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Regression model

Let Yi=f(Xi)+& i=1,n where:
@ (X;, Yi)-observation.
@ (X;) are i.i.d and uniformly distributed on [0, 1]9.
O (&)'s are i.i.d and independent of (X;).
QO FfcF={g:[0,1]Y =R, |glloo < oo}
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Our goal: Estimate the function f from the observation
(Xia K)v = ﬁ

Risk:
- - 1/q
RA(F, £) = (BellF - F12,)

~ o 1/q
RI(F, F) := sup (B[ — £]2,)
feF

Where the mesure dv = 1j51_4¢(x)dx with 0 < < 1/2 given.
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We need the assumption on the noise,

© There exists ¢ > 0, « > 0 such that
P{l€1] > x} < cexp{—x} Vx> 0.

@ There exists p > 1 and P > 0 such that E[¢|P < P
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Estimator linear.

ZKh i—t)Y; ,he H

where

o h:= (hy, ..., hg)-bandwidth, K : RY — R-kernel,
Ki(-) :== V; 'K(:/h), Vi :=h1---hg and if x,h € RY then
X/h = (Xl/hl, .. Xd/hd)

o H:={h€ [hmin,1]? : Vi < Vinax } where 0 < hpin <1 and
Vimax > 0.
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We need the assumption on the kernel K

Q suppK C [-1/2,1/2]¢
@ There exists k > 0 such that Vx,y € R, we have
|K(x) — K(y)| < k||x — y|| where ||-]| is the euclidean norm.

Q [K(x)dx=1
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Putting

n

(Kh*Kn—Kh)(X,'—t)Y,',h,’I?E H

i=1

fhn( ) %

where * is the convolution.

Selection rule

°
a 2 A 1 1
Ry = :gz{”fnh — il = C\/m}+ I Cm
o h:= arginfpecy fA?h
o f:=1f
where C := C(k,d,s,q,a, fy) if N1, and
C:= C(k,d,s,q,p, P, fx) if N2
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Because H is a compact, f5(+) is continous a.s then h is
measurable.
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If the assumption N1 holds, then we have:

N ~ 1

1 __o
+Gon In3d(h;}n) exp {_467 Vptett) } NVfeF

where C1, G, depend only on fy, k,s,a,d and g
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If the assumption N2 holds, then we have:

A ' R 1
RI(F, ) < (1+ 2k) I:Qf-l {’Rg(f’ f)+ C3\/m}

+CanIn3 (A VELB) vre F

min

where C3, C4 depend only on f, k,s, p, P,d and g
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Let 5= (b1, ..., Bd), Bi > 0and L > 0. We say that the function
f:R? — R belongs to the anisotropic Holder class Hy(3, L) of
function if:

Foralli=1,...,d andall t e R

sup D,-Lﬁijf(xl,...,x;—i—t,...,x ) — LB’Jf(xl, ey Xiy eeuy Xd )
X,...,Xg ERY
<L |t|ﬁi—L/3fJ

Here D/‘f denotes the kth order partial derivative of f with
respect to the variable ¢; and |t] is the largest integer strictly less
than t.
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We define also ¢n(8) = n~ /(541 where 1/3 = 9, 1/8;
= {Hd(ﬁ, Ly:0<pi<li=1,d,L> 0} where [ > 0 fixed.

Additional assumption on K

Jpo K(t)thdt =0 V|k| =1,..,[/] — 1 where k = (ku,...,kq) is
multi-index, |k| = kg 4+ -+ kg tk = t{“ e tgd for t = (t1,..., tg)
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We set hmin = 1/n and Vipax = n=9/(2/%9) then we have

Forall s > 1, Hy(B, L) € $, assume that p > 9gs(/ + 1/2) if N2,
then

lim sup |¢,(B)RI(F, Ha(B,L))| < +oo

n—oo

It is well-known that ¢,(8) is the rate-minimax over the space
function Hy(B, L). Then our theorem precedent indice the
adaptation of estimator f over the class $
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Proof of theorem 1 and 2

7 = Fls < 1, = i pls + 1 = Falls + 1 = Fll

" . - 1 1
S W= Flls + | Iy = fplls —C—==| +C
< |ty — flis [\ b~ fanlls mL nv,
A e
hh s V] T ViV,
< f—fs+ SUp[f—f S_C :| +C
| | {neH 1ty = fo.nll \/T\/n N vV,

.. 1 1
+ sup[f—fﬂs—C ] +C
{neH It "’h’ N2 V/nV;
= |Ifa— flls + R+ Ry
< ||y — flls + 2Ry
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Proof of theorem 1 and 2

To bound :‘A?h we have to bound

1 79 1/aq
Ms p(f) == (Ef SlE,IEI [an — fynlls = C } )
n

ViVl

Writing

fo.n(t) — £,(t) =bias + stochastic error:= Ann(t) + Bpy(t).
1

The hardest work is to bound
q ) 1/q
VNV N

The main technical tools used in our derivations are uniform
bounds on LL,-norms of empirical processes developed by
Goldensluger and Lepski [2010].

M) = (E sup [\Bh,nns - cw
n
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