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Spectral RND recovery
I—The setting
N

o-arbitrage pricing results

No arbitrage pricing theory refresher

Assets are modeled by semimartingales, most often diffusion processes
(continuous-time Markov processes with continuous paths).

Theorem (First Fundamental Theorem of Asset Pricing)

(see [Musiela and Rutkowski, 2008, p.72]) market is arbitrage-free if and
only if there exists a martingale measure Q (under which discounted price
processes are martingales).

Theorem (Second Fundamental Theorem of Asset Pricing)

(see [Musiela and Rutkowski, 2008, p.73]) Q is unique if and only if the
market is complete (any contingent claim can be replicated with a
self-financing portfolio).
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Spectral RND recovery
L The setting

Notations

e Underlying S worth S; at maturity 7.
e European option pays off 7(S;) at maturity 7.

e Assume the risk-neutral law of S; admits a density,
Q(S- € dx) = g(x)dx.

e Derivative price = discounted expected payoff under Q (see
[Cox and Ross, 1976]).

Py = "Eon(S) e | n(x)a(x)o

x>0
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Spectral RND recovery
I—The setting
Ol

bjective

Objective J

Recover g from option prices

Why are we interested in q ?
=- Because g captures the subjective forward looking view of the market
See [Bahra, 1997] for the Bank of England.

e Assessing monetary credibility (ex. compare inflation target and
implied forward inflation rate risk-neutral distribution).

e Assessing timing and effectiveness of monetary operations (ex. impact
of money market operations on risk-neutral rates distribution)

e |dentifying market anomalies (ex. does the market assume that a
sudden price move today will last)
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Spectral RND recovery
I—The setting
From prices to RND

Objective

Recover g from liquid vanilla options (efficiently priced)

e call options (S;,€) = (S, — €)™ (insurance against price going up)
e put options 0*(S,,€) = (€ = S;)T.
C:¢£eRT = C(€) = e Egh(S-, €),
P(&) = e TE@b*(S;,§)
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Spectral RND recovery
L The setting

Data set

[Breeden and Litzenberger, 1978]

0?P(§) _ 92C()

e_rTq(é.) = 652 - 652

e Price quotes in the cross section P(&;),1 < i < n, where n ranges
from 5 to 50 depending on the underlying market.

e In fact an "ask” price (at which you can buy the option) and a “bid”
price (at which you can sell).
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tral RND recovery
The setting

Asset at spectral cutoff 26

—-— fitted log-normal
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Figure: S&P 500 put option prices, Jan. 5, 2005. S&P 500 Index closing level
= 1183.74; Option expiration = 03/18/2005 (72 days); r = 2.69%; ¢ = 1.70%.
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Spectral RND recovery
I—The setting

Asset at spectral cutoff 26
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Spectral RND recovery
L The setting

Warning

o Breeden-Litzenberger cannot be applied as such !!

e Several g are compatible with quoted prices, how to choose g ?

e How do people do in practice ? (see [Bahra, 1997])
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Spectral RND recovery
L The setting

Criterion

g chosen according to a criterion typically related to its smoothness or
information content.

How to proceed ?
e Parametric methods,
e Nonparametric methods,
e Models of the underlying price process.

Each of them have their pros and cons and we focus on
NONPARAMETRIC methods (non-implementable in [Bahra, 1997] !!)

DA
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Spectral RND recovery
I—The setting
Li

iterature review

e The expansion methods. It includes the Edgeworth (see
[Jarrow and Rudd, 1982]), cumulant (see [Potters et al., 1998]) and
orthonormal basis expansions.

e The kernel regression methods. Shape constrained local polynomial
estimator of the RND. (Requires pre-processing of the average prices
and information content or smoothness not controlled).

e The maximum entropy method. See [Buchen and Kelly, 1996,
Stutzer, 1996], where the RND g is obtained via the maximization of
an entropy criterion. (multi-modal estimates and convergence issues
[Jackwerth and Rubinstein, 1996, p.1620])

e Other methods. Among others, smoothed implied volatility smile
method (SML) as in [Figlewski, 2008]. Outperformed in term of
accuracy and stability by simpler parametric methods in
[Bu and Hadri, 2007].
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Spectral RND recovery
I—Singular Value Decomposition
Set Z = [0, B].

e Restricted call operator « from L,Z into itself.

(1F)(€) = /I 0(¢, X)F (x)dx,

e, felyT,
(¢, x) = (x = &)T.

e Its adjoint 7" is nothing else than the restricted put operator.

(v F)(€) = /I 0°(,%)F(x)dx,

e, fel,T,
0%(&,x) = 0(x,€).

which coincides with the regular put operator on Z.
Jean-Baptiste Monnier (LPMA, Paris 7)

Spectral RND recovery



Spectral RND recovery
I—Singular Value Decomposition
S

pectral theorem

Theorem (Spectral theorem =)

o There exist two orthonormal bases (i) and (k) of LoZ and a
postitive decreasing sequence of singular values Ay, such that, for all
k>0,

YPk = APk, Yk = M-
o Furthermore, they verify

MOk = @k,
MeOFor = Pk
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tral RND recovery
ngular Value Decomposition

We have furthermore the following spectral decomposition

f=> {f du)tx,

k>0

TE=> Mlf

fel,T
Vk) Pk
k>0

fel,T.
Question

Can you see the estimation strategy coming ?
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tral RND recovery
ngular Value Decomposition
Theorem

The eigenvectors (k) of v* and () of yv* are such that

Ok = hk1 + b2,
where

Yi = hi1 — hi2

ha(€) = ak,lepké'/B + ak,ze—pkE/B

hk2(§) = ak;3 cos(pkt/B) + a4 sin(pké/B).

Jean-Baptiste Monnier (LPMA, Paris 7)

Spectral RND recovery

DA



Spectral RND recovery
I—Sing;ular Value Decomposition
=

xplicit computation

Theorem
Furthermore
B 2
w2y
Pk
where
Pk:g'f‘kﬂ"‘(_l)kﬁka k €N,

and, for all k € N, By is the smallest positive solution of the following fixed
point equation in u,

14 cos(u)

exp(m/2 + km + (—=1) ) Sin(1)

So that By = O(e ™).

v
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Spectral RND recovery
I—Singular Value Decomposition
Theorem
And finally

1 —1)k
akl = —= )

VB e+ (1)
1 1
—(—1 k Pk e
ak2 = (—1)ef a1 VB 1+ (—1)kerx’
1
ag3 = _ﬁ’
1 1—(—1)ke s
ak,4 = =1 1 1 \ke—or®
VB1+ (—1)ke=r«
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L Singular Value Decomposition
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L Spectral recovery method
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Spectral RND recovery
I—Spectral recovery method

Grid and market quotes

From put prices to RND

Our strategy

Look for the smoothest RND whose corresponding put prices lie inside the
bid-ask quotes.

e The market provides us with y{*k ... yAk and yfid .. yBid at
strike prices &1 < & < ... < &5, where 5 < s < 50.

e Define a new (denser) grid of strikes {1 < & < ... < &, such that
& =0, { = B. We denote by | = {i1,...,is} the subset of
{1,..., n} corresponding to the indexes of the initial quoted strikes.
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Spectral RND recovery
I—Spectral recovery method

No-arbitrage constraints

max(0, & — Se™°) < P(€) < 7T

(1)
0<9:P(E) <e, (@)
0 < BZP(&). 3)

e Translate into AFFINE CONSTRAINTS on put prices my, .
the grid &1 < & < ... < &, (see [Ait-Sahalia and Duarte, 2003]).

..,m, on

Am < by,

where A stands for a 2n X n matrix, m is the n x 1 vector such that
mT = [m]_ e

my] and by is a 2n x 1 vector.
Jean-Baptiste Monnier (LPMA, Paris 7)
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Spectral RND recovery
I—Spectral recovery method

Bid-ask constraints

e We must have 0 = P(0) = my, so that we define y{*** = 0.

1
e P(&) cannot grow at a rate faster than e™'7, so that we can define

y/k to be the corresponding linear extrapolation of the right-most

market quote y,f‘Sk, meaning y, 'k = ylf‘sk +e (& — &)

e Boils down to 2s + 2 constraints,

Ask

m; <y ielu{l, n},
—m; < _yiBlda i€l
=] F = = £ DAl
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Spectral RND recovery

L Spectral recovery method

& =0

506—57'
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Spectral RND recovery
I—Spectral recovery method
Spectral recovery method

Notice that Py = v*e™""qpn, where,

N
Pv = wip,
k=0

N
gn =€’ Z A lwitk.
k=0
As a consequence, wX is solution of,
[PN]IU{l,n} < Y/Ausfl,n}a
) ) —_[P < _ Bid
arg min ||8§qN||]%2 subject to [Puls ="V (P1)
weRN* ~— APy < bpa
smoothness criterion
qn(0)
where P, = [Pn(&1)

=0.
PN(gn)]-
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i=1,...,n.

Spectral RND recovery
I—Spectral recovery method

Canonical form

P u{1,mw < yf‘LJsfl,n}’
. B < _Bid
arg min —w'Qfw  subject to P S
wWERN+1 2 Adw < bp7
don(0) Quw  =0.
Denote by wo n(£)T = [p0(€)

en(€)] and, similarly, write 1o n(€) 7.
Then we have [Py]; = pon(&)Tw and gn(€) = o n(€) TQnw, where

Qn = Diag(\gt, -, A1), (4)
And & the matrix whose rows are constituted by the ¢o n(&)7,
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Spectral RND recovery
I—Spectral recovery method

e If the set of constraints is feasible in LoZ, then the QP admits a
solution for NV large enough since the family (k) is complete in L,Z.

e We look for the smoothest density g satisfying the constraints. The
higher k, the more v oscillates. It is natural to think that the smaller
N, the smoother gy. We choose N to be the smallest integer for
which the QP admits a solution.
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Spectral RND recovery
L Simulation

x107° RND at spectral cutoff 26

—-— fitted log-normal
5 estimated
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Figure: Here we plot the RND qg (solid line) estimated from the real price
quotes on the S&P500. We choose B = 1.4 % Fy = 1.4 % So % e'=97 = 1660 for
that plot. We display the full left tail of the RND gX.
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Spectral RND recovery
L Simulation

. X107 RND at spectral cutoff 26
T T
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Figure: We zoom in on the fat left tail of the estimated gND distribution. .
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Spectral RND recovery
L Simulation

RNDs at spectral cutoffs 26 and 66

1400

1500
Figure: We choose B = 2 % Fy = 2 % So % e('=97 = 2372 for that plot. We
superimpose g (solid line) with gX (dashed line) obtained for an other choice of
B. Smoothness goes hand in hand with low spectral cutoff.
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Spectral RND recovery

L Simulation

Asset at spectral cutoff 26
T
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Figure: S&P 500 put option prices, Jan. 5, 2005. S&P 500 Index closing level
= 1183.74; Option expiration = 03/18/2005 (72 days); r = 2.69%; ¢ = 1.70%.

Jean-Baptiste Monnier (LPMA, Paris 7) Spectral RND recovery



tral RND recovery
mulation
What's next ?

e What about other simple payoffs 7 binary options, etc.

o Generalization to bivariate RND estimation via spread option prices ?
(partial Radon transform, copulae)
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Spectral RND recovery
I—Simulation

Thank you |

Jean-Baptiste Monnier (LPMA, Paris 7)

Spectral RND recovery



Spectral RND recovery
L References

Yacine Ait-Sahalia and Jefferson Duarte. Nonparametric option pricing under shape
restrictions. J. Econometrics, 116:9-47, 2003.

Bhupinder Bahra. Implied risk-neutral probability density functions from option prices:
theory and application. Bank of England, working paper no. 1368-5562, 1997.

Douglas T. Breeden and Robert H. Litzenberger. Prices of state-contingent claims
implicit in option prices. J. Bus., 51(4):621-651, 1978.

Ruijun Bu and Kaddour Hadri. Estimating option implied risk-neutral densities using
spline and hypergeometric functions. Econometrics J., 10:216-244, 2007.

Peter W. Buchen and Michael Kelly. The maximum entropy distribution of an asset
inferred from option prices. J. Finan. Quant. Anal., 31(1):143—159, 1996.

John C. Cox and Stephen A. Ross. The valuation of options for alternative stochastic
processes. Journal of Financial Economics, 3:145-146, 1976.

Stephen Figlewski. Estimating the implied risk neutral density for the U.S. market
portfolio. In Tim Bollerslev, Jeffrey R. Russel, and Mark Watson, editors, Volatility
and time series econometrics: essays in honor of Robert F. Engle. Oxford University
Press, 2008.

Jens Carsten Jackwerth and Mark Rubinstein. Recovering probability distributions from
option prices. J. Finance, 51(5):1611-1631, 1996.

Robert Jarrow and Andrew Rudd. Approximate option valuation for arbitrary stochastic
processes. J. Finan. Econ., 10:347-369, 1982.

Marek Musiela and Marek Rutkowski. Martingale methods in financial modeling, 2™ ed.

Jean-Baptiste Monnier (LPMA, Paris 7) Spectral RND recovery April 18, 2012 37 /38



ral RND recovery
I—Simulation
Springer-Verlag, 2008.
Marc Potters, Rama Cont, and Jean-Philippe Bouchaud. Financial markets as adaptive
systems. Europhys. Lett., 41(3):239-244, 1998.
1633-1652, 1996.

Michael Stutzer. A simple approach to derivative security valuation. J. Finance, 51(5):

Jean-Baptiste Monnier (LPMA, Paris 7)

Spectral RND recovery



Spectral RND recovery
L Simulation

e (3) translates into n — 2 constraints 1 </ < n— 2,

[Am]; =

miy1 — m;

§iv1—&i

Mo —
Eito —&it1

e |hs of (1) corresponds to n additional constraints 1 </ < n,
[Am)izn—2 = —m; < —max(0,&e™"" — Spe°T) := [bplitn-2, (5)
rhs of (1) need not be taken into account at this stage.
e (2) reduces to two additional constraints,
mp — Mp_1
Am 2n—1 .= <e
[ ] -l gn - En—l
[Am]a, =

—rT ._

= [bp]Zn—la
m; — moy < 0:= [bp]2n~
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