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Abstract We associate to each real algebraic variety a filtered chain complex, the weight
complex, which is well-defined up to filtered quasi-isomorphism, and which induces on
classical (compactly supported) homology with Z, coefficients an analog of the weight
filtration for complex algebraic varieties. This complements our previous definition of the
weight filtration of Borel-Moore homology.
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1 Introduction

We define the weight filtration of the homology of a real algebraic variety by first addressing
the case of smooth noncompact varieties. As in Deligne’s definition [5] of the weight filtration
for complex varieties, given a smooth variety X we consider a good compactification, a
smooth compactification X of X such that D = X \ X is a divisor with normal crossings.
Whereas Deligne’s construction can be interpreted in terms of the action of a torus (S")", we
use the action of a discrete torus (S%)V to define a filtration of the chains of a semialgebraic
compactification of X associated to the divisor D. The resulting filtered chain complex is
functorial for pairs (X, X) as above, and it behaves nicely for a blowup with a smooth center
that has normal crossings with D.

We apply a result of Guillén and Navarro Aznar [6, Theorem (2.3.6)] to show that our
filtered complex is independent of the good compactification of X (up to quasi-isomorphism)
and to extend our definition to a functorial filtered complex, the weight complex, that is defined
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for all varieties and enjoys a generalized blowup property (Theorem 8.1). For compact vari-
eties the weight complex agrees with our previous definition [9] for Borel-Moore homology.

We work with homology rather than cohomology to take advantage of the topology of
semialgebraic chains [9, Appendix]. We denote by Hj (X) the kth classical homology group
of X, with compact supports and coefficients in Zj, the integers modulo 2. The vector space
Hi(X) is dual to H¥(X), the classical kth cohomology group with closed supports. On the
other hand, let H, kB M (X) denote the kth Borel-Moore homology group of X (i.e., homology
with closed supports) with coefficients in Z;. Then HkB M(X) is dual to HC/‘ (X), the kth
cohomology group with compact supports.

Our work owes much to the foundational paper of Guillén and Navarro Aznar [6]. In
particular we have been influenced by the viewpoint of Section 5 of that paper, on the theory
of motives. Using Guillén and Navarro Aznar’s extension theorems, Totaro [13] observed
that there is a functorial weight filtration for the cohomology with compact supports of a real
analytic variety with a given compactification. In [9] we developed this theory in detail for
real algebraic varieties, working with Borel-Moore homology. Our task was simplified by the
strong additivity property of Borel-Moore homology (or compactly supported cohomology)
[9, Theorem 1.1]. For classical homology or cohomology one does not have such an additivity
property, and so the present construction of the weight filtration is more involved.

In Sect. 2 below we define the weight filtration of a smooth, possibly noncompact, variety
X, in terms of a good compactification X with divisor D at infinity. First we define a semialge-
braic compactification X', the corner compactification of X, with X’ contained in a principal
bundle over X with group a discrete torus {1, —1}". We use the action of this group to define
the corner filtration of the semialgebraic chain group of X’. The filtered weight complex is
obtained from the corner filtration by an algebraic construction, the Deligne shift. In Sect. 3
we analyze the relation of the weight complex to the homological it Gysin complex of the
divisor D. Section 4 contains the proof of the crucial fact that the weight complex is functorial
for pairs (X, X), together with an analysis of the functoriality of the Gysin complex.

Sections 5, 6, and 7 treat the blowup properties of the weight complex of a smooth variety.
A key role is played by the Gysin complex. For example, in Sect. 7 we use the fact that a
homomorphism of weight complexes is a filtered quasi-isomorphism if and only if it induces
an isomorphism of the homology of the corresponding Gysin complexes.

In Sect. 8 we use the theorems of Guillén and Navarro Aznar to extend the definition of
the weight complex to singular varieties, and we describe some elementary examples. The
Appendix is devoted to a canonical filtration of the Z, group algebra of a discrete torus group.
This is in effect a local version of the weight filtration.

By a real algebraic variety we mean an affine real algebraic variety in the sense of
Bochnak—Coste—Roy [3]: atopological space with a sheaf of real-valued functions isomorphic
to a real algebraic set X C R with the Zariski topology and the structure sheaf of regular
functions. A regular function on X is the restriction of a rational function on RV that is
everywhere defined on X. By a regular mapping we mean a regular mapping in the sense of
Bochnak—Coste—Roy [3].

For instance, the set of real points of a reduced projective scheme over R, with the sheaf
of regular functions, is an affine real algebraic variety in this sense. This follows from the
fact that real projective space is isomorphic, as a real algebraic variety, to a subvariety of an
affine space [3, Theorem 3.4.4]. We also adopt from [3] the notion of an algebraic vector
bundle. We recall that such a bundle is, by definition, a subbundle of a trivial vector bundle,
and hence it is the pullback of the universal vector bundle on the Grassmannian, and its fibers
are generated by global regular sections [3, Chapter 12].



Weight filtration for real algebraic varieties II 65

By a smooth real algebraic variety we mean a nonsingular affine real algebraic variety.

2 The weight filtration of a smooth variety

In this section we define the weight filtration of the classical homology of a smooth variety
X. We use a smooth compactification X with a normal crossing divisor at infinity to define a
semialgebraic compactification X’ of X and a surjective map 7 : X’ — X with finite fibers.
This map is used to define the weight filtration of the semialgebraic chain complex of X’
with Z; coefficients. Thus we obtain the weight filtration of the homology of X’, which is
canonically isomorphic to the homology of X. We will prove in Sect. 8 that this filtration of
H..(X) does not depend on the choice of compactification X.

2.1 The corner compactification

Let M be a compact smooth real algebraic variety and let D C M be a smooth divisor.
Associated to D there is an algebraic line bundle L over M that has a section s such that
D is the variety of zeroes of s. Let S(L) be the space of oriented directions in the fibers
of L. It can be given the structure of a real algebraic variety as follows. By [3, Remark
12.2.5], L is isomorphic to an algebraic subbundle of the trivial bundle M x RY. Denote
by W : L — R the regular map defined by this isomorphism. The scalar product on RY
defines a regular metric on L. We identify S(L) with the unit zero-sphere bundle of L; that
is, with the real algebraic variety W~!(SV~1). This structure is uniquely defined. Indeed,
the standard projection L \ M — wl(sN-1yisa regular map, and therefore two such unit
sphere bundles are biregularly isomorphic. Finally, L is the pullback of the universal line
bundle on PNV ~! under the regular map M — PV~! induced by W.

Thus S(L) is a smooth real algebraic variety, and the projection 7y : S(L) — M is an
algebraic double covering. Now the subvariety JTL_I D of S(L) is the zero set of the regular
function ¢ : S(L) — R defined by ¢(x, £) - £ = s(x), where x € M and ¢ is a unit vector in
the fiber L, = th_l (x). Note that the generator t of the group of covering transformations
of S(L) changes the sign of ¢, for (7 (x, £)) = ¢p(x, =) = —@(x, £).

Let X be a smooth n-dimensional variety, and let X be a good compactification of X [12,
p. 89]: X is a compact smooth variety containing X, and D = X \ X is a divisor with simple
normal crossings. Thus D is a finite union of smooth codimension one subvarieties D; of X,

D=|]JD;. (2.1)
iel
and the divisors D; meet transversely. Note that we do not assume that the divisors D; are
irreducible.

Fori € I, let L; be the line bundle on X associated to D; and let 5; be a section of L; that
defines the divisor D;. Let 7 : X — X be the covering of degree 2!!! defined as the fiber
product of the double covers 7z, : S(L;) — X, and let i - X — R be the pullback of the
function ¢; : S(L;) — R corresponding to the section s;, so that the variety 7 ~ID; is the
zero space of @;. The corner compactification of X associated to the good compactification
(X, D) is the semialgebraic set X' C X defined by

X' = Closure{X € X | §;(X) > 0, i € I}. (2.2)

In the terminology of [11, §3.2], X' is the Virietyz cut along the divisor D.Letm : X' — X
be the restriction of the covering map 7 : X — X.
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Let T be the group of covering transformations of the covering space 7 : X — X, with
7; € T the pullback of the nontrivial covering transformation 7; of the double cover g, :
S(L;) — X. There is a canonical isomorphism 6 : T — G, where G is the multiplicative
group of functions g : I — {1, —1}, given by 0(7;) = g;, with g;({) = —1 and g;(j) = 1
fori # j. To emphasize the role of the group G we prefer to consider

E=F:X > X) (2.3)
as a principal G-bundle for the group G = {1, —1}' and then
@i (gi - X) = =i (%), 24
9j(gi-X) =), i #].
If U C X is contractible then £|U is trivial, i.e.,
7' U)~UxG 2.5)

as a principal G-bundle. This isomorphism is uniquely defined by a choice of x € U and a
point X € 7~ !(x), which we identify via (2.5) with (x, 1) € U x G.

Proposition 2.1 The semialgebraic map w : X' — X is surjective. If x € X let J(x) =
{iel|xeDi}and Gx) ={geG|lgli)=1,1¢ Jx)} Theﬁberﬂ‘l(x) ={x €
T | @G X)) > 0fori € J(x)). Thus 7~ (x) is a regular orbit of the action of G(x) on
X;ie, a G (x)-torsor. Hence the number of points in w =" (x) is 217 ™,

Proof Ifx € X = X\ D, then J(x) = ¥ and G (x) is trivial. Foreach i € I let £; (x) € (L)
be the unit vector such that s; (x) is a positive multiple of ¢; (x); that is, ¢; (x, £; (x)) > 0. Let
¥ = (x, i (x))ic; € X. Then by definition ¥ € X’ and 7 ~'(x) = {¥}. If U is a contractible,
open neighborhood of x in X then the principal bundle £|U is trivial, and #~'(U) is a
connected component of 77 ~1(U). Denote

X, =(XeX|a® >0,iecl). (2.6)

Thus 7~ 'X = X '+, and 7 maps X', homeomorphically onto X.
Since the divisor D has simple normal crossings (2.1), it follows that for every x € X

there is a regular system of parameters u1, ..., u, for X at x, and a semialgebraic open
neighborhood U of x such that (uy, ..., u,) is a real analytic, semialgebraic coordinate
system on U with (u1(x), ..., u,(x)) = 0, and for each i € J(x) there is an index k(i) €

{1,...,n}such that D; N U is the coordinate hyperplane uj ;) = 0 and
XNU={yeU|ua(y) #0foralli e J(x)}.
Then

xnu= |J x,). 2.7)
9€G(x)
X (U) = {y e U | glyugs(y) > 0 foralli € J(x)},

the set of points of U such that each of the coordinates uy ;) has the sign g(i).

We say that (U, (u1, ..., uy)) is a good local coordinate system on (X, D) at x € X if,
moreover, U and all X,(U) for g € G(x) are contractible. Thus X N U has exactly 2170l
connected components.
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Let y € X1(U), i.e., ugi)(y) > O forall i € J(x), and let ﬁl be the~component of
7-'u containing 771X (U). We choose the isomorphism in (2.5) so that U; corresponds
to U x {1}. Then, by Eq. (2.4),

7 X (U) =771 X, (U) N gUj.
In other words n’ng(U) corresponds to X, (U) x {g} via the isomorphism (2.5). In

particular, 77 (x) = {x} x G(x) as claimed. O

As a corollary of the proof we have that every x’ € X’ has a neighborhood in X’ semialge-
braically homeomorphic to a quadrant {(u1, ..., u,) |u; >0, i =1,...,m} C R", where
m = |J (7 (x"))|. Thus X' is a semialgebraic manifold with boundary d X', and X"\ X' = X .
The inclusion X <> X factors through m,

X/
ST
X— X
and the restriction of 7 to X’ \ X’ = X/ is a semialgebraic homeomorphism onto X.

Thus the inclusion A : X — X’ is a homotopy equivalence, and so A, : Hi(X) — Hi(X")
is an isomorphism for all k > 0, where Hy(X) denotes classical homology (with compact
supports) with coefficients in Z,.

Proposition 2.2 The corner compactification X' of X does not depend on the choice of
sections s;.

Proof Suppose that for all i € I we have sections s; and §; of L; defining D;, and these
sets of sections define corner compactifications X’ and X', respectively. Suppose there is an
index j € I such thats; = §; forall i # j.If s;(x) and §;(x) lie in the same component of
the fiber L Ly \ {0} forx ¢ D, then the corresponding functions ¢; and ¢; have the same sign,
so X' =X If 5;(x) and §;(x) lie in different components of the fiber L, \ {0} for x ¢ Dj,
then the corresponding functlons @, and @; have opposite signs. Thus g;(X") = X'. X' O

Proposition 2.3 The corner compactification X' does not depend on the choice of decom-
position (2.1) of the divisor D into smooth subvarieties; that is, two such compactifications
are canonically semialgebraically homeomorphic.

Proof Suppose that the divisor D; is the union of two nonempty smooth divisors D, and
Dy, D, N D = @, and we replace D; with D, U Dy, in the decomposition (2.1). Then the
line bundle L; equals L, ® Lj, and we can take s; = s, ® 5. If we choose the metric
on L; to be the product of the metrics on L, and Ly, then ¢; = @, - ¢p, i.e., @;(x, €, @
Lp) = @q(x, La)pp(x, £p), and we have a double cover S(Ly) x5 S(Lp) — S(L;) given by
((x,£4), (x,€p)) = (x, €, ®Lp). Let X(]) be the fiber product of the double covers S(L;)
with L j replaced by L, and Ly, and let X ’(j) be the resulting corner compactification. Then
the double cover p : X () — X restricts to a semialgebraic homeomorphism X'(j) — X'.
To prove this it suffices to show that p restricts to a bijection X’(j) \ dX'(j) — X'\ 9X".
Suppose that X = (x, ¢;);c; € X'\ dX’. Then @; (x, ¢;) > 0 for all i € I, and in particular
o(x,€;) >0.Letl; =£,QLp,s0that;(x, £;) = @q(x, Ly)pp(x, £p) > 0. Now p_l(fc) =
{¥, 7}, where y is obtained from X by replacing (x, £;) with ((x, £4), (x, £5)) and 7 is obtained
from X by replacing (x, £;) with ((x, —£4), (x, —€3)). Thus if ¢,(x,£¢,) > 0 we have
ye X' (j)andZ ¢ X'(j), and if ¢, (x, £,) < Owehavey ¢ X'(j) and 7 € X'(j). O
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2.2 The corner filtration

We will use the map 7 : X’ — X and the action of the group G on X to define a filtration
of the semialgebraic chain complex C.(X’) of the corner compactification X’. Given the
decomposition (2.1) of D, for J C I we define

ieJ
Dj=Dj\Uig;D;, Dy=X. (2.8)
Then {b J}icr is astratification of X. This is a local condition that follows from the fact that
every x € X is contained in a good coordinate system (U, (uy, ..., u,)), with

DNU ={y €U |ui; =0forsomei € J(x)}.
In these coordinates, for J C J(x) we have
D;NU ={yeU|uu(y)=0,iel}
DyNU = (DyNUN{y €U ugi(y) #0, i € J(@)\ J}.

Similarly we can stratify X’ by taking 7 ! D as strata, and 7 ! Dy is the closure in X’ of
the stratum 7' D;. To prove these assertions, let (U, (u1, ..., u,)) be a good coordinate
system as above, and let U be the component of 77 -y containing 7 ~1X,(U).For g€ G(x)
let

Xo(U) ={y € U | gurpy(y) = 0, i € J(x0)}, 2.9

the closure in U of X,(U). We have that 7 maps (gl71, ’IY ¢(U)) homeomorphically
onto (U, X ¢(U)), and rr_lU is the disjoint union of the sets rr_lX ¢(U). Clearly {DJ N

g(U)}jch is a stratification of Xg(U) and the closure of Dj N Xg(U) in Xg(U) is
Dy N Xg(U).

NowforeachJ C Isuchthat Dy # @, letG(J) ={g e G|gi)=1,i ¢ J}.ThenG(J)
is isomorphic to {1, —1}/1"and for each x € DOJ we have G(x) = G(J). Thus the action of
G(J)on X preserves 7~ D;. Consider the inclusion C, (71_l Dj) — C4(X'). We denote by
FJ C.(X’) the image in Cy(X’) of the subcomplex of C,.(w ~! D) of G (J)-invariant chains.
Then F’ C,(X’) is a subcomplex of Cy(X’). For p > 0let F”C,(X’) be the subcomplex of
C+(X') generated by the F/ C,(X’) with |J| = p.

If J C K then D; D Dk and G(J) C G(K). Therefore F/C.(X') D FXC.(X"). So
for all p > 0 we have FPH1C.(X') C FPC(X’). We obtain a filtration

Co(X') = FOC,(X') D F1Co(X') D F?Co(X') D -+, (2.10)

with F"~*F1C(X") = 0 for all k > 0, where n = dim X. We call this filtered complex the
corner complex of the good compaActiﬁcation (X, D) of X.
The corner spectral sequence E ;’ q is the spectral sequence associated to the increasing

filtration F, obtained by setting F_ p=F7,
- C F_2Ci(X') C F_1Co(X) C FoCu(X') = Cu(X)). @.11)

This is a second quadrant spectral sequence: if E I’J q # Othen (p, ¢) lies in the closed triangle
with vertices (0, 0), (0, n), (—n, n), n = dim X. The corner spectral sequence converges to
the homology of the corner compactification X’,

E,, = Hpiy(X).
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It will be useful to describe the corner filtration on the level of semialgebraic sets, using the
definition of semialgebraic chains given in the Appendix of [9]. If T" is a closed k-dimensional
semialgebraic subset of a semialgebraic set X, then ¢ = [['] € Cy(X) is the semialgebraic
chain represented by I'.

The vector subspace FPCy(X’) is generated by the subspaces F’Cy(X') for J C I,
and our definition implies that ¢ € F/C*(X’) if and only if ¢ = [I'], where I' C X’ and
GU)I'=T.

Next we give an alternative description of the corner filtration. For each J C I such that
D # ) consider the corner compactification D', of Dy associated to the good compactifi-

cation Dy of D with divisor Uigs(D; N Dy), and let T : D’J — Dy be the projection.

Proposition 2.4 The projection 1~ D; — Dy factors through D',. The induced map py :
7 'D; — D', is a principal G(J)-bundle, and hence it is a covering space of degree 21,

Proof Let& = (7 : X — X) be the principal G-bundle associated to the good compactifica-
tion X of X (2.3). The restriction §|D; = (7 : 7~ 'D; — Dj) is a principal G-bundle. Let
&) =7y : :D 7 = Dj) be the principal G(I \ J)-bundle associated to the good compacti-
fication D of D] Letsy =(py : 7 -Ip; > D]) be the principal G (J)-bundle such that
0y is the quotient map of the action of G(J) on & “I1p,;. OnZ'D; wehave ® = 7, o 0J.

Now (,Z)'J)_ID’J =x77'D; If py = pylm ' Dy then on 7' D; we have m = 75 o py,
and £7|D', = (py : 77 'D; > D") is a principal G (J)-bundle. O

Corollary 2.5 There is a finite semialgebraic open cover Uy of Dy such that over each
U € Uj the projection 77U — U is a trivial G(J)-bundle, i.e., 171U = U x G(J).

f:roof This is true for py : n_lD{ — D’] because D’J is Compaft. Now 7y : 77;1(5]) —
Dy is an isomorphism and hence D can be identified with n]l (Dy) C D’j. Thus it suffices
to restrict to D the corresponding open cover of D’,. O

Associated to the principal bundle p; : 7~'D; — D', of Proposition 2.4, we have the
inverseimage map p’; : Cy(D'}) — Ci(m~'Dy) defined by (T = [p]ll"].The function
P} commutes with the boundary map, and so p7 is an injective morphism of complexes.
(The map p7 is the chain-level transfer homomorphism of the covering map p;). Let iy :
Cy(m~'Dy) — C4(X’) be the inclusion. Then F/C,(X’) is the image in Cy(X’) of the
composition ny =iy o pJ,

Ny : Cu(D)) 2 Cor ' D) > CuX), (2.12)

and 7 is an isomorphism of the complexes C,(D’,) and F1C.(X'). Thus ¢ € F/C(X') if
andonly if ¢ = [ for [ € 7' Dy with I" = o' B, where B C D).

From Corollary 2.5 we obtain the following useful local characterization of the corner
filtration. The vector space F TCL(X) is generated by the chains ¢ € C,(X’) such that

= [l with " C 7T_1D]’ for J/ D J (so Dy C Dy),and ' = Closuref, where
Fcr'B,withBc Dy, 77 'B=BxG() (ie,n 'B — Bisatrivial G(J')-bundle)
and " = B x gG(J) for some g € G(J’). In other words, [" is an orbit of the action of G(J)
onw!B.

Let B C DOJ/ be a semialgebraic set such that 7 'B =B x G(J), let dim B = k, and
let B be the closure of B. Then

Ce(r™'B) = Ch(B) ® Co(G(J")), (2.13)
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where we consider G(J') as a discrete topological space. In particular, Co(G(J')) =
Zo[G(J)] the Zy group algebra of G(J'). Using this algebra structure we define in the
Appendix (9.2) a filtration Z* on Z;[G(J’)] and hence on Co(G(J')).

Lemma 2.6 C;(7~'B) N FPCr(X') = Cx(B) ® TP Co(G(J")).

Proof This follows from Proposition 9.5. By Proposition 9.6, the right hand side does not
depend on the choice of isomorphism 7 ~'B = B x G(J'). O

Proposition 2.7 The homomorphism . : C(X') — C, (X) induces an exact sequence
0 — FICu(X') = Cu(X) = Cu(X) — 0.

Proof Fix B C Dy, dim B = k, as above. It suffices to check the exactness for k-chains
over Bj; that is, the exactness of the sequence

0— Gz 'BYN F'Cr(X') —> Cr(n~'B) = Cr(B) — 0.

This follows from Lemma 2.6 and the definition of Z! as the kernel of the augmentation map
€ : Co(G(J")) — Zy; see the (9.1). O

Now we compute the successive quotients of the corner filtration. In Sect. 3 below we
will use the following result to show that the (E!, d!) term of the corner spectral sequence
is isomorphic to the Gysin complex of the divisor D (Corollary 3.3).

Proposition 2.8 For each p > 0 there is an isomorphism of chain complexes

~  FPC.(X')
B A )

Proof First we consider the case p = 0. By Proposition 2.7, 7, : Cx(X") — C, (X) induces
an isomorphism v : C4(X) — C4(X')/F'C,(X’) that can be described geometrically as
follows. Given a chain b € C(X) represented by the set B, then ¢ = ¥ (b) is represented
modulo F'C,(X’) by the closure ' of the image of any semialgebraic (not necessarily
continuous) section of 7 over B.

Similarly we construct v, for any p > 0. Let b = [B] € Cr(Dy), p = |J|, and let
' C X’ be the closure of the image of any semialgebraic section of 7w over B. Then we define
Vp(b) = ¢ € FPCr(X') (mod FPTCy(X")), where ¢ = [G(J)I']. We have to show that
¥p is well-defined, injective, surjective, and that it commutes with the boundary. For this we
use the characterization of the corner filtration F* given in Lemma 2.6 and the Appendix.

Let b = [B], with B C Dy, and let I'', I C X’ be the closures of the images of
semialgebraic sections of m over B. By Corollary 2.5, after a subdivision of B we may
suppose that B is the closure of é, where B ¢ D g7, J C J’, and that 7 1B is isomorhpic
to B x G(J)asa principal G (J')-bundle. Moreover, by a choice of this isomorphism, and
another subdivision of B if necessary, we may also suppose that I is the closure of I",
and T is the closure of I/, where IV = B x {1} and [ = B x {g}. If g € G(J) then
G = G(J)I'" so suppose g & G(J). Let G’ be the subgroup of G(J’) generated by
G(J) and g. Then [G())I'] — [G())T"] = [G'T'] € FPTICr(X'), by Lemma 2.6 and
Lemma 9.1. This shows that ¥, is well-defined.

‘We now show the injectivity of {,,. By a reduction as in the previous argument it suffices
to show the following claim. Let b = [B] € Cx(Dy/), |J’| > p, where B is the closure of B,
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with B ¢ Dy andw~'B = B x G(J'). Let I be the closure of the image of a semialgebraic
section of 7 over B. We claim that if

> alGWU)rle FPHCuX), aj €,
JcJ' |\ J|=p

then a; = 0 for all J. Now, in terms of the isomorphism (2.13),

> awlGri=Mmre| > alGWl],

JcJ'\JI=p JcJ' |J|=p

so the claim follows from Corollary 9.3.

We now reinterpret the restriction of ¥, to Cy(D;). We denote this restriction by ;.
Denote by ¥ ¢ the isomorphism of complexes from C*(D’])/FIC*(D’J) to Cx(Dy). Then
Yy=mn)0 (¥7.0)~", where 1’y equals n; modulo FPHCL(X') (see (2.12)). It follows that
¥, commutes with the boundary. Since the images of all ny, |J| = p, generate FPC,(X’),
the images of ¥y, |J| = p, generate FPC.(X')/FPT1C,(X"). This shows ¥ is surjective.

O

2.3 The weight filtration
The weight filtration W, of C,(X') is defined by

Wy Cr(X') = Ker[d : FpisCr(X') = Cim1 (X)) Fpik1Cr1 (X)) (2.14)
= (DecF),Cr(X)),

where Decf* is the Deligne shift of the filtration I/'“\* (2.11) [5, (1.3.3)], [12, A.50]. Thus the
weight filtration W, runs

0=W_1C(X") C -+ CW_j—1Cr(X) CW_Cr(X") = Cr(X). (2.15)

We denote this filtered complex by WC (X "). It is the weight complex of the good compact-
ification X of X.

The weight spectral sequence E :,, q is the spectral sequence associated to the weight
complex. It is a second quadrant spectral sequence: if £ ; q 7> Othen (p, g) lies in the closed
triangle with vertices (0, 0), (—n, 2n), (—n, n), n = dim X. We have

r _ pr+l
Ep,q - E2p+q,—p
forall » > 1 andall p, g. In particular the E' term of the weight spectral sequence equals the
reindexed E2 term of the corner spectral sequence. The weight spectral sequence converges
to the homology of the corner compactification X’,
Epg = Hpig (X,

In Sect. 8 below we will prove that, up to filtered quasi-isomorphism, the weight complex

is independent of the good compactification of X. Thus the induced filtration on H,(X) and

all the terms of the weight spectral sequence (E}, ,,d") for r > 1 are algebraic invariants
of X.
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3 The Cech and Gysin complexes

We show that the corner complex of a good compactification (X, D) of X is filtered quasi-
isomorphic to the cohomology Cech complex of the divisor D. It follows that the term
(E', d") of the corner spectral sequence is isomorphic to the Gysin complex of the divisor D.

The semialgebraic cohomology groups of a variety Y are dual to the semialgebraic
homology groups of Y (coefficients in Z). The cohomology groups H¥(Y), k > 0, are
the homology groups of the semialgebraic cochain complex (C*(Y), 8), where CX(Y) =
hom(Cy(Y), Z2) and the coboundary map & : CK(Y) — Ckt1(Y) is the adjoint of the
boundary map 0x41 : Ck41(Y) = Ci(Y).

3.1 The Cech complex

Consider the double complex

cri = ci(py) 3.1)

|J1=p

with first differential 8’ : CP4 — CP+14 the sum of the restriction maps C41(Dy) —
Ci(Dy) (J| = p,|J|=p+1,and J C J') (2.8), and second differential §” : CP9 —
CP4+! the sum of the coboundary maps C?(D;) — C9t1(Dy). The cohomology Cech
complex of (X, D) is the complex C!(X, D) = pg=t CP? with differential § = §' + 8"
and decreasing filtration F? C IX,D) = &b i>p ) jtq=l C/+4. The cohomology spectral
sequence EP? associated to this filtration [7, Chapter XI, Section 9] satisfies

El = 5 HID)).

[J1=p

where the differential le 9 E lp 4 E lp T g equal to the sum of the restriction maps
H%(D;) — HY(D,). This spectral sequence converges to the relative cohomology of the
pair (X, D),

EP" — HPM(X, D).
3.2 The Gysin complex

If f: M — N is a continuous map of compact manifolds without boundary, the Gysin
homomorphism f* : H,(N) — H.(M) is defined as follows. Let m = dim M and n =
dim N, and for all / > 0 let Dy : H'(M) — H,,_;(M) and Dy : H'(N) = H,_;(N) be
the Poincaré duality isomorphisms. For all £ > 0 we let

f* =Dy o H'"*(f) o Dy' : Hi(N) = Hismn (M),

where H"*(f) : H"(N) — H"*M) is the homomorphism induced by f on
cohomology.

The Gysin complex G(X, X) of the good compactification (X, D) of X is the chain
complex

Gy(X.X)= P P H(Dy) (3.2)

l=p k
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with differential d, where d, : G,(X, X) — G,41(X, X) is the sum of the Gysin maps
ij,J/ : Hk(D]) — kal(D]/) for J C J’ with |J| = pand |J/| =p+ l,andij,j/ : D]/ —
Dy is the inclusion.

Note that while the Cech complex is the filtered complex associated to a double complex,
the Gysin complex is a simple complex without filtration.

Proposition 3.1 The E | term of the Cech spectral sequence of a good compactification of
X is canonically isomorphic to the Gysin complex,

(E{™d[™) = (Gp(X, X), dp).
Proof The isomorphism E ]p * S5 G » (X, X) is the sum of the Poincaré duality isomorphisms
HY(Dy) — Hy_p_q(Dy), where n = dim X. O
3.3 Poincaré-Lefschetz duality
The following isomorphism corresponds to the classical duality isomorphism H" % (X, D) =
Hip(X),n=dim X, k > 0.

Theorem 3.2 Let (X, D) be a good compactification of X, and let X' be the associated
corner compactification of X. There is a quasi-isomorphism of filtered complexes

W (C*(X, D), F*) = (C.(X'), F¥)

from the cohomology Cech comp!ex C fo the corner complex. More precisely, there is a chain
homomorphism ¥ = (W), V; : Cl(X, D) — C,_;(X"), such that for all p,1 > 0 we have

W (FPC'(X, D)) C FPCpy(X)),
and for all p > 0 the resulting chain homomorphism
FPC*(X, D) FPCy_i(X')
: — —
TUFPHICH(X, D) FPHICu_(X)

induces an isomorphism in homology.

Corollary 3.3 The E 1 term of the corner spectral sequence of a good compactifcation of
X is isomorphic to the Gysin complex of the divisor D at infinity. More precisely, for every
p, k > 0 there is an isomorphism

—~ FPCy (X))
1 — R )
E', . ,=H (FP+1C*(X’) = P H(Dy).
Jl=p
Under this isomorphism the differential

, FPC.(X') FPHCu (X’
1 . * *
d—P,k+p : Hk (F’H’IC*(X/)) = Hi— (FP+ZC*(X’)

corresponds to the sum of the Gysin homomorphisms
i% 0t Hi(Dg) = Hio1 (Do),
where |J|=p,|J |=p+1,andJ C J'.
Proof This is an immediate consequence of Theorem 3.2 and Proposition 3.1. O

Now we turn to the proof of Theorem 3.2. We construct W as the composition of the three
filtered quasi-isomorphisms described in Sects. 3.4, 3.5, 3.6 below.
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3.4 The simplicial Cech complex

Let K be a semialgebraic triangulation of X such that for all J/ C I the subvariety D; =
(ics Di is a subcomplex of K. There exists a unique triangulation K’ of X’ such that the
map 7 : X' — X is simplicial, and such a triangulation K’ is semialgebraic. We say that
(K', K) is an adapted triangulation of .

Let (K', K) be an adapted triangulation of 7 : X’ — X. For each J C I let K be the
subcomplex of K that triangulates D ;. Let CY(K ;) be the g-th simplicial cochain group of
K ;. Consider the double complex

CPi(K) = @ C9(K)). (3.3)

[JI=p

The simplicial Cech complex is the filtered complex defined by ! (K) = @p+q=l CP4(K),
with filtration F?C!(K) = ®]>P eajJrq_;Cf *4(K). The map of double complexes C?4 —
CP4(K) that is the sum of the chain maps C*(Dy) — C*(K]) adjoint to the inclusion
Cy(Kj) — C4(Dy) defines a filtered quasi-isomorphism C*(X D) — C*(K) from the
Cech complex (3.1) to the simplicial Cech complex (3.3).

3.5 The cellular dual complex

Let K* be the dual cell complex of the simplicial complex K [10, §64]. For each J C I, the
cells of the dual complex K ; of the triangulation K; of Dj are the intersections with D
of the cells of K*. The dimension of the smooth variety D is n — p, where p = |J|. The
double complex C?4(K) is isomorphic to the double complex

Coi(K*) = P Cu(K) (34)
IJ1=p
via the classical cellular Poincaré duality isomorphism C?(K;) — C,_,_4(K 7) which
assigns to a simplex o € K the dual cell o € K. The second differential of this double
complex 8" : Cpx(K}) — Cpr—1(K7) is given by the cellular boundary map. The first
differential 3" : Cp, x (K*) — Cp11,k—1(K™) is given by the cellular Gysin maps i (J, J")* :
Ci(K%) = Cr_1(K%,), where | J| = p, |J'| = p+1,and J C J'. By definition the Gysin
map on cellular chains is Poincaré dual to the restriction map on simplicial cochains. If
o €Ky CKytheni(J,J) (0]) =0}, =o;NDy. Thus the Gysin mapi(J, J')* applied
to a cellular chain in K is the intersection of the chain with D .
Thus there is a filtered chain isomorphism from the simplicial Cech complex to the cellular
dual complex

Ce(K*) =P Cpir(K*)

p

with boundary map 8 = 8’ + 9" and filtration F”Cy(K*) = ®j>pCj ik (K*). The term
(E', d") of the spectral sequence of this filtered complex is the Gysin complex (3.2).

3.6 The cellular pullback

We define a filtered quasi-isomorphism from the cellular dual complex to the corner complex,

¢ : Co(K*) — Cu(X).
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For |J| = p we define ¢ : Cy(K}) — Ci(X') as follows. For each k-cell B € Ci(K7) let
¢(B) = [r~'B] € Cx(X'). Since 7' B = p; ' (' B) we have [x "' B] € FPC.(X").
We claim that ¢ (9 B) = ¢ (B) for all k-cells B € Cr(K7), and so ¢ is a chain map. By
definition B = 3'B + 3" B.
If J/ > J with |J/| = p+1thendim(BNDy/) =k —1;infact, BN Dy isa (k — 1)-cell
of K%,. Thus 9'B = >’ ; BN D, summed over all J' D J with |[J'| = p + 1. Therefore

¢(@'B)=> ¢(BND;) =D [x"'(BND=[x""B)ynax "Dy,
J' J'
where d(x~'Dy) = U,/n" D is the boundary of the manifold 77D,
Let bd(B) denote the cellular boundary of the k-cell B. In other words, if 4 : Bf — Bis

a semialgebraic homeomorphism from the unit ball in R¥ onto B, then bd(B) = h(dB*). We
have 3”B = > B’, summed over all (k — 1)-cells B’ of K’ with B’ C bd(B). So

$(3"B) = > ¢(B) =[r""bd(B)].
On the other hand,
dp(B) = dlr "Bl = [(x'B) N a(x ' D)1 + [z~ 'bd(B)],

which gives the claim.

Finally, we show that the chain map ¢ is a filtered quasi-isomorphism. For a k-cell B of
K7, the set n}lB is the image of a semialgebraic section of 7r; : D', — Dj over B. Thus
the induced map

FPCy(K*) FPCu(X')

2 = K* A )
P FpHIC, (K*) ljel?pc*( 7= FrH1C, (X))

factors as ¢, = V¥, 0 &), where

&: P k)~ P cpy

|JI=p [J|=p
is the inclusion &, (B) = [B], and

FPCy(X')

Yp: @ Cy(Dy) — W*(X/)

[Jl=p

is given by Proposition 2.8. The chain map &, induces an isomorphism in homology, and v/,
is a chain isomorphism by Proposition 2.8. Thus ¢, induces an isomorphism in homology.
This completes the proof of Theorem 3.2.

3.7 Duality with Borel-Moore homology

If X is a smooth n-dimensional real algebraic variety with good compactification (X, D)
and associated corner compactification X', the weight filtration (2.15) on the complex of
semialgebraic chains C,(X”) gives the weight filtration of the classical (compactly supported)
homology groups Hi(X),0 <k <n,

O0=W_1H(X) C--- CW_p—1 Hi(X) CW_  Hp(X) = Hp(X). (3.5)

We will show in Sect. 8 that this filtration does not depend on the choice of good com-
pactification of X. In previous work [9] we defined a weight filtration on the complex of
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semialgebraic chains with closed supports Cf M (XY [9], which gives the weight filtration of
the Borel-Moore homology groups Hlffz (X),0 <k <mn,

0=W_,x 1 HEMX) c--- c W_1HEM(X) c WoHEM (X) = HEM (X). (3.6)
For each k, 0 < k < n, Poincaré-Lefschetz duality gives a nonsingular bilinear intersection
pairing
(,): Hy(X) x HEM(X) — 7,.

We show that the weight filtrations (3.5) and (3.6) on these groups are dual under this pairing.

Theorem 3.4 Let X be a smooth n-dimensional variety. For all p < 0 and k > 0,

W, Hi(X) = {o € Hi(X) | (e, B) = O forall p € W_ 1 HEM (X)}.

Proof This is a consequence of a more basic duality of filtered chain complexes. The weight
filtration on H,(X) is induced by the weight filtration on the complex C,(X’), where X’ is
the corner compactification of X. The weight filtration on C,(X") is by definition the Deligne
shift of the corner filtration on Cy(X’) (2.14). The complex C,(X') with the corner filtration
is in turn filtered quasi-isomorphic to the cohomology Cech complex C *(X, D) with its
standard filtration (Theorem 3.2). The cohomology Cech complex is dual to the homology
Cech complex C,(X, D), where

CV‘](Y, D): @ Cp,qs

p+q=l
Cpq = P Cy(D),
IJ1=p
F,Ci(X.D) =P P ¢4
J=pj+q=l

Finally, the complex Cf M (X) with its weight filtration is quasi-isomorphic to the homology
Cech complex Cs (X, D) with the Deligne shift of the standard filtration [9, Theorem (1.1)(2),
proof of Proposition (1.9)]. This last quasi-isomorphism corresponds to the isomorphism
H(X, D) = HPM (X). u]

4 Functoriality

In this section we prove that the weight filtration is functorial for maps of pairs (X, X), where
X is a good compactification of X. First we show that a regular map (f, f) : (X, X) —
(Y, Y) induces a semialgebraic map f’ : X’ — Y’ of corner compactifications. The group
actions on the principal bundles containing X" and Y’ are used to prove that the chain map
induced by f’ preserves the corner filtration. Finally, we compute the corresponding homo-
morphism of Gysin complexes.

Let f : X — Y be a regular map of smooth varieties that extends to a regular map
f : X — Y of good compactifications. The divisor D = X \ X is a finite union of smooth
codimension one subvarieties D;, i € Ix (2.1), and the divisor E = Y \ Y is a finite union
of smooth codimension one subvarieties £, j € Iy. In this section we assume that all the
divisors D; and E; are irreducible.
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Forx € XletJ(x) ={i € Iy | x € D;},andfory € YletJ(y) = {j € Iy | y € E;}. For
every x € X and y € Y, there exist good local coordinates (U, (i1, ..., u,)) on (X, D) with
(u1(x),...,up(x)) =0,and (V, (v1, ..., vy)) on (Y, E) with (v (y), ..., vn(y)) =0.

Let G x be the group of functions g : Ix — {1, —1}, and let Gy be the group of functions
h:ly - {I,-1}.Let G(x) = {g € Gx | gi) =1, i ¢ J(x)} and G(y) = {h €
Gy lh(j)=1, j¢JW}

Theorem 4.1 Let X and Y be smooth real algebraic varieties with good compactifications
X andY, and let f : X — Y be a regular map that extends to a regular map f : X — Y.
Let X' and Y' be the corner compactifications associated to X and Y. There exists a unique
continuous semialgebraic map ' : X' — Y' such that f'|X = f. Moreover

7onX=nyof/,

where x : X' — X and y : Y' — Y are the projections. B
If Z is a smooth real algebraic variety with good compactification Z, and § : Y — Z is
a regular map that extends to a regular map & : Y — Z, then

Eof) =¢of"

Proof Givenx’ € X’',letx = mx(x’)and y = f(x). Choose good coordinate neighborhoods
U of x and V of y as above, with f(U) C V.For g € G(x) and & € G(y) consider
the sets X,(U) C X, YS(U) C Xand Y, (V) C Y, Yp(V) C Y (2.7) and (2.9). Let
X'(U) = ny'U, X,(U) = 7' X, (U), and Y'(V) = 7, 'V, ¥} (V) = 7, ' Y4(V). Then
X'(U) = |_|g X(’Q(U) and Y'(V) =], ¥, (V). Now x" € X’gO(U) for a unique gg € G(x).
The open sets X,(U) and Y, (V) are connected, so there is a unique g with f(Xg,(U)) C
Y, (V). Let y be the unique element of Y}’IO(V) such that 7y (y') = y, and set f/(x") = y'.

By construction f(x (x")) = my (f'(x")),so f|X = f, and the graph of f" is the closure
in X’ x Y’ of the graph of f. Therefore f’ is continuous and semialgebraic. The function
f’ is uniquely determined by f since X is dense in X’. It follows that if f : X — Y and
&:Y — Zareasabove, then (§o0 f) =& o . O

If f : X — Y isaregular map of smooth varieties that extends toaregularmap f : X — Y
of good compactifications, with D = X\ X and E = Y\ Y, then 771 (E)C D.Let f(x) =y
and let U and V be good coordinate neighborhoods of x and y, respectively, as above, with
7(U) C V. Suppose that fori € J(x) the divisor D; NU of U is given by uy, ;) = 0, and for
J € J(y) the divisor E; NV of V is given by v, (j) = 0. Forevery i € J(x) and j € J(y)
there are nonnegative integers ¢;; and a real analytic function r; : U — R such that on U
we have

vypof=rj [] @)™, (4.1)

iel(x)

Moreover, 7! (0) € D and dim P! (0) < n—2, and therefore r; has constant signon U \ D.
Since the divisors D; and E ; are irreducible, the exponents @;; do not depend on the choice of
x and y or on the choice of good local coordinates. Indeed, they are defined by the condition
that the divisor

——1
f(E) =D aijDi.

iely
described locally by r; = 0, has real part of dimension strictly less thann—1. (See Remark 4.7
for an example.) Thus the numbers a;; are well-defined not only for the divisors D; and E;



78 C. McCrory, A. Parusiniski

such that D; N 7~ (E;) # @ by Eq. (4.1), but also we have that if D; N 7' (E;) = #, then

ajj = 0.
We define a homomorphism ¢ : G(x) — G(y) by
@) =[] e (4.2)
ied(x)

Proposition 4.2 Let f : X — Y be a regular map of smooth varieties that extends to a
regular map f : X — Y of good compactifications, and let ' : X" — Y' be the associated
map of corner compactifications. If f(x) =y, then

flg-x) =9 ')
forallg € G(x) and x' € n;l(x).

Proof Let f(X1(U)) C Y,(V). Then by Eq. (4.1) we have f(Xo(U)) C Yy(g)n(V), and
this gives the proposition. O

Theorem 4.3 Let f : X — Y be a regular map of smooth varieties that extends to a regular
map f : X — Y of good compactifications. If f' : X' — Y’ is the associated map of corner
compactifications, then for all k, p > 0,

FUFPC(X) C FPCr(Y).

Proof By Lemma 2.6 and Corollary 9.3, it suffices to show the claim for ¢ € F?Cy(X’) of
the form

¢ =[B1®[G(D)] € C(B) ® Co(G(I"),

yhere I Cc I',|I| = p,and B is the closure of B, with B C DOI/. Suppose, moreover, that
f(B) C E ;. We define a homomorphism ¢;/; : G(I') — G(J') by

orr (@) =[] e,
iel’
Suppose first that ;s ;- restricted to G (I) is injective. Then by Proposition 4.2 we have
LABI®IGD]) = f.([BD) ® [y (GD)], 4.3)

which lies in F”Cy(Y’) by Lemma 9.1 and Proposition 9.5.

If ¢y restricted to G(I) is not injective, then for every x € B the fibers of [ {x} x
G(I) — {f(x)} x G(J') have even cardinality. Therefore the pushforward £, ([B1®[G(I)])
is equal to 0. O

By Proposition 2.8, f’ induces a morphism of complexes
fr: @ b — P CuEY. (4.4)
=p IJ1=p

We now show that f), is a combination of pushforwards with weights.
To a pair (I, J) with I C Ix,J C Iy, and |J| = |I| = p, we associate the number
ary = det(a;j)ier, jeJ-

Lemma 4.4 Let D(I) be an ilrreducible component of Dy, and suppose D? N ?_l (Ey) £ 0,
| =|J=p.IfDY ¢ f (Ej)thenas; =0.
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Proof Letx € D(,) and y = f(x) € E;.Choose good local coordinates (U, (1, ..., u,)) on
(X, D)and (V, (v1, ..., vy,)) on (Y, E) as above, with ?(U) C V,andsuchthat D; NU =
{up =---=up=0andE; NV ={vyy=---=v, = 0}.IfD(1) z 7_1(EJ),thenby
Eq. (4.1) there exists j € {1, ..., p}suchthata;; = Oforalli € {1,..., p}. Hencea;; = 0.

O

Proposition 4.5 Let f : X — Y be a regular map of smooth varieties that extends to a
regularmap f : X — Y of good compactifications, with the divisors D = X\ X = Uiery Di,
E=Y\Y = Ujery Ej. Then forevery I C Ix, |I| = p, and for every irreducible component
D? of Dy, the morphism f, of (4.4) restricted to D(I) is given by

Fo1D) = @ ars(F) s . .5)
J

. — .., —0
where the sum is taken over all J C ly, |J| = p, such that f(D(I)) C Ey, with f;;: D(I) —
Ej the restriction of f, and the other components of fp |D(,) are zero.

Proof Let ¢ € Ck(D?) and suppose that ¢ = [B] ® [G(I)], where B is the closure of B
and B C DOI/, I C I, and that ?(é) - Izo"J/. If @ restricted to G (1) is not injective then
fi(¢c)=0andar; =0forall J C J'.

Suppose now that ¢, restricted to G(I) is injective. By formula (4.3) it suffices to
decompose the image of ¢/ (G(1)) in IP(G(J"))/ZPH(G(J")) with respect to the basis
given by Corollary 9.3. Then (4.5) follows from Corollary 9.4 both in the case when 7(D(I)) C
E; and when 7(D(}) ¢ Ej. Indeed, in the latter case the claim follows from the fact that
ary = 0by Lemma 4.4. O

Recall that a good compactification gives rise to a Gysin complex defined by Eg. (3.2).

Thus f : X — Y induces a morphism of Gysin complexes G(X, X) — G(Y,Y) that
can be computed using Proposition 4.5. We will encounter in the following sections several
examples of morphisms of Gysin complexes that are simply the homology pushforward

D HDn) — P HAE))
[=p [J1=p
given by the sum of all the induced maps Dy — Ej.
Corollary 4.6 Let f : X — Y be a regular map of smooth varieties that extends to a regular

map f : X — Y of good compactifications. Suppose that for all p, and all I C Ix, J C Iy
such that |I| = |J| = p, either

(1) f(D;) C Ejandthenary =1, or
) dimD; N T (E;) < dim D.

Then the induced morphism of Gysin complexes G(X,X) — G(Y,Y) is the homology
pushforward.

Proof This is an immediate consequence of Corollary 3.3 and Proposition 4.5. O

Remark 4.7 We say that | f is a monomial map (with respect to the divisors D and E) if for
every x € X and y = f(x), the functions r; of (4.1) are never zero. Then f : X — Y
is a topological tico map with respect to the ticos D and E [1, II1.2]. (“Tico” stands for
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“transversely intersecting codimension one.”) In this case the coefficients a;; can be simply
defined by

771(Ej) = zaijDi-

In the complex algebraic case a regular map f : (X, X \ D) — (Y,Y \ E), where D and E
are divisors with normal crossings, is automatically monomial in this sense [1, p 176]. This
is not true in the real algebraic case, as the following example shows.

Let X =R% Y =R, and f : R? > R, f(x,y) = x2/(1 + y?). Let X = P? with
coordinates [x : y : z],sothat D = {z =0}, and let Y = P! with coordinates [s : 7], so that
E={t=0}Let f:P2— P!, flx:y:z] =[x%:y%+7z%]. Then f_l(E) is a single
point of D.

5 Blowup squares

In this section we analyze the homology of a classical blowup square. A key tool is the
Leray-Hirsch theorem on the homology of a projectivized vector bundle. In Sects. 6 and 7
we will apply this special case to understand the behaviour of the weight filtration under a
blowup with smooth center contained in a good compactification of a smooth variety.

A blowup square (also called an elementary acyclic square) is a cartesian diagram of
compact irreducible nonsingular real algebraic varieties and regular morphisms

N

E — M
1q Ip 3.1
c L wm

such that C is a subvariety of M with inclusion r, M is the blowup of M with center C and
projection p, and E = p~!(C) is the exceptional divisor.
In what follows we suppose dim C < dim M.

Lemma 5.1 The composition py o p* is the identity map, so py : H*(M ) - H,(M) is
surjective and p* : H,(M) — H.(M) is injective.

Proof If « € H.(M), by lzoincaré duzgity there exists B € H*(M) with o = B ~ [M].
Then p*(«) = p*(B) —~ [M], and p,[M] = [M] since p has degree 1. Thus

Pp*(@) = pu(p*(B) ~ [M]) = B ~ pu[M] =B ~ [M] = .
O

Proposition 5.2 Given a blowup square (5.1), for every k > O there is a short exact sequence

0 — Hy(E) L H; (C) & Hy(M) It H (M) — 0, (5.2)

where i (o) = (g« (), sk (@) and j (B, y) = r«(B) + p«(y). Moreover, q. is surjective and
Sy induces an isomorphism ker g, —> Ker p;
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Proof Consider the commutative diagram

— H (M, E) — H(E) % Hy (M) — H(M, E) —>
b Py b ax b pr b py
— Hiy (M, C) — Hi(C) -5 H(M) — Hy(M,C) —

The rows are exact, the maps p; are isomorphisms, and the maps p; are surjective by
Lemma 5.1. The proposition is proved by a diagram chase. O

The exactness of the sequence (5.2) can be paraphrased by saying that the square

Hi(E) ~ Hy (M)
1 g« 1 P« (5.3)
H(C) 25 Hy(M)

is commutative and acyclic.

Corollary 5.3 Given a blowup square (5.1), for every k > 0 there is a short exact sequence

0 <« HYE) r H*(C) @ H*(M) L H*(M) < 0, (5.4)

where i*(B,y) = q*(B) + s*(y) and j*(8) = (r*(8), p*(8)). Moreover, g* is injective and
s* induces an isomorphism im ¢* <— im p*.

The exactness of the sequence (5.4) says that the square

H*(E) N H*(M)
1 q* tp* (5.5)
HY(C) <= H*(M)

is commutative and acyclic. Equivalently, if dim M — dim C = m > 0, the square of Gysin
homomorphisms

Hi 1(E) < Hy(M)
1 q* tp* (5.6)

Hi—u (C) <L* Hi (M)

is commutative and acyclic.

Lemma 5.4 (1) Hy(M) = ker p, @ im p*.
(2) Hi-1(E) =imq* @ s*(ker py).

Proof (1) follows from Lemma 5.1. We prove (2) as follows. Let « € Hy_1(E). By Corol-
lary 5.3 there are 8 € Hy_,;,(C) and y € Hy(M) and such that o = q*(B) + s*(y). Then
VI =y — p*ps(y) € ker pyand @ = ¢* (B + r*p.(y)) +s*(y1). If ¢*(B) + s*(y) =0
then, by Corollary 5.3, 8 € imr* and y € im p*. If, moreover, y € ker p,, then since
ker p, Nim p* = 0 we have y = 0. O
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Theorem 5.5 Let m = dimM — dim C. For all k > 0 there is a unique homomorphism
G« : Hi_1(E) — Hy_,,(C) such that gy o q* is the identity and the following diagram is
commutative and acyclic:

Hi1(E) <— Hy(M)
s { Ps (5.7

Hi_p(C) <— Hy(M)

Proof By Lemma 5.4, « € Hy_1(E) can be written uniquely @ = ¢*(8) + s*(y), where
B € Hy_p(C) and y € ker p,. We require g.q™(B) = B, and g4s*(y) = r*ps(y) = 0, so
we must have g, (o) = B, and B is unique since g * is injective. Straightforward computations
using Lemma 5.4 and Corollary 5.3 give that (5.7) is commutative and the associated simple
complex is exact. O

In the blowup square (5.1), the map g : E — C is the projectivization of the normal
bundle of C in M. To give a geometric description of the homomorphism g, we apply the
classical Leray-Hirsch Theorem:

Theorem 5.6 Let A — B be vector bundle of rank m, and let m : P(A) — B be its
projectivization. Let e € H'(P(A)) be the Euler class of the tautological line bundle. The
cohomology group H*(P(A)) is a free module over H*(B) with basis 1, e, e ... e"m

other words, every element u € H*(P(A)) can be written uniquely
u=7m"wo) + 7 W) — e+ -+ Um_y) — "1,

where ug, uy, ..., ur—1 € H*(B).
Proof The proof uses the Leray—Serre spectral sequence [8, Theorem 5.10, p. 48]. O

If the base B of the vector bundle is a topological manifold of dimension b, then P(A) is a
manifold of dimension b + m — 1, and by Poincaré duality the Leray—Hirsch Theorem gives
that every element « € H,(P(A)) can be written uniquely

a=m%(ap) +e~n*a) + -+ ~ 7 (@moi), (5.8)
where ag, ay, ..., a,—1 € Hy(B).

Lemma 5.7 If r : P(A) — B is the projectivization of an m-plane bundle and o« €
H,(P(A)) is given by Eq. (5.8), then (o) = am—1.

Proof Suppose that @ = e~ n*@a;),i € {0,...,m — 1}, and a; = u; —~ [B]. Let
g' =e! ~ [P(A)]. Then

a=e ~ @ u) ~[PA]) =7*w;) ~ (€ ~[PA]) =7*(u;) ~ &
and so
7u@) = 7 (7)) ~ &) =y ~ ().

Now &' € Hpym—1-i(P(A)),andifi <m — 1 thenb+m — 1 —i > b, s0 m,(g') = 0.
On the other hand, we claim that 7, (¢™~!) = [B], and so if « = "' ~ 7*(a,,—1) then
75 (@) = 1 —~ [B] = am—1. Now 7,(¢"~1) € H,(B), and we have 7, (¢" ") = [B] if
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and only if p, (7. (™ 1)) # 0 for all x € B, where p, : Hy(B) — Hp(B, B\ {x}) is the
restriction map. There is a commutative square

Hy(B(A)) 5 Hy(P(A), B(A) \ 7' (x))
1 s | 7y
Hy(B) % Hy(B, B\ (x)
with Hj,(P(A), P(A) \ 7' (x)) = Hp(B, B\ {x}) ® Ho(x ™' (x)) and 7.(e ® B) = $(B)a,
where ¢ : Hy(m~!(x)) — Z, is the augmentation isomorphism. By the local triviality of the
bundle 7 : P(A) — B, we have

o (") = o (" ~ [P(A)))
= pe[B1® ((" w7 (%) ~ [~ (0)])
= p[B1® ((elr ' )™ ~ [ 7' (0)]).

Now 7~ 1(x) = P!, and e|7~!(x) is the Euler class of the tautological line bundle, so
(elr~1(x))"~1 £ 0, and hence py (7, (e"1)) #£ 0. O

Now we show that the homomorphism gy : Hx—1(E) — Hy—p, (C) of (5.7) can be defined
geometrically in terms of the excess bundle, which is defined as follows. Let N¢ be the normal
bundle of C in M and denote by e¢(C) € H™ (C) its Euler class (i.e., the top Stiefel-Whitney
class). Similarly we denote by Ng the normal bundle of E in M and by e¢(E) € H'(E)
its Euler class. Then ¢ : E — C is the projectivization of N¢, and N is the tautological
line bundle. The excess bundle is the quotient bundle & = ¢*N¢ /NEg. The Euler class e(€)
satisfies g*e(C) = e(E)e(E).

Proposition 5.8 Let o € Hy_1(E). Then g () = gy (e(E) ~ a).

Proof Sincea = q¢*(B)+s*(y), where B € Hx_,,(C) and y € ker p,, it suffices to consider
two cases, @ = g*(B) or o = s*(y) with y € ker p,.

If « = g*(B) then we have to show that g.(e(€) —~ ¢*(B8)) = B. The Whitney formula
for the total Stiefel-Whitney class w(g*N¢) = wNg)w(E) = (1 + e(E))w(€) yields

m—1

e(€) = wp—1(€) = D_ e(EY" ™1 — ¢*(w;(Ne)).

i=0

Therefore by Lemma 5.7,

m—1
4+(e(€) ~ g*(B)) = gx (Z(e(E)’"“ — ¢ (wi(Ne))) ~ q*(ﬂ)))

i=0

m—1
= > . (B ~ (" @i V) ~ ¢ (B)
i=0

= g+ (e(E)"™" ~ (g* (woWNe) ~ 4*(8))

= p.

If « = s*(y) with y € ker py, then we have to show that g,(e() —~ s*(y)) = 0.
By Proposition 5.2 there is @ € Hi(E) such that y = s, (@) and g4«(@) = 0. Therefore
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o =s5*(y) = s*(s4+(@)) = e(E) ~ a, and so we have

g (e(&) ~ 5%(¥)) = q«((e(&) — e(E)) ~ @)
= qx(q"(e(C)) ~ @)
= e(C) ~ g+(@)
=0.

This completes the proof of the Proposition. O

6 Blowup with center transverse to the divisor at infinity

In Sect. 8 we will apply the main theorem of Guillén and Navarro Aznar [6] to extend our
weight filtration to singular varieties. Their key extension criterion describes the behavior of
the weight filtration for the blowup of a good compactification with center transverse to the
divisor at infinity. In the present section we verify this extension criterion. The key result is
the acyclicity of the Gysin diagram (6.3) of a blowup square.

Let X be a smooth n-dimensional variety and let W = X be a good compactification of
X, with W \ X = D a divisor with normal crossings, so that D = U;¢; D;, where D; are
smooth hypersurfaces meeting transversely. Let Z be an irreducible smooth m-dimensional
subvariety of X and let Y = Z be the closure of Z in W. Suppose that Y is a smooth subvariety
of W such that Y has normal crossings with D [6, (2.3.1)]and Y ¢ D. Then forevery x € W

there is a good local coordinate system (U, (u1, ..., u,)) about x, and for each i € J(U)
there is an index k(i) € {1, ..., n}, k(i) < m, such that D; N U is the coordinate hyperplane
uri@y =0,and Y N U is given by u, 11 = --- = u, = 0. Thus Y is transverse to the divisor
D [1, IIL.3].

From this data we obtain the blowup square of pairs (W,, X,):
¥.2) — (W, X)
= Vb (6.1)
¥, 2) 5 (W, X)

Here a is the inclusion, b is the blowup of (W, X) along (¥, Z), and (?, Z) =b"(v, 2).
Singe Y has n(lrmal crossings with D, it follows that W, Y, and Y are good compactifications
of X, Z, and Z, respectively.

Theorem 6.1 Blowup with center transverse to the divisor at infinity. Given a blowup square
of pairs (6.1), the corresponding square of corner compactifications induces an acyclic
diagram of weight complexes

WCL(Z') — WC.(X')
¢ 1 b,

/

a
WCL(Z') —> WC(X')

In other words, the simple filtered complex of this diagram is quasi-isomorphic to the zero
complex.

For the definition of the simple filtered complex of a diagram of filtered complexes, see [9,
p- 125].
R Recall that the weight filtration W, (2.14) is the Deligne shift of the filtration F,, where
F_, = FP,and F* is the corner filtration (2.10), (2.11), (2.14). Thus to prove the theorem
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it suffices to show that the spectral sequence of the simple filtered complex associated to the
diagram

(CL(Z)), F*) —> (C(X'), F*)
v ¥ by 6.2)

!/

(C(Z), F*) 25 (C(X'). F*)

has trivial E2 term. This in turn is equivalent to the statement that the simple complex
sG(W,, X,) associated to the diagram of Gysin complexes

GY,Z) — GW,X)
J { by (6.3)
G, 72) & 6w, x)

is acyclic. By Corollary 4.6 the arrows in (6.3) are homology pushforward. We will prove that
the complex sG (W,, X,) is acyclic by induction on the complexity of the divisor D = W\ X,
which is defined as follows.

Let D be a divisor of the compact nonsingular variety W, and suppose that D has simple
normal crossings (2.1). A nonsingular decomposition of D is a set D = {D;};e; of nonsin-
gular divisors of W such that D = U,y D;. The complexity c(D) of the divisor D is the
minimum cardinality of a nonsingular decomposition of D.

If the divisor D has simple normal crossings in W, there is a one-to-one correspondence
between nonsingular decompositions of D and partitions of the set C(D) of irreducible
components of D such that if C; and C; belong to the same member of the partition then
Ci N C; = @. The nonsingular decomposition D = {D;};¢; corresponds to the partition
{D;}ics of C(D), where D; = {Cj | Cj C Dj}.

Remark 6.2 If D is a simple normal crossing divisor of W, let I'(D) be the corresponding
graph. The vertices of I'(D) are the irreducible components of D, and there is an edge of
I"(D) between C; and C; if and only if C; N C; # #. Thus nonsingular decompositions of D
are in one-to-one correspondence with graph partitions of I' (D), and the complexity ¢(D)
is the chromatic number of T"(D).

Now the inductive proof of Theorem 6.1 proceeds as follows. In the base case c(D) = 0
the divisor D is empty, and the diagram (6.3) reduces to

Ho(Y) — Hy(W)

\ \
Hy(Y) — H (W)

which is acyclic by Proposition 5.2.

Now suppose that c(D) > 0. Let D = {D;};<; be a nonsingular decomposition of D with
Dl = c¢(D).Let D= D"UV and D' = D" NV, where V = Dy € D. The cubical diagram
(Dp)jcr — W (J # ) is equal to the diagram

(D)ogs — V
J J
(D'Dogs — W

where the vertical maps are inclusions. It follows from the definition of the homological
Gysin complex that this diagram yields a short exact sequence of chain complexes,

0— G(V,V\D)[1] -> G(W,W\ D) - G(W, W\ D") — 0.
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Blowing up along Y transverse to D we obtain a short exact sequence of chain complexes
0 — sG(Ve, (V\ D))[1] = sG(W,, (W \ D)s) — sG(We, (W \ D")4) — 0.

Now D" = D\ {V}is anonsingular decomposition of D" with |D”| = |D|—1 = ¢(D)—1,
so c(D") < ¢(D). Also D' = {D; NV | i # 0} is a nonsingular decomposition of D’ with
|D'| = |D|—1,s80¢(D’) < ¢(D). Thus by induction on ¢(D) the complexes sG(V,, (V\D'),)
and sG (W,, (W \ D"),) are acyclic. It follows that sG(W,, (W \ D),) is acyclic, as desired.
This completes the proof of Theorem 6.1.

7 Blowup with center contained in the divisor at infinity

To see that the weight filtration of a smooth variety X does not depend on the choice of a good
compactification X we show that the weight filtration is invariant, up to quasi-isomorphism,
under a blowup of X with center contained in the divisor D at infinity. This follows from the
fact that the corresponding homomorphism of Gysin complexes induces an isomorphism in
homology.

Againlet W = X be a good compactification of the smooth variety X, andlet D = W\ X.
Let Y be an irreducible smooth m-dimensional subvariety of W such that Y C D, and suppose
that Y has normal crossings with D. Thus for every x € W there is a good coordinate system
W, (uy,...,up)) about x, with Y N U given by u;41 = -+ = u, = 0, such that for
eachi € J(U) there is an index k(i) € {1, ..., n} with D; N U the coordinate hyperplane
ugy = 0, and there exists i € I such that k(i) > m. Thus Y intersects the divisor D cleanly
[1, IL.3].

From this data we obtain the square

Y,0) — (W, X)
J b (7.1)
. 0 L w, x)

where a is the 1nclu31on b is the blowup of W along Y (so b maps X isomorphically onto
X), and Y = b (Y ). Since Y has normal crossings with D, it follows that W is a good
compactification of X.

Theorem 7.1 Blowup with center contained in the divisor at infinity, clean intersection.
Given a blowup square of pairs (7.1), the homomorphism

bl : WCL(X") = WC(X)
is a quasi-isomorphism of filtered complexes.

By definition of the weight filtration, to prove the theorem it suffices to show that the
homomorphism of corner complexes

b, 1 (Co(X), F*) — (C.(X"), F¥)

induces an isomorphism on the EZ term of the corner spectral sequence (2.11). This is
equivalent to the statement that the corresponding homomorphism of Gysin complexes

by : G(W, X) — G(W, X)

induces an isomorphism in homology.
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First we prove the special case when the divisor D is nonsingular. This is the most involved
part of the proof.

Let W = X be a good compactification of the smooth variety X, and suppose that
D = W\ X is a nonsingular divisor in W. Let Y be an irreducible smooth m-dimensional
subvariety of W such that ¥ C D. We assume that the codimension of ¥ in W is bigger than
1. From this data we obtain a blowup square of pairs (7.1), where the divisor D= W \ X is
the umon of the proper transform D of the divisor D and the divisor ¥;i.e., D = DUY. We
letE=DNY.

Proposition 7.2 The following diagram is commutative and acyclic,

) "= B ()@ He (D) — Hia(E)
l« Dx Plx »L P2 »L (7-2)
H(w) H_1(D) — 0

where the horizontal arrows are Gysin morphisms and the vertical arrows are pushforward
maps induced by p.

Proof The bottom row of diagram (7.2) is the Gysin complex of (W, W\ D) and the top
row is the Gysin complex of (W, W\ D). Thus the commutativity of (7.2) follows from
Corollary 4.6.

To show the acyclicity of (7.2) we consider the following augmented version of (7.2),

Hy(W) — Hg1(Y) @ Hx-1(D) — Hy2(E)

Hy(W) —> Hg—n(Y) €D Hk—1(D) —> Hp—m(Y)
where the horizontal arrows are Gysin morphisms. (In particular Hy_,,,(Y) — Hj—_p, (Y) is
the identity). The morphism gy, resp. g%, is given by Theorem 5.5 for the blowup p : W — W,
resp. p’ : D — D.Note thatthe augmented diagram (7.3) includes two acyclic squares of type
(5.7). Taking into account the commutativity of (7.2), in order to establish the commutativity
of (7.3) it suffices to show that the square

o~ liA‘ -~
Hy_1(Y) =% Hy_o(E)
Gu 4 P 1. (7.4)

id+iy
Hi—m(Y) @ Hk—1(D) —" Hg—m(Y)
is commutative, which we prove by considering two cases.

Casel Let B = g*a € Hy_1(Y), @« € Hy_pn(Y). Then ¢ = Gug*a = a, p1sf =
(iv.p0)+qxq*e = 0,and gi% 5B = q,(¢") e = a.

Case2 Let 8 = s*(a) € Hy_1(Y), @ € Hy(W). By the commutativity of the left hand sub-
diagram of (7.3) of type (5.7), ¢«B = iy y p«o. Note that both the top and the bottom rows of
(7.3) are complexes (i.e., the composition of two consecutive morphisms is zero). Indeed, they
are the simple complexes of the Gysin diagrams associated to commutative squares. Hence
i%yﬁ +i%yb~5*(a) = 0and B +iy p(p1+B + p2:a™ (@) =iy ypso+iy pip, ywpse = 0.
Therefore we have i%jﬁ = i%ﬁﬁ*(a) and g«p + iy pp1xB = iy pp2«a*(a). Now
q*zA Aa*(a) = zy, pP2+a* () by the commutativity of the right hand subdiagram of (7.3)
of type (5.7).
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By (b) of Lemma 5.4, Hj_ (Y) is generated by im ¢* and im s*. Thus the commutativity
of (7.4) follows from cases 1 and 2. Recall that to say that the diagram (7.3) is acyclic
means that the associated simple complex is acyclic. Thus the diagram (7.3) is acyclic since
it consists of two acyclic squares of type (5.7). More precisely, the simple complex of (7.3)
is acyclic since it equals the simple complex of the following diagram with acyclic rows,

Hy (W) — H (V) @ Hi(W) —> Hg_p(Y)

Vo oo {
Hi—1(D) — Hy_2(E) @ Hk—1(D) — Hi—n(Y)

It follows that (7.2) is acyclic, since the diagrams (7.2) and (7.3) differ by the acyclic diagram

Hj_,,(Y) 1—d> Hj_;, (Y). This ends the proof of Proposition 7.2 O

Now we prove Theorem 7.1 by induction on (7, ¢), where r = r(D) is the number of
smooth components D; of the divisor D such that Y C D; and ¢ = ¢(D) is the complexity
of D. (Since Y is irreducible, r (D) equals the number of irreducible components of D that
contain Y, so r(D) is independent of the nonsingular decomposition D = U; D;). Proposi-
tion 7.2 is the base case (r, ¢) = (1, 1).

Suppose r(D) = 1 and ¢(D) > 1. Let D be a nonsingular decomposition of D with
Dl =c(D).Let D =D"UV,where V =Dy € DandY ¢ V,andlet D' = D" NV.We
have a diagram with exact rows which is commutative by Corollary 4.6:

0— G(V,V\D)[1] — G(W,W\D) — G(WW,W\D") — 0
LB, I b by (7.5)
0 — G(V,V\D)[1] — G(W,W\ D) — G(W,W\D") — 0

Now ¢(D’) < ¢(D) and ¢(D") < ¢(D), so by induction on ¢(D) the maps b/, and b] are
isomorphisms. Therefore b, is an isomorphism.

Now suppose r(D) > 1.Let D = D" UV, where V = Dy € Dand Y C V, and let
D' = D’"NV.Thenr(D') < r(D)and r(D"”) < r(D), so by induction on r(D) the diagram
(7.5) shows that b, is an isomorphism. This completes the proof of Theorem 7.1.

8 Extension of the weight filtration to singular varieties

Following Guillén and Navarro Aznar [6], let Sch(R) be the category of reduced separated
schemes of finite type over R. In this paper we are interested in the topology of the set of real
points of X € Sch(R). The set X (R) of real points of X with its sheaf of regular functions
is a real algebraic variety in the sense of Bochnak—Coste—Roy [3].

By an acyclic square in Sch(R) we mean a cartesian diagram

Y — X
J Ip (8.1)
y L x

such that i is a closed immersion, p is proper, and p induces an isomorphism X \ Y > X \Y
[6, (2.1.1)].

Let V(R) be the category of nonsingular projective schemes over R, and let V2(R) be the
category of pairs (W, X) such that W € V(R), X is an open subscheme of W,and D = W\ X
is a divisor with normal crossings in W.
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An elementary acyclic square in VZ(R) [6, (2.3.1)]is a diagram
Y, YnX) — (W, X)
\: o (8.2)
(Y, Y NX) — (W, X)

such that p : W — W is the blowup of W with smooth center Y that has normal crossings
with the divisor D = W \ X, where X = p~!X and ¥ = p~!Y. (The condition that Y has
normal crossings with D includesboth Y ¢ D and Y C D).

Let C be the category of bounded complexes of Z, vector spaces with increasing bounded
filtration. Following [6] we denote by Ho C the category C localized with respect to filtered
quasi-isomorphisms. By Proposition (1.7.5)° of [6], the category C with this notion of
quasi-isomorphism and the simple complex operation for cubical diagrams is a category of
homological descent [9, §1A].

A ®-rectification of a functor G with values in a derived category Ho C is an extension of
G to a functor of finite orderable diagrams, with values in the derived category of diagrams,
satisfying certain naturality properties [6, (1.6.5)], [9, p. 125]. A factorization of G through
the category C determines a canonical rectification of G.

We define a functor

F:V>[R) - HoC

as follows. If (W, X) € V2(R), then the real algebraic variety W (R) is a good compactifica-
tion of X (R). Let X’ be the associated corner compactification of X (R), and set

F(W, X) = WC.(X'),

the weight complex of this good compactification (2.15). We have that F is a functor by the
functoriality of the semialgebraic chain complex C,(X’) [9, Appendix] and Theorem 4.3.

Theorem 8.1 There is a covariant ®-rectified functor
WCy : Sch(R) - HoC
such that

M if(W,X) e V2(R) there is a natural isomorphism WC,(X) = F(W, X),
(2) WCy satisfies the following acyclicity property: For an acyclic square (8.1) the simple
filtered complex of the diagram

WC,(Y) —> WC.(X)

|2 |2
WC(Y) — WC(X)

is acyclic (quasi-isomorphic to the zero complex).
Such a functor WCy is unique up to a unique quasi-isomorphism.

Proof This theorem follows from applying [6, Theorem (2.3.6)°P] to the functor F. Since F
factors through C, it is automatically ®-rectified [6, (1.6.5), (1.1.2)]. Clearly F is additive for
disjoint unions (condition (2.1.5) (F1) of [6]). It remains to check condition (2.1.5) (F2) of
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[6]: Given an elementary acyclic square (8.2), the simple filtered complex associated to the
square
FY,YNX) — F(W, X)
\ U
FY,YNnX) — FW,X)

is acyclic. This follows from our blowup results Theorems 6.1 and 7.1. O

Remark 8.2 This theorem shows not only that the weight complex functor extends to singular
varieties, but also that, up to quasi-isomorphism, the weight complex (2.15) of a smooth real
algebraic variety X does not depend on the choice of a good compactification.

Proposition 8.3 For all X € Sch(R) the homology of the weight complex WC(X) is the
classical compactly supported homology of X with Z; coefficients,

H,(WC(X)) = Hy(X).

If X has dimension n, for each k > 0 the filtration of Hy(X) given by this identification
satisfies

0=W_,_1Hi(X) CW_,Hi(X) C--- C WoH(X) = Hi(X). (8.3)

Proof The proof of the first assertion is parallel to the proof of of [9, Proposition 1.5]. (One
considers the forgetful functor from the category C to the category D of bounded complexes
of Z, vector spaces).

The second assertion follows from the fact that the weight complex WC,(X) can be
computed as the simple filtered complex associated to the diagram of filtered complexes given
by a cubical hyperresolution of X . This is the basic construction of Guillén and Navarro Aznar
[6]. If dim X = n there is an n-cubical diagram X, in Sch(R), i.e., a contravariant functor
from the set of subsets of {0, ..., n} to Sch(R), with X = X4(¥), and X4(S) smooth for
S # @.Forq > 0,if X@ is the disjoint union of the smooth schemes X, (S) for [S| = ¢ + 1,
then dim X < n — q, and we have

WiCk(X) = @ wiCi(x@),
I+q=k

JWiCI(XD) - Wi Cr_ (X D) @ W, Cr(x D), (8.4)

where d¢ = 8’c + 3”c, with 9’ the boundary map of the chain complex C;(X ) and 3" the
chain homomorphism induced by the map X @ — X@=D given by the cubical diagram.
By Eq. (2.15) we have W; C; (X @) = Ofori < —dim X© = —n4+gand W;C;(X@)) =
C)(XD) fori > —I. Since ¢ > 0 and [ > 0, we have W;Cy(X) = 0 fori < —n and
W, Cr(X) = Cy(X) fori > 0. O

The filtration (8.3) is the weight filtration of the homology of X. It is an interesting
problem to describe the relation of this filtration to Deligne’s weight filtration [4] for the
complex points of X.

If X € Sch(R) let WCf M (X denote the weight complex of Borel-Moore chains (semi-
algebraic chains with closed supports) of X (R) defined in [9, Theorem 1.1].

Proposition 8.4 There is a natural transformation of functors 6 : WC, — WCBM_[f
X € Sch(R) the canonical homomorphism ¢x : H.(X) — HfM(X) is induced by the
morphism 0y : WC,(X) — WCfM (X), and so @x is compatible with the weight filtrations.
If X is compact (i.e., proper over R) the morphism O is a quasi-isomorphism.



Weight filtration for real algebraic varieties II 91

Proof Let Sch% omp (R) be the category of pairs (W, X), where W is compactand X is an open
subscheme of W. Theorem (2.3.6) of [6] is proved in two steps. The first step is [6, Theorem

(2.3.3)], the extension property for the inclusion V2(R) — Sch% omp (R). By this theorem,
2

our functor F on V2(R) extends to a functor F' on Schcomp(R) satisfying the conditions
of [6, Theorem (2.1.5)]. For the second step, the proof of [6, Theorem (2.3.6)] shows that
restriction of F’ to the second factor gives a well-defined functor WC on Sch(R) satisfying
[6, (2.1.5)].

Thus we have a sequence of natural morphisms
WC(X) =ZF (X, X) - F(X,X) = WC.(X) =WCEM(X) - wcBM (x),

where X is any compactification of X, the first and second quasi-isomorphisms are given
by the extension results described above, and the third quasi-isomorphism is given by [6,
Corollary (2.3.7)]. If X is compact then we can take X = X, in which case the second and
fifth morphisms above are identities. O

Consider the weight filtration (8.3) of a variety X. If X is nonsingular and quasi-projective
then, by Eq. (2.15), W_; Hx(X) = Hy(X). If Y is compact then, by Proposition 8.4 and [9,
p- 1291, W_x_1Hx(Y) = 0. Thus if f : X — Y is a regular morphism from a nonsingular
quasi-projective variety to a compact variety, then im[ f : Hy(X) — Hp(Y)] C W—_r Hr(Y)
and W_,_1Hy(X) C ker[fx : Hpr(X) — Hi(Y)]. Thus if [c] € W_,_1 Hx(X) then c is a
boundary in any algebraic compactification of X.

In the special case of a good compactification this result is sharp:

Proposition 8.5 Let X be a nonsingular quasi-projective variety and leti : X — X be the
inclusion in a good compactification of X. Then for all k > 0, ker[iy : Hp(X) — Hp(X)] =
W_k—1Hi(X). In particular, ker iy does not depend on the choice of a good compactification.

Proof This follows from Proposition 2.7. O

Example 8.6 Let X C R? be given by xy # 0. The embedding X C P*(R) is a good
compactification of X and Ho(X) = (Z2)*, W_1Ho(X) = (Z2)?, and W_, Hy(X) = Z>.
Let Y C R? be given by x(x — 1)(x + 1) # 0. The embedding ¥ C P2(R) is not a
good compactification since P*(R)\ ¥ is the union of four lines intersecting at one point.
By blowing up this point we obtain a good compactification of ¥. Then Ho(Y) = (Z»)*,
W_1Hy(Y) = (Z3)3, and W_p Hy(Y) = 0. In particular X and Y are not isomorphic.

Example 8.7 Let X = P'(R) x R. Then PY(R) x P'(R) is a good compactification of X
and W_, H{(X) = 0. (The generator of H;(X) is not a boundary in PHR) x P (R)). Let
Y = R?\ 0. To obtain a good compactification of ¥ we embed Y in P?(R) and blow up the
origin. Then W_ H|(X) = Z,. (The generator of H;(Y) is already a boundary in P?(R)). In
particular X and Y are not isomorphic.

Example 8.8 (1) The inclusion R* C PY(R) is a good compactification of R*. Thus
WoHo(R*) = Ho(R*) = (Z2)* and W_ Ho(R*) = Zj.

(2) Let X be the Bernoulli lemniscate {(x> + y?)?> = x> — y?} C R2. The resolution of X
is given by blowing up the origin 7 : X — X, and then X is diffeomorphic to S'. The
exceptional divisor £ = 771(0) is the union of two points. Thus Xo1 = {0}, X10 = X ,
X11 = E isacubical hyperresolution of X. Hence W_1 H{(X) = Z, C H{(X) = (Z2)*.
This also follows from [9, 3.3]. Indeed, W_; H; (W) is the lowest filtration that can be
nonzero for W compact, and the homology classes of W_; Hy (W) are precisely those
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that are represented by the arc-symmetric sets. In our case, the generator of W_1 H; (X)
is the fundamental class of X. The elements of H{(X) \ W_1 H{(X) are represented by
the cycles that are halves of the lemniscate; they are not arc-symmetric.

(3) Let Y = X x R* where X is the Bernoulli lemniscate. Then Yy; = Xo1 x R*, Yj9 =
X10 X R*, Y11 = X1 x R* is a cubical hyperresolution of Y. Hence, using (8.4), we
obtain that Zo = W_,H{(Y) C W_1H|(Y) = (Z2)3, H|(Y) = (Z,)*. The generator of
W_, H;(Y) is given by the product of the fundamental class of X with the generator of
W_1 Hy(R*). The generators of W_1 H; (Y) are of two types. The first type is the product
of the fundamental class of X with a generator of Hy(R*). The second type is the product
of a generator of H;(X) (a half of the lemniscate) with the generator of W_1 Hy(R*).
The sum of these four elements is zero and any three of them generate W_1 H{(Y) as a
Zy vector space. Note that the generators of the second type cannot be represented by
arc-symmetric cycles.

Appendix: discrete torus groups

The following discussion is adapted from [2]. Let (G, -) be the group of functions g :
{1,...,n} = {1, —1} with product (g - h)(k) = g(k)h(k). Thus G = {1, —1}", the set of
elements of order 2 of the torus (S')" C (C*)". We refer to G as a discrete torus of rank n.

Let (V, +) be the additive group corresponding to (G, -). If g € G, let g’ denote the
corresponding element of V, so that g’ +h" = (g - h) and I’ = 0. Since g - g = 1 for
all g € G, we have g’ + ¢’ = 0 forall g’ € V, and so V is a vector space over Z,, with
dimgz, V = n. If H is a subgroup of G, we say that H has rank p if the corresponding
subgroup H' of V has dimension p over Z,.

Let A = Z,[G] be the Z, group algebra of G. The algebra A is the set of finite formal
sums > _; a;[g;], where a; € Z and g; € G, with addition and multiplication defined by

>iailgil+ 2> bilgil = > (ai +b)lgil,
(% ailerl) (X, 0108)1) = i Xy gy @i lgil.

As a vector space over Z,, the algebra A has dimension |G| = 2". If S is a subset of G, let

[S]= Zhes[h] € A.
Lete : A — Z, be the augmentation map,

e (Xiailgil) =3, ai, ©.1)

and let 7 = Ker € be the augmentation ideal. Consider the filtration of the algebra A by the
ideals Z? for p > 1,

ADT' >’ >3 >, 9.2)

Lemma 9.1 For each p > 1 the ideal I? is spanned as a vector space by the elements [H |
such that H is a subgroup of G and rankH = p.

Proof We proceed by induction on p. For p = 1, wehave o« € Zifand only ifa = de slegl,
where | S|iseven. Thena = Zl;ﬁges([l]—l—[g]),and[1]+[g] = [{1, g}], withrank{1, g} = 1.

Now suppose Z7 is spanned by the elements [H] with rank H = p. Then ZP*! is spanned
by elements of the form ([1] + [gD)[H]. If g € H then ([1]+ [¢gD[H] = [H]+ [H] =0.1f
g ¢ H then ([1]+ [g])[H] = [K], where K is the subgroup of rank p + 1 generated by H
and g. O
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Proposition 9.2 There is a canonical isomorphism ® : A*V —> Grr A of graded algebras
which induces vector space isomorphisms APV = IP /TPT! for each p > 1. Moreover, ®
is an isomorphism of functors; i.e., @ is functorial with respect to homomorphisms of the
group G.

Proof We claim that the function ¢ : V — I given by ¢(g’) = [1] + [g] induces a
homomorphism of graded algebras

®: A"V = Gr7A,
with ®(APV) = ZP /ZP+1. We have
P& + 1) = d((gh)) =11+ [gh],
(g + (") = 11+ [g]) + (11 + [1]) = [g] + [A].

Now

(11 + [ghD) + (gl + [k]) = (1] + [gD (1] + [1]) € T°,
50 ¢ defines an additive homomorphism V — Z/Z2. Thus the function
¢p @V — TP /TPTL
$p(81®---®gp) = (11+[g1D) -~ (11 +[gpD,

is multilinear. Since ([1] + [g])2 =[1]+2[g]l + [gz] = Oforall g € G, the maps ¢, define
an algebra homomorphism ® : A*V — GrzA. If (g}, ..., g’p) is a basis for the subspace
H' C V corresponding to the subgroup H C G, then ([11+ [g1])--- ([1] + [g,]) = [H].
Thus & is surjective by Lemma 9.1. Since dimz, A*V = 2" = dimgz, Grz A, we conclude
that @ is an isomorphism.

If y : G — H is a homomorphism of discrete torus groups, the commutativity of the
diagram

Vo E) I
2 4 v
dH

VH — IH
implies that @ is functorial. O
ForJ Cc{l,....,n}letG(J)={geG|gli)=1,i¢J}.

Corollary 9.3 Foreach p > 1 we have dimz, TP /ZP+! = (Z) In particular "' = 0. The
subset {{G())]| |J| = p} of IP maps to a basis of TP JIPT!.

For n,m € N, let (G,, -) be the group of functions g : {1,...,n} — {1, —1}, and let
(G, -) be the group of functions g : {1,...,m} — {1, —1}. Lety : G, — G,, be a group
homomorphism. Then y is given by an m x n matrix (a;;) with coefficients in Z,,

r@r g0 = ([Te" - TTs™)- 9.3)

Let A(G,) and A(G,,) be the group algebras of G,, and G, respectively, and let Z” (G ;) and
ZP(G ) be the associated filtrations (9.2). The group homomorphism y induces an algebra
homomorphism y, : A(G,) — A(G,,) with y4(Z(G,)) C Z(G,,), and so for all p > 1 we
have y.(ZP(G,)) C ZP(Gp).
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Corollary 94 If y : G, — G, is a group homomorphism, the induced linear map y; :
IP(Gy)/IPTNG,) — TP (Gp)/IPTN(G ) is given by a matrix (ayy) with respect to the
bases of Corollary 9.3, where for J C {1,...,n}, I C{l,....,m},|I|=|J| = p,

ajy = det(ajj)ier, jeJ-

Proposition 9.5 Forall p > 1thevector subspace IP C A is spanned by the set of translates
{leGNIgeG, V| =p}

Proof Let F? be the subspace of A spanned by {[gG(J)]| g € G, |J| = p}. Since Z? is an
ideal of A we have F? C Z7.

Let EP C FP be the subspace spanned by {[G(J)]||J| = p}.If|J| = pand |J/| = p+1,
with J' = JU{i},then [G(J")] = [G(J)]+[giG(J)]. Thus EPY!  FP andso FP+! ¢ FP.
Therefore F! ¢ FP? foralll > p.

It follows that 7P C FP. For if « € Z? then by Corollary 9.3 we have

a=dp+apr1+--Fa,, o€ o
Thus for all / we have oy € F”,andso«a € FP. O

Proposition 9.6 If ¢ € G let Y, : A — A be the linear isomorphism of A given by
translation by g, ¥q(a) = [g] - a. Forall p > 1, y¢(IP) = IP, and g induces the identity
map on IP JTPH1,

Proof Wehave Y, (Z7) = I? by Proposition9.5. Let[J] = p.If g € G(J) then . [G(J)] =
[G(J))]. If g ¢ G(J) then

[G(N] =¥[G] = ([1] — [gDIG()] € VT
Thus v, induces the identity map on Z? /7 P+1 by Corollary 9.3. O
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