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Introduction

A problem of statistical inference

We observe Xi, ..., X, from a RP-valued stationnary time series X = (X;)
defined on (2, A, P).
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Introduction

A problem of statistical inference

We observe Xi, ..., X, from a RP-valued stationnary time series X = (X;)
defined on (2, A, P).
We have a family of predictors{fy : (RP)* — RP,0 € ©}

teZ

X0 = f5(Xe1,s - .o, Xe—i).

We consider a model-selection type approach:

Objective: find a 6 € © such that fp(Xi—1,..., X¢—k) is a good prediction of X;.
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Familles of classical predictor

Definition
For any 6 € ©, )
Xte = fG(Xt—h ©oo 7Xt—k)-

Linear auto-regressive class of predictors:

K
fo(Xe—1,..., Xe—k) = o + Zejxtfj-

j=1

Non-parametric auto-regression predictors:

J
fo(Xe1,- o, Xeok) = D> 0ipi(Xeo1, -, Xei)-
i-1
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Loss and risk

Let ¢ be a loss function: £(X?, X,) >0 .
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Introduction

Loss and risk

Let ¢ be a loss function: £(X?, X,) >0 .

x, x") = [Ix = x'||.

/”2'

o U(x,x") = ||x — x

The (prevision) risk :
R(0)=E [E (f(f,Xt)} is unknown.

The empirical risk:
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Prior and Estimators

Let M* (©) denote the set of all probability measures on (©, 7). Let us take
T € ML (O), the prior.
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Prior and Estimators

Let M* (©) denote the set of all probability measures on (©, 7). Let us take
T € ML (O), the prior.

Definition (Gibbs Estimators)
We put, for any A > 0,

0y = / 0px(d0)
(€]
where
e~ (07 (d)
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The PAC-Bayesian Approach and Gibbs Estimators PAC-Bayesian Bound
Idea for the proof of PAC-Bayesian Oracle Inequality

PAC-Bayesian Bound

The idea is that the risk of the Gibbs estimator will be close to infy R(6) up to a
small remainder. More precisely, we upper-bound it by

ir;f{/R(H)p(d@H— remainder(p,w)}

where the inf is taken upon all the probability distributions on ©.
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Hypothesis

We assume:
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We assume:
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Hypothesis

We assume:
@ (Xi)tez is bounded, je a.s. || Xplleo < B < o0

@ /(x,x") = g(x — x") for some convex function g and g is K-Lipschitz.

e any f,
k
Ify Gaas i) = fo (i) < D 3 (0) g — il
j=1
k
L= supZaj (@)

6€0 =
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The PAC-Bayesian Approach and Gibbs Estimators PAC-Bayesian Bound
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Hypothesis

We assume:
@ (Xi)tez is bounded, je a.s. || Xplleo < B < o0

@ /(x,x") = g(x — x") for some convex function g and g is K-Lipschitz.

e any f, ;
1y (xts o) = o (v oy ) <D 3 (0) g =yl -
j=1
k
L:= ;:g;aj (0)
e k<n/2
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Idea for the proof of PAC-Bayesian Oracle Inequality

PAC-Bayesian Oracle Inequality

Theorem (Alquier Li 2012)
for any A > 0, for any € > 0,

Z T og (2
]P’{/R(@A,\)<ir;fl/l?dp+n(i)f"ﬁf+2’C(P, )12' g(E)H

where ki, = V2K(1 4 L)(B + 000.n(1)).

>1—¢
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0 weak dependent ceofficient

Introduced by Doukhan, 6 coefficient is as follow:

00(6,2Z) = sup
heA]

E[f(2)/®] - E[F(2)]]|

where

AT~ {f:(Rp)q—>R If(z1,...,2q) — (21, ,2) <1}7

> llz =zl
and that

Hoo,k(l) e sup {QOO(O(Xtvt < p)v(Xj17"'7ij))}'

p<ii<...<Je,1<L<k
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Some preliminary lemmas

Lemma (Rio,2000)

Let h be a function (RP)" — R such that h is 1—Lipschitz. Then for any t > 0 we

have
2n(B+000,n(1))?

E(et{]E[h(X1,.4.,X,,)]—h(X1,...,X,,)}) <e &

Note that h(Xi,...,X,) = Kr(11_+kL) r»(0) and we choose t = K(1 + L)A/(n — k), we

obtain:
2242

E (eA[Rw)—rnw)]) <e(5))
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Some proofs

AR(0)—ra(0)] — —2252; _log( 2)
E (fe oy ) <:

supp Af[R (8)—ra(0)]p(d8) — — 2252 —|og(§)—x(pm)}

n(l—%)Q

P {sup, {2/ [R(0) — (@) (a6) — 255 ~og (2) ~ K(pm) | 20} < 5.
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Application to French GDP and quantile prediction

The context

Objective: at each quarter t, predict the flash estimate of GDP growth: AGDP;.

Available information:
o AGDPy, forall t/ < t
@ Iy, forall t' < t, I,_1 is the climate indicator available to the INSEE at time t.
@ The observation period is 1988-Q1 (1st quarter of 1988) to 2011-Q3.
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Quntile loss function

We define X; = (AGDPy, I;)’ € R? . Following Cornec(CIRET conference 2010),
we consider predictors of the form:

fo(Xe—1, Xe—2) = 00 + 1AGDP, 1 + 02y 1+ 03(f—1 — lr—2)[le—1 — |t 2]
These family of predictors allow to obtain a forecasting as precise as the INSEE one.

We use the quantile loss function :

0, ((AGDPy, I,), (A'GDPy, 1))

_ [7(AaGDP, — A'GDPy), if AGDP; — A’GDP; > 0
" | -(1—-7)(AGDP; — A’GDP;), otherwise.
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Results: GDP forecasting
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online prediction using the quantile loss function with 7 = 0.5.
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Results: Confidence intervals
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Figure: French GDP online 50%-confidence intervals (left) and 90%-confidence intervals
(right).
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Conclusion

@ We proposed some theoretical results to extend learning theory to the context
of weakly dependent time series. The method showed good results on an
application to GDP forecasting.

@ It would now be interesting to extend this result to a more general class of
processes, some other weakly dependent ones.
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Merci!
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