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System's Dynamics of evolution

- Set of cluster of particles labeled as xi .

- �Mean - �eld models�: detailed 3-dim geometry and particle's

shape neglected.

- Memoryless evolution.

- x mass of a particle : x ∈ N or x ∈ (0,∞).

-µt(x) := average number of particles of mass x (discrete case).

Coalescence:

x + y

x

y

K (x , y)
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Coagulation Equation (Discrete Case)

Coagulation Kernel K

x merges with y at a instantaneous rate proportional to µt(y):
K (x , y).

{x , y} → x + y where (x , y) and (y , x) coalesce with equal

chance, i.e. K (x , y) = K (y , x):

Average number of coalescences = 1
2
µt(x)µt(y)K(x , y).

d
dt
µt(x) = 1

2

x−1∑
y=1

K(y , x − y)µt(y)µt(x − y)

x

{y , x − y} → xy

x − y
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Coagulation Equation (Continuous Case)
- µt(x)dx := density of particles of mass in [x , x + dx].

d

dt
µt(x) =

1

2

∫ x

0

K(y , x − y)µt(y)µt(x − y)dy − µt(x)

∫ ∞
0

K(x , y)µt(y) dy .

Fields of Application:1

Physical chemistry: Aerosols, phase separation in liquid mixtures, polymerization.

Astronomy: Formation of large-scale structure in the Universe.

Genetics: Coalescence of ancestral lineages in genealogy of populations.

Mathematics: Random graph theory.

...and so on: Biological entities, Bubble Swarms, ...

Each �eld uses an appropriate kernel. In most applications K is λ-homogeneous:

K(ux , uy) = uλK(x , y) u, x , y > 0.

K(x , y) Comment

(x1/3 + y1/3)(x−1/3 + y−1/3) Brownian motion (continuum regime)

(x1/3 + y1/3)3 Shear (linear velocity pro�le)

(x1/3 + y1/3)2|x1/3 − y1/3| Gravitational settling

1

D.J. Aldous. Deterministic and Stochastic Models for Coalescence: A Review of the Mean-Field
Theory of Probabilists. Bernoulli. 1999.
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Weak Smoluchowski Coagulation

Equation

�In�nite Volume Mean-Field Model"



Well-Posedness: Some Notation and De�nitions

Notation
M+ : non-negative Radon measures on (0,+∞).

µ measure and φ function: 〈µ(dx) , φ(x)〉 =
∫ +∞
0

φ(x)µ(dx).
For φ : (0,+∞)→ R measurable

(Aφ)(x , y) = φ(x + y)− φ(x)− φ(y) ∀ (x , y) ∈ (0,+∞)2.

De�nition (Moments and distance)

For λ ∈ (−∞, 1] \ {0} and µ ∈M+:

Mλ(µ) =
∫ +∞
0

xλµ(dx) and M+
λ = {ν ∈M+ : Mλ(ν) < +∞}.

For µ ∈M+ and x ∈ (0,+∞),

dλ(µ, µ̃) =

∫ +∞

0

xλ−1
∣∣∣∣∫ +∞

x

(µ− µ̃)(dy)

∣∣∣∣ dx ,
if λ ∈ (0, 1]. (If λ < 0 consider 1(0,x](y))
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Well-Posedness: Some Notation and De�nitions

(AK ) Assumptions on the kernel: K : (0,+∞)× (0,+∞)→ [0,+∞).

- K ∈W 1,∞ ((ε, 1/ε)2
)
∀ ε ∈ (0, 1).

- And ∃κ0, κ1 > 0∀ x , y > 0:

λ ∈ (−∞, 0), K(x , y) ≤ κ0 (x + y)λ and
(
xλ + yλ

)
|∂xK(x , y)| ≤ κ1xλ−1yλ, (1)

λ ∈ (0, 1], K(x , y) ≤ κ0 (x + y)λ and
(
xλ ∧ yλ

)
|∂xK(x , y)| ≤ κ1xλ−1yλ, (2)

λ ∈ (0, 1], K(x , y) ≤ κ0 (x ∧ y)λ and
(
xλ ∧ yλ

)
|∂xK(x , y)| ≤ κ1xλ−1yλ (3)

De�nition (Weak Smoluchowski coagulation equation)

The weak formulation of the Smoluchowski coagulation equation is given by

d

dt
〈µt(dx), φ(x)〉 =

1

2
〈µt(dx)µt(dy), (Aφ)(x , y)K(x , y)〉, (4)

and embraces both equations: when supp(µ0) ⊂ N, and when µ0(dx) = µ0(x)dx .
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Well-Posedness: Existence and Unicity

De�nition (Weak Solution of the Smoluchowski equation)

Let λ ∈ (−∞, 1] \ {0}, K satisfying (AK), and µin ∈M+
λ .

(µt)t≥0 is a (µin,K , λ)-weak solution to Smoluchowski's equation if:

(i) µ0 = µin,

(ii) t 7−→ 〈µt(dx), φ(x)〉 is di�erentiable on [0,+∞) and satis�es (4),

(iii) Mλ(µt) < +∞, for t ≥ 0 .

Preceeding Results

- [N99]2: The general framework was formulated. Remarkable well-posedness
results : K(x , y) ≤ φ(x)φ(y), x , y > 0 for φ subadditive.

- [FL06]3: Well-posedness for λ-homogeneous-like kernels and existence and
uniqueness hold in the classM+

λ .

2

J.R. Norris. Smoluchowski's coagulation equation: uniqueness, non-uniqueness and hydrodynamic
limit for the stochastic coalescent. Ann. Appl. Probab. 1999.

3

N. Fournier and Ph. Laurençot. Well-possedness of Smoluchowski's Coagulation Equation for a
Class of Homogeneous Kernels. J. Functional Analysis, 2006.
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Marcus-Lushnikov Process
�Finite Volume Mean-Field Model"

(Intrinsically Stochastic)



Marcus-Lushnikov Process: De�nition

De�nition

Consider a kernel K , n ∈ N and µn0 = 1
n

∑N
i=1 δxi , with x1, · · · , xN ∈ (0,+∞).

(µnt )t≥0 is aM+-valued càdlàg Markov process:

(µnt )t≥0 takes its values in SN =
{
1
n

∑k
i=1 δyi ; k ≤ N, yi > 0

}
.

In�nitesimal generator: for Ψ :M+ → R and µ ∈ SN

LΨ(µ) =
∑

1≤i<j≤k

{
Ψ
[
µ+ n−1

(
δyi +yj − δyi − δyj

)]
−Ψ[µ]

} K(yi , yj )

n
.
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In�nitesimal generator

Example

Nt processus de Poisson:
G (f ) = [f (y + 1)− f (y)]λ

N∗t processus de Poisson (multi-particles):

G (f ) =
∑
i

[f (yi + 1)− f (yi )]λ(yi )

Xt := f (Nt) can be written as

Xt = f (0) +

∫ t

0

∫ ∞
0

[f (Ns− + 1)− f (Ns−)]1z≤λN(ds, dz)

E[Xt ] = f (0) +

∫ t

0

λ[f (Ns + 1)− f (Ns)]ds.

What if f = Id ? Nt can be written as

Nt =

∫ t

0

∫ ∞
0

1z≤λN(ds, dz) =
∑
n

1τn≤t
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In�nitesimal generator

Nt(n) =
1

n
Nt/n =

1

n

∫ t

0

∫ ∞
0

1{z≤nλ}N(ds, dz)

{
dµ(t) = λ dt (λ = 1)
µ(0) = 0

{
dµ(t) = λ t dt (λ = 1)
µ(0) = 0

N = 100

N = 1000
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Poissonian representation (S.D.E.)

De�nition

Consider a kernel K , n ∈ N and µn0 = 1
n

∑N
i=1 δxi , with x1, · · · , xN ∈ (0,+∞).

(µnt )t≥0 is aM+-valued càdlàg Markov process:

(µnt )t≥0 takes its values in SN =
{

1
n

∑k
i=1 δyi ; k ≤ N, yi > 0

}
.

In�nitesimal generator: forΨ :M+ → R and µ ∈ SN

LΨ(µ) =
∑

1≤i<j≤k

{
Ψ
[
µ+ n−1

(
δyi +yj − δyi − δyj

)]
−Ψ[µ]
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Theorem

Theorem ( λ < 0)

- Consider a coagulation kernel K satisfying (AK):
K(x , y) ≤ κ0 (x + y)λ and regularity.

- Let
- µn0 is of the form 1

n

∑N
i=1 δxi and deterministic.

- Let (µt)t≥0 the weak solution to Smoluchowski's equation.
- Let (µnt )t≥0 the associated Marcus-Lushnikov process.
Then for any T > 0,
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Proof Positive Case (λ ∈ (0, 1])



Proof (Sketch) Positive Case

M-L process, compensated Poisson measure related to J:

〈µnt (dx), φ(x)〉 = 〈µn0(dx), φ(x)〉+
1

2

∫ t

0

〈µns (dx)µns (dy), (Aφ) (x , y)K(x , y)〉ds

−
1

2n

∫ t

0

〈µns (dx), (Aφ) (x , x)K(x , x)〉ds (5)

+

∫ t

0

∫
i<j

∫ +∞

0

1

n
(Aφ)

(
X i
s−,X

j
s−

)
1{

z≤ 1

nK
(
X i
s−,X

j
s−

)}
1{j≤N(s−)} × J̃,

〈µt(dx), φ(x)〉 = 〈µ0(dx), φ(x)〉+
1

2

∫ t

0

〈µs(dx)µs(dy), (Aφ)(x , y)K(x , y)〉,(6)

Objective:

E [dλ(µnt , µt)] = E
[∫ +∞

0

xλ−1
∣∣〈(µnt − µt) (dx),1[x,+∞)〉

∣∣ dx]
≤ dλ(µn0 , µ0) +

C1√
n

+ C2Mλ(µn0 , µ0)

∫ t

0

E [dλ(µns , µs)] ds.

and conclude with Gronwall.
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Proof (Sketch) Positive Case
Using the notation:

Ψ(µ, φ) = 〈µ(dx), φ(x)〉
Λ (µ1µ2,Aφ) = 〈µ1(dx)µ2(dy), (Aφ) (x , y)K(x , y)〉.

Recall:

dλ(µnt , µt) =

∫ +∞

0

xλ−1
∣∣Ψ ((µnt − µt),1[x,+∞)

)∣∣ dx
:=

∫ +∞

0

xλ−1 |En(t, x)| dx .

Computing the di�erence, and since K is symmetric:

En(t, x) = En(0, x) +
1

2

∫ t

0

Λ
(
(µns − µs)(µns + µs),A1(x,+∞)

)
ds − D(t, x) + M̃t

After integration by parts on the �rst integral (Lemma A.2.):

En(t, x) = En(0, x) +
1

2

∫ t

0

B(s, x)ds + M̃t
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Proof (Sketch) Positive Case

Finally,

E [dλ(µnt , µt)] ≤ dλ(µn0 , µ0) + (1 + t)
Cλ√
n

(
1 + [M0(µn0 + µ0)]2 + [Mγ(µn0 + µ0)]2

)
× exp [t CλMλ(µn0 + µ0)] + CλMλ(µn0 + µ0)

∫ t

0

E [dλ(µns , µs)] ds,

we conclude using the Gronwall Lemma.

Proposition (Construction of µn0 , control of moments and propagation)

t 7→ Mγ(µt) is a.s. non-increasing for γ ≤ 1, (both)

E[Mγ(µt)] ≤ Mγ(µ0) exp
[
t Cλ,γMλ(µ0)

]
for γ > 1 (both).

Mγ(µn0) ≤ Mγ(µ0).

Let λ ∈ (−∞, 1] \ {0}, n ∈ N and µ0 ∈M+
λ ∩M

+
2λ, supposed to be either atomless

or discrete. Then there exists a positive measure µn0 of the form 1
n

∑Nn
i=1

δxi such that:

dλ(µn0 , µ0) ≤ Cλ√
n
,

where Cλ depends on λ and M2λ(µ0).
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Result

Corollary

Under the assumptions of the Theorem, together with the Proposition, we deduce:

Under (1), for any T > 0,

E
[
supt∈[0,T ] dλ(µnt , µt)

]
≤ CT√

n
;

Under (2), for any T > 0,

supt∈[0,T ] E [dλ(µnt , µt)] ≤ CT√
n
,

where CT is a positive constant depending only on T, λ, κ0, κ1 and µ0.



Numerical Tests



Simulation continuous and discret cases

K (x , y) = x + y (λ = 1)

Continuous Discret

µ0(x) = 1√
2π

1

x3/2
e−x/2 µ0(k) = δ1

µt(x) = 1√
2π

e−t

x3/2
e−e

−2tx/2 µt(k) = e−tB(1− e−t , k)

where B(λ, k) = (λk)k−1

k!
e−λk .



Simulation discret case

Distances d1(µ1, µ
n
1)

N distance
n

1000
5000
10000

t = 0 t = 1
1000 330
5000 1775
10000 3626

t = 0 t = 1
0 0.1265
0 0.0467
0 0.0413



Simulation continuos case

Distances d1(µ1, µ
n
1)

N distance
n

150
500
700

t = 0 t = 1
1023 397
6625 2402
11099 4107

t = 0 t = 1
0.0961 0.3127
0.0551 0.2681
0.0437 0.1034

Distributions: µn1([xi , xi+1)) Tails: µn1([xi ,∞))



Merci pour votre attention !
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N. Fournier and E. Löcherbach. Stochastic coalescence with homogeneous-like interaction rates.
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Construction of coagulation - fragmentation processes
Description

Coalescence Fragmentation

x + y

x

y

K (x , y)

x
F (x)

θ1x

θ2x

θ3x

mass fractions

0 < θi < 1

Let S↓ the set of non-increasing sequences m = (mn)n≥1 with mn ≥ 0.
For the splitting mechanism :

Θ =

{
θ = (θk)k≥1 : θ1 ≥ · · · ≥ 0,

n∑
k=1

θk = 1

}
.

At t, mi fragments at F (mi ) or coalesces with mj at K(mi ,mj ), described by
the maps cij , fiθ : `λ 7→ `λ, with

cij (m) = reorder(m1, · · · ,mi−1,mi + mj ,mi+1, · · · ,mj−1,mj+1, · · · ),

fiθ(m) = reorder(m1, · · · ,mi−1, θ ·mi ,mi+1, · · · ).
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Objectifs

Roughly: Given K and F coagulation and fragmentation kernels. We study an in�ne
particle process (M(t))t≥0 as the limit process of a �nite particle process (Mn(t))t≥0.

S↓-valued Markov process (M(t))t≥0, with M(0) ∈ S↓. Generator L given, for

any Ψ : S↓ 7→ R, any m ∈ S↓ and θ ∈ Θf , by

LΨ =
∑

1≤i<j<∞
K(mi ,mj )

[
Ψ
(
(cij (m)

)
−Ψ(m)

]
+
∑
i≥1

F (mi )

∫
Θ

[Ψ ((fiθ(m))−Ψ(m)]β(dθ).

The fragmentation process is self-similar-like F (x) ≤ xα, α ∈ R
For λ ∈ R \ {0} and m, m̃ ∈ `λ, we set

dλ(m, m̃) =
∑
k≥1
|mλk − m̃λk |
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Poisson-SDE representation

De�nition

a) Jc(dt, d(i , j), dz) Poisson measure on [0,∞)× {(i , j) ∈ N2, i < j} × [0,∞),
denote by {Ft}t≥0 the associated canonical �ltration.

b) Jf (dt, d(i , j), β(θ), dz) Poisson measure on [0,∞)× N×Θf × [0,∞), denote by
{Gt}t≥0 the associated canonical �ltration. Jf is independent of Jc .

c) Let M(0) ∈ S↓. A càdlàg {Ht}t≥0 = {σ (Ft ,Gt)}t≥0-adapted S↓-process
(M(t))t≥0 is said to be a solution to the equation SDE(K ,F ,M(0), Jc , Jf ) if a.s.
for all t ≥ 0,

M(t) = M(0) +

∫ t

0

∫
i<j

∫ ∞
0

[
cij (M(s−))−M(s−)

]
1{z≤K(Mi (s−),Mj (s−))}J
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∫
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0

[fiθ (M(s−))−M(s−)]1{z≤F (Mi (s−))}J
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Results

Consider λ ∈ (0, 1] and α ∈ R+. For kernels bounded on compacts and satisfying for
all ((x , y) ∈ (0, a]2:

|K(x , y)− K(x̃ , ỹ)| ≤ κa
[
|xλ − x̃λ|+ |yλ − ỹλ|

]
|F (x)− F (y)| ≤ µa|xα − yα|.

and a fragmentation measure such that

β
(∑

k≥1 > 1
)

= 0 and
∫

Θ

∑
k≥2 θ

λ
k
β(dθ) <∞

Theorem

Endow `λ with the distance dλ.

i) For any m ∈ `λ, there exists a (unique in law) strong Markov process
(M(t))t≥0 ∈ D ([0,∞), `λ) solution to SDE(K ,F ,m, Jc , Jf ).

ii) For all mn ∈ `+
0 such that limn→∞ dλ(mn,m) = 0, the sequence of Coagulation -

Fragmentation processes (Mn(t))t≥0 solutions to the equations

SDE(K ,F ,mn, Jc , Jf ) converges in law to (M(t))t≥0.

iii) The obtained process is Feller: for all t ≥ 0, the map m 7→ Law (M(t)) is
continuous from `λ into P(`λ).
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Results

Proposition

Consider K, F , β, Jc , Jf and the process M as before. Endow `λ with the distance
dλ, and m ∈ `λ

t 7→ ||M(m, t)||1 is a.s. non-increasing and

E

[
sup

s∈[0,t]
||M(s)||λ

]
≤ ||m||λ eF̃C

λ
θ t , (7)

where F̃ is a positive constant depending on F .

We de�ne, for all x > 0, τ(m, x) = inf{t ≥ 0, ||M(m, t)||λ ≥ x}. Then for all
t ≥ 0 and all x > 0,

E

[
sup

s∈[0,t∧τ(m,x)∧τ(m̃,x)]
dλ

(
M(s), M̃(s)

)]
≤ dλ (m, m̃) eC(x∨1∨||m||α

1
∨||m̃||α

1
) t .

(8)

We show the following:

We build a �nite process Mn(t) := M(mn, t). We control its intensities
(truncating β, m ∈ `0+).

M(mn, t) is a Cauchy sequence in D([0,∞), `λ).

The limit process M(m, t) satis�es the SDE.
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Current Research

Conjectures

Consider λ < 0 and α < 0. For kernels satisfying:

K(x , y) ≥ κ(x + y)λ and F (x) ≤ xα x , y > 0

and a conservative fragmentation measure such that∫
Θ

(∑
k

θλk − 1

)
β(dθ) < +∞ a.s.

Conjectures

Endow `λ with the distance dλ.

i) For λ < α existence and uniqueness for t ≥ 0. || · ||λ bounded.

ii) For α ≥ λ < 0, explosion in �nite time.
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