
Introduction
Test statistic

Monte-carlo study
What's next ?
Bibliography

Signi�cance testing in nonparametric regression

Samuel Maistre,
supervised by V. Patilea & P. Lavergne

Crest-Ensai & Irmar

Jeunes probabilistes et statisticiens,
April 17, 2012

S. Maistre Signi�cance testing in nonparametric regression



Introduction
Test statistic

Monte-carlo study
What's next ?
Bibliography

Outline

1 Introduction
Context
State of the art

2 Test statistic
The statistic
Power Against Local Alternatives

3 Monte-carlo study

S. Maistre Signi�cance testing in nonparametric regression



Introduction
Test statistic

Monte-carlo study
What's next ?
Bibliography

Context
State of the art

Outline

1 Introduction
Context
State of the art

2 Test statistic
The statistic
Power Against Local Alternatives

3 Monte-carlo study

S. Maistre Signi�cance testing in nonparametric regression



Introduction
Test statistic

Monte-carlo study
What's next ?
Bibliography

Context
State of the art

Hypothesis tested

Y ∈ R,
W ∈ Rp with density f ,

X ∈ Rq and the density of (W ,X ) is f2,

We want to test

H0 :E [Y |W ,X ] = E [Y |W ] a.s.

versus H1 : Pr {E [Y |W ,X ] = E [Y |W ]} < 1.

Let r (w) = E [Y |W = w ] and u = Y − r (W ), then

H0 : E [u |W ,X ] = 0 a.s.
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Fan et Li (1996), Lavergne et Vuong (2000)

Estimate E
[
u E [u |W ,X ] f 2 (W ) f2 (W ,X )

]
by

I
FL
n =

1

n (n − 1)

n∑
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ûi fi ûj fjKnij
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Delgado et Gonzalez Manteiga (2001)

Estimate
T (w , x) = E [u f (W ) 1w ,x (W ,X )]

where
1w ,x (W ,X ) = 1 {W ≥ w ,X ≥ x}

by

Tn (w , x) =
1

n

n∑
i=1

ûi fi1w ,x (Wi ,Xi )

=
1

n2

n∑
i=1

n∑
j=1

(Yi − Yj) Lnij1w ,x (Wi ,Xi )

Then use

IDGMn =
n∑

k=1

T 2

n (Wk) .
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Fundamental lemma (1/2)

Lemma

Let (W1, X1, Y1) and (W2, X2, Y2) be two independent draws of
(W , X , Y ) and

I (h) := E
[
u1u2ω (W1)ω (W2) h

−pK ((W1 −W2) /h)ψ (X1 − X2)
]

where h ∈ R∗+, ω, K and ψ are functions such that ω, F [K ] , F [ψ] > 0,
then ∀h ∈ R∗+,

E [Y |W ,X ] = E [Y |W ] p.s. ⇔ I (h) = 0.
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Fundamental lemma (2/2)

Proof.

I (h) = E
[
u1u2ω (W1)ω (W2)

∫
Rp

e−it
′(W1−W2)F [K ] (th) dt

×
∫
Rq

e−iu
′(X1−X2)F [ψ] (u) du

]
=

∫
Rq

∫
Rp

∣∣∣E [E [u |W ,X ]ω (W ) e−i{t
′W+u′X}

]∣∣∣2
×F [K ] (th)F [φ] (u) dtdu.
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The test statistic

We take ω (W ) = f (W ) and we estimate I (h) by

In =
1

n(4)

∑
a

(Yi − Yk) (Yj − Yl) LnikLnjlKnijψij

Lnik =
1

gp
L

(
Wi −Wk

g

)
,

Knij =
1

hp
K

(
Wi −Wj

h

)
,

ψij = ψ (Xi − Xj).
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Consistency theorem

Power against H1n : E [Y |W ,X ] = E [Y |W ] + δnd (W ,X ) when
δn → 0

Theorem

Under some regularity conditions and if

f (·) and r (·) f (·) are of regularity s ≥ 2 ;

ngp →∞, nhp →∞, h/g → 0 and nhp/2g2s → 0 ;

then

(i) nhp/2In → N
(
Cµ, ω2

)
if δ2nnh

p/2 → C

(ii) nhp/2In →∞ if δ2nnh
p/2 →∞.
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Proof insights

E
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Variance Estimation

ω2 = 2E
[
σ2 (W ,X1)σ

2 (W ,X2) f
4 (W )ψ (X1 − X2)

]
×
∫
K 2 (u) du,

ω̂2
FL =

2hp

n(2)
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ûi fi
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Comparison with other methods

Lavergne Delgado et Our
et Vuong Gonzalez Manteiga statistic

Rate of √
nh(p+q)/2

√
n

√
nhp/2

convergence
Known

Yes No Yesasymptotic
distribution
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A word on bootstrap

Use wild bootstrap :

Y
∗
i = r̂i + ε∗i ;

ε∗i = ε̂iηi ;
E [ηi ] = 0, E

[
η2i
]
= 1, E

[
η3i
]
= 1 (two points distribution like

Haerdle et Mammen, 1993).

Shown to be consistent for Fan et Li's statistic by Gu et al. (2007).

To be shown for Lavergne et Vuong's statistic and ours ...

Non natural assumption of f bounded away from 0 :

implies bounded support for W and strictly positive density on the
support ;
satis�ed by no standard distributions but the uniform.

S. Maistre Signi�cance testing in nonparametric regression



Introduction
Test statistic

Monte-carlo study
What's next ?
Bibliography

Outline

1 Introduction
Context
State of the art

2 Test statistic
The statistic
Power Against Local Alternatives

3 Monte-carlo study

S. Maistre Signi�cance testing in nonparametric regression



Introduction
Test statistic

Monte-carlo study
What's next ?
Bibliography

Various Alternatives
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To be continued

Proove the consistency of the bootstrap,

Same approach for generalized linear modeling,

Same approach for single-index modeling,

Adaptative bandwidth.
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