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of a suitable Grothendieck ring without requiring that the

Lefschetz motive be invertible.
© 2024 Elsevier Inc. All rights are reserved, including those
for text and data mining, Al training, and similar

technologies.
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1. Introduction
1.1. Context

To a polynomial function germ f : (C™,0) — (C,0), J. Milnor in [20] associates a
smooth locally trivial fibration that, for some particular f, allows him to show that the
link of f=1(0) at the origin is an exotic sphere, i.e. a manifold homeomorphic but not
diffeomorphic to the unit sphere. This fibration, now referred to as the Milnor fibration,
is defined by f/|f]: Se\ f~1(0) — S*, where S. is the sphere centred at the origin in C"
of a sufficiently small radius ¢ > 0. As Lé D. T. shows in [17], if € > 0 is small enough
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and if 4 > 0 is much smaller than e then the Milnor fibration is smoothly equivalent to
the monodromy fibration

fiB.ng-1(pz) : BN f~1(D5) = Dy,

where B, and Dj denote the open ball centred at the origin in C” of radius € and the
punctured open disc centred at the origin in C of radius §, respectively. As it is now
customary, by the topological Milnor fibration and the Milnor fibre we mean any of these
fibrations and its fibre, up to smooth diffeomorphism.

The Milnor fibre and the Milnor fibration turned out to be a fundamental source of
invariants of complex analytic hypersurface germs and an essential tool in the study
of hypersurface singularities. The Milnor fibration can be investigated via a variety of
methods: Morse theory, resolution of singularities, sheaf theory, oscillatory integrals,
mixed Hodge theory, D-modules and microlocal methods, among others (we refer to
[18], [6], [9], [2] and the references therein).

Note that neither the total space of the Milnor fibration nor the Milnor fibre is an
algebraic variety. In [8], J. Denef and F. Loeser introduce the motivic Milnor fibre which
lies in the localisation of some equivariant Grothendieck ring of algebraic varieties. In
what follows, we use an equivalent setting due to Guibert—Loeser—Merle [13]; see §3.3.2.
The motivic Milnor fibre of f at the origin is defined by means of arc spaces and expressed
in terms of a resolution of singularities, as a formal limit of a rational power series
called the motivic zeta function. The localisation, which simply consists in making the
Lefschetz motive invertible, is necessary to use motivic integration in order to prove that
the motivic Milnor fibre formula doesn’t depend on the choice of a resolution. The latter
is a motivic incarnation of the Milnor fibration, even if it is called the motivic Milnor
fibre, in the sense that the common known realisations (additive invariants) of both the
motivic Milnor fibre and the topological Milnor fibration coincide [8], [13].

In this paper we address the following question: is there a geometric object encoding
both topological Milnor fibration and motivic Milnor fibre? In this direction, J. Nicaise
and J. Sebag construct in [22] a rigid analytic Milnor fibre by means of non-Archimedean
geometry whose étale cohomology is related to the topological Milnor fibre (together with
the action of monodromy). Using Hrushovski-Kazhdan version of motivic integration,
E. Hrushovski and F. Loeser introduce in [14] a definable Milnor fibre from which they
recover the motivic Milnor fibre and the Lefschetz numbers of the monodromy, without
using the resolution of singularities. Then J. Nicaise and S. Payne obtain in [21] a similar
result and show that there is no need to localise the Grothendieck ring with respect to
the Lefschetz motive for the motivic Milnor fibre to be well-defined. See also [10].

We propose a geometric framework that includes both topological Milnor fibration
and motivic Milnor fibre. For this purpose, we give two different though equivalent
constructions. The first one generalizes the log-geometric construction pioneered by K.
Kato and C. Nakayama in [15] and applied here to the topological Milnor fibration. The
second one is based on real oriented blowings-up, following N. A’Campo [1], together
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with a version of the deformation to the normal cone that is used in [13]. Assuming that
f: M — C, defined globally, has only normal crossing singularities along D = f~1(0),
we construct a space (M, D)?! over M, stratified over the canonical stratification on
M induced by the irreducible components of D. The superscript cpl stands for complete
since it contains our model of the motivic Milnor fibration space, denoted by (M, D)™t
and since its boundary (M, D)'*P coincides with A’Campo’s first model of the topological
Milnor fibration space. To be more precise, we obtain these models of Milnor fibration
only after taking restrictions of these three spaces to D.

The use of logarithmic geometry to study the topological Milnor fibration and fibre
is already present, implicitly, in [1]. In the context of the weight and Hodge filtrations,
it appears in [16]. It has been used recently in [4], [5], and, again implicitly, in [7]. We
are not aware of the previous use of log-geometry to study the motivic Milnor fibre.

We have to assume that f is a globally defined algebraic function having only normal-
crossing singularities because we need a local combinatorial structure. It is likely that our
method can be generalized to the toroidal case, we will study it in forthcoming papers.
In recent years, there have been many efforts to give computational expressions of the
motivic Milnor fibre that do not rely on resolution of singularities. We do not know at
the moment how to put our constructions in such a framework. Instead, we provide a
complete description of the effect of a blowing-up on each the three spaces (M, D)°P!,
(M, D)™°t and (M, D)%*P, that we find surprisingly simple and elegant.

1.2. Set-up

Let M be a nonsingular complex algebraic variety and let f : (M, D) — (C,0) be a
regular function. We assume that D := f~1(0) is a divisor with simple normal crossings,
that is D = (J;¢;

For ¢ € I, let p; : L; — M be the algebraic line bundle associated with D; together
with s; be a regular section of L; such that D; is defined by s; as a subvariety (in

D; where the D;’s are nonsingular hypersurfaces meeting transversally.

particular D; is reduced and s; is transverse to the zero section), see for instance [12,
§1.1]. Then we can write

f(z) = u(@) [T si(@)™ (1)
iel
where u(x) is a nowhere vanishing regular function and (N;);e; € NZ. For J C I, we set
D;=()D; and 5=Ds\|JDs
jed i¢J

Note that Dy = M and that Dg = M \ D, therefore {D3}; ; and {D3},_ ;. , are
stratifications of M and D, respectively.

The use of global line bundles and global sections replaces local computations so
that we don’t have to check that our constructions don’t depend on the choice of local
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coordinates. Though the sections s; are not uniquely defined, the log-geometric approach
gives canonical definitions of our constructions which don’t depend on the choice of these
sections.

1.8. Outline of the paper and main results

First, in Section 2, we give simple sheaf-theoretic definitions of (M, D)°l°8 (M, D)alog,
and (M, D)'"°8 which are of log-geometric nature, the space (M, D)8 being the classical
Kato-Nakayama log-space [15]. Recall that the divisorial log structure on M associated
to D is the sheaf of multiplicative monoids defined for an open set U by

MU) ={f € Om(U) : fiunm\p) is invertible} . (2)
In particular for every = € M we have the following exact sequence of monoids
0— O = M, - N/@ 0, (3)

where J(z) := {i € I;x € D;} and the map M, — N”®) sends the germ of f = u ][ s}
at x to {N; : i € J(z)}. The Kato-Nakayama log-space (M, D)!°8 is defined stalkwise as
the space of monoid morphisms from M, to S'. The spaces (M, D)*°¢ and (M, D)°#
are defined in the same way with S replaced by C* and S* x (0, cc], respectively; see
Section 2.

These spaces are equipped with natural stratifications coming from the canonical
stratification of D = | |y ;1 DS, endowing (M, D)‘alljogg with a structure of (C*)”/-torsor,
and (M, D)TC’Dg3 with a structure of (S!)”7-torsor. This construction is functorial and, after
taking the restriction to D, this functoriality induces the following commutative diagram

(M, D)alog SN (M,D)clog L (M, D)log

|D |D |D
= = = "
(C, 0y (C, o) (€. 0%

[ I I
C* —— (0,00] x 81 —— &1

whose interpretation is the core of the paper.

Theorem A. The map f‘lgg coincides with A’Campo’s first model of the topological Milnor
fibration. The reduction of flall)Og gives the motivic Milnor fibre Sy. We obtain fllf)g by

dividing flaé,og over each stratum DS by (Rxo)” in the source and R~ in the target.

We refer the reader to the beginning of Section 5 for a more detailed explanation
concerning A’Campo’s models of the topological Milnor fibration.
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The reduction of ffg)g7 defined in Definition 4.12, associates to f‘all)Og an element in
the Grothendieck ring of equivariant algebraic varieties.

The proof of Theorem A relies on geometric versions of these log-spaces. For that
purpose we define (M, D)®! (M, D)™°* and (M, D)*P  which correspond to (M, D)clog,
(M, D)¥°8 and (M, D)8, respectively. The construction of these spaces is more geomet-
ric albeit more technical. It is based on MacPherson’s Grassmannian graph construction
[19], a generalisation of the deformation to the normal cone. In Section 3, we use a multi-
graph version of it; that is, we apply it simultaneously to the sections s;. This suffices to
define (M, D)™°* and to show that the reduction of f#1°% to the Grothendieck ring gives
the motivic Milnor fibre. Up to this point, our approach is similar to that of [13].

In Section 4, we introduce the real oriented multigraph construction and define for-
mally (M, D), (M,D)™* and (M, D)'*P, see Definition 4.4. Only (M, D)™" is a
complex algebraic variety; it is defined in terms of algebraic line bundles over the canon-
ical stratification of M given by D. The space (M, D)'*P is obtained by dividing these
bundles by the action of R+ and thus becomes a semialgebraic set. Nonetheless, thanks
to its stratified structure, (M, D)'™P still carries a lot of information such as the clas-
sical log-space; see also Theorem B below. Note that these three spaces, unlike the
log-spaces (M, D)8, (M, D)2°8 and (M, D)"°¢, depend on the choice of the sections
si, though this dependence is marginal. Moreover, as we show in §4.4, each of the spaces
(M, D)® (M, D)™t and (M, D)%*P is canonically isomorphic to (M, D)8, (M, D)8
and (M, D)"°8 respectively. The proof is geometric and is based on Lemma 2.5 and
Corollary 2.6 that show that “the essential part” of each of the three log-spaces can be
expressed canonically in terms of normal bundles.

Using this description, we prove Theorem A in §4.4. The geometric intuition behind
these constructions is that one may interpret (M, D)‘Cg1 as an infinitesimal punctured

neighbourhood of the zero set D of f whose boundary is (M, D)Itjojp. It comes with
a map, sign f : (M,D)Tg1 — S1 whose restriction to (M, D)lton gives A’Campo’s first
model of the topological Milnor fibration. Moreover, (M, D)P! also contains the algebraic
variety (M, D)™°t. The monodromy fibration, originally given by f itself restricted to
a punctured neighbourhood of D, induces stratumwise maps f; : (M ,D)fﬁ; — C*, for

@ # J C I, involved in the definition of the motivic Milnor fibre Sy.

It is known that there exist topologically equivalent functions whose motivic Milnor
fibres don’t coincide, and non topologically equivalent functions with the same motivic
Milnor fibre, see [3]. However, taking advantage of the present stratified setting, the
motive Sy is entirely determined by A’Campo’s first model of the topological Milnor
fibration.

Theorem B. The motivic Milnor fibre Sy is determined by the stratified topological Milnor

fibration sign f : (M, D)‘t;’)p — St

The proof of Theorem B is given in §4.5.



J.-B. Campesato et al. / Advances in Mathematics 461 (2025) 110075 7

The following diagram roughly summarizes the situation, the diagonal arrow is defined
by dividing stratumwise by powers of R<q:

(M, D)p} «—— (M, D)rs*

|D
I
(M, D)y

The diagonal map is the (stratumwise) geometric quotient by (Rso)!’l in the source
space and R+ in the target. This allows us to give an interpretation of the minus sign
in front of the sum and to the coefficients (—1)!’I in the definition of the motivic Milnor
fibre Sy, see Remarks 4.14 and 7.2:

Sp=— 3 (~)M[(xs. fs): C*CLY —» D x C*] € Ko (Var%*xc*> .
@#JCI

In Section 5, devoted to the topological Milnor fibration, we show that A’Campo’s
[1] second model, i.e. the model of the topological Milnor fibration used to compute the
zeta function of the monodromy, can be obtained from sign f : (M, D)P! — S*.

Theorem C. After division by the diagonal action of Rwq, the map sign f : (M, D)°®! —
St induces a map

(M, D)\ (M, D)*?) /R0 = S
that coincides with the A’Campo’s second model of the topological Milnor fibration.
Equivalently, the second model is obtained from
(M, D)8\ (M, D)) = ((C, 0075\ (C,0)"*) = R x S

by dividing both the source and the target by the action of R~ . Our description is more
precise as we give a natural embedding of A’Campo’s second model in (M, D)P!, see
Propositions 5.2 and 5.3. Note that our construction is, in principle, similar to the recent
construction of the topological Milnor fibre equipped with monodromy given in [7]; we
do not use a partition of unity, instead the passage from local to global relies on line
bundles and their sections. Nonetheless, we do not go as far as in [7], where a symplectic
model of the monodromy is constructed.

In Section 6, we study how the spaces (M, D)8 (M, D)*°¢ and (M, D)'°® change
under the blowing-up of M along a centre that is assumed to be included in D and in
normal crossings with D. This is given by several precise formulae expressed in terms
of the normal bundles of the centres, the strata, and the exceptional divisor. They rely,
again, on Lemma 2.5 and Corollary 2.6.
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The formulae given in Section 6 are applied in Section 7, where we return to the
original problem of relating the local topological Milnor fibration and the motivic Milnor
fibre. By resolution of singularities, any algebraic f : (C™,0) — (C,0) can be resolved to
f:(M,D)— (C,0) as in the set-up. To a singularity resolved thusly, we may associate
the complete Milnor fibration space (M, D)°?! together with the subspaces (M, D)™t
and (M, D)*P. By the weak factorisation theorem [26], the formulae given in Section 6
show how such Milnor fibration spaces obtained for different resolutions are related. In
particular, we show that the motivic Milnor fibre Sy is well-defined as an element in the
Grothendieck ring Ky (Var%*xc*) and not merely in its localisation, as already noted in
[21] and [10, Proposition 5.14]. We conjecture that the equivalences given in Section 6
are much stronger and show the existence of the motivic Milnor fibre in a much finer
Grothendieck ring.

1.4. Notation

Given a vector bundle E, we use the notation E* for E with its zero section removed
and S(FE) for the associated sphere bundle; i.e. S(F) is fibrewise defined by S(E), =
(E;\ {0}) /Rso. If E is equipped with a Hermitian metric < -,- >: E® E — C, then
S(E) can be identified with the set of v € E satisfying < v,v >= 1.

Given a family of fibre bundles (§; : F; = X);cr, we denote their fibre product by

Ep = HXEi ={(i)ier = &lyi) = &)} -

iel

When the §; are vector bundles and [ is finite, we simply obtain the usual direct sum
construction. Nonetheless, we have to work with more general fibre bundles, hence this
notation.

Given a family of vector bundles (§; : E; — X);es, we denote by E7 the fibre product
of the Ef, and by S*(Ey) the fibre product of the S(E;), namely

E7 = HXEZ* and S*(Ey) = HXS(Ei)'
icl i€l

These bundles are not to be mistaken with E7 and S(E}), respectively, which play also
a role in section 6.
For a vector v of a line bundle L, we set 7(v) :== v mod S*, Lo := (L mod S*) and
20 = (L* mod S'), and, if additionally v # 0, §(v) == v mod Rs¢ € S(L). If L is a
line bundle over X, then v — (r(v),6(v)) is a bijection between L* and L%, xx S(L).
We denote the inverse of this bijection by (r,0) — v = rf, and we sometimes extend it
to r = 0, in which case v = rf is the zero vector.
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2. Log constructions of the Milnor fibrations

Let M be a nonsingular complex algebraic variety and f : (M,D) — (C,0) be a
regular function such that D := f~1(0) is a divisor with simple normal crossings; i.e.
D = {J;¢; Di with D; nonsingular hypersurfaces meeting transversally.

In this section, we recall the classical Kato-Nakayama log-space (M, D)°¢ and intro-
duce two extensions. The classical Kato-Nakayama log-space (M, D)'° was introduced
in [15] (we refer the reader to [23] for a detailed exposition on log geometry). We define
below a complete log-space denoted by (M, D)8, Tt contains both (M, D)% and the
algebraic log-space (M, D)*°8% also defined below. Geometrically, these log-spaces extend
the normal bundles of the components of D in M; see Lemma 2.5.

2.1. Log-spaces

Let Oy be the structure sheaf of M. Then a prelog structure on M is given by M a
sheaf of monoids over M together with a morphism of sheaves of monoids o : M — Oy,
where Q) is seen as a sheaf of monoids for the multiplication. We say that a prelog
structure is a log structure if, furthermore, o : o= (O%;) — O3, is an isomorphism (so
that O}, can be seen as a subsheaf of M).

Following [15], the classical Kato—Nakayama log-space of (M, D) is then defined by

(M, D)8 = {(x,gp) cx €M, p € Hompyon(M,, SY), Vg € OF, ©(g) = 9(x) } 7

where M is the divisorial log structure on M associated to D, see (2), and, the structure
of monoid on S* is just its (multiplicative) group structure.

The complete log-space (M, D)% and the algebraic log-space (M, D)*°8 are defined
by

(M, D)8 =
{(z,0,9) : (x,9) € (M, D)"°%, ¢ € Hotmon (M, ((0,00],-)), Vg € O}, ¥(g) = |g()]},
and

(M, D)8 .= {(z,®) : 2 € M, ® € Homon(M,,C*), Vg € OF, &(g) = g(x)},
respectively, where (0, 00] and C* are equipped with their monoid structures induced by
multiplication.

Over M \ D, all three spaces (M, D)'°8 (M, D)*°¢ and (M, D)'°8 are isomorphic to
M\ D since M, = O} for x € M \ D.
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The following diagram summarizes the situation at the level of monoids:

C* e C*U{oo}

o

Ryg x ST e (0,00] x St ¢--— {0} x S* : (5)

lprsl
Prg1

The plain arrows are morphisms of monoids; the dotted arrow is a morphism of semi-
groups (recall that a monoid is a semigroup equipped with an identity element'); and
7 (0,00] x St — C* U {oo} denotes the compactification of C* by a circle at infinity,
ie. m(r,e?) = ret? (see §4.2).

The natural isomorphism Homen (Mo, Rso)x Hompon (My, S*) — Homypen (M., C*)
allows us to identify (M, D)*°¢ with a subspace of (M, D)8, Similarly, the classical
log-space (M, D)°8 can be identified with the subset of (p,1) € (M, D)'°¢ satisfying
¥(g) = oo for all g vanishing at z.

Note also that (M, D)°!°¢ projects canonically onto (M, D)2 by forgetting the mor-
phism 1. Similarly (M, D)*°® projects canonically onto (M, D)'® by dividing by R,
i.e. taking the quotient by the action of R+y on C*.

The following commutative diagram, induced by (5), summarizes the situation at the
level of the log-spaces.

(M,D)alog PN (M D)clog ‘- (‘]\4'7 D)log

/m l’"
(M,

D log
Example 2.1. For M = C and D = 0, we have above the origin
(C,0)[3® U (C,0)08 = C* U S" = (Rsg x §*) U ({oo} x 1)
= (0,00] x S' = (C,0)%.

|0

The diagram (5) may be rewritten as

L Note that the usual convention in toric geometry consists in using the term semigroup when referring
to a monoid.
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C* —— C*U{oo}

T

(C,0)30% s (C, 0% <> (C,0)!%8

o
/um l’”

)
(C,0),°
Example 2.2. For M = C? and D : 2,75 = 0, the fibre of (M, D)'°® above x € D\ {O}
is (M, D)€' = (C,0)% whereas above the origin we have

|z

(M, D)5® = ((0,00] x §1)

= (( {oo} x S U (Rso x §1))

=(stuc)?

(Sl x SHU(C* x C*)U(C* x SHyu (St x C*)

= (M, D)5 U (M, D){g® U (C* x ') L (ST x C*)

Note that (M, D)}‘g)g U (M, D)?g)g is strictly included in (M, D)Tg)g. its complement
is equal to the set of elements (O, ¢,v) € (M, D)Tg)g satisfying ¢(z122) = oo and
(¥(x1),9(x2)) # (00, 00). We call this complement the mized part; see also Examples 4.2
and 6.1.

Remark 2.3. Although equivalent, it would be probably more natural to replace the
monoid (0, 00] by [0,00) in our definition of the complete log-space. In our second ap-
proach, based on MacPherson’s graph construction, see Section 3, the fibres over the
divisor D are sent to infinity and not to zero; we have thus made the choice to follow
the latter more geometric approach when defining the complete log-space.

Remark 2.4. The complete log-space (M, D)2 differs from the extended log-space de-
fined by Cauwbergs in [4] as:

(M, D)™ = {(z,¢,9) : (z,) € (M, D)%, ¢ € Hompmon (My, (R>0,+))} -
Both our construction and Cauwbergs’ provide a functorial construction of A’Campo’s

first model for the topological Milnor fibration together with its monodromy (see Sec-

tion 5); the main difference is that our complete log-space (M, D)'® contains (M, D)8,

2.2. Functoriality

Let F : M — M’ be a morphism between nonsingular algebraic varieties with simple
normal crossings divisors satisfying F~1(D’) C D. Then F gives rise to a morphism
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of sheaves F* : F7'M' — M (with M and M’ defined in (2)) inducing the following
morphisms of monoids at the level of stalks

/
Fr F(x) .
v f = foF

Therefore, F' induces the morphisms
Flog (M D)log (M/ D/)log’
Fclog (M D)clog — (M/ D/)clog,
Falog (M D)alog N (M/ D/)alog'

We apply this observation to the function f : (M, D) — (C,0) from the set-up, so that
we get the following diagram

(M D)alog . (M, D)clog pr (M D)log

J/fmlog ifclOg J/flog (6)

((C )alog SN (C7o)clog - ((C7 )log

Restricting to D, we obtain diagram (4). We call falog the log monodromy fibration
analogously to the monodromy fibration induced by f on f71{zeC : 0< 2| <e}).

Composing fC ¢ with (C, O)T(])Og ~ (0,00] x §* 2515 1 we obtain the continuous map
sign f : (M, D)Tll:‘;g — St (7)

that we call the log-complete Milnor fibration of f.
2.3. Algebraic log-space and normal bundles

In what follows, we describe the algebraic log-space (M, D)*°8 in terms of the normal
bundles of the irreducible components of D. This description will be useful in the proof
of Theorem 4.8 and in Section 6. Let N; be the normal bundle of D; in M. Recall that
it is defined as a quotient bundle by the exact sequence

0—TD; - TMp, = N; — 0.

Then the following lemma allows us to identify canonically (M, D; )?1130 & and N;.

Lemma 2.5. Let © € D;. Then there is a canonical bijection

(M, D;)2°8 5 ® <> v € (N}), (8)
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given by the relation ®(g) = Oyg(x) where g € O, is any generator of the ideal of D;.

Proof. If § = ug, where u(z) # 0, then 0,g(x) = u(x)d,g(z) and similarly ®(g) =
u(z)®(g). Thus the above formula does not depend on the choice of generator g. O

Following the notation from §1.4, we set

Njpg = HDf;Ni*IDf} and  S*(Nyps) = HDgS(Ni‘Dg),
i€J e

then we get the following corollary.

Corollary 2.6. For J C I, the identification (8) allows us to identify canonically

alo, * lo, *
(M, D)jpe ~ Njjps and (M, D)5 ~S*(Nyjps). (9)

3. The multigraph construction and the motivic Milnor fibre

In this section, we compute the motivic Milnor fibre using a construction that we
call the multigraph construction, that is the fibre product of several MacPherson’s graph
constructions [19].

3.1. MacPherson’s graph construction

Before introducing the graph construction, we briefly recall the related construction
of the deformation to the normal cone. Let X be a closed subspace of a nonsingular
complex algebraic variety M.

The deformation to the normal cone C'x M is denoted by PxM?®° and is constructed
as follows (see also [11, Chapter 5]).

Let p : PxM — P! be the composition of the blowing-up & : PxM — M x P! of
M x P! along X x {oco} with the projection M x P! — P!, Then p~!(c0) is the union
of two Cartier divisors

p 1 (00) = P(Cx M @ 1) + M.

Here P(Cx M @ 1) is the exceptional divisor of £ and equals the projectivisation of the
cone Cx M @ 1, where 1 denotes the trivial line bundle over X. Thus, P(CxM @© 1) =
CxMUP (CX M)

The divisor M is the strict transform of M x {00} and is isomorphic to the blowing-up
of M along X. Thus the exceptional divisor of the latter blowing-up can be identified
with the intersection P(CxM @ 1) N M = P(CxM).

In the description of PxM we consider X x P! as canonically embedded in Px M,
ie. X x P! C Px M, identifying it with its strict transform in Px M (it is isomorphic to
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X x P! because the blowing-up of X x {oo} in X x P! is the identity map). In particular
X X {oo} is the base of the cone Cx M.
We define Px M° as the complement of M in Px M and p° as the restriction of p to
PxM°. Then Cx M = (p°)~*(o0) and (p°)~(C) = p~1(C) is isomorphic to M x C.
This situation is summarized in the following diagram.

XxPl > PyM°
\ %
Pl

The deformation to the normal cone is a special case of MacPherson’s Grassmannian
graph construction which was introduced in [19].

Let us recall this special case (MacPherson’s construction generalizes to vector bundle
morphisms E; — Es by considering Grassmanian spaces instead of projective spaces).

Assume that X = s71(0) is the zero locus of a regular section s of a vector bundle
m: E — M. Consider the embedding

MxC—sPE1) xP: L P,

given by (y,A) = ([As(y) : 1]y, [X : 1]), and let p be the projection onto the second factor.
Here again, 1 denotes the trivial line bundle and P(E @ 1) is the fibrewise projective
compactification of the vector bundle E — M. Then Px M is the closure of the image
of M xCin P(E®1) x PL.

Suppose that codim(X) = rk(E) (when F is a line bundle — the case considered in this
paper — it is enough to assume that the restriction of s to every irreducible component
of M is not identically equal to zero). Then the fibre at infinity of the restriction of p to
Px M can be expressed as the following connected sum over P(E|x)

P () =P(Exe1) |J M, (10)
P(E|x)

where & : M = {{ € P(E), s(n(f)) € £} = M is the blowing-up of M along X and
P(E)x) is the exceptional divisor.
Indeed, first assume that y — yo with yo ¢ X and A — oo; then

As(y) : 1] = [s(yo) : 0] € P (B,,) C M\ P(E|x).

Next, assume that s(y) — s(yo) where yo € X and A — oo; then either As(y) — oo
and [As(y) : 1] = [1: 0] = 00 € P(E,,) C P(E|x), or As(y) — w # oo and then
As(y) : 1] = [w: 1] € By, C Ex.

We only need a special case when F is a line bundle and s is not identically equal to
zero on each irreducible component of M. Then CxM = E|x, P(Cx M) is isomorphic
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to X and the blowing-up of M along X is the identity (this will not be the case when we
shall replace blowings-up by real oriented blowings-up in the real oriented multigraph
construction). We simply use the notation P M instead of Px M.

The following picture, inspired by [11, Remark 5.1.1], is illustrative. When A goes to
infinity, we obtain the cone P(E|x ®1) = P(E|x)UE|x (the dashed vertical line) and the
blowing-up M of M along X (included in P(FE) which is the part at infinity represented
by the upper horizontal line) intersecting along the exceptional divisor P(E|x) (the dot
in the middle of the upper horizontal line).

B iy
A=8 \j F(®)
A=3 :
A=1,2s .. E | \P(E®1)
|7 P(Ee1) > M
M

X

From now on, we replace the parameter A by t = A~! so that the special fibre is given
by t = 0.

3.2. The multigraph construction

Let us now take the set-up from the introduction §1.2; so that M is a nonsingular
algebraic variety and f : (M, D) — (C,0) is a regular function such that D = f=1(0) is
a divisor with simple normal crossings, i.e. such that D = J,.; D; with D; nonsingular
hypersurfaces meeting transversally.

For i € I, let L; — M be the algebraic line bundle associated to D;. Let s; be a
regular section of L; such that (1) holds.

Following [13, (3.5)], we consider the fibre product over M of the graph constructions
associated to each D;, i.e.

M x <—>H 1)xC) — (CI,

zeI

where the inclusion is given by (x, (¢;)icr) — ([si(z) : €], tl)lej
Denote by P M the Zariski closure of the image of M x (C*)! in H ) x C).
zGI
We will give a description of the special fibre p‘_PlM(O) CPM. For J C I, set
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—P
Ly = HD3P (Lijpg ®1).
icJ

Remark 3.1. Denote the projection by pr : pﬁP}M(O) — M, then
— o o —P —P —P
prt (D9) = {([si(@) s 0iepys s @ € D5} x Ly = {11 0))ep s p x Ty” = Ty (1)

Remark 3.2. For J = &, note that EP =pr Y (M\D)~M\D.

Remark 3.3. For J C I, note that P (Li\D?, ® 1) = Lips UP (Li\Dg) where P (Lz‘\Dg)
is the part of the projective compactification of L; ps, at infinity.

For J C K C I, we set

—P
Pr, = HD° Pryi C Li

ieK ¥
where
P(L”D%) lf’LEK\J

—P —P
In particular, Pxx = Lx and Py = I_IDO P (LilD;’() is the part of Lx  at infinity.
ek &
The following description is useful for comparison with the real oriented case that we
introduce in the next section. The special fibre pﬁP}M(O) may be written as the following

disjoint union (up to identification (11))

_ —P
P = LIS
JCI

—P
The closure of L; in pﬁP}M (0) is the following disjoint union:

—P
Ly = || Pk,
K>DJ

In particular, the closure of M \ D in pﬁle(O) is isomorphic to M.
3.3. The motivic Milnor fibre

In this section, we follow [13] and keep the notation from §3.2.



J.-B. Campesato et al. / Advances in Mathematics 461 (2025) 110075 17

3.83.1. A Grothendieck ring

Definition 3.4. We first define the category Var%;’g* where n € Nsg. An object of

Varg;’%* is a morphism of the form ¢ : Y — D x C* where Y is a complex algebraic
variety equipped with a good C*-action, meaning that every orbit is contained in an
affine open subset of Y such that

(i) the fibres of prpop : Y — D are C*-invariant, and
(ii) YA e C*,Vz €Y, (A - x) = A"m(x) where m = pre. op.

A morphism of Vargx’%* is a C*-equivariant morphism over D x C*:

Y Y2

D xC*

Definition 3.5. We denote by K (Varg;’%*) the Grothendieck group associated

to Varg;’%*; it is the free abelian group generated by the isomorphism classes

[p:Y — D x C*] of Varg;’%* modulo the following two relations:
(i) If Z is a closed C*-invariant subvariety of Y, then
[@Y—)DXC*]: [g0|y\ZY\Z—>DX(C*}+[(p|ZZ—)DXC*]

(ii) Let ¢ : C*C,Y — DX C* be in Varg*x’%* and set ¢ = popry : Y xC™ — D xC*.
Let o and ¢’ be two good actions on Y x C™ such that pry (A-52) = pry (Ao ) =
A pry (z). Then ¢ : C*C, (Y xC™) - DxC* and ¢ : C*Cypr (Y xC™) —» Dx C*
are in Vary . and we add the relation

[ : C*Co(Y x C™) = D x C*] = [t : C*Cypr (Y x C™) — D x C*].

The fibre product over D x C* with diagonal action induces a ring structure on
Ky (Vargx’?é*s and the fibre product over {pt} = Spec(C) induces a Ky(Varc)-module

structure on Ky (Varg*x’%*)
Note that the unit of the addition is given by 0 := [@] and that the unit of the product
is given by 1,, .= [id : D x C* — D x C*] where X - (z,7) = (z, \"r).

Definition 3.6. We denote by < the directed partial order on N+ ¢ defined by m; < mo <

3k € Nsg,m1 = kma. For my < ma, we set O,m, - Var%x’gf — Var%x’gi which only

replaces the action by A -,,, z = A¥ -, x. Then we set Varg*xc* = @Var% G
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We define similarly K (Var%;(c*) = lim Ky (Var%;’f&) which is a Ko (Varc)-

—
module and set 1 :=1lim1,,.
—

Remark 3.7. The above inductive limits simply mean that we identify ¢ : C*C,Y —
D x C*in Vargx’%* with ¢ : C*C,,Y — D x C* in Vargx’fgi when A oz = \F -, 2.

3.8.2. The motivic Milnor fibre
For J C I, we set

H L DOCLJ C pipay (0)
ZEI

according to the notation from §1.4.
Let us Compute f near L% in the coordinates ([s;(z) : t;],ti)ier € (P(L; ® 1) x R>q)

onH 1) xC):

zEI

o) [Tt = [T <“<z> 1 <>) T ity

icl icJ i¢J icJ

then

-1
x) - (H th> — fi (@, (vi)ies) ,

icJ
asx — DS, t— 0, and s;(z)/t; = v; € L} for i € J, and
fr (@, (vi)ies) = us(z HU (13)
ieJ

d
where u(z H si(x Ni is a regular nowhere vanishing section of ®L;N © over

g J i=1
o
De.

Given k € NI, we equip L% with the C*-action defined by X - (z,(v;)ics) =

(x, ()\kivi)ieJ).

Proposition 3.8. The class [(7y, fs) : C*CL% — D x C*] is well-defined in K, (Var%;(cg
and does not depend on the choice of k € Ngo

Proof. By additivity we may work with coordinates, up to working over an open Zariski
set. Set N; = ged{N;, i € J}; then, by Bézout’s identity, there exist o; € Z such that
Nj =3 a;N;. Define L% := {(x,r) € DS x C*, uy(z)r™’ # 0}. Then
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v, — ]
LY ’ L% x {w € (C*)7, wav"/N" = 1} ;

= e

DS xC*CDxC*

where

Uy (z, (vi)ies) = (50,7’ = H”fvi/NJv (Taivi)ieJ> ’

icJ

and

\Iljl(m,r, w) = (x, (Taiwi)ie,) .

For k € N, the action on L% induces via ¥; the action \ - (z,7) = (2, \"/¥77) on
Zj’} where n =37, ki N;.

Since N; > 0, it follows from 3.5.(ii) that the class induced by W¥;(L%) in
Ky (Var(]gl’%*) depends only on the action on [/5 Finally, using Remark 3.7, the class

induced in K (Var%*xc*> does not depend on n/Ny, and is, thus, independent of k. O
Definition 3.9. The motivic Milnor fibre of f is defined by

Sp=— S (=) [(ms, fs) : C*CLY —» D x C*] € Ky (Varg;c*) . (1)
o#JCI

Remark 3.10. The motivic Milnor fibre is usually defined as the formal limit of a power
series called the motivic zeta function; see Section 7. This formal limit is defined using
a rational formula for the motivic zeta function, which is obtained using resolution of
singularities together with the motivic change of variables formula. Nonetheless, the
motivic Milnor fibre doesn’t depend on the choice of resolution since the motivic zeta
function is intrinsically defined in terms of arc spaces.

The rationality formula relies on motivic integration, for which it is necessary to be
able to use the multiplicative inverse of the Lefschetz motive L := [C] - 1. Therefore, the
motivic Milnor fibre is usually defined as an element of the localised Grothendieck ring
ME . = Ko (Varfe- ) [L71].

In the present set-up, D = f~1(0) is already assumed to be a divisor with simple
normal crossings, so we can directly use formula (14) as a definition for the motivic
Milnor fibre of f as an element of K (Var(g;c*) (and not ME’ .); compare with [13,

The independence of k in Proposition 3.8, and thus relation 3.5.(ii), is usually used
to prove that the motivic zeta function is rational; however, we use it in Section 7 to
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prove that the (local) motivic Milnor fibre of f : (X, z0) — (C,0) is actually well-defined
without inverting the Lefschetz motive and without the assumption that f is normal
crossing (see Theorem 7.1). This fact has already been noticed by J. Nicaise and S.
Payne [21] and A. Forey [10, Proposition 5.14] using other methods.

4. The real oriented graph construction and the complete Milnor fibration

Real oriented blowings-up are used to study the fibres of complex algebraic or analytic
functions and mappings; see [1], [24], [16]. The underlying idea is the following. Consider
an analytic function (or more generally a mapping as in [16]) on a nonsingular space.
Then, by resolution of singularities, after blowing-up centres included in the special
fibre, we may assume that this fibre is a normal crossing divisor. Nonetheless, such an
operation on the special fibre does not make the function locally topologically trivial and
it is impossible to do it simply by means of complex analytic geometry. On the other
hand, the fibre product of real oriented blowings-up of the components of the divisor
with normal crossings has this property. Though the space obtained this way is not a
complex analytic variety, it carries a lot of information, including the weight filtration
and the Hodge filtration; cf. [16].

The major contribution of this section is the real oriented multigraph construction
introduced in §4.3. The main idea consists in replacing the blowings-up involved in the
multigraph construction, see §3.2, by real oriented blowings-up. The resulting space may
be visualized as the ambient space with the divisor with normal crossings replaced by an
infinitesimal punctured neighbourhood. Then, in §4.4, we explain the relation between
the spaces obtained with this geometric construction and the log-theoretic spaces from
Section 2.

4.1. Examples

Let us explain the construction of (M, D) (M, D)™, and (M, D)'*P on simple
examples.

Example 4.1. For M = C and D = {0} we have (C,0)*" = (C,0)m° i (C,0)?, where
((C,O)(t)op = S! is the exceptional set of the real oriented blowing-up of C at 0 and
(C,0)mot = C* = Rxg x St

In general, when D has several components, the inclusion
(M, D) > (M, D)™ L (M, D)"*P

may be strict and we call the difference (M, D)P!\ ((M, D)™°t L (M, D)*P) the mived
part. It corresponds to the elements that are “at infinity” only for some, but not all,
components of D. See the following example (and compare with Example 2.2).
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Example 4.2. For f(z,y) = zy defined on C?, we get the following schematic picture of

(M, D) *

(M, D)“’B’t, in green, represents geometrically an infinitesi-
mal tubular neighbourhood of D (with D removed).
The boundary of (M, D)ltjojp, in orange, coincides with the to-
tal space of A’Campo’s first model of the topological Milnor
fibration (see Section 5).
L The zero section (in black) is not a part of (M, D)Tgl.
The square bounded by the purple dashed lines represents
(M, D)gpl7 that is the part over the origin, and the purple
square itself (without its vertices) represents the mixed part.
Thus, above the origin, we have:
il bt | (M, D)§" = (M, D)™ U (M, D)5 U (M, D)§"™

= (S'xSHU(C* xC*)U((C* x SHL(ST xC)).
And above z € D \ {0}, we have:
(M, D)eP' = ST U C* = (M, D){°P L (M, D)™°*.
The circle S at infinity of the fibre (in red) is represented
by two points in blue: we see only S° since the picture is
real.

c—e—oW

(%)
%

e

1

|

A

1

---.

4.2. The real oriented graph construction
Recall that the real oriented blowing-up of C at the origin is defined by
T = Prc :C = {(z,em) eC x 8t : |z =z} —=C
or equivalently, in terms of polar coordinates, by
r:C= Rso x ST = C,  7(r,e?) = re®.

Thus, the exceptional divisor 771(0) ~ S* is the space of rays from the origin.

The quotient ((C x R>g) \ {(0,0)}) /Rso by the diagonal action t - (z,7) = (tz,tr)
can be identified with the compactification of C by S! at infinity (which we denote by
I@l), or, equivalently, with the real oriented blowing-up of P! at oo := [1 : 0]. If we denote
the latter by 7 : P! — P, then 7 !(cc0) ~ S,

From now on and throughout §4.2, we assume that D has a single irreducible com-
ponent. More precisely, let M be a nonsingular algebraic variety and let s : M — L
be a regular section of an algebraic line bundle L defining a nonsingular hypersurface
D = s70).

We define L € L by L, == Rsgs(z) if s(z) # 0 and L, = L, \ {0} otherwise. Then
the real oriented blowing-up of M along D is M:=1 /R~ the quotient by the action of
R<( on L. Note that M depends only on D since if s’ is another suitable section then
s’ = us for some non-vanishing .

We denote by S(L#150) the fibrewise compactification of L by ST at infinity. Formally,
it is defined on the fibre above z by taking the quotient ((Ly x R>0) \ {(0,0)}) /R

2 For interpretation of the references to colours please refer to the web version of this article.
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where the action is diagonal. Then S(L @ 1) = L U S(L). Here 1>¢ stands for the
nonnegative vectors of the trivial R-bundle in M.
Consider

M xRso— S(L® 120) X R>g L R>q,

where the inclusion is given by (z,t) — ((s(z),t) mod Rsg,t) and p denotes the pro-
jection onto the second factor. Denote by SM the Euclidean closure of the image of
M x Ry in S(L & 150) X R>¢ and by ps the restriction of p to SM. Then, the real
oriented graph construction is given by

ps'(0) = S(Lip & 1x0) U M,
S(Lp)

where M is the real oriented blowing-up of M along D and S(Lp) is its exceptional
divisor.

In particular, we have a copy of M\ D at infinity (with respect to the compactification
of the vector bundles; compare with §3.1) in pg*(0).

We set

(M, D)™ =S(Lip®1s0) |J M, (15)
S(Lp)

that is, (M, D)P! is pgl(O) with the zero section of L|p removed and

(M, D)™ == (M, D)\ S(Lp), (16)
which consists of L, union the image of M \ D in M.
Finally we define (M, D)'*P as the real oriented blowing-up of M along D

(M, D)™P := M, (17)

which is the part of (M, D)P! at infinity and which coincides with the Euclidean closure
of M\ D in (M, D).

Note that the copy of M \ D at infinity lies in all three of the above spaces, and is
formally given by M \ D > z + (s(x) mod R+q) € S(L) C (M, D)P. Its complement,
(M, D)Tgl, is the disjoint union of (M, D)Itgp =S(L|p) and (M, D)fj})"t Lip-
Remark 4.3. The formula (15) is analogous to (10). To make this analogy precise, we
note that PM is the image SM in P(L & 1) x C via the projection

S(L ©® 120) X R20—>P(L ©® 1) x C.



J.-B. Campesato et al. / Advances in Mathematics 461 (2025) 110075 23

Indeed, let ([v: 1],0) € PM N p~1(0). Then, for some sequences x — zg € D and t — 0

with t € C, S(f) — v. By choosing the local coordinates such that s(z) = z1, we may

suppose that s (%x) = |%‘s(ﬂc) and then

(| (o) 1] ) = @0ttt > 5 100

Therefore ([v : 1],0) is the image of the projection of the limit of ((s (%x) 7|t|> mod R+,

|t‘) eS(La 120) X R>g.
The projection S(Ljp © 1>0) — P(Ljp © 1) is bijective except over the section at
infinity. That is to say,

S(Lip ®1>0) \S(Lip) ~P(Lip 1)\ P(L|p) = Lp.
4.8. The real oriented multigraph construction

In the general case —i.e. when D = | J,; D; has several components — we consider the

icl
fibre product over M of the real oriented graph constructions associated to each D;, i.e.

M xR, — T (S(Li @ 130) x Rzo) £ R,
iel

We denote by SM the closure of the image of M x RL, in HM(S(Li @ 1>0) X Rxg)

iel
and the restriction of p to SM by ps. It coincides with the fibre product of the real
oriented graph constructions ps ; : S;M — R associated to the fibre bundles L;.

Definition 4.4. We set

(M, D)= (M, D) < pg'(0), (18)
i€l
(M, Dyt =[] (M, D)™ C (M, D)7, (19)
el
and,
(MDW:HMMMWCWQW, (20)
el

where (M, D;)°P!, (M, D;)™°, and (M, D;)*P are defined in (15), (16), and (17), respec-
tively.
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Remark 4.5. The space (M, D) coincides with Ps 1(0) minus the zero sections, similar

o (15). However, (M, D)Tgl is no longer the union of (M, D){5"* and (M,D)L%p as soon

as |I| > 2 due to the presence of mixed part; see Example 4.2.
Note that, again, the copy of M \ D at infinity, formally given by
M\ D3z (si(z) modRsg)ier € HS(Li) C (M,D)™,
iel

is included in all above three spaces.

The space (M, D)°?' may be visualized as M with D replaced by an infinitesimal
punctured neighbourhood. Then (M, D)™°* is the infinitesimal part of (M, D) together
with a copy of M \ D at infinity, and (M, D)*P is the part of (M, D)P! at infinity.

Remark 4.6. We can adapt Remark 4.3 to the current setting with several components
in D since the components are normal crossings only.

Consider the usual stratification of M associated to a divisor D —i.e. given by D =
Dy \Uieny Di for J C I, where D; = (;c; D;. Denote by pr : ps'(0) — M the
projection to M. Then pr~!(D9) stratifies the special fibre pgl(O) as follows.

For J = @, we get pr(D9) = pr~}(M \ D) ~ M \ D. Otherwise, if J # &, we have

pI‘_l(D3> = {([Sl(.’lﬁ : 0])1'61\.]’ X € D;} X HDOS(Li|D3®1ZO) >~ HDOS(L“D?’@].ZQ).
ieJ 7 e 7

In what follows, for J C I we set

—s
Ly = HDOS(Li\Dg © 1>0),
ieJ 7
and for J C K C I, we set
Sks = H SkiC HS
Lopg ’
ieK

where

o ) S(Lips ®1x) ifieJ
o S (Lijps,) ifie K\J

— S —S

Thus, in particular, Skx = Lxg and Skgg = H .S (Li\D%) is the part of Lx at
ek’

infinity.

The special fibre pg 1(0) may be written as the following disjoint union of real algebraic
varieties of dimension 2dim¢ M (if non-empty)
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= ]z°

JcI

The closure of ES in pg 1(0) is the following disjoint union:

= || Sk

K>J

The next lemma, Lemma 4.7, relates

(M, D)= || (M, Dyt~ | ] Lf
G#AICI @#AICI

and the motivic Milnor fibre Sy introduced in §3.3.2, see Definition 3.9.
mot ~ T x
Lemma 4.7. For J C I, (M, D)|D3 ~ L%,
Proof. The isomorphism is given by
L% — (M, D)ot

|Dg
(2, (vj)jer) — (2,(v))jer (si(x) mod Rso)ierys). O

Though L% does not depend on the choice of the sections s;, the space (M, D)T‘b"ot does.
This is because of the last component (s;(x) mod Rso);e s in the above formula. This
dependence is not essential and the simplest way to get rid of it is to find the model of

(M, D)lnlljogt independent of such a choice. This is, of course (M, D)‘ag)gg; see §4.4.
We denote by L_*S the bundle L_JS with the zero sections removed. Then L_}S NLjy=

L. Therefore, for J C I, we have (M, D)Tglo ~ L* and

(M, D) = |_| (M. D)B. ~ | | T3
JCI JCI

Note that (M, D)ltj%% is the part of (M, D)fglj at infinity; indeed

(M D)r%po = {(Sz(fl;) mod R>0)i€I\J7 T € D;} X HDOS(L“DS) ~ DOS*(LilDS).
icg 7 ied 7
Thus,

(M, D) = |_|(M, D)7 =~ [_|S(Ly), (21)
JCI JCI

where S*(Lj) H S(Li|ps)- Again, (M, D)‘tD‘L depends on the choices of the sections

i€J b
S;-
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4.4. Comparison to the log-spaces

In this section we show that (M, D)¥*P, (M, D)P! and (M, D)™°* can be identified
with the Kato-Nakayama log-space (M, D)!°8  the complete log-space (M, D)°'°%  and
the algebraic log-space (M, D)%, respectively.

Theorem 4.8. The sections (s;);cr induce bijections
(M7 D>m0t =~ (M7 D)alog’ (M’ D)toP =~ (M’ D)10g7 (M7 D)Cpl = (M7 D)Clog

Remark 4.9. The spaces (M, D)P!, (M, D)%*P and (M, D)™, as defined in Definition 4.4,
depend on the choice of the sections s;,7 € I, whereas this is not the case for the corre-
sponding log-spaces. Therefore the above bijections allow us to get rid of this dependence.

Moreover, these natural bijections can be used to induce geometric and algebraic
structures on the log-spaces from the ones on (M, D)P!, (M, D)™°t, (M, D)*P (see Re-
mark 4.10).

Proof of Theorem 4.8. We first construct a bijection between (M, Di)‘all; ? and L;‘I p,- For
this, we construct a vector bundle isomorphism between N; and L;|p, (which depends
on the choice of s;); see §2.3 for the notation.

Fix x € D; and consider the commutative diagram

0 T,D; T,M (N3)a 0
| [7es | (22)
0 TxM zero Tsl(az)Lz E— TO(Lz)w = (Lz)z — 0

The middle vertical arrow represents the differential of s; : M — L; at x. It induces the
vertical isomorphism (s}), on the right-hand side. Then (s}),(v) = Dyzs;(v) = Oysi(z)
is the directional derivative of s; along v at z. Composing s} : N} — L7 p, with the

bijection of Lemma 2.5, we get a bijection

al *
(M, DZ)IdDolg = (CE7 (P) —w; € Lz |D;*

We now express the above bijection directly, without using the normal bundle. For
this let us fix a non-vanishing local section ¢; of L;. Then the above isomorphism is
explicitly given by w; = ® (2—) ¢;. Indeed, write s; = g;¢; and then, since g(x) = 0 if
x € D;,

w; = 0y, 5i(x) = 0y, 9(x) - i + g(x) - 0y li(x) = ©(gi) - £; +0- O li(x).  (23)
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Given z € D, recall that J(z) :={i € I : x € D;} and define the bijection

(]\47 D)alog — (M, D)mot

(z, ) = (337 (wj =0 (z—j) Ej(x))je](x) ) (Si(x))iEI\J(:p)) '

Note that the above formula depends on the sections s;,4 € J(z), but not on the sections
;.
By taking the circle bundles we obtain the corresponding bijection for the log-space

(M,D)s — (M, D)tP
@) o (o (5= (7)), Hesleiene )

where 6(v) := v mod Rs.
Combining both formulae from above, we get the following bijection

(M, D)% — (M, D)
o) = (s (0 = (32) e () 0lty(2)

(9(si(x)),T(Si(fﬂ)))ieI\J(m)> € %g’

jes(@)’

where r(v) == v mod S'. O

Remark 4.10. There is a natural topology on the log-spaces; see [15]. For (M, D)8, it
coincides with the topology induced by the oriented blowing-up, so that the bijection
in Theorem 4.8 is a homeomorphism. In the present paper, we assume that (M, D)8,
(M, D)8 and (M, D)?!°¢ are equipped with the topologies induced by the above bijec-
tions.

Using the functoriality of (M, D)*°% applied to f : (M, D) — (C,0) we obtain the
first vertical map of (4)

flaf;g : (M, D)T};g — C*,

and the identification (M, D)*1°8 ~ (M, D)™° from Theorem 4.8 then induces
Ayt (M, D)5 — (C,0)j5 = C*.

Composing the bijections in Lemma 4.7 and Theorem 4.8, for @ # J C I, we obtain

the bijection ©; : (M, D)Tg)c}g — L% defined by ©;(z,®) = (;m (@ (z—;) Ej(m)) ]>.
je.
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Proposition 4.11. fl%%g = f7 00Oy, where f; is defined in (13).

Proof. For (z,®) € (M, D)?jljogv
J

£ (2, @) = B(f,) = P (“H (Z)N Hef)

i€l i€l

() e (1)) e

i¢J jeJ i€l
_ (“(x)igHJ si@)m) 1 (o(2) @-(x))Nj — [1(0,(x.9)). ©

Definition 4.12. In Theorem A, by the reduction of fl%og we mean the element of

Ko (Var%;(c*) defined by

= Y UV [(pras, £i®) : €M, D)E = D x €.
oA :

‘We derive from Proposition 4.11 that this reduction coincides with the motivic Milnor
fibre S¢; cf. Definition 3.9.

Corollary 4.13. Sy = — Z (=)l {(prM, f‘a[l)og) : C*e(M, D)Iag);f — D x (C*}.
o#ICI

Similarly, the functoriality of (M, D)!°® gives rise to a map (M, D)h)jg — (C, O)ng =St
Then, using the identification (M, D)8 ~ (M, D)*P, we obtain

sign f : (M,D)TODID — St (24)

We will see in Proposition 5.1 that sign f coincides with A’Campo’s first model of the
topological Milnor fibration.

We can now prove Theorem A, as stated in the introduction.

Proof of Theorem A. The fact that the map flljojg 2 (M, D)}%’T — S1 coincides with A’-
Campo’s first model of the topological Milnor fibration will be proved in Section 5, see
Proposition 5.1.

We have shown in Corollary 4.13 that the reduction of fﬁljog coincides with the motivic
Milnor fibre S;.

By definition of the log-spaces, we obtain f‘lgg by dividing f&l)og over each stratum D%

by (Rso)” in the source and R+ in the target. O
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Remark 4.14. The signs appearing in the motivic Milnor fibre Sy (see Definition 3.9) can
be interpreted in terms of geometric quotients by powers of R>O

Since (M, D)‘tgf, is the geometric quotient of (M, D)‘"bo(f by R>O, the coefficient (—1)!”!
appearing in Sy in front of the class of L can be interpreted as a consequence of this
fact as XC(IR{LJ(‘)) = (=1)I’I. We conjecture that this interpretation can be made formal
by introducing a Grothendieck group handling these quotients by R<g (importantly, by
taking such a quotient, we leave the category of algebraic varieties).

The additional sign in front of the sum for Sy in Definition 3.9 is necessary to compare
the motivic Milnor fibre and the topological Milnor fibration. Indeed, we need to take
the quotient of C* by R+ in order to recover S' in the target of the topological Milnor
fibration.

Besides, as explained in Remark 7.2 these coefficients are also necessary to ensure
the invariance with respect to the choice of a resolution (see also Examples 6.1 and 6.2).

4.5. Recovering the function f and the motive S¢

Recall that fmet : (M, D)“‘}DOt — C* induces maps f; : L} — C* for @ # J C I (see
(13)) from which we derive the motivic Milnor fibre Sy (see Definition 3.9). Similarly,

we deduce from (24) that sign f induces an (S 1)J—equivariaunt function

sign f; : (M, D)ltjg% — S, sign fy(x,0) = (signuy(z HHN (25)

where @ # J C 1.

Actually, we show that we can essentially recover f from these maps, as explained
below. For this statement, it is convenient to use the following evaluation map

evy: (M,D)™°e — C*

given for ® € (M, D)2°8 by evy(®) = ®(f,). Note that (evy)p coincides with f‘alog :
(M, D)% - (€003 = ¢
Theorem 4.15. Given a manifold M and a divisor D = UD; with simple normal crossings.
Fiz the line bundles L; and the sections s; as in the set-up, see §1.2.

Then the map evy : (M, D)¥°¢ — C* uniquely determines the function f, and its
restriction f3°% : (M, D)?lDoog‘ — C* determines fy: L%} — C*.

Similarly, f'°& : (M, D)"® — S' determines f up to the multiplication by a (locally
constant) positive real number and each of the maps f‘lgg(} 2 (M, D)Tf‘g — S determines
fr: L% — C* also up to multiplication by a (locally constant) positive real number.

Proof. Clearly evy determines the exponents N; and therefore it is enough to determine
the unit u in (1). If ® € (M, D)2!°8 this follows from ®(u) = u(z).
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The above argument applies to f1°8 because for ¢ € (M, D)8, f1°8(2, ¢) = o(f.).

More precisely, it allows us to recover the exponents N; from fllggi, and then the argument
J

of uy, signuy(z) = % Finally, the argument of u; determines w; up to a positive

real constant. Indeed, the quotient of two such possible u; is a holomorphic function
that takes only real values. So it is locally constant. 0O

Proof of Theorem B. Note = : (M, D)'¢ — (M, D)*P the bijection from Theorem 4.8.
Then f‘1 € = sign f; o E. Therefore sign f; determines f‘Do, which determines f; up to
a multlphcatlon by a (locally constant) positive real number by Theorem 4.15.

Note that [(7s, f;) : C*CL% — D x C*] € Ky (VaerC*) does not change if we mul-

tiply fs by a (locally constant) positive real number. Therefore sign f; determines Sy
(see (14)). O

5. The topological Milnor fibration

In [1], N. A’Campo gives two geometric models of the topological Milnor fibration.
We recall below the main idea of his constructions and interpret them in terms of our
construction.

Let f: M — {2z € C : |z| <1} be a complex analytic function with values in the
unit disc in C, and assume that the zero set of f is a hypersurface with simple normal
crossings D = f~1(0) = UD;. A’Campo constructs a first model nf : N — S (denoted
nP : N — S!in [1]) of the topological Milnor fibration of f, with N a differentiable
manifold with corners that is homeomorphic to the boundary of a regular neighbourhood
of the zero set of f in M. When D is irreducible, this construction is simply the real
oriented blowing-up of M along D. For general D, he takes the fibre product of the real
oriented blowings-up along the components D;. Therefore, by construction, the fibre of
nf : N — St above a smooth point of f~1(0) is a circle, whereas above a point in the
intersection of k divisors it is the product of k circles.

Above each stratum DG separately, this construction describes nicely the fibration to-
gether with the monodromy. However these models of the monodromy above the different
strata do not glue together. For this reason, A’Campo constructs a second model of the
Milnor fibration by thickening the corners of N, giving more flexibility to interpolate the
monodromy on the pieces into a global geometric monodromy.

A’Campo’s first model coincides with the map defined in (24). The second one, which
we interpret now in terms of our construction, comes with a simple formula for the
geometric monodromy operator.

Let us now go back to the set-up from the introduction (see §1.2). For @ # J C I,
recall that sign f defined in (24) induces an (S 1)J-equivauriant function (see (25))

sign fj : (M, D)f]%% — S, sign fy(x,0) = (signuy(x HGN
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Recall also that (M, D)Tj%p3 can be identified with L*/(R~0)” so that (M, D)‘t%p3 is an

(S 1)J—plrincipad bundle over DS.

Proposition 5.1. The continuous map sign f : (M, D)TIODp — St coincides with A’Campo’s
first model of the topological Milnor fibration.

Proof. When D is irreducible, we defined (M, D)'*°P as the real oriented blowing-up of
M along D, see (17). When D has several components D = UD;, we defined (M, D)"*P
as the fibre product of the (M, D;)%*P, see (20). Therefore (M, D)*P coincides with the
total space of A’Campo’s first model.

Then sign f; : (M, D)lt%% — S, defined by sign f;(z,0) = (signuy(z)) [[6N, co-
incides with A’Campo’s first model of the topological Milnor fibration using polar
coordinates, see [1, p239]. O

The map sign f : (M, D)lt%p — S' is a proper stratified submersion and, therefore,
a locally trivial fibration. Over each stratum (see (25)) sign f; can be equipped with
a monodromy map given by a simple formula. These monodromy maps do not glue
together to a continuous monodromy map for sign f : (M 7D)‘tgp — S1. This is why
A’Campo improves his model by adjoining additional simplices at corners, allowing him
to define a geometric monodromy for sign f : (M ,D)‘tgD — S'. It is this construction

that we are going to recover using sign f : (M, D)TBI — St

Along the way, we give two interpretations of A’Campo’s second model; see Propo-
sitions 5.2 and 5.3. First, we represent A’Campo’s model as a subspace of (M, D).,
Second, we show that this model can be obtained from (M, D)°P'\ (M, D)*P by dividing

by the diagonal R+ y-action.
For i € I and J C I consider the function
v|Ny)~t ifieJ

&Ly o R, &)= I

ifigJ

These functions can be extended continuously from L% to (M, D)‘Cglg by giving to &; the
value 0 if v; goes to infinity. For i € I, the above functions glue together to a continuous
function & : (M, D)% — R. Then we define ¢ : (M, D) — R! by & = (&)ier-

Let A={{eR!: £>0, Y & =1} be the standard simplex in R”. Then the restric-
tion of sign f to £71(A) coincides with A’Campo’s second model. Indeed, the process of
adjoining simplices to the normal crossing divisor D in [1] gives exactly the topological

space £1(A)/(SY)!. Besides, we have

€71(A) = (€71(8)/(8Y)") xp (M, D).

In particular, £~ (A) is homeomorphic to A’Campo’s second model (named N in [1]).
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Then we construct the associated geometric monodromy as follows. For A € R, we
define hy, j : Ly — L% by

h,g(z,v) = (:v, (exp (A&i(z,v)2mV/—1) vi)i€J> .

Then, the maps hy ; can be extended to the boundary of L% in (M, D)lcg1 so that they
glue to a continuous map h : (M,D)‘Cgl — (M, D)Tgl.
The map hy : E1H(A) — £71(A) is well-defined and satisfies

sign f (ha(z,v)) = exp (A2mv/—1) sign f(z,v).
In particular, the following result holds:

Proposition 5.2. sign f : £71(A) — S coincides with A’Campo’s second model of the
Milnor fibration.

Let us give a different interpretation of this construction. For @ # J C K, we define
an R g-action on

( D;{Lij(> <o | 1T . S Eipg) | €S
ic€J

ieK\J

by

A ((vi)ies (0))jexng) = ((Avs)ict, (05) e\ ) -

These actions glue to an R g-action on (M, D)°P'\ (M, D)¥*P. The above construction

leads to the following result.

Proposition 5.3. The quotient ((M, D)°P'\ (M, D)*™P) /R~ is homeomorphic to E~(A)
and the map to S* induced on this quotient equals the restriction of sign f to £1(A).

Proof of Theorem C. Theorem C follows from Propositions 5.2 and 5.3. 0O
6. Effect of a blowing-up

We use the same notation as in the introduction, see §1.2. Let C' C D be a nonsingular
subvariety in normal crossings with D = U,y D;. In this section we compute the effect
of the blowing-up of C on (M, D)2°8 (M, D)°¢ and (M, D)<°8.

Let o : M — M denote the blowing-up of C' in M and let D be the total transform
of D by ¢. Thus D = o~ !(D) is the union of the strict transforms of the D;, i € I,

alog
)

denoted by D;, and of the exceptional divisor F of 0. We are going to express (M, D)
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(M, D)8, and (M, D)°"°# in terms of the original log-spaces and the normal bundles of
the components of D and to C. For this we present two types of formulae. The first
ones, Theorems 6.7 and 6.12, give canonical formulae for the new spaces over strata
of the exceptional divisor. The second ones, Corollaries 6.8 and 6.13, present (local
for the Zariski topology on C) trivialisations over C of the projections (M ,D)alog —
(M, D)8 (M, D)8 — (M, D)%, Over the smallest stratum, denoted later by D;{,
both coincide and the canonical formula is a trivialisation; see Propositions 6.10 and
6.14. Note, nevertheless, that E;-{ can be empty.

The case (M, D)*°8 — (M, D)8 is particularly simple and can be expressed entirely
in terms of the normal bundles. The case of (M, D)'°8 — (M, D)2 is, in turn, obtained
by dividing, stratumwise, by powers of R<(. In this case, the local stratumwise trivial-
isations glue to a continuous (local with respect to C') trivialisation over all the strata;
see Corollary 6.15. We also show that the fibres of the projection (M, D)8 — (M, D)'og
are contractible, and, hence, that this projection is a homotopy equivalence; see Corol-
lary 6.16. For completeness, we also show how to obtain local (in C') trivialisations of
(M, D)8 — (M, D)°"°¢ by combining the previous two cases; see Theorems 6.17 and
6.18. The proofs rely on the identifications of Corollary 2.6.

The underlying ideas are simple and geometric, though the precise statements are
technical and the notation that takes into account all the data is quite heavy. For this
reason, we begin with two simple but illustrative examples that we present with schematic
pictures.

Example 6.1. In this example, we assume that D : 2129 = 0 in M = C? and that
C ={0}.

The picture on the left represents the space (M, D)Tlljog. The subspace (M, D)}(z)g is

represented by orange straight lines together with the red dots. The subspace (M, D)T}:‘; €
is represented by hatched green lines outside the intersection and with green dots near

the intersection point. The mixed part is represented in purple.
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The picture on the right represents (M , D)lcg’g. The exceptional divisor F is repre-

sented as the horizontal blue line. The subspace (M , Jj)}%g is represented by straight lines.
The subspace (M , ﬁ)?g’ ¢ is represented by green hatched lines and dots. The mixed part
is represented by dashed lines.

The colour code shows how each piece is mapped by o (for D) or by o8 (for

(M ,b)‘cgg). In particular, some pieces of the mixed part of (M, D)% are mapped

\D
to (M, D)%,

Let us start with the alog-spaces. After blowing-up, (M, D)?E‘gg} ~ C* x C* is replaced
by

. (M,D)TEZ% ~ C*x C*forpe END = {p1,p2}, and

« (M,D)}p% ~C* forpe E\ D ~C*.

Concerning the log spaces, the blowing-up replaces (M, D)Ego} ~ §1 x St with
. (M,b)ﬁ}g’} ~ S' x S forpe€ END = {p1,p2}, and

. (M,f))ﬁzg)} ~ Sl forpe E\D~C*~S'x Ry.

Therefore, as sets, above the origin we get

Stx St (ST x SH (St x Yy (St x C*) = (S! x SY) x [0, ]

Example 6.2. We now assume that D : 1 =0 in M = C? and that C' = {O}.

The straight green line represents the restriction of (M, D)*°% above O (as a set it
coincides with C*), and the red dots represent the restriction of (M, D)!°¢ above O (as
a set it coincides with S*).

Note that the blowing-up creates a mixed part in (M ,f?)cl?l that is mapped to

|D
lo
(M, D)5y

Let us start with the alog spaces. After blowing-up, (M, D)?{loog} ~ C* is replaced by
. (M,D)T{l;ﬁ ~ C* x C* for p in the singleton E N D, and
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. (M7ﬁ)?E;§:C*forp€E\f):(C.
Concerning the log spaces, the blowing-up replaces (M, D)}?%} ~ S! with
o (M, D)Tc{’i} ~ S x S for p in the singleton E N D, and

. (M,ﬁ)ﬁi} ~S'forpe E\D~C.

Therefore, as sets, above the origin we get
St (ST x SH (St x C) = S x (C x Rsq \ {0,0}) /Ry,
so that the fibre is the join of a point and a circle, that is the cone over a circle.

6.1. Set-up

Recall that o : M — M denotes the blowing-up of M along a nonsingular subvariety
C C D that is in normal crossings with D = U;c7 D;. In particular, for every i € I, either
C'is included in D; (in that case we say i € K C I), C intersects D; transversally (in that
case we say i € A C I), or C does not meet D;. In the latter situation, the blowing-up
along C has no effect on D;, so we assume without loss of generality that I = K UA. By
the assumption C' C D, the index set K :={i € [ : C C D;} is non-empty.

Denote by D; the strict transform of D; and by Dy := E the exceptional divisor of o.
For J C I set

J = Ju{o}. (26)

Then

D;Zi DJ\ U DZ: Eﬂﬂﬁj \ U DZ (27)
jeJ iel\J JjeJ i€I\J

Note that if C' = Dy then D;( is empty.

Remark 6.3. In order to simplify the notation in the theorems of this section, we assume
that A = @ so that I = K. This means that all the bijections stated over C' are actually
defined over every stratum of the natural stratification of C, i.e. given by the strata
CNDg for RCA.

Let L be the line bundle associated to the divisor E and fix a section 5 of L such that
571(0) = E. We define

5

Liy=L'®c*L, and 3§, =22 for kekK,

S

L;=6*L; and § =d*s; for iel\K.

Fix non-vanishing local sections ¢; of L;, i € I, and { of L. Then, for i € I, let ¢,
denote the section of L; defined by o*¢; = ;- 0ifie Kand 0, = o*(; ifi € I \ K.
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These sections give local trivialisations (over Zariski open sets) of the corresponding line
bundles and we use them, together with the section s, §x, and s, to locally describe the
components of D and D as the zero loci of functions with values in C. Indeed, the zero
loci of gy = si/lk, G = 3x /0y, and § = §/0, are Dy, Dy, and E, respectively. Note that
gx 00 =g g.

We need a vector bundle £ with a section s so that C' = s71(0). Since C is a subset
of D, the sections s, already vanish on C. Let & be a vector bundle defined on
M with a section s¢ such that the section s = (s¢, sk;k € K) of the vector bundle
E=ED @keK L, is transverse to the zero section and defines C. A suitable bundle &;
and section s¢ can always be chosen locally (for the Zariski topology).

The blowing-up M = Blg(M) of C in M can be described in terms of the section s

as
M = Closure of the image of M\ C — PE =P (51 & @ Lk>, (28)
keK
where the inclusion is given by z — [s] = [sc(z) : sk(x), k € K]. In particular, (28)

identifies the exceptional divisor E of o with the projectivisation of &

isos : E~5P& . (29)
This identification depends on the choice of the section s.
6.2. Normal bundles and the exceptional divisor

In order to get rid of this dependence on the section s, we use the identifications in
terms of normal bundles from Corollary 2.6.

The normal bundle NV to C in M, also denoted later by Ny ¢, is the quotient bundle
on C' defined by the exact sequence

0 —— TC — TMjc —+ N —— 0 .

The differential of s induces a vector bundle isomorphism s’ : N — &¢. For € C we
have the commutative diagram

TC,x

0 T,C T.M

i les ls'(x) (30)

0 —— T,M T, 5% T,& =& — 0,

where the map T, M — T,€ in the bottom row is the differential of the embedding
M — & of M to the zero section of £.

The exceptional divisor F can be identified canonically with the projectivisation of
the normal bundle
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cang : E~5PN. (31)

The latter can be interpreted geometrically in terms of complex arc liftings. Let v :
((C 0) — (M, x) be a complex arc such that v(¢) ¢ C for t # 0. We denote by 7 : (C,0) —
M the unique lifting of v to M with respect to the blowing-up. If ~ "(0) e T,M\ T,C,
then cang(5(0)) = [r¢ 7' (0)].

The two embeddings (29) and (31) are related by the formula

isog = P(s’) o cang, (32)

where s'(z) is the linear isomorphism defined by (30).
To show (32), take an arc vy : (C,0) — (M,x), v =4/(0) ¢ T,,C. Then the lifting of ~
0 (28), which we denote by 7s, is given, for t # 0, by 35(t) = (y(t), [s(7(¢))]). Therefore,

5(0) = lim[s(y(t))] = lim[(s 0 7)'(£))] = [me = (s ©7)"(0)]

t—0 t—0

= [s'(2)(mc.2(+(0)] = P(s") ([rc.av]),

where the second equality states that the limits of secant and tangent directions coincide.
This completes the argument for (32).

The isomorphism (31) extends to a line bundle isomorphism as the normal bundle
N to E in M corresponds (canonically) to the tautological bundle on P N. Taking this
identification into account, we associate to a nonzero vector v € N* the point [v] € PN
and a vector ¥ € N[’:)].

This map can again be described in terms of arc liftings. Let «(t) be an arc such that
7(0) = z and 7c (7' (0)) = v € N*. Denote by 7 its lifting to M. Then 5(0) = [v] €
P(N,) and 7g(5'(0)) =0 € J\N/'[’:}], where 7 : TM‘E — N denotes the projection.

Therefore, the following lemma holds.

Lemma 6.4. Let N* be the normal bundle of C in M without its zero section, and let
N* be the normal bundle of E in M without its zero section. Then we have a canonical
bijection

N*3 v~ ([v],0) € N*.

We use the following notation for the normal bundles: N; = Ny p, and N; =
@icsNijp,- The latter is well defined on D, and equals the normal bundle of D, also
denoted by N, p,. Recall that N denotes N; with the zero section removed, and by
N7 we denote the fibre product of the N over D, namely:

* . *
Ny =TT N
ieJ 7
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We use a similar notation for the normal fibres to the divisors in M.
For C C Dx € M, if dimC < dim Dg then we have an exact sequence of normal
bundles on C:

0—)NDK’CL>NM701>NK‘C—>O. (33)
Since N = ©®rex Nk|p,, we write the images of 7 as m(v) = (vg, k € K), where

vg = 7 (v) denotes the k-th coordinate of 7(v).
Analogously to (22) and (30), we have the following commutative diagram:

0 —— NDK,C —l-> NJVLC % NK|C — 0
s’clz S/lz (s;,keK)lZ
0 51|C gno@@Lkw — @Lk\c — 0.
keK keK

Since the vertical arrows are isomorphisms, the bottom sequence induces a splitting of
the top one:

0 —— Npy.c <ZT Num,c <L*} Nikjc — 0. (34)

This splitting is defined only on an open subset of M where s¢ is defined, and, moreover,
it depends on the choice of all sections s¢ and s, k € K.

The normal bundle of Dy, k € K, and of its strict transform are related by the
following.

Lemma 6.5. Over E N Dy, k € K, the line bundle o* N, is canonically isomorphic to
N ® Nk.

Proof. We have 0*L;, = L ® Lj, and the derivatives of Sk, 8,8, over BN Dk, similar to
the maps s, of (22), induce isomorphisms N ~ L, N ~ L, N ~ L. These isomorphisms
depend on the choice of sections, but we show that the induced isomorphism o* N ~
N ® Ny, is independent of this choice provided o*sj, = §3y.

Recall, after (22), that the isomorphism Nj ~ Lj is given by associating wy =
sy (k) = Dysp(vg) = Oy, Sk € Lig to v € Ni o. We show that for wy, = s} (vx) € Ly 4,
w = §(d) € L, Wy, = 5. (o) € f/k;’j, the property wy = wwy depends only on the
vectors v, ¥, 0, and not on the sections. (Here, for simplicity of notation, we identify
0* Ly and Ly z.) If uy is an analytic function not vanishing at = then the section uysy
associates to vy the vector uy (z)wy. This is because 0, (us) = ()0, Sk + (O, uk) sk ()
and si(z) = 0. The same property holds for @5 and 8. Thus, if u(z) = a(Z)ux(2),
then the property wy = Wy, is preserved as claimed. O
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6.3. Algebraic case: (M, D)*°8 ~ (M, D)™t
By Corollary 2.6, we may identify

(M, D)j?® ~ Ni -

We stratify FE by DZ} =EN(Nyeq D, \ UkeK\9 Dy,), where Q~C K; see (26), (27) and

Remark 6.3. Thus :che biggest Stratur~n of Bis D = B\ Ugex Dy for Q =2. If Q = K,

then the stratum Dz = EN ((,cx Dr) is nonempty if and only if dim C' < dim Dg.
Thus, for any Q C K, we have

Given z € C, a preimage & € o~ !(z) such that & € D%, and (0,74;9 € Q) € Nc*} e

S
by Lemma 6.4, there is a unique vector v € Ny, ¢, corresponding to (& = [v],?). Let us
denote it by v = v(&, 0). Note that, since & € DZ?, the coordinates (vq)qeq of m(v) € Nk
vanish and the coordinates (vr)rex\@ are non-zero. In other words, v € W’l(N;(\Q),
where we consider N;(\Q embedded in N via the zero section on IV, for ¢ € Q.

Let us now interpret the morphism o®'°8 : (M, E)Tgf — (M, D)T(I;g in terms of normal
Q
bundles.
Proposition 6.6. The morphism o8 : (M,D)T};f — (M, D)laé?g induces a map O%Og :
B &
Né 153, — N;ﬂc given by
log s~ ~ - .
oN ¥ (Z,0;0¢,q € Q) = (mie(v), k € K\ Q;974,9 € Q), (35)

where v = v(Z, D).

Proof. Recall that 0?!°¢ is defined by ¢2°%(®)(g) = ®(g o ). In order to determine
® = d(goo) at x, it suffices to consider only g = g = si/x for k € K and to show
that it corresponds, by Lemma 2.5, to v, = 7 (v) for k € K\ Q and v, = 99, for g € Q.

For ¢ € @, it follows from the definition of the product ¥7, given in the proof of
Lemma 6.5 and the formula w, = ® (Z—:) £y(z) showed in (23).

For k € K\ @Q we argue in the following manner. Let v(t) be the arc used in the proof
of Lemma 6.4. Recall that v(0) = = and m¢(7/(0)) = v. The lifting 4 of v satisfies
7(0) = & and 7 (5 (0)) = ¥ € NZ. Differentiating gi.(y(t)) = §(5(t))gr (3(t)) and setting
t =0, we get

Ou, 9k () = Ougr () = Gr(T)059(Z).

Since §i(Z) = ®(gi) and 93G(&) = ®(§), this shows the claim. 0O
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For @Q € K, we define two maps:

alog | A7x —1 * *
HQ NQ |D%_>7T (NK\Q‘C) ><C‘]\/YQ‘C47

given by Hgog(ic, 0;0q,q € Q) = (v(Z,0);vg = 00y, q € Q), where 7 is given by (33), and
alog |, _—1 * * * * _ *
induced by ; that is, hgog(v;vq, g€ Q)= (mp(v),ke K\Q;vqq€ Q).

Theorem 6.7. For QQ C K, the map H%log s a bijection and the following diagram com-
mutes

alog
Hy

T 7\alog ~ -1
(M. D)ipe = N§ g ™ (Nigie) Xe Noje

alog
N
a_alog hgog

alo ~ *
(M, D)je?® —== Ni o

Proof. The commutativity of the diagram is a consequence of the formula

™18 (&, 374, ¢ € Q) = (M (v))rer\@: Vg = Tq D), (36)

which follows from Proposition 6.6.
To see that H%log is a bijection, we construct its inverse. Let (v;vq,¢ € Q) €

wfl(NI*(\Qlc) X Né\c' Then 7(v) = (vg, k € K) and the coordinates vy = m(v) for

k € K\ Q are all non-zero. By Lemma 6.4, v gives ([v],7) € N*. Denote & = [v]. Because
T € D%, the g-coordinates w(v), for ¢ € @, all vanish. That is why we have to choose

different numbers (vq)qeq € Nélc, independent of v, in order for H%log to be bijective.

Now (v;v4,q € Q) gives (%, 7; 0,4, ¢ € Q) by the identity (v(Z,0);vy = 004, € Q). O

Note that each fibre of A8 is a fibre of 7. This allows us to trivialise haQ}og locally for
the Zariski topology. The trivialising map

. alo - *
trivy™ s 1(N;(\QIC) xc No o = Nije % Npye.c
is defined by
triVaQ}Og(v;'Uq,q € Q) = (Wk(v)ak €K \ Q;'Uqaq S Q,i*(v)),

where ¢* is defined by the splitting (34). Recall that, in general, this splitting is only
defined locally.
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Corollary 6.8. Let Q C K. The composition map Sgog = tTIVdQlOg ngog, defined over
a Zariski open U C C over which the splitting (34) exists, is a bijection making the
following diagram commutative

Salog

alog ~
(M, D)\D° No=1(U) NG |Dgno=1(U) Ny *c No.cyy

alog
m \

alog ~ *
(M, D)i® —=— Niy

Remark 6.9. Note that the target space of Sgog is independent of (). We will see in the

proof of the independence of the resolution of the image of (M, D)*!°% in the Grothendieck
ring, Theorem 7.1, how these terms, equipped with the correct signs, cancel out.

If @ = K, then the situation is even simpler since, in this case 7(v) = 0, and, therefore,
by (33), v € Njj,. - In this case we define

Salog N*

* *
& (2. Nkjc Xc Npy o

by S%Og(a},ﬁ;ﬁk, k€ K) = (v = 00, k € K;v(%,7)). Then we obtain easily

Proposition 6.10. S;(log is a bijection making the following diagram commutative
(M, D)™°8 vV Sic” Nio xo Ni
|D% K |Ds K|lc “CVDg,C

K

o~
—
alog
oN
o2log pr1

alo, ~ *
(M, D)/® —— Ni o

6.4. Topological case: (M, D)% ~ (M, D)tP

First, dividing by the action of powers of R+, we obtain log versions of Theorem 6.7,
Corollary 6.8, and Proposition 6.10. Then we show in Corollary 6.15 that, in this case,
the local trivialisations, given stratum by stratum in Corollary 6.13 and Proposition 6.14,
can be glued by a simple formula to one local trivialisation that is a homeomorphism.

By Corollary 2.6,

(M, D)}ch ~S*(Nkic), and (M,D)% ~S*(Ng s
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Because 0(v) depends only on (Z = [v],6 = 0(v)), we also denote it by 6(Z,6) and,
similarly, 6(my(v)) by 0x(Z,6).

Proposition 6.11. The morphism ¢'°% : (M, D)T})go (M, D)}Cg induces a map Ulog :
S*(NQ \pe) = S*(Nk o) given by
Q

oNE(#,0;0,, 9 € Q) = (01(7,0),k € K\ Q;00,,q € Q). (37)

For @Q € K, we define two maps:
HISE 8% (N 55) > S (Vi ) X0 5*(Naye),
given by Hgg(:i,é; 04,0 € Q) = (0(3,0);0, = 00,,q € Q), and,
h® S (Nieyg,0)) X 8" (Ngie) = 8" (Ni\g ) Xc §*(Ngje) = S*(Nkje). (38)
defined by hS#(0(v); 04,4 € Q) = (0(mi(v)), k € K\ Q50,9 € Q).
Theorem 6.12. For Q C K, Hlog~ s a bijection and the following diagram commutes

Hlug

(M, D)};)go —= 5 S*(N, S(7 (Nig)) o) e S*(Nao)

MDlOg——ég NK\C

Let us compute the fibres of hlgg. For this, it suffices to look at the map

B:S(rY( z*c\Qlc)) - S*(NK\Q|C)

given by the first coordinates of (38). Consider the following diagram where all the
normal bundles are restricted to C:

OHNDK@';)NM,C l NK 0

] J

W_l(Nf(\Q) - N}?\Q

l [

)~ S* (N o)
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The map « is given by dividing each IV;' by R¢. Therefore every fibre of o can be
identified with H CNk’>O via the projections N — (N} mod S') = Ny ~o- Using
kER\Q
the splitting in (34), we may identify every fibre of 3, and hence every fibre of hgp, with
S(NDK,C Xc H CNka>0)|C' This induces the map
keEK\Q

trivg? : S((m ! (Niy ), ) XoS™ (N o) = 8" (Nij0) xS (Npy.o xc H\QCNWO)C,
keK

which trivialises hgg locally for the Zariski topology and is defined by

v/ (0(0): 0y, € Q) = (HH(0(v). 0,9 € Q), (* (v);7(v).k € K\ Q) mod ),

where, recall, 74 (v) == m(v) mod S!.

Corollary 6.13. Let Q C K. Over a Zariski open subset U C C for which the splitting

log ngg is a bijection making the

from (34) exists, the composition map Sg)g = trin

following diagram commutative over U :

B B Slog
(M,D)Tgo —=— S*(Ny ‘Do S*(Nk) xvu S(Npg.,c Xu H Nk ~0)
kek\Q"

T

(M, D)ee —=_ S*(Nk)

Similar to the algebraic case, if @ = K, then the situation becomes much simpler. In
this case, we define

S;?g : S*( ~I~( |f);’~<) - S*(NK|C) Xc S(NDK,C)7
by S28(2,0; 0,k € K) = (0 = 001, k € K;0(%,0)).
Proposition 6.14. S}?g s a bijection making the following diagram commutative

log
~ ~ Sg

(M D)ng’o e *( NK\C XCS(NDK c)

\\/

(M, D)% —=— S$*(Nk|c)

The maps Slog for Q C K, glue together to a map defined on (M D)log We are gomg

to describe its topologlcal structure in order to study the topological structure of ¢'°
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This is particularly simple over an open subset U C C over which the splitting from (34)
holds. In this case, the inverses of Sgg glue together over U to the map

(8%9%)~1: 8*(Nk) v S(Npye.0 v [ Ni20) US* & 1bg) =~ (M, D),
keK

where (0, k € K,0(vn; 7k, k € K)) is mapped to the vector v = i(vn) +7* (3>, 7:0k). By
Lemma 6.4, the vector v defines # = [v] and § = 6(7) (v is defined only modulo R0 but so
is f). Let Q = {k : 7, = 0}. Then % € D and we set (8, = 010,59 € Q) € S*(N, ) |Do).

It is easy to see that it is the inverse of Slog’

Corollary 6.15. Over a Zariski open subset U C C' for which the splitting from (34) exists,
the map S'°% is a homeomorphism making the following diagram commutative over U :

o lo,
(M D)TEjg soe S*(NK) XU S(NDK,C XU HUNk’ZO)
keK

(M, D)°8 ~ S*(N)

By Corollary 6.15, each fibre of ¢'°8 is of the form S(C™ x H R>o), m = dim Dg —
keK
dim C, which is the topological join of ™~ and the simplex Al¥I~1 = (RE\{0})/R>o.
Since K # @, each fibre is contractible.

Corollary 6.16. o : (M, D)¥*P — (M, D)*P is a homotopy equivalence.

Proof. Since the fibres are contractible, o*°P is a weak homotopy equivalence by a theo-
rem of Smale [25]. Hence, by the Whitehead theorem, it is a homotopy equivalence since
the involved objects are CW-complexes. 0O

6.5. Complete case: (M, D)8 ~ (M, D)P!

We extend the above constructions to (M, D)8 — (M, D)8, To do so, we break
(M, D)‘C};g into its part at infinity and its interior part, defined as

(M, D )dog = {(z,9,9) € (M,D)%8 : x e E, (j) = oo} and
(M, D)%, = {(x,¢,9) € (M, D)% : w € E, y(§) € Rso},

respectively; so that

(M, D){® = (M, D)% U (M, D)53°%,.
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The first set corresponds to the boundary of the infinitesimal tubular neighbourhood
of E on M; that is, the horizontal straight and dashed red lines on the right-hand side
diagrams of Examples 6.1 and 6.2. The second set — that is, the complement of the first
— corresponds to the interior of this neighbourhood.

For Q C K, we set

(M, D)%, = {(z,0,9) € (M, D) : Vk € K\ Q, ¥(g) € Rso} -

Theorem 6.17. For every Q C K, there is a canonical bijection Sg?ﬁt which extends S’gog
and makes the following diagram commutative locally over C':

gelog

T 7y\clog Q,int clog
(M, D)E,int|D% (M, D)Q,intlc Xc Npy.c

T
Om) pry

1
(M, D)8

If Q@ = K and dimC < dim Dg, then there is a canonical bijection S;Oiit, extending

S?{lgg, making the following diagram commutative.

clog

~ = el R ,int 1
(M, D)y e e t (M, D);&* xe Np, c

a& pry

(M, D){g®

Proof. The proof is virtually identical to the proof of Corollary 6.8. 0O

Similarly, we study (M, D)%Ofo by extending the topological case. Since 9(j) = oo,
all ¢ (gr) = oo for k € K on the image JClog((M,D)CEI?OgO) C (M, D)"#. Consider, as in
Corollary 6.13, the sphere bundle

S(Npc® P Niso) 2 M.
ke K\Q

Note that S(NDK,C @ @ Nggo) projects to }P’(NDK,C &) @ Nk) C IP’(NDK’C &)
kEK\Q kEK\Q

@Nk). For ¢ € @, denote by Ué(GquQ quo) the pull-back of @ ,cq N,>o0 to
keEK

S(Npc® @ Niso).

keEK\Q
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Theorem 6.18. For every QQ C K, there is a natural bijection S’gf’fo making the following

diagram commutative

r 1y\clo SCI?OO o, % N
(MaD)E,fo - (M>D)Tcg XCUQ(Gaqu Nq,ZO)
7 1\log Sgg log *
(M, D), (M. D) xc S(Npec® €D Niso) |
“ kEK\Q
log
g prl
1
(M, D)%

where the first vertical arrow is given by forgetting 1.

Proof. It suffices to find a formula for the second component of SS’OE’O. It is given by

Fq = (5;])*11/;(55(1)&1,20 € quo for all ¢ € Q. To s?ow that it injective, we note that
¥(gr) for k € K\ @Q is uniquely defined since ¥(gi)lk,>0 = Sk,>0(&). It is easy to check
that SS?EO is surjective. O

7. The motivic Milnor fibre

In this section, we consider f : (X,z09) — (C,0), i.e. the local case without the
assumption that f is normal crossing. Then, there exists a resolution of f that is a
finite sequence of blowings-up with smooth algebraic centres p : M — X such that
the exceptional divisor has normal crossings only, and such that p=!(x¢) = U;erD;
is the union of some components of the exceptional divisor. Then, f(x) = fou(x) =
u(x) [1;e; si(x)Ni satisfies the assumptions from the set-up (see (1)), where s; is a regular
section of a line bundle p; : L; — M such that D, is the reduced variety defined by s;.

By the weak factorisation theorem [26], two such resolutions can be related by a
sequence of blowings-up and blowings-down. Therefore, the spaces (M, D)% (M, D)2,
and (M, D)2 induced by f are well-defined up to equivalences induced by such a single
blowing-up, as expressed in the theorems of Section 6.

We set

(M, D)3 = (M, D)™ npr~* (u™*(20)) ,
where, recall, pr: (M, D)™ — M denotes the projection. Then

(M’D)Iz]?t = |_| 5,900 ’
g#JCI

where
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* — L*

Jyxo T I |D° i | DN (popr)—1(zo)*
. J
ic€J

Again, we have a log-geometric characterisation (M, D);L‘)g ~ (M, D)gft, where
1 . _ * * _
(M, D)8 = {(x,®) : p(x) = z0, ® € Hompmen(M,, C*), Vg € Oy, ®(g) = g()} .

We define f; : C*CL%  — C* analogously to (13) or, equivalently, by applying the

J,xo -
functoriality of (M, D)3¢ to f : (M, D) — (C,0). Then we define the local motivic
Milnor fibre of f at xy by

Stag=— »_ (=DVI[f;:C*CL;, — C*] € Ko(Varg.).
GAICT

It follows from [8] that, as an element of M. = Ko(Var&.) [L~!], Sy, does not
depend on the choice of the resolution. Indeed, the image of Sy, in Mg: is given by
the formal limit

Sf@o == Th—I>noo ZfJJo (T)v
where

Ziao(T) =Y [acs : Xpao(f) = CILTT™ € ME.[T]

n>1

is the local motivic zeta function of f at xy. This formal limit is defined using a rational
expression of the zeta function. The coefficients of Zy ,,(T') are defined by

Xno(f) = {p € Lu(X), ©(0) = 20, ord; f(@) =n},

where acf(p) = ord:(f o ¢) is the angular component mapping and £,,(X) denotes the
space of n-jets on X, namely the reduced and separated scheme of finite type given by

L,(X) = X (C[t]/t""") = Homc_sen (Spec C[t]/t" T, X) .

The following theorem states that Sy ., is well defined as an element of KO(Varg)
and not merely of Mgi.

Theorem 7.1. The motive Sf 4, € Ko(Varg) does not depend on the choice of the reso-
lution p.

Proof. By the weak factorisation theorem [26], it is enough to study the composition of
1 with a single blowing-up ¢ along a nonsingular subvariety of D that is supposed to
have normal crossings with D.
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We use the notation of Section 6. For Q C K, denote by (f o )6 (C*Of/é o C*

the functions induced by foo.

Note that the bijections Sgog in Corollary 6.8 and Proposition 6.10 are equivari-
mot
|Dg,
(M, D)ln(}Ot given by A v, = Ay if k € K\ @, and by A - v, = A\, if ¢ € Q.

Therefore, for Q C K, we get

ant isomorphisms with respect to the diagonal action on (M .D) and the action on

{(foa) : C* OL* Gzo (C*] = [fx opr; : C*CL% 4, X Npy,c — C*],
and, if Q = K, we get
(Foo)g:CCLy , —C*] = [fopr, : CCLi 4, X Np, ¢ = C*]

= [fx opr; : C*CLY 4y X Npy.c = C7]
— [fK : C*OL;(7960 — C*} s

where the last equality comes from additivity.
Note that the above equalities do not depend on Q C K; see Proposition 3.8.

Finally,
S (19 [(Foa)gs oty ]
QCK
=Y (-1 [fg opr, : C*CLY,, x Npj.c — C*]
QCK
+ (1) [fx : C*CL} 4, — C7]
=) [fx : C"CL 4y = €]
o (1K1
since Z |Q| Z( )(‘Un =0. O
QCK n=0 n

Remark 7.2. The above proof shows that the coefficients (—1) 7l appearing in the formula
for Sy are necessary for the motivic Milnor fibre to be independent of the choice of the
resolution (see also Remark 4.14).

Remark 7.3. Similar remarks can be made in the topological and complete cases. Set
(M, D)5 == (M, D) npr~" (' (z0)) .

We have a log-geometric characterisation (M, D)8 ~ (M, D)°P where

(M’D>L§)<)g = {(%90) sp(x) =20, @ € Hommon(/\/lmsl)’ Vg € OF, olg) = g(z) } .
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By functoriality, f induces a continuous map sign f s (M, D)fog — St

By the weak factorisation theorem, (M, D)fog is independent of the resolution up to
the equivalence relation given by Theorem 6.12. In particular, we deduce from 6.16, that
the homotopy type of sign f : (M, D)5 — ST does not depend on the choice of .

For the complete Milnor fibration, we may proceed in the same way. Set
(M, D)Cpl = (M, D)**' npr? (;fl(mo))
We have a log-geometric characterisation (M, D)2°¢ ~ (M, D)SP! where

(Ma D);lg)g = {(xa%i/f) : ( ) (M D);%p’ 1/} € Hommon (Mw, (R207 ))a
Vg € O3, ¥(g) = |g(x)|}-

By functoriality, f induces a continuous map sign f : (M, D)clos — St which extends
sign f : (M, D)8 — S'. This map is well-defined up to the equivalence relations given
in Theorems 6.17 and 6.18.
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