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@ Problem
@ Detection of synchronization

© Estimation of functional connectivity
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Biological framework
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Action potentials and Synchronization

No synchronization With synchronization

acton potential action potential action potential
hreshold \ excitation thereshold \ \
potential i resting potential — //\/\/

This is a model, nothing as simple is ever recorded !!!
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Spike trains data
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@ Detection of synchronization
@ Unitary Events
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Pure coincidence or synchronization ?

@ S. Gmun (late 90's) introduced a method based on coincidesce

X1 = /\) = = = ( )
X2 : \/ : b
coincidence coincidence|
a b
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Pure coincidence or synchronization ?

@ S. Gmun (late 90's) introduced a method based on coincidesce

X1 % /\ % % —Hh
Xo % \/ % - é
coincidence coincidence|
a b

o If C°S > cqypp 0N @ small period of time, then one says that all
coincidences are actually synchronizations and not pure ¢odémces
(they do not just happerby chance!)
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UE methods in a nutshell

Several variants in the past 20 years (mostly Gnan and coauthors
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UE methods in a nutshell

Several variants in the past 20 years (mostly Grnan and coauthors

© Choose a formula for coincidence couht(Xj; X2) (eventually more
than 2 spike trains)

A: Binned coincidence count

X1 I I scale <>
0 0 1 0 0 0 1 0
binned coincidence count = 1
1 0 1 0 0 0 0 1
x2 | | | |
I I I I
B: Delayed coincidence count
X1 | | scale <—>
A R J
i ‘
iR -
! < 5 delayed coincidence count = 3
Flt \
x2 _| [ y
I [ [

Sum up all the trialsl  C°bs
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UE methods in a nutshell

Several variants in the past 20 years (mostly Grnan and coauthors
@ Choose a formula for coincidence couht(X1; X») (eventually more
than 2 spike trains)
Sum up all the trialsl  C°Ps
@ Take into account randomness to propose a possible distrilpufay
pure coincidence$ Ceyp and p-values

Probability to be there = 5%

000 005 010 015 020

i DD;— _______

Z
(o8]

: p-value = "How likely isC° as a pure coincidence ?"
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UE methods in a nutshell

Several variants in the past 20 years (mostly Gnan and coauthors
© Choose a formula for coincidence couht(Xj; X2) (eventually more
than 2 spike trains)
Sum up all the trialsl  C°bs

@ Take into account randomness to propose a possible distrilbutar
pure coincidence$ Ceyp and p-values
NB : p-value = "How likely isC°S as a pure coincidence ?"

© Do this for several sliding windows and detect the ones where
synchronization
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I discuss all the points with a statistician perspective.
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Statistical traduction of UE

o X = (Xq1;X>2) is a "typical" couple of spike trains.
It is random and we are interested in its distribution.
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@ X = (Xq1;X2) is a "typical" couple of spike trains.

e We observeX, the collection ofn independentX' that have the same
distribution asX.
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Statistical traduction of UE

o X =(Xy1;X2) is a "typical" couple of spike trains.

o We observeX, the collection ofn independentX' that have the same
distribution asX.

o We want to know ifX satis es
Ho: " X1 is independent oi,".
Pure coincidence
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Statistical traduction of UE

o X = (Xq1;X>2) is a "typical" couple of spike trains.
o We observeX, the collection ofn independentX' that have the same
distribution asX.
@ We want to know ifX satis es
Ho: " X1 is independent oK,".
o UE = Statistical test at level (=5%) = control the probability to
declare synchronization wheredl is satis ed (False Positive)

p-valuep
= the value of to pass from accept to reject.
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Statistical traduction of UE

@ X = (Xy1;X2) is a "typical" couple of spike trains.

e We observeX, the collection ofn independentX' that have the same
distribution asX.

o We want to know ifX satis es
Ho: " X1 is independent oi,".

o UE = Statistical test at level (=5%) = control the probability to
declare synchronization wheredl is satis ed (False Positive)
p-valuep

o Testatlevel , p . Hence, (usually) undeHy,

P )" ;
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Statistical traduction of UE

@ X = (Xq1;X2) is a "typical" couple of spike trains.

e We observeX, the collection ofn independentX' that have the same
distribution asX.

o We want to know ifX satis es
Ho: " X1 is independent oX,".

o UE = Statistical test at level (= 5%) = control the probability to
declare synchronization whereéd is satis ed (False Positive)
p-valuep

o Testatlevel , p
o several sliding windows multiple testing aspects.
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@ Detection of synchronization

@ Multiple Testing
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Intuitively
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Intuitively

WE FOUNDNO WE FOUND NO WE FOUND NO WE FOUNDNO
LINK BETWEEN LINK BETWEEN LINK BETWEEN LINK BETWEEN
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/ /
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Intuitively
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More mathematically

If the K tests are independent, if all the null hypotheses hold andlittze
rst kind errors are equal to , then
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More mathematically

If the K tests are independent, if all the null hypotheses hold andlittze
rst kind errors are equal to , then

P(noerror)=(1 )X
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More mathematically

If the K tests are independent, if all the null hypotheses hold andlittze
rst kind errors are equal to , then

P(noerror)=(1 )X

ply of no error
o

nb tests
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What can we do ?

@ Control of the probability to make even just one false posithse
I Bonferonnicontrol (divide level by number of tests) [...]

e Control the mean proportion of false positive among the positiv
(FDR) ! Benjamini-Hochbergnethod [...]! UE method proposed
in Tuleau-Malot et al. (2014)
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@ Detection of synchronization

o Distribution under the null
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Expectation of the number of coincidences

If X; stationary Poisson processes with intensityand if X1? X»
o for a xed spike onXy, there are about 2 , spikes ofX; in the
vicinity
o there are aboutly a) ; spikes ofX; in a segmentd; b].
Ea (" (X1;X2)) " 2(b @) 12
The rst studies mainly consisted in assuming that the couience count
was Poisson with this mean.
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If X; stationary Poisson processes with intensityand if X1? X»
o for a xed spike onXy, there are about 2 , spikes ofX; in the
vicinity
o there are aboutly a) ; spikes ofX; in a segmentd; b].
Ea (" (X1;X2)) " 2(b @) 12
The rst studies mainly consisted in assuming that the couience count
was Poisson with this mean.

But, depending on the exact count, there are some edge or bip@rcts,
e.g. with delayed coincidence count

Ea(' Xu;X2))= 1202 (b & 2):
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Expectation of the number of coincidences

If X; stationary Poisson processes with intensityand if X1? X»
o for a xed spike onXy, there are about 2 , spikes ofX; in the
vicinity
o there are aboutly a) ; spikes ofX; in a segmentd; b].
Ea (" (X1;X2)) " 2(b @) 12
The rst studies mainly consisted in assuming that the couience count
was Poisson with this mean.

But, depending on the exact count, there are some edge or bip@rcts,
e.g. with delayed coincidence count

Ea(' Xu;X2))= 1202 (b & 2):

Vap (C (X5X2)= 1 22( @) 24 "2,e .24 g 29

=) Not a Poisson variable
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e Find an (approximate) distribution o€ underHg
For instance, Gaussian approximation via CLT
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@ Find an (approximate) distribution o€ underHp
I dependency in unknown parameters such as ring rates etc ...

e Parameters can be estimated by using the trials.
o Plug them in.
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e Find an (approximate) distribution o€ underHg
I dependency in unknown parameters such as ring rates etc ...

@ Parameters can be estimated by using the trials.
@ Plug them in.

This may change (for instance) the variance : under indepewde if
delayed coincidence count [...], this

Phcan b & 2N

a

T2 @) 2+(23 )i+ )]

is approximatelyN (O; 1).
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@ Find an (approximate) distribution o€ underHp
I dependency in unknown parameters such as ring rates etc ...

e Parameters can be estimated by using the trials.
o Plug them in.
) Plug-in can bereally misleading

) correction by conditioning (+ ass.) Gutig et al. (2001)
) correction under Poisson assumptions Tuleau et al. (2014)
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Small illustration/centering issue

P S
o C= L ' (X};X))is asum of ii.d. variables
Central Limit Theorem)

C—(XM 1t N )

Vo;n
h i

with co;n = B2 [C] andvon = B2 (C CO;n)2
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Central Limit Theorem)
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with co;n = B2 [C] andvon = B2 (C CO;n)2 )

o distrib. of (C co;n):pm close toN (0; 1)
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Small illustration/centering issue

P S
o C= L ' (X};X))is asum of ii.d. variables
Central Limit Theorem)

C%)  con 3/ 20t N (; 1)
0;n :
h i
with co;n = B2 [C] andvon = B2 (C CO;n)2 )

o distrib. of (C co;n):pm close toN (0; 1)
o distrib. C  c¢o;n close toN (0; vo:n)
o distrib. C distribution under independence is closeNd(co.n; Vo:n)

@ Co.n is unknown but can be estimated by

X
Col) = 7 Odixd:
i6i0
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Small illustration/centering issue

P S
o C= L ' (X};X))is asum of ii.d. variables
Central Limit Theorem)

C—(XM 1t N )

Vo;n
h i

with co;n = B2 [C] andvon = B2 (C CO;n)2 )

o distrib. of (C co;n):pm close toN (0; 1)
o distrib. C  c¢o;n close toN (0; vo:n)
o distrib. C distribution under independence is closeNd(co.n; Vo:n)

@ Co.n is unknown but can be estimated by

X
Col) = 7 Odixd:
i6i0

e The uctuations of €y(Xn) are as large as the ones 6f!
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Consequences

@ Plug-in of the mean estimator changes the variance !

N (0;1)

cxq)  Co(X}) 1
¥ Won ni1

and wg:, is NOT vgp:, !
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Consequences

@ Plug-in of the mean estimator changes the variance !

cxq)  Co(X}) 1
¥ Won ni1

N (0;1)

and wg.p is NOT vg., !
o Plug-in of variance estimators are usually ok

c(X3)  Co(X?) L
T An(X2) 1

z(X}) = N (0; 1):
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Consequences

@ Plug-in of the mean estimator changes the variance !

cxq)  Co(X}) 1
¥ Won ni1

N (0;1)

and wg.p is NOT vg., !
o Plug-in of variance estimators are usually ok

c(X3)  Co(X?) L
T An(X2) 1

z(X}) = N (0; 1):

o distrib. of U? = U(X2) = C(X2) €o(X?) close toN (0; n"2(X?2)).
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Consequences

@ Plug-in of the mean estimator changes the variance !

Cq)  Co(XR) |1
P

I .
= 17 N@©1)

and wg.p is NOT vg., !
o Plug-in of variance estimators are usually ok

c(X3)  Co(X?) L
T An(X2) 1

z(X}) = N (0; 1):

o distrib. of U? = U(X2) = C(X2) €o(X?) close toN (0; n"2(X?2)).
e But STOP there! the distrib. of C(X?2) is NOT close to
N (Co(XZ);" N (XZ)).
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lllustration / the centering issue
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@ Detection of synchronization

o Bootstrap
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Why bootstrap ?

o Classical CLT) approximations valid only large (in practicen = 20
usual)

@ Bootstrap or resampling (Efron, 79 [...]) are known technics in
statistics to lead to much better approximations (valid fomaller
values ofn)

@ In neuroscience, they are usually known under the name
"Trial-Shu ing". In the sequel, TS refers to Pipa and Gmn versio
(2003).
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Principle

Original data set

Nature Computer

Surrogate data set

X

built as either

I T —

n=3 trials Permutation

x5

Tlgiven by

Pick only 1 permutation (T3 (1), 10, (2), 1o (3)] i
Trial-shuffling

TS
Xn,

Pick n=3 couples (ij)  with replacement  in

x5

Pick n=3 couples (ij)  with replacement i

Full Bootstrap

() OD)
(21) (2.3)

B1) B2

@DXL2) ((% D
(21) (22) (2.
[EE)ERIER)

Unconditional distribution:

Conditional distribution:

Cote d'Azur, CNRS)

1fixed original data set (

all possible choices of both Nature and Computer

Nature  randomness),

ESMTB-EMS &

randomness

all possible choices of Computer randomness




Discussion on the unconditional distribution

e Trial-Shuing : E[CT]= ¢y = E»[C]
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Discussion on the unconditional distribution

e Trial-Shuing : E[CTS] = ¢y = E»[C] but because couples may be
picked twice, distrib. ofC™S and C? are di erent
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Discussion on the unconditional distribution

e Trial-Shuing : E[CTS] = ¢y = E»[C] but because couples may be
picked twice, distrib. ofC™S and C? are di erent

o Full Boostrap :E» [C ] = E»[C] but not true if not Hg.
distrib. are di erent.

e Permutation : E[C?] = E[C ].
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Discussion on the unconditional distribution

e Trial-Shuing : E[CTS] = ¢y = E»[C] but because couples may be
picked twice, distrib. ofC™S and C? are di erent

o Full Boostrap :E» [C ] = E»[C] but not true if not Hg.
distrib. are di erent.

e Permutation : E[C?] = E[C ].
distrib. are equal if undeHp.

But because in practice, only 1 "Nature" observation, in fact waly have
access taConditional Distribution
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[llustration undeMtg

Trial-Shuffling Full Bootstrap Permutation

Unconditional

Conditional

Monte-Carlo withB = 10000 replicates for the bootstrap distributions.
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Why conditional distributions are so wrong?

Proofs of convergence of bootstrap procedures mainly exists foreced
quantities.
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Why conditional distributions are so wrong?

Proofs of convergence of bootstrap procedures mainly exists foreced
quantities.

The bootstrap of the mean in a nutshell

Yn=(Yq;::Yy) are i.i.d. variables.

The distrib. of Y E(Y) (empirical mean - expectation) is correctly
approximated by
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Why conditional distributions are so wrong?

Proofs of convergence of bootstrap procedures mainly exists foreced
quantities.

The bootstrap of the mean in a nutshell

Yn=(Yq;::Yy) are i.i.d. variables.

The distrib. of Y E(Y) (empirical mean - expectation) is correctly
approximated by

e replace "empirical mean" by "empirical bootstrap mean"
o replace "expectation” by "conditional expectation”
) the distrib. of Y E(Y jYn).
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If one wants to use bootstrap distrib. for testing, it is bettédrone knows
the expectation undeHp
Centered quantitiesie. U= C  €u(Xy)
e Full Bootstrap and Permutation E(U(X,)jXn) = E(U(X?)jXn) = 0.
conditional distrib. ofU(X,,) and U(X?) should be good approx.
of the distrib. of U?.
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If one wants to use bootstrap distrib. for testing, it is bettédrone knows
the expectation undeHp
Centered quantitiesie. U= C  €u(Xy)
e Full Bootstrap and Permutation E(U(X,)jXn) = E(U(X?)jXn) = 0.
conditional distrib. ofU(X,,) and U(X?) should be good approx.
of the distrib. of U?.
e Trial-Shuing : E(U(X]®)jXn) =  U(Xn)=n.
conditional distrib. ofgd™ = U(X]S)+ U(Xp)=n should be good
approx. of the distrib. ofu?.
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[llustration

Trial-Shuffling Full Bootstrap Permutation

Monte-Carlo withB = 10000 replicates for the bootstrap distributiongd,
is X1 = Xo

P. Reynaud-Bouret (U. Cote d'Azur, CNRS) ESMTB-EMS & DSIN Summer school June 26-30th 2017 29 /88



@ Detection of synchronization

o Back to tests
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What about the resulting tests ?

o distrib. under the nulll a critical value for rejectiol a p-valuep

Probability to be there = 5%

000 005 010 015 020

Jil.._

o If critical value = quantile of level , then the p-value satis es

Pr(p )’

p-values are uniform under the null. Their c.d.f should be the
diagonal of [01]% underHg
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What about the resulting tests ?

o distrib. under the null a critical value for rejection a p-valuep
@ If critical value = quantile of level , then the p-value satis es

Pr(p )’

p-values are uniform under the null. Their c.d.f should be the
diagonal of [01]? underHo

@ If not underHp, p-values should be small, hence c.d.f. above the
diagonal.
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What about the resulting tests ?

o distrib. under the null a critical value for rejection a p-valuep
@ If critical value = quantile of level , then the p-value satis es

Pr(p )’

p-values are uniform under the null. Their c.d.f should be the
diagonal of [01]? underHo

@ If not underHp, p-values should be small, hence c.d.f. above the
diagonal.

@ NB: some tests (the ones based on CLT or Permutation) haverthei
or C versions equivalent. This is due to some very particular
properties of invariance (by shift for Gaussian approx. or by
permutation). No equivalence in general.
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[llustration
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20 trials . Hj is injection models.
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Permutation UE

Permutation tests + BH on sliding windows
(https://github.com/ybouret/neuro-stat )

s INdependent msmbependent
w0 LR
T =60
spont -
00— hi>i =-600. 1j0,0,001] 8
I
- 5 B
4 "»>f30 ][o,o 005] n‘r>J =0 L
) _ h =30 5 J
. hw—>f6 ][0,0 005] i [0,0.005] 8
R R B L . ‘ . .
02 04 14 16 18 20 Lo o5 10 15 )
- time
Poisson Hawkes
A: Description of Experiment 1 B: Result of the permutation method
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Permutation UE

Permutation tests + BH on sliding windows

(https://github.com/ybouret/neuro-stat )
Independ.| Depend.| Total
Rejected \% S R
Accepted U T m R
Total mp m mp m
Experiment 1 Experiment 2
FDR= E(V=R) | FNDR= E(T=(m R)) | FDR | FNDR
MTGAUE 0.10 0.17 0.04 0
TSC 0.01 0.26 0.25 0
TSC + BH 0 0.32 0 0
P 0.01 0.23 0.02 0
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And on real data...
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@ Detection of synchronization

@ Cross-trials non-stationarity
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Mathematical assumptions

e Full Bootstrap and Permutation are particular cases of Albert &t a
(2015), where the convergence of the renormalized bootstrap

distribution of U is proved. Typically, one can show that
! !

U? U"’” p
: I
dw, L p—ﬁxn L p—ﬁ e
@ Assumptions = i.i.d. trials and some moment assumptions

P. Reynaud-Bouret (U. Cote d'Azur, CNRS) ESMTB-EMS & DSIN Summer school June 26-30th 2017 36 /88



Mathematical assumptions

e Full Bootstrap and Permutation are particular cases of Albert &t a
(2015), where the convergence of the renormalized bootstrap
distribution of U is proved.

@ Assumptions = i.i.d. trials and some moment assumptions

@ Moment assumptions no explosion of the spike trains
biologically reasonable.

@ independent trials : usually the animal rests between triald an
experiments are past training phase
I biologically reasonable

o identically distributed triald maybe less biologically reasonable
w.r.t. cross-trial non-stationarity?
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Statistical de nition of cross-trial non-stationarity ?

o Number of spikes varies random
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Statistical de nition of cross-trial non-stationarity ?

o Number of spikes varies random
o Fano factorFF = Var(N)=E(N) 6 1 ! not Poisson
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Statistical de nition of cross-trial non-stationarity ?

o Number of spikes varies random
o Fano factorFF = Var(N)=E(N) 6 1 ! not Poisson
o FF 6 Var(ISl) (ISI = InterSpike Interval)! correlated ISI
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Hidden command
The distribution of (X1; X2) is not given intrinsically but given another

Statistical de nition of cross-trial non-stationarity ?

o Number of spikes varies random
o Fano factorFF = Var(N)=E(N) 6 1 ! not Poisson
o FF 6 Var(ISl) (ISI = InterSpike Interval)! correlated ISI

@ Turn to the models that are quali ed of "cross-trial non-stati@mnity”
. hidden commandsee the "intensity command" of Churchland et al,
2011)

variableY (the hidden command, usually not observed)

e change of ring rates (intensities)

@ anesthesia variation, degree of decision making

o stimulus variability, oscillatory potential in uencing bbtneurons
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Common or non common hidden command

@ hidden command¥ common to both neuron3 globally dependent
(tests reject with high proba) even X;? X, givenY.
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Common or non common hidden command

@ hidden command¥ common to both neuron3 globally dependent
(tests reject with high proba) even X;? X, givenY.

@ hidden commandy = (Y1;Y2) non common Y1? Y, and X1? X,
givenY ) independent (tests accept with high proba).
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If you need to be convinced

Let A; B be two measurable sets

PX'2A:;X?2B = E P X'2A;X?2BjY
= E P X2 AjY P X?2BjY sinceX;? X, givenY
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Let A; B be two measurable sets
PX'2A:;X?2B = E P X'2A;X?2BjY
= E P X2 AjY P X?2BjY sinceX;? X, givenY
= E P X'2AjY! P X?2BjY?
since there is no common command variable



If you need to be convinced

Let A; B be two measurable sets

PX'2A:;X?2B = E P X'2A;X?2BjY
= E P X2 AjY P X?2BjY sinceX;? X, givenY
= E P X'2AjY! P X?2BjY?
since there is no common command variable
=E P X'2AjYy! E P X22BjY? sincey?Y?
=P X'2A P X?2B :

HenceX; and X, are independent !
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[llustration

A: Drift on both X1 and X2

B: Drift on X1, No drift on X2

diagonal
N

C: Hidden command

° diagonal ° diagonal
N
TSC SC
o TSU o TSU
S FBU S — FBU
P P
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 05 08 10

ESMTB-EMS &



Partial Conclusions

o Possible to detect global dependency between point procetsgke
trains) in a complete distribution free manners.

o Global dependency does not really mean synchronization dven i
interest per se.

@ More local structures usually need models : Hawkes (Hansen.kt al
loglinear (Kass et al.) [...]

o Maybe dithering can help (Louis et al. 2010, procedure impletadn
in Human Brain Project) ....
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© Estimation of functional connectivity
@ A slightly di erent problem
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Description of the experiment (Team RNRP of Paris 6)

move one or two vibrissa (whiskers) at di erent frequencies and se
how it is coded in the cortical barrels (layer 4).
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Visual aim

We want to produce that:
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Visual aim

We want to produce that:

For a biologist, this is not a graph with a physical meaning lith a
functional meaning functional connectivity.
What is the mathematical meaning of it ?
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© Estimation of functional connectivity

@ Hawkes processes
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Point processes and conditional intensity

dN point measure =

T2N T
intensity
zj| { " . _
= n
By | n9ss
Nbr observed points Expected Number Martingales
in [t;t + dt] given the past before di erences

(t)

instantaneous frequency
random, depends on previous points
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Multivariate Hawkes processes

N ——————————>

N2 P P Py

N3 » » -~ >
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Multivariate Hawkes processes

N2 & & &

1) (t) = |{Z}

Spontaneous
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Multivariate Hawkes processes

N2 P P Py

N3 » » -~ >

X
W) = izt hy o(t T)
T<t
[pt de N1
{z }
spontaneous self-interaction
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Multivariate Hawkes processes

N2 P P Py

N3 » » -~ >

X
W) = izt hy o(t T)
T<t
[pt de N1
{z }
spontaneous self-interaction
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Multivariate Hawkes processes

N2 P P Py

N3 » » -~ >

X
W) = izt hy o(t T)
T<t
[pt de N1
{z }
spontaneous self-interaction
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Multivariate Hawkes processes

N2 . . . h I —
N o>
X X
W)y = iyt hy o(t T) + hmi o(t T)
T<t mé1l;
|pt de N1 T < t;
{z } t de Nm
[ @ )
spontaneous self-interaction interaction
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Multivariate Hawkes processes

L]

N2 Py Py Py h

N3 » »> - - >

X X
W)y = iyt hy o(t T) + hmi o(t T)
T<t mé1l;
|pt de N1 T < t;
{z } t de Nm
[ @ )
spontaneous self-interaction interaction
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Multivariate Hawkes processes

N2 Py Py Py h

e ]

N3 » »> - * >

X X
W)y = iyt hy o(t T) + hmi o(t T)
T<t mé1l;
|pt de N1 T < t;
{z } t de Nm
[ @ )
spontaneous self-interaction interaction
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Multivariate Hawkes processes

e ® ® ® P
. h o 5 % H
X X
W)y = iyt hy o(t T) + hmi o(t T)
T<t mé1,;
|pt de N1 T < t;
{z } [pt de Nm
. . —~{z——}
spontaneous self-interaction interaction
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Multivariate Hawkes processes

e ® ® ® P
.- | |» h o 5 % ﬂ
X X
W)y = iyt hy o(t T) + hmi o(t T)
T<t mé1,;
|pt de N1 T < t;
{z } [pt de Nm
. . —~{z——}
spontaneous self-interaction interaction

P. Reynaud-Bouret (U. Cote d'Azur, CNRS) ESMTB-EMS & DSIN Summer school June 26-30th 2017 48 / 88



Link Graphical model of local independence

(Didelez (2008))
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Link Graphical model of local independence

(Didelez (2008))

I (?) functional connectivity graphs in Neurosciences,
but also useful in sismology, genomics, marketing, nangegidemiology ....
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More formally

@ Only excitation (all theh, , are positive): for allr,
2y .
Dwy= + by et u)dNg:
o 1
Branchingd Cluster representation, stationary process if theespal
radius of hy ,dt is< 1.
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More formally

@ Only excitation (all theh, , are positive): for allr,
2y .
Dwy= + by et u)dNg:
o 1
Branchingd Cluster representation, stationary process if theespal
radius of hy ,dt is< 1.
e Interaction, for instance, (in general any 1-Lipschitz fuiust,

Bemaud Massoule 1996)
|
W 2 o
Dwy= o+ by et u)dNG’

o 1 .
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More formally

@ Only excitation (all theh, , are positive): for allr,
2y .
Dwy= + by et u)dNg:
o 1
Branchingd Cluster representation, stationary process if theespal
radius of hy ,dt is< 1.
e Interaction, for instance, (in general any 1-Lipschitz fuiust,

Bemaud Massoule 1996)
|
M 2y o
Oty=" ¢+ ey o(t w)dNg’
o 1 N
e Exponential (Multiplicative shape but no guarantee of a statary

version ...)
!

2y o
O)=exp + hy ot u)dNG
1
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© Estimation of functional connectivity

@ Estimation methods
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Previous works

e Maximum likelihood estimates eventually + AIC (Ogata, Vedenes
etc mainly for sismology, Chornoboy et al., for neuroscier@asto
and Schbath for genomics)

e Parametric tests for the detection of edge + Maximum likelihdbe
exponential formula + spline estimation (Carstensen et ah, i
genomics)

e Univariate processes +g penalty, oracle inequalities (RB and
Schbath)

e Maximum likelihood + exponential formula +1 "group Lasso"
penalty (Pillow et al. in neuroscience)

e Thresholding + tests for very particular bivariate models, omcl
inequality (Sansonnet)
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Another parametric method : Least-squares

@ A good estimate of the parameters should correspond to an intgnsi
candidate close to the true one.
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Another parametric method : Least-squares

@ A good estimate of the parameters should correspond to an intgnsi
candidate close to the true one.

R
e Hence one would like to minimize k? = OT[ (t)  ()]?dtin
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Another parametric method : Least-squares

@ A good estimate of the parameters should correspond to an intgnsi
candidate close to the true one.

R
e Hence one would like to minimize k? = OT[ (t)  ()]?dtin

e or equivalently 2 ;5 (t) (t)dt+  (t)=dt.
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Another parametric method : Least-squares

@ A good estimate of the parameters should correspond to an intgnsi
candidate close to the true one.

R
e Hence one would like to minimize k? = OT[ (t)  ()]?dtin

. I:QT T 2
e or equivalently 2 ;5 (t) (t)dt+  (t)=dt.

o But dN; randomly uctuates around (t)dt and is observable.
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Another parametric method : Least-squares

@ A good estimate of the parameters should correspond to an intgnsi
candidate close to the true one.

. . R .
Hence one would like to minimize k? = OT[ (t)  ()]?dtin

or equivalently 2 , (t) (t)dt+ , (t)“dt.

o But dN; randomly uctuates around (t)dt and is observable.
@ Hence one minimizes
Z; Z
2 (t)dN; + (t)2dt;
0 0
for a model = 4(t)
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On Hawkes processes

Recall that for the processl(")

XM X
Oy= O+ hy ot T):

=l T<;TinNO)
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On Hawkes processes

Recall that for the processl(")

XM X
Oy= O+ hy ot T):

=l T<;TinNO)

+ Piecewise constant model with parameter
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On Hawkes processes

Recall that for the processl(")

XM X
Oy= O+ hy ot T):

=l T<;TinNO)

+ Piecewise constant model with parameter
By linearity,
M) = (Re)%a";
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On Hawkes processes

Recall that for the processl(")

XM X
Oy= O+ hy ot T):

=l T<;TinNO)

+ Piecewise constant model with parameter
By linearity,
M) = (Re)%a";

with Rcy being the renormalized instantaneous count given by

(Re)®= 1 )% M)
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On Hawkes processes

Recall that for the processl(")

X1 X
Dy= O+ hy ot T):

=l T<;TinNO)

+ Piecewise constant model with parameter
By linearity,
M) = (Re)%a";

with Rcy being the renormalized instantaneous count given by

(Re)®= 1 )% M)
and with cf\) being the vector of instantaneous count with delay of N+ i.e.

(")y0 _ ) e O .
(7= Np' o Nl p) -
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An heuristic for the least-square estimator

Informally, the link between the point process and its intépsian be
written as
dNO(t) ' (Re)%"dt + noise:
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An heuristic for the least-square estimator

Informally, the link between the point process and its intépsian be
written as
dNO(t) ' (Re)%"dt + noise:

Let 7
.
G= Rc; (Rey )t
0

the integrated covariation of the renormalized instantaneowosimt.

P. Reynaud-Bouret (U. Cote d'Azur, CNRS) ESMTB-EMS & DSIN Summer school June 26-30th 2017



An heuristic for the least-square estimator

Informally, the link between the point process and its intépsian be
written as
dNO(t) ' (Re)%"dt + noise:

Let 7
.
G= Rc; (Rey )t
0

the integrated covariation of the renormalized instantaneowosimt.
Zy

b(") := R, dNO () * Ga" + noise:
0
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An heuristic for the least-square estimator

Informally, the link between the point process and its intépsian be
written as
dNO(t) ' (Re)%"dt + noise:

Let 7
.
G= Rc; (Rey )t
0

the integrated covariation of the renormalized instantaneowosimt.
Zy
b(") := R, dNO () * Ga" + noise:
0
The least-square estimate is
an =g 1b(r);

where inb lies again the number of couples with a certain delay.
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An heuristic for the least-square estimator

Informally, the link between the point process and its intépsian be
written as

dNO(t) ' (Re)%"dt + noise:

Let 7
.
G= Rc; (Rey )t
0

the integrated covariation of the renormalized instantaneowosimt.
Zy

b(") := R, dNO () * Ga" + noise:
0
The least-square estimate is
an =g 1b(r);

where inb lies again the number of couples with a certain delay.
I simpler formula than Maximum Likelihood Estimators for sianil
properties
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Link with cross-correlogram and Joint PeriStimulus

Histogram

+ ++ +
= + ++

= ;{ + ++ +
+ ++

+ ++ +

uuuuu

see also Zhang et al (2007) in genomics and Aertsen et al (1989)
Neurosciences
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What gain wrt cross correlogramm ?

S

5ms

) -

5ms

only 2 non zero interaction functions over 9

P. Reynaud-Bouret (U. Cote d'Azur, CNRS) ESMTB-EMS & DSIN Summer school June 26-30th 2017 57 /88



Histogram of dist2

Frequency
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What gain wrt cross correlogramm ?
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What gain wrt cross correlogramm ?
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Full Multivariate Hawkes process andpenalty

with N.R. Hansen (Copenhagen), and V. Rivoirard (Dauphine)
The Lasso criterion for each sub-process:

Lasso criterion

a(r)

argmin,f 1( {)+ pen(a)g
argmin,f 2a%, + a%Ga+2(d")%ajg

@ The crucial choice is thel("”, should be data-driven !

@ The theoretical validation : be able to state that our choicethe
best possible choice.

@ The practical validation : on simulated Hawkes processes, on
simulated neuronal networks, on real data...
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Theoretical Validation = Oracle inequality

Let 7

;
b(") = RcdN(™ (t) and b(") =

0
and

Hansen,Rivoirard,RB

Zy

Zy

G= Rc; (R )Yt
0

If G cl withc> 0 and if

then

k O Rga”k?

b p™ g, g

X
inf k 0 Rcak?+ =

1

Rc, ((t)dt

X

i2supp(a)

9
CROE

P. Reynaud-Bouret (U. Cote d'Azur, CNRS)
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Explanations

@ Main Point: d controls the random uctuations / noisé should be
data-driven and sharp
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approximation” + unavoidable loss due to the noise.

Factor 1=c gives a "quality indicator" sinces observable in practice.
Maybe not the best thing, but with stationnary Hawkes procesgge
can prove thatc' T.

Gives the "best" linear approximation and in this sense vadiekn if
not of the prescribed shape, in particular in case of inhibition

In practice small unavoidable bias, possible to correct by tiaps
procedures (OLS on the support of the Lasso estimate).
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Explanations

@ Main Point: d controls the random uctuations / noisé should be
data-driven and sharp

o The loss (ET) 2 supp(a) (di(r))2 is unavoidable even for only one
choice of set of non-zeros coe cients. Should be read as "catyaof
approximation” + unavoidable loss due to the noise.

e Factor 1=c gives a "quality indicator" sinces observable in practice.
Maybe not the best thing, but with stationnary Hawkes procesgge
can prove thatc' T.

o Gives the "best" linear approximation and in this sense vaien if
not of the prescribed shape, in particular in case of inhibition

o In practice small unavoidable bias, possible to correct by tieps
procedures (OLS on the support of the Lasso estimate).

@ Possible to do it with other basis (Fourier) or other linear nedd
(Aalen)
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One of the main probabilistic ingredients

Bernstein type inequality for counting processes (H., R.B., R.)

Let (Hs)s o be a predictable process ad; = é Hs(dNs (s)ds): Let

b> 0andv>w>0.
For allx; > quch that > (), let

v o= —5 o HédNs + ( ;; where (u)=exp(u) u L

Then for (avery stopping time and every'> 0

P M 21+")V x+bx=3; w ¥  vand sup,p ;jHsj b
log(v=w)
2Igg(\1/+w)e X
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One of the main probabilistic ingredients

Bernstein type inequality for counting processes (H., R.B., R.)

R
Let (Hs)s o be a predictable process amd; = g He(dNs  (s)ds): Let

b> 0andv>w>0.
For allx; > quch that > (), let

v o= —5 o HédNs + ( ;; where (u)=exp(u) u L
Then for (avery stopping time and every'> 0
P M 21+")V x+bx=3; w ¥  vand sup,p ;jHsj b
log(v=w)
2Igg(\1/+w)e X

4

NB :V is an estimate of the bracket of the martingale, i.e. the martiig
equivalent of the variancé Gaussian behavior fahe main term.
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One of the main probabilistic ingredients

Bernstein type inequality for counting processes (H., R.B., R.)

R
Let (Hs)s o be a predictable process ad; = g Hs(dNs (s)ds): Let
b> 0andv>w> 0.
For allx; > quch that > (), let

v o= —5 o HédNs + ( ;; where (u)=exp(u) u L

Then for (avery stopping time and every'> 0

P M 21+")V x+bx=3; w ¥  vand sup,p ;jHsj b
log(v=w)
2|gg(\1/+w)e X

4

NB :V is an estimate of the bracket of the martingale, i.e. the martiig
equwalentlgf the variancé Gaussian behavior fahe main term.
Applied to ; Re; dNO(t)  (O(t)dt : d is given by the right
hand-side X' In(# param) ! Bernstein Lasso
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© Estimation of functional connectivity

@ Simulations
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Choices of the weights$

30 60 30 60
Coeffs 5 5 5 5
0 0 0 0 0 0 0 0 0 0 0 0
0 0

0 0.02 0 0.02 0 0 0 0.02 0 0.02
Spont. Spont, Spont. Spont.
1 1->1 2->1 2 1->2 2->2 1 1->1 2->1 2 1->2 2->2
NB : larger,d larger and fewer non zero coe cients
NB2: Adaptive Lasso (Zoudl = =ij& |
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Simulation study - Estimationl( =20, M =8, K =8)

Interactions reconstructed withAdaptive Lassq' 'Bernstein Lassoand 'Bernstein
Lasso+OLS! Above graphs, estimation of spontaneous rates
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How to convince biologists to use Hawkes ?

@ show bygoodness-of- ttest that data are Hawkes. Only statistical
test where one would like to accept, which is a bit problematic.

@ show how the reconstruction works whewwmething di erent from
Hawkes is simulatedypically leaky integrate and re.
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On neuronal data (sensorimotor task)

Joint work with F. Grammont, V. Rivoirard and C. Tuleau-Malot.
30 trials : monkey trained to touch the correct target when illurated.

SB=22.2 SBO=37.2 SB=22.2 SBO=37.2
- o
o <
7 v
o o
CaR. ¥ oA
o o
¥ B
8 S
T T T T T A T T T T
0.00 001 002 003 0.04 0.00 001 002 003 0.04
seconds seconds
SB=55.5 SBO=88.9 SB=55.5 SBO=88.9
o 4 4
- o
0
o 3 4
Fed—| ¥ |
7 2
o | 27
A T T T T T T T T T
0.00 0.01 0.02 0.03 0.04 0.00 001 0.02 0.03 0.04
seconds seconds

Accept the test of Hawkes hypothesis.
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Simulated IF

Joint work with R. Lambert, T. Bessaih et al.
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Simulated IF

Joint work with R. Lambert, T. Bessaih et al.
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© Estimation of functional connectivity

o On real data
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On neuronal data (vibrissa excitation)

Joint work with RNRP (Paris 6). Behavior: stim. at 25-50Hz.
T =72s, 9 Neurons + stimulation + gamma peaksM = 11)

"Neuron" TT1.01 TT1.02 | TT2_.0F TT2.03 TT2.14 | T13.04
Obs. Spikes 241 136 839 951 446 1310
“Neuron" TT4 .0A TT4.05 TT4.18 stimequi g-peak
Obs. Spikes 734 925 1021 2695 1559
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Stability

"Neuron" TT1.01 TT1.02 | TT2_.0F TT2.03 TT2.14 | T13.04
Obs. Spikes 241 136 839 951 446 1310
Sim. Spikes 238 135 966 1005 507 1548

“Neuron" TT4 .0A TT4.05 TT4.18 stimequi g-peak
Obs. Spikes 734 925 1021 2695 1559
Sim. Spikes 816 993 1124 3469 1785
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Evolution of the dependance graph as a fonction of the

vibrissa excitation
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A neural code ?

Joint work with R. Lambert, T. Bessaih [...] and M. Quiquempoix
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A neural code ?

Joint work with R. Lambert, T. Bessaih [...] and M. Quiguempoix

How much does this code ?

@ one rat/site, 3 tetrodes, 9 type of stimulation ( D2, D3 or D2+D3
and 3 frequencies), 100 times the same stimulation for 1 sdcon

o Estimate the Hawkes model for each stimulus (='label’) wiB0
seconds

o Leave 9 * 50 seconds unlabeled.
o Find the labels by minimizing the least-square.

@ Do this several times by picking the 50 "boxes" at random amohg t
100.
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A neural code ?

Joint work with R. Lambert, T. Bessaih [...] and M. Quiquempoix

P. Reynaud-Bouret (U. Cote d'Azur, CNRS) ESMTB-EMS & DSIN Summer school June 26-30th 2017 84 /88



Conclusions and Perspectives

o Itis possible to estimate interaction functions and even apjraf
possible interactions, to have some mathematical guaranteét and
this even if the Hawkes linear model is not completely true
(robustness).

o Itis even possible to (non parametrically) test that such irgetions

exists. However the interpretation of such tests (not studiget)
should be linked to a "distance" to the Hawkes model.
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Conclusions and Perspectives

o Itis possible to estimate interaction functions and even apjraf
possible interactions, to have some mathematical guaranteét and
this even if the Hawkes linear model is not completely true
(robustness).

o Itis even possible to (non parametrically) test that such irgetions
exists. However the interpretation of such tests (not studiget)
should be linked to a "distance" to the Hawkes model.

@ Several issues remain

o lack of stationarity (segmentation/ clustering ?).
e the recording is scarce (or not spike sorted). What are thesets of
both ? mean eld theory ?

P. Reynaud-Bouret (U. Cote d'Azur, CNRS) ESMTB-EMS & DSIN Summer school June 26-30th 2017 85 /88



Coworkers

o Probability : J. Chevallier, N. R. Hansen.

o Statistics : M. Albert, T. Lalo®, M. Fromont, V. Rivoirard, C.
Tuleau-Malot, A. Rouis.

o Computer Sc : Y. Bouret, C. Mascart, G. Scarella
C. Bahbah, |. Chaarana, H. Issarane, |I. Mouline, K. Zahri

@ Neurophysiology : T. Bessaih, F. Grammont, R. Lambert, N.
Leresche, M. Quiquempoix.
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Thank you !
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