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of a suitable Grothendieck ring without requiring that the 
Lefschetz motive be invertible.

© 2024 Elsevier Inc. All rights are reserved, including those 
for text and data mining, AI training, and similar 

technologies.
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1. Introduction

1.1. Context

To a polynomial function germ f : (Cn, 0) → (C, 0), J. Milnor in [20] associates a 
smooth locally trivial fibration that, for some particular f , allows him to show that the 
link of f−1(0) at the origin is an exotic sphere, i.e. a manifold homeomorphic but not 
diffeomorphic to the unit sphere. This fibration, now referred to as the Milnor fibration, 
is dfined by f/|f | : Sε \f−1(0) → S1, where Sε is the sphere centred at the origin in Cn

of a sufficiently small radius ε > 0. As Lê D. T. shows in [17], if ε > 0 is small enough 
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and if δ > 0 is much smaller than ε then the Milnor fibration is smoothly equivalent to 
the monodromy fibration

f|Bε∩f−1(D∗
δ ) : Bε ∩ f−1(D∗

δ ) → D∗
δ ,

where Bε and D∗
δ denote the open ball centred at the origin in Cn of radius ε and the 

punctured open disc centred at the origin in C of radius δ, respectively. As it is now 
customary, by the topological Milnor fibration and the Milnor fibre we mean any of these 
fibrations and its fibre, up to smooth diffeomorphism.

The Milnor fibre and the Milnor fibration turned out to be a fundamental source of 
invariants of complex analytic hypersurface germs and an essential tool in the study 
of hypersurface singularities. The Milnor fibration can be investigated via a variety of 
methods: Morse theory, resolution of singularities, sheaf theory, oscillatory integrals, 
mixed Hodge theory, D-modules and microlocal methods, among others (we refer to 
[18], [6], [9], [2] and the references therein).

Note that neither the total space of the Milnor fibration nor the Milnor fibre is an 
algebraic variety. In [8], J. Denef and F. Loeser introduce the motivic Milnor fibre which 
lies in the localisation of some equivariant Grothendieck ring of algebraic varieties. In 
what follows, we use an equivalent setting due to Guibert–Loeser--Merle [13]; see §3.3.2. 
The motivic Milnor fibre of f at the origin is dfined by means of arc spaces and expressed 
in terms of a resolution of singularities, as a formal limit of a rational power series 
called the motivic zeta function. The localisation, which simply consists in making the 
Lefschetz motive invertible, is necessary to use motivic integration in order to prove that 
the motivic Milnor fibre formula doesn’t depend on the choice of a resolution. The latter 
is a motivic incarnation of the Milnor fibration, even if it is called the motivic Milnor 
fibre, in the sense that the common known realisations (additive invariants) of both the 
motivic Milnor fibre and the topological Milnor fibration coincide [8], [13].

In this paper we address the following question: is there a geometric object encoding 
both topological Milnor fibration and motivic Milnor fibre? In this direction, J. Nicaise 
and J. Sebag construct in [22] a rigid analytic Milnor fibre by means of non-Archimedean 
geometry whose étale cohomology is related to the topological Milnor fibre (together with 
the action of monodromy). Using Hrushovski–Kazhdan version of motivic integration, 
E. Hrushovski and F. Loeser introduce in [14] a dfinable Milnor fibre from which they 
recover the motivic Milnor fibre and the Lefschetz numbers of the monodromy, without 
using the resolution of singularities. Then J. Nicaise and S. Payne obtain in [21] a similar 
result and show that there is no need to localise the Grothendieck ring with respect to 
the Lefschetz motive for the motivic Milnor fibre to be well-defined. See also [10].

We propose a geometric framework that includes both topological Milnor fibration 
and motivic Milnor fibre. For this purpose, we give two different though equivalent 
constructions. The first one generalizes the log-geometric construction pioneered by K. 
Kato and C. Nakayama in [15] and applied here to the topological Milnor fibration. The 
second one is based on real oriented blowings-up, following N. A’Campo [1], together 
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with a version of the deformation to the normal cone that is used in [13]. Assuming that 
f : M → C, dfined globally, has only normal crossing singularities along D := f−1(0), 
we construct a space (M,D)cpl over M , stratfied over the canonical stratfication on 
M induced by the irreducible components of D. The superscript cpl stands for complete
since it contains our model of the motivic Milnor fibration space, denoted by (M,D)mot, 
and since its boundary (M,D)top coincides with A’Campo’s first model of the topological 
Milnor fibration space. To be more precise, we obtain these models of Milnor fibration 
only after taking restrictions of these three spaces to D.

The use of logarithmic geometry to study the topological Milnor fibration and fibre 
is already present, implicitly, in [1]. In the context of the weight and Hodge filtrations, 
it appears in [16]. It has been used recently in [4], [5], and, again implicitly, in [7]. We 
are not aware of the previous use of log-geometry to study the motivic Milnor fibre.

We have to assume that f is a globally dfined algebraic function having only normal
crossing singularities because we need a local combinatorial structure. It is likely that our 
method can be generalized to the toroidal case, we will study it in forthcoming papers. 
In recent years, there have been many efforts to give computational expressions of the 
motivic Milnor fibre that do not rely on resolution of singularities. We do not know at 
the moment how to put our constructions in such a framework. Instead, we provide a 
complete description of the effect of a blowing-up on each the three spaces (M,D)cpl, 
(M,D)mot, and (M,D)top, that we find surprisingly simple and elegant.

1.2. Set-up

Let M be a nonsingular complex algebraic variety and let f : (M,D) → (C, 0) be a 
regular function. We assume that D := f−1(0) is a divisor with simple normal crossings, 
that is D =

⋃
i∈I Di where the Di’s are nonsingular hypersurfaces meeting transversally.

For i ∈ I, let pi : Li → M be the algebraic line bundle associated with Di together 
with si be a regular section of Li such that Di is dfined by si as a subvariety (in 
particular Di is reduced and si is transverse to the zero section), see for instance [12, 
§1.1]. Then we can write

f(x) = u(x)
∏
i∈I

si(x)Ni (1)

where u(x) is a nowhere vanishing regular function and (Ni)i∈I ∈ NI . For J ⊂ I, we set

DJ =
⋂
j∈J

Dj and D◦
J = DJ \

⋃
i/ ∈J

Di

Note that D∅ = M and that D◦
∅

= M \ D, therefore {D◦
J}J⊂I and {D◦

J}∅ �=J⊂I are 
stratfications of M and D, respectively.

The use of global line bundles and global sections replaces local computations so 
that we don’t have to check that our constructions don’t depend on the choice of local 
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coordinates. Though the sections si are not uniquely dfined, the log-geometric approach 
gives canonical definitions of our constructions which don’t depend on the choice of these 
sections.

1.3. Outline of the paper and main results

First, in Section 2, we give simple sheaf-theoretic definitions of (M,D)clog, (M,D)alog, 
and (M,D)log which are of log-geometric nature, the space (M,D)log being the classical 
Kato–Nakayama log-space [15]. Recall that the divisorial log structure on M associated 
to D is the sheaf of multiplicative monoids dfined for an open set U by

M(U) :=
{
f ∈ OM (U) : f|U∩(M\D) is invertible

}
. (2)

In particular for every x ∈ M we have the following exact sequence of monoids

0 → O∗
x → Mx → NJ(x) → 0, (3)

where J(x) := {i ∈ I;x ∈ Di} and the map Mx → NJ(x) sends the germ of f = u
∏

sNi
i

at x to {Ni : i ∈ J(x)}. The Kato–Nakayama log-space (M,D)log is dfined stalkwise as 
the space of monoid morphisms from Mx to S1. The spaces (M,D)alog and (M,D)clog
are dfined in the same way with S1 replaced by C∗ and S1 × (0,∞], respectively; see 
Section 2.

These spaces are equipped with natural stratfications coming from the canonical 
stratfication of D = �∅ �=J⊂I D

◦
J , endowing (M,D)alog|D◦

J
with a structure of (C∗)J -torsor, 

and (M,D)log|D◦
J

with a structure of (S1)J -torsor. This construction is functorial and, after 
taking the restriction to D, this functoriality induces the following commutative diagram

(M,D)alog|D (M,D)clog|D (M,D)log|D

(C, 0)alog|0 (C, 0)clog|0 (C, 0)log|0

C∗ (0,∞] × S1 S1

←↩ →

←→ falog
|D ←→ fclog

|D

←→pr

←→ f log
|D

= = =

←↩ → ← →

(4)

whose interpretation is the core of the paper.

Theorem A. The map f log
|D coincides with A’Campo’s first model of the topological Milnor 

fibration. The reduction of falog
|D gives the motivic Milnor fibre Sf . We obtain f log

|D by 

dividing falog
|D over each stratum D◦

J by (R>0)J in the source and R>0 in the target.

We refer the reader to the beginning of Section 5 for a more detailed explanation 
concerning A’Campo’s models of the topological Milnor fibration.
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The reduction of falog
|D , dfined in Definition 4.12, associates to falog

|D an element in 
the Grothendieck ring of equivariant algebraic varieties.

The proof of Theorem A relies on geometric versions of these log-spaces. For that 
purpose we dfine (M,D)cpl, (M,D)mot, and (M,D)top, which correspond to (M,D)clog, 
(M,D)alog, and (M,D)log, respectively. The construction of these spaces is more geomet
ric albeit more technical. It is based on MacPherson’s Grassmannian graph construction 
[19], a generalisation of the deformation to the normal cone. In Section 3, we use a multi
graph version of it; that is, we apply it simultaneously to the sections si. This suffices to 
dfine (M,D)mot and to show that the reduction of falog to the Grothendieck ring gives 
the motivic Milnor fibre. Up to this point, our approach is similar to that of [13].

In Section 4, we introduce the real oriented multigraph construction and dfine for
mally (M,D)cpl, (M,D)mot, and (M,D)top, see Definition 4.4. Only (M,D)mot is a 
complex algebraic variety; it is dfined in terms of algebraic line bundles over the canon
ical stratfication of M given by D. The space (M,D)top is obtained by dividing these 
bundles by the action of R>0 and thus becomes a semialgebraic set. Nonetheless, thanks 
to its stratfied structure, (M,D)top still carries a lot of information such as the clas
sical log-space; see also Theorem B below. Note that these three spaces, unlike the 
log-spaces (M,D)clog, (M,D)alog, and (M,D)log, depend on the choice of the sections 
si, though this dependence is marginal. Moreover, as we show in §4.4, each of the spaces 
(M,D)cpl, (M,D)mot, and (M,D)top is canonically isomorphic to (M,D)clog, (M,D)alog, 
and (M,D)log, respectively. The proof is geometric and is based on Lemma 2.5 and 
Corollary 2.6 that show that ``the essential part'' of each of the three log-spaces can be 
expressed canonically in terms of normal bundles.

Using this description, we prove Theorem A in §4.4. The geometric intuition behind 
these constructions is that one may interpret (M,D)cpl

|D as an ifinitesimal punctured 

neighbourhood of the zero set D of f whose boundary is (M,D)top|D . It comes with 

a map, sign f : (M,D)cpl
|D → S1, whose restriction to (M,D)top|D gives A’Campo’s first 

model of the topological Milnor fibration. Moreover, (M,D)cpl also contains the algebraic 
variety (M,D)mot. The monodromy fibration, originally given by f itself restricted to 
a punctured neighbourhood of D, induces stratumwise maps fJ : (M,D)mot

|D◦
J
→ C∗, for 

∅ 	= J ⊂ I, involved in the definition of the motivic Milnor fibre Sf . 

It is known that there exist topologically equivalent functions whose motivic Milnor 
fibres don’t coincide, and non topologically equivalent functions with the same motivic 
Milnor fibre, see [3]. However, taking advantage of the present stratfied setting, the 
motive Sf is entirely determined by A’Campo’s first model of the topological Milnor 
fibration.

Theorem B. The motivic Milnor fibre Sf is determined by the stratfied topological Milnor 
fibration sign f : (M,D)top|D → S1.

The proof of Theorem B is given in §4.5.



J.-B. Campesato et al. / Advances in Mathematics 461 (2025) 110075 7

The following diagram roughly summarizes the situation, the diagonal arrow is dfined 
by dividing stratumwise by powers of R>0:

(M,D)cpl
|D (M,D)mot

|D

(M,D)top|D

←→

←↩

→

←
↩

→ .

The diagonal map is the (stratumwise) geometric quotient by (R>0)|J| in the source 
space and R>0 in the target. This allows us to give an interpretation of the minus sign 
in front of the sum and to the coefficients (−1)|J| in the definition of the motivic Milnor 
fibre Sf , see Remarks 4.14 and 7.2:

Sf := −
∑

∅ �=J⊂I

(−1)|J| [(πJ , fJ) : C∗ �

L�
J → D ×C∗] ∈ K0

(
VarC

∗

D×C∗

)
.

In Section 5, devoted to the topological Milnor fibration, we show that A’Campo’s 
[1] second model, i.e. the model of the topological Milnor fibration used to compute the 
zeta function of the monodromy, can be obtained from sign f : (M,D)cpl → S1.

Theorem C. After division by the diagonal action of R>0, the map sign f : (M,D)cpl →
S1 induces a map (

(M,D)cpl \ (M,D)top
)
/R>0 → S1

that coincides with the A’Campo’s second model of the topological Milnor fibration.

Equivalently, the second model is obtained from(
(M,D)clog \ (M,D)log

)
→

(
(C, 0)clog \ (C, 0)log

)
= R>0 × S1

by dividing both the source and the target by the action of R>0. Our description is more 
precise as we give a natural embedding of A’Campo’s second model in (M,D)cpl, see 
Propositions 5.2 and 5.3. Note that our construction is, in principle, similar to the recent 
construction of the topological Milnor fibre equipped with monodromy given in [7]; we 
do not use a partition of unity, instead the passage from local to global relies on line 
bundles and their sections. Nonetheless, we do not go as far as in [7], where a symplectic 
model of the monodromy is constructed.

In Section 6, we study how the spaces (M,D)clog, (M,D)alog and (M,D)log change 
under the blowing-up of M along a centre that is assumed to be included in D and in 
normal crossings with D. This is given by several precise formulae expressed in terms 
of the normal bundles of the centres, the strata, and the exceptional divisor. They rely, 
again, on Lemma 2.5 and Corollary 2.6.
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The formulae given in Section 6 are applied in Section 7, where we return to the 
original problem of relating the local topological Milnor fibration and the motivic Milnor 
fibre. By resolution of singularities, any algebraic f : (Cn, 0) → (C, 0) can be resolved to 
f : (M,D) → (C, 0) as in the set-up. To a singularity resolved thusly, we may associate 
the complete Milnor fibration space (M,D)cpl together with the subspaces (M,D)mot

and (M,D)top. By the weak factorisation theorem [26], the formulae given in Section 6
show how such Milnor fibration spaces obtained for different resolutions are related. In 
particular, we show that the motivic Milnor fibre Sf is well-defined as an element in the 

Grothendieck ring K0

(
VarC

∗

D×C∗

)
and not merely in its localisation, as already noted in 

[21] and [10, Proposition 5.14]. We conjecture that the equivalences given in Section 6
are much stronger and show the existence of the motivic Milnor fibre in a much finer 
Grothendieck ring.

1.4. Notation

Given a vector bundle E, we use the notation E∗ for E with its zero section removed 
and S(E) for the associated sphere bundle; i.e. S(E) is fibrewise dfined by S(E)x =
(Ex \ {0}) /R>0. If E is equipped with a Hermitian metric < ·, · >: E ⊗ E → C, then 
S(E) can be identfied with the set of v ∈ E satisfying < v, v >= 1.

Given a family of fibre bundles (ξi : Ei → X)i∈I , we denote their fibre product by

EI :=
∏
i∈I

X
Ei = {(yi)i∈I : ξi(yi) = ξj(yj)} .

When the ξi are vector bundles and I is finite, we simply obtain the usual direct sum 
construction. Nonetheless, we have to work with more general fibre bundles, hence this 
notation.

Given a family of vector bundles (ξi : Ei → X)i∈I , we denote by E�
I the fibre product 

of the E∗
i , and by S�(EI) the fibre product of the S(Ei), namely

E�
I :=

∏
i∈I

X
E∗

i and S�(EI) :=
∏
i∈I

X
S(Ei).

These bundles are not to be mistaken with E∗
I and S(EI), respectively, which play also 

a role in section 6.
For a vector v of a line bundle L, we set r(v) := v mod S1, L≥0 :=

(
L mod S1) and 

L∗
>0 :=

(
L∗ mod S1), and, if additionally v 	= 0, θ(v) := v mod R>0 ∈ S(L). If L is a 

line bundle over X, then v → (r(v), θ(v)) is a bijection between L∗ and L∗
>0 ×X S(L). 

We denote the inverse of this bijection by (r, θ) → v = rθ, and we sometimes extend it 
to r = 0, in which case v = rθ is the zero vector.
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2. Log constructions of the Milnor fibrations

Let M be a nonsingular complex algebraic variety and f : (M,D) → (C, 0) be a 
regular function such that D := f−1(0) is a divisor with simple normal crossings; i.e. 
D =

⋃
i∈I Di with Di nonsingular hypersurfaces meeting transversally.

In this section, we recall the classical Kato–Nakayama log-space (M,D)log and intro
duce two extensions. The classical Kato–Nakayama log-space (M,D)log was introduced 
in [15] (we refer the reader to [23] for a detailed exposition on log geometry). We dfine 
below a complete log-space denoted by (M,D)clog. It contains both (M,D)log and the 
algebraic log-space (M,D)alog also dfined below. Geometrically, these log-spaces extend 
the normal bundles of the components of D in M ; see Lemma 2.5.

2.1. Log-spaces

Let OM be the structure sheaf of M . Then a prelog structure on M is given by M a 
sheaf of monoids over M together with a morphism of sheaves of monoids α : M → OM

where OM is seen as a sheaf of monoids for the multiplication. We say that a prelog 
structure is a log structure if, furthermore, α : α−1 (O∗

M ) → O∗
M is an isomorphism (so 

that O∗
M can be seen as a subsheaf of M). 

Following [15], the classical Kato–Nakayama log-space of (M,D) is then dfined by

(M,D)log :=
{

(x, ϕ) : x ∈ M, ϕ ∈ Hommon(Mx, S
1), ∀g ∈ O∗

x, ϕ(g) = g(x) 
|g(x)|

}
,

where M is the divisorial log structure on M associated to D, see (2), and, the structure 
of monoid on S1 is just its (multiplicative) group structure.

The complete log-space (M,D)clog and the algebraic log-space (M,D)alog are dfined 
by

(M,D)clog :={
(x, ϕ, ψ) : (x, ϕ) ∈ (M,D)log, ψ ∈ Hommon (Mx, ((0,∞], ·)) ,∀g ∈ O∗

x, ψ(g) = |g(x)|
}
,

and

(M,D)alog := {(x,Φ) : x ∈ M, Φ ∈ Hommon(Mx,C
∗), ∀g ∈ O∗

x, Φ(g) = g(x)} ,

respectively, where (0,∞] and C∗ are equipped with their monoid structures induced by 
multiplication.

Over M \D, all three spaces (M,D)log, (M,D)alog and (M,D)clog are isomorphic to 
M \D since Mx = O∗

x for x ∈ M \D.
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The following diagram summarizes the situation at the level of monoids:

C∗ C∗ ∪ {∞}

R>0 × S1 (0,∞] × S1 {∞} × S1

S1

←↩ →

←↩ →

← →	

←

→prS1

←→ prS1

← →π

→←↩ . (5)

The plain arrows are morphisms of monoids; the dotted arrow is a morphism of semi
groups (recall that a monoid is a semigroup equipped with an identity element1); and 
π : (0,∞] × S1 → C∗ ∪ {∞} denotes the compactfication of C∗ by a circle at ifinity, 
i.e. π(r, eiθ) = reiθ (see §4.2).

The natural isomorphism Hommon(Mx,R>0)×Hommon(Mx, S
1) → Hommon(Mx,C∗)

allows us to identify (M,D)alog with a subspace of (M,D)clog. Similarly, the classical 
log-space (M,D)log can be identfied with the subset of (ϕ,ψ) ∈ (M,D)clog satisfying 
ψ(g) = ∞ for all g vanishing at x.

Note also that (M,D)clog projects canonically onto (M,D)log by forgetting the mor
phism ψ. Similarly (M,D)alog projects canonically onto (M,D)log by dividing by R>0, 
i.e. taking the quotient by the action of R>0 on C∗.

The following commutative diagram, induced by (5), summarizes the situation at the 
level of the log-spaces.

(M,D)alog (M,D)clog (M,D)log

(M,D)log

←↩ →

←

→/R>0

←→ pr

→←↩

⇐⇐

Example 2.1. For M = C and D = 0, we have above the origin

(C, 0)alog|0 � (C, 0)log|0 = C∗ � S1 = (R>0 × S1) � ({∞} × S1)

= (0,∞] × S1 = (C, 0)clog|0 .

The diagram (5) may be rewritten as

1 Note that the usual convention in toric geometry consists in using the term semigroup when referring 
to a monoid.
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C∗ C∗ ∪ {∞}

(C, 0)alog|0 (C, 0)clog|0 (C, 0)log|0

(C, 0)log|0

←↩ →

←↩ →

← →	

←

→/R>0

←→ pr

← →π

→←↩

Example 2.2. For M = C2 and D : x1x2 = 0, the fibre of (M,D)clog above x ∈ D \ {O}
is (M,D)clog|x = (C, 0)clog whereas above the origin we have

(M,D)clog|O =
(
(0,∞] × S1)2

=
(
({∞} × S1) � (R>0 × S1)

)2
= (S1 �C∗)2

= (S1 × S1) � (C∗ ×C∗) � (C∗ × S1) � (S1 ×C∗)

= (M,D)log|O � (M,D)alog|O � (C∗ × S1) � (S1 ×C∗)

Note that (M,D)log|O � (M,D)alog|O is strictly included in (M,D)clog|O : its complement 
is equal to the set of elements (O,φ, ψ) ∈ (M,D)clog|O satisfying ψ(x1x2) = ∞ and 
(ψ(x1), ψ(x2)) 	= (∞,∞). We call this complement the mixed part; see also Examples 4.2
and 6.1.

Remark 2.3. Although equivalent, it would be probably more natural to replace the 
monoid (0,∞] by [0,∞) in our definition of the complete log-space. In our second ap
proach, based on MacPherson’s graph construction, see Section 3, the fibres over the 
divisor D are sent to ifinity and not to zero; we have thus made the choice to follow 
the latter more geometric approach when defining the complete log-space.

Remark 2.4. The complete log-space (M,D)clog differs from the extended log-space de
fined by Cauwbergs in [4] as:

(M,D)ext :=
{
(x, ϕ, ψ) : (x, ϕ) ∈ (M,D)log, ψ ∈ Hommon (Mx, (R≥0,+))

}
.

Both our construction and Cauwbergs’ provide a functorial construction of A’Campo’s 
first model for the topological Milnor fibration together with its monodromy (see Sec
tion 5); the main difference is that our complete log-space (M,D)clog contains (M,D)alog.

2.2. Functoriality

Let F : M → M ′ be a morphism between nonsingular algebraic varieties with simple 
normal crossings divisors satisfying F−1(D′) ⊂ D. Then F gives rise to a morphism 
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of sheaves F ∗ : F−1M′ → M (with M and M′ dfined in (2)) inducing the following 
morphisms of monoids at the level of stalks

F ∗
x :

M′
F (x) → Mx

f �→ f ◦ F
.

Therefore, F induces the morphisms

F log : (M,D)log → (M ′, D′)log,

F clog : (M,D)clog → (M ′, D′)clog,

F alog : (M,D)alog → (M ′, D′)alog.

We apply this observation to the function f : (M,D) → (C, 0) from the set-up, so that 
we get the following diagram

(M,D)alog (M,D)clog (M,D)log

(C, 0)alog (C, 0)clog (C, 0)log

←↩ →

←→ falog ←→ fclog

←→pr

←→ f log

←↩ → ←→

(6)

Restricting to D, we obtain diagram (4). We call falog
|D the log monodromy fibration

analogously to the monodromy fibration induced by f on f−1({z ∈ C : 0 < |z| ≤ ε}).
Composing f clog

|D with (C, 0)clog|0 � (0,∞]×S1 prS1−−−→ S1, we obtain the continuous map

sign f : (M,D)clog|D → S1 (7)

that we call the log-complete Milnor fibration of f .

2.3. Algebraic log-space and normal bundles

In what follows, we describe the algebraic log-space (M,D)alog in terms of the normal 
bundles of the irreducible components of D. This description will be useful in the proof 
of Theorem 4.8 and in Section 6. Let Ni be the normal bundle of Di in M . Recall that 
it is dfined as a quotient bundle by the exact sequence

0 → TDi → TM|Di
→ Ni → 0.

Then the following lemma allows us to identify canonically (M,Di)alog|Di
and N∗

i .

Lemma 2.5. Let x ∈ Di. Then there is a canonical bijection

(M,Di)alogx � Φ ↔ v ∈ (N∗
i )x (8)
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given by the relation Φ(g) = ∂vg(x) where g ∈ Ox is any generator of the ideal of Di.

Proof. If g̃ = ug, where u(x) 	= 0, then ∂v g̃(x) = u(x)∂vg(x) and similarly Φ(g̃) =
u(x)Φ(g). Thus the above formula does not depend on the choice of generator g. �

Following the notation from §1.4, we set

N�
J |D◦

J
:=

∏
i∈J

D◦
J

N∗
i |D◦

J
and S�(NJ |D◦

J
) :=

∏
i∈J

D◦
J

S(Ni|D◦
J
),

then we get the following corollary.

Corollary 2.6. For J ⊂ I, the identfication (8) allows us to identify canonically

(M,D)alog|D◦
J
� N�

J |D◦
J

and (M,D)log|D◦
J
� S�(NJ |D◦

J
). (9)

3. The multigraph construction and the motivic Milnor fibre

In this section, we compute the motivic Milnor fibre using a construction that we 
call the multigraph construction, that is the fibre product of several MacPherson’s graph 
constructions [19].

3.1. MacPherson’s graph construction

Before introducing the graph construction, we briefly recall the related construction 
of the deformation to the normal cone. Let X be a closed subspace of a nonsingular 
complex algebraic variety M .

The deformation to the normal cone CXM is denoted by PXM◦ and is constructed 
as follows (see also [11, Chapter 5]).

Let ρ : PXM → P 1 be the composition of the blowing-up ξ : PXM → M × P 1 of 
M × P 1 along X × {∞} with the projection M × P 1 → P 1. Then ρ−1(∞) is the union 
of two Cartier divisors

ρ−1(∞) = P (CXM ⊕ 1) + M̃.

Here P (CXM ⊕ 1) is the exceptional divisor of ξ and equals the projectivisation of the 
cone CXM ⊕ 1, where 1 denotes the trivial line bundle over X. Thus, P (CXM ⊕ 1) =
CXM � P (CXM).

The divisor M̃ is the strict transform of M×{∞} and is isomorphic to the blowing-up 
of M along X. Thus the exceptional divisor of the latter blowing-up can be identfied 
with the intersection P (CXM ⊕ 1) ∩ M̃ = P (CXM).

In the description of PXM we consider X × P 1 as canonically embedded in PXM , 
i.e. X × P 1 ⊂ PXM , identifying it with its strict transform in PXM (it is isomorphic to 
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X×P 1 because the blowing-up of X×{∞} in X×P 1 is the identity map). In particular 
X × {∞} is the base of the cone CXM .

We dfine PXM◦ as the complement of M̃ in PXM and ρ◦ as the restriction of ρ to 
PXM◦. Then CXM = (ρ◦)−1(∞) and (ρ◦)−1(C) = ρ−1(C) is isomorphic to M ×C.

This situation is summarized in the following diagram.

X × P 1 PXM◦

ρ◦

P 1

The deformation to the normal cone is a special case of MacPherson’s Grassmannian 
graph construction which was introduced in [19].

Let us recall this special case (MacPherson’s construction generalizes to vector bundle 
morphisms E1 → E2 by considering Grassmanian spaces instead of projective spaces).

Assume that X = s−1(0) is the zero locus of a regular section s of a vector bundle 
π : E → M . Consider the embedding

M ×C ↪−→ P (E ⊕ 1) × P 1
C

ρ −→ P 1
C,

given by (y, λ) → ([λs(y) : 1]y, [λ : 1]), and let ρ be the projection onto the second factor. 
Here again, 1 denotes the trivial line bundle and P (E ⊕ 1) is the fibrewise projective 
compactfication of the vector bundle E → M . Then PXM is the closure of the image 
of M ×C in P (E ⊕ 1) × P 1

C.
Suppose that codim(X) = rk(E) (when E is a line bundle -- the case considered in this 

paper -- it is enough to assume that the restriction of s to every irreducible component 
of M is not identically equal to zero). Then the fibre at ifinity of the restriction of ρ to 
PXM can be expressed as the following connected sum over P (E|X)

ρ−1
|PXM (∞) = P (E|X ⊕ 1)

⋃
P(E|X)

M̃, (10)

where ξ : M̃ := {� ∈ P (E), s(π(�)) ∈ �} π−→ M is the blowing-up of M along X and 
P (E|X) is the exceptional divisor.

Indeed, first assume that y → y0 with y0 / ∈ X and λ → ∞; then

[λs(y) : 1] → [s(y0) : 0] ∈ P (Ey0) ⊂ M̃ \ P (E|X).

Next, assume that s(y) → s(y0) where y0 ∈ X and λ → ∞; then either λs(y) → ∞
and [λs(y) : 1] → [1 : 0] = ∞ ∈ P (Ey0) ⊂ P (E|X), or λs(y) → w 	= ∞ and then 
[λs(y) : 1] → [w : 1] ∈ Ey0 ⊂ E|X .

We only need a special case when E is a line bundle and s is not identically equal to 
zero on each irreducible component of M . Then CXM = E|X , P (CXM) is isomorphic 
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to X and the blowing-up of M along X is the identity (this will not be the case when we 
shall replace blowings-up by real oriented blowings-up in the real oriented multigraph 
construction). We simply use the notation PM instead of PXM .

The following picture, inspired by [11, Remark 5.1.1], is illustrative. When λ goes to 
ifinity, we obtain the cone P (E|X⊕1) = P (E|X)�E|X (the dashed vertical line) and the 
blowing-up M̃ of M along X (included in P (E) which is the part at ifinity represented 
by the upper horizontal line) intersecting along the exceptional divisor P (E|X) (the dot 
in the middle of the upper horizontal line).

E|X

P (E)
P (E|X)

π : P (E ⊕ 1) → M

M
X

E
P (E ⊕ 1)λ = 1, λs

λ = 3

λ = 8

From now on, we replace the parameter λ by t = λ−1 so that the special fibre is given 
by t = 0.

3.2. The multigraph construction

Let us now take the set-up from the introduction §1.2, so that M is a nonsingular 
algebraic variety and f : (M,D) → (C, 0) is a regular function such that D := f−1(0) is 
a divisor with simple normal crossings, i.e. such that D =

⋃
i∈I Di with Di nonsingular 

hypersurfaces meeting transversally.
For i ∈ I, let Li → M be the algebraic line bundle associated to Di. Let si be a 

regular section of Li such that (1) holds.
Following [13, (3.5)], we consider the fibre product over M of the graph constructions 

associated to each Di, i.e.

M × (C∗)I ↪−→
∏
i∈I

M
(P (Li ⊕ 1) ×C) ρ −→ CI ,

where the inclusion is given by (x, (ti)i∈I) �→ ([si(x) : ti], ti)i∈I .
Denote by PM the Zariski closure of the image of M×(C∗)I in 

∏
i∈I

M
(P (Li ⊕ 1) ×C). 

We will give a description of the special fibre ρ−1
|PM (0) ⊂ PM . For J ⊂ I, set
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LJ
P :=

∏
i∈J

D◦
J

P
(
Li|D◦

J
⊕ 1

)
.

Remark 3.1. Denote the projection by pr : ρ−1
|PM (0) → M , then

pr−1 (D◦
J ) =

{
([si(x) : 0])i∈I\J , x ∈ D◦

J

}
×LJ

P �
{

([1 : 0])i∈I\J

}
×LJ

P � LJ
P (11)

Remark 3.2. For J = ∅, note that L∅

P = pr−1(M \D) � M \D.

Remark 3.3. For J ⊂ I, note that P
(
Li|D◦

J
⊕ 1

)
= Li|D◦

J
∪ P

(
Li|D◦

J

)
where P

(
Li|D◦

J

)
is the part of the projective compactfication of Li|D◦

J
at ifinity.

For J ⊂ K ⊂ I, we set

PKJ :=
∏
i∈K

D◦
K

PKJ,i ⊂ LK
P

where

PKJ,i :=
{

P
(
Li|D◦

K
⊕ 1

)
if i ∈ J

P
(
Li|D◦

K

)
if i ∈ K \ J (12)

In particular, PKK = LK
P and PK∅ =

∏
i∈K

D◦
K

P
(
Li|D◦

K

)
is the part of LK

P at ifinity.

The following description is useful for comparison with the real oriented case that we 
introduce in the next section. The special fibre ρ−1

|PM(0) may be written as the following 
disjoint union (up to identfication (11))

ρ−1
|PM (0) = �

J⊂I

LJ
P
.

The closure of LJ
P in ρ−1

|PM (0) is the following disjoint union:

LJ
P = �

K⊃J

PKJ .

In particular, the closure of M \D in ρ−1
|PM (0) is isomorphic to M .

3.3. The motivic Milnor fibre

In this section, we follow [13] and keep the notation from §3.2.
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3.3.1. A Grothendieck ring

Definition 3.4. We first dfine the category VarC
∗,n

D×C∗ where n ∈ N>0. An object of 
VarC

∗,n
D×C∗ is a morphism of the form ϕ : Y → D × C∗ where Y is a complex algebraic 

variety equipped with a good C∗-action, meaning that every orbit is contained in an 
a˙ine open subset of Y such that

(i) the fibres of prD ◦ϕ : Y → D are C∗-invariant, and
(ii) ∀λ ∈ C∗, ∀x ∈ Y, π(λ · x) = λnπ(x) where π = prC∗ ◦ϕ.

A morphism of VarC
∗,n

D×C∗ is a C∗-equivariant morphism over D ×C∗:

Y1 Y2

D ×C∗

←

→ϕ1

← →
←→ ϕ2

Definition 3.5. We denote by K0

(
VarC

∗,n
D×C∗

)
the Grothendieck group associated 

to VarC
∗,n

D×C∗ ; it is the free abelian group generated by the isomorphism classes 
[ϕ : Y → D ×C∗] of VarC

∗,n
D×C∗ modulo the following two relations:

(i) If Z is a closed C∗-invariant subvariety of Y , then

[ϕ : Y → D ×C∗] =
[
ϕ|Y \Z : Y \ Z → D ×C∗] +

[
ϕ|Z : Z → D ×C∗] .

(ii) Let ϕ : C∗ �

τY → D×C∗ be in VarC
∗,n

D×C∗ and set ψ = ϕ◦prY : Y ×Cm → D×C∗. 
Let σ and σ′ be two good actions on Y ×Cm such that prY (λ ·σ x) = prY (λ ·σ′ x) =
λ ·τ prY (x). Then ψ : C∗ �

σ(Y ×Cm) → D×C∗ and ψ : C∗ �

σ′(Y ×Cm) → D×C∗

are in VarC
∗,n

D×C∗ and we add the relation

[ψ : C∗ �

σ(Y ×Cm) → D ×C∗] = [ψ : C∗ �

σ′(Y ×Cm) → D ×C∗] .

The fibre product over D × C∗ with diagonal action induces a ring structure on 
K0

(
VarC

∗,n
D×C∗

)
and the fibre product over {pt} = Spec(C) induces a K0(VarC)-module 

structure on K0

(
VarC

∗,n
D×C∗

)
.

Note that the unit of the addition is given by 0 := [∅] and that the unit of the product 
is given by 1n := [id : D ×C∗ → D ×C∗] where λ · (x, r) = (x, λnr).

Definition 3.6. We denote by ≺ the directed partial order on N>0 dfined by m1 ≺ m2 ⇔
∃k ∈ N>0,m1 = km2. For m1 ≺ m2, we set θm2m1 : VarC

∗,m2
D×C∗ → VarC

∗,m1
D×C∗ which only 

replaces the action by λ ·m1 x = λk ·m2 x. Then we set VarC
∗

D×C∗ := lim−−→VarC
∗,n

D×C∗ .
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We dfine similarly K0

(
VarC

∗

D×C∗

)
:= lim−−→K0

(
VarC

∗,n
D×C∗

)
which is a K0 (VarC)

module and set 1 := lim−−→ 1n.

Remark 3.7. The above inductive limits simply mean that we identify ϕ : C∗ �

σY →
D ×C∗ in VarC

∗,n
D×C∗ with ϕ : C∗ �

σ′Y → D ×C∗ in VarC
∗,kn

D×C∗ when λ ·σ′ x = λk ·σ x.

3.3.2. The motivic Milnor fibre
For J ⊂ I, we set

L�
J :=

∏
i∈J

D◦
J

L∗
i |D◦

J
⊂ LJ

P ⊂ ρ−1
|PM (0)

according to the notation from §1.4.
Let us compute f near L�

J in the coordinates ([si(x) : ti], ti)i∈I ∈ (P (Li ⊕ 1) ×R≥0)
on 

∏
i∈I

M
(P (Li ⊕ 1) ×C):

f(x) = u(x)
∏
i∈I

si(x)Ni =
∏
i∈J

tNi
i ·

(
u(x)

∏
i/ ∈J

si(x)Ni

)
·
∏
i∈J

(si(x)/ti)Ni ;

then

f(x) ·
(∏

i∈J

tNi
i

)−1

−→ fJ (x, (vi)i∈J ) ,

as x → D◦
J , t → 0, and si(x)/ti → vi ∈ L∗

i for i ∈ J , and

fJ (x, (vi)i∈J ) = uJ (x)
∏
i∈J

vNi
i (13)

where uJ(x) = u(x)
∏
i/ ∈J

si(x)Ni is a regular nowhere vanishing section of 
d ⊗

i=1 
L−Ni
i over 

D◦
J . 

Given k ∈ NJ
>0, we equip L�

J with the C∗-action dfined by λ · (x, (vi)i∈J ) =(
x,
(
λkivi

)
i∈J

)
.

Proposition 3.8. The class [(πJ , fJ ) : C∗ �

L�
J → D ×C∗] is well-defined in K0

(
VarC

∗

D×C∗

)
and does not depend on the choice of k ∈ NJ

>0.

Proof. By additivity we may work with coordinates, up to working over an open Zariski 
set. Set NJ = gcd{Ni, i ∈ J}; then, by Bézout’s identity, there exist αi ∈ Z such that 
NJ =

∑
αiNi. Dfine L̂�

J :=
{
(x, r) ∈ D◦

J ×C∗, uJ(x)rNJ 	= 0
}
. Then
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L�
J 	

ΨJ

(πJ ,fJ )

L̂�
J ×

{
w ∈ (C∗)J , 

∏
i∈J

w
Ni/NJ

i = 1
}

(
x,uJ (x)rNJ

)
D◦

J ×C∗ ⊂ D ×C∗

,

where

ΨJ (x, (vi)i∈J ) =
(
x, r =

∏
i∈J

v
Ni/NJ

i ,
(
r−αivi

)
i∈J

)
,

and

Ψ−1
J (x, r, w) =

(
x, (rαiwi)i∈J

)
.

For k ∈ NJ
>0, the action on L�

J induces via ΨJ the action λ · (x, r) = (x, λn/NJ r) on 
L̂�
J where n =

∑
i∈J kiNi.

Since Ni > 0, it follows from 3.5.(ii) that the class induced by ΨJ(L�
J) in 

K0

(
VarC

∗,n
D×C∗

)
depends only on the action on L̂�

J . Finally, using Remark 3.7, the class 

induced in K0

(
VarC

∗

D×C∗

)
does not depend on n/NJ , and is, thus, independent of k. �

Definition 3.9. The motivic Milnor fibre of f is dfined by

Sf := −
∑

∅ �=J⊂I

(−1)|J| [(πJ , fJ) : C∗ �

L�
J → D ×C∗] ∈ K0

(
VarC

∗

D×C∗

)
. (14)

Remark 3.10. The motivic Milnor fibre is usually dfined as the formal limit of a power 
series called the motivic zeta function; see Section 7. This formal limit is dfined using 
a rational formula for the motivic zeta function, which is obtained using resolution of 
singularities together with the motivic change of variables formula. Nonetheless, the 
motivic Milnor fibre doesn’t depend on the choice of resolution since the motivic zeta 
function is intrinsically dfined in terms of arc spaces.

The rationality formula relies on motivic integration, for which it is necessary to be 
able to use the multiplicative inverse of the Lefschetz motive L := [C] · 1. Therefore, the 
motivic Milnor fibre is usually dfined as an element of the localised Grothendieck ring 
MC∗

D×C∗ := K0

(
VarC

∗

D×C∗

) [
L−1].

In the present set-up, D := f−1(0) is already assumed to be a divisor with simple 
normal crossings, so we can directly use formula (14) as a definition for the motivic 

Milnor fibre of f as an element of K0

(
VarC

∗

D×C∗

)
(and not MC∗

D×C∗); compare with [13, 
(3.6.3)].

The independence of k in Proposition 3.8, and thus relation 3.5.(ii), is usually used 
to prove that the motivic zeta function is rational; however, we use it in Section 7 to 
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prove that the (local) motivic Milnor fibre of f : (X,x0) → (C, 0) is actually well-defined 
without inverting the Lefschetz motive and without the assumption that f is normal 
crossing (see Theorem 7.1). This fact has already been noticed by J. Nicaise and S. 
Payne [21] and A. Forey [10, Proposition 5.14] using other methods.

4. The real oriented graph construction and the complete Milnor fibration

Real oriented blowings-up are used to study the fibres of complex algebraic or analytic 
functions and mappings; see [1], [24], [16]. The underlying idea is the following. Consider 
an analytic function (or more generally a mapping as in [16]) on a nonsingular space. 
Then, by resolution of singularities, after blowing-up centres included in the special 
fibre, we may assume that this fibre is a normal crossing divisor. Nonetheless, such an 
operation on the special fibre does not make the function locally topologically trivial and 
it is impossible to do it simply by means of complex analytic geometry. On the other 
hand, the fibre product of real oriented blowings-up of the components of the divisor 
with normal crossings has this property. Though the space obtained this way is not a 
complex analytic variety, it carries a lot of information, including the weight filtration 
and the Hodge filtration; cf. [16].

The major contribution of this section is the real oriented multigraph construction
introduced in §4.3. The main idea consists in replacing the blowings-up involved in the 
multigraph construction, see §3.2, by real oriented blowings-up. The resulting space may 
be visualized as the ambient space with the divisor with normal crossings replaced by an 
ifinitesimal punctured neighbourhood. Then, in §4.4, we explain the relation between 
the spaces obtained with this geometric construction and the log-theoretic spaces from 
Section 2.

4.1. Examples

Let us explain the construction of (M,D)cpl, (M,D)mot, and (M,D)top on simple 
examples.

Example 4.1. For M = C and D = {0} we have (C, 0)cpl
0 = (C, 0)mot

0 � (C, 0)top0 , where 
(C, 0)top0 = S1 is the exceptional set of the real oriented blowing-up of C at 0 and 
(C, 0)mot

0 = C∗ = R>0 × S1.

In general, when D has several components, the inclusion

(M,D)cpl ⊃ (M,D)mot � (M,D)top

may be strict and we call the difference (M,D)cpl \ ((M,D)mot � (M,D)top) the mixed 
part. It corresponds to the elements that are ``at ifinity'' only for some, but not all, 
components of D. See the following example (and compare with Example 2.2).
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Example 4.2. For f(x, y) = xy dfined on C2, we get the following schematic picture of 
(M,D)cpl

|D .2

(M,D)mot
|D , in green, represents geometrically an ifinitesi

mal tubular neighbourhood of D (with D removed).
The boundary of (M,D)top|D , in orange, coincides with the to
tal space of A’Campo’s first model of the topological Milnor 
fibration (see Section 5).
The zero section (in black) is not a part of (M,D)cpl

|D .
The square bounded by the purple dashed lines represents 
(M,D)cpl

0 , that is the part over the origin, and the purple 
square itself (without its vertices) represents the mixed part.
Thus, above the origin, we have:
(M,D)cpl

0 = (M,D)top0 
 (M,D)mot
0 
 (M,D)mix

0
= (S1×S1)
(C∗×C∗)


(
(C∗×S1)
(S1×C∗)

)
.

And above x ∈ D \ {0}, we have:
(M,D)cpl

x = S1 
 C∗ = (M,D)topx 
 (M,D)mot
x .

The circle S1 at ifinity of the fibre (in red) is represented 
by two points in blue: we see only S0 since the picture is 
real.

4.2. The real oriented graph construction

Recall that the real oriented blowing-up of C at the origin is dfined by

π = prC : Ĉ =
{
(z, eiθ) ∈ C × S1 : |z|eiθ = z

}
→ C

or equivalently, in terms of polar coordinates, by

π : Ĉ = R≥0 × S1 → C, π(r, eiθ) = reiθ.

Thus, the exceptional divisor π−1(0) � S1 is the space of rays from the origin.
The quotient ((C ×R≥0) \ {(0, 0)}) /R>0 by the diagonal action t · (z, r) := (tz, tr)

can be identfied with the compactfication of C by S1 at ifinity (which we denote by 
P̂ 1), or, equivalently, with the real oriented blowing-up of P 1 at ∞ := [1 : 0]. If we denote 
the latter by π : P̂ 1 → P 1, then π−1(∞) � S1.

From now on and throughout §4.2, we assume that D has a single irreducible com
ponent. More precisely, let M be a nonsingular algebraic variety and let s : M → L

be a regular section of an algebraic line bundle L defining a nonsingular hypersurface 
D = s−1(0).

We dfine L̂ ⊂ L by L̂x := R>0s(x) if s(x) 	= 0 and L̂x := Lx \ {0} otherwise. Then 
the real oriented blowing-up of M along D is M̂ := L̂/R>0 the quotient by the action of 
R>0 on L̂. Note that M̂ depends only on D since if s′ is another suitable section then 
s′ = us for some non-vanishing u.

We denote by S(L⊕1≥0) the fibrewise compactfication of L by S1 at ifinity. Formally, 
it is dfined on the fibre above x by taking the quotient ((Lx ×R≥0) \ {(0, 0)}) /R>0

2 For interpretation of the references to colours please refer to the web version of this article.
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where the action is diagonal. Then S(L ⊕ 1≥0) = L � S(L). Here 1≥0 stands for the 
nonnegative vectors of the trivial R-bundle in M .

Consider

M ×R>0 ↪−→ S(L⊕ 1≥0) ×R≥0
ρ −→ R≥0,

where the inclusion is given by (x, t) → ((s(x), t) mod R>0, t) and ρ denotes the pro
jection onto the second factor. Denote by SM the Euclidean closure of the image of 
M × R>0 in S(L ⊕ 1≥0) × R≥0 and by ρS the restriction of ρ to SM. Then, the real 
oriented graph construction is given by

ρ−1
S (0) = S(L|D ⊕ 1≥0)

⋃
S(L|D)

M̂,

where M̂ is the real oriented blowing-up of M along D and S(L|D) is its exceptional 
divisor.

In particular, we have a copy of M \D at ifinity (with respect to the compactfication 
of the vector bundles; compare with §3.1) in ρ−1

S (0).
We set

(M,D)cpl := S(L∗
|D ⊕ 1≥0)

⋃
S(L|D)

M̂, (15)

that is, (M,D)cpl is ρ−1
S (0) with the zero section of L|D removed and

(M,D)mot := (M,D)cpl \ S(L|D), (16)

which consists of L∗
|D union the image of M \D in M̂ .

Finally we dfine (M,D)top as the real oriented blowing-up of M along D

(M,D)top := M̂, (17)

which is the part of (M,D)cpl at ifinity and which coincides with the Euclidean closure 
of M \D in (M,D)cpl.

Note that the copy of M \ D at ifinity lies in all three of the above spaces, and is 
formally given by M \D � x �→ (s(x) mod R>0) ∈ S(L) ⊂ (M,D)cpl. Its complement, 
(M,D)cpl

|D , is the disjoint union of (M,D)top|D = S(L|D) and (M,D)mot
|D = L∗

|D.

Remark 4.3. The formula (15) is analogous to (10). To make this analogy precise, we 
note that PM is the image SM in P (L⊕ 1) ×C via the projection

S(L⊕ 1≥0) ×R≥0−→P (L⊕ 1) ×C.
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Indeed, let ([v : 1], 0) ∈ PM ∩ ρ−1(0). Then, for some sequences x → x0 ∈ D and t → 0
with t ∈ C, s(x)

t → v. By choosing the local coordinates such that s(x) = x1, we may 

suppose that s
(

|t|
t x

)
= |t|

t s(x) and then

([
s

(
|t|
t 
x

)
: |t|

]
, |t|

)
= ([s(x) : t], |t|) → ([v : 1], 0).

Therefore ([v : 1], 0) is the image of the projection of the limit of 
((

s
(

|t|
t x

)
,|t|

)
mod R>0, 

|t|
)
∈ S(L⊕ 1≥0) ×R≥0.

The projection S(L|D ⊕ 1≥0) → P (L|D ⊕ 1) is bijective except over the section at 
ifinity. That is to say,

S(L|D ⊕ 1≥0) \ S(L|D) � P (L|D ⊕ 1) \ P (L|D) � L|D.

4.3. The real oriented multigraph construction

In the general case -- i.e. when D =
⋃

i∈I Di has several components -- we consider the 
fibre product over M of the real oriented graph constructions associated to each Di, i.e.

M ×RI
>0 ↪−→

∏
i∈I

M
(S(Li ⊕ 1≥0) ×R≥0)

ρ −→ RI
≥0.

We denote by SM the closure of the image of M × RI
>0 in 

∏
i∈I

M
(S(Li ⊕ 1≥0) ×R≥0)

and the restriction of ρ to SM by ρS. It coincides with the fibre product of the real 
oriented graph constructions ρS,i : SiM → R associated to the fibre bundles Li.

Definition 4.4. We set

(M,D)cpl :=
∏
i∈I

M
(M,Di)cpl ⊂ ρ−1

S (0), (18)

(M,D)mot :=
∏
i∈I

M
(M,Di)mot ⊂ (M,D)cpl, (19)

and,

(M,D)top :=
∏
i∈I

M
(M,Di)top ⊂ (M,D)cpl, (20)

where (M,Di)cpl, (M,Di)mot, and (M,Di)top are dfined in (15), (16), and (17), respec
tively.
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Remark 4.5. The space (M,D)cpl coincides with ρ−1
S (0) minus the zero sections, similar 

to (15). However, (M,D)cpl
|D is no longer the union of (M,D)mot

|D and (M,D)top|D as soon 
as |I| ≥ 2 due to the presence of mixed part; see Example 4.2.

Note that, again, the copy of M \D at ifinity, formally given by

M \D � x �→ (si(x) mod R>0)i∈I ∈
∏
i∈I

S(Li) ⊂ (M,D)cpl,

is included in all above three spaces.
The space (M,D)cpl may be visualized as M with D replaced by an ifinitesimal 

punctured neighbourhood. Then (M,D)mot is the ifinitesimal part of (M,D)cpl together 
with a copy of M \D at ifinity, and (M,D)top is the part of (M,D)cpl at ifinity.

Remark 4.6. We can adapt Remark 4.3 to the current setting with several components 
in D since the components are normal crossings only.

Consider the usual stratfication of M associated to a divisor D -- i.e. given by D◦
J :=

DJ \
⋃

i∈I\J Di for J ⊂ I, where DJ :=
⋂

i∈J Di. Denote by pr : ρ−1
S (0) → M the 

projection to M . Then pr−1(D◦
J) stratfies the special fibre ρ−1

S (0) as follows.
For J = ∅, we get pr(D◦

J ) = pr−1(M \D) � M \D. Otherwise, if J 	= ∅, we have

pr−1(D◦
J) =

{
([si(x) : 0])i∈I\J , x ∈ D◦

J

}
×
∏
i∈J

D◦
J

S(Li|D◦
J
⊕1≥0) �

∏
i∈J

D◦
J

S(Li|D◦
J
⊕1≥0).

In what follows, for J ⊂ I we set

LJ
S :=

∏
i∈J

D◦
J

S(Li|D◦
J
⊕ 1≥0),

and for J ⊂ K ⊂ I, we set

SKJ :=
∏
i∈K

D◦
K

SKJ,i ⊂ LK
S
,

where

SKJ,i :=
{

S
(
Li|D◦

K
⊕ 1≥0

)
if i ∈ J

S
(
Li|D◦

K

)
if i ∈ K \ J

Thus, in particular, SKK = LK
S and SK∅ =

∏
i∈K

D◦
K

S
(
Li|D◦

K

)
is the part of LK

S at 

ifinity. 

The special fibre ρ−1
S (0) may be written as the following disjoint union of real algebraic 

varieties of dimension 2 dimC M (if non-empty)
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ρ−1
S (0) = �

J⊂I

LJ
S
.

The closure of LJ
S in ρ−1

S (0) is the following disjoint union:

LJ
S = �

K⊃J

SKJ .

The next lemma, Lemma 4.7, relates

(M,D)mot
|D = �

∅ �=J⊂I

(M,D)mot
|D◦

J
� �

∅ �=J⊂I

L�
J

and the motivic Milnor fibre Sf introduced in §3.3.2, see Definition 3.9.

Lemma 4.7. For J ⊂ I, (M,D)mot
|D◦

J
� L�

J .

Proof. The isomorphism is given by

L�
J → (M,D)mot

|D◦
J

(x, (vj)j∈J ) �→
(
x, (vj)j∈J , (si(x) mod R>0)i∈I\J

)
. �

Though L�
J does not depend on the choice of the sections si, the space (M,D)mot

|D◦
J

does. 
This is because of the last component (si(x) mod R>0)i∈I\J in the above formula. This 
dependence is not essential and the simplest way to get rid of it is to find the model of 
(M,D)mot

|D◦
J

independent of such a choice. This is, of course (M,D)alog|D◦
J
; see §4.4.

We denote by L�
J

S the bundle LJ
S with the zero sections removed. Then L�

J

S ∩LJ =
L�
J . Therefore, for J ⊂ I, we have (M,D)cpl

|D◦
J
� L�

J

S and

(M,D)cpl = �
J⊂I

(M,D)cpl
|D◦

J
� �

J⊂I

L�
J

S
.

Note that (M,D)top|D◦
J

is the part of (M,D)cpl
|D◦

J
at ifinity; indeed

(M,D)top|D◦
J

=
{

(si(x) mod R>0)i∈I\J , x ∈ D◦
J

}
×
∏
i∈J

D◦
J

S(Li|D◦
J
) �

∏
i∈J

D◦
J

S�(Li|D◦
J
).

Thus,

(M,D)top = �
J⊂I

(M,D)top|D◦
J
� �

J⊂I

S(LJ ), (21)

where S�(LJ) :=
∏
i∈J

D◦
J

S(Li|D◦
J
). Again, (M,D)top|D◦

J
depends on the choices of the sections 

si.
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4.4. Comparison to the log-spaces

In this section we show that (M,D)top, (M,D)cpl and (M,D)mot can be identfied 
with the Kato–Nakayama log-space (M,D)log, the complete log-space (M,D)clog, and 
the algebraic log-space (M,D)alog, respectively.

Theorem 4.8. The sections (si)i∈I induce bijections

(M,D)mot � (M,D)alog, (M,D)top � (M,D)log, (M,D)cpl � (M,D)clog.

Remark 4.9. The spaces (M,D)cpl, (M,D)top and (M,D)mot, as dfined in Definition 4.4, 
depend on the choice of the sections si, i ∈ I, whereas this is not the case for the corre
sponding log-spaces. Therefore the above bijections allow us to get rid of this dependence.

Moreover, these natural bijections can be used to induce geometric and algebraic 
structures on the log-spaces from the ones on (M,D)cpl, (M,D)mot, (M,D)top (see Re
mark 4.10).

Proof of Theorem 4.8. We first construct a bijection between (M,Di)alog|Di
and L∗

i |Di
. For 

this, we construct a vector bundle isomorphism between Ni and Li|Di
(which depends 

on the choice of si); see §2.3 for the notation.
Fix x ∈ Di and consider the commutative diagram

0 TxDi TxM (Ni)x 0

0 TxM Tsi(x)Li T0(Li)x = (Li)x 0

←→

←→

←→

←→ Txsi

← →

←→ (s′i)x

← →

←→ ←→zero ←→ ←→
(22)

The middle vertical arrow represents the differential of si : M → Li at x. It induces the 
vertical isomorphism (s′i)x on the right-hand side. Then (s′i)x(v) = Dxsi(v) = ∂vsi(x)
is the directional derivative of si along v at x. Composing s′i : N∗

i → L∗
i |Di

with the 
bijection of Lemma 2.5, we get a bijection

(M,Di)alog|Di
� (x,Φ) ↔ wi ∈ L∗

i |Di
.

We now express the above bijection directly, without using the normal bundle. For 
this let us fix a non-vanishing local section �i of Li. Then the above isomorphism is 
explicitly given by wi = Φ

(
si
�i

)
�i. Indeed, write si = gi�i and then, since g(x) = 0 if 

x ∈ Di,

wi = ∂visi(x) = ∂vig(x) · �i + g(x) · ∂vi�i(x) = Φ(gi) · �i + 0 · ∂vi�i(x). (23)
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Given x ∈ D, recall that J(x) := {i ∈ I : x ∈ Di} and dfine the bijection

(M,D)alog → (M,D)mot

(x,Φ) �→
(
x,
(
wj = Φ

(
sj
�j

)
�j(x)

)
j∈J(x)

, (si(x))i∈I\J(x)

)
.

Note that the above formula depends on the sections si, i ∈ J(x), but not on the sections 
�i.

By taking the circle bundles we obtain the corresponding bijection for the log-space

(M,D)log → (M,D)top

(x, ϕ) �→
(
x,
(
θj = ϕ

(
sj
�j

)
θ(�j(x))

)
j∈J(x)

, θ(si(x))i∈I\J(x)

)
where θ(v) := v mod R>0.

Combining both formulae from above, we get the following bijection

(M,D)clog → (M,D)cpl

(x, ϕ, ψ) �→
(
x,
(
rjθj = ψ

(
sj
�j

)
r(�j(x))ϕ

(
sj
�j

)
θ(�j(x))

)
j∈J(x)

,

(θ(si(x)), r(si(x)))i∈I\J(x)

)
∈ L∗

J(x)
S
,

where r(v) := v mod S1. �
Remark 4.10. There is a natural topology on the log-spaces; see [15]. For (M,D)log, it 
coincides with the topology induced by the oriented blowing-up, so that the bijection 
in Theorem 4.8 is a homeomorphism. In the present paper, we assume that (M,D)log, 
(M,D)clog and (M,D)alog are equipped with the topologies induced by the above bijec
tions.

Using the functoriality of (M,D)alog applied to f : (M,D) → (C, 0) we obtain the 
first vertical map of (4)

falog
|D : (M,D)alog|D → C∗,

and the identfication (M,D)alog � (M,D)mot from Theorem 4.8 then induces

fmot
|D : (M,D)mot

|D → (C, 0)mot
|0 = C∗.

Composing the bijections in Lemma 4.7 and Theorem 4.8, for ∅ 	= J ⊂ I, we obtain 

the bijection ΘJ : (M,D)alog|D◦
J
→ L�

J dfined by ΘJ(x,Φ) =
(
x,
(
Φ
(

sj
�j

)
�j(x)

)
j∈J

)
.
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Proposition 4.11. falog
|D◦

J
= fJ ◦ ΘJ , where fJ is dfined in (13).

Proof. For (x,Φ) ∈ (M,D)alog|D◦
J
,

falog(x,Φ) = Φ(fx) = Φ
(
u
∏
i∈I

(
si
�i

)Ni ∏
i∈I

�Ni
i

)

= u(x)
∏
i/ ∈J

(
si(x)
�i(x) 

)Ni

Φ

⎛⎝∏
j∈J

(
sj
�j

)Nj

⎞⎠∏
i∈I

�i(x)Ni

=
(
u(x)

∏
i/ ∈J

si(x)Ni

)∏
j∈J

(
Φ
(
sj
�j

)
�j(x)

)Nj

= fJ (ΘJ(x,Φ)) . �

Definition 4.12. In Theorem A, by the reduction of falog
|D we mean the element of 

K0

(
VarC

∗

D×C∗

)
dfined by

−
∑

∅ �=J⊂I

(−1)|J|
[
(prM , falog

|D ) : C∗ � (M,D)alog|D◦
J
→ D ×C∗

]
.

We derive from Proposition 4.11 that this reduction coincides with the motivic Milnor 
fibre Sf ; cf. Definition 3.9.

Corollary 4.13. Sf = −
∑

∅ �=J⊂I

(−1)|J|
[
(prM , falog

|D ) : C∗ � (M,D)alog|D◦
J
→ D ×C∗

]
.

Similarly, the functoriality of (M,D)log gives rise to a map (M,D)log|D → (C, 0)log|0 = S1. 
Then, using the identfication (M,D)log � (M,D)top, we obtain

sign f : (M,D)top|D → S1. (24)

We will see in Proposition 5.1 that sign f coincides with A’Campo’s first model of the 
topological Milnor fibration. 

We can now prove Theorem A, as stated in the introduction.

Proof of Theorem A. The fact that the map f log
|D : (M,D)log|D → S1 coincides with A’

Campo’s first model of the topological Milnor fibration will be proved in Section 5, see 
Proposition 5.1.

We have shown in Corollary 4.13 that the reduction of falog
|D coincides with the motivic 

Milnor fibre Sf .
By definition of the log-spaces, we obtain f log

|D by dividing falog
|D over each stratum D◦

J

by (R>0)J in the source and R>0 in the target. �
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Remark 4.14. The signs appearing in the motivic Milnor fibre Sf (see Definition 3.9) can 
be interpreted in terms of geometric quotients by powers of R>0.

Since (M,D)top|D◦
J

is the geometric quotient of (M,D)mot
|D◦

J
by R|J|

>0, the coefficient (−1)|J|
appearing in Sf in front of the class of L�

J can be interpreted as a consequence of this 
fact as χc(R|J|

>0) = (−1)|J|. We conjecture that this interpretation can be made formal 
by introducing a Grothendieck group handling these quotients by R>0 (importantly, by 
taking such a quotient, we leave the category of algebraic varieties).

The additional sign in front of the sum for Sf in Definition 3.9 is necessary to compare 
the motivic Milnor fibre and the topological Milnor fibration. Indeed, we need to take 
the quotient of C∗ by R>0 in order to recover S1 in the target of the topological Milnor 
fibration.

Besides, as explained in Remark 7.2, these coefficients are also necessary to ensure 
the invariance with respect to the choice of a resolution (see also Examples 6.1 and 6.2).

4.5. Recovering the function f and the motive Sf

Recall that fmot : (M,D)mot
|D → C∗ induces maps fJ : L�

J → C∗ for ∅ 	= J ⊂ I (see 
(13)) from which we derive the motivic Milnor fibre Sf (see Definition 3.9). Similarly, 
we deduce from (24) that sign f induces an (S1)J -equivariant function

sign fJ : (M,D)top|D◦
J
→ S1, sign fJ(x, θ) = (sign uJ(x))

∏
θNi
i , (25)

where ∅ 	= J ⊂ I. 

Actually, we show that we can essentially recover f from these maps, as explained 
below. For this statement, it is convenient to use the following evaluation map

evf : (M,D)alog → C∗

given for Φ ∈ (M,D)alogx by evf (Φ) = Φ(fx). Note that (evf )|D coincides with falog
|D :

(M,D)alog|D → (C, 0)alog|0 = C∗.

Theorem 4.15. Given a manifold M and a divisor D = ∪Di with simple normal crossings. 
Fix the line bundles Li and the sections si as in the set-up, see §1.2.

Then the map evf : (M,D)alog → C∗ uniquely determines the function f , and its 
restriction falog

J : (M,D)alog|D◦
J
→ C∗ determines fJ : L�

J → C∗.
Similarly, f log : (M,D)log → S1 determines f up to the multiplication by a (locally 

constant) positive real number and each of the maps f log
|D◦

J
: (M,D)log|D◦

J
→ S1 determines 

fJ : L�
J → C∗ also up to multiplication by a (locally constant) positive real number.

Proof. Clearly evf determines the exponents Ni and therefore it is enough to determine 
the unit u in (1). If Φ ∈ (M,D)alogx this follows from Φ(u) = u(x).
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The above argument applies to f log because for ϕ ∈ (M,D)logx , f log(x, ϕ) = ϕ(fx). 
More precisely, it allows us to recover the exponents Ni from f log

|D◦
J

and then the argument 
of uJ , sign uJ(x) = uJ (x) 

|uJ (x)| . Finally, the argument of uJ determines uJ up to a positive 
real constant. Indeed, the quotient of two such possible uJ is a holomorphic function 
that takes only real values. So it is locally constant. �
Proof of Theorem B. Note Ξ : (M,D)log → (M,D)top the bijection from Theorem 4.8. 
Then f log

|D◦
J

= sign fJ ◦ Ξ. Therefore sign fJ determines f log
|D◦

J
, which determines fJ up to 

a multiplication by a (locally constant) positive real number by Theorem 4.15.
Note that [(πJ , fJ) : C∗ �

L�
J → D ×C∗] ∈ K0

(
VarC

∗

D×C∗

)
does not change if we mul

tiply fJ by a (locally constant) positive real number. Therefore sign fJ determines Sf

(see (14)). �
5. The topological Milnor fibration

In [1], N. A’Campo gives two geometric models of the topological Milnor fibration. 
We recall below the main idea of his constructions and interpret them in terms of our 
construction.

Let f : M → {z ∈ C : |z| ≤ 1} be a complex analytic function with values in the 
unit disc in C, and assume that the zero set of f is a hypersurface with simple normal 
crossings D := f−1(0) = ∪Di. A’Campo constructs a first model nf : N → S1 (denoted 
nP : N → S1 in [1]) of the topological Milnor fibration of f , with N a differentiable 
manifold with corners that is homeomorphic to the boundary of a regular neighbourhood 
of the zero set of f in M . When D is irreducible, this construction is simply the real 
oriented blowing-up of M along D. For general D, he takes the fibre product of the real 
oriented blowings-up along the components Di. Therefore, by construction, the fibre of 
nf : N → S1 above a smooth point of f−1(0) is a circle, whereas above a point in the 
intersection of k divisors it is the product of k circles.

Above each stratum D◦
J separately, this construction describes nicely the fibration to

gether with the monodromy. However these models of the monodromy above the different 
strata do not glue together. For this reason, A’Campo constructs a second model of the 
Milnor fibration by thickening the corners of N , giving more flexibility to interpolate the 
monodromy on the pieces into a global geometric monodromy.

A’Campo’s first model coincides with the map dfined in (24). The second one, which 
we interpret now in terms of our construction, comes with a simple formula for the 
geometric monodromy operator. 

Let us now go back to the set-up from the introduction (see §1.2). For ∅ 	= J ⊂ I, 
recall that sign f dfined in (24) induces an (S1)J -equivariant function (see (25))

sign fJ : (M,D)top|D◦
J
→ S1, sign fJ(x, θ) = (sign uJ (x))

∏
θNi
i .
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Recall also that (M,D)top|D◦
J

can be identfied with L�
J/(R>0)J so that (M,D)top|D◦

J
is an 

(S1)J -principal bundle over D◦
J .

Proposition 5.1. The continuous map sign f : (M,D)top|D → S1 coincides with A’Campo’s 
first model of the topological Milnor fibration.

Proof. When D is irreducible, we dfined (M,D)top as the real oriented blowing-up of 
M along D, see (17). When D has several components D = ∪Di, we dfined (M,D)top
as the fibre product of the (M,Di)top, see (20). Therefore (M,D)top coincides with the 
total space of A’Campo’s first model.

Then sign fJ : (M,D)top|D◦
J
→ S1, dfined by sign fJ(x, θ) = (sign uJ(x))

∏
θNi
i , co

incides with A’Campo’s first model of the topological Milnor fibration using polar 
coordinates, see [1, p239]. �

The map sign f : (M,D)top|D → S1 is a proper stratfied submersion and, therefore, 
a locally trivial fibration. Over each stratum (see (25)) sign fJ can be equipped with 
a monodromy map given by a simple formula. These monodromy maps do not glue 
together to a continuous monodromy map for sign f : (M,D)top|D → S1. This is why 
A’Campo improves his model by adjoining additional simplices at corners, allowing him 
to dfine a geometric monodromy for sign f : (M,D)top|D → S1. It is this construction 

that we are going to recover using sign f : (M,D)cpl
|D → S1.

Along the way, we give two interpretations of A’Campo’s second model; see Propo
sitions 5.2 and 5.3. First, we represent A’Campo’s model as a subspace of (M,D)cpl. 
Second, we show that this model can be obtained from (M,D)cpl \ (M,D)top by dividing 
by the diagonal R>0-action.

For i ∈ I and J ⊂ I consider the function

ξi : L�
J → R, ξi(x, v) =

{
(|vi|Ni)−1 if i ∈ J

0 if i 	∈ J

These functions can be extended continuously from L�
J to (M,D)cpl

|D◦
J

by giving to ξi the 
value 0 if vi goes to ifinity. For i ∈ I, the above functions glue together to a continuous 
function ξi : (M,D)cpl

|D → R. Then we dfine ξ : (M,D)cpl
|D → RI by ξ = (ξi)i∈I .

Let Δ =
{
ξ ∈ RI : ξ ≥ 0, 

∑
ξi = 1

}
be the standard simplex in RI . Then the restric

tion of sign f to ξ−1(Δ) coincides with A’Campo’s second model. Indeed, the process of 
adjoining simplices to the normal crossing divisor D in [1] gives exactly the topological 
space ξ−1(Δ)/(S1)I . Besides, we have

ξ−1(Δ) =
(
ξ−1(Δ)/(S1)I

)
×D (M,D)top.

In particular, ξ−1(Δ) is homeomorphic to A’Campo’s second model (named Ñ in [1]).
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Then we construct the associated geometric monodromy as follows. For λ ∈ R, we 
dfine hλ,J : L�

J → L�
J by

hλ,J (x, v) =
(
x,
(
exp

(
λξi(x, v)2π

√
−1

)
vi
)
i∈J

)
.

Then, the maps hλ,J can be extended to the boundary of L�
J in (M,D)cpl

|D so that they 

glue to a continuous map hλ : (M,D)cpl
|D → (M,D)cpl

|D .
The map hλ : ξ−1(Δ) → ξ−1(Δ) is well-defined and satifies

sign f (hλ(x, v)) = exp
(
λ2π

√
−1

)
sign f(x, v).

In particular, the following result holds:

Proposition 5.2. sign f : ξ−1(Δ) → S1 coincides with A’Campo’s second model of the 
Milnor fibration.

Let us give a different interpretation of this construction. For ∅ 	= J ⊂ K, we dfine 
an R>0-action on

(∏
i∈J

D◦
K

L∗
i |D◦

K

)
×D◦

K

⎛⎝ ∏
i∈K\J

D◦
K

S
(
Li|D◦

K

)⎞⎠ ⊂ SKJ ,

by

λ ·
(
(vi)i∈J , (θj)j∈K\J

)
=

(
(λvi)i∈J , (θj)j∈K\J

)
.

These actions glue to an R>0-action on (M,D)cpl \ (M,D)top. The above construction 
leads to the following result.

Proposition 5.3. The quotient 
(
(M,D)cpl \ (M,D)top

)
/R>0 is homeomorphic to ξ−1(Δ)

and the map to S1 induced on this quotient equals the restriction of sign f to ξ−1(Δ).

Proof of Theorem C. Theorem C follows from Propositions 5.2 and 5.3. �
6. Effect of a blowing-up

We use the same notation as in the introduction, see §1.2. Let C ⊂ D be a nonsingular 
subvariety in normal crossings with D = ∪i∈IDi. In this section we compute the effect 
of the blowing-up of C on (M,D)alog, (M,D)log and (M,D)clog.

Let σ : M̃ → M denote the blowing-up of C in M and let D̃ be the total transform 
of D by σ. Thus D̃ = σ−1(D) is the union of the strict transforms of the Di, i ∈ I, 
denoted by D̃i, and of the exceptional divisor E of σ. We are going to express (M̃, D̃)alog, 
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(M̃, D̃)log, and (M̃, D̃)clog in terms of the original log-spaces and the normal bundles of 
the components of D and to C. For this we present two types of formulae. The first 
ones, Theorems 6.7 and 6.12, give canonical formulae for the new spaces over strata 
of the exceptional divisor. The second ones, Corollaries 6.8 and 6.13, present (local 
for the Zariski topology on C) trivialisations over C of the projections (M̃, D̃)alog →
(M,D)alog, (M̃, D̃)log → (M,D)log. Over the smallest stratum, denoted later by D̃◦

K̃
, 

both coincide and the canonical formula is a trivialisation; see Propositions 6.10 and 
6.14. Note, nevertheless, that D̃◦

K̃
can be empty.

The case (M̃, D̃)alog → (M,D)alog is particularly simple and can be expressed entirely 
in terms of the normal bundles. The case of (M̃, D̃)log → (M,D)log is, in turn, obtained 
by dividing, stratumwise, by powers of R>0. In this case, the local stratumwise trivial
isations glue to a continuous (local with respect to C) trivialisation over all the strata; 
see Corollary 6.15. We also show that the fibres of the projection (M̃, D̃)log → (M,D)log
are contractible, and, hence, that this projection is a homotopy equivalence; see Corol
lary 6.16. For completeness, we also show how to obtain local (in C) trivialisations of 
(M̃, D̃)clog → (M,D)clog by combining the previous two cases; see Theorems 6.17 and 
6.18. The proofs rely on the identfications of Corollary 2.6.

The underlying ideas are simple and geometric, though the precise statements are 
technical and the notation that takes into account all the data is quite heavy. For this 
reason, we begin with two simple but illustrative examples that we present with schematic 
pictures.

Example 6.1. In this example, we assume that D : x1x2 = 0 in M = C2 and that 
C = {O}.

The picture on the left represents the space (M,D)clog|D . The subspace (M,D)log|D is 
represented by orange straight lines together with the red dots. The subspace (M,D)alog|D
is represented by hatched green lines outside the intersection and with green dots near 
the intersection point. The mixed part is represented in purple.
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The picture on the right represents (M̃, D̃)clog|D̃ . The exceptional divisor E is repre
sented as the horizontal blue line. The subspace (M̃, D̃)log|D̃ is represented by straight lines. 
The subspace (M̃, D̃)alog|D̃ is represented by green hatched lines and dots. The mixed part 
is represented by dashed lines.

The colour code shows how each piece is mapped by σ (for D̃) or by σclog (for 
(M̃, D̃)clog|D̃ ). In particular, some pieces of the mixed part of (M̃, D̃)clog|D̃ are mapped 

to (M,D)log|{O}.
Let us start with the alog-spaces. After blowing-up, (M,D)alog|{O} � C∗×C∗ is replaced 

by
• (M̃, D̃)alog|{p} � C∗ ×C∗ for p ∈ E ∩ D̃ = {p1, p2}, and
• (M̃, D̃)alog|{p} � C∗ for p ∈ E \ D̃ � C∗.
Concerning the log spaces, the blowing-up replaces (M,D)log|{O} � S1 × S1 with
• (M̃, D̃)log|{p} � S1 × S1 for p ∈ E ∩ D̃ = {p1, p2}, and
• (M̃, D̃)log|{p} � S1 for p ∈ E \ D̃ � C∗ � S1 ×R>0.
Therefore, as sets, above the origin we get

S1 × S1 ← (S1 × S1) � (S1 × S1) � (S1 ×C∗) = (S1 × S1) × [0,∞].

Example 6.2. We now assume that D : x1 = 0 in M = C2 and that C = {O}.

The straight green line represents the restriction of (M,D)alog above O (as a set it 
coincides with C∗), and the red dots represent the restriction of (M,D)log above O (as 
a set it coincides with S1).

Note that the blowing-up creates a mixed part in (M̃, D̃)cpl
|D̃ that is mapped to 

(M,D)log|{O}.
Let us start with the alog spaces. After blowing-up, (M,D)alog|{O} � C∗ is replaced by

• (M̃, D̃)alog|{p} � C∗ ×C∗ for p in the singleton E ∩ D̃, and
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• (M̃, D̃)alog|{p} � C∗ for p ∈ E \ D̃ � C.
Concerning the log spaces, the blowing-up replaces (M,D)log|{O} � S1 with
• (M̃, D̃)log|{p} � S1 × S1 for p in the singleton E ∩ D̃, and
• (M̃, D̃)log|{p} � S1 for p ∈ E \ D̃ � C.
Therefore, as sets, above the origin we get

S1 ← (S1 × S1) � (S1 ×C) � S1 × (C ×R≥0 \ {0, 0}) /R>0,

so that the fibre is the join of a point and a circle, that is the cone over a circle.

6.1. Set-up

Recall that σ : M̃ → M denotes the blowing-up of M along a nonsingular subvariety 
C ⊂ D that is in normal crossings with D = ∪i∈IDi. In particular, for every i ∈ I, either 
C is included in Di (in that case we say i ∈ K ⊂ I), C intersects Di transversally (in that 
case we say i ∈ Λ ⊂ I), or C does not meet Di. In the latter situation, the blowing-up 
along C has no effect on Di, so we assume without loss of generality that I = K ∪Λ. By 
the assumption C ⊂ D, the index set K := {i ∈ I : C ⊂ Di} is non-empty.

Denote by D̃i the strict transform of Di and by D̃0 := E the exceptional divisor of σ. 
For J ⊂ I set

J̃ := J ∪ {0}. (26)

Then

D̃◦
J̃

:=
⋂
j∈J̃

D̃j \
⋃

i∈Ĩ\J̃

Di =

⎛⎝E ∩
⋂
j∈J

D̃j

⎞⎠ \
⋃

i∈I\J
D̃i. (27)

Note that if C = DK then D̃◦
K̃

is empty.

Remark 6.3. In order to simplify the notation in the theorems of this section, we assume 
that Λ = ∅ so that I = K. This means that all the bijections stated over C are actually 
dfined over every stratum of the natural stratfication of C, i.e. given by the strata 
C ∩D◦

R for R ⊂ Λ.

Let L̃ be the line bundle associated to the divisor E and fix a section s̃ of L̃ such that 
s̃−1(0) = E. We dfine

L̃k := L̃−1 ⊗ σ∗Lk and s̃k := σ∗sk
s̃ for k ∈ K,

L̃i := σ̃∗Li and s̃i := σ̃∗si for i ∈ I \K.

Fix non-vanishing local sections �i of Li, i ∈ I, and �̃ of L̃. Then, for i ∈ I, let �̃i
denote the section of L̃i dfined by σ∗�i = �̃i · �̃ if i ∈ K and �̃i = σ∗�i if i ∈ I \ K. 
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These sections give local trivialisations (over Zariski open sets) of the corresponding line 
bundles and we use them, together with the section sk, s̃k, and s̃, to locally describe the 
components of D and D̃ as the zero loci of functions with values in C. Indeed, the zero 
loci of gk := sk/�k, g̃k = s̃k/�̃k, and g̃ = s̃/�̃, are Dk, D̃k, and E, respectively. Note that 
gk ◦ σ = g̃k · g̃.

We need a vector bundle E with a section s so that C = s−1(0). Since C is a subset 
of DK , the sections sk already vanish on C. Let E1 be a vector bundle dfined on 
M with a section sC such that the section s = (sC , sk; k ∈ K) of the vector bundle 
E = E1 ⊕

⊕
k∈K Lk is transverse to the zero section and dfines C. A suitable bundle E1

and section sC can always be chosen locally (for the Zariski topology).
The blowing-up M̃ = BlC(M) of C in M can be described in terms of the section s

as

M̃ = Closure of the image of M \ C ↪−→ PE = P
(
E1 ⊕

⊕
k∈K

Lk

)
, (28)

where the inclusion is given by x �→ [s] = [sC(x) : sk(x), k ∈ K]. In particular, (28)
identfies the exceptional divisor E of σ with the projectivisation of E|C

isos : E ∼−→PE|C . (29)

This identfication depends on the choice of the section s.

6.2. Normal bundles and the exceptional divisor

In order to get rid of this dependence on the section s, we use the identfications in 
terms of normal bundles from Corollary 2.6.

The normal bundle N to C in M , also denoted later by NM,C , is the quotient bundle 
on C dfined by the exact sequence

0 TC TM|C N 0←→ ←→ ←→πC ←→ .

The differential of s induces a vector bundle isomorphism s′ : N → E|C . For x ∈ C we 
have the commutative diagram

0 TxC TxM Nx 0

0 TxM TxE TxEx = Ex 0 ,

←→ ←→

←→

← →πC,x

←→ Txs ←→ s′(x)

← →

←→ ←→ ←→πE,x ←→
(30)

where the map TxM → TxE in the bottom row is the differential of the embedding 
M → E of M to the zero section of E .

The exceptional divisor E can be identfied canonically with the projectivisation of 
the normal bundle
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canE : E ∼−→PN. (31)

The latter can be interpreted geometrically in terms of complex arc liftings. Let γ :
(C, 0) → (M,x) be a complex arc such that γ(t) / ∈ C for t 	= 0. We denote by γ̃ : (C, 0) →
M̃ the unique lifting of γ to M̃ with respect to the blowing-up. If γ′(0) ∈ TxM \ TxC, 
then canE(γ̃(0)) = [πC,xγ

′(0)].
The two embeddings (29) and (31) are related by the formula

isos = P (s′) ◦ canE , (32)

where s′(x) is the linear isomorphism dfined by (30).
To show (32), take an arc γ : (C, 0) → (M,x), v = γ′(0) / ∈ TxC. Then the lifting of γ

to (28), which we denote by γ̃s, is given, for t 	= 0, by γ̃s(t) = (γ(t), [s(γ(t))]). Therefore,

γ̃s(0) = lim
t→0

[s(γ(t))] = lim
t→0

[(s ◦ γ)′(t))] = [πE,x(s ◦ γ)′(0)]

= [s′(x)(πC,x(γ′(0)))] = P (s′)([πC,xv]),

where the second equality states that the limits of secant and tangent directions coincide. 
This completes the argument for (32).

The isomorphism (31) extends to a line bundle isomorphism as the normal bundle 
Ñ to E in M̃ corresponds (canonically) to the tautological bundle on PN . Taking this 
identfication into account, we associate to a nonzero vector v ∈ N∗ the point [v] ∈ PN

and a vector ṽ ∈ Ñ∗
[v].

This map can again be described in terms of arc liftings. Let γ(t) be an arc such that 
γ(0) = x and πC,x(γ′(0)) = v ∈ N∗. Denote by γ̃ its lifting to M̃ . Then γ̃(0) = [v] ∈
P (Nx) and πE(γ̃′(0)) = ṽ ∈ Ñ∗

[v], where πE : TM̃|E → Ñ denotes the projection.

Therefore, the following lemma holds.

Lemma 6.4. Let N∗ be the normal bundle of C in M without its zero section, and let 
Ñ∗ be the normal bundle of E in M̃ without its zero section. Then we have a canonical 
bijection

N∗ � v �→ ([v], ṽ) ∈ Ñ∗.

We use the following notation for the normal bundles: Ni = NM,Di
and NJ =

⊕i∈JNi|DJ
. The latter is well dfined on DJ and equals the normal bundle of DJ , also 

denoted by NM,DJ
. Recall that N∗

i denotes Ni with the zero section removed, and by 
N�

J we denote the fibre product of the N∗
i over D◦

J , namely:

N�
J :=

∏
i∈J

D◦
J

N∗
i .
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We use a similar notation for the normal fibres to the divisors in M̃ .
For C ⊂ DK ⊂ M , if dimC < dimDK then we have an exact sequence of normal 

bundles on C:

0 → NDK ,C
i−→ NM,C

π−→ NK |C → 0. (33)

Since NK = ⊕k∈KNk|DK
, we write the images of π as π(v) = (vk, k ∈ K), where 

vk = πk(v) denotes the k-th coordinate of π(v).
Analogously to (22) and (30), we have the following commutative diagram:

0 NDK ,C NM,C NK |C 0

0 E1|C E1|C ⊕
⊕
k∈K

Lk|C
⊕
k∈K

Lk|C 0.

←→ ← →i

←→s′C ∼

← →π

←→s′ ∼

← →

←→(s′k,k∈K) ∼

←→ ←→ ←→ ←→

Since the vertical arrows are isomorphisms, the bottom sequence induces a splitting of 
the top one:

0 NDK ,C NM,C NK |C 0.←→ ←→i ←→π←→
i∗

←→←→
π∗

(34)

This splitting is dfined only on an open subset of M where sC is dfined, and, moreover, 
it depends on the choice of all sections sC and sk, k ∈ K. 

The normal bundle of Dk, k ∈ K, and of its strict transform are related by the 
following.

Lemma 6.5. Over E ∩ D̃k, k ∈ K, the line bundle σ∗Nk is canonically isomorphic to 
Ñ ⊗ Ñk.

Proof. We have σ∗Lk = L̃ ⊗ L̃k and the derivatives of sk, s̃, s̃k over E ∩ D̃k, similar to 
the maps s′i of (22), induce isomorphisms Ñ � L̃, Ñ � L̃, Ñ � L̃. These isomorphisms 
depend on the choice of sections, but we show that the induced isomorphism σ∗Nk �
Ñ ⊗ Ñk is independent of this choice provided σ∗sk = s̃s̃k.

Recall, after (22), that the isomorphism Nk � Lk is given by associating wk =
s′k(vk) = Dxsk(vk) = ∂vksk ∈ Lk,x to vk ∈ Nk,x. We show that for wk = s′k(vk) ∈ Lk,x, 
w̃ = s̃′(ṽ) ∈ L̃x̃, w̃k = s̃′k(ṽk) ∈ L̃k,x̃, the property wk = w̃w̃k depends only on the 
vectors vk, ṽ, ṽk and not on the sections. (Here, for simplicity of notation, we identify 
σ∗Lk,x and Lk,x̃.) If uk is an analytic function not vanishing at x then the section uksk
associates to vk the vector uk(x)wk. This is because ∂vk(usk) = u(x)∂vksk+(∂vkuk)sk(x)
and sk(x) = 0. The same property holds for ũs̃ and ũks̃k. Thus, if u(x) = ũ(x̃)ũk(x̃), 
then the property wk = w̃w̃k is preserved as claimed. �
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6.3. Algebraic case: (M,D)alog � (M,D)mot

By Corollary 2.6, we may identify

(M,D)alog|C � N�
K |C .

We stratify E by D̃◦
Q̃

= E ∩ (
⋂

q∈Q D̃q \
⋃

k∈K\Q D̃k), where Q ⊂ K; see (26), (27) and 

Remark 6.3. Thus the biggest stratum of E is D̃◦
∅̃

= E \ ∪k∈KD̃k for Q = ∅. If Q = K, 
then the stratum D̃K̃ = E ∩ (

⋂
k∈K D̃k) is nonempty if and only if dimC < dimDK .

Thus, for any Q ⊂ K, we have

(M̃, D̃)alog|D̃◦
Q̃

� Ñ�
Q̃ |D̃◦

Q̃

.

Given x ∈ C, a preimage x̃ ∈ σ−1(x) such that x̃ ∈ D̃◦
Q̃

, and (ṽ, ṽq; q ∈ Q) ∈ Ñ�
Q̃ |D̃◦

Q̃

, 
by Lemma 6.4, there is a unique vector v ∈ NM,C,x corresponding to (x̃ = [v], ṽ). Let us 
denote it by v = v(x̃, ṽ). Note that, since x̃ ∈ D̃◦

Q̃
, the coordinates (vq)q∈Q of π(v) ∈ NK

vanish and the coordinates (vk)k∈K\Q are non-zero. In other words, v ∈ π−1(N�
K\Q), 

where we consider N�
K\Q embedded in N via the zero section on Nq for q ∈ Q.

Let us now interpret the morphism σalog : (M̃, D̃)alog|D̃◦
Q̃

→ (M,D)alog|C in terms of normal 
bundles.

Proposition 6.6. The morphism σalog : (M̃, D̃)alog|D̃◦
Q̃

→ (M,D)alog|C induces a map σalog
N :

Ñ�
Q̃ |D̃◦

Q̃

→ N�
K |C given by

σalog
N (x̃, ṽ; ṽq, q ∈ Q) = (πk(v), k ∈ K \Q; ṽṽq, q ∈ Q), (35)

where v = v(x̃, ṽ).

Proof. Recall that σalog is dfined by σalog(Φ̃)(g) = Φ̃(g ◦ σ). In order to determine 
Φ = Φ̃(g ◦ σ) at x, it suffices to consider only g = gk = sk/�k for k ∈ K and to show 
that it corresponds, by Lemma 2.5, to vk = πk(v) for k ∈ K \Q and vq = ṽṽq for q ∈ Q.

For q ∈ Q, it follows from the definition of the product ṽṽq given in the proof of 
Lemma 6.5 and the formula wq = Φ

(
sq
�q

)
�q(x) showed in (23).

For k ∈ K \Q we argue in the following manner. Let γ(t) be the arc used in the proof 
of Lemma 6.4. Recall that γ(0) = x and πC,x(γ′(0)) = v. The lifting γ̃ of γ satifies 
γ̃(0) = x̃ and πE(γ̃′(0)) = ṽ ∈ Ñ∗

x̃ . Differentiating gk(γ(t)) = g̃(γ̃(t))g̃k(γ̃(t)) and setting 
t = 0, we get

∂vkgk(x) = ∂vgk(x) = g̃k(x̃)∂ṽ g̃(x̃).

Since g̃k(x̃) = Φ̃(g̃k) and ∂ṽ g̃(x̃) = Φ̃(g̃), this shows the claim. �
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For Q ⊊ K, we dfine two maps:

Halog
Q̃

: Ñ�
Q̃ |D̃◦

Q̃

→ π−1(N�
K\Q|C) ×C N�

Q|C ,

given by Halog
Q̃

(x̃, ṽ; ṽq, q ∈ Q) = (v(x̃, ṽ); vq = ṽṽq, q ∈ Q), where π is given by (33), and

halog
Q̃

: π−1(N�
K\Q|C) ×C N�

Q|C → N�
K\Q|C ×C N�

Q|C = N�
K |C ,

induced by π; that is, halog
Q̃

(v; vq, q ∈ Q) = (πk(v), k ∈ K \Q; vq, q ∈ Q).

Theorem 6.7. For Q ⊊ K, the map Halog
Q̃

is a bijection and the following diagram com
mutes

(M̃, D̃)alog|D̃◦
Q̃

Ñ�
Q̃ |D̃◦

Q̃

π−1(N�
K\Q|C

) ×C N�
Q|C

(M,D)alog|C N�
K |C

←→	

←

→σalog

←

→
σalog
N

← →
Halog

Q̃

←

→

halog
Q̃←→	

.

Proof. The commutativity of the diagram is a consequence of the formula

σalog(x̃, ṽ; ṽq, q ∈ Q) = ((πk(v))k∈K\Q, vq = ṽq · ṽ), (36)

which follows from Proposition 6.6.
To see that Halog

Q̃
is a bijection, we construct its inverse. Let (v; vq, q ∈ Q) ∈

π−1(N�
K\Q|C

) ×C N�
Q|C . Then π(v) = (vk, k ∈ K) and the coordinates vk = πk(v) for 

k ∈ K \Q are all non-zero. By Lemma 6.4, v gives ([v], ṽ) ∈ Ñ∗. Denote x̃ := [v]. Because 
x̃ ∈ D̃◦

Q̃
, the q-coordinates π(v), for q ∈ Q, all vanish. That is why we have to choose 

different numbers (vq)q∈Q ∈ N�
Q|C , independent of v, in order for Halog

Q̃
to be bijective. 

Now (v; vq, q ∈ Q) gives (x̃, ṽ; ṽq, q ∈ Q) by the identity (v(x̃, ṽ); vq = ṽṽq, q ∈ Q). �
Note that each fibre of halog

Q̃
is a fibre of π. This allows us to trivialise halog

Q̃
locally for 

the Zariski topology. The trivialising map

trivalog
Q̃

: π−1(N�
K\Q|C) ×C N�

Q|C → N�
K |C ×C NDK ,C

is dfined by

trivalog
Q̃

(v; vq, q ∈ Q) = (πk(v), k ∈ K \Q; vq, q ∈ Q, i∗(v)),

where i∗ is dfined by the splitting (34). Recall that, in general, this splitting is only 
dfined locally.
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Corollary 6.8. Let Q ⊊ K. The composition map Salog
Q̃

= trivalog
Q̃

◦Halog
Q̃

, dfined over 
a Zariski open U ⊂ C over which the splitting (34) exists, is a bijection making the 
following diagram commutative

(M̃, D̃)alog|D̃◦
Q̃
∩σ−1(U) Ñ�

Q̃ |D̃◦
Q̃
∩σ−1(U) N�

K |U ×C NDK ,C |U

(M,D)alog|U N�
K |U

←→	

←

→σalog

←

→
σalog
N

← →
Salog
Q̃

←

→ pr1

← →	

.

Remark 6.9. Note that the target space of Salog
Q̃

is independent of Q. We will see in the 

proof of the independence of the resolution of the image of (M,D)alog in the Grothendieck 
ring, Theorem 7.1, how these terms, equipped with the correct signs, cancel out.

If Q = K, then the situation is even simpler since, in this case π(v) = 0, and, therefore, 
by (33), v ∈ N∗

DK ,C . In this case we dfine

Salog
K̃

: Ñ�
K̃ |D̃◦

K̃

→ N�
K |C ×C N∗

DK ,C ,

by Salog
K̃

(x̃, ṽ; ṽk, k ∈ K) = (vk = ṽṽk, k ∈ K; v(x̃, ṽ)). Then we obtain easily

Proposition 6.10. Salog
K̃

is a bijection making the following diagram commutative

(M̃, D̃)alog|D̃◦
K̃

Ñ�
K̃ |D̃◦

K̃

N�
K |C ×C N∗

DK ,C

(M,D)alog|C N�
K |C

←→	

←

→σalog

←

→
σalog
N

← →
Salog
K̃

←

→ pr1

←→	

.

6.4. Topological case: (M,D)log � (M,D)top

First, dividing by the action of powers of R>0, we obtain log versions of Theorem 6.7, 
Corollary 6.8, and Proposition 6.10. Then we show in Corollary 6.15 that, in this case, 
the local trivialisations, given stratum by stratum in Corollary 6.13 and Proposition 6.14, 
can be glued by a simple formula to one local trivialisation that is a homeomorphism.

By Corollary 2.6,

(M,D)log|C � S�(NK |C), and (M̃, D̃)log|D̃◦
Q̃

� S�(ÑQ̃ |D̃◦
Q̃
).

Dividing by R>0, the bijection of Lemma 6.4 induces a bijection

S(Ñ) � (x̃, θ̃) = ([v], θ(ṽ)) ↔ θ(v) ∈ S(N).
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Because θ(v) depends only on (x̃ = [v], θ̃ = θ(v)), we also denote it by θ(x̃, θ̃) and, 
similarly, θ(πk(v)) by θk(x̃, θ̃).

Proposition 6.11. The morphism σlog : (M̃, D̃)log|D̃◦
Q̃

→ (M,D)log|C induces a map σlog
N :

S�(ÑQ̃ |D̃◦
Q̃
) → S�(NK |C) given by

σlog
N (x̃, θ̃; θ̃q, q ∈ Q) = (θk(x̃, θ̃), k ∈ K \Q; θ̃θ̃q, q ∈ Q). (37)

For Q ⊊ K, we dfine two maps:

H log
Q̃

: S�(ÑQ̃ |D̃◦
Q̃
) → S(π−1(N�

K\Q|C)) ×C S�(NQ|C),

given by H log
Q̃

(x̃, θ̃; θ̃q, q ∈ Q) = (θ(x̃, θ̃); θq = θ̃θ̃q, q ∈ Q), and,

hlog
Q̃

: S(π−1(N�
K\Q|C)) ×C S�(NQ|C) → S�(NK\Q|C) ×C S�(NQ|C) = S�(NK |C), (38)

dfined by hlog
Q̃

(θ(v); θq, q ∈ Q) = (θ(πk(v)), k ∈ K \Q; θq, q ∈ Q).

Theorem 6.12. For Q ⊊ K, H log
K,Q̃

is a bijection and the following diagram commutes

(M̃, D̃)log|D̃◦
Q̃

S�(ÑQ̃ |D̃◦
Q̃
) S((π−1(N�

K\Q))
|C

) ×C S�(NQ|C)

(M,D)log S�(NK |C)

←→	

←

→σlog

←

→
σlog
N

← →
Hlog

Q̃

←

→

hlog
Q̃←→	

.

Let us compute the fibres of hlog
Q̃

. For this, it suffices to look at the map

β : S(π−1(N�
K\Q|C)) → S�(NK\Q|C)

given by the first coordinates of (38). Consider the following diagram where all the 
normal bundles are restricted to C:

0 NDK ,C NM,C NK 0

π−1(N�
K\Q) N�

K\Q

S(π−1(N�
K\Q)) S�(N�

K\Q)

←→ ← → ← →π ← →
←
↩

→

← →

←→

←
↩

→
←→ α

←→β
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The map α is given by dividing each N∗
k by R>0. Therefore every fibre of α can be 

identfied with 
∏

k∈K\Q
C
Nk,>0 via the projections N∗

k → (N∗
k mod S1) := N∗

k,>0. Using 

the splitting in (34), we may identify every fibre of β, and hence every fibre of htop
Q̃

, with 

S
(
NDK ,C ×C

∏
k∈K\Q

C
Nk,>0

)
|C . This induces the map

trivlog
Q̃

: S((π−1(N�
K\Q))|C)×CS�(NQ|C) → S�(NK |C)×CS

(
NDK ,C×C

∏
k∈K\Q

C
Nk,>0

)
|C ,

which trivialises hlog
Q̃

locally for the Zariski topology and is dfined by

trivlog
Q̃

(θ(v); θq, q ∈ Q) = (hlog
Q̃

(θ(v), θq, q ∈ Q), (i∗(v); rk(v), k ∈ K \Q) mod R>0),

where, recall, rk(v) := πk(v) mod S1.

Corollary 6.13. Let Q ⊊ K. Over a Zariski open subset U ⊂ C for which the splitting 
from (34) exists, the composition map Slog

Q̃
= trivlog

Q̃
◦H log

Q̃
is a bijection making the 

following diagram commutative over U :

(M̃, D̃)log|D̃◦
Q̃

S�(ÑQ̃ |D̃◦
Q̃
) S�(NK) ×U S

(
NDK ,C ×U

∏
k∈K\Q

U
N∗

k,>0
)

(M,D)log S�(NK)

←→	

←

→σlog

←

→
σlog
N

← →
Slog
Q̃

←

→ pr1

←→	

.

Similar to the algebraic case, if Q = K, then the situation becomes much simpler. In 
this case, we dfine

Slog
K̃

: S�(ÑK̃ |D̃◦
K̃

) → S�(NK |C) ×C S(NDK ,C),

by Slog
K̃

(x̃, θ̃; θ̃k, k ∈ K) = (θk = θ̃θ̃k, k ∈ K; θ(x̃, θ̃)).

Proposition 6.14. Slog
K̃

is a bijection making the following diagram commutative

(M̃, D̃)log|D̃◦
K̃

S�(ÑK̃ |D̃◦
K̃

) S�(NK |C) ×C S(NDK ,C)

(M,D)log|C S�(NK |C)

←→	

←

→σlog

← →
Slog
K̃

←

→
σlog ←

→ pr1

←→	

.

The maps Slog
Q̃

, for Q ⊂ K, glue together to a map dfined on (M̃, D̃)log|E . We are going 

to describe its topological structure in order to study the topological structure of σlog. 
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This is particularly simple over an open subset U ⊂ C over which the splitting from (34)
holds. In this case, the inverses of Slog

Q̃
glue together over U to the map

(Slog)−1 : S�(NK) ×U S
(
NDK ,C ×U

∏
k∈K

U
Nk,≥0

)
→

⋃
Q 

S�(ÑQ̃ |D̃◦
Q̃
) � (M̃, D̃)log|E ,

where (θk, k ∈ K, θ(vN ; rk, k ∈ K)) is mapped to the vector v = i(vN )+π∗(
∑

k rkθk). By 
Lemma 6.4, the vector v dfines x̃ = [v] and θ̃ = θ(ṽ) (v is dfined only modulo R>0 but so 
is θ̃). Let Q = {k : rk = 0}. Then x̃ ∈ D̃◦

Q̃
and we set (θ̃q = θ̃−1θq; q ∈ Q) ∈ S�(ÑQ̃ |D̃◦

Q̃
). 

It is easy to see that it is the inverse of Slog
Q̃

.

Corollary 6.15. Over a Zariski open subset U ⊂ C for which the splitting from (34) exists, 
the map Slog is a homeomorphism making the following diagram commutative over U :

(M̃, D̃)log|E S�(NK) ×U S
(
NDK ,C ×U

∏
k∈K

U
Nk,≥0

)

(M,D)log � S�(NK)

←

→σlog

← →Slog

←

→ pr1

.

By Corollary 6.15, each fibre of σlog is of the form S
(
Cm×

∏
k∈K

R≥0
)
, m = dimDK −

dimC, which is the topological join of S2m−1 and the simplex Δ|K|−1 = (RK
≥0\{0})/R>0. 

Since K 	= ∅, each fibre is contractible.

Corollary 6.16. σ : (M̃, D̃)top → (M,D)top is a homotopy equivalence.

Proof. Since the fibres are contractible, σtop is a weak homotopy equivalence by a theo
rem of Smale [25]. Hence, by the Whitehead theorem, it is a homotopy equivalence since 
the involved objects are CW-complexes. �
6.5. Complete case: (M,D)clog � (M,D)cpl

We extend the above constructions to (M̃, D̃)clog → (M,D)clog. To do so, we break 
(M̃, D̃)clog|E into its part at ifinity and its interior part, dfined as

(M̃, D̃)clogE,∞ =
{
(x, ϕ, ψ) ∈ (M̃, D̃)clog : x ∈ E, ψ(g̃) = ∞

}
and 

(M̃, D̃)clogE,int =
{
(x, ϕ, ψ) ∈ (M̃, D̃)clog : x ∈ E, ψ(g̃) ∈ R>0

}
,

respectively; so that

(M̃, D̃)clog|E = (M̃, D̃)clogE,∞ � (M̃, D̃)clogE,int.
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The first set corresponds to the boundary of the ifinitesimal tubular neighbourhood 
of E on M̃ ; that is, the horizontal straight and dashed red lines on the right-hand side 
diagrams of Examples 6.1 and 6.2. The second set -- that is, the complement of the first 
– corresponds to the interior of this neighbourhood.

For Q ⊂ K, we set

(M,D)clogQ,int =
{
(x, ϕ, ψ) ∈ (M,D)clog : ∀k ∈ K \Q, ψ(gk) ∈ R>0

}
.

Theorem 6.17. For every Q ⊊ K, there is a canonical bijection Sclog
Q,int which extends Salog

Q̃

and makes the following diagram commutative locally over C:

(M̃, D̃)clog
E,int|D̃◦

Q̃

(M,D)clogQ,int|C ×C NDK ,C

(M,D)clog|C

←

→σclog

← →
Sclog
Q,int

←

→ pr1

If Q = K and dimC < dimDK , then there is a canonical bijection Sclog
K̃,int, extending 

Salog
K̃

, making the following diagram commutative.

(M̃, D̃)clog
E,int|D̃◦

K̃

(M,D)clog|C ×C N∗
DK ,C

(M,D)clog|C

←

→σclog

← →
Sclog
K̃,int

←

→ pr1

Proof. The proof is virtually identical to the proof of Corollary 6.8. �
Similarly, we study (M̃, D̃)clogE,∞ by extending the topological case. Since ψ̃(g̃) = ∞, 

all ψ(gk) = ∞ for k ∈ K on the image σclog((M̃, D̃)clogE,∞) ⊂ (M,D)log. Consider, as in 
Corollary 6.13, the sphere bundle

S
(
NDK ,C ⊕

⊕
k∈K\Q

N∗
k,≥0

)
σQ−−→ M.

Note that S
(
NDK ,C ⊕

⊕
k∈K\Q

N∗
k,≥0

)
projects to P

(
NDK ,C ⊕

⊕
k∈K\Q

Nk

)
⊂ P

(
NDK ,C ⊕⊕

k∈K

Nk

)
. For q ∈ Q, denote by σ∗

Q

(⊕
q∈Q Ñq,≥0

)
the pull-back of 

⊕
q∈Q Ñq,≥0 to 

S
(
NDK ,C ⊕

⊕
k∈K\Q

N∗
k,≥0

)
.
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Theorem 6.18. For every Q ⊂ K, there is a natural bijection Sclog
Q,∞ making the following 

diagram commutative

(M̃, D̃)clogE,∞ (M,D)log|C ×C σ∗
Q

(⊕
q∈Q Ñq,≥0

)

(M̃, D̃)log|D̃◦
Q̃

(M,D)log|C ×C S
(
NDK ,C ⊕

⊕
k∈K\Q

N∗
k,≥0

)

(M,D)log|C

←→

← →
Sclog
Q,∞

←→

←

→σlog

← →
Slog
Q̃

←

→ pr1

,

where the first vertical arrow is given by forgetting ψ.

Proof. It suffices to find a formula for the second component of Sclog
Q,∞. It is given by 

r̂q = (s̃′q)−1ψ(g̃q)�̃q,≥0 ∈ Ñq,≥0 for all q ∈ Q. To show that it injective, we note that 
ψ(g̃k) for k ∈ K \Q is uniquely dfined since ψ(g̃k)�̃k,≥0 = s̃k,≥0(x̃). It is easy to check 
that Sclog

Q,∞ is surjective. �
7. The motivic Milnor fibre

In this section, we consider f : (X,x0) → (C, 0), i.e. the local case without the 
assumption that f is normal crossing. Then, there exists a resolution of f that is a 
finite sequence of blowings-up with smooth algebraic centres μ : M → X such that 
the exceptional divisor has normal crossings only, and such that μ−1(x0) = ∪i∈IDi

is the union of some components of the exceptional divisor. Then, f̃(x) := f ◦ μ(x) =
u(x)

∏
i∈I si(x)Ni satifies the assumptions from the set-up (see (1)), where si is a regular 

section of a line bundle pi : Li → M such that Di is the reduced variety dfined by si.
By the weak factorisation theorem [26], two such resolutions can be related by a 

sequence of blowings-up and blowings-down. Therefore, the spaces (M,D)alog, (M,D)log, 
and (M,D)clog induced by f̃ are well-defined up to equivalences induced by such a single 
blowing-up, as expressed in the theorems of Section 6.

We set

(M,D)mot
x0

:= (M,D)mot ∩ pr−1 (μ−1(x0)
)
,

where, recall, pr : (M,D)mot → M denotes the projection. Then

(M,D)mot
x0

= �
∅ �=J⊂I

L�
J,x0

,

where
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L�
J,x0

:=
∏
i∈J

D◦
J

L∗
i |D◦

J∩(μ◦pr)−1(x0).

Again, we have a log-geometric characterisation (M,D)alogx0
� (M,D)mot

x0
, where

(M,D)alogx0
= {(x,Φ) : μ(x) = x0, Φ ∈ Hommon(Mx,C

∗), ∀g ∈ O∗
x, Φ(g) = g(x)} .

We dfine f̃J : C∗ �

L�
J,x0

→ C∗ analogously to (13) or, equivalently, by applying the 
functoriality of (M,D)alogx0

to f̃ : (M,D) → (C, 0). Then we dfine the local motivic 
Milnor fibre of f at x0 by

Sf,x0 := −
∑

∅ �=J⊂I

(−1)|J|
[
f̃J : C∗ �

L�
J,x0

→ C∗] ∈ K0(VarC
∗

C∗).

It follows from [8] that, as an element of MC∗

C∗ := K0(VarC
∗

C∗)
[
L−1], Sf,x0 does not 

depend on the choice of the resolution. Indeed, the image of Sf,x0 in MC∗

C∗ is given by 
the formal limit

Sf,x0 = − lim
T→∞

Zf,x0(T ),

where

Zf,x0(T ) :=
∑
n≥1

[acf : Xn,x0(f) → C∗]L−ndTn ∈ MC∗

C∗�T �

is the local motivic zeta function of f at x0. This formal limit is dfined using a rational 
expression of the zeta function. The coefficients of Zf,x0(T ) are dfined by

Xn,x0(f) := {ϕ ∈ Ln(X), ϕ(0) = x0, ordt f(ϕ) = n} ,

where acf (ϕ) = ordt(f ◦ ϕ) is the angular component mapping and Ln(X) denotes the 
space of n-jets on X, namely the reduced and separated scheme of finite type given by

Ln(X) := X
(
C�t�/tn+1) = HomC−sch

(
SpecC�t�/tn+1, X

)
.

The following theorem states that Sf,x0 is well dfined as an element of K0(VarC
∗

C∗)
and not merely of MC∗

C∗ .

Theorem 7.1. The motive Sf,x0 ∈ K0(VarC
∗

C∗) does not depend on the choice of the reso
lution μ.

Proof. By the weak factorisation theorem [26], it is enough to study the composition of 
μ with a single blowing-up σ along a nonsingular subvariety of D that is supposed to 
have normal crossings with D.
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We use the notation of Section 6. For Q ⊂ K, denote by (f̃ ◦ σ)Q̃ : C∗ �

L̃�
Q̃,x0

→ C∗

the functions induced by f̃ ◦ σ.
Note that the bijections Salog

Q̃
in Corollary 6.8 and Proposition 6.10 are equivari

ant isomorphisms with respect to the diagonal action on (M̃, D̃)mot
|D̃◦

Q̃

and the action on 

(M,D)mot
|C given by λ · vk = λvk if k ∈ K \Q, and by λ · vq = λ2vq if q ∈ Q.

Therefore, for Q ⊊ K, we get[
(f̃ ◦ σ)Q̃ : C∗ �

L̃�
Q̃,x0

→ C∗
]

=
[
fK ◦ pr1 : C∗ �

L�
K,x0

×NDK ,C → C∗] ,
and, if Q = K, we get[

(f̃ ◦ σ)K̃ : C∗ �

L̃�
K̃,x0

→ C∗
]

=
[
fK ◦ pr1 : C∗ �

L�
K,x0

×N∗
DK ,C → C∗]

=
[
fK ◦ pr1 : C∗ �

L�
K,x0

×NDK ,C → C∗]
−
[
fK : C∗ �

L�
K,x0

→ C∗] ,
where the last equality comes from additivity.

Note that the above equalities do not depend on Q ⊂ K; see Proposition 3.8.
Finally, ∑

Q⊂K

(−1)|Q|+1
[
(f̃ ◦ σ)Q̃ : C∗ �

L̃�
Q̃,x0

→ C∗
]

=
∑
Q⊂K

(−1)|Q|+1 [fK ◦ pr1 : C∗ �

L�
K,x0

×NDK ,C → C∗]
+ (−1)|K| [fK : C∗ �

L�
K,x0

→ C∗]
=(−1)|K| [fK : C∗ �

L�
K,x0

→ C∗]
since 

∑
Q⊂K

(−1)|Q| =
|K| ∑
n=0

(
|K|
n 

)
(−1)n = 0. �

Remark 7.2. The above proof shows that the coefficients (−1)|J| appearing in the formula 
for Sf are necessary for the motivic Milnor fibre to be independent of the choice of the 
resolution (see also Remark 4.14).

Remark 7.3. Similar remarks can be made in the topological and complete cases. Set

(M,D)topx0
:= (M,D)top ∩ pr−1 (μ−1(x0)

)
.

We have a log-geometric characterisation (M,D)logx0
� (M,D)topx0

where

(M,D)logx0
=

{
(x, ϕ) : μ(x) = x0, ϕ ∈ Hommon(Mx, S

1), ∀g ∈ O∗
x, ϕ(g) = g(x) 

|g(x)|

}
.
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By functoriality, f̃ induces a continuous map sign f̃ : (M,D)logx0
→ S1.

By the weak factorisation theorem, (M,D)logx0
is independent of the resolution up to 

the equivalence relation given by Theorem 6.12. In particular, we deduce from 6.16, that 
the homotopy type of sign f̃ : (M,D)logx0

→ S1 does not depend on the choice of μ. 

For the complete Milnor fibration, we may proceed in the same way. Set

(M,D)cpl
x0

:= (M,D)cpl ∩ pr−1 (μ−1(x0)
)

We have a log-geometric characterisation (M,D)clogx0
� (M,D)cpl

x0
where

(M,D)clogx0
=

{
(x, ϕ, ψ) : (x, ϕ) ∈ (M,D)topx0

, ψ ∈ Hommon (Mx, (R≥0, ·)) ,
∀g ∈ O∗

x, ψ(g) = |g(x)|
}
.

By functoriality, f̃ induces a continuous map sign f̃ : (M,D)clogx0
→ S1 which extends 

sign f̃ : (M,D)logx0
→ S1. This map is well-defined up to the equivalence relations given 

in Theorems 6.17 and 6.18.
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