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* Lecture 1: From Hopf to Feynman diagrams
* Coproduct
* Hopf algebra
* Twisted product
* Feynman diagrams (with proofs)

* Lecture 2:
* Cumulant expansion
* A new coproduct for connected diagrams
 Structure of Green functions
* Renormalization



A Hopf algebra is an algebra A with unit 1 and with

Acoproduct At A — AR A, Aa =) a,) @ ay,is
an algebra morphism A(ab) = (Aa)(Ab)

A counit € : A — C such that
>_elawy)a@) = 2_amelap) =a

The counit is an algebra morphism
e(ab) = e(a)e(b)

An antipode S : A — A
> Slany)ae) = > am)S(aw)) = ¢c(a)l



« A is the polynomial algebra generated by the fields at
distinct points.

* The coproduct IS

NG = 2 () ()

71=0 7=0
90]1(371) Spjk(ajk) ®90 1_91(371)"'907%_%(331@)
* The counit satisfies

8(90”1 (CIZ‘l) c o g&nk (xk)) — 577,1,0 c o 57%,0

* The antipode
S(m (1) .. " () = (— 1) () " (1)



» A Laplace pairingisamap (.].) : A® A —C
(albc) = ) (a@)lb)(ag)lc)
(ablc) > (aleqy) (ble))

* Inparticular (a|1) = (1|a) = £(a) (¢™(x)[1) = dn.o

* Wick's theorem qob = Z(a(l) \b(l)) a(2)b(2)

* Examples

p(z) o v(y)
p*(x) o p(y)
p* () o p*(y)

p(r)e(y) + gz, y)
o (x)p(y) + 29(z, y) p(z)
o (x)* (y) + 49(x,y) o(x)e(y) + 49° (z, )



If g(z,y) = (0|T (p(x)e(y))]0) (properly regularized), the
twisted product is the (commutative) chronological (or

time-ordered) product
Previous iterated time-ordered product 7' (¢"(z)) = ¢"(z)

T(p™ (1), -, 9™ (k) = " (1) 0 -+ 0 ™ ()
Example: T'(0* (), o(y)) = ¢*(z) 0 o(y)
New definition T : A — A such that
T(ab) =T(a) o T'(b) and T(¢(z)) = p(x)
Example: T'(¢*(2)¢(y)) = ¢(z) o p(z) o p(y)
Feynman integral or functional derivative approaches



+ For (0|T(¢°(2)¢° (1)$*(2))0)

° Previous definition

Z Yy
.

* New definition: add loops g(z, x), etc.

@@O—Q

+

VAR



A primitive element is an element © € A such that
Au=u®1+1Qxu

The fields ¢(x) are the primitive elements

For symmetric g(z,y), defineT : A — A by
T(ab) =T(a)oT(b), T(u) =u

Does not work for the operator product

The map T is a coregular action: T'(a) = > t(ax,)aw
with t(a) = e(T'(a))

Exponential form: t(a) = ¢*" (a)



If 7 and o are linear maps A — C, their convolution is

o x T( Z o(ay)T(as)
Our coproduct is cocommutative ) ax) ® aqy = Y aaq) @ G
The convolution product is associative and commutative
The convolution powers of 7 are

™(a) = e(a)
1 (a) = 7(a)
Fx(n+1) (a) = Z T(aw)T" ()

The convolution exponential of 7 is

e (a) = Z L)

nl
n=0



° Letr ( 0if k& # 2, T( (x 1)@(:132)) = g(x1,x2)

T))) =
» Then t(a ) <O\T( )|0) = e*7(a)
» Examples (0|7 (p(x)p(y))|0) = ) = e (p(x)p(y))
0) = ( )( y) + 2g(x,y)°
= 7 (p*(z)p*(v))

* EquationT(a) = > e*"(aq,)a IS €quivalent to

(01T (¢*(2)* (1)) 10)

T(a) — ef dwdy%g(x,y) 590(13?590(3;) (a,)

Anderson (1954), Brunetti, Ditsch, Fredenhagen (2009)



* Forany7: A —C, any a € Aand any primitive «
e (au) = ) e (an))T(ap)u)
* First, prove ) (qu) = (n + 1) ZT*n(CL(l))T(a(z)U)
« This is true for n = 0 because T(au) = > e(an)T(awu)
« |f this is true up to n, then
D au) = Y T (aw) )T ((au) o)

= Z T (aqyu)T(ae) + Z T (aw)T(ae u)

= n Z *(n=1) (@) T(a@yu)T(aE) + Z T (@) T (e u)
* Conclude by

e (au) = Z i7'*”(au)

n!
n=0



* If the only non-zero value of 7 is 7(p(z1)p(x2)) = g(z1,22)
then t(a) = e*" (a)

* Induction on the degree of a
« Truefora=1,a = p(x)and a = p(z1)p(x2)

« |f this is true up to degreen, take a of degree n
tlau) = e(T(au)) =¢(T(a)ou)

Zt(a<1>)5(a(2> ou) = Zt(a<1>)(a<z>|U)

« u is of degree 1, so that a,is of degree 1 and (a)|u) = T(a@x u)

« The recursion hypothesis gives us

:E e*" () T(a@u) E e*" (au)



If t : A — C satisfies (1) = 1, there is a 7 such that
t(a) = e (a)

The convolution inverse of ¢ satisfiest xt ~! = ¢

We have t~!(a) = e*(=")(a)

Let T, 7' : A — A with T'(a) = > t(ay,)aw and

T~ a) = >t (auw))ae), then T (T(a)) = a

Recover the product of normal products by
aob=T(T *(a)T~ (b))

Brunetti, Dutsch, Fredenhagen (2009)



Hamiltonian H = Hy + V

Initial state: eigenstate |®o) of H

When the initial state is non-degenerate, it can be
considered as a new vacuum (occupied and unoccupied
orbitals)

In the presence of symmetry, the initial state is often
degenerate

QFT (Wightman and Challifour)

Degeneracy has very important technological
consequences (giant magnetoresistance)



Gemstones

Chromium in an oxygen octahedron (ruby
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and emerald)

-
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Calculate(®(|T'(a)|P() and the Green functions for a
general initial state | ()

Many QFT tools break down
* Wick's theorem fails (pairings are not enough)

* Green functions cannot be written in terms of Feynman
diagrams

* The Gell-Mann and Low formula does not converge

* The Dyson equation and the Bethe-Salpeter equation do not
hold

Slow reconstruction of these tools
Combinatorics is tough



* Perturbative expansion for ¢°(z)

Gz,y) = ; L+><+,%+>ﬂ,+%+><+j\

x

R PR RS S

7 9
+y.+./e\.+9 €.+.‘>°<._|_. e e e ..

* Cumulants D, (z1,...,xz,)of the initial state

<q)0|€f dx@(£)](£)|i)0> — 622021 % fdxl---dann<x1 ----- .’En)](ilf1)j($n)

* Example D3(:z;,y,z):/l\

T Yy



In terms of Hopf algebra, we have simply
(Po|T'(a)|Po) = €7 (a)
The only change is

T(gp(xl) . gp(a:n)) = D,(x1,...,2Tn)
Decomposition of Green function in terms of
connected Green functions

One-particle irreducible structure of Green functions
Dyson equation

Bethe-Salpeter equation

Effective Hamiltonians



* How to describe a connected graph ?

L1 £

;7:06+N+%+ +X+Z

Tg X3

* Define a second coproduct
0™ (z) = 0" (2) ®1+1Q ¢"(x)
I (@)™ (y) = (09" (x)) (0™ (v))
= ¢"(@)p"(y) @1+ ¢"(z) ® ™ (y)
+e™ (y) ® " (2)1 @ " ()™ (y)

* The convolution product for this coproduct is
Ruelle's product



* Distinguish the two coproducts

N WECErEE

50" (z) = ¢ (2) ® 1+ 10 " (2)

* Graphical representation

A)\ = )\®-+3/\®1+31®/\+-®)\
5/‘\ = /‘\®1+1®/‘\

* Sweedler's notation Aa=)> ay ® agq

0a =) ap @ ag



(A, d)is a coalgebra with the counit defined by
es(1) =1, es(¢™(x)) =0 forall n
The map 3 = A is a right coaction of (A, A)on (A, J)

(b Id)p = [{dxRA)S
(ld®e)s = Id
(A,d)isa (A, A)-comodule coalgebra
(es®Id)B = les
(RIS = (dRId®p)(Ide T Id)(8® 3)

Sweedler's notation

Z es(ap))ae = es(a)l

E :am[l] Q) Aype) @ A2y = E :a[u(l) ® A2y (1) @ A1) (2) A2y (2)



Fora = " (z1)...¢0"*(xk), t(a) = (0|T'(a)|0) is
the sum over all Feynman diagrams with &
vertices, with n; edges attached to vertex z;

The sum over connected diagrams is t.(a)

The relation is =N

— _ Z ;)n Zt(am)- . ()

n=1

te(a

N—"

where > ay ®ay =Aa=Aac—a®1-1®a

Example

te(u)
te(uv)

te(uvw)

t(u)
t(uv) — t(u)t(v)
t(uvw) — t(u)t(vw) — t(v)t(uw) — t(w)t(uv) + 2t(u)t(v)t(w)



* Fora = @*(21)p°(x2)p” (23)9*(x4), the graphs
are

;v:OO+[><]+%+ +X+Z

T4 I3

* The sum over connected graphs is indeed
tc(a) = tla) —t(o*(z1)p°(z2))t(0° (z3) > (z4))
—t(p?(z1) @ (z3) )t (¢° (z2) > (24))
—t(p? (1)@ (w4) )t (¢° (z2) 0> (23))
* Well known: Haag (1958), Epstein and Glaser
(1973),Fredenhagen et al. (1997,2001), Mestre and
Oeckl (2006)



Fora = p(z1)...p(xk), T(a) = p(x1) o0 p(xy)
We have T'(a) = 3 t(an))aw) , With t(a) = e(T'(a))
We defined thoeO connected time-ordering

Te(a) = — Z (—;)” ZT(CL[;])- ()
Using the corﬁzhule coalgebraic structure,

Te(a) = Ztc(&u))@@)
with

te(a) = — Z i Zt(au])° . t(am)

n

n=1



The Ruelle product is
fogla)=>_ flan)glap)
If we put ¢.(1) = 0, then t(a) = e®**(a)
A local Lagrangian is primitive: if £(z) = A\p*(x)
0L(x) =L(r)®1+1® L(x)
If w= [dzL(z), then fe* = e* ® ¥
Thus, t(e*) = e'(¢") . We recover Z = ¢

How about Green functions?



For a = o(z1)...p(x,), the Green function is
t(ae™)
t(e%)

G(a) — G($1, . . ,xn) —

The relations t(a) = €< (a), de* = e* ® e¥

and e®e(va) = > te(vay;)e e (ay) imply

t(p(z)e”) = te(p(z)e)t(e”)

In other words G(x) = G.(z) where G.(a) = t.(ae")

More generally, assuming G.(1) = 0, the relation
between standard and connected Green functions is

G(a) = €°%<(a)



Johann Melchior Ernst Karl Gerlach
Stlickelberg von Breidenbach zu
Breidenstein und Melsbach (1905-1984)

Nikolay Nikolaevich Bogoliubov
(1909-1992)

Henri Epstein

Vladimir Jurko Glaser (1924-1984)

Gudrun Pinter




For a linear map A : A — A, we define

O

1
Tx(a) = Z HT(A(CM]) o Aag))
n=1
The reduced coproductis da =da—a®1—1®a
Its iteration is ¢ = Id
& = ¢
én—l—l _ (é ® Id®n)én

Notation 6" "a = Z A & -+ Q9 Apy
If A(1) =0, then Ty(a) = T'(e*(a))



Example a = ¢*(x)¢° (y)
Reduced coproduct

a = (@) (y)
da = ¢ (2) @ (y) + ¢ (y) ® °(z)
0'a = 0, n>1

Transformed T-product
Ta(a) = T(AP@)*)) + T(AP* @) A )

A is called a generalized vertex by Bogoliubov



Bogoliubov-Pinter T (a Zni ...A(am]))

For a local Lagrangianu = [ ¢"(x)dx
5(e" —1) = (" — 1) @ (¢" — 1)
Thus, Ta(e¥) = Ta(1) + Tale® — 1)
= Ta(1) +T(eMe" 1) —1)
If we assume T (1) =T(1) =1, then
Tp(e") = T(e®*(e*)) = T(e"»)
The renormalized Lagrangian is ux = A(e" — 1)



The renormalized Lagrangian is uax = A(e* — 1)
The image of A is local (i.e. primitive)

For example

A(gp4(x1 :Cn /dx5 Tr] — ) — )

In general A(u) = u is the bare Lagrangian and
up — u are the counterterms
Compatible with connectivity



The renormalize Lagrangian u, is related to the bare
Lagrangianu by e®*(e%) = e¥A

We compose two renormalizations e®* (e®*(a))

For example
e (uv) = A(uv) + A(u)A(v)
et (o4 (wv)) = A (A(wv)) + A (Aw)A (V) + A" (Aw)) A’ (A(v)
We define the product A’ @ A(a) = A’(e®*(a))

We have e®A' (e (a)) = (A *M) (q)



Let £ be the set of linear maps from A to the
primitive elements of A

L endowed with the product e is a unital associative
algebra

The unit of this algebra is the map Ag that is the
identity for primitive elements and zero otherwise

The invertible elements of this algebra are the maps
that are invertible over the primitive elements

In the standard case A(u) = v and we have a group



* Gauge theory: the Slavnov-Taylor identities generate
a Hopf ideal of the Hopf algebra of renormalization
(van Suijlekom)

* Noncommutative analogues of connectivity, one-
particle irreducibility, renormalization

* Extension to non-relativistic case (same time instead
of same spacetime point)

* Open problems
* Direct connection with BPHZ

* Rigorous formulation of the quantum field Hopf algebra
over spacetime



Product of fields at a point
" (@)™ () = " T (z)

Coproduct of smoothed fields ¢(g) = [ dzo(x)g(x)

n

Ap™(g) =) (Z) / dz ¢*(z) ® "~ *(z)g(x)

k=0
Product of the polynomial algebra in the variable ¢ by

the manifold R*

For a general manifold, define a Hopf algebra bundle



Dltsch and Fredenhagen: Non linear evaluation
functionals: ©"(x)|h] = h"(x)

Smoothed fields: ™ (g)[A] = / dz b () g()

Coproduct "
A" @inhe] = Y ()t @] @ " H)lha
k=0
= @)+ R

Smoothed coproduct .
Ag"(g) k. b Z() [ (k) @ mg @ )gt

= ¢"(g)|h1 + h2]



