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Introduction
o
Model

Linear mixed model with g grouping factor

q
Y =XB+> Zuc+e, (1)
k=1

where
@ Y is the set of observed data,
X is the n X p matrix of fixed effects; X = (Xi,...,Xp),
B is an unknown vector of RP; 8 = (B1,...,5p),
For k =1,...,q, uk is a Ng-vector of random effects, uy ~ N(0, oilNk),
€ is a Gaussian vector with i.i.d. components € ~ N (0, 02/,).
€,U1,...,Uq are independent
For k =1,...,q, Zk is a n X Ny random effects regression matrix corresponding
to the grouping factor k,
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Linear mixed model with g grouping factor

q
Y =XB+> Zuc+e, (1)

k=1

where
@ Y is the set of observed data,

e X is the n x p matrix of fixed effects; X = (Xi,...,Xp),
e (3 is an unknown vector of RP; 8 = (B1,...,08p),
@ For k=1,...,q, uyg is a Ny-vector of random effects, uy ~ N(0, oilNk),
o ¢ is a Gaussian vector with i.i.d. components € ~ N(0,52/,).
@ €,u1,...,Uq are independent
o For k=1,...,q, Zx is a n X Ny random effects regression matrix corresponding
to the grouping factor k,
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Introduction
o
Model

Linear mixed model with g grouping factor

q
Y=XB+) Ziuc+e, 6]
k=1

where
@ Y is the set of observed data,
e X is the n x p matrix of fixed effects; X = (Xi,...,Xp),

e (3 is an unknown vector of RP; 8 = (B1,...,08p),

@ For k=1,...,q, uyg is a Ny-vector of random effects, uy ~ N(0, oilNk),

o ¢ is a Gaussian vector with i.i.d. components € ~ N(0,52/,).

@ €,u1,...,Uq are independent

o For k=1,...,q, Zx is a n X Ny random effects regression matrix corresponding

to the grouping factor k,

J={j,Bj # 0}. We assume that >>7_, Ny + |[J| < n.

estimate J, (3, af,...,og and o2.
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Objective function
o

Function

Let considered /3 as a parameter and {ux }kex as missing data.
= (3, 0’%, R 03, 02) the vector of the parameters to estimate
u = (ui,...,ux) the missing values.

The log-likelihood of the complete data x = (y, u) is

Log-likelihood

q
L(®;x) = Lo(B,02,0%,...,00:) + Y _ Li(oF; ue) + C, )
k=1

where C is a constant of R and

2
—2Lo(B, aﬁ,oﬁ; €) = nln(27) + n/n(ag) + |y — X8 — Z Zy ug /ag (3a)
ke
For all k € K, —2Li(02; ux) = NiIn(27) + NiIn(o2) + ||uk||? /o2 (3b)
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Objective function
o

Function

Let considered /3 as a parameter and {ux }kex as missing data.
= (3, 0’%, R 03, 02) the vector of the parameters to estimate
u = (ui,...,ux) the missing values.

The log-likelihood of the complete data x = (y, u) is

Log-likelihood

q
L(®;x) = Lo(B,02,0%,...,00:) + Y _ Li(oF; ue) + C, )
k=1

where C is a constant of R and

2
—2Lo(B, aﬁ,oﬁ; €) = nln(27) + n/n(ag) + |y — X8 — Z Zy ug /ag (3a)
ke
For all k € K, —2Li(02; ux) = NiIn(27) + NiIn(o2) + ||uk||? /o2 (3b)

Objective function

g(®;x) = =2L(®; x) + |81 (4)
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Objective function
@O

Problems

Problems

@ non-linear, non-differentiable and non convex problem
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Objective function
@O

Problems

Problems

@ non-linear, non-differentiable and non convex problem
o Let kK € K, the function

—2Li(07; uk) = Niln(2m) + NiIn(o}) + [|ux|* /o7
is NOT lower-bounded....

lim =2l = —o0
(0% ,uk)—(0,0p, )
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Objective function
@O

Problems

Problems

@ non-linear, non-differentiable and non convex problem
o Let kK € K, the function

—2Li(07; uk) = Niln(2m) + NiIn(o}) + [|ux|* /o7
is NOT lower-bounded....

lim — 2Ly = -
(o%,uk)—(0,0p;, )
Well-known problem for gaussian mixture of degeneracy of the likelihood
(Biernacki and Chrétien, 2003) but not much concerning mixed model because
algorithms usually focus on the log-likelihood of the model (Schelldorfer et al.,
2011):
Y = XB+¢, where e ~N(0,V),V =2ZGZ' + R (5)
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Objective function
(o] J

Problems

Taking advantage of the problems: Selection of random effects

Selection of random effects

When the minimization of g coincides with the annulation of the random effect k, this
random effect is deleted from the model
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Objective function
(o] J

Problems

Taking advantage of the problems: Selection of random effects

Selection of random effects

When the minimization of g coincides with the annulation of the random effect k, this
random effect is deleted from the model

This can happen for two reasons:
o the true underlying model was different from the fitted one

@ the initialization of the convergence process was to close to an attraction domain
of (uk,02) = (Op,,0) (Biernacki and Chrétien, 2003)
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Objective function
(o] J

Problems

Taking advantage of the problems: Selection of random effects

Selection of random effects

When the minimization of g coincides with the annulation of the random effect k, this
random effect is deleted from the model

This can happen for two reasons:
o the true underlying model was different from the fitted one

@ the initialization of the convergence process was to close to an attraction domain
of (uk,02) = (Op,,0) (Biernacki and Chrétien, 2003)

Remark: When a random effect is deleted from the model with g grouping factor, the
objective function is modified accordingly.
It can go on until no grouping factor remains, then a linear model is considered.
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© Algorithm
o Algorithm
@ The tuning parameter
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Algorithm
o

Algorithm

A multicycle ECM

Algorithm 1 [nitialization:
Initialize the set of parameters ¢ = (a,zéo],ag[o],ﬁ[ol). Set K={1,...,q}.
Define I as the block diagonal matrix of ,y£0] Ings - ,'ng] In, . where 'yl[(o] = ag[ol/ai[ol.
Until convergence:
1. E-step
ult+1/2) = (77 Z 4 Ty =17y — xBlt)
2. M-step
BleH — Argmin (H(y — Zple+1/2) - X5H2 S U Wl)
B

3. E-step

ylt+1] — (Z’Z + I—[t])*IZ'(y _ XIB[HI])
4. M-step

(a) For k in K

Set 21 = [ [l U] ||* /N + tr (Tiw) o2 /1
if (J[1u ] |* /N < 1078 then K = K

(b) Set o2 = 2 [|[y = Xl = ZaleH |4 550, (W — ot (Ta) o2)]

Set Tt+1] as the block diagonal matrix of 'yltH] Ings oo ,’ng] Ing.
where 'y,[(tﬂ] = U§[t+1]/0':[t+1].

Variable Selection in High Dimensional Linear Mixed Model through 1 Penalization Florian Rohart



Algorithm
L]

The tuning parameter

BIC with ML estimation can end up with a clear overestimation of the set
of indices of the relevant fixed effects

The Bayesian Information Criterion (BIC) is used from a REML estimate on the modeIJ

that has been selected with A.
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Theoretical Results

We considered that the variances are known.
Y = og/az, I is the block diagonal matrix of vilny, ..., vg/n, Z = (Z1,...,2Z4)

Objective function

q q9 2
g,

86,R(B,u1, o uq) = |Y = XB =3 Zeuell+ 3 —Sllunl3 + A8l (6)
k=1 k=1 "k

Convex problem — > unique minimum.
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Theoretical Results

We considered that the variances are known.
Y = og/az, I is the block diagonal matrix of vilny, ..., vg/n, Z = (Z1,...,2Z4)

Objective function

q 9 2
o,
8RB un, ..y ug) = |IY = XB =" Zewe |3+ > ==l 3+ AL, (6)
k=1 k=1 %k
Convex problem — > unique minimum.
Algorithm Initialization: Initialize 8l9.
Until convergence:
1. E-step
ulttl = (Z’Z+ )71 2/ (y — xpld)
2. M-step

Bl = Argmin (||(y _ Za[t+1]) — x5||2 + )\|,3|1)
B
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Theoretical Results

Back to Linear Model

Let ¥ = (Y,0n)" where N =37 _, Ny and let b= (uf,...,u},B') .
V4 X
Set A = (\fl' ONXp). With these notations, we have:

Objective function

N+p

ge.R(Brun, .. ug) = ||V —ABIE+X D byl (7)
k=N 11
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Theoretical Results

Back to Linear Model

Let ¥ = (Y,0n)" where N =37 _, Ny and let b= (uf,...,u},B') .

V4 X
Set A = (\fl' ONXp). With these notations, we have:

Objective function

N+p
ge.R(Brun, .. ug) = ||V —ABIE+X D byl (7)
k=N+1
Thus, the minimization of (6) in 38, u1, ..., ug can be viewed as the minimization of
(7) in b, which is a Lasso in the linear model:
Y = Ab+e, (8)

where ¢ is a Gaussian vector with i.i.d. components of known variance o2.

Any variable selection method can be used to estimate b with the theoretical results
that go along!! J
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A Generalized Algorithm

© A Generalized Algorithm
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A Generalized Algorithm

Algorithm 2 |nitialization:
Initialize the set of parameters 0] = (02[0] 2[O],B[0]) Set K={1,...,q}.

Define 'l as the block diagonal matrix of 'y£ ]INl, e ,'yg ]IN , where 'y[O] §[°1/U§[°1,
Until convergence:
1 ult+1/2 = (2 Zz 4 Tl =17/(y — Xl
2. Bl = Argmin (||(y — Zﬁ[t+1/2] XfBH +A *O'e[t] EN )
B
3. ulttl = (Z/Z 4 Tlhy=1Z2/(y — xgltt1])
4.
(a) Forkin K
Set a.i[tJrl] _ |L[“[t+ll]k||2/’\/k L tr (Tk,k) Ug[t]/Nk
i (H[u[rﬂ]]kﬂ /Ni < 107°) then K = K
(b) Set o2(*T1) [Hy XxpleH — Zple || 409 (Nk — A (Tes) ailﬂ)]
Set It+1 as the block diagonal matrix of 'y[H' ]I Y, [H'l] In,
where 7[t+1] g[t+l]/ i[t+1]
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A Generalized Algorithm

Algorithm 2 |nitialization:
Initialize the set of parameters ¢ = (aﬂo],oﬁ[ol,ﬂ[‘)}). Set K={1,...,q}.
Define I as the block diagonal matrix of 'ygol Ings oo ,'yLO] INq, where 7y
Until convergence:
1. plt+1/21 = (Z/Z 4 r[t])flzl(y _ X,B[t])
2. Variable selection and estimation of 3 in the linear model
Y — Zultt1/2l = X3 + €ltl, where €!!l is a i.i.d Gaussian noise.
3. ulttl) = (Z/Zz 4 ThY=1Z/(y — xpltH)
4.
(a) For k in K
Set o211 — | L[u[t+1]]k||2 INi + tr (Tek) o218/
if (J[1u )] |* /N < 1078) then K = K

(b) Set o201 = % [Hy - XBlE - Zale | P 507 (Nk =t (Ticw) Ugm)]

Set It+1 as the block diagonal matrix of 7?“1 Ing,- - ,WLHI] Ing.

where ,y,[(tﬂ] _ Ug[t+1]/ai[t+1]

o] _ ;200,201
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Simulation study

Algl and Immlasso gives similar results, Alg2 combined with multiple
testing outperformed them

| Ideal | lasso lasso+ Immlasso procbol procbol+

Truth | 1 0.00 0.31 0.33 0.15 0.82
O] |5 | 23.45(17.79) 6.29(1.25) 6.35(1.34) 3.85(1.00) 5.21(0.56
TP |5 4.06(0.98)  4.99(0.10) 4.99(0.10) 3.61(0.95) 4.99(0.10
32 154(0.07)  1.33(0.26) 1.32(0.25) 3.23(0.74) 0.92(0.17
62 1 - 0.92(0.41 0.92(0.41) - 0.97(0.39
5’% 1 - 1.03(0.41 1.04(0.40) - 1.00(0.34

B | 067 | 028(0.32) 0.54(0.27) 0.55(0.27) 0.55(0.31) 0.64(0.28
B3 | 067 | 0.40(0.24) 0.27(0.11) 0.28(0.11) 0.38(0.38)  0.67(0.10
Bs | 067 | 043(0.24) 031(0.12) 0.31(0.12) 0.44(0.39) 0.67(0.10
Bs | 067 | 0.46(0.24)  0.34(0.12) 0.34(0.12) 0.43(0.40) 0.67(0.13
mse | 0 1.84(0.67)  052(0.19) 0.52(0.19) 0.83(0.43) 0.21(0.15

(1.25) (0.56)
(0.10) (0.10)
(0.26) (0.17)
(0.41) (0.39)
(0.41) (0.34)
B | 067 | 060(0.25) 062(0.25) 0.62(0.25) 0.60(0.25) 0.60(0.25)
(0.27) (0.28)
(0.11) (0.10)
(0.12) (0.10)
(0.12) (0.13)
(0.19) (0.15)

Table: n =120, p =600, |J| =5, B, =2/3, g =2, SNR = 0.63(0.11), the two grouping factor
are equals

Immlasso, see Schelldorfer et al. (2011); lasso+: Algorithm 1;
procbol multiple hypotheses testing (Rohart, 2011); pbol+: Algorithm 2 combined
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procbol multiple hypotheses testing (Rohart, 2011); pbol+: Algorithm 2 combined
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REML estimation on the selected model

Simulation study

| Ideal | Immlasso lasso+
62 [ 1 0.92(0.09) 0.93(0.09)
&i 1 1.02(0.41)  1.02(0.42)
52 |1 1.08(0.37)  1.07(0.38)
B1 | 0.67 | 0.61(0.25) 0.61(0.25)
B> | 0.67 | 0.62(0.27) 0.62(0.28)
Bs | 0.67 | 0.63(0.11) 0.63(0.11)
B4 | 0.67 | 0.64(0.12) 0.64(0.12)
Bs | 0.67 | 0.64(0.14) 0.64(0.13)
mse | 0 0.31(0.17) 0.30(0.17)
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The Algorithm
e0
The first E-step

It is a multicycle ECM algorithm (Foulley, 1997; McLachlan and T., 2008; Meng and

Rubin, 1993)
o b= (,B,o%, RN Ug, 02) is the vector of the parameters to estimate
o u=(ui,...,uy) is the vector of the missing values
@ Z denotes the concatenation of (Zy,...,Zq)
o I denotes the block diagonal matrix of v1/y,, .. .,vq/n,, Where v, = 02 /07.
o K={1,...,q} K; = K\{j}
Let denote

Q@) = £, 4iale(®: )] © |

We can decomposed Q as following:

q
Q(®; oIy = Qo(B, 0%, 0% 0l1) + 37 Qu(o2; @) (10)
k=1
with
Qo(®; @) = nin(2m) + nin(o?) + ), oot (€'€) /02 + ABl (11a)
Vk € K, Qu(0%; 91) = Nin(2r) + Nin(o7) + E, , oot (U uk) /o7 (11b)
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The Algorithm
oe
The first E-step

By definition, we have

2
E,iy o sl (€ ‘ + tr (Var,y, o-ot () (12)

Eu\y,cv:o[t] (€e) = ‘

Thus,

Eu|y,¢:q>[t](6/6) = Hy —xpl - ze (u\y, d = ¢[t]) ‘ )2 + tr (Zvar <u|y7 ¢[t]) Z’) .
(13)

According to the denomination of Henderson (1973), E (uly, ® = ¢(t)) is the BLUP
(Best Linear Unbiased Prediction) of u. Let denote lt+1/2 = E (uly, ® = ®(9)), thus

ale+1/2] — (Z2'Z + r[t])—lzl (y _ Xﬁ[t])
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o

M-Step for 8

The next step performs a minimization of Qu(S3, 0,2003; d>[t]) with respect to 3:

M-Step for 8

gle+l _ Argmin <a§1[‘] (v - zale+272) — x5 ’2 +A |ﬁ|1> : (15)

Remark that (15) is a Lasso on 3 with the vector of "observed” data (y — Zﬁ[t“/z])

and the penalty A * og[t].
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The Algorithm
L]

Second E-Step

A second E-step is performed with the actualization of the vector of missing values u:

alt+1l = (z/z 4 rld)-17/ (y _ X,B[H'l]) ) (16)

We define Vk € IC, ﬁ,[(tH] := [0ltt1)], to be the element of size N that corresponds to
the grouping factor k in alt+1l.
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@00

M-step for (a%

Let k € K. The minimization of Q; with respect to O’i gives:

Ui[wl] —F (u ukly, Uz[t] g[t]”B[tﬂ]) /Ni J
Besides,
2 2
E (vjunly, of™, o2, BIET) = || E (=) IP + tr (var (). (17)
N——
70‘[:4»1]
Moreover,
var (uk‘yvUi[t]vgg[t]vﬁ[t+l]> = Tk kUZ[t] (18)
where T is defined as following:
—1
21z + 4y, z/7, - 71z,
_ 27 ZZy+ 77
(Z’Z+F[‘]) _ 2. 1 242 .'72 Ny 2. q
Z'z Z,2 e ZVZgw o In,
Tl,l T172 . Tl,q
T, T2 ... Tag
T1’7q T2’7q oo Tggq
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(o] o}

M-step for (a%. aos

Thus, for all kK € K:

a[k“”HZ + tr (Tiy) o2l (19)

oe+1] 1
= |

Variable Selection in High Dimensional Linear Mixed Model through ¢1 Penalization Florian Rohart



The Algorithm
ooe

M-step for (a%

The minimization of Qy with respect to Ug gives:

2 i
Ue[t+ ] = Eu\y,d):d)[f](ele)/n J

From (13):
E,py oot (€'€) = ||y = X811 = ZE (uly, ® = ol)] )2 + tr (2var (uly, 0l1) 2')
we have
S % U |y = xglerl - za[Hlle +tr (2(2'z + 1)1 Z7) ai["‘]} . (20)

Since

_ q
tr (z <Z'Z + r(f)>( Y z') = N=Y tr(Tiw) 2! (21)
k=1

we have

q
S04 _ % [Hy _ xpleHl Zf,[t+11H2 n (N 3 4Bt (Tk,k)> ai“]] (22)
k=1
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