, a function f : K × Rd → Rm
is smooth if it extends smoothly to an open neighborhood of K. When d = 0, the space
C∞per,d(K × Rd,Rm) coincides with the set C∞(K,Rm) of smooth functions from K ⊂ Rn to

Rm. When d = n, it coincides with C∞per(Rn,Rm), the set of smooth functions from Rn to Rm

which are Zn-periodic. In all cases, C∞per,d(K × Rd,Rm) consists of smooth functions defined

on a subset of Rn with coordinates (x1, . . . , xn) to Rm with coordinates (y1, . . . , ym). For any
smooth function f defined on a subset of Rn and valued in Rm, we denote by ∂if and ∂2

ijf
(with i, j = 1, . . . , n) the first and second-order partial derivatives of f with respect to xi and
xi, xj , respectively. If i = j we sometimes use the notation ∂2

i f .

2.2. Mixed corrugation processes. Recall that C∞per(R,Rm) denotes the set of smooth 1-
periodic functions from R to Rm.

Definition 2.1 (Integral-loop operator). The integral-loop operator

Int : C∞per(R,Rm) −→ C∞per(R,Rm)

is defined for every γ ∈ C∞per(R,Rm) by

Int(γ)(t) :=

∫ t

0

(γ(s)− γ) ds ∀t ∈ R with γ :=

∫ 1

0

γ(s) ds,

and for every positive integer n we denote by Intn = Int ◦ · · · ◦ Int the mapping corresponding
to n iterations of Int.

The integral-loop operator defines a linear operator from the vector space C∞per(R,Rm) into
itself, it is the building block of corrugation processes, the deformation technique used in convex
integration.

Fix an integer d with 0 ≤ d ≤ n and a compact set K ⊂ Rn−d, and define E := K × Rd.
Given f ∈ C∞per,d(E,Rm) and {γx}x∈E a well-adapted family of loops valued in Rm, that is, of

the form {γx := γ(x, ·)}x∈E for some γ ∈ C∞per,d+1(K × Rd+1,Rm), we define, for any positive

integers N, b, and any i ∈ {1, . . . , n}, the smooth function F ∈ C∞per,d(E,Rm) by

F (x) := f(x) +
1

N b
Intb (γx) (Nxi) ∀x = (x1, . . . , xn) ∈ K.

The function F , said to be obtained by a corrugation process from f for ∂bi , tends to f in
C0-topology as N → +∞, its derivatives of order strictly less than b tend to the corresponding
derivatives of f , and the derivative of order b along the xi variable are asymptotically controled
by that of f and γ (see Proposition 2.2 (i)-(iii) below with δx ≡ 0). We now combine corruga-
tion processes at orders one and two. The following result describes the properties of smooth
functions obtained through this mixed corrugation process.

Proposition 2.2. Let f ∈ C∞per,d(E,Rm) and {γx}x∈E, {δx}x∈E be two well-adapted smooth

families of loops valued in Rm. For any positive integer N and any i ∈ {1, . . . , n}, define the
function F ∈ C∞per,d(E,Rm) by

F (x) := f(x) +
1

N
Int (γx) (Nxi) +

1

N2
Int2 (δx) (Nxi) ∀x = (x1, . . . , xn) ∈ E.(2.1)

Then, the following properties are satisfied:

(i) ‖F − f‖C0 = O(1/N) (as N → +∞).
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(ii) For all j ∈ {1, . . . , n} with j 6= i, ‖∂jF − ∂jf‖C0 = O(1/N).
(iii) For all j, k ∈ {1, . . . , n} with j, k 6= i, ‖∂2

jkF − ∂2
jkf‖C0 = O(1/N).

Moreover, the following properties are satisfied for any x ∈ E, with O(1/N) that is uniform
with respect to x ∈ E:

(iv) ∂iF (x) = ∂if(x) + γx(Nxi)− γx +O(1/N).

(v) ∂2
i F (x) = ∂2

i f(x) + 2
(
∂iγx(Nxi)− (∂iγx)

)
+Nγ̇x(Nxi) + δx(Nxi)− δx +O(1/N),

where γ̇x stands for the derivative of γx with respect to the periodic parameter of the
loop.

(vi) For all j ∈ {1, . . . , n} with j 6= i, ∂2
ijF (x) = ∂2

ijf(x) + ∂jγx(Nxi)− (∂jγx) +O(1/N).

Proof of Proposition 2.2. To prove (i), we observe that for every x ∈ E, we have

F (x)− f(x) =
1

N
Int (γx) (Nxi) +

1

N2
Int2 (δx) (Nxi) .

By compactness and periodicity, the functions (x, t) ∈ K × Rd+1 7→ γx(t) and (x, t) ∈ K ×
Rd+1 7→ δx(t) are bounded. Consequently, the functions (x, t) ∈ K × Rd+1 7→ Int(γx)(t) and
(x, t) ∈ K ×Rd+1 7→ Int(δx)(t) are also bounded. Thus, we deduce that ‖F − f‖C0 = O(1/N).

To prove properties (ii)-(v), we note that, if {αx}x∈K is a smooth family of loops then

∂j (Int (αx) (t)) = Int (∂jαx) (t) and ∂jk (Int (αx) (t)) = Int (∂jkαx) (t)(2.2)

∀x ∈ E, ∀t ∈ R, ∀j, k ∈ {1, . . . , n}.
To prove (ii), we fix j ∈ {1, . . . , n} with j 6= i , and evaluting Int(γx) and Int2(δx) in (2.2)

at t = Nxi, whose derivative in ∂j is zero, we obtain

∂jF (x)− ∂jf(x) =
1

N
Int (∂jγx) (Nxi) +

1

N2
Int2 (∂jδx) (Nxi) ∀x ∈ E.

Since the functions (x, t) 7→ Int(∂jγx)(t) and (x, t) 7→ Int2 (∂jδx) (t) are bounded over K×Rd+1,
by the same argument as in (i), we infer that ‖∂jF − ∂jf‖C0 = O(1/N).

To prove (iii), we fix j, k ∈ {1, . . . , n} with j, k 6= i. In the same way as in (ii), as j, k 6= i,
we have for every x ∈ E

∂2
jkF (x)− ∂2

jkf(x) =
1

N
Int
(
∂2
jkγx

)
(Nxi) +

1

N2
Int2

(
∂2
jkδx

)
(Nxi) ∀x ∈ E.

We conclude as before.
To prove (iv) and (v), we use again the formula (2.2), but this time, as we consider t = Nxi,

and take derivatives in ∂i, we have an additional term. We obtain for every x ∈ E,

∂iF (x) = ∂if(x) + γx(Nxi)− γx

+
1

N
Int (∂iγx) (Nxi) +

1

N

(
Int (δx) (Nxi)− Int(δx)

)
+

1

N2
Int2 (∂iδx) (Nxi)

and

∂2
i F (x) = ∂2

i f(x) +Nγ̇x (Nxi) + 2
(
(∂iγx) (Nxi)− ∂iγx

)
+

1

N
Int
(
∂2
i γx
)

(Nxi)

+ δx (Nxi)− δx +
2

N

(
Int (∂iδx) (Nxi)− Int (∂iδx)

)
+

1

N2
Int2

(
∂2
i δx
)

(Nxi) .

We conclude as above. Finally, assertion (vi) follows by taking the partial derivative with
respect to xj of the above formula for ∂iF . �
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2.3. Semilinear second-order partial differential relations. As before, we fix an integer
d with 0 ≤ d ≤ n and a compact set K ⊂ Rn−d, and define E := K ×Rd. A partial differential
relation R in J2(E,Rm) is a subset of

J2(E,Rm) = E × Rm × (Rm)
n × (Rm)

n(n+1)
2

and a smooth function f ∈ C∞per,d(E,Rm) is a solution of R if its 2-jet satisfies

J2
f (x) :=

(
x, f(x), (∂1f(x), · · · , ∂nf(x)) ,

(
∂2
ijf(x)

)
1≤i≤j≤n

)
∈ R ∀x ∈ E.

Our goal is to show how the mixed corrugation process introduced in the previous section can
be used to solve a particular class of semilinear second-order partial differential relations. For
simplicity, we focus on partial differential relations that are solvable by a mixed corrugation
process along the x1 variable.

To isolate the components of the 2-jets corresponding to derivatives along the x1 variable,
we write the elements of J2(E,Rm) as

σ =
(
σ0, σ

0, σ1
1 , · · · , σ1

n,
(
σ2
ij

)
1≤i≤j≤n

)
.

We denote by σ̌ the tuple obtained from σ by removing the terms σ0, σ1
1 and σ2

1j for j = 1, . . . , n,

and define J̌2(E,Rm) as the set of all such tuples σ̌ with σ ∈ J2(E,Rm). Finally, we use the
notation σ2

1∗ to refer to the tuple of all components of the form σ2
1j with j = 2, . . . , n.

Definition 2.3. A partial differential relation R ⊂ J2(E,Rm) is said to be semilinear in x1

if there are two smooth maps L : E → (Rm)∗ and R : E × J̌2(E,Rm) × Rm × (Rm)n−1 → R
satisfying{

L (σ0 + (0n−d, k)) = L (σ0)
R
(
σ0 + (0n−d, k), σ̌, σ1

1 , σ
2
1∗
)

= R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
) ∀ (0n−d, k) ∈ {0} × Zd

for all σ0 ∈ E, σ̌ ∈ J̌2(E,Rm), σ1
1 ∈ Rm, and σ2

1∗ ∈ (Rm)n−1, such that

R :=
{
σ ∈ J2(E,Rm) |L (σ0) · σ2

11 +R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= 0
}
.

For every ε > 0, we call ε-thickening of R the open partial differential relation Rε ⊂ J2(E,Rm)
defined by

Rε :=
{
σ ∈ J2(E,Rm) |L (σ0) · σ2

11 +R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)
∈ (−ε, ε)

}
.

The reason for choosing to include σ̌, σ1
1 , σ

2
1∗ in the definition of R is justified by the following

result, whose proof follows from Proposition 2.2.

Proposition 2.4. Let R ⊂ J2(E,Rm) be a semilinear (in x1) partial differential relation as
in Definition 2.3, and let f ∈ C∞per,d(E,Rm). Assume that there are two well-adapted smooth

families of loops {γx}x∈E and {δx}x∈E valued in Rm satisfying the following properties:

(L1) For every x ∈ E, γx = δx = 0;
(L2) For every x ∈ E and every t ∈ R, L(x) · γx(t) = ∂1L(x) · γx(t) = 0.
(L3) For every x ∈ E and every t ∈ R,

L(x) ·
(
σ2

11 + δx(t)
)

+R
(
x, σ̌, σ1

1(x) + γx(t), σ2
1∗ + ∂∗γx(t)

)
= 0,

where σ := J2
f (x) and ∂∗γx(t) is the tuple (∂2γx(t), · · · , ∂nγx(t)).

then, for every ε > 0, the smooth function F ∈ C∞per,d(E,Rm) given by formula (2.1) satisfies
the following properties for N sufficiently large:

(a) ‖F − f‖C0 < ε;
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(b) For every x ∈ E, J2
F (x) ∈ Rε.

Proof of Proposition 2.4. Let R and f be as in the statement, and let {γx}x∈E and {δx}x∈E
be two well-adapted smooth families of loops valued in Rm satisfying (L1)-(L3). Assertion (a)
follows from Proposition 2.2 (i). To prove (b), fix x ∈ E and set

σ := J2
f (x) and θ := J2

F (x).

Assertions (ii)-(iii) of Proposition 2.2 yield

θ̌ = σ̌ +O(1/N),

where O(1/N), here and throughout, is uniform with respect to x ∈ E. Moreover, assertions
(iv)-(vi) of Proposition 2.2, combined with (L1), give

θ1
1 = ∂1F (x) = σ1

1 + γx (Nx1) +O(1/N)
θ2

11 = ∂2
1F (x) = σ2

11 + 2∂1γx (Nx1) +Nγ̇x (Nx1) + δx (Nx1) +O(1/N)
θ2

1j = ∂2
ijF (x) = σ2

1j + ∂jγx(Nx1) +O(1/N), ∀j = 2, . . . , n.

The derivation of the first equality of (L2) with respect to t and x1, along with its second term,
gives

L(x) · γ̇x(t) = L(x) · ∂1γx(t) = 0 ∀t ∈ R.
As a result, by setting θ2

1∗ := (θ2
12, · · · , θ2

1n), we have

L(x) · θ2
11 +R

(
x, θ̌, θ1

1, θ
2
1∗
)

= L(x) ·
(
σ2

11 + δx (Nx1) +O(1/N)
)

+R
(
x, σ̌ +O(1/N), σ1

1 + γx (Nx1) +O(1/N), σ2
1∗ + ∂∗γx (Nx1) +O(1/N)

)
.

Next, observe that, by the periodicity properties of L and the compactness of K,

L(x) ·
(
σ2

11 + δx (Nx1) +O(1/N)
)

= L(x) ·
(
σ2

11 + δx (Nx1)
)

+O(1/N),

and, by the periodicity properties of f , {γx}x∈E , {δx}x∈E and R, and the compactness of K,
that

R
(
x, σ̌ +O(1/N), σ1

1 + γx (Nx1) +O(1/N), σ2
1∗ + ∂∗γx (Nx1) +O(1/N)

)
= R

(
x, σ̌, σ1

1 + γx (Nx1) , σ2
1∗ + ∂∗γx (Nx1)

)
+O(1/N).

By (L3), it follows that

L(x) · θ2
11 +R

(
x, θ̌, θ1

1, θ
2
1∗
)

= O(1/N),

which completes the proof of (b). �

2.4. Geometrical interpretation of Proposition 2.4. The constructions of solutions in
classical convex integration theory relies on a single family of loops that satisfy a specific prop-
erty, which can be interpreted geometrically. Here, we provide the geometric interpretation
related to the existence of the loops families {γx}x∈E and {δx}x∈E from Proposition 2.4.

Let us consider the framework of Proposition 2.4 and assume, in addition, that R does not
depend upon σ2

1∗ and that L is constant. The condition (L2) is equivalent to the requirement
that, for any x ∈ E, the image of γx lies within the vector subspace Ker(L) ⊂ Rm. The condition
(L3) involves finding two well-adapted smooth families of loops, {γx}x∈E and {δx}x∈E , such
that for each x ∈ E, the map t 7→ (γx(t), δx(t)) takes values in the set

Rσ,∂1,∂2
1

:=
{

(v, w) ∈ Rm × Rm | L ·
(
σ2

11 + w
)

+R
(
x, σ̌, σ1

1(x) + v
)

= 0
}
.

Furthermore, the condition (L1) imposes a constraint on the averages of the maps t ∈ R 7→
(γx(t), δx(t)) for x ∈ E. In particular, the assumptions of Proposition 2.4 cannot be satisfied if
the convex hull of the set (Ker(L) × Rm) ∩ Rσ,∂1,∂2

1
⊂ Rm × Rm does not contain the origin.

This geometric interpretation will be discussed through a specific example in Remark 3.2.
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3. Almost prescribing scalar curvature on tori

The purpose of this section is to explain how techniques of mixed convex integration can be
employed to construct smooth metrics with almost prescribed curvature on tori of dimension at
least 3. For clarity, we begin with the case of a perturbation of the flat metric on Tn. We then
address the case of a general metric on Tn. Finally, we describe how to modified the proof of
the latter to construct a metric with almost prescribed scalar curvature on a thick torus. This
result will play a key role in the proof of Theorem 1.1.

3.1. Perturbations of the flat metric. We prove Theorem 1.1 here in the case where g0 = g
is the flat metric induced by the Euclidean metric on Tn = Rn/Zn. In this setting, we have
Scal(g0) = 0.

Proposition 3.1. Assume that n ≥ 3. Then, for every smooth function k : Tn → (0,+∞) and
every ε > 0, there exists a smooth Riemannian metric gε on Tn satisfying

−k − ε < Scalgε < −k and ‖gε − g0‖C0
g
< ε.

Proof of Proposition 3.1. Let k : Tn → (0,+∞) be a smooth function, and let ε > 0 be fixed.

Set ε̄ := ε/2. Denote by g̃0 and k̃ the lifts of g0 and k to Rn as Zn-periodic metrics and
functions, respectively. We consider a perturbation g̃ of g̃0 whose matrix (g̃ij) has the form (δij
denotes the Kronecker symbol){

g̃ij = (g̃0)ij = δij for (i, j) ∈ {1, . . . , n}2 \ {(2, 2), (3, 3)}
g̃ii = e2hi (g̃0)ii = e2hi for (i, j) ∈ {(2, 2), (3, 3)},

where h2, h3 : Rn → R are two smooth Zn-periodic functions. The scalar curvature of g̃ is given
by the expression (see Appendix A.3)

Scalg̃ = −2
(
∂2

1h2 + ∂2
1h3 + (∂1h2)

2
+ (∂1h3)

2
+ ∂1h2 ∂1h3

)
− 2e−2h2

(
∂2

2h3 − ∂2h2 ∂2h3 + (∂2h3)2
)
− 2e−2h3

(
∂2

3h2 − ∂3h3 ∂3h2 + (∂3h2)2
)

− 2

n∑
i=4

(
∂2
i h2 + ∂2

i h3 + (∂ih2)2 + (∂ih3)2 − ∂ih2 ∂ih3

)
.

Consequently, the desired result follows, by setting h2 = F1 and h3 = F2, if we show that there
is a function F = (F1, F2) ∈ C∞per(Rn,R2) such that

‖F‖C0 < ε̄ and J2
F (x) ∈ Rε̄,

where R ⊂ J2(Rn,R2) is the semilinear (in x1) partial differential relation defined as

R :=
{
σ ∈ J2(Rn,R2) |L · σ2

11 +R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= 0
}
.

with

L = −2(1, 1)(3.1)

and

(3.2) R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= −2
((
σ1

1

)2
1

+
(
σ1

1

)2
2

+
(
σ1

1

)
1

(
σ1

1

)
2

)
+ k̃ (σ0) + ε̄

− 2e−2(σ0)1
((
σ2

22

)
2
−
(
σ1

2

)
1

(
σ1

2

)
2

+
(
σ1

2

)2
2

)
− 2e−2(σ0)2

((
σ2

33

)
1
−
(
σ1

3

)
2

(
σ1

3

)
1

+
(
σ1

3

)2
1

)
− 2

n∑
i=4

((
σ2
ii

)
1

+
(
σ2
ii

)
2

+
(
σ1
i

)2
1

+
(
σ1
i

)2
2
−
(
σ1
i

)
1

(
σ1
i

)
2

)
.
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To apply Proposition 2.4 with f ≡ 0, we need to construct two well-adapted (Zn-periodic in the
x variable) smooth families of loops {γx}x∈Rn and {δx}x∈Rn valued in R2 such that, for every
x ∈ Rn, the following conditions are satisfied:

γx = δx = 0, (γx)1 + (γx)2 = 0,

and (δx)1 + (δx)2 =
k̃(x) + ε̄

2
− ((γx)1)2 − ((γx)2)2 − ((γx)1)((γx)2).

From these conditions, we must have (γx)2 = −(γx)1. If we further impose (δx)2 = 0, then
(δx)1 must be defined as

(δx)1 :=
k̃(x) + ε̄

2
− ((γx)1)2,(3.3)

and it must satisfy (δx)1 = 0. Since
∫ 1

0
cos2(2πt) dt = 1/2, the function

(γx)1(t) :=

√
k̃(x) + ε̄ cos(2πt) ∀x ∈ Tn, ∀t ∈ R

ensures that (δx)1, as defined in (3.3), satisfies (δx)1 = 0. We conclude the proof by considering
the metric on Tn obtained from g̃ via the quotient operation and by applying Proposition 2.2
with N large enough. �

Remark 3.2. Let us pursue the geometric interpretation initiated in Section 2.4. The partial
differential relation that appears in the above proof is given by

R =
{
σ ∈ J2(Rn,R2) |L · σ2

11 +R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= 0
}
.

where L and R are defined in equations (3.1) and (3.2). The existence of well-adapted (Zn-
periodic in the x variable) families of loops {γx}x∈Rn and {δx}x∈Rn , satisfying conditions
(L1)-(L3) of Proposition 2.4 with σ = 0 requires the existence, for each x ∈ Rn, of a loop
(γ1, γ2, δ1, δ2) ∈ C∞per(R,R4) taking values in the set Ker(L) ∩Rσ,∂1,∂2

1
, where

Ker(L) =
{

(v1, v2, w1, w2) ∈ R4 | v1 + v2 = 0
}

Rσ,∂1,∂2
1

=
{

(v1, v2, w1, w2) ∈ R4 | − 2[w1 + w2 + v2
1 + v2

2 + v1v2] + k̃(x) + ε̄ = 0
}
,

and whose average equals zero (condition (L1)). To visualize it in the hyperplane Ker(L), set
v1 = −v2; then Rσ,∂1,∂2

1
corresponds to the surface below:

Figure 1. The surface 2(w1 + w2 + v2
1) = F , where F is a constant
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Since the function H(v1, w1, w2) = 2(w1 + w2 + v2
1) is convex, the point (0, 0, 0) belongs to

the convex hull of a level set {H = F} for some F ∈ R if and only if 0 = H(0, 0, 0) ≤ F . This

implies that condition (L1) requires k̃(x) + ε to be nonnegative, which essentially explains why
our perturbation method does not accomodate negative values of k.

3.2. Perturbations of a general metric on Tn. We prove Theorem 1.1 here in the case of
a general metric on Tn. The main idea of the proof, aside from the use of Proposition 2.4, is
to consider a certain type of diagonal deformation of the metric, up to a diffeomorphism. The
metric g denotes the flat metric induced by the Euclidean metric on Tn = Rn/Zn.

Proposition 3.3. Assume that n ≥ 3. Then, for every smooth Riemannian metric g0 on Tn,
every smooth function k : Tn → (0,+∞), and every ε > 0, there exists a smooth Riemannian
metric gε satisfying

−k − ε < Scalgε − Scalg0 < −k and ‖gε − g0‖C0
g
< ε.

Proof of Proposition 3.3. Let g0 be a smooth Riemannian metric on Tn, k : Tn → (0,+∞)

be a smooth function, and let ε > 0 be fixed. Denote by g̃0 and k̃ the lifts of g0 and k
to Rn as Zn-periodic metrics and functions, respectively. We consider a Zn-periodic smooth
orthonormal family of vector fields X1, . . . , Xn on Rn, that is, satisfying (δij stands for the
Kronecker symbol)

(g̃0)x
(
Xi, Xj

)
= δij ∀x ∈ Rn,

and we assume that

αx := 〈X1(x), e1〉 > 0 and 〈X2(x), e1〉 = · · · = 〈Xn(x), e1〉 = 0 ∀x ∈ Rn,
where e1, . . . , en and 〈·, ·〉 stand respectively for the canonical basis and the canonical scalar
product in Rn. Such a family can easily be constructed by applying the Gram-Schmidt process
starting from the canonical orthonormal family for the Euclidean metric. Then, for every x ∈ Rn
we denote by Px = ((Px)ij) the n× n matrix with columns X1(x), . . . , Xn(x) which satisfies

P tr
x (g̃0)x Px = Idn(3.4)

and

(Px)1,j = δ1jαx ∀j = 1, . . . , n,(3.5)

and we define a perturbed metric g̃ on Rn by

g̃x = Qtr
xD(x)Qx with Qx := P−1

x ∀x ∈ Rn,(3.6)

where D is a Zn-periodic n × n diagonal matrix with coefficients (1, e2h2 , e2h3 , 1, . . . , 1) with
h2, h3 : Rn → R two smooth functions to be chosen later. The proof of the following lemma is
postponed to Appendix B. It relies on the formulas for scalar curvature provided in Proposition
A.5, which appear in Appendix A.4, and (3.4)-(3.8). In the statement, J̌2

h(x) represents the
2-jet of the function h = (h1, h2) with the components x, ∂1

1h and ∂2
1jh for j = 1, . . . , n removed,

as was done in Section 2.3. Additionally, we denote by 0 the elements of J̌2(Tn,R2) for which
all components are zero.

Lemma 3.4. For every x ∈ Rn, we have

Scalg̃x = Scalg̃0x − 2α2
x

(
∂2

1h2(x) + ∂2
1h3(x)

)
− 4αx

n∑
j=2

(Px)j,1

(
∂2

1jh2(x) + ∂2
1jh3(x)

)
− 2α2

x

(
(∂1h2(x))

2
+ (∂1h3(x))

2
+ ∂1h2(x)∂1h3(x)

)
+ Ψ2

(
x, J̌2

h(x)
)
∂1h2(x) + Ψ3

(
x, J̌2

h(x)
)
∂1h3(x) + Ψ

(
x, J̌2

h(x)
)
,

where Ψ,Ψ2,Ψ3 : Rn × J̌2(Tn,R2)→ R are smooth functions and Ψ(x, 0) = 0 for all x ∈ Rn.



10 F. ALIOUANE, L. RIFFORD, AND M. THEILLIÈRE

Set ε̄ := ε/2. The desired result follows, by setting h2 = F1 and h3 = F2, if we show that
there exists a smooth function F = (F1, F2) ∈ C∞per(Rn,R2) such that

‖F‖C0 < ε̄ and J2
F (x) ∈ Rε̄,

where R ⊂ J2(Tn,R2) is the semilinear (in x1) partial differential relation defined by

R :=
{
σ ∈ J2(Tn,R2) |L (σ0) · σ2

11 +R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= 0
}
.

with
L (σ0) = −2α2

σ0
(1, 1)

and

R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= −2α2
σ0

((
σ1

1

)2
1

+
(
σ1

1

)2
2

+
(
σ1

1

)
1

(
σ1

1

)
2

)
− 4ασ0

n∑
j=2

(Px)j,1

((
σ2

1j

)
1

+
(
σ2

1j

)
2

)
+ Ψ (σ̌) + Ψ2 (σ̌)

(
σ1

1

)
1

+ Ψ3 (σ̌)
(
σ1

1

)
2

+ k̃ (σ0) + ε̄.

To apply Proposition 2.4 with f ≡ 0, we need to construct two well-adapted (Zn-periodic in
the x variable) smooth families of loops {γx}x∈Rn and {δx}x∈Rn valued in R2, such that, for
every x ∈ Rn, the following conditions hold:

γx = δx = 0, (γx)1 + (γx)2 = 0,

and

2α2
x ((δx)1 + (δx)2) = −2α2

x

(
((γx)1)

2
+ ((γx)2)

2
+ (γx)1 (γx)2

)
− 4αx

n∑
j=2

(Px)j,1

(
(∂jγx)1 + (∂jγx)2

)
+ Ψ2(x, 0) (γx)1 + Ψ3(x, 0) (γx)2 + k̃(x) + ε̄,

where we have used Ψ(x, 0) = 0. From these conditions, we must have (γx)2 = −(γx)1 for all
x ∈ Tn. This implies that (∂jγx)1 + (∂jγx)2 = 0 for all j = 2, . . . , n. Thus, if we further impose
(δx)2 = 0, then (δx)1 must be defined as

2α2
x(δx)1 = −2α2

x ((γx)1)
2

+ (Ψ2(x, 0)−Ψ3(x, 0)) (γx)1 + k̃(x) + ε̄,(3.7)

and it must satisfy (δx)1 = 0. Since
∫ 1

0
cos2(2πt) dt = 1/2, the function

(γx)1(t) :=

√
k̃(x) + ε̄

αx
cos(2πt) ∀x ∈ Tn, ∀t ∈ R

ensures that (δx)1, as defined in (3.7), satisfies (δx)1 = 0. The result then follows by Proposi-
tion 2.4 and by considering the metric on Tn obtained from g̃ via the quotient operation. �

3.3. Prescribing scalar curvature on thick tori. The following result will plays a key role
in the proof of Theorem 1.1. Its proof is simply an adaption of the proof of Proposition 3.3.

Proposition 3.5. Let n, d be two integers with n ≥ 3 and 1 ≤ d ≤ n− 1. Let δ > 0, and let

Φ : (−δ, 1 + δ)×Bn−d−1(0, δ)× Td −→ V := Im(Φ) ⊂ Rn,
be a smooth diffeomorphism. Let h, h0 be two smooth Riemannian metrics on the open set
V ⊂ Rn. Then, for any ν > 0, any smooth function s : V → [0,∞), and any compact subset C
of V , there exists a smooth Riemannian metric hν on V satisfying the following properties:

(i) ‖hν − h0‖C0
h
< ν on C.
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(ii) For every z ∈ C, −s(z)2 − ν < Scalhνz − Scalh0
z < −s(z)2 + ν.

(iii) For every z ∈ V , s(z) = 0 =⇒ (hν)z = (h0)z.

Proof of Proposition 3.5. Let h̄, h̄0 be the Riemannian metrics on

V̄ := (−δ, 1 + δ)×Bn−d−1(0, δ)× Td

defined as the pullbacks of h and h0 by Φ, respectively. Those metrics, along with the function
s, can be lifted to metrics h̃, h̃0, and a function s̃, on

Ṽ := (−δ, 1 + δ)×Bn−d−1(0, δ)× Rd,
with coordinates, (x1, · · · , xn), which are Zd-periodic in the last d variables. Consider a smooth

orthonormal family (with respect to h̃0) of vector fields X1, . . . , Xn on Ṽ which is Zd-periodic
in the last d variables and satisfies

αx := 〈X1(x), e1〉 > 0 and 〈X2(x), e1〉 = · · · = 〈Xn(x), e1〉 = 0 ∀x ∈ Ṽ ,
where e1, . . . , en and 〈·, ·〉 stand respectively for the canonical basis and the canonical scalar

product in Rn. As in the proof of Proposition 3.3, for every x ∈ Ṽ we denote by Px = ((Px)ij)

the n× n matrix with columns X1(x), . . . , Xn(x) and we define a perturbed metric ĥ on Ṽ by

ĥx = Qtr
xD(x)Qx with Qx := P−1

x ∀x ∈ Ṽ ,(3.8)

where D is a diagonal matrix with coefficients (1, e2h2 , e2h3 , 1, . . . , 1) where h2, h3 : Ṽ → R
are two smooth functions that are Zd-periodic in the last d variables. Let C̃ be the lift of
C̄ := Φ−1(C) ⊂ V̄ in Rn. The desired result will follow, by setting h2(x) = F1(x) and

h3(x) = F2(x) for all x ∈ E := C̃ ⊂ Ṽ , if we show that, for any ν > 0 there is a smooth
function F = (F1, F2) ∈ C∞per,d(E,Rm) such that

‖F‖C0 < ν and J2
F (x) ∈ Rν ,

where R ⊂ J2(E,R2) is the semilinear partial differential relation defined by

R :=
{
σ ∈ J2(E,R2) |L (σ0) · σ2

11 +R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= 0
}
.

with
L (σ0) = −2α2

σ0
(1, 1)

and

R
(
σ0, σ̌, σ

1
1 , σ

2
1∗
)

= −2α2
σ0

((
σ1

1

)2
1

+
(
σ1

1

)2
2

+
(
σ1

1

)
1

(
σ1

1

)
2

)
− 4ασ0

n∑
j=2

(Px)j,1

((
σ2

1j

)
1

+
(
σ2

1j

)
2

)
+ Ψ (σ̌) + Ψ2 (σ̌)

(
σ1

1

)
1

+ Ψ3 (σ̌)
(
σ1

1

)
2

+ s̃(σ0)2,

where the maps Ψ and Ψi come from Lemma 3.4. To apply Proposition 2.4 with f ≡ 0, we
need to construct two well-adapted smooth families of loops {γx}x∈E and {δx}x∈E valued in
R2, such that, for every x ∈ E, the following conditions hold:

γx = δx = 0, (γx)1 + (γx)2 = 0,

and

2α2
σ0

((δx)1 + (δx)2) = −2α2
σ0

(
((γx)1)

2
+ ((γx)2)

2
+ (γx)1 (γx)2

)
− 4ασ0

n∑
j=2

(Px)j,1

(
(∂jγx)1 + (∂jγx)2

)
+ Ψ2(x, 0) (γx)1 + Ψ3(x, 0) (γx)2 + s̃(x)2,
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where we have used Ψ(x, 0) = 0. From these conditions, we must have (γx)2 = −(γx)1 for all
x ∈ E. This implies that (∂jγx)1 + (∂jγx)2 = 0 for all j = 2, . . . , n. Thus, if we further impose
(δx)2 = 0, then (δx)1 must be defined as

2α2
x(δx)1 = −2α2

x ((γx)1)
2

+ Ψ2(x, 0) (γx)1 + Ψ3(x, 0) (γx)2 + s̃(x)2,(3.9)

and it must satisfy (δx)1 = 0. Since
∫ 1

0
cos2(2πt) dt = 1/2, the function

(γx)1(t) :=
s̃(x)

αx
cos(2πt) ∀x ∈ E, ∀t ∈ R

ensures that (δx)1, as defined in (3.9), satisfies (δx)1 = 0. By construction, if s̃(x) = 0 then

δx = γx ≡ 0 and as a consequence ĥx = (h̃0)x. Therefore, by Proposition 2.4, the above

discussion shows that for every ν > 0, there exists a metric h̃ν on Ṽ , that is periodic in the last
d variables, such that ∥∥h̃ν − h̃0

∥∥
C0
h̃

< ν,

where the C0-norm is taken over E,

−s̃(x)2 − ν < Scalh̃νx − Scalh̃0
x < −s̃(x)2 + ν ∀x ∈ E,

and

s̃(x) = 0 =⇒ (h̃ν)x = (h̃0)x ∀x ∈ Ṽ .

The result then follows by Proposition 2.4 and by considering the metric hν obtained by push-
forward of h̃ν by the quotient map and the map Φ. �

Remark 3.6. The above proof easily demonstrate that a Riemannian metric can be perturbed
into a Riemannian metric with controlled scalar curvature at a given point. More specifically,
let h and h0 be two smooth Riemannian metrics on an open neighborhood V of the origin in
Rn. Then, for any ν > 0, any smooth function s : V → [0,∞), and any compact subset C of
V , there exists a smooth Riemannian metric hν on V satisfying the following properties:

(i) ‖hν − h0‖C0
h
< ε on C.

(ii) For every z ∈ C, −s(z)2 − ν < Scalhνz − Scalh0
z < −s(z)2 + ν.

(iii) For every z ∈ V , s(z) = 0 =⇒ (hν)z = (h0)z.

Of course, by considering a suitable chart, this result can be extended to manifolds.

4. Proof of Theorem 1.1

The proof of Theorem 1.1 consists of equipping the manifold M with a triangulation and
solving the relation simplex by simplex, starting from the 0-dimensional simplices and pro-
ceeding up to the n-dimensional simplices. Before presenting the proof, we recall some basic
facts about simplicial complexes and triangulations, referring the reader to [9] for further details.

Let k a positive integer be fixed. A simplex of dimension d in Rk, with 0 ≤ d ≤ k, is a subset
σ of Rk defined as the convex hull of d+ 1 affinely independent points, called its vertices. More
precisely, these are (d + 1) points v0, . . . , vd ∈ Rk such that v1 − v0, . . . , vd − v0 are linearly
independent. A face of a simplex σ is any simplex obtained by taking the convex hull of a
subset of the vertices of σ. A simplicial complex K in Rk is a collection of simplices in Rk that
satisfy the following natural compatibility conditions:

(1) Every face of a simplex in K is itself an element of K.
(2) For any two simplices σ1, σ2 ∈ K, if their intersection σ1 ∩ σ2 is non-empty then, it is

a face of both σ1 and σ2.
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(3) The set

|K| :=
⋃
σ∈K

σ,

called the geometric realization of K, has the property that every point in it has a
neighborhood that intersects only finitely many simplices in K.

The dimension of the simplicial complex K is defined as the maximum of the dimensions of
its simplices. A smooth triangulation of a smooth manifold N is a pair (K, ϕK), where K is a
simplical complex in some Euclidean space, and ϕK : |K| → N is a homeomorphism with the
additional property that the restriction of ϕK to each simplex in K is a smooth embedding. The
celebrated Whitehead Theorem asserts that every smooth manifold admits a smooth triangu-
lation. Moreover, for a smooth manifold with boundary, any triangulation of the boundary can
be extended to a triangulation of the entire manifold.

To prove Theorem 1.1 we begin by recalling that M is equipped with a smooth Riemannian
metric g. Additionally, we consider a smooth Riemannian metric g0 on M , a smooth function
k : M → (0,+∞), and ε > 0. Since the smooth manifold M admits a smooth triangulation,
Theorem 1.1 will follow from the following property for d = n:

(Pd) Let K be a simplicial complex of dimension d, and let ϕK : |K| →M be a continuous map
that is a homeomorphism onto its image, with the property that its restriction to each simplex
of K is a smooth embedding and the image of each simplex lies within a local chart of M .
Let L be a simplicial subcomplex of K, meaning it is a simplicial complex whose simplices are
contained within K, which may be empty. Let gL be a smooth Riemannian metric on M , UL be
an open subset of M containing ϕK(|L|), and let α ∈ (0, 1) such that the following properties
are satisfied:

(Pd1) ‖gL − g0‖C0
g
< ε on M .

(Pd2) ScalgL < Scalg0 − k − αε on UL.
(Pd3) ScalgL > Scalg0 − k − ε on M .

Then, for every β ∈ (0, α), there exists a smooth Riemannian metric gK on M that satisfies:

(Pd4) ‖gK − g0‖C0
g
< ε on M .

(Pd5) ScalgK < Scalg0 − k − βε on ϕK(|K|).
(Pd6) ScalgK > Scalg0 − k − ε on M .
(Pd7) gK = gL on UL.

For d = n, a triangulation (K, ϕK) of M , L = ∅, and α = 1/2, property (Pd) provides a
metric gε = gK satisfying the conclusion of Theorem 1.1. We now proceed to prove (Pd) by
induction for every integer d ∈ [0, n].

The property (P0) follows from the fact that the geometric realization of a simplicial complex
of dimension 0 is a locally finite union of points and Remark 3.6.

Assume that (Pd′) holds for any d′ ∈ {0, . . . , d} with d ∈ {0, . . . , n − 1} and let us prove
(Pd+1). Let K be a simplicial complex of dimension d+1, and let ϕK : |K| →M be a continuous
map that is a homeomorphism onto its image, with the property that its restriction to each
simplex of K is a smooth embedding and the image of each simplex lies within a local chart
of M . Let L be a simplicial subcomplex of K, let gL be a smooth Riemannian metric on M ,
and let UL be an open subset of M containing ϕK(|L|). Fix α, β ∈ (0, 1) such that β < α, and
assume that (Pd1)-(Pd3) hold. DefineM to be the simplicial complex consisting of all simplices
of K of dimension less than or equal to d, together with all simplices of L. We claim that, by
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the property (Pd) given by the induction hypothesis, there exists a smooth Riemannian metric
gM on M satisfying the following properties:

(a) ‖gM − g0‖C0
g
< ε on M .

(b) ScalgM < Scalg0 − k − (β + α)ε/2 on ϕK(|M|).
(c) ScalgM > Scalg0 − k − ε on M .
(d) gM = gL on UL.

To establish this, let Ld and Md denote the simplicial complexes consisting of all simplices of
L and M, respectively, that have dimension less than or equal to d. By property (Pd), since
Md has dimension d, Ld ⊂ Md, ϕK(Ld) ⊂ ϕK(L) ⊂ UL, and (β + α)/2 < α, there exists a
smooth Riemannian metric gMd

on M satisfying

‖gMd
− g0‖C0

g
< ε, ScalgMd < Scalg0 − k − (β + α)ε

2
on ϕK(|Md|),

ScalgMd > Scalg0 − k − ε on M, and gMd
= gL on UL.

Since ϕK(|M|) = ϕK(|Md|) ∪ ϕK(|L|), (Pd2) holds, and (β + α)/2 < α, the metric gM = gMd

satisfies the required properties (a)-(d).
It remains to achieve the construction of gK on the images by ϕK of simplices of K which are

not inM. These simplices have dimension d+ 1, and their boundary is contained in ϕK(|M|).
We need the following lemma whose proof is postponed to Appendix C:

Lemma 4.1. For every integer k ∈ [2, n], there exists a compact set Σk ⊂ Dk, the closed unit
disc in Rk, with the following properties:

(i) There exists an open smooth submanifold Σ̃k of Rk with codimension 2 such that Σk =

Σ̃k ∩Dk, and Σ̃k is transverse to ∂Dk.
(ii) For every open neighborhood N of Σk ∪ ∂Dk, there exists a smooth map Φ : Tk−1 ×

[0, 1] → Int(Dk \ Σk) such that Φ is a diffeomorphism onto its image and Φ(Tk−1 ×
{0, 1}) ⊂ N .

Figure 2. The codimension 2 manifold Σ̃3 associated with D3, shown in red,
is the union of a vertical segment containing the origin and a planar circle
centered at the origin

Let us describe how to construct gK on ϕK(σ), where σ is a (d+ 1)-dimensional simplex in
K that does not belong to M. Since all faces of σ with dimension at most d are contained in
Md, property (b) above provides control over the scalar curvature of gM on the topological
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boundary ∂ϕK(σ) of ϕK(σ) in M . Consequently, there exists an open set U ⊂ M containing
∂ϕK(σ) such that

UL ∪ ∂ϕK(σ) ⊂ U and ScalgM < Scalg0 − k − (β + α)ε

2
on U.

Since ϕK(σ) lies within a local chart of M , we assume, without loss of generality, that we are
working in Rn. That is, we assume the existence of an open set W ⊂ Rn containing both U
and ϕK(σ), and our goal is to construct a smooth Riemannian metric gK on W satisfying the
following conditions:

(e) ‖gK − g0‖C0
g
< ε on W .

(f) ScalgK < Scalg0 − k − βε on ϕK(σ).
(g) ScalgK > Scalg0 − k − ε on W .
(h) gK = gL on UL.

Consider a smooth diffeomorphism F : Rd+1 → Rd+1 that maps the (d+ 1)-dimensional closed
unit disc Dd+1 to a set D satisfying the following properties:

D ⊂ Int (ϕK(σ)) , ϕK(σ) ⊂ U ∪D, and ∂D ⊂ U.
Next, apply Lemma 4.1 with k = d+ 1 and define

Σ := F
(
Σd+1

)
.

By construction, specifically by property (i) of Lemma 4.1, Σ is a smooth submanifold with
boundary of dimension d − 1 in D = F (Dd+1), and its boundary ∂Σ is contained within the
boundary ∂D of D. By Whitehead’s Theorem, Σ admits a triangulation (S, ϕS) induced by
a triangulation of ∂Σ. In other words, there exists a simplicial subcomplex P of S such that
ϕS(|P|) = ∂Σ. Since ∂Σ ⊂ ∂D ⊂ U , property (Pd−1) from the induction hypothesis (applied
with K = S, ϕK = ϕS , L = P, gL = gM, UL = U , α = (β + α)/2, and β = (3β + α)/4) yields
a metric gS on W satisfying

‖gS − g0‖C0
g
< ε, ScalgS < Scalg0 − k − (3β + α)ε

4
on ϕS(|S|),

ScalgS > Scalg0 − k − ε on M, and gS = gM on U.

Then, define the smooth Riemannian metric g′M on W by{
g′M = gS on ϕK(σ)
g′M = gM on W \ ϕK(σ).

Since gS coincides with gM on the open set U that contains ∂ϕK(σ), g′M is smooth, and
moreover, the control of its scalar curvature on ϕS(|S|) = Σ can be extended to an open set U ′

containing U and Σ. Therefore, g′M satisfies:

(i) ‖g′M − g0‖C0
g
< ε on W .

(j) Scalg
′
M < Scalg0 − k − (3β + α)ε/4 on U ′.

(k) Scalg
′
M > Scalg0 − k − ε on W .

(l) g′M = gL on UL ⊂ U ⊂ U ′.
By assertion (ii) of Lemma 4.1 and using the diffeomorphism F , there exists a smooth map

Ψ : Td × [0, 1] −→ Int(D \ Σ) ⊂ D ⊂ ϕK(σ) ⊂W ⊂ Rn

which is a diffeomorphism onto its image and satisfies Φ(Td−1 × {0, 1}) ⊂ U ′. This immersion
Ψ can be smoothly extended, for some δ > 0, to a diffeomorphism

Φ : (−δ, 1 + δ)×Bn−d−1(0, δ)× Td −→ V := Φ
(
(−δ, 1 + δ)×Bn−d−1(0, δ)× Td

)
⊂W

satisfying
T := Φ

(
[0, 1]× {0} × Td

)
= Ψ

(
Td × [0, 1]

)
.
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Figure 3. The union of U (in blue) and D (in yellow) covers the simplex
ϕK(σ). The green region corresponds to points belonging to both U and D

Fix a compact neighborhood C ⊂ V of T . By properties (i) and (k), there exists

ν ∈
(

0,min

{
ε,

(α− β)ε

8

})
(4.1)

such that

‖g′M − g0‖C0
g

+ ν < ε(4.2)

and

Scalg
′
M > Scalg0 − k − ε+ 2ν on C.(4.3)

Figure 4. The sets U ′, Σ2, and T in the case where ϕK(σ) is a 2-dimensional
simplex in ambient dimension 3

Next, consider a smooth function s : V → [0,∞) satisfying the following conditions:

(m) s = 0 on U ′ ∪ (V \ C).

(n) s2 − ν > Scalg
′
M − Scalg0 + k + βε on C.

(o) s2 + ν < Scalg
′
M − Scalg0 + k + ε on C.

Such a function exists because

Scalg
′
M − Scalg0 + k + βε+ ν

= Scalg
′
M − Scalg0 + k +

(3β + α)ε

4
+ ν − (α− β)ε

4
< ν − (α− β)ε

4
< − (α− β)ε

8
on U ′

by (j) and (4.1),

Scalg
′
M − Scalg0 + k + ε− ν > ν on C

from (4.1)-(4.3), and , since 2ν < (α− β)ε/4 < (1− β)ε/2 (using (4.1)),

Scalg
′
M − Scalg0 + k + βε+ ν < Scalg

′
M − Scalg0 + k + ε− ν on V.
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By applying Proposition 3.5 with h = g, h0 = g′M, ν, s, and C, we obtain a metric hν on V
satisfying:

(p) ‖hν − g′M‖C0
h
< ν on C.

(q) For every z ∈ C, −s(z)2 − ν < Scalhνz − Scalg
′
M
z < −s(z)2 + ν.

(r) For every z ∈ V , s(z) = 0 =⇒ (hν)z = (g′M)z.

As a consequence, combining (q) with (n)-(o), we deduce

(4.4) Scalg0 − k − ε < Scalg
′
M − s2 − ν < Scalhν

< Scalg
′
M − s2 + ν < Scalg0 − k − βε on C.

Moreover, since hν coincides with g′M on the open set V \C by (m) and (r), these metrics have
the same scalar curvature on V \ C. Using (k), we obtain

Scalhν = Scalg
′
M > Scalg0 − k − ε on V \ C.(4.5)

We conclude by defining gK on W as follows:{
gK = hν on V
gK = g′M on W \ V.

By construction, gK is smooth, property (e) follows from (4.2) and (p), (f) follows from (4.4)
and T ⊂ C, (g) follows from (4.4)-(4.5) and (k), and finally (h) follows from (l) and (m).

Appendix A. Ricci and scalar curvatures in Riemannian geometry

The aim of this section is to recall the definitions of Ricci and scalar curvatures and to provide
formulas to compute them in local coordinates. We adopt the notations of the textbook by
Gallot, Hulin and Lafontaine [2].

A.1. Main definitions. We condider a smooth compact manifold M of dimension n ≥ 2
equipped with a smooth Riemannian metric g. The Levi-Civita connection ∇g of the metric
g is the unique connection which is torsion-free and consistent with g where the first property
means that (Γ(TM) stands for the set of smooth vector fields on M)

∇gXY −∇
g
YX = [X,Y ] ∀X,Y ∈ Γ(TM)

and the latter

X · g(Y,Z) = g (∇gXY, Z) + g (Y,∇gXZ) ∀X,Y, Z ∈ Γ(TM).

The Riemann curvature endomorphism Rg : Γ(TM)× Γ(TM)× Γ(TM)→ Γ(TM) of g is the
(1, 3)-tensor defined by

Rg(X,Y )Z := ∇gY (∇gXZ)−∇gX (∇gY Z) +∇g[X,Y ]Z ∀X,Y, Z ∈ Γ(TM)

and the Riemann curvature tensor Rg : Γ(TM) × Γ(TM) × Γ(TM) × Γ(TM) → R of g, also
denoted by Rg, is the (0, 4)-tensor given by

Rg(X,Y, Z, T ) := g (Rg(X,Y )Z, T ) ∀X,Y, Z, T ∈ Γ(TM).

The Ricci curvature is the (0, 2)-tensor defined as the trace with respect to g of the endomor-
phism v ∈ TmM 7→ Rg(x, v)z ∈ TmM (with x, z ∈ TmM) and the scalar curvature is given by
the trace of the Ricci curvature with respect to the metric g. In other words, if (ei)i=1,...,n is
an orthonomal basis with respect to gm at some point m ∈M , then we have

Ricgm(x, y) =

n∑
i=1

gm (Rg(x, ei)y, ei) =

n∑
i=1

Rgm (x, ei, y, ei) ∀x, y ∈ TmM,
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and

Scalgm =

n∑
i,j=1

Rgm (ei, ej , ei, ej) .

So, if x = y = ei then Ricg(x, x) corresponds to the sum of sectional curvatures of all planes
with bases (ei, ej) for j ∈ {1, . . . , n} \ {i} and if n = 2, we have Ricg = κ g where κ is the
Gaussian curvature on M .

Assume now that we work on a neighborhood of a point m ∈ M with local coordinates
(x1, . . . , xn) and denote by gij and gij the metric g and its inverse g−1 in these coordinates. If
two vector fields X,Y ∈ Γ(TM) are given in local coordinates by

X =

n∑
i=1

Xi∂i, Y =

n∑
i=1

Y i∂i,

then ∇gXY is given by

∇gXY =

n∑
i=1

 n∑
j=1

Xj∂jY
i +

n∑
j,k=1

ΓijkX
jY k

 ∂i,

where the Christoffel symbols Γlij , for i, j, l in {1, . . . , n}, are defined as

Γlij =
1

2

n∑
p=1

(
glp (∂igjp + ∂jgip − ∂pgij)

)
.

Thus, if X = ∂i, Y = ∂j , Z = ∂k, then we have

∇gXZ =

n∑
l=1

(
Γlik
)
∂l and ∇gY Z =

n∑
l=1

(
Γljk
)
∂l,

so that

Rg(X,Y )Z = ∇gY (∇gXZ)−∇gX (∇gY Z) +∇g[X,Y ]Z

= ∇gY (∇gXZ)−∇gX (∇gY Z)

=

n∑
p=1

(
∂jΓ

p
ik +

n∑
r=1

ΓpjrΓ
r
ik

)
∂p −

n∑
p=1

(
∂iΓ

p
jk +

n∑
r=1

ΓpirΓ
r
jk

)
∂p

=

n∑
p=1

Rpijk∂p,

with

Rpijk = ∂jΓ
p
ik − ∂iΓ

p
jk +

n∑
r=1

(
ΓpjrΓ

r
ik − ΓpirΓ

r
jk

)
.

In conclusion, if X,Y are two vector fields with X = x = ∂i, Z = z = ∂k at m, then we have

Ricgik := Ricg(x, z) =

n∑
j=1

Rjijk =

n∑
j=1

(
∂jΓ

j
ik − ∂iΓ

j
jk +

n∑
r=1

(
ΓjjrΓ

r
ik − ΓjirΓ

r
jk

))
(A.1)

for all i, k = 1, . . . , n and moreover the scalar curvature is given by

Scalg :=

n∑
i,j=1

gijRicgij .(A.2)
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A.2. Ricci and scalar curvatures in the general case. Keeping the notations of the previ-
ous section we can decompose the Ricci tensor as the sum of two terms, one which is composed
of derivatives of second order of g and the other gathering terms with derivatives of order one.

Proposition A.1. Each term of the Ricci tensor can be written for any i, k ∈ {1, . . . , n} as

Ricgik = Rg,2ik +Rg,1ik ,
with

Rg,2ik =
1

2

n∑
j,p=1

gjp (∂jkgip − ∂ikgjp − ∂jpgik + ∂ipgjk)

and

Rg,1ik =
1

4

n∑
j,l,p,q=1

gjlgpq
[
− ∂jglq (∂igkp + ∂kgip − ∂pgik) + ∂iglq (∂jgkp + ∂kgjp − ∂pgjk)

+ (∂qgjl − ∂lgjq) (∂igkp + ∂kgip − ∂pgik)− (∂qgil − ∂lgiq) (∂jgkp + ∂kgjp − ∂pgjk)

]
.

Proof of Proposition A.1. By (A.1), we have for any i, k in {1, . . . , n},

Ricgik =

n∑
j=1

(
∂jΓ

j
ik − ∂iΓ

j
jk +

n∑
r=1

(
ΓjjrΓ

r
ik − ΓjirΓ

r
jk

))

=
1

2

n∑
j,p=1

[
(∂jg

jp)(∂igkp + ∂kgip− ∂pgik) + gjp(∂jigkp + ∂jkgip − ∂jpgik)

− (∂ig
jp)(∂jgkp + ∂kgjp− ∂pgjk)− gjp(∂ijgkp + ∂ikgjp − ∂ipgjk)

]

+

n∑
j,r=1

(
ΓjjrΓ

r
ik − ΓjirΓ

r
jk

)
= Rg,2ik +Rg,1ik ,

where Rg,2ik ,R
g,1
ik are defined by

Rg,2ik =
1

2

n∑
j,p=1

gjp (∂jkgip − ∂ikgjp − ∂jpgik + ∂ipgjk) ,

and

(A.3) Rg,1ik =
1

2

n∑
j,p=1

[
(∂jg

jp)(∂igkp + ∂kgip− ∂pgik)− (∂ig
jp)(∂jgkp + ∂kgjp− ∂pgjk)

]

+

n∑
j,r=1

(
ΓjjrΓ

r
ik − ΓjirΓ

r
jk

)
.

Now, we want to express the derivatives of coefficients of g−1 in term of coefficients of g and
their derivatives. Writing that g−1 is the inverse of g, we obtain

δij =

n∑
k=1

gikgkj

for any i, j = 1, . . . , n. Taking a partial derivative ∂l in the above expression yields for any
i, j, l = 1, . . . , n

n∑
k=1

(
gkj∂lg

ik + gik∂lgkj

)
= 0,



20 F. ALIOUANE, L. RIFFORD, AND M. THEILLIÈRE

then multiplying with gjm, we have

n∑
k=1

(
gjmgkj∂lg

ik + gjmgik∂lgkj

)
= 0

which gives

−
n∑

j,k=1

(
gjmgik∂lgkj

)
=

n∑
j,k=1

(
gjmgkj∂lg

ik
)

=

n∑
k=1

(
δmk∂lg

ik
)

= ∂lg
im.

Coming back to (A.3), we obtain

Rg,1ik =
1

2

∑
j,l,p,q

gjlgpq
[
− ∂jglq

(
∂igkp + ∂kgip − ∂pgik

)
+ ∂iglq

(
∂jgkp + ∂kgjp − ∂pgjk

)]

+
1

4

∑
j,l,p,q

gjlgpq
[(
∂jgpl + ∂pgjl − ∂lgjp

)(
∂igkq + ∂kgiq − ∂qgik

)
−
(
∂igpl + ∂pgil − ∂lgip

)(
∂jgkq + ∂kgjq − ∂qgjk

)]
.

The required formula follows by interchanging p and q in the last sum and simplifying with the
first sum. �

Applying the above formulas to (A.2) gives

Proposition A.2. The Scalar curvature of a metric g can be written as,

Scalg := Sg,2 + Sg,1,

with

Sg,2 =

n∑
i,k,j,p=1

(
gikgjp − gipgjk

)
∂jkgip

and

Sg,1

=
1

4

n∑
i,k,j,l,p,q=1

gikgjlgpq

(
−4∂jglq∂igkp+4∂jglq∂pgik+3∂iglq∂kgjp−∂qgjl∂pgik−2∂qgil∂jgkp

)
.

Proof of Proposition A.2. One has,

Scalg :=
∑
i,k

gikRicgik.

We can write

Scalg := Sg,1 + Sg,2,

where

(A.4) Sg,2 =
∑
i,k

gikRg,2ik =
1

2

n∑
i,k,j,p=1

gikgjp (∂jkgip − ∂ikgjp − ∂jpgik + ∂ipgjk) ,
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and

Sg,1 =
∑
i,k

gikRg,1ik

=
1

4

n∑
i,k,j,l,p,q=1

gikgjlgpq
[
− ∂jglq (∂igkp + ∂kgip − ∂pgik) + ∂iglq (∂jgkp + ∂kgjp − ∂pgjk)

+ (∂qgjl − ∂lgjq) (∂igkp + ∂kgip − ∂pgik)− (∂qgil − ∂lgiq) (∂jgkp + ∂kgjp − ∂pgjk)

]
.

(A.5)

To simplify the relation (A.5), let us set

Sg,1 :=
1

4
(A+B + C +D),

where

A :=

n∑
i,k,j,l,p,q=1

gikgjlgpq
(
− ∂jglq (∂igkp + ∂kgip − ∂pgik)

)
B :=

n∑
i,k,j,l,p,q=1

gikgjlgpq
(
∂iglq (∂jgkp + ∂kgjp − ∂pgjk)

)
C :=

n∑
i,k,j,l,p,q=1

gikgjlgpq
(

(∂qgjl − ∂lgjq) (∂igkp + ∂kgip − ∂pgik)
)

D :=

n∑
i,k,j,l,p,q=1

gikgjlgpq
(
− (∂qgil − ∂lgiq) (∂jgkp + ∂kgjp − ∂pgjk)

)
.

As g and g−1 are symmetric, we have
n∑

i,k=1

gik∂igkp =
∑
i,k=1

gik∂kgip

then we get

A =

n∑
i,k,j,l,p,q=1

gikgjlgpq
(
− ∂jglq (2∂igkp − ∂pgik)

)
.

Using the same idea to exchange (jl) and (pq), we obtain
n∑

j,l,p,q=1

gjlgpq∂iglq∂jgkp =

n∑
j,l,p,q=1

gjlgpq∂iglq∂pgjk

one has

B =

n∑
i,k,j,l,p,q=1

gikgjlgpq
(
∂iglq∂kgjp

)
.

Now exchanging (ik) to (jl) and p to q, we have∑
i,j,k,l,p,q

gikgjlgpq∂jglq∂pgik =
∑

i,j,k,l,p,q

gikgjlgpq∂igkp∂qgjl,

n∑
i,k=1

gik∂igkp =
∑
i,k=1

gik∂kgip

we have

C =

n∑
i,k,j,l,p,q=1

gikgjlgpq
(

2∂jglq∂pgik − ∂qgjl∂pgik − ∂lgjq (2∂igkp − ∂pgik)
)
.
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Finally, by

n∑
i,kj,l=1

gikgjl∂qgil∂jgkp =

n∑
j,l,p,q=1

gikgjl∂qgil∂kgjp,

n∑
i,k,p,q=1

gikgpq∂lgiq∂kgjp =

n∑
i,k,p,q=1

gikgpq∂lgiq∂pgjk,

n∑
i,k,p,q=1

gikgpq∂qgil∂pgjk =

n∑
i,k,p,q=1

gikgpq∂iglq∂kgjp

and
n∑

i,k,j,l=1

gikgjl∂lgiq∂jgkp =

n∑
i,k,j,l=1

gikgjl∂iglq∂kgjp,

we have

D = 2

n∑
i,k,j,l,p,q=1

gikgjlgpq
(
− ∂qgil∂jgkp + ∂iglq∂kgjp

)
.

Substituting the formula A,B,C and D in Sg,1, we deduce by the use of the following relation∑
j,l=1

gjl∂jglq =
∑
j,l=1

gjl∂lgjq,

that

Sg,1 =

1

4

n∑
i,k,j,l,p,q=1

gikgjlgpq

(
−4∂jglq∂igkp+ 4∂jglq∂pgik + 3∂iglq∂kgjp−∂qgjl∂pgik−2∂qgil∂jgkp

)
.

Returning to the formula of Sg,2, we use the following identifications∑
i,k,j,p

gikgjp∂ikgjp =
∑
i,k,j,p

gikgjp∂jpgik,
∑
i,k,j,p

gikgjp∂jkgip =
∑
i,k,j,p

gikgip∂ipgjk.

So, relation (A.4) can be written as

Sg,2 =

n∑
i,k,j,p=1

gikgjp (∂jkgip − ∂jpgik) ,

from which we obtain

Sg,2 =

n∑
i,k,j,p=1

(
gikgjp − gipgjk

)
∂jkgip.

�

A.3. Ricci and scalar curvature of diagonal metrics. The purpose of this section is to
specify the formulas of Ricci and scalar curvatures in the case of a diagonal metric. So we
assume that there are smooth functions f1, . . . , fn : M → R such that

gij ≡ 0 ∀i, j ∈ {1, . . . , n} with i 6= j,
gii = e2fi ∀i = 1, . . . , n.

(A.6)

By noting that

∂kgii = 2e2fi∂kfi and ∂klgii = 2e2fi∂klfi + 4e2fi∂kfi∂lfi,

for all i, k, l, Proposition A.1 yields:



ALMOST PRESCRIBING SCALAR CURVATURE BY MIXED CONVEX INTEGRATION 23

Proposition A.3. Assume that g is diagonal of the form (A.6) then we have for any i, k ∈
{1, . . . , n}

Ricgik = R̃g,2ik + R̃g,1ik ,
where

R̃g,2ii = −
n∑

j=1,j 6=i

(
∂iifj + e2(fi−fj)∂jjfi

)
for all i = 1, . . . , n,

R̃g,2ik = −
n∑

j=1,j /∈{i,k}

∂ikfj

for all i, k ∈ {1, . . . , n} with i 6= k,

R̃g,1ii =

n∑
j=1,j 6=i

e2(fi−fj)∂jfj∂jfi −
n∑

j=1,j 6=i

(∂ifj)
2 +

n∑
j=1,j 6=i

∂ifj∂ifi

−
n∑

j,p=1,j 6=i,p/∈{i,j}

e2(fi−fp)∂pfj∂pfi −
n∑

j=1,j 6=i

e2(fi−fj)(∂jfi)
2

for all i = 1, . . . , n, and

R̃g,1ik = −
n∑

j=1,j /∈{i,k}

∂ifj∂kfj +

n∑
j=1,j /∈{i,k}

∂kfj∂ifk +

n∑
j=1,j /∈{i,k}

∂ifj∂kfi

for all i, k ∈ {1, . . . , n} with i 6= k.

Morever, Proposition A.2 gives:

Proposition A.4. Assume that g is diagonal of the form (A.6) then we have

Scalg = S̃g,2 + S̃g,1,
with

S̃g,2 = −2

n∑
i,j=1,j 6=i

e−2fi∂iifj

and

S̃g,1 = 2

n∑
i,j=1,i6=j

e−2fi∂ifi∂ifj − 2

n∑
i,j=1,j 6=i

e−2fi(∂ifj)
2 −

n∑
i,j,p=1,j 6=i,p/∈{i,j}

e−2fp∂pfj∂pfi.

A.4. Scalar curvature of a metric with diagonal perturbation. Given a Riemannian
metric ḡ = (ḡij) in Rn with n ≥ 3 of the form

ḡ = ĀtrĀ with Āx̄ = Idn,(A.7)

where x̄ ∈ Rn is fixed and x ∈ Rn 7→ Āx ∈ GLn(R) is a smooth mapping, we consider a
perturbation ĝ of ḡ on a neighborhood of x̄ of the form

ĝ = ĀtrDĀ(A.8)

where D is a n× n diagonal matrix with coefficients (e2f1 , . . . , e2fn) and f1, . . . , fn are smooth
functions on a neighborhood of x̄ valued in a neighborhood of 0 ∈ R (in such a way that ĝ
remains positive definite near x̄). Using that (we denote the coefficientss of Ā by (āij))

ĝij = ḡij +

n∑
r=1

(
e2fr − 1

)
āriārj ∀i = j = 1, . . . , n,
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we verify that the first and second-order partial derivatives of ĝ are given by

(A.9) ∂kĝij = ∂kḡij + 2

n∑
r=1

(
e2fr (∂kfr) āriārj

)
+

n∑
r=1

((
e2fr − 1

)
[(∂kāri) ārj + āri (∂kārj)]

)
and

(A.10) ∂klĝij = ∂klḡij + 2

n∑
r=1

(
e2fr (∂klfr) āriārj

)
+ 4

n∑
r=1

(
e2fr (∂kfr) (∂lfr) āriārj

)
+ 2

n∑
r=1

(
e2fr (∂kfr) [(∂lāri) ārj + āri (∂lārj)]

)
+ 2

n∑
r=1

(
e2fr (∂lfr) [(∂kāri) ārj + āri (∂kārj)]

)
+

n∑
r=1

((
e2fr − 1

)
[(∂klāri) ārj + (∂kāri) (∂lārj) + (∂lāri) (∂kārj) + āri (∂klārj)]

)
,

for all i, j, k, l = 1, . . . , n. Then, by applying the scalar curvature formulas given in Proposition
A.2 at x̄ where Āx̄ = Idn and ĝx̄ = D(x̄), we obtain:

Proposition A.5. Assume that g is diagonal of the form (A.7) then we have

Scalĝx̄ = Scalḡx̄ +Bĝx̄ +Qĝx̄ + Eĝx̄,(A.11)

where Bĝx̄, which is linear in the second-order derivatives of f1, . . . , fn at x̄ is given by

Bĝx̄ = −2

n∑
i,j=1,i6=j

(
e−2fi(x̄)∂2

i fj(x̄)
)

(A.12)

where Qĝx̄, which is quadratic in the first-order derivatives of f1, . . . , fn at x̄, is given by

(A.13) Qĝx̄ = −2

n∑
i,j=1,i6=j

(
e−2fi(x̄) (∂ifj(x̄))

2
)

−
n∑

i,j,k=1,i6=j

(
e−2fk(x̄)∂kfi(x̄)∂kfj(x̄)

)
+ 4

n∑
i,j=1,i6=j

(
e−2fi(x̄)∂ifi(x̄)∂ifj(x̄)

)
,

and where Eĝ is an error term which can be written as

(A.14) Eĝx̄ = Φ0

(
f1(x̄), · · · , fn(x̄), ∂1Ā(x̄), ∂2Ā(x̄)

)
+

n∑
r=1

n∑
k=1

(
Φi,k

(
f1(x̄), · · · , fn(x̄), ∂1Ā(x̄), ∂2Ā(x̄)

)
(∂kfr(x̄))

)
where Φ0 and Φ1,k,Φ2,k with k = 1, . . . , n, are smooth function in the variables f2, f3, āij, ∂

1
kāij

and ∂2
klāij such that Φ0(0, 0, ·, ·, ·) = 0.

Proof of Proposition A.5. Formulas of Proposition A.2, along with ĝx̄ = D(x̄), yield

Scalĝx̄ := S ĝ,2x̄ + S ĝ,1x̄ ,
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with

S ĝ,2x̄ =

n∑
i,k,j,p=1

(
ĝikx̄ ĝ

jp
x̄ − ĝ

ip
x̄ ĝ

jk
x̄

)
∂jkĝip(x̄)

=

n∑
i,j=1

ĝix̄ĝ
j
x̄∂ij ĝij(x̄)−

n∑
i,j=1

ĝix̄ĝ
j
x̄∂jj ĝii(x̄)

=

n∑
i,j=1,i6=j

e−2fi(x̄)e−2fj(x̄)
(
∂ij ĝij(x̄)− ∂jj ĝii(x̄)

)
and (from now on we omit x̄)

S ĝ,1x̄ =
1

4

n∑
i,j,p=1

e−2fie−2fje−2fp

(
− 4∂j ĝjp∂iĝip + 4∂j ĝjp∂pĝii + 3∂iĝjp∂iĝjp

− ∂pĝjj∂pĝii − 2∂pĝij∂j ĝip

)
.

The first term S ĝ,2x̄ can be written as

S ĝ,2x̄ =
∑

i,j=1,i6=j

(
∂ij ḡij − ∂jj ḡii

)
+

n∑
i,j=1,i6=j

e−2fie−2fj
(
∂ij ĝij − ∂jj ĝii

)
−

∑
i,j=1,i6=j

(
∂ij ḡij − ∂jj ḡii

)
,

which by using (A.10) is equal to

S ĝ,2x̄ =
∑

i,j=1,i6=j

((
∂ij ḡij − ∂jj ḡii

)
− 2
(
e−2fj∂2

j fi

)
− 4
(
e−2fj (∂jfi) (∂jfi)

))
+ ∆2

with

∆2 =

n∑
i,j=1,i6=j

(
e−2fie−2fj − 1

) (
∂ij ḡij − ∂jj ḡii

)

+
∑

i,j=1,i6=j

∑
r=i,j

e−2fie−2fj

(
2e2fr∂ifr [∂j āri δrj + δri ∂j ārj ] + 2e2fr∂jfr [∂iāri δrj + δri ∂iārj ]

+
(
e2fr − 1

)
[∂ij āri δrj + ∂iāri ∂j ārj + ∂j āri ∂iārj + δri ∂ij ārj ]

))

−
∑

i,j=1,i6=j

(
2e2fi∂jfi [∂j āii + ∂j āii] + 2e2fi∂jfi [∂j āii + ∂j āii]

+
(
e2fi − 1

) [
∂2
j āii + ∂j āii ∂j āii + ∂j āii ∂j āii + ∂2

jj āii
])

,

where for all i, j, k, l, ∂klḡij can be written as

∂klḡij =

n∑
r=1

(
∂klāri δrj + ∂kāri ∂lārj + ∂lāri ∂kārj + δri ∂klārj

)
.
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Hence by pluging the above formula for ∂klĝij , we obtain

Sg,2 =

n∑
i,k,j,p=1

(
ĝikĝjp − ĝipĝjk

)
∂jkgip

�

Appendix B. Proof of Lemma 3.4

Let x ∈ Rn be fixed. The pullback ḡ of g̃0 by the affine diffeomorphism Ψ : Rn → Rn defined
by

Ψ(z) := x+ Pxz ∀z ∈ Rn,
on a neighborhood of 0 = Ψ−1(x) is given by (using (3.4))

ḡz = P tr
x (g̃0)Ψx(z) Px = P tr

x

(
Qtr

Ψ(z)QΨ(z)

)
Px =

(
QΨ(z)Px

)tr (
QΨ(z)Px

)
where PxQΨ(0) = Idn,

and the pullback ĝ of g̃ by Ψ by (using (3.8))

ĝz = P tr
x g̃Ψ(z)Px = P tr

x Q
tr
Ψ(z)D (Ψ(z))QΨ(z)Px

=
(
QΨ(z)Px

)tr
D (x+ Pxz)

(
QΨ(z)Px

)
.

So, by setting A(z) := PxQΨ(z) which verifies A(0) = Idn we can apply the formula of scalar
curvature provided in Appendix A.4. By noting that D(x + Pxz) is a diagonal matrix with
diagonal coefficients (1, e2f2 , e2f3 , 1, . . . , 1) where

fi(z) = hi (x+ Pxz) ∀i = 2, 3(B.1)

for z on a neighborhood of the origin 0, (A.11)-(A.14) yield (we set fk = 0 for k 6= 2, 3)

Scalg̃x̄ = Scalĝ0 = Scalḡ0 +Bĝ0 +Qĝ0 + Eĝ0 = Scalg̃0x +Bĝ0 +Qĝ0 + Eĝ0 ,(B.2)

with

Bĝ0 = −2

n∑
k=1,k 6=2

(
e−2fk(0)∂2

kf2(0)
)
− 2

n∑
k=1,k 6=3

(
e−2fk(0)∂2

kf3(0)
)
,(B.3)

(B.4) Qĝ0 = −2

n∑
k=1,k 6=2

(
e−2fk(0) (∂kf2(0))

2
)
− 2

n∑
k=1,k 6=3

(
e−2fk(0) (∂kf3(0))

2
)

− 2

n∑
k=1,k/∈{2,3}

(
∂kf2(0)∂kf3(0)

)
+ 2e−2f2(0)∂2f2(0)∂2f3(0) + 2e−2f3(0)∂3f3(0)∂3f2(0),

and Eĝ is an error term that can be written as

Eĝ0 = Φ0

(
f2(0), f3(0), ∂1A(0), ∂2A(0)

)
+

n∑
k=1

(
Φ2,k

(
f2(0), f3(0), ∂1A(0), ∂2A(0)

)
(∂kf2(0))

)
+

n∑
k=1

(
Φ3,k

(
f2(0), f3(0), ∂1A(0), ∂2A(0)

)
(∂kf3(0))

)
,

where Φ0 and Φ2,k,Φ3,k, with k = 1, . . . , n, are smooth functions in the variables f2(0), f3(0),
∂1
kaij(0) and ∂2

klaij(0) such that Φ0(0, 0, ·, ·) = 0. By (B.1), we have

∂kfi(0) = dxhi

(
Xk(x)

)
and ∂2

kfi(0) = d2
xhi

(
Xk(x), Xk(x)

)
∀k = 1, . . . , n, ∀i = 2, 3.



ALMOST PRESCRIBING SCALAR CURVATURE BY MIXED CONVEX INTEGRATION 27

Hence, by (3.5), for every i = 2, 3, we have

∂1fi(0) = αx∂1hi(x) +

n∑
j=2

(Px)j,1 ∂jhi(x),

∂2
1fi(0) = α2

x∂
2
1hi(x) + 2αx

n∑
j=2

(Px)j,1 ∂
2
1jhi(x) +

n∑
j,k=2

(Px)j,1 (Px)k,1 ∂
2
jkhi(x),

and for every i = 2, 3 and k = 2, . . . , n,

∂kfi(0) =

n∑
j=2

(Px)j,k ∂jhi(x), ∂2
kfi(0) =

n∑
j,l=2

(Px)j,k (Px)l,k ∂
2
jlhi(x).

As a result, Bĝ0 in (B.3) can be expressed as

Bĝ0 = −2α2
x

(
∂2

1h2(x) + ∂2
1h3(x)

)
− 4αx

n∑
j=2

(Px)j,1

(
∂2

1jh2(x) + ∂2
1jh3(x)

)
− 2

n∑
j,k=2

(Px)j,1 (Px)k,1

(
∂2
jkh2(x) + ∂2

jkh3(x)
)

−2

n∑
k=3

n∑
j,l=2

(
e−2fk(0) (Px)j,k (Px)l,k ∂

2
jlh2(x)

)
−2

n∑
k=2,k 6=3

n∑
j,l=2

(
e−2fk(0) (Px)j,k (Px)l,k ∂

2
jlh3(x)

)
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with the two last lines depend only on J̌2
h and x. The term Qĝ0 in (B.4) can be written as

Qĝ0 = −2α2
x

(
(∂1h2(x))

2
+ (∂1h3(x))

2
+ ∂1h2(x)∂1h3(x)

)
− 2αx

 n∑
j=2

(Px)j,1

(
2∂jh2(x) + ∂jh3(x)

) ∂1h2(x)

− 2αx

 n∑
j=2

(Px)j,1

(
∂jh2(x) + 2∂jh3(x)

) ∂1h3(x)

− 2

 n∑
j=2

(Px)j,1 ∂jh2(x)

 n∑
j=2

(Px)j,1 ∂jh3(x)


− 2

 n∑
j=2

(Px)j,1 ∂jh2(x)

2

− 2

 n∑
j=2

(Px)j,1 ∂jh3(x)

2

− 2

n∑
k=3

e−2fk(0)

 n∑
j=2

(Px)j,k ∂jh2(x)

2


− 2

n∑
k=2,k 6=3

e−2fk(0)

 n∑
j=2

(Px)j,k ∂jh3(x)

2


− 2

n∑
k=4

 n∑
j=2

(Px)j,k ∂jh2(x)

 n∑
j=2

(Px)j,k ∂jh3(x)


+ 2e−2h2(x)

 n∑
j=2

(Px)j,2 ∂jh2(x)

 n∑
j=2

(Px)j,2 ∂jh3(x)


+ 2e−2h3(x)

 n∑
j=2

(Px)j,3 ∂jh3(x)

 n∑
j=2

(Px)j,3 ∂jh2(x)

 ,

where the terms multiplying ∂1h2(x) and ∂1h3(x)) appearing on the second and third lines,
respectively, and all other remaining terms depend only on J̌2

h and x. Finally, the above

formulas for ∂kf2(0) and ∂kf3(0) also allow to express Eĝ0 as desired. The conclusion readily
follows from (B.2).

Appendix C. Proof of Lemma 4.1

For the proof, we introduce the following notation: for any set S ⊂ Rk and for any ν > 0,
Sν refers to the ν-neighborhood of S defined as Sν := S + νInt(Dk).
We prove the result by induction. For k = 2, we define Σ2 as the center of the disc D2 and set
Σ̃2 := Σ2. By construction, Σ̃2 is a smooth submanifold of R2 with codimension 2 that does
not intersect ∂D2. Consequently, Σ̃2 is tranverse to ∂D2, which proves (i). Next, let N be an
open neighborhood of Σ2 ∪ ∂D2. Then, there exists ν > 0 such that Σ2

ν ∪ (∂D2)ν ⊂ N . The
set D2 \ (Σ2

ν/2 ∪ (∂D2)ν/2) is an annulus, diffeomorphic to S1 × [0, 1], which proves (ii).
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Now, assume that the result holds for k ≥ 2, and proceed to prove it for k + 1. Set

Rk+ :=
{

(x1, · · · , xk) ∈ Rk |x1 > 0
}
,

consider the smooth map

F : S1 × Rk+ −→ Rk+1

(θ, (x1, · · · , xk)) 7−→ (x1 cos θ, x1 sin θ, x2, · · · , xk) ,

and define the sets Dk
+ ⊂ Rk+ and Lk+1 ⊂ Rk+1 as follows:

Dk
+ := Dk ∩ Rk+ and Lk+1 :=

{
(y1, · · · , yk+1) ∈ Rk+1 | y1 = y2 = 0

}
.

The map F is a smooth diffeomorphism onto its image, and we have:

F
(
S1 ×Dk

+

)
= Dk+1 \ Lk+1.(C.1)

By induction hypothesis, there exist sets Σk ⊂ Dk and Σ̃k ⊂ Rk satisfying properties (i)-(ii).

Since Σ̃k has codimension 2 and is transverse to the sphere ∂Dk, we may assume, without loss
of generality, by rotating and shrinking Σ̃k outside Dk, if necessary, that there exists δ > 0
such that Σ̃k does not intersect the closed ball B̄k(x̄, δ) where x̄ := (−1, 0, · · · , 0). For every
R > 0, let xR := (R, 0, · · · , 0), and consider the affine diffeomorphism ϕR : Rk → Rk by
ϕR(x) := xR + (R+ 1)x. Using this map, define the sets:

Dk
R := ϕR

(
Dk
)
, Σ̃kR := ϕR

(
Σ̃k
)
, ΣkR := ϕR

(
Σk
)
, BR := ϕR

(
B̄k(x̄, δ)

)
.

By construction, properties (i)-(ii) are satisfied by replacingDk,Σk, Σ̃k withDk
R,Σ

k
R, Σ̃

k
R, the set

BR coincides with the closed ball B̄k(x̄, (R+ 1)δ), and Σ̃kR does not intersect BR. Furthermore,

there exists R̄ > 0 such that for any R ≥ R̄, Dk
R contains the closure of Dk

+, denoted Dk
+,

in its interior. Let x̂ := (1/2, 0 · · · , 0) ∈ Dk
+, and for each v ∈ Sk−1, let τ+(v) (resp. τR(v)

for R ≥ R̄) denote the length of the line segment formed by the intersection of the half-line
x̂+ [0,+∞)v with Dk

+ (resp. Dk
R). For each R ≥ R̄, the map τR : Sk−1 → (0,+∞) is smooth,

while τ+ : Sk−1 → (0,+∞) is Lipschitz and smooth outside the set of v ∈ Sk−1 such that the
half-line x̂ + [0,+∞)v intersects the sphere Sk−1 ∩ {x1 = 0}. Moreover, we have τR > τ+ for
all R ≥ R̄. Choose a smooth, nondecreasing function µ : [0,+∞)→ [0, 1] such that µ(1/8) = 0
and µ(1/4) = 1. For every R ≥ R̄, define the map ΨR : Rk → Rk by

ΨR(x) :=

 (1− µ (|x− x̂|)) x+ µ (|x− x̂|)
[
x̂+

τR( x−x̂
|x−x̂| )

τ+( x−x̂
|x−x̂| )

(x− x̂)

]
if x 6= x̂

x̂ if x = x̂.

By construction, for every R ≥ R̄, ΨR is a Lipschitz homeomorphism satisfying

ΨR

(
Dk

+

)
= Dk

R.

Furthermore, consider the compact set SR ⊂ Dk
R, defined as the convex hull of the union of line

segments formed by the intersection of Dk
R with all half-lines of the form x̂ + [0,+∞)v, with

v ∈ Sk−1, that intersect the sphere Sk−1 ∩ {x1 = 0}. The map Ψ−1
R is smooth outside SR and

any y ∈ ∂Dk
R such that Ψ−1

R (y) ∈ {x1 = 0} lies in SR. Finally, note that, for every R ≥ R̄, the
set SR is contained in the closed ball centered at x̄ with radius 3.

To conclude the proof, we fix R ≥ R̄ such that (R+ 1)δ > 3, and define

Σ̃k+ := Ψ−1
R

(
Σ̃kR

)
.

By construction, Σ̃kR does not intersect the set BR = B̄k(x̄, (R + 1)δ), which contains the set

SR, as (R+ 1)δ > 3. Consequently, Σ̃k+ is an open smooth submanifold of Rk with codimension

2. If it intersects the boundary of Dk
+, this occur at points in ∂Dk ∩ Rk+, and the intersection
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is transverse. In particular, by shrinking Σ̃k outside Dk if necessary, we may assume that Σ̃k+
is contained in Rk+. Then, we define

Σk+1 := Σ̃k+1 ∩Dk+1, where Σ̃k+1 := Lk+1 ∪ F
(
S1 × Σ̃k+

)
.

We now address the verification of properties (i)-(ii) for k + 1. The set Lk+1 is a codimension

2 vector space that is transverse to ∂Dk+1. Additionally, Σ̃k+ is an open smooth submanifold

of Rk with codimension 2, contained in Rk+, and transverse to Dk
+. Since F is a smooth

diffeomorphism onto its image, the image of S1 × Σ̃k+ under F is an open smooth submanifold

of Rk+1 with codimension 2, transverse to ∂Dk+1. Moreover, by (C.1), this image does not
intersect Lk+1, completing the proof of (i). To prove (ii), consider an open neighborhood N of
Σk+1∪∂Dk+1. By the above construction, there exists an open neighborhood N k

+ of the closed

set ∂Dk
+ ∪ (Σ̃k+ ∩Dk) in Rk such that

F
(
S1 ×

(
N k

+ ∩ Rk+
))
⊂ N

and the set

N k
R := ΨR

(
N k

+

)
is an open neighborhood of ∂Dk

R ∪ ΣkR. By the induction hypothesis, there exists a smooth
map ΦkR : Tk−1 × [0, 1] → Int(Dk

R \ ΣkR) such that ΦkR is a diffeomorphism onto its image and
ΦkR(Tk−1 × {0, 1}) ⊂ N k

R. We conclude by approximating Ψk
R with a smooth diffeomorphism

via regularizing τ+. Since ΦkR is valued in Int(Dk
R \ ΣkR) and ΦkR(Tk−1 × {0, 1}) ⊂ N k

R, there
exists ν > 0 such that

dist
(

Ψ−1
R

(
ΦkR(α, t)

)
, ∂Dk

+ ∪
(

Σ̃k+ ∩Dk
+

))
> ν ∀(α, t) ∈ Tk−1 × [0, 1](C.2)

and

Ψ−1
R

(
ΦkR(α, t)

)
⊂
(
N k

+

)
ν

∀(α, t) ∈ Tk−1 × {0, 1}.(C.3)

Next, consider a smooth approximation τ : S1 → (0,+∞) of τ+ in the C0-topology, and define
the map Ψ : Rk → Rk by

Ψ(x) :=

 (1− µ (|x− x̂|)) x+ µ (|x− x̂|)
[
x̂+

τR( x−x̂
|x−x̂| )

τ( x−x̂
|x−x̂| )

(x− x̂)

]
if x 6= x̂

x̂ if x = x̂.

Since τR > τ+ and Ψ is defined radially, the map Ψ is a smooth diffeomorphism if ‖τ − τ+‖C0

is sufficiently small. Furthermore, Ψ−1 converges uniformly to Ψ−1
R on compact sets as ‖τ −

τ+‖C0 → 0. Therefore, using the fact that ΦkR is valued in Int(Dk
R\ΣkR), along with (C.2)-(C.3),

we may assume that Ψ is a smooth diffeomorphism satisfying the following properties:

Ψ−1
(
ΦkR(α, t)

)
∈ Int(Dk

+ \
(
Σk+ ∩Dk

+

)
) ∀(α, t) ∈ Tk−1 × [0, 1]

and

Ψ−1
(
ΦkR(α, t)

)
⊂ N k

+ ∀(α, t) ∈ Tk−1 × {0, 1}.

Finally, noting that Tk = S1 × Tk−1, we define Φ : Tk × [0, 1]→ Int(Dk+1 \ Σk+1) by

Φ (θ, α, t) := F
(
θ,Ψ−1

(
ΦkR(α, t)

))
∀(θ, α, t) ∈ S1 × Tk−1 × [0, 1].

By construction, Φ is a smooth diffeomorphism onto its image, satisfying property (ii) for k+1.
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