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Statistical setting
Definition

• Let

Xt = X0 +
Rt

∑
i=1

ξi , t ≥ 0

where the ξi are i.i.d with density f with respect to the Lebesgue
measure and independent of the standard homogeneous Poisson
process R of intensity ϑ ∈ (0,∞).

• Suppose we have discrete data

X0,X∆,X2∆, . . . over [0,T ].

Objective

Estimate the density f on a compact interval D ⊂ R in the microscopic
regime, namely

∆ = ∆T → 0 as T → ∞.

C. Duval (Paris Est - CREST) Adaptive estimation of a compound Poisson process CIRM, Avril 2012 2 / 21



Introduction Main results Numerical Example Discussion References

Heuristic

Microscopic approximation

When ∆T → 0, most of the jumps are recovered.
Number of observed nonzero increments

NT =
bT∆−1c

∑
i=1

1{Xi∆−X(i−1)∆ 6=0} ≈ RT ≈ ϑT .

Achievable rates of convergence

If X is continuously observed over [0,T ] : RT ≈ ϑT i.i.d realisations of
f .
The minimax rates of convergence in –up to constants and logarithmic
factors–

T−α .
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Usual approach

Lévy-Khintchine formula (for compound Poisson process)

E
[
eiw(Xi∆−X(i−1)∆)

]
= exp

(
∆ϑ (̂f (w)−1)

)
.

Results (Comte and Genon-Catalot (09) or Figueroa-López (09))

Estimator attains minimax rate of convergence for the L2 loss under the
constraint

T ∆T ≤ 1 or T ∆2
T ≤ 1.
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Motivation

Goal
Construct an adaptive wavelet estimator that

• achieves minimax rates of convergence for the Lp loss (p ≥ 1)

• with no constraint on ∆T .

This model is central in many application fields

Statistical physics, queuing theory, financial series, mathematical insu-
rance...
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Statistical setting

Notation
Define

• D∆Xi = Xi∆−X(i−1)∆.

• Si = inf
{

j > Si−1,D∆Xj 6= 0
}
∧T .

Data
Null increments bring no information on f(

D∆XS1 , . . . ,D
∆XSNT

)
.
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Statistical setting

Main difficulties for the estimation
• Random number of data NT

• The law of the
(
D∆XSi

)
is

P∆[f ](x) =
∞

∑
m=1

P
(
R∆ = m

∣∣R∆ 6= 0
)
f ?m(x) 6= f (x), for x ∈ R .

For ∆ small enough we have

1−∆≤ P
(
R∆ = 1

∣∣R∆ 6= 0
)
≤ 1.
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Estimation procedure in 2 steps

Step 1 : inversion of the operator P∆

We take advantage of, for all K ∈ N

f = P−1
∆

[
P∆[f ]

]
=

1
ϑ∆

K +1

∑
m=1

(−1)m+1

m
(eϑ∆−1)mP∆[f ]?m + O

(
∆K +1).

Step 2 : Estimation of P∆[f ]?m for m = 1, . . . ,K + 1

• Data : D∆
m XSi = D∆XSi + D∆XSNT ,m+i + · · ·+ D∆XS(m−1)NT ,m+i

,

where NT ,m = bNT/mc.
• Density estimator : wavelet threshold estimators.
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Wavelet threshold density estimators
Let (ϕ,ψ) be a pair of scaling function and mother wavelet that
generate a "suitable" basis. We have

f = ∑
k∈Λ0

α0k ϕ0k + ∑
j≥1

∑
k∈Λj

βjk ψjk ,

where ϕ0k (•) = ϕ(•− k) and ψjk (•) = 2j/2ψ(2j •−k) and

α0k =
∫

ϕ0k f βjk =
∫

ψjk f .

Consider wavelet threshold estimator of f of the form

f̂ (x) = ∑
k∈Λ0

α̂0k ϕ0k (x) + ∑
j≤J

∑
k∈Λj

β̂jk1{|β̂jk |≥η

}ψjk (x), x ∈D .
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Estimation of P∆[f ]?m for m = 1, . . . ,K +1

Estimator of P∆[f ]?m

Let η > 0 and J ∈ N\{0} and define

α̂
(m)
0k =

1
NT ,m

NT ,m

∑
i=1

ϕ0k

(
D∆

m XSi

)
and β̂

(m)
jk =

1
NT ,m

NT ,m

∑
i=1

ψjk

(
D∆

m XSi

)
.

The estimator P̂∆,m of P∆[f ]?m over D is for x in D

P̂∆,m(x) = ∑
k

α̂
(m)
0k ϕ0k (x) +

J

∑
j=0

∑
k

β̂
(m)
jk 1{

|β̂ (m)
jk |≥η

}ψjk (x).

We plug then into the approximation of f .
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Estimator corrected at order K

Definition

We define f̃ K
T ,∆ the estimator corrected at order K for K in N and x in

D as

f̃ K
T ,∆(x) =

K +1

∑
m=1

(−1)m+1

m

(
eϑ̂T ∆−1

)m

ϑ̂T ∆
P̂∆,m(x),

where

ϑ̂T =− 1
∆

log
(

1− NT

bT ∆−1c

)
.
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Convergence rate

Theorem (Part I)

Work under suitable assumptions on the wavelet basis. Let s > 1/π ,
p ≥ 1∧π and take J and η such that for sufficiently large κ > 0

η = κN−1/2
T

√
log
(
N1/2

T

)
and 2JN−1

T log
(
N1/2

T

)
≤ 1.

Let

α = min
{ s

2s + 1
,

s + 1/p−1/π

2
(
s + 1/2−1/π

)}.
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Convergence rate

Theorem (Part II)

1 The estimator P̂∆T ,m verifies for T large enough

sup
P∆T [f ]?m∈F (s,π,M)

E
[∥∥P̂∆T ,m−P∆T [f ]?m

∥∥p
Lp(D)

∣∣NT
]
≤ CN−αp

T ,

up to logarithmic factors.

2 The estimator corrected at order K verifies for T large enough for
and any positive constants T and T

sup
ϑ∈[T,T]

sup
f∈F (s,π,M)

E
[∥∥̃f K

T ,∆T
− f
∥∥p

Lp(D)

]
≤ Cmax

{
T−αp,∆

p(K +1)
T

}
,

up to logarithmic factors.
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Achievable rates

Trade-off
• Deterministic approximation of f .

• Estimation of the
(
P∆[f ]?m,m ∈ {1, . . . ,K + 1}

)
.

Achievable rates

Since α ≤ 1/2 to attain the minimax rate T−α it is sufficient to choose
K such that

T ∆2K +2
T ≤ 1 .

Always possible if T and ∆ are polynomially related.
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Parameter choice

• Estimate a mixture between a Gaussian and a Laplace.

• Choose T = 10000 and ∆ = 0.1 (such that T ∆4 = 1 and
p̂ = 0.9508 where p = P(R∆ = 1|R∆ 6= 0)).

• Compare the result with an oracle : the estimator computed on
the actual jumps.
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FIGURE: Estimators of the density f (plain grey) : the uncorrected (dotted red), the 1-corrected
(dashed green) and the oracle (plain dark).
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Comparison of the estimators for the L2 loss

Estimator Oracle K = 0 K = 1 K = 2 K = 3
L2 loss (×10−4) 0.1117 0.1842 0.1353 0.1350 0.1350
Std devd (×10−5) (0.3495) (0.4434) (0.4363) (0.4366) (0.4366)
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Discussion

• Those results partly generalise results of Comte and
Genon-Catalot (09) and Figueroa-López (09) in the Poisson case.

• It is possible to extend the results (and the construction) to
renewal reward processes. Computation of the inverse is no
longer explicit.
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