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MHD approximation

• Crucial role of the magnetic �eld in geophysical and astrophysical �uid
dynamics (stellar or solar wind, convective zone of stars, accretion
discs, magnetic �eld generation by dynamo e�ect, ...) leads to explore
properties of MHD, namely the interaction between an electrically
conducting �uid and a magnetic �eld
* motion of weakly conducting �uid; low magnetic Reynolds number
→ terrestrial MHD
* motion in a highly conducting �uid; high magnetic Reynolds number
→ astrohysical MHD

• MHD is a �uid approximation: does not describe the detailed
processes of plasma physics which require description of individual
motions of particles (plasma frequencies, frequencies and lenght scales
for both ions and electrons, ..)
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• MHD approximation is valid for some plasmas and liquid metals
* quasi-neutral property (∇ · E ' 0, with E the electric �eld)
* �uid approximation: electrical conduction of the medium by electrons alone
* non relastivistic limit (typical velocity U � c)
* collisional plasma/�uid: conductivity is independent of U (time evolution of

the �uid � time between 2 collisions ions/electrons, �uid elements contain many

ions & electons )
* trajectories of electrons are not changed under the magnetic �eld B action

• some systems often described using MHD
* solar wind, heliosphere, and Earth's magnetosphere (on large scales)
* inertial range of plasma turbulence
* neutron stars magnetospheres

• MHD description is limited when
* non-�uid or kinetic e�ects are important (dissipation in the turbulent solar
wind, magnetic reconnection, small-scales dynamics in Earth's
magnetosphere)

* plasmas are fully ionized (solar photosphere/chromosphere, molecular

clouds, protoplanetary disks, Earth's ionosphere, some laboratory plasmas)
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MHD equations

• Maxwell's equations
Faraday's law ∇× E + ∂B/∂t = 0
Ampère's law ∇× B = µ0[j +�����ε0∂E/∂t] with c2 = (µ0ε0)−1

Coulomb's gauge ∇ · B = 0
where j ≡ current density, µ0 ≡ magnetic permeability of free space, ε0 ≡
permittivity of free space, and displacement current is neglected

• add Ohm's law j = σ(E + u × B)
where σ ≡ electrical conductivity of the medium

• equations combine to yield an evolution equation for the magnetic
�eld or the so-called induction equation

∂B/∂t = ∇× (u × B) + η∆B

where η = (µ0σ)−1 is the magnetic resistivity of the medium

• note that ∇× (u × B) = −(u · ∇)B + (B · ∇)u represents both
advection and stretching of the �eld B (with ∇ · u = 0 = ∇ · B)
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• Incompressible MHD equations

∂u/∂t + (u · ∇)u = −∇p/ρ+ ν∆u + (j × B)/ρ+ F

∂B/∂t + (u · ∇)B = (B · ∇)u + η∆B

∇ · u = 0 = ∇ · B and B.C .

where j × B = (∇× B)× B/µ0 is the Lorentz force and F a body force

(friction, gravity, Coriolis force,..). B can be replaced by the scaled

magnetic �eld b = B/(ρµ0)1/2 = va which has dimension of a

velocity and is called the Alfvén velocity
although B is a pseudovector 1

• dimensionless parameters
* kinetic Reynolds number = advection / dissipation = Re = UL0/ν
* magnetic Reynolds number = induction / di�usion = RM = UL0/η
* magnetic Prandtl numer = PM = ν/η = RM/Re

1(i, j, k)→ (i, j,−k), A vector : (Ax ,Ay ,Az)→ (Ax ,Ay ,−Az) & B pseudovector :
(Bx ,By ,Bz)→ (−Bx ,−By ,Bz)
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PM =
kinematic viscosity

magnetic di�usivity
=

viscous dissipation rate

magnetic di�usion rate
= ν/η

• PM small: PM � 1 (highly conducting �uids)
* liquid metals PM ∼ 10−6... 10−5 (liquid sodium experiments
∼ 10−6)
* stars PM ∼ 10−7... 10−4

* protostellar disk PM ∼ 10−7

* sun (at the basis of the convection zone) PM ∼ 10−2

• PM large: PM � 1 (poorly conducting �uids)
* protogalaxies, galaxies PM ∼ 1014, clusters PM ∼ 1029

* as in solar wind or interstellar medium, ... PM ∼ 1014 − 1019
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schematic view of the main regions of the Sun
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another one in 3D
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coronal loops
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the magnetosphere of Earth
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cartoon of the con�guration of sun-earth layers
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Another important dimensionless parameter β

using ∇(B2)/2 = (B · ∇)B + B × (∇× B) = (B · ∇)B + B × µ0j
thus, from Ampère's law, the Lorentz force can be written as

j × B =
(B · ∇)B

µ0︸ ︷︷ ︸
magnetic tension

− ∇ (
B2

2µ0
)︸ ︷︷ ︸

magnetic pressure

and the parameter β is de�ned as

β =
plasma pressure

magnetic pressure
=

p

B2/(2µ0)

• if β � 1, the magnetic �eld dominates;
solar corona, tokamaks (β / 0.1)

• if β � 1, plasma pressure forces dominate; stellar interiors

• β ∼ 1, pressure/magnetic forces are both important;
solar chromosphere, parts of solar wind & interstellar medium, some
laboratory plasma experiments
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• Other formulation of the incompressible MHD equations

∂u/∂t = −∇(p/ρ+ u2/2) + u × ω + ν∆u + (j × B)/ρ+ F

∂B/∂t = ∇× (u × B) + η∆B

∇ · u = 0 = ∇ · B

where ω = ∇× u is the vorticity, and the use of the vector relationship

u × ω = −(u · ∇)u + u · ∇u = −(u · ∇)u +∇(u2/2)

• several physical cases
* u ×ω = 0→ u(x) ‖ ω(x), the �ow is completely helical ("Beltrami" �ow)
* j × B = 0→ B(x) ‖ j (x), it is "the force free �eld" case, the magnetic
�eld does not act on the velocity, as the Lorentz force is null

* u × B = 0→ u(x) ‖ B(x), means alignment between velocity and

magnetic �eld everywhere in space

• Remark : if B = ∇× A, where A is a magnetic potential (de�ned up to a

gradient), then j = −∆A and an equation for A can be derived
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Frozen in Alfvén's theorem in ideal MHD

• Consider a surface S bounded by a close curve ∂S ≡ C, the magnetic
�ux through S is Φ =

´
S B · dS (where dS = ndS),

• the rate of change of the �ux is given by

dΦ

dt
=

ˆ
S

∂B

∂t
· dS︸ ︷︷ ︸

(1) changes in B

+

ˆ
S
B · ∂S

∂t︸ ︷︷ ︸
(2) changes in S
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• (1) represents the change in B with S held �xed & (2) the �ux swept
out by C as it moves with the �uid

• using Faraday's law and Stokes'theorem 2, (1) gives´
S
∂B
∂t · dS =

´
S(−∇× E) · dS = −

¸
C E · d`

• the incremental change in S due to movement of an element δ` of C
during δt is δS = uδt × δ` (area of a tiny parallelogram)

2
˜
S ∇×F ·dS =

¸
∂S F ·d`, �ux of ∇×F through S = circulation of F along ∂S ≡ C
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• the �ux throught this area is B · dS = B · (udt × d`)
so that term (2) is

´
S B ·

∂S
∂t =

¸
C B · (u × d`) = −

¸
C(u × B) · d`,

by rearranging the triple product 3

• all together, the rate of change of the magnetic �ux is given by

dΦ

dt
= −

˛
C

(E + u × B) · d`

• but, in a perfectly conducting �uid (with an in�nite electrical
conductivity σ), i.e. "ideal MHD" (η ∼ 1/σ = 0), the Ohm's law
reads E + u × B = 0. This gives the Alfvén's theorem

dΦ

dt
= 0

3A · (B× C) = B · (C× A) = C · (A× B) = −C · (B× A)
H. Politano (UNS) MHD Turbulence M2 2016-2017 17 / 45
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• physical meanings

* suppose C encircles an isolated �ux tube at t = 0. Since the
magnetic �ux through C is conserved, the material curve C must
continue to encircle the �ux tube ∀t, and this is possible only if the
tube itself moves with the �uid. B-lines are material lines as C could
be chosen as vanishingly small cross-section
* if two �uid elements are initially connected by a magnetic �eld line,
they remain connected by a magnetic �eld line ∀t; the magnetic
topology (connectivity) is preserved in ideal MHD
* the plasma cannot move accross magnetic �eld lines (however it
remains free to move along the �eld)

• remark
if σ is �nite (η 6= 0), then, with Ohm's law, the rate of change of the
�ux is

dΦ

dt
= −
˛
C

(E + u × B) · d` = − 1

σ

˛
C
j · d`

H. Politano (UNS) MHD Turbulence M2 2016-2017 18 / 45
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Helicities and topology

Magnetic helicity Hm

• the magnetic helicity is de�ned as Hm =
´
V A · B dV 4 where A is a

vector potentiel for B (∇× A = B) satisfying ∇ · A = 0

• let's derive the equation for the rate of change of Hm :
* the induction equation reads : ∂B/∂t = ∇× (u × B) + η∆B

* "uncurling" gives : ∂A/∂t = (u × B)−∇ϕ+ η∆A

(for some scalar �eld ϕ)

• in a perfectly conducting �uid (η = 0), it follows that

∂(A · B)

∂t
= A · ∇ × (u × B) + B · (u × B)− B · ∇ϕ

= A · ∇ × (u × B)−∇ · (Bϕ)

4
´
V stu� dV ≡

˝
V stu� dV also denoted < stu� > when V is the whole volume

occupied by the �uid
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with the help of the vector relationships :
∇· ((u×B)×A) = A ·∇× (u×B)− (u×B) · (∇×A) = A ·∇× (u×B)
5 and ∇ · ((u × B)× A) = ∇ · (B(u · A)− u(A · B)], one obtains

∂(A · B)

∂t
= ∇ · [(A · u − ϕ)B] +∇ · (u(A · B))

the use of ∇ · (u(A · B)) = (u · ∇)(A · B) (recall ∇ · u = 0) yields

D(A · B)

Dt
=
∂(A · B)

∂t
+ u · ∇(A · B) = ∇ · [(u · A− ϕ)B]

• integrating over a material volume V (always consisting of the same

�uid particles) for which B · dS = B · ndS = 0 (with ∂V ≡ S) gives
the conservation law for the magnetic helicity Hm wich is topological
in nature

5noting that (u × B) · B = u · (B × B) = 0
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• namely :

dHm

dt
=

ˆ
V

D

Dt
(A · B)dV =

‹
S

(n · B)(u · A− ϕ)dS = 0

by means of the Divergence (or Gauss's or Ostrogradsky's) theorem

ˆ
V

(∇ · F)dV =

‹
S≡∂V

(F · n)dS

note that if F represents the �ow of a �uid, ∇ · F represents the expansion
or compression of the �uid. The divergence theorem says that the total
expansion of the �uid inside a given volume V necessarily equals the total
outgoing �ux of the �uid through the volume's boundary S ≡ ∂V.
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Topological interpretation of Hm

suppose that the magnetic �eld B is identically zero except in one (or two)
closed �ux tube(s);

• suppose a single �ux loop with B-lines in the tube being "parallel"
circles ("untwisted" or non-helical), Hm = 0

• suppose a single �ux loop with a �ux Φ, 2π-twisted around itself, &
imagine this twisted tube as built up through the addition of
incremental �uxes dϕ, the total helicity is Hm = ±2

´ Φ
0 ϕdϕ = ±Φ2

(with ± chosen according as the twist is right- or left-handed). If the
�ux rope twists around itself T times then Hm = TΦ2.
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• suppose two interlinked untwisted �ux tubes carrying �uxes Φ1 & Φ2;
Hm =

´
V1 A · BdV +

´
V2 A · BdV ;ˆ

V1
A · BdV =

ˆ
V1

A · Bd`dS =

ˆ
V1

A · Bd`dS

=

˛
C1
A · (
¨
δS1

BdS)d` =

˛
C1

Φ1A · d` = Φ1

˛
C1
A · d`

with d` a short portion of curve C1 (the contour of the tube), δS1 the
section's tube; and

¸
C1 A · d` =

˜
S1 ∇×A · ndS =

˜
S1 B · ndS = Φ2

(with S1 the surface de�ned by the closed tube 1); one �nally gets
Hm = Φ1Φ2 + Φ2Φ1 = 2Φ1Φ2 if the linkage is right-handed and
Hm = −2Φ1Φ2 if the linkage is left-handed

• similarly it can be shown that if 2 untwisted �ux tubes have n
linkages, then Hm = ±2nΦ1Φ2
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Remark: helicities are pseudo-scalars, they change sign from a right-handed
to a left-handed frame of reference : (i, j, k)→ (i, j,−k), HR → HL = −HR

Cross helicity Hc

• the cross helicity is de�ned as Hc =
´
V u · B dV

• as in the case of the magnetic helicity, one obtains the equation for
the rate of change of (u · B) for a perfect �uid (η = ν = 0)
D
Dt (u · B) = ∇ · [(u2/2− p/ρ)B]

• the Divergence theorem yields dHc/dt = 0 whenever B · dS = 0 in a
localized region of space, and thus Hc = constant in this region

• topological interpretation of Hc : consider a thin isolated vortex tube
(T1) and a thin isolated magnetic �ux tube (T2) in a same region of
space; Hc is a measure of the linkage of these two tubes
* if the tubes are not interlinked Hc = 0
* if the tubes are interlinked (with linking number 1) Hc = ±Φ1Φ2

where Φ2 is the magnetic �ux in T2 and Φ1 is the vorticity �ux in T1
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MHD equations in Elsässer variables

The velocity u and magnetic �eld b can be combined into the Elsässer
�elds z± = u ± b (remember b = B/(ρµ0)1/2), to obtain the following
symmetric equations :

(∂t + z∓ · ∇)z± = ν1∆z± + ν2∆z∓ −∇P∗ + f ±

where ∇ · z± = 0, and P∗ = (p/ρ+ b2/2) is the total pressure,
ν1 = 1

2
(ν + η), ν2 = 1

2
(ν − η)

Note that

• the z+ �uctuations are advected by the z− ones and conversely

• u = (z+ + z−)/2, b = (z+ − z−)/2

• u · b = (z+2 − z−
2
)/4, u2 − b2 = z+ · z−

• ω± = ∇× z± = ω ± j
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Ideal invariants in homogeneous MHD turbulence

• ∂tET = −ν < ω2 > −η < j2 >, for ν = η = 0 → total energy
(kinetic + magnetic) is a conserved quantity

• ∂tHc = ∂t < u · b >= −(ν + η) < ω · j >, for ν = η = 0 → cross
helicity Hc is conserved.
Hc tells the degree of linkage of a thin isolated magnetic �ux tube and a

thin isolated vortex tube in same region of space (if Hc = 0 no linkage)
• ∂tHm = ∂t < a · b >= −2η < b · j > (with a ≡ magnetic potential
∇× a = b with ∇ · a = 0), for η = 0 → magnetic helicity Hm is conserved.
Hm is a measure of the degree of linkage of 2 thin isolated magnetic �ux
tubes (if Hm = 0 no linkage)

• ∂tE+ = −ν1 < (ω+)2 > −ν2 < ω+ · ω− >
∂tE

− = −ν1 < (ω−)2 > −ν2 < ω− · ω+ >
for ν = η = 0 = ν1 = ν2 → conservation of the z+ and the z−

energies
• note that: 1) helicities are pseudo-scalars, 2) in a perfect MHD �uid,
the mutual topologies of tubes are conserved
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Alfvén waves

• Linearization of incompressible MHD eqs around a uniform magnetic
�eld b0 with ρ0 = cst, p0 = cst,u0 = 0 (ν and η neglected) leads to :

∂tz
+ − (b0 · ∇)z+ = 0

∂tz
− + (b0 · ∇)z− = 0

Looking for a solution of plane-wave type for perturbations

z± = zk
±
e
i(k ·x−ω̄±t)

gives: ω̄+ = −(b0 · k) and ω̄− = +(b0 · k) with k · z+
k = 0 and

k · z−k = 0 (incompressibility).

• z+ and z− are the so-called Alfvén waves : transverse waves (z±k ⊥k)
with group velocity vg = ±b0 and phase velocity vφ = ±b0k‖/k
(semi-dispersives waves), where k‖ is the component of k ‖ b0.

• oppositely travelling waves: z− travels in the b0-direction while z+ is
backward travelling, with group velocity b0, the so-called Alfvén
velocity denoted va
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* A uniform magnetic �eld b0 (or a local one at scale larger than a given `
in the inertial range, or at the largest scale) has a signi�cant dynamical
e�ect for energy transfers : z+ and z− blob disturbances (wavepackets)
only interact when they collide −→ weakening of the transfer of energy
between scales (i.e. weak nonlinearity)
* Multiple collisions are needed to pass energy in the blobs to smaller scales
* This is the basic idea of "IK" phenomenology (Iroshnikov 63, Kraichnan

65): interplay between turbulent eddies and Alfvén waves travelling along a
mean �eld −→ crucial di�erence between hydrodynamic and conducting
�uids
* Does Kolmogorov's approach still work ? Does it need to be modi�ed ?
Alfvén waves and correlation between u and b �elds (cross helicity) are
crucial and lead to a lack of universality for inertial MHD spectra
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Phenomenologies

Let's take PM ∼ 1 from now on.
Suppose |b| � |b0|, the IK phenomenology is based on weak nonlinear
interactions and many collisions, say N, between z+ and z− wavepackets
of similar size `, are needed to pass energy to smaller scales. For simplicity,
ignore anisotropy (`‖ ∼ `⊥ ∼ `) and suppose zero cross helicity HC ∼ 0

(z+

`
∼ z−

`
∼ z`). Disturbances are sheared by an amount

δz` ∼ (z`z`/`)(`/b0) −→ δz`/z` ∼ z`/b0

• ta ∼ `/b0 ≡ `/va is the interaction time for one collision (Alfvén time)
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Regimes in MHD turbulence

B = B0 + εb : Wave turbulence B = b : Isotropic turbulence

B = B0 +b : Anisotropic turbulence

H. Politano (UNS) MHD Turbulence M2 2016-2017 30 / 45



Magnetohydrodynamic Turbulence (MHD) Some Exacts relationships Intermittency

Isotropic descriptions
(here b0 might be brms or b at the largest scale in the inertial range)

• uncorrelated case < u · b >∼< (z+)
2 − (z−)

2
>∼ 0, z+

`
∼ z
−
`
∼ z`

* K41, b0 ∼ 0
t

+
tr ∼ t

−
tr ∼ t` ∼ `/z` −→ ε` ∼ ε ∼ z`

3/` within inertial range

K
±
`
∼ z`

2 ∼ kE (k), ε` ∼ [kE (k)]3/2k ∼ ε E (k) ∼ ε2/3k−5/3

* dissipation scale ttr ∼ tν ∼ `2/ν → `ν ∼ (ν3/ε)
1/4

(PM ∼ 1)

* IK b0 � u` ∼ b`, ta � t`
t

+
tr ∼ t

−
tr ∼ ttr ∼ t`

2/ta ∼ `b0/z
2

` → ε+

`
∼ ε−

`
∼ ε` ∼ ε ∼ z4`/`b0

K
±
`
∼ z`

2 ∼ kE (k), ε` ∼ [kE (k)]4/2k ∼ ε E (k) ∼ (b0ε)
1/2

k
−3/2

* dissipation scale ttr ∼ tν ∼ `2/ν → `ν ∼ (ν2b0/ε)
1/3

(PM ∼ 1)

• correlated case < u · b >∼< (z+)
2 − (z−)

2
>� 0, z+

`
� z
−
`

* IK ta � t
±
`

t
+

`
∼ `/z−

`
, t−
`
∼ `/z+

`
t

+
tr ∼ t

+

`
2
/ta ∼ `b0/z

−
`
2 → ε+

`
∼ z

+

`
2
/t+

tr ∼ z
+

`
2
z
−
`
2

/`b0

t
−
tr ∼ t

−
`
2

/ta ∼ `b0/z
+

`
2 → ε−

`
∼ z
−
`
2

/t−tr ∼ z
−
`
2

z
+

`
2
/`b0
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K+

`
∼ z+

`
2 ∼ kE+(k)→ z+

`
∼

√
kE+(k),

K−
`
∼ z−

`
2 ∼ kE−(k)→ z−

`
∼

√
kE−(k)

within the inertial range k0 � k � kν

ε+

`
∼ ε−

`
∼ ε ∼ [kE+(k)][kE−(k)]k/b0 E+(k)E−(k) ∼ (b0ε)k

−3

suppose that E+(k) ∼ k−m
+
and E−(k) ∼ k−m

− −→ m+ + m− = 3

* dissipation scales (PM ∼ 1)

t
+
tr ∼ t+

ν ∼ `+2

/ν → `+
ν ∼ νb0/z−`+

ν

2

, t−tr ∼ t−ν ∼ `−
2

/ν → `−ν ∼ νb0/z+

`−
ν

2

it can be showned that k+
ν ∼ k−ν which leads to kν ∼ (ε/b0ν

2)
1/3 ∼ 1/`ν

* K41 b0 ∼ 0, a similar analysis
t

+
tr ∼ t

+

`
, t−tr ∼ t

−
`

and ε+

`
∼ ε−

`
∼ ε leads to m+ = m− = 5/3

* with dissipation wave number kν ∼ (ε/ν3)
1/4
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Anisotropic descriptions

Here, let's write B = B0 + b, where B0 is an ambient magnetic �eld.
It is possible to take into account anisotropy within weak turbulence theory

(weak nonlinearity) using resonant triad waves interactions 6 theory; waves
satisfy conditions:
k(1) + k(2) = k(3), ω̄(1) + ω̄(2) ≈ ω̄(3), with dispersion relationship ω̄ = ±vak‖
As only oppositely travelling waves interact, the 3 waves must satisfy

k
(1)
‖ + k

(2)
‖ = k

(3)
‖ and vak

(1)
‖ − vak

(2)
‖ ≈ ±vak

(3)
‖ ,

the only possibilities are

k
(1)
‖ ≈ k

(3)
‖ , k

(2)
‖ ≈ 0, ω̄(2) ≈ 0

k
(2)
‖ ≈ k

(3)
‖ , k

(1)
‖ ≈ 0, ω̄(1) ≈ 0

• modes k‖ ≈ 0, ω̄ ≈ 0 are not really waves but rather quasi-2D �uctuations
highly elongated along B0

• wave (1), for ex., interacts with a quasi-static quasi-2D disturbance and the

generated wave (3) has ∼ k
(1)
‖ , so a negligible change in `‖ from the collision

6strict resonance is not required for the non-linear interactions between 3 waves of

form zke
i(k ·x−ω̄t)

H. Politano (UNS) MHD Turbulence M2 2016-2017 33 / 45



Magnetohydrodynamic Turbulence (MHD) Some Exacts relationships Intermittency

• For sake of simplicity, we still suppose PM ∼ 1 and zero cross helicity
(Hc ∼ 0), thus z+

`
∼ z−

`
∼ z`

• IKa, B0 � brms

* ta � t`
energy transfer time
ttr ∼ t2`/ta ∼ (`⊥/z`)2/(`‖/B0) ∼ (k‖B0)/(k2⊥z

2
`)

energy �ux down through the inertial range

ε+

`
∼ ε−

`
∼ ε` ∼ ε ∼ z2`/ttr ∼ k2⊥z

4
`/k‖B0 −→ z` ∼ (εk‖B0/k

2
⊥)

1/4

which leads to ε ∼ k2⊥(k‖k⊥E (k⊥, k‖)
2/(k‖B0) and

E (k⊥, k‖) ∼ (εB0)1/2k
−1/2
‖ k−2⊥ (Ng & Bhattacharjee, 1997)

* ta � εt`, asymptotic analytical result within Alfvén waves

turbulence theory E (k‖, k⊥) ∼ Ck f (k‖)k⊥
−2 (k‖ 6= 0)

(no energy transfer along B0) (Galtier et al., 2000)
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• K41a, B0 ∼ brms

"strong" turbulence regime, i.e. strong non-linear collisions of z+ and
z− propagating waves to pass energy to smaller scales, with the so
called critical balance assumption t` ∼ ta, i.e. equilibrium between
inertial forces and Maxwell stresses (Goldreich & Sridhar, 1995)

* nonlinear interaction time = interaction time of 2 oppositely
travelling waves (as only 1 collision is needed): ta ∼ `‖/B0

* �ux of energy though inertial rang: ε` ∼ z2`/ta ∼ z2`/t` ∼ z3`/`⊥

* this yields z2` ∼ ε
2/3`

2/3
⊥ → z2` ∼ k⊥E (k⊥) ∼ ε2/3k⊥−2/3 and thus

E (k⊥) ∼ ε2/3k⊥−5/3

Remarks:
- `‖ ∼ B0`⊥/z` ∼ (B0/ε

1/3)`
2/3
⊥

- z2` ∼ ε
2/3`

2/3
⊥ ∼ ε`‖/B0 −→ E (k‖) ∼ (ε/B0)k−2‖

- within IK theory (ta � t`), assuming E (k⊥, k‖) ∼ k
−a
⊥ k

−b
‖ , it can be show

that 3a + 2b = 7, thus a = 5/3, b = 1 for K41a & a = 2, b = 1/2 for IKa,

and, if ta(`‖)/t`(`⊥) ∼ cst, `‖ ∼ (B0/ε
1/3
IKa

)`
2/3
⊥ (Galtier et al., 2005)
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von Kármán-Howarth equations

To obtain such von Kármán-Howarth (VKH) equations:

1) write the two-point (at x & x + r) correlations for the di�erent
components of given �elds (u,b, z±, ..), or their respective increments,
namely 1st, 2nd and 3rd order correlations, reduce the associated tensors
(or pseudo-tensors) using incompressibility condition, homogeneity and
isotropy assumptions, �nally write the tensor coe�cients in terms of up
longitudinal component (‖ to r) and un1, un2 lateral components (⊥ to r)

2) write the movement equations at two di�erent spatial locations, x &
x + r , derive the time evolution of the two-point second order correlation
of the �elds (u,b, z±, ..) and, using homogeneity, obtain the equations for
the tensor coe�cients
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• VKH eq. (1938) for homogeneous fully isotropic NS turbulence

∂

∂t
< up(x)up(x + r) >=

1

r4
∂

∂r
[r4 < u2p(x)up(x + r) >]

+ 2ν
1

r4
∂

∂r
[r4

∂

∂r
< up(x)up(x + r) >] (1)

a VKH eq. for helical �ows (skew isotropy) can be derived (Gomez et al., 2000)

• VKH for homogeneous isotropic MHD turbulence
for sake of simplicity, let consider PM = 1 (Politano & Pouquet, 1998)

∂

∂t
< z±p (x)z±p (x + r) >=

1

r4
∂

∂r
[r4 < z±p (x)z∓p (x)z±p (x + r) >]

+ 2ν
1

r4
∂

∂r
[r4

∂

∂r
< z±p (x)z±p (x + r) >] (2)

a VKH eq. for magnetic helicity can be obtained (Politano et al. 2003)
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Laws for third-order correlation of increments

• Kolmogorov "4/5" law
* consider velocity increments δui (r) = ui (x + r)− ui (x) and the 2nd
order < δui (r)δuj(r) > and 3rd order < δui (r)δuj(r)δuk(r) >
structure functions. Let replace them in VKH eq. (1), and use
∂tE = −ε = 1

2∂t < ui (x)ui (x) >= 3
2∂t < u2p(x) > (by isotropy)

* under hypothesis : i) t →∞ (stationary state) and ε is �nite per unit
mass (ν �xed) and ii) ν → 0 (ε still �xed), one obtains

< (δup(r))3 >= −4
5
εr within the inertial range

• MHD "4/3" law
a similar approach for MHD VKH eq. (2) gives in the inertial range

< (δz± · δz±)δz∓p (r) >= −4
3
ε±r

(Politano & Pouquet, 1998)
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Structures fonctions and scaling exponents

Two-points statistics can be described in terms of moments of velocity
increments (or "structure functions") of order p, for `� `0, namely

δvp
`
≡< [u(x + `)− u(x)]p >

where, here, u is the �eld component, say velocity, in the direction of the

separation vector ` = (`, 0, 0) (longitudinal component).

Suppose a scaling law within the inertial range `ν � `� `0; δv
p

`
∼ `ξp

exact results

* if u-�uctuations are bounded then ξ2p+2 > ξ2p (p =1, 2, 3 ..) (Frisch 91)

* Schwartz inequality gives ξp+q > (ξ2p + ξ2q)/2 (for all positive p, q)
* hence, d2ξp/dp

2 6 0 and ξp is a concave function of p (∀p > 0)

linear behavior of ξp predicted from phenomenology
* K41 approach ξp = p/3
* IK approach ξp = p/4 (uncorrelated case)
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Experimental results

* many analysis of observational and numerical data show departure from a
linear behavior of the scaling exponents, ξp, and this departure becomes
larger as p ↗ ... something is going wrong with the original K41 theory

* p.d.f.s of velocity increments have less and less Gaussian forms as `↘;
for ` ∼ `0 the p.d.f of this increments is essentially indistinguishable from a
Gaussian, at inertial range separations, it develops almost expontial wings,
and at even smaller scales, it takes form of "stretched exponential". This is
probably due to the strong localization of the strong �uctuations
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Interpretation and modeling

• Source of the fundamental problem with K41 : within a volume V`, it
is not the mean rate of dissipation ε that is relevant but rather the
local dissipation ε(x , t) = ν/2(∂jui + ∂iuj)

2 averaged over V` (for ex.

a sphere of center x and radius `) : ε`(x , t) ≡< ε(x , t) >V`
< εp

`
(x , t) > will depend upon ` (homogeneity) and let's suppose

< εp
`

(x , t) >∼ `τp (`ν � `� `0)

• ε` ∼ (δv`)2/t` ∼ (δv`)3/`, with ε` ∼< ε`(x , t) >, δv` has the same

scaling laws than (`ε`)1/3 (Re�ned similarity hypothesis, Kolmogorov 62)

• (δv`)p ∼ (`ε`)p/3 ∼ `p/3`τp/3 ∼ `ξp −→ ξp = p/3 + τp/3
• many attempts to take into account the in�uence of possibly strong
�uctuations in ε (or intermittency) with a modeling of τp/3 exponent
retaining the central concept of energy cascade through an extended
inertial range (Log-normal model (Kolmogorov-Obukhov 62), β−model

(Frisch et al. 78), Log-Poisson model (She-Lévêque 94))
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is not the mean rate of dissipation ε that is relevant but rather the
local dissipation ε(x , t) = ν/2(∂jui + ∂iuj)

2 averaged over V` (for ex.

a sphere of center x and radius `) : ε`(x , t) ≡< ε(x , t) >V`
< εp

`
(x , t) > will depend upon ` (homogeneity) and let's suppose

< εp
`

(x , t) >∼ `τp (`ν � `� `0)

• ε` ∼ (δv`)2/t` ∼ (δv`)3/`, with ε` ∼< ε`(x , t) >, δv` has the same

scaling laws than (`ε`)1/3 (Re�ned similarity hypothesis, Kolmogorov 62)

• (δv`)p ∼ (`ε`)p/3 ∼ `p/3`τp/3 ∼ `ξp −→ ξp = p/3 + τp/3

• many attempts to take into account the in�uence of possibly strong
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Scenario of modi�ed Richardson's cascade

sporadic energy tranfer through inertial range: only a small fraction of eddies of
size `� `0 is involved in the energy transfer to smaller scales, the other `-eddies
stay at rest (excitation on scale ` is con�ned, eddies are thus no more space-�lling)
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Log-Poisson model

The Log-Poisson model (She-Lévêque (SL),1994) currently provides the
best �t for the ξp-exponents computed from experimental or numerical
data.

• essential assumption: existence of a hierarchy of successive moments
of energy dissipation at a given scale ` with a power law exponent, β,
of the hierarchy (0 < β < 1)

• scaling exponent, α, for the characteristic time to dissipate the
maximum amount of energy in the most intermittent dissipative
structures; t` ∼ `α (one can set a value for α in accordance with some

phenomenology)

• C0 codimension of the dissipative structures; C0 = α/(1− β), and as
C0 6 D (where D is the dimension of space) → β 6 1− α/D

The model is thus a two-parameter model (for a general formulation of the

model see Politano & Pouquet, 1995).
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• SL HD ξp =
p

3
+ α(

1− βp/3

1− β
− p

3
)

"standard" model: α = 2/3 (K41) and C0 = 2 codimension of
tube-like dissipative structures → β = 2/3 (original SL model, 1994)

• SL MHD IK, case Hc ∼ 0 & PM ∼ 1, ξp =
p

4
+ α(

1− βp/4

1− β
− p

4
)

"standard" model: α = 1/2 (IK) and C0 = 1 codimension of sheet-
like dissipative structures → β = 1/2 (Grauer et al., 1994)

• SL MHD K41, case Hc ∼ 0 & PM ∼ 1, ξp =
p

3
+ α(

1− βp/3

1− β
− p

3
)

"standard" model: α = 2/3 (K41) and C0 = 1 codimension of
sheet-like dissipative structures → β = 1/3 (Horbury & Balogh, 1997)

In the case of anisotropic MHD see, for ex., W.-C. Müller, in Lecture Notes in

Physics, vol. 756, 2009
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