THE ANALYTIC MINIMAL RANK SARD CONJECTURE
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ABSTRACT. We obtain, under an additional assumption on the subanalytic abnormal dis-
tribution constructed in [4], a proof of the minimal rank Sard conjecture in the analytic
category. It establishes that from a given point the set of points accessible through singu-
lar horizontal curves of minimal rank, which corresponds to the rank of the distribution,
has Lebesgue measure zero. The minimal rank Sard Conjecture is equivalent to the Sard
Conjecture for co-rank 1 distributions.

1. INTRODUCTION

The topic of this paper is the minimal rank Sard Conjecture in sub-Riemannian geometry.
This is a follow-up of our previous work [4], where we provide a geometrical setting to study
the Sard Conjecture in arbitrary dimensions. We rely on [4, Sections 1.1, 1.2 and 1.4] for a
complete presentation of the Conjecture and its importance.

Let M be a smooth connected manifold of dimension n > 3 equipped with a distribution
A of rank m < n which is bracket generating. Recall that the Sard Conjecture is only known
in very few cases whenever dim M > 3. In fact, all previous results focus on Carnot groups
[11 16l 12} [16), 17, 19, [13],. Whenever dim(M) = 3, much more is known by following a geometrical
approach inspired by the foundation paper of Zelenko and Zhimtomirskii [23]. In fact, in a joint
work with Figalli [2], we have proved the strong version of the Sard Conjecture in the analytic
three dimensional case, improving a previous result of Belotto and Rifford [5]. The proof is
based on a delicate study of the geometrical properties of the, so-called, characteristic foliation
introduced in [23]. It makes use of methods from symplectic geometry, differential topology
and singularity theory. Some of the singularity methods — such as resolution of singularities of
metrics and foliations, and regularity of transition maps — are constrained to small dimensions.

The goal of this paper is to generalize the heart of the arguments of [2] to arbitrary di-
mensions, in order to address the minimal rank Sard Conjecture. This is the first step in our
program to understand the Sard Conjecture in arbitrary dimensions, as explained in [4, Section
1.4]. To this end, we follow the framework introduced in [4], where we developed the properties
of the natural generalization of characteristic foliations, which we called abnormal distribu-
tion 16, see [4, Theorem 1.1]. We then proceed to replace several of the delicate singularity
arguments from [2] by subanalytic and symplectic arguments; we highlight the new notion of
witness transverse sections which we expect to be of independent interest to foliation theory,
see Theorem[3.2] This allows us to prove the minimal rank Sard Conjecture under an additional
qualitative hypothesis on the abnormal distribution, which we call splitability, see Theorem
and Definition [[.3] The remaining difficulty is, non-surprisingly, related to singularity theory:
one needs to exclude pathological asymptotic behaviors of a foliation of rank at least 2 over its
singular set, see Section for an example.

1.1. Main result. Let us briefly recall the main objects introduced in [4] — we equally rely on
that after-mentioned paper for extended discussion on these objects.

Given an analytic totally nonholonomic distribution A on a real-analytic connected manifold
M, we consider the nonzero annihilator of A in the cotagent bundle T M:

(1.1) At = {a:(x,p) eT*M|p#0and p-v=0, VUEA(JU)}.
1
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By [4, Theorem 1.1], there exists an open and dense subanalytic set Sy C A~ called essential
domain. Its complement, the set ¥ = AL\ Sy, is in fact a proper analytic subvariety of A*.
Moreover, there exists a subanalytic distribution K over A+ which is, in fact, a subanalytic
isotropic foliation over Sp; we denote the restriction of K to Sy by Iqso. We call K the abnormal
distribution because a horizontal path + : [0,1] — M is singular if, and only if, it admits a lift
¢:[0,1] — A+ which is horizontal with respect to K, see [4, Theorem 1.1(iii)].

In our main result, we will need to add an extra hypothesis on the foliation I@ So» Which we
call splittability. We postpone the precise definition to Section [1.3] and we anticipate in here
that any line foliation is splittable. We can now state our main result:

Theorem 1.1 (Minimal rank Sard Conjecture for splittable foliatons). Assume that both M

and A are real-analytic. If the foliation I€|50 is splittable, then the minimal rank Sard conjecture
holds true.

The proof of Theorem will consist in showing by contradiction that if the set of minimal
rank singular horizontal paths from a given point reaches a set of positive Lebesgue measure in
M, then we can, roughly speaking, lift all those horizontal paths into abnormal curves sitting in
the leaves of the foliations given by K on its essential domain and from here get a contradiction.
This strategy requires to be able to select from a given set of positive measure contained in
a transverse local section of the foliation 16‘ S, @ subset of positive measure whose all points

belong to distinct leaves of 16‘ So- A foliation subject to such a selection result will be called
splittable; this is the heuristic behind the definition of splittability given in Section [1.3

Thanks to [4, Theorem 1.1(iv)], moreover, we know that the rank of the abnormal distribution
restricted to its essential domain /6‘ S, is less than or equal to m — 2. Hence, the Minimal rank
Sard conjecture holds true whenever A has rank < 3. Furthermore, the equivalence of the
minimal rank Sard Conjecture with the Sard Conjecture in the case of corank-1 distributions
yields the following immediate corollary:

Corollary 1.2. Assume that both M and A are analytic. If A has codimension one (m =n—1)
and the distribution K\s, is splittable, then the Sard conjecture holds.

In particular, the Sard Conjecture holds true when n = 4 and m = 3. This four dimensional
result remains true in the C*° category, as we show in our follow-up work [3], where we extend
a few results (as much as we could) from this work to the smooth category.

Finally, our approach to the proof of Theorem [I.1|requires to lift the set of singular horizontal
curves in M to a subset of A+ of positive transverse volume with respect to K. Asa consequence,
we cannot prove the Sard conjecture for distribution of corank strictly greater than one yet.
For an extended discussion, see [, Section 1.4 and 1.5].

1.2. Witness transverse sections. The proof of Theorem follows from a combination of
the description of abnormal lifts given in [4, Theorem 1.1]; differential geometry methods; and a
new result on the existence of special transverse sections for singular analytic foliations, which
we call witness transverse sections, see Theorem [3.2]

In fact, roughly speaking, we show that if F is a singular analytic foliation of generic corank
r in a real-analytic manifold N equipped with a smooth Riemannian metric g, then we can
construct locally, for every point x in the singular set ¥ of F, a special subanalytic set X C V\X
where V' is an open neighborhood of z, called witness transverse section. This section has the
property that its slices X¢ := X N h~!(c) (¢ > 0) with respect to some nonnegative analytic
function h (verifying 3NV = {h = 0}) have dimension < r with r-dimensional volume uniformly
bounded (w.r.t ¢) and such that any point of V' can be connected to X¢ through a horizontal
curve (w.r.t. F) of length no greater than ¢ (w.r.t. g). We refer to Section [3| for further detail.

1.3. Splittable foliation. Let N be a real-analytic manifold of dimension n > 2 equipped
with a smooth Riemannian metric b (not necessary assumed to be complete) and F a (regular)
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analytic foliation of constant rank d € [1,n — 1]. Given ¢ > 0, we say that two points z and
y € N are (F,{)-related if there exists a smooth path ¢ : [0,1] — N with length € [0, £] with
respect to h which is horizontal with respect to F and joins « to y. Note that the (A, ¢)-relation
is not an equivalence relation, since it is not transitive. Moreover, given a point £ € N, we
call local transverse section at T any set S C N containing T which is a smooth submanifold
diffeomorphic to an open disc of dimension n — d and transverse to the leaves of F.

Definition 1.3 (Splittable foliation). We say that the foliation F is splittable in (N, h) if for
every T € N, every local transverse section S at T and every £ > 0, the following property is
satisfied:

For every Lebesgue measurable set B C S with L'~%(E) > 0, there is a Lebesque measurable
set F C E such that L""4(F) > 0 and for all distinct points v,y € F, x and y are not
(F,0)-related.

We provide in Section [2] a sufficient conditions for a foliation to be splittable. Indeed, we
introduce the notion of foliation having locally horizontal balls with finite volume (with respect
to the metric h in N), see Deﬁnition and we prove that this property implies the splittability,
see Proposition As a consequence, we infer that every line foliation is splittable, as well as
every foliation whose leaves have Ricci curvatures uniformly bounded from below. In particular,
all regular foliations in a compact manifold are splittable. An example of non-splittable analytic
foliation in a non-compact manifold equipped with a smooth metric is presented in Section [2:2}
we do not know if such examples do exist with an analytic metric.

1.4. Paper structure. The paper is organized as follows: in Section [2| we discuss the notion
of spplitable foliations. In section [3| we construct Witness transverse sections for analytic
foliations, see Theorem [3:2] Finally, the proof of Theorem [I.1]is given in Section [4

Acknowledgment: The first author is supported by the project “Plan d’investissements
France 2030”, IDEX UP ANR-18-IDEX-0001, and partially supported by the Agence Nationale
de la Recherche (ANR), project ANR-22-CE40-0014.

2. SPLITTABLE FOLIATIONS

2.1. Sufficient conditions for splittability. The notion of splittable foliation and of (F, ¢)-
related points have been provided in the Introduction, see Definition [1.3] and we follow its
notation. Let us start our discussion by providing a more structured way to describe two
(F,¢)-related points. In fact, let us consider horizontal balls with respect to F and h. Given
x € N, we denote by L, the leaf of F through x in N. Then, for every ¢ > 0, we call horizontal
ball with respect to F and h the subset of L, given by

Lt = {y € L,|3¢:[0,1] = L, abs. cont. s.t. ¢(0) =z, ¢(1) =y, length” (p) < Z}.

We check easily that two points 2,y € N are (F,{)-related if and only if y € L (or z € LY).

Let us now introduce the following definition where vol™” (A) stands for the volume of a Borel
set A contained in a leaf of F with respect to the Riemannian metric induced by h on that leaf:

Definition 2.1. We say that the foliation F has locally horizontal balls with finite volume (w.r.t.
h) if for every x € N and every £ > 0, there are V. > 0 and a neighborhood U of © such that
volh’}-(ﬁg) <V forallyel.

The first example of foliations having locally horizontal balls with finite volume is given by
foliations associated with complete Riemannian metrics. As a matter of fact, if h is complete,
then by the Hopf-Rinow Theorem, all balls lli with y close to x are contained in the ball
centered at x with radius £+ 1 which happens to be compact, so all of those horizontal balls are
compact sets with a volume which is finite and depends continuously upon y. Another example
is given by foliations whose curvature satisfy a lower bound:
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Proposition 2.2. If F has rank 1 then it has locally horizontal balls with finite volume, indeed
we have for any x € N and £ > 0, VOlh’}—(ﬁi) < 20. Moreover, if F has rank > 2 and the
Ricci curvature (w.r.t. h) of all its leaves is uniformly bounded from below, then it has locally
horizontal balls with finite volume (w.r.t. h).

The proof of this result is left to the reader. We draw their attention to the fact that the
comparison theorem required for the proof (of the second part) remains true for a non-complete
metric (see e.g. [8, §4]). We end this section with the result that justifies the introduction of
Definition [2.1] and provide many examples of splittable foliations.

Proposition 2.3. If F has locally horizontal balls with finite volume (w.r.t. h), then it is
splittable in (N,h).

Proof. Let & € N and £y > 0 be fixed. Let ¢ > £y and denote by £=¢ C ££ the union of all £
with ¢/ < £. Let V > 0 be such that Volh’}-(ﬁfg) <V for all z in an open neighborhood U of .
By considering a foliation chart (see [4, Section 3]) and shrinking U if necessary, there exists a
diffeomorphism ® : W — U such that W = (—1,1)" Cc R", (0) = Z, the pull-back foliation is
given by (2n—g+1 = ... = &, = cte) (where d is the rank of F) and the following properties are
verified:

e there exists a smooth transverse section D diffeomorphic to a disc of dimension n — d;

e there exists € > 0 such that, for every point x € D, the connected component of
L, N'U containing z, which we denote by L, v, is such that volh’F(EmyU) > € and
diam (L, ) < ¢ (where diam stands for the diameter w.r.t. h).

Let K be a natural number greater than V/e. By construction, if z,y € D are (F, £)-related then
we have L, 17, L, v C L. Thus, since vol™ (L, 1) > € for every = € D and vol™” (LX) <V
for all z € U, we infer that for every = € D, there are at most K points in D which are (F, < ¢)-
related to x (that is, they are (F,¢')-related to z for some ¢’ < ¢). Denote by {z1,...,2x,}
these points, where k, < K depends on x € D. Let £ C D be a measurable set such that
L~4(E) > 0. Let k be the maximum value of k, for every € E which is a density point of
E. Fix a density point = € E such that k, = k and consider the set {x1,...,zx} of (F, < £)-
related points to z in D. Denote by ¢; : [0,1] — L, for i = 1,... k, the absolutely continuous
curves of length < ¢ between x and z; respectively. Since F is everywhere regular and ¢; has
compact domain, we conclude from the foliation charts that there exists a transverse section
D, C D containing = and diffeomorphic to a disc of dimension n — d, such that: for every
y € D, the curves ¢; can be diffeomorphically deformed into an absolutely continuous curve
@; : [0,1] = L, starting from y and finishing at a point y; € D with length < ¢, for every
i=1,...,k. Now, since all the points {z,z,..., 2} are distinct, apart from shrinking D,,, we
may suppose that for every y € D, all other points {y1,...,yr} do not belong to D,. We now
consider F' = E N D,. First, note that £L*~¢(F) > 0 since z is a density point. Moreover, for
y € F, we know that k, > k since y € D,, and that £, < k since y € I/. We conclude easily
that every two points of F' are not (F, {y)-related, finishing the proof. O

As a consequence of Propositions and we get the following result:
Proposition 2.4. FEvery foliation of rank 1 is splittable.

We provide in Section[2.2an example of analytic foliation F contained in an analytic manifold
with boundary M, endowed with a (non-complete) C* metric g, which is non-splittable. This
example illustrates the kind of qualitative behavior that we must exclude when studying the
minimal rank Sard Conjecture. Nevertheless, note that the example is constructed on an
abstract manifold. We do not know the answer to the following question:

Open question. Is there an integrable family of analytic 1-forms Q = (wi,...,w;) defined
over an open set U C R™ whose associated analytic foliation F defined in U \ X, where ¥ is the
singular set of €2, is non-splittable in (U, g°) where ¢° is the Euclidean metric?
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If the answer to the above question is negative, then the hypothesis of Theorem would
always be satisfied provided that M and A are analytic.

2.2. Example of a non-splittable foliation. We modify a construction of Hirsch [I1] in
order to define a foliation which is non-splittable in a (non-compact) manifold with border
M. As a matter of fact, Hirsch foliations are two-dimensional analytic foliations which satisfy
the topological properties of a non-splittable foliation, but they lack the metric properties. In
order to obtain the metric properties, we modify the original construction, and we make use of
C*°-partitions of the unit to yield a C*°-metric.

We start by defining the building-blocks. Consider the double cover immersion f : S* — S*
given by f(t) = 2t, and choose an analytic embedding ¢ of the solid torus S* x D? onto its interior
so that mor = fomr, where 7 : ST x D? — S is the projection. Let V = S x D2\ Int(¢(S! x D?)).
Then the boundary of V is two copies of S' x S', which we denote by V~ and V1 where
(V™) = V*. Denote by G foliation over V induced by the the fibration w. Note that the
leaves of this foliation are topological pants, whose intersection with V'~ is a S, and whose
intersection with V7 is the disjoint union of two S*, cf. figure

Leaf of F

Wi

Leaf

Vo

(A) The building block V. (B) A leaf of F.

FIGURE 1. Geometrical illustration of F.

Now, we consider a countable family of building-blocks (V,,, V,,", V., tn, Gn, gn ), where g,, are
analytic metrics over V,, satisfying the following property: given two points x and y in a leaf
L of G, the distance of z and y in L is bounded by 4™". We denote by M the manifold with
boundary given by the union of all V,,, by identifying V,~ with Vn++1 via ¢, that is, we take the
identification x € V,~ equivalent to ¢(x) € Vn++1' This yields an analytic manifold with border,
where the border is a torus My = V0+ = S x S'. This construction induces, furthermore, an
analytic foliation F over the manifold with border M which locally agrees with G,, over each
V., because wo f = rom, cf. figure Furthermore, we can define a globally defined C'*°
metric g over M by patching the metrics g, via partition of the unit. We may chose such a
partition so that g satisfies the following property: given two points x and y in a leaf L of G,,,
the distance of z and y in L is bounded by 27".

We claim that F is a non-splittable foliation. Indeed, consider a transverse section ¥ = S* C
My = St x St and let us identify 3 with the interval [0, 1]. Given a point € %, denote by L,
the leaf passing by z. First, consider the foliation Gy, and note that, since f(z) = f(x + 1/2)
and Gy is a foliation by pants, x 4+ 1/2 also belongs to the leaf L, cf. figure Since this
argument can be iterated over any G,,, we get that all points  + m /2" with m,n € N belong
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to L,. Moreover, the distance on L, between z and = + m/2" is bounded by:
1
2.3 o <4
k=0
since there exists a path between x and x + m/2", contained in the leaf L., and which is
contained in the union of Vi with k < n, crossing each of these components at most twice.
In conclusion, for every z € X, the intersection of L,, the leaf passing through z, with X
is a countable and dense set of points invariant by a countable subgroup of rotations, which
are pairwise (F,4)-related. We infer that F is a not splittable in (M, g) because there is no

measurable set F C ¥ with positive Lebesgue measure whose intersection with each L, (with
x € X) contains only one point.

3. WITNESS TRANSVERSE SECTIONS

We follow the notation and we use results given in [4, Section 3.3 and 3.4]. The main goal
of this section is to show the following result:

Theorem 3.1. Let N be a real-analytic manifold of dimension d > 1 equipped with a complete
smooth Riemannian metric g, Q be a family (or, more generally, a sheaf) of analytic 1-forms
which is integrable of generic corank r, with singular set . Denote by K the distribution
associated to Q and by F the foliation on N \ ¥ associated to Q. Let x € N and £ > 0 be fized.
Then, there exist a relatively compact open neighborhood V' of x in N, a real-analytic function
h:V —0,00), a subanalytic set X C V\X and C,e > 0 such that the following properties are
satisfied:
(i) The set h=1(0) is equal to XNV
(ii) (uniform volume bound) dim X < r 4+ 1 and for every 0 < ¢ < ¢ the subanalytic set
X¢:= X NhYc) satisfies dim X¢ < r and its r-dimensional volume with respect to g
is bounded by C.
(iii) (uniform intrinsic distance bound) For every 0 < ¢ < € and for everya € h=t(c) C V\X,
there is a smooth curve o : [0,1] — V\' X contained in Lo Nh~t(c), where Ly is the leaf
of F containing a, such that

a(0)=a, «a(l)€e X and length?(a) <.

(iv) (generic tranversality) There is a decomposition X =Y U Z as the disjoint union of
two subanalytic sets Y, Z such that: dimZ <r, Y = | |;c; Y is a finite disjoint union
of smooth subanalytic sets Y; of dimension v+ 1, and, moreover, for every 0 < ¢ < ¢,
Z¢:=ZNh71(c) is of dimension < r, Y :=Y;Nh~1(c) is smooth of dimension r such
that

oY =Ye\Y°CZ° and T,N=T,YS+K(a) VaeY Viel

First we show the following general theorem on the existence of a transverse section, that is
of independent interest for foliation theory. Then Theorem [3.I] will be a corollary of this result.

Theorem 3.2. Let N be a real-analytic manifold of dimension d > 1 equipped with a complete

smooth Riemannian metric g, Q be a family (or, more generally, a sheaf) of analytic 1-forms

which is integrable of gemeric corank r, with singular set X.. Denote by K the distribution

associated to Q, and by F the foliation on N \ X associated to Q). Then, for every x € N

there exist a relatively compact open subanalytic neighborhood V' of x in N, a subanalytic set

X C V\ X, called witness transverse section, such that the following properties are satisfied:
(i) For every z € V '\ X there is a smooth curve a: [0,1] = V' \ ¥ contained in a leaf of F

such that

a(0)e X, «(l)=2z and length?!(a) < C,diam?(V),

where Cy is a constant depending only on d.
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(ii) X is the disjoint union of finitely many locally closed smooth subanalytic sets X = J; X;
of dimension at most r such that for every a € X; we have lé(u) NTeX; = {0}. In
particular, if Y is the union of X; of mazimal dimension r and Z the union of those of
dimension <1 then X =Y U Z and Y 1is transverse to the leaves of F.

We may assume, without loss of generality, that the metric g is real-analytic (or even Eu-
clidean with respect to a fixed local coordinate system). Indeed, it is enough to show the
statement of Theorem locally at x, and any C* metric g is locally bi-Lipschitz equivalent
to the Euclidean metric and, moreover, the bi-Lipschitz constant may be taken arbitrarily close
to 1.

Given a small open neighborhood V of x € N there is a finite family of analytic functions
on V, G = {gi}, such that:

(i) each g; is Lipschitz with constant 2 (with respect to the geodesic distance d9),
(ii) for every z € V, for every smooth submanifold M C V and every vector v € T there
is an index ¢ such that
(1) [V (gijn)(@)] = 1/2,
(2) (V(giin)(z),v) = 0.
Indeed, first note that it suffices to show that existence of the family {g;} satisfying (i) and (1)
of (i7). The conditions (2) of (i7) can be obtained by adding to the family {g;} all the opposite
functions {—g;}. To get (i) and (1) of (4i), by the preceding remark, it suffices to consider only
the case when N = R” and g is the Euclidean metric. In this case, let us identify S*~! with the
vectors v € R™ of norm one. For each fixed w € S"~! there exists an open neighborhood U,, of
w in S"~1 such that, for all v € U,,, (w,v) > 1/2. By the compactness of S"~!, consider a finite
family w; such that U,,, covers S"~1, and take as G the family of functions g;(x) = (w, z). Since
|Vgi(x)| = |w;| =1, the family clearly satisfies (i). Next, fixed a submanifold M and a vector
v € T, M of norm 1, there exists ig such that |V(g;ar)(®)| > (Vi (2),v)] = [{wiy,v)| > 1/2
by construction, proving (i).

Remark 3.3. There is a family G = {g;} of functions defined on the entire N that satisfies the
above properties (i) and (ii) at every point x € N. Indeed, one may show it first in the class
of C' functions and then approximate them by real analytic ones in Whitney C'-topology, see
e.g. [9]. Therefore, in this case, a stronger version of Theorem holds, where we may take
V = N and replace diam? (V') by an arbitrary constant D > 0. We do not need this stronger
result in this paper.

We now consider an auxiliary locally closed nonsingular subanalytic subset W of N \ X.
Note that we do not fix its dimension; in fact, we will make inductive arguments based on its
dimension. Later on, in the proof of Theorem [3.2] W will be taken as a connected component
of V'\ 2. Following the notion introduced in [4, Section 3] we say that is K is regular on W if
the restriction of £ to W is a regular analytic distribution and K has constant rank along W.
We denote by /€W this restriction and by ry its corank. By [4, Remark 3.11], ryy < r, léw is
integrable and induces a foliation that we denote by Fy,. We start by studying what happens
when K is regular on W:

Lemma 3.4. Following the above notation, suppose that K is reqular on W and ry < dim W.
Then there exists a subanalytic (as a subset of N ) subset Yy C W of dimension < dim W such
that for every z € W there is a smooth curve « : [0,1] — W, contained entirely in a leaf of Fw
such that

a(0) €Y, «a(l)=2z and length?(a) < 4dist?(z, a(0)).

Proof. We work locally in a relatively compact neighborhood V of x € W. Let f be a C?
subanalytic function such that f=1(0) = (W \ W)U (VN W \ V). Such a function, even a
function of class C? for any fixed finite p, always exists. It follows from a more general result
valid in any o-minimal structure, see Theorem C11 of [22]. The subanalytic case, that we use
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here, was proven first by Bierstone, Milman and Pawhucki (unpublished). By replacing f by f?
we may suppose f > 0. Fix a family G = {g;} of analytic functions as above and define

Y;:=Bdw ({z € W; [V(9i7)(2)] = 1/2})

U Bdw ({z € W; (V(fizw ) (@), V(97 ) (2)) = 0}),

where by Bdy we mean the topological boundary in W. Here by V(f|r, )(2) we mean the
gradient of the function: f restricted to the leaf of Fy through z. These leaves are of dimension
> 1 by the assumption ry < dim W.

The sets Y; are subanalytic (the Riemannian metric g is assumed real-analytic) and of di-
mension < dim W. Then we take as Yy the union of all Y;.

Let z € (W \ Y )NV be fixed. By the above property (ii), there is ¢ such that

IV(giir)(2)| =2 1/2 and  (V(fr)(2), V(gir)(2)) = 0,
where F is the leaf of Fyy containing z. Let 5 : [0,t9) — W\ Y be the maximal integral curve
of V(g;r) with 3(0) = 2 (the curve a from the Lemma will be later taken as a reparametrization

of B). It is of finite length. Indeed, for any ¢; € [0,to), we have (note that by construction of
Yw, [V(gyr)(B(t)] > 1/2 for all t € [0,0))

(3.1) %wm»—muw=41W@Mxmnfm

1M 1

> 5 [ 19t (3] de = 5 lenge? (3(00,11).
0

Therefore, since g,y is bounded, t is finite and lim; .+, B(t) exists. We denote it by B(to).

Because f(3(t)) is not decreasing it is not possible that 8(to) € (W \ W)U (VN W \ V) and

therefore 5(tg) € Y. Moreover, since g; is 2-Lipschitz, (3.1) yields

length?(8) < 2(g:(B(to)) — gi(2)) < 4d?(B(to), 2)-

The curve S is analytic except, maybe, at t3. In this case we reparametrize it to obtain a
smooth curve « satisfying the statement. O

Remark 3.5. Lemma implies that every leaf of F intersecting W intersects Yy . A similar
result was shown in the definable set-up in [21] under an additional assumption that the leaves
of F are Rolle, see |21, Proposition 2.2]. This extra assumption implies that the leaves are
locally closed that is not the case in general.

More generally, recall that we say that a stratification S = (S,) of W is compatible with the
distribution K if for every stratum S of S, K is regular on S. In this case, for every stratum .S,
denote the restriction of I to S by Kg, and its corank, which is constant on S, by rg.

Proposition 3.6. Let W be a locally closed relatively compact nonsingular subanalytic subset
of N\ X. There exists a subanalytic stratification S of W, compatible with 16, satisfying the
following property: let Xy denote the union of all strata S” of S for which dim S’ = rg: (i.e.
the leaves of Fgr are points), then for every z € W there is a smooth curve « : [0,1] - W\ X,
contained in the leaf of F through z such that

a(0) € Xo, a(l)==z and length?(a) < Cy diam?(W).

Note that a refinement of a stratification satisfying the conclusion of the above proposition
also satisfies this conclusion. Therefore, if we want this stratification to satisfy additional
properties, to be Whitney for instance, we replace it by its refinement.

Proof. Induction on dimW. Let S be a subanalytic stratification of W compatible with K.
The cases of dim W = 0 or rg = dim S for all strata S are obvious. Therefore we may assume
that there is a stratum S such that rg < dim S and then we apply Lemma to S. Let Yg
be the set given by this lemma, which has dimension smaller than dim W. We stratify Yg (it is
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not necessarily nonsingular) and apply the inductive assumption to every stratum. We repeat
this procedure for all strata S such that rg < dimS. The obtained stratification satisfies the
statement for S.

Indeed, let us prove the last property, namely the bound on the length of . Let z € S.
By Lemma [3.4] we may connect z and a point of y € Yg by an arc in a leaf of F of length
< 4diam?(S). The point y belongs to a stratum of smaller dimension and we may use to
it the inductive assumption. So finally we may connect z to a point of Xy by an arc of
< 44mS diam?(S). Since every leaf of F is smooth, and this arc has at most d non-smooth
points, we can reparameterize it by an everywhere smooth arc without increasing its length. It
shows that we may choose Cy = 4¢. O

3.0.1. Proof of Theorem[3.4 Let V be a subanalytic open relatively compact connected subset
of N. Let Xg C V \ X be the set given by Proposition for W =V \ X. Then, X = X
satisfies (i) of theorem. The condition (ii) of the theorem follows directly from the property
that the leaves of Fg/ are points, for all strata S’ contained in Xg. 0

3.0.2. Proof of Theorem[3.1l Let h be an analytic function defined in a neighborhood of z such
that h=1(0) = X. Denote the distribution defined by dh and w;,i € I, by Kj,. Its singular locus
equals 1 = 3 U Xj, where

3 = {mEV\Z;dh(x) Eﬁﬁ}v

and Iah is integrable of corank r+ 1 in its complement. We denote the induced foliation by F}.
Apply Theorem [3.2 to F, and denote the set satisfying its statement by X.

Next, consider the leaves of the foliation induced by F on X, more precisely we stratify
3 by a stratification regular with respect to K. Note that h is constant on the leaves of this
foliation. We apply to the strata of this stratification Proposition [3.6] Let S be a stratum from
the conclusion of Proposition [3.6] It is of dimension dim S = rg < r. It is clear that the union
of such sets and X satisfies the claim of the theorem except (ii) and (iv).

The point (ii) follows for ¢ small from a general result, the local uniform bound of the
volume of relatively compact subanalytic sets in subanalytic families, see e.g. [I0, page 261] or
[14, Théoreme 1].

The transversality of point (iv) follows from (ii) of Theorem and the subanalytic Sard
theorem applied to the function h restricted to the sets Y;. The set of critical values, being
subanalytic and of measure zero has to be finite. We choose € smaller that the smallest positive
critical value. To have the condition 9Y¢ =Y<¢\ Y C Z¢ we just add Y \ Y to Z. 0

4. PROOF OF THEOREM [L.]]

We follow the notation and we use several results given in [4, Section 3]. In particular, recall
that the cotagent bundle T*M is equipped with a canonical symplectic form w.

Assume that M (of dimension n > 3) and A (of rank m > 2) are analytic and suppose for
the sake of contradiction that there is £ € M such that the set

AbnT(z) = {7(1) |y € 0% s.t. rank®(y) = m}

has positive Lebesgue measure in M. We equip M with a complete smooth Riemannian metric
g. Let us now recall the setting provided by [4, Theorem 1.1]: there exist a subanalytic Whitney
stratification S = (S,) of AL, three subanalytic distributions

KcJcIZcrat
adapted to S satisfying properties (i)-(iv). Then, denoting by Sy the essential domain, that is
the union of all strata of S of maximal dimension, and by ¥ its complement in A+ of dimension

strictly less than 2n — m = dim(A*), [ Theorem 1.1] implies that Sy is an open set in A*,
¥ is an analytic set in A+ of codimension at least 1, and Kis, = Jis, = s, is isotropic and
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integrable on Sy of rank mg verifying my = m (2) and mo < m — 2. Note, furthermore, that
[4, Proposition 3.6] combined with the contradiction assumption implies that mgy > 0, that is,
the distribution £ yields a non-trivial foliation over Sy (in particular, n > 4 and m > 3). For
every a € Sy, we denote by L, C Sy the leaf of the foliation generated by ’6|$0 containing a.
We start by considering a subset of Abn'x (Z) of positive measure with two extra properties

(recall that we have supposed for contradiction that Abn’{'(Z) has positive Lebesgue measure
in M):

Lemma 4.1. There exist ¢ >0 and a subset A C M of positive measure such that, for every
point y € A, the intersection 7Y y) NSy # 0 and there ewists a singular horizontal curve of
minimal rank of length < £ (w.r.t g) which joins T to y, for which all abnormal lifts intersect
the set 3.

Proof of Lemma[-1 Denote by AS° the set of points y in Abn'x (z) for which there is a curve
v € Q% of minimal rank with (1) = y which admits an abnormal lift ¢ : [0, 1] — AL such that
¥([0,1]) € Sp. By construction, the set AS° is contained in the set

Abng(z) == ] m(La),
a€(So)s
so by [4 Theorem 1.3] it has Lebesgue measure zero in M. We set Az := AbnA(z) \ AS° and
note that, without loss of generality, we may assume that Az has positive measure in M and
that there is £ > 0 such that for every y € Az there is a singular horizontal curve of minimal
rank of length < ¢ (w.r.t g) which joins Z to y for which all abnormal lifts intersect the set 3.
Next, recall that 7 : T*M — M denotes the canonical projection and set

AZ = {y e Az |7 (y) N AL C B}

We observe that the set AZ C M has Lebesgue measure zero in M since otherwise ¥, which is
an analytic set in A1 of codimension at least 1 would have positive measure in A+. Then, we
set

which by construction has positive Lebesgue measure in M. U

We now make a short interlude to introduce three objects which are going to be used in the
proof, namely a complete Riemannian metric § over A+, locally defined K|s,-normal forms and

=
transition maps, and a IC|50—transverse measure.

The metric § over A': we can extend the Riemannian metric g over M into a complete
smooth metric § “compatible” with g over A on AL. As a matter of fact, we can define for
every a € AL,

Ga(€1,82) i= Gr(a)(dam(§1),dam(§2))  V&1,62 € Aa),
which is nondegenerate because A is always transverse to the vertical fiber of the canonical
projection 7 : T*M — M, c.f. 4 Section 3.2], and extend § to the missing directions to obtain
a complete smooth Riemannian metric on A1. In the sequel, we denote by | - |9 the norm given
by § and by d? the geodesic distance with respect to §. Then, we denote by length? the length
of an absolutely continuous curve ¥ : [0,1] — AL with respect to § and note that if ¢ is a lift
of a singular horizontal path v : [0,1] — M then

length? (1)) = length? (7).

Local normal form and transition map: Fix a density point i € A\ {Z} together with some
a € Sy such that 7(a) = g. By considering a local set of coordinates in an open neighborhood
U C M of g, we may assume that we have coordinates (y,q) in T*U = U x (R™)* in such a
way that the restriction of 7 to T*U is given by 7(y,q) = y for all (y,q) € T*U. Then, we
let ¢ € T;U such that a = (¥, q), we set 7 := 2n —m — mo, and, since K defines a foliation of
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FIGURE 2. Local foliation chart and transverse sections

dimension mg > 0 in Sy, as noted in the beginning of the section, we may consider a foliation
chart (W, ¢) of a such that @ € W C SgNT*U and for which there are two open sets W C R™o
and W2 C R” such that ¢ = (p1,02) : W — W := W! x W2 is an analytic diffeomorphism
satisfying a := ¢(a) = 0 and

(4.1) dap(K(a)) = K :=R™ x {0}  VaecW.
We note that, by construction, for every a = (a1,a2) € W, the plaque o~ *(W! x {az}) is
contained in the leaf £,-1(4 of K in Sy. We also consider a family of local disjoint transverse

sections to K in W parametrized by the connected component of £z W containing a and given
by (see Figure
Tor=¢ ' ({e1(@)} x W?)  VaeLznW.
Up to shrinking W, this family of sections allows us to define a local transition maps

parametrized by the connected component of Lz N W containing a, that is, diffeomorphisms
T%% . Tg — Tq for all a € Lz N W defined by

(4.2) 10(0) = ¢ ({er(@)} x w2 (9(6)) Vo eTa

Given a subset I'® of T, we will sometimes abuse notation and write
[§:=T%T%).

Transverse metric: We define a 2i-form 1 on A+ by

n:= (wL)l with [:= g,

where r is the co-rank of l€'|50 in respect to AL, that is, 7 = 2n —m —mg. The following lemma

follows essentially from [4, Proposition 3.2(ii)] and the assumption that 16‘ s, is splittable, cf. §
2

Lemma 4.2. There are a K-transverse section Ta C Sp centered at a and a compact set A CT;
such that the following properties are satisfied:
(i) The set A® has positive measure with respect to the volume form N7Ta-

(ii) For every a € A%, there is an absolutely continuous curve ¥ : [0,1] — AL such that

Y(0)=a, Y(1)eX, length!(y) <l+1 and %(t)€ Ly C Sy Vte|0,1).
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(iii) For any distinct points a,a’ € A%, a and o' are not (Ié, 20 + 5)-related.

Proof of Lemma[{.3 Recall that § is a density point of A\ {Z} and @ € Sy satisfies w(a) = 7.
Consider the notation of the local normal form above and for every y € U, denote by V, the
vertical fiber in AL over y given by

V=71 ({y}) NTaAt,

which coincides with a vector space Vy of dimension n — m with the origin removed. Since
K(@) N TsVy = {0} (see [, Theorem 1.1(i) and Equation (3.5)]), there is a vector space HC
T: A+ of dimension n containing Ié(ﬁ) which is transverse to T5Vy = ‘7@ in T3 A+, that is, such
that

7'_[ (&%) ‘7@ = TEAJ— and /6(6) C 7'_[
Then, we consider a vector space P C #H such that
(4.3) K@oP=H
and define the vector spaces ocC T:AL and C_j, I;T, P c Rn—m by

O:=PaV, Q=dp(Q), H:=dsp(H), P:=dsp(P).

By construction, #H and H have dimension n, P and P have dimension n — mo, 0 and C,j have
dimension r = 2n — m — mg and, remembering (4.1))-(4.3), we have
(4.4) KeP=H, K@od=TAY, Kog@g=R"m
Then, we define two n-dimensional open smooth manifolds H C W and ‘H C W by

H:=HNW and H:=¢ '(H),

and note that the restriction of m to H is a submersion at a. Therefore, there is a smooth
submanifold I of W of dimension n containing @ = 0 of the form (| - | stands for the Euclidean
norm in R™° or R2"—™)

I= {(a1,0)+p|a1 eW, pe B, |a| <4, lp| < 5} CH,
with > 0, such that the mapping
F=mr :I=¢ ') — &:=n(T)

is a smooth diffeomorphism.

Ll

017

=i

FI1GURE 3. A picture showing the sets I?, ﬁ, ]3, Q, I and W1
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Then, we denote by W1 the set of a; € W' with |a;| < §/2 and for each a; € Wi, we define
the sets P,, C H, Py, CH, Esy CE, Qo CW and Qn, CW by

Pu, = ((a1,0) + P) NI, Pu =" (Poy), Eayi=F(Pay).

Qal = {(y,q) + (O,h) | (y,q) € PU«IV h e vyv |h| < 5} and Qal = @(Qa1)~

By construction, for each a; € W, the set P,, is an open smooth submanifold of W of dimension
n—my, the set P,, is an open smooth submanifold of W of dimension n—m and the set &, is an
open smooth submanifold of ¢/ of dimension n —myg. In fact, the collection {Py, },, ey, defines
a collection of pairwise disjoint slices (or plaques to use the terminology of foliations recalled
above) that cover Z C ‘H and projects to the collection of pairwise disjoint slices {&q, }4, e,

covering € = m(Z) C M. Furthermore, since by P N % = dyp~H(P)N T5Vy = {0} the mapping
(a,h) € {((w.a)0) | (5 0) € Po, h €V} — a(0,h) € A
is an immersion at (a,0) valued in Qp and since the mapping
a€@ — (0,7%(a)) € To({0} x W?)

is a linear isomorphism (by 1' we have Ko @ = R?"~™)  we may assume by taking § > 0
small enough that, for each a; € W1, the sets Q,, and Q,, are open smooth manifolds of
dimension r and that the mapping

Ga, : 0 € Qo — (0,7(a)) € Ty ({0} x W?)

is a smooth diffeomorphism from Qq, onto its image Gg,(Qa,). Thus, {Qa, }4, e, defines a
collection of pairwise disjoint slices that extends the collection {P, },, cyy, (for each a; € W1,
P., C Q,,) and covers a neighorhood of @ in AL. Furthermore, we observe that for every
a; € W and every a € Q,,, the two points a and b = G, (a) have the same coordinate in W2
so that their images by ¢!, ¢~!(a) and ¢~1(b), belong to the same plaque and to the same
leaf of the foliation defined by K in W, so, by the construction made before the statement of
the lemma, the points =1 (a) € W and ¢~ !(b) € T can be connected through a smooth curve
horizontal with respect to K of length (w.r.t §) less than 1. In other words, for every a; € W,
the mapping ¢! 0 G,, o ¢ acts as a projection from the slice Q,, to Tz along horizontal curves
with respect to K (and with length less than 1). We are now ready to conclude the proof of the
Lemma which consists in applying Fubini’s Theorem to select a slice &, in {€q, }4, cw, Whose
intersection with A has positive (n —mg)-dimensional Lebesgue measure, to lift the intersection
to Qa, C AL, and to project it to T3 by action of o~ o G5, o ¢.

By construction, the sets P,, as well as P,,, &,, with a; € W' are pairwise disjoint and

satisfy
U Po=1 | Po=2. |J & =¢
a1 eEW? a1 W1 a1eWL

Since 7 is a density point of A, by Fubini’s Theorem, we infer that there is @; € W such that
the (n — mg)-dimensional Lebesgue measure of the set

@Z:Aﬂgal Cgal

is positive. In fact, by taking a compact subset of © of positive measure, we may indeed assume
that © is compact. By construction, for every § € ©, there is an horizontal path 7% € Q% of
length < 7 (w.r.t g) such that 4%(1) = 6, rank®(y) = m and for which all abnormal lifts
meet the set 3. Hence, by [4, Proposition 3.4], for every p € Aé, 7% admits an abnormal lift
%P 1 [0,1] — A+ such that %P(1) = (0, p) and *P([0,1]) N X # 0. Thus, we obtain that any
a in the set

6= {F‘1(9) +(0,h) [0 €0, heVy, |h < 5}
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can be joined to ¥ by a curve of length < ¢. By Fubini’s Theorem, the set © is a compact
set of positive measure in the manifold Qg,, thus its image by ¢, gp((:)), is a compact set of
positive measure in the manifold Q, , the image of ¢(0) by Ga,, A := (Ga, 0¢)(©) has positive
measure in {0} x W2 and the image of A by ¢! has positive measure in 75. By construction,
any point of ¢~ 1(A) can be joined to a point of ¥ by an absolutely continuous curve horizontal
with respect to K of length (w.r.t §) <1+ 1. By assumption of splittability, we can select in
@ 1(A) a compact subset A® of positive measure satisfying the same property and whose points

are not (/6, 20 + 5)-related. We complete the proof by applying [4, Proposition 3.2(ii)]. O

The next result combines the geometrical framework of Lemma [f.2] with a compactness
argument and the witness section given by Theorem

Lemma 4.3. There are a point a € ©, a compact set A® C Ad ¢ Ta, a relatively compact open
neighborhood V.C A of &, a compact set > C XNV, a real analytic function h: V — [0, 00),
a subanalytic set X C V\ X and C,v,e > 0 such that the following properties are satisfied:
(i) The set h=1(0) is equal to XNV
(ii) For every 0 < c < e, the subanalytic set X¢ := X N h~1(c) has r-dimensional volume
with respect to g bounded by C. In particular, X€ is a r-dimensional set and X is a
(r 4+ 1)-dimensional set.
(iii) For every 0 < ¢ < € and for every a € h™Y(c) C V \ X, there is a smooth curve
a:[0,1] = V \ I which is contained in Lo N h~1(c) such that

a(0)=a, a(l)€ X and lengthd(a) < 1.

(iv) For every 0 < ¢ < €, we can decompose X¢ as the union of two disjoint subanalytic
sets Y and Z¢, such that Z¢ has dimension < r, and Y° is the union of finitely many
smooth subanalytic sets Y,¢, with ¢ € I¢, of dimension r such that

Y =Ye\YeCZ° and T,A*=T,YS+K(a) VaeY:Viel,.
(v) For all a € A%, there is an absolutely continuous curve 1 : [0,1] — AL such that
$(0)=a, ¥(1)eD, length?(W)<l+1 and ¥(t) € Lo CSy Vtelo,1).

(vi) The set A® has measure > v with respect to the volume form N 7Ta-

Moreover, there is a continuous function 0 : [0,00) — [0,00) with 6(0) = 0 such that for every
0<c<eandeverya€ h™(c),

(45) |77a (517"'7§d)| Sé(c)‘§1|§|£d|§ vfla"'angTaAL~

Proof of Lemma[f.3 Let N := A" be the real-analytic manifold of dimension 2n —m equipped
with the singular analytic foliation F of generic corank r = 2n — m — mg with singular set ¥
and B C ¥ the set of a € ¥ for which there is an absolutely continuous curve ¥ : [0,1] — A+
such that

P(0) e A%, ¢(1)=a, length?(¥) <l+1 and (t) € Ly CSo Ve [0,1),

where A% C Tg is the set provided by Lemma The compactness of A together with the
closedness of ¥ and the upper bound on the length of curves (with the completeness of §)
imply that B is a compact subset of 3. By Theorem applied with ¢ = 1, for every a € B,
there are a relatively compact open neighborhood V; of a in N = A+, a real-analytic function
hq : Va — [0,00), a subanalytic set X, C V; \ £ and C, > 0 such that the properties (i)-(iv)
of Theorem are satisfied. Pick for each a € B a compact neighborhood V, C V; of a and
consider by compactness of B a finite family {a;};c; such that

(4.6) Bc | Ve c Ve

i€l el
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Then, for every i € I, denote by fif‘ the set of a € A® for which there is an absolutely continuous
curve ¢ : [0,1] — AL such that

¥(0)=a, ¥(1)e;, lengthf(y)<l+1 and o(t)eLyC Sy Vtel0,1),

with ¥, := XN Vai N B. We claim that each set flf‘ is a Borel subset of A%. As a matter of fact,
for each i € I, we can write
“Zl? = m “Zl?,k’
keN*
where for each k& € N*, the set flf‘k is defined as the set of a € A® for which there is an
absolutely continuous curve 9 : [0,1] — L, € Sy such that

Y(0)=a, ()€ Bf/k (Z)N(V\D), lengthd(y) < l+1,
with
B, (%) = {a’ €AL& (,5) < }C}

By regularity of I€| So» €ach set Af‘ . is open in A%, so we infer that each A? is a Borel subset of
A%, Furthermore, by construction of B, (4.6 and Lcmma (ii), we have

i | A
iel
As a consequence, since A% has positive measure with respect to the volume form N1, (Lemma
(i), there is i € I such that A% and a compact subset A? of it satisfy the same property.
We conclude the proof of (i)-(vi) by setting A® := /l;i, Vi=V,, Y : =% h:=h,, X := X,
C := C, and v the volume of A® with respect to 77 .

The second part of the proof (4.5)) follows from [4, Proposition 3.2(ii)]. By [4, Theorem
1.1(iv)], we have

dim (ker(wj‘)) >mo+2 Va € .

Therefore, by [ Proposition 3.2(iii)], we have 1, = 0 for all a € ¥ and we can conclude by

regularity of h near the compact set X C V. O

The idea of our proof consists now in obtaining a contradiction from the construction of an
homotopy sending smoothly the points of a small neighborhood of a set A%¢ ¢ A% in T3 to an
open subset of Y¢ for ¢ > 0 small enough. Since this homotopy has to preserve the leaves of
16‘ So» we perform the construction by following the minimizing geodesics from 7z to Y¢ with
respect to some complete metric on Sy that needs to be built (note that g is not complete when
restricted to Sp). The next Lemma formalizes this framework:

Lemma 4.4. For every 0 < ¢ < €, there are a smooth Riemannian metric g¢ on Sg and a
compact set A% C A" satisfying the following properties:

(i) The Riemannian manifold (So, g¢) is complete.
(ii) For every a € A%, there is an absolutely continuous curve v : [0,1] — L4 C Sy such
that (where Y is defined in Lemma [4.3(iv))

Y(0)=a, ®(1)eY® and length?(¢) = length? () < £+ 2.

(iii) The set A%¢ has measure > v/4 with respect to the volume form M 7Ta-

(iv) Let C¢ C Sy be the set of points a € Sy for which there is an absolutely continuous curve
Y1 [0,1] — Ly of length < £+ 2 with respect to §¢ joining a to a point of Z¢ (defined
in Lemma (w)) Then C€ is closed and does not intersect A%°.



16 A. BELOTTO DA SILVA, A. PARUSINSKI, AND L. RIFFORD

Proof of Lemma[{. Since ¥ is a closed subset of AL, we can pick a smooth function F :
At — [0, 00) such that
2 =F7'({0})
and fix some ¢ > 0. Consider the function D : Rt — [0, +00] given by
1 . 7
D(/\):{ o A A<l+2

- +
Yoo if A>T+42 VAER

and define the function ¥ : Tz — [0, 00] by
Te(a) == inf{D (1ength-‘7(w)) + max (F(w([o, 1]))’1) 1Y eQ (a,ﬁ)}

where for every a € Tz, Q (a, ﬁ) stands for the set of absolutely continuous curves ¢ : [0,1] —

So such that ¥(0) = a, ¥(1) € X° and ¢ is almost everywhere tangent to K|s,. Let a € A°
be fixed, by Lemma (v), there is an absolutely continuous curve 1 : [0,1] — A~ such that
¥(0) = a, (1) € 3, length?(1)) < £+ 1 and ¥(t) € Ly C Sp for all t € [0,1). Thus, since 1(t)
belongs to V' \ ¥ for ¢ close to 1, Lemma [£.3{iii) shows that a can be joined to X¢ by a curve
tangent to L, contained in Sy of length < £ 4 2. Therefore ¥¢(a) is finite for every a € A%
Moreover, the function ¥€ is lower semi-continuous on 7z (because we consider curves satisfying
(1) € X¢ and we may use foliation charts along 1), so we have

A= | Ay with Af = ()" ([0,K]) N A%,
keN
where each set of the above union is a compact subset of A%. Thus, there is k € N such that tvlle
measure of Af with respect to the volume form 77, is > v/2 and such that for every a € Af,
there is an absolutely continuous curve v : [0,1] — £, C Sp satisfying 1(0) = a, (1) € X¢ and

D (length? (1)) + max (F(4((0,1])) ") <k,

which implies
~ _ 1
length?(¢)) < £+2 and min (F(4([0,1]))) > T
Fix a smooth complete metric g° on Sy which coincides with g on the set F ’ﬂl /(k),o0)). Recall
that the definition of Y“ and Z* is given in Lemma iv), and note that X¢=YcUZ¢, where
Z°¢ has dimension < r—1. By Lemma (iv), the boundary 9Y“ := Y¢\ Y is contained in Z°,
so the set of points of Sy that can be joined to Z¢ along absolutely continuous curves tangent to
K|s, is a countable union of smooth submanifolds of dimension at most r —1+mg = 2n—m—1,
so it has measure zero in Sy and in fact since it is invariant by the foliation associated with

/6\50, its intersection with 73 has measure zero in T3 (by Fubini’s Theorem). Thus, we can

consider a compact subset A%¢ of A% C A® of measure > v/4 such that the properties (i)-(iii)
are satisfied. Finally, the set C¢ is closed because 9Y ¢ is closed and (Sp, g¢) is complete. We
conclude that A%¢ satisfies (iv) by construction. O

Given 0 < ¢ < €, we define the function D¢ : Sy \ C¢ — [0, o0] by
D(a) := inf{lengthgc(w) 19 :[0,1] — Lq abs. cont. ¥(0) = a, (1) € YC},

for every a € Sy \ C¢, and we denote its domain, the set of points a € Sy \ C¢, where D¢(a)
is finite, by dom(D¢). Then, we call L,-geodesic a curve ¢ : [0,1] — L, which is geodesic
with respect to the metric ¢g©® induced by g¢ on L,, for any point a € Y° we denote by
exp¢ : TyuLy — L4 the exponential map from a with respect to g and by considering Kye as
a subbundle of TAL (that is, for every a € Y we take K(a)) we define the smooth mapping
Exp® : Kye — Sy by

Exp“(a, () := exps(C) Y(a,() € Kye.
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By completeness of (Sp, §¢), see Lemma (i), for every a € dom(D¢) any sequence {t¢y, :
[0,1] = Lq4}ren of absolutely continuous curves such that

vr(0) =a, ¥r(1) €Y® and  lim length? (1) = D(a),

converges, up to taking a subsequence, to a lﬁa—geodesic 1, called minimizing geodesic for D¢(a),
satisfying 1(0) = a, (1) € Y and length? (¢5) = D¢(a). Moreover if in addition D%(a) < [+2
then we have (1) € Y because a € dom (D) C Sp \ C°. For every a € dom(D°), we set

I'“(a) the set of all minimizing geodesics for D(a),

(4.7) T(a) := {¢(t) | € T°(a), t € [0, 1]}.

By completeness of (Sp,§°) and regularity of the foliation given by I€|SO, the mapping a €
dom (D) — Z¢(a) has closed graph. Moreover, by the above construction and properties (iii)-
(iv) of Lemma the set

7¢ (A™) == | ) Z%a)
acAds.e

is a compact subset of Sy which is contained in dom(D¢). The following lemma follows from
classical results on distance functions from submanifolds in Riemannian geometry (see Figure

).

Lemma 4.5. For every 0 < ¢ < ¢, there are a relatively compact open subset Vs of Ta
containing A%¢, an open neighborhood HE of a in L, an open set U C W and a set F'¢ C UC
satisfying the following properties:

(i) The set F'© C U° is closed with respect to the induced topology on U°.
(ii) The set F° has Lebesgue measure zero in U°.
(iii) The function D¢ is smooth on the open set (recall the notation introduced for local

transition maps (4.2)))

U\ FC with U= U T80 (Ved) = U Ver
acHe acHe

and for every a € U\ F° the set T'°(a) given in (4.7) is a singleton {yp>*}, where
Y& [0,1] = Lg is the Lq-geodesic (uniquely) defined by the initial conditions

Y 0) =a and $°(0) = ~VD(a)

(VD5 stands for the gradient of DS with respect to g=®).
(iv) For every a € H¢, the mapping

He : (U\F)NTL) x[0,1] — S
(@,t) — ¥e(t)

18 a smooth diffeomorphism onto its image.
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FIGURE 4. A picture to illustrate Lemma

Proof of Lemma[f.5 The set Z¢ (Aﬁ,c) NY¢ is a compact set which does not intersect Y ¢, so
there is an open set O C Sy which contains dY“ and such that Z¢ (Aa,c) NYccvYe\O. Asa
consequence, by regularity of the mapping a € dom(D¢) — Z¢(a), there is an open set U¢ C W
containing A%¢ such that

D(a)<l+2 and I°a)NY°CY°\O Vael“

In fact, for every a € U¢, the restriction of D¢ to the local leaf £, NU°, let us denote it by Dg,
coincides with the distance function to the set Y& := £, (Y¢\ O) which, by the transversality
property given by Lemma (iv) and compactness of Y\ O C Y¢, is the union of finitely many
points. So, as a distance function from a smooth submanifold (of dimension zero) on a complete
Riemannian manifold, for every a € U° the function D satisfies the following properties:
(P1) The function D¢ is locally lipschitz on £, := L4 NUC and its singular set 2(D¢), defined
as the set of points in Lo where D¢ is not differentiable, has measure zero in L.
(P2) Denoting by VDS the gradient of D¢ with respect to g©®, define the limiting-gradient
of DS at some point o’ € L, denoted by VEDS(a') C To La, as the set of all limits in
Tw L4 of sequences of the form {VDS(a) bken € Ta, Lo where {ay}ren is a sequence of
points in L4 \ B(D¢) converging to a’ (note that by (P1) such sequences do exist). Then
a point o’ € L, belongs to X(DS) if and only if VD¢ (a’) is not a singleton. Moreover,
for every o’ € L, there is a one-to-one correspondence between VED¢(a’) and T'(a’)
(the set of all minimizing geodesics for D¢(a’)), namely a vector ¢/ € Ty Lqs belongs to
VEDS(a') if and only if the Lq-geodesic LIS [0,1] — L4 (uniquely) defined by the
initial conditions

Y0 =a" and ¥ (0) = —¢
is a minimizing geodesic for D¢(a’). Moreover, every such geodesic satisfies
¥ (1) € 2% and (1) =B (1—t) VEe[o,1]
where 89¢ is the Lq-geodesic given by
B(t) = exPh e (V. () VE€[0.1]
with
P, ¢) =y (1) € 2% and V(d, (') = =0 (1) € Tp(w.cr)La.
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(P3) Let Conj®(L,) C Ly be the set of points o’ € L, for which there is ¢/ € VEDS(a'),
called conjugate limiting-gradient of D¢ at «, such that the tangent vector V(a’,(’) is
a critical point of the exponential map expf,( W) Then we have

Cut®® (c) = 2(Dg) = B(D2) U Conj** (ﬁ) .

(P4) The set Cut®®(L,), called cut locus in L,, has Lebesgue measure zero in £, and the
function D¢ is smooth on L4\ Cut®®(L,). In particular, for every a’ € L4\ Cut®®(L,),
the set VEDE(a’) is a singleton {¢(a’)} and moreover the exponential map eXPhgr ¢
Tp(arcyLa — Lq is a submersion at V(a’, ().

The property (P1) follows from Rademacher’s Theorem, (P2) may be found in [I8, Lemma

11] (where the result is stated with Hamiltonian viewpoint) and (P3)-(P4) may be found in
7, 115, [20).

To conclude the proof of the lemma, we define the set F'© C U by
Fe = U Cutc’“(fa).

acuc

Let us prove (i), that is, F© is closed in the topological subspace U¢. Let {ax}ren be a sequence
of points of F'¢ converging to some a € U°. Let us distinguish two cases:

Case 1: There is a constant 6 > 0 such that the diameters (with respect to §°) of the sets
VEDE (ag) are all larger than § (so that for all k € N, a; belongs to X(Dg, ).
Then a admits two minimizing geodesics 1,15 for D¢(a) such that

~c

. . g
¥1(0) —¢1(0)] 20>0
so VEDS (a) is not a singleton (by (P2)) and a belongs to X(D¢) C F°.

Case 2: There is not a constant 6 > 0 such that the diameters (with respect to §¢) of the sets
VEDE (ay) are all larger than § (so that for all k € N, a;, belongs to $(D§, ).
Then we have

lim inf diam? V¥ D, (ay,) = 0.

k—o00

Let us again distinguish between two cases.

Subcase 2.1: There are infinitely many & € N for which aj, belongs to Conj®® (L, ).

Then, by considering a subsequence of {V (ax, (k) }ren with (i a conjugate limiting-gradient of
Dg, at a, there is a tangent vector V'(a,() which is a critical point of the exponential map
€XPp(q,c) B limit of the sequence of critical vectors {V (ag, (k) }ren (with respect to eprD(ak,Ck))'

Therefore, a belongs to Conj®(L,) C F¢ by (P3).

Subcase 2.2: The set of k € N for which a; belongs to Conj***(L,, ) is finite.
If a ¢ Cut®®(L,), then by (P2) the limiting-gradient V*D¢(a) is equal to a singleton {¢} and
there is only one minimizing geodesics for D¢(a) given by 1. Thus, by (P3), up to considering
a subsequence, we may assume without loss of generality that for all k¥ € N there are ¢}, (? in
VEDE (ag) such that

G A G and  lim |G- GET =0

k—o0

and for i = 1,2

Jlim ¢F=¢, lim Plag,¢F) = P(a,0),  lim Viar ) = V(a,).
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Since a ¢ Cut®*(Ly), (P4) shows that the exponential map eXPhac) ¢ TPa)La = Lals a
submersion at V(a, (). So the mappings exp;(ak ) Tp(ay.cr)La, — La, are submersions at
V(ak, (k) for k large enough but this is impossible because

XDy cr) (V(ag, (T)) = XPh(ar.cr) (V(ar, ¢5)) vk € N.

So we have a € Cut“"(L,).

To prove (ii), we just notice that &€ is foliated by the leaves L. whose intersection with F¢
has measure zero by (P4). So, we get the result by a Fubini argument.

The point (iii) is a consequence of the fact that VZD¢(a) is a singleton {¢®} for all a in
the open set U\ F° together with the fact that epr?(a,ga) : Tp(a,cayLa — Lq is a submersion
at V(a,¢*) which implies that the mapping Exp® is a submersion at (P(a,(%),V(a,¢?)). As a
matter of fact, if a € U\ F€ is fixed, then there is an open neighborhood N of (P(a, (%), V(a,(®))
in Ky. C TAL such that the image Exp®(N) is an open neighborhood of a and we have
necessarily for every (P,V) € N,

VEDS(4) = {¢M) = {~dPVO0)) with A= A(P,V) = Exp*(P,V),
where (V) 1 [0,1] — L p,v) is the L py-geodesic given by
S PVI(t) == Exp®(P, (1 = t)V) = exp(p 1y (1 = 1)V) V¥t € [0,1],

because (7" is the only L p,vy-geodesic closed to ¥%¢" joining A to Z%4. Since the mapping
e\ -1
A —% {w(EXP ) <A>} (0)

is smooth we infer that D¢ is smooth on U°\ F° and that I'°(a) is a singleton for a € U°\ F*
because VEDE(a) is always a singleton (see (P1)).

To prove (iv), we first notice that, up to shrinking ¢/¢, we may assume that for every a € H¢,
the mapping H€ is injective. As a matter of fact, suppose for contradiction that there are
a € H° and

(a1,t1), (a2, t2) € (U \ F) N Ta) x [0,1]
such that
Hc(al,tl) = wc,al (tl) = ’(ﬂC’QQ(tQ) = Hc(ag,tg).

Since ¥“% and %% are minimizing the length (among curves with are horizontal with respect
to the foliation) we have either a; = ap and 9% = %2 (because I'“(a;) = T'°(a2) is a
singleton), or we have a; # as and t; = to = 1. In the latter case, we infer that a; and as
belong to the same leaf £,, = L,, and can be connect by a curve horizontal (with respect
to Lg,) of length < 2 + 4. By Lemma (iii), this cannot occur if the open neighborhood
U C W of A% is sufficiently small. The smoothness of H® follows from (iii) and the property
of diffeomorphism is a consequence of the fact that all minimizing curves from U¢ to Y\ O
have no conjugate times.

We conclude easily the construction of V4% C Tz and H¢ of a C L;. O

The following lemma will allow us to conclude the proof of Theorem [L.1] it follows easily
from Lemma 5]

Lemma 4.6. For every 0 < ¢ < ¢, there are a® € LgNW, a finite set J¢, two collections of sets
{O;’O}jeJc, {Ojcfl}je]c and a collection of functions {®5 : O;’O x[0,1] = So}jese satisfying the
following properties:

(i) The sets (9;»’0 (with j € J¢) are pairwise disjoint.

(ii) The sets (9;?’1 (with j € J¢) are pairwise disjoint.
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(iii) For every j € J¢, O;"O is a compact, connected and oriented, smooth submanifold with
boundary of Tqe of dimension r.

(iv) For every j € J¢, O]C-’l is a compact, connected and oriented, smooth submanifold with
boundary of Y¢ C X¢ of dimension r.

(v) For everyj € J¢, ®: O;’O x [0, 1] = Sg is smooth and for every t € [0, 1], the restriction
of ® to Ojc-’o x {t} is a diffeomorphism from (’)JC»’O x {t} to its image

ct c,0
0%t = ¢ (oj x {t}).
oreover, ®¢(a,0) = a for every a € O and OF" is the diffeomorphic image o
M ®¢(a,0 05° and O5' is the di hic i
c,0
05" x {1} by @5. /
vi) For every j € J¢ and any t,t' € [0,1] wi , OF o=,
i) F € J¢ and any t,t' € [0,1] with t £/, O3 N OF* =0
vii) For every j € and every a € O;", the smooth curve t € [0,1] — Pf(a,t) is a
i) F e J¢ and 00, th th t e [0,1] = ®5(at) i
Lq-geodesic with non zero speed.
(viii) The set O%0 := UjEJcOJC.’O has measure > v /16 with respect to the volume form nr,.

Proof of Lemma[.6. Fix 0 < ¢ < e and consider the sets V“% C Tg, HE C L, F¢ C Sy and
U C W given by Lemma The set U¢ is foliated by the leaves Vg'® with a € H¢ and by
Lemma (ii), the set F° NU° has Lebesgue measure zero. Hence Fubini’s Theorem implies
that there is a® € H¢ such that the set F°N Vgéa C Tqae has measure zero. Without loss of
generality, up to shrinking vgf‘ in T4 we may assume that the relatively compact open set fo‘
satisfies L
V&t C Tae,
and moreover, by Lemma (iii), we may assume by taking a° sufficiently close to a that the
compact set
8¢ C VSN C Te
has measure > v/8 with respect to the volume form 77,.. Consider a smooth function G. :
Tae — [0,00) such that
G ({0}) = (FenVEt) uavet
and define for every € > 0 the compact set (note that the set is compact because it does not
intersect OV where G, is vanishing)

Q=G ([e,00)) NV

€

By Sard’s Theorem, G, admits a decreasing sequence {ej }ren of regular values converging to
0. Thus we have
Vet =J g, with Q) cQf  VkeN
keN
and for every k € N the set ¢ is a compact, oriented, smooth submanifold with boundary
of T4 of dimension r. As a consequence, since the measure of Vgéa, which contains Aizf, with
respect to the volume form 77, is > v/8, there is k € N large enough such that the measure

(with respect to the volume form 7, .) of the set
0.
0% 1= Q¢

is > v/16. By construction, O%Y is the union of finitely many components OJC.’O satisfying
properties (i), (iii), (viil) of the statement, where j varies in a finite set J°. Then, for every
j € J¢, we define @ : (’)jfo x [0,1] = Sp by

Pj := H|CO]C.‘U><[0,1]

and we set

05! = @ ((9;”0 x {1}) .
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The properties (ii), (iv), (v), (vi) and (vii) are satisfied by the construction together with
Lemma (iv). O

We are now ready to complete the proof of Theorem Let us temporarily fix 0 < ¢ < e.
By Lemma there are a finite set J¢, two collections of sets {Oj’o}jEJc, {Ojc.’l}jec and

a collection of functions {®f : (’)jc-’o x [0,1] — So}jege such that the properties (i)-(viii) are
satisfied. Set for every j € J¢ (see Figure [5))

MG = {@;(a, t)] (a.t) € O x [0, 1]}.

ool

M5,
1 0
0% (o

FIGURE 5. The sets OJ?’O, Oj’l and M

By properties (iii)-(vii), it is a topological manifold (with boundary) of dimension 41 whose
boundary can be written as
_ mnec,0 c,1
OM; =0;"U0; Uy
where both 0¢° and Ojc-’l are compact, connected, oriented, smooth submanifolds with bound-
ary (Lemma (iii)-(iv)) and where the cylindrical part C§ given by

c .__ c c,0

Cs = {cpj(a, £)] (a,1) € DO x (0, 1)}

is a smooth open oriented submanifold of dimension r» = 2[ satisfying
7’|CJ° =0,

because any point of C§ has the form ®$(a,?) with a € 8(9;’0 and (by Lemma (vii))

(&

0+# %(u, t) € (Tq>;r(a,t>cf) n (T??(a’t)L“)

Wlth T@?(a,t)ﬁa = Ia (@;(a, t)) = ker <W$§(a7t)) .

As a consequence, by applying Stokes’ Theorem we have for every j € J¢,

Jo= L
oy oy

which imply (because, by Lemma (i)-(ii), the sets OCFO (resp. (’)(?’1) are pairwise disjoint)

(4.8) /Ocyon/ujyco; = Z/ = Z/ /JGJCOCI /ow 7.

jeJe jeJe
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But, on the one hand, by Lemma (viii), we have

I
oeo 1= 167

and, on the other hand Lemma (ii) together with equation (4.5) yield (g;x. denotes the
metric induced by § on X¢)

/ 77’ S/ ] S/ 8(c) dvol?x® < 5(c) dvol?xc < §(c) C,
el el Oc,1 Xec

which tends to zero as ¢ tends to zero. Thus (4.8) cannot be satisfied for all ¢ > 0, this is a
contradiction.
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