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Abstract

Let & be acomplex analytic space and let f: X — C be a proper complex analytic
function with nonstngular generic fibres. By adapting the blow-analytic methods of
Kuo we construct a retraction of a neighbourhood of the central fibre f~1{0) onto
F7HD). Our retraction is defined by the flow of a real analytic vector field on an
oriented real analytic blow-up of A. Then we deseribe in terims of this blow-up the
associated specialization map and local Milnor fibrations. The method works also
in real analytic category.

0. Introduction

Let Ap be a compact complex analytic space and et f: X — C be a one parameter
deformation of Xy, that is f7H0) = Ap. We call Xy the central fibre of f. The
pair A, A can be friangulated, and hence A is a strong deforimation retract of its
neighbourhood in X. Thus shrinking X, if necessary, we may assume that there is
a retraction »: & — Aj. Often, one would like to have retractions satisfying special
properties, for instance such that the vestriction of » to a general fbre X = f~(s),
s # 0 and small, called a specializaton map r;: &, — Ay, does not depend on
the choice of s up to a subanalytic homeomorphism, and that the fibres of the
specialization map are constant over the sirata of some stratification of X, The
purpose of this paper is to present a method of construction of such retraction under
an additional assumption that f is a simoothing, that is the general fibres of f are
nonsingular. Our method works also for real analytic functions.

In his exposé on vanishing cycles [De] Deligne assumes the existence of such good
retraction stating that "il me sembie plausible” that it exists. Actually, to construct
the sheaf of vanishing (or rather neighbouring cyeles} he uses specialization defined
up to a homotopy, that is X; < A += A}, which works since the latter inclusion is
a homotapy equivalence.

One may find in the literature some examples of actual constructions of retractions
which use diverse technigues. As we mentioned above triangulability of analytic sets
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suggests one possible approach. Note that in order to obtain a resonable deseription
of the specialization map one las to telangulate f as a mapping. This was carried
out by Shiota in the real case in [Shl], in the complex algebraic one in [Sh2, §3], and
in the local complex analytic one in [Sh2, §2]. A constraction of similar type was
obtained by semi-algebraic methods in [CRi. Note that PL or semi-algebraic methads
ensure the existence of semi-algebraic (subanalytic) stratification of the central fibre
Ay, such that both the retraction and the speciatization map has constant type on
the strata of such stratification. This secms to be not sufficient for compiex analytic
or algebraic functions. Another possible approach, working both in complex and real
case, 15 the use of Whitney and Thom stratifications. This ides was caeried out in
[GM, §6] by the use of control functions and controlled vector fields. The retraction
constructed in {GM]| is actually not a retraction in the strict meaning because its
restriction to Ah s only homotopic to identity.

Note that triangulation and stratification are the most common methods of study-
ing and establishing tepelogical triviality of families of real algebraic (analytic) func-
ttons. There is another interesting equisingularity condition called the blow-analytic
equivalence. It originated in works of Kuo (see, for instance {Kuol], [Kuo2}} and
is based on resolution of singularitics and construction of real analytic vector field
on the blow-up space. The trivializations obtained by this method, though not
anaiyvtic, can be blown up to real analytic homeomorphisims, and hence are called
blow-analytic. In this paper we use Kuo's approach to construct a retraction sakis-
f¥ing the desired properties.

Let f: & — R be areal analytic function defined on a compact real analytic space
&. As before we shall assume that the generic fibres of f are smooth. Then we may
find o0 M — X a modification of X', such that 1 is nonsingular, o is an isomorphism
over X'\ Ay, and f oo is normal crossings. Then, we construct a retraction of M
onto X = o~ {Xp), which is easier since X is a divisor with normal crossings. This
we achieve first by ‘cutting M along X and then retract along the trajeciories of
a real analytic veetor field. Finally we push the retraction of A4 -+ X down to A
to obiain a desired retraction ¥ — &), We describe this construction in details in
Section 3.

In the complex case, we again resolve singularities of X and make the central fibre
a divisor with normal crossings. Then, it is casy to give a formula for retraction
in terms of local coordinates. Thus the problem reduces to patching such local
retractions together. This was achieved in {Cl] by a partition of unity. Instead,
we use the idea of A’Campo [A'C] and blow up the complex analytie divisor as
a real analytic subspace. Then we apply the real analviic case. Note that, such
real analytic blowing up followed by our ‘cutting along’ real analytic divisor can be
identified with the oriented blowing up of [A'C|. The complex case is described in
Section 4.

Obviously, one would like to get 1id of the assumption that f is a smoothing,
that is that the general fibre of £ is nonsingular. To extend our construction to the
general case one has to overcome similar difficulties as these which cause that Kuo’s
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equisingularity criterion s established only for Gunilies of fiunctions with isolated
singularities, seo [Kuo2], Conjecture of §2 and the last conjecture of §3.

L. Some properties of real analytic (sub}manifolds

In this section we recall some basic properties of real analytic bypersurfaces of real
analytic manifolds. These properties can be derived casily from the embedding
them"em of Grauert {Gr] and from the Theorems A and B of Cartan [Car]. We
restrict ourscives to the case of nonsingnlar hypersurfaces even if most of the facts
stated below hold also for singular eolerent subspaces of codinension 1.

Let M be a paracompact real analytic manifold of pure dimension n. By [Gi} we
can always assume that M is a closed analytic submanifold of RY for N stzfﬁcieiltiv
big. Bach nonsingular hypersurface ¥ of A4 defines a coherent sheaf of analvtic
functions vanishing on ¥ which can be identified with the sheaf of sections of an

analytic line buadle L{V}. In particular, V' is the zere subspace of a real anakytic
section e of L{V¥).

Proposition L1. Let M be a paracompact real analytic manifold and fet V be n
nonsingular hypersurface of M. Then:
(a) V is the zero subspace of an analytic section e of an analytic ine bundle L = L{V)
over M. The fundamental class (V] € HY(M:Z,) is dual fo the first Sticfel-
Whitney class w (L} € HY(M; Zy) of L.

{b) L admits an enelytic mefric, so V as n set is defined by an analytic function |lei2.
{c}) The following conditions are equivalent:

{1} L is topologically trivial;

(2) L is triviel as an analylic line bundle;

(3} wi(L) =0

{4) V is the zero subspace of an anelytic function:

{d} if V is connected then the conditions of {c) are equivalent to

(5} V disconnects the connected component of M which confains V.

Proof (sketch). (a) is standard. (b) follows from [Car]. To prove (c} we note that:
(1) <= (2) follows from [Car, 7.7). The rest of (c} (s casy.

Assume that V' is connected. We shalt show {4) <= (5). Let M be a connected
component of M containing V. If ¥ is defined as o, snbspace by an analytic funetion
f. then ¥V disconnects ) into the part where f is negative and that where it
1s positive. On the other hand, if ¥ disconneets My, then [V] is a boundary so

Remark 1.2. L2 = L @ L is always trivial.

Remark 1.3. If V is the exceptional divisor of a blowing-up {with a nonsingular

centre of codimension > 2}, then L is not trivial (in any neighbourhood of ¥) since
M\ V s {even near V) connected.




2. Stratifications with normal CI‘GSSings Befinition 2.3. Let 44, & be analytic mmnifolds and fet Sx. Sy be stratifications
with normal crossings of X © M and ¥ © N respectively. We say that a wap
P: X 2 N i pieccewise anedytic if each point p £ X adiuits a neighbowrhood ¥
such that for each stratum § € Sx and each connected component S of S . o

Let A7 be a real analytic manifold and et X be a subset of M. We shall assune
that X admits some kind of analytic structure by being analytic, semianalytic, or in

t’u]} generaliﬁ;g subanalyiic. B;.-" a ( subanalytic) ..sﬁ-ratzﬁf:atiorf. of X we mean a locally testricted to the closure (in X} of $* is analytic. Wecall Sy, Sy piecewise anelytically
finite collection S = {5} of disjoint subanalyiic subsets of M such that tsomorphic if there ks a howeomorhism @ X — ¥, sending each stratum of Sy onto
a stratum of Sy and such that both @ and $! vestricted to strata are piecewise

X = U 5., analytic.

For instance, X = {{x,y) € R%zy = 0.2 > 0 and . [ [ ifi

A . ) . e, X o= {{x, iy = 0,: el o > vith ¢ ol stratifi-

and such that the sets S, € S, called strate, are locally closed analytic sabimanifolds tion and t} . {{ /) y=E o o= 0} with ((momml. stra .lh
cation and the real line ¥ = R are piecewise isomorplic if we choose the stratification

o'E M. ?he strata may be connectetll or not_ but we al\:.'a;fs assume that t.}lcy"aa'e pure . of Y as {{t € R:t > 0}, {t € R:¢ < 0}, {0}}).
dimensional. In this paper we consider mainly a much simpler class of stratifications ' :
that is the stratificaitons with norinal erossings which we define below,

We note also that each piecewise analytic map is subanatytic {ehat is its grapl:
is subanalytic) but piecewise analytic isomorphism is a much stronger relation than

o . ' N R that subanalytic homeomorphism.
Definition 2.1. A subset Q of R™ is a guadrant if there is partition of {1,... . n} o o

tnto disjoint subsets fo, £ amd f_ such that 3. Construction of retraction in real analytic case
Q={{z1,... . z) R =0ific ;>0 je L andzy <Difke I} Let M be as in Seetion t and let f: M — R be a proper analytic function. Replacing,
. . . ‘ . if necessary, f by its restriction to f~4—¢,€), with ¢ > 0 and sufficiently small, we
We say that a subset X of real analytic manifold M is a focal guadrent if each point assume that 0 is the only possible critical value of f. Let X denote the zero set of i

p € A admits a ceordimate neighbourhood U sueh that &' X is a guadrant.

Definition 3.1. We say that f is locolfy normael cressings if each point of A7 admits

Definition 2.2. We say that a stratification & of a subset X of a real analyiic a coordinate neighbourhood U, with coordinates z = (%, -y Zy ), such that
manifold M is a stratification with nevmal crossings H cach stratum of S is a local 31 S

3. Y e @03 (s
quadrant. (3.1) Sle) = aT"ay® 2l g{s),

where z € U, ; € NU {0}, g is analytic and nowhere vanishes in 7.

The set of singular points of a quadrant (resp. local quadrant) is again a quadrant We say that f is globally normal crossings if it is locally normal erossings and the
(resp. lecal quadrant). Thevefore each local quadrant X has a eanonical stratification zero set X of f s the union of nonsingular hyperseerfaces ¥, 1 = 1 £, intersccting

S . y : s ra £, INteTS g
which is with norinal crossings. transversally.

Among stratificasions with normnal crossings we introduce an equivalence relation
which we call the piecewise analptic isomorphism and which is weaker than that
mduced by analytic isomorphisms. Roughly speaking, we say that the given strat-
ffications of local guadrants X, Y are equivalent if there exists a homeomorphism
®: X — ¥ which sends strata onio strata and which restricted to the elosure of

Assume that f is globally normal crossings and X is the union of nonsingular
connected hypersurfaces ¥, i = 1,... (k. Let L;e; denote the lne bundles and
their analytic sections corresponding to ¥; (by (a) of Propesition 1.1). To construct
a nice vetraction »: A — X we eonsider {first the local case.

each stratum is an analytic isomorphism. So @ can he muderstood as a collection 3.1. Local case. Assume that f is given by (3.1) in a ball ¥ = B(0, &) C R”
‘{f analytic isomor phzbma.{Eehned on the ‘rl(’b"“‘f of st ata such that they vary con ' and assumee for simplicity that g is positive. We order the coordinate functions in
tinuously (and subanalytically) but not necessarily analytically from one stratum to : such a way that @, > 0 for ¢ = 1 % and a 0 for 4 > k. For each &-tup]
. . - : 3 - @y = LR i = ' . For each &-tuple
another. W e be se de . Gerpes - : .
another. We give below a P,l”e‘fl“‘ dgﬁ;ntson ) ] of signs (e1.... ,ex): & = %1, we define the retraction (e ey Of the quadrant
I general, for any anaiytic mantfolds A,V and any X € M we call a map : (e, ex) = {x € Upegy 2 0,i = 1 £} on X ]{T‘é Ulf{z) = 0} 1
’ A - > ; o : A2, ., = ; 8 2 e = 1, ... R A =T i) = ay
®: X — N analytic if near each point p € X, © is a restriction of an analytic map projecting along the direction given by the yortor o )
defined on a neighbourhood of p. : T
(3.2} Wiz, .. .85) = ~(218/0zy + ...+ e 0/Day.).
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Although this projeciion is not a restriction of an analytic map we can make it
plecewise analyiic (in the sense of Scetion 2) by substraiifving Uey. ... g} into the
union of new quadrasts [with respect Lo a new system of coordinates). We explain
it in details forgg = ... =g, = L

Let Uy = U(L,... Jand let Uy = {w e Uz Sz forj € §1,... .k} Y {it)-
Clearly Iy is a quadeant. The Uy 's induce a stratification of /] with normal
crossings. The vetraction vy 1y restricted to U ; is given by

& —t (:{:1 — Tiyee- L — Taa Tk 31:71)-‘

and therefore is the restriction of an analytic map. We leave the proof of the following
properties of ry, 1y to the reader:

{a} the nonsingular fibres of f are transverse to the induced stratification of Uy.
Hence this stratification induces a stratification with normal crossings on
each fibre ft(c}, ¢ > ©;

(b) let ¥ = {z € Uy f(x) = 0}. Then, for small ¢ > 0, r(3,...,:) restricted to
F71{c) is a piecewise analytic isomorphism between f1(c) and a neighbou-
hood of the origin in ¥,

‘The retractions ree, . .,) agree on the intersections of their demains and define
a vetraction » of I on X.

3.2, Cutting M along X. In the global case we construct a retraction in a similar
way. First we cut A along X in order to decompose it into & union of local quadrants.
Next, on each such quadrant, we define an analytic nonsingular vector field w whose
flow gives a retraction satisfying the required propertics. For the exposition purpose
we concentrate on the case when f is everywhere nonnegative leaving the details of
the gencral case to the reader. We start with formal definition of cutting M along
X.

Let M be as hefore and let ¥ be a nonsingular analytic hypersurface of 3. Let
I be an analyiic line bundle corresponding to ¥ and let e be an analviic seciion of
I defining ¥ (as a subspace}. By S{L) we denote the space of oriented directions
in the fibres of £. Then S{L) has a wiique structure of real analytic manifold such
that the projection w7: S(L} — M is a double analytic covering (trivial i and only
if L is trivial).

If we fix an analytic metric on L, then S{L) is isomorphic to thie sphere bundie
of L. The induced line bundle {rrp)* L on S{L) is always trivial and 77 (V) is the
zero space of an analytic function S{L) 3 {p.1} = p(p) = e(p}/l, where p € M and
! stands for a unit vector in L,. Note also that the generator of the covering group
of g changes the sign of .

Let, as before, ¥; denote nonsingular and connected hypersurfaces such that X =
L}V and fet Ly, e;, (8= 1,... k) be the associated line bundles and their sections

respectively. We define an analytic covering {of degrec 2¥) = M — M as the fibre

18

])lj)ldu.Ct (over Af) of all such =y, Let f; be analytic functions on A7 defining V; =
7 V) and let f' = fow. Thew }
(1) We may assume that the generators of the eovering group of #, given by the
generators of the covering gronps of mp . change the signs of f;; A
- . : ' < - ' :
(2) f'is globally normal crossings and

I o )

where the positive integers a; are equal to the generic multiplicities of f along
V; and g is invertible s we hu i i .
«1;9 e‘mf ; (.\1 3] gy IF as we have assumed, f .lb noneegative, then all a;
; aud g is positive. (In faet, we can get rid of g by replacing f7* by

{Fegt/oxyme).
Definition 3.2. By the the cut of A along X we mean

M = Closnre({p € A fp)>0,i=1,... k}).
We also define

X =x"YX), V,=a"Y¥), X' =XnM

. NLI)E(E that both A, X' are local quadrants so they possess the canonical strat-
ifications with normal crossings. Also X admits such a stratification which can be
described as follows, For each locally normal crossings f: M — R given by {3.1} in
a neighbourhood U of p € M we define ) ‘

k(p) = #{a; 1 a; > 0}.

Then the number of local components of I\ X at p is exactly 25 and X =
{r € M;k(p) > 0}. The canonical stratification of X is then defined by the sets
of the form {p € X;k(p} = const}. The stratifcation of M given by the canonica.i
stratification of X and the open stratum M 4 X we call as.sloci.ated to X. We have
easily the following lemma. (

Lem.m;.i 3.3. E{‘h.e induced map ® = e M — M is finife and surjective. The
-restrzgii.on of @' to each stratum of the canonicel strafification of M’ is an analytic
covering over e stratum of the associated stretificetion of M. For cachpe M

() ()} = 2.

Stnce (') X} = X', the same is true for | x..
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3.3. Construction of vector fields. Now we construct an aualytic "f:etftf)l' field
on M such that the geacrated How gives a _:'etmc!.%m of M’ onto X' This vief“..‘t.cn:
ficld has properties similar to those of w of [32] Flrs%. we .c(}ust.ru(:t S0111€ 'aux]]mr}
vector fields. Let, as above, ¢; denote the generic multiplicity of f atong ¥

Lemma 3.4. For each ig € {1,... &k} there is a vector field v = vy, on M sieeh
that:

{a) df:fov=0on 1, for i #
(b} Bfi/Ov = Ly, on Vi
{c) [, 0f fdv = ' everywhere on M.

Proof. First we show the existence of such v locally around cach p € A, We consider
3 different cases. —
Case 1. p ¢ X.  Then the conditions {a) and (b) are empty. Since f is regular
near p we can take ,

v o= e grad f’

fisllgrad §'|?

Case 2. p€ X\ Vi,. Lot K = k(sr(p)) and let {f;,]7 = L. ,&} be the set of all
f: vanishing at p. Take a local system of coordinates 21,... , % around p such that
z; = f;, for 3 = 1,..., & Then near p

kJ
(3.3} M=) = H it-';f'i h(z), where k is invertible.
J=1
Then we can take
K I3
. -1 .
vizh = (D fulas, + z;8(ink)/02;) (> 238/0z;).
j:l _'il:l

Case 3. p € in We take & and a system of coordinates xi,... . %, as in Case 2
and assume that =y = f;,. Then again £ is given near p by (3.3] and we may take

-1 . .
v(z) = (o, + 1 {ink)/dz,) 0/dz;.
To construet v globally we apply the method of {Kuol]. Let F be a coherent

sheaf of analytic vector fields on M satisfying (a). Let Fo be a coherent subsheaf of
F of those vector fields which satisfy

() 3fi,/Ov=00on ff;ug

('} af'/3v = 0 everywhere on M.

59

e
ey

=
= s
= = ==
=
S = 2 2

S
s = s
S e e e ==
f?ﬁ% =
-

25 ~ =
-42’?\%‘ S o ===
= 2= SR 5 S Saas
\’.“‘”‘,\}%‘?"Q’; =2 &x-"' -«.4-4’ TS :,Qﬁ‘ s
= =2
E e

e o5 2 S =
- - -

Then, by Cartan’s Theorem B [Carl the following sequence is exaet
} —s HY(Fo) ~> H"(F) — HYFiFo) — 0.

The local veetor felds, we have just constructed, yield a global section of F /7,

which by exactness is the image of a global section of F. This is the desired vector
field. O

Lemma 3.5. Letw = S% v where v; are vectors flelds satisfying the stetement
=1 o)
of Lemma 3.4. Then there exists a neighbourhood 7 of M’ such thai:
(1) w is nonsingiler in U
(2) on X' the vector field w is directed outside M, thet is, in any local coordi-
nates Ty,....xT, on M such that locally M' = {21 > 0,... ,ap > 0}
'I:J . -
w = wiz}d{dr; + Oz} and cach w*{0) < ¥;
i=%

(3} for each p € U there is exactly one 8(p) € R such that if ¥[8} 25 an integral
curve of w and v{0) = p, then v{8{p}} € X".

Proof. 1t is easy to see that (2) holds. Therefore w does not vanish on X', By (c)
of Lemma 3.4

k
(3.4) af jow = (Y _1/fi}f,
=1
and thus w does not vanisk on M"Y X', This shows (1}. If (2} is an integral curve of

w and (0} € M, then by {3.4} f' decreases along 7. Therefore, since £ s proper,
% has to hit X’ and does it only once by (2). This shows (3). O

Let ®(p. ¢) be the flow generated by w. Then @ defines a retraction of #: ' — X’
by

»’'{p} = ©(p, (8{p}).

By (1) of Lemyma 3.5 we may assume that @ is analytic. Thus the properties of
' depend on the properties of 4.

Lemma 3.6. &{p) is a confinuouns and subanalytic function on M'. M orecver, there
s @ stratification Syp of M’ with normal crossings, which on X' coincides with the
canonical stratification of X', and such that 8|y is piecewise enalytic with respect
to S},.f-' )

Proof. We shall substratify 3" in a way stmilar we substratified the quadrant L] in
the local case.

o
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Fix p £ X' and take local coordinates Floe-- g al posatisfying {2} of Lemma Proposition 3.3, Beth R and r gre stratified piccewise anah te 1 14
3.5. Let S:{z), i = L,... .i¥. be an analytic function such that Fle dilz)) € {a = auer, the induced specializafion AP T = Pipa, ¢ £ (g 3 | é:r. f 'mlfs.ﬁ eyt
R - ) A renlace the o ke a9 Do S0 F . . o G WM © S e) s equinalent fup ¢
0}). Then {§; = 0} = {x; = 0} so we can replace the coordinate a2, by d:(2) for ; @ precewnise analytic somorphism) fo the ]Jr{)j(’t‘dir;n iy X1 o {’“I . _.{”P v
every z = 1,. . k. Then, after replacing the remaing coordinate functions z; by Te & an analylic coperq ‘e : with ¢ [Y e ) = (goyk
vis 1R Tt \ | £ 5 aa “YHC covering over each stradum with the fibre rp) ~ (S™)%(r {50
.'E:j{q)(ll:ldl [‘?"_J_.f_]r J = + sees 2 7 g ‘}f'&{?.— {pj} = 2krp;l)] | |

Say=min{a;i=1,. .. A

= (002 + ...+ 3z,

. if{ 18 not everywhere gative, as we assumned
e ] SHEhtly our constrietion and divide 147

Therefore, w looks exactly like in {3.2). As the strata of Sare we take the inverse ‘ divide A
mmages by » of the strata of the canonjc:

al stratification of X*. This ends the proof
of the lemma. [J

NoNaey above, then we have

nto two disjoint local quadrant

-5
My = Closure({p & ar, 9(p) > 0}}, A

to modify

= C’fosm‘e({p & ﬂff; g(p] < Ej}}

The proof of Lemima 3.6 shows that in some local coordinate system @ and Then we retr

looks exactly the same as in the local case considered in Section 3.1. The strata of

Spe are transverse to nonsigular fibres M= YN ce {.£), and so indunce

on M a stratification with normal Crossings.
Let

act independently 17 i onto X4 = XNM and A

onte X' = X, ‘.

3.4. Generai case. Suppose now that ¥ 5 Risy, proper real
tion w:th. smooth generie fibres. Again, for eXposition reason, we 2

nonnegative. Let 4, = S7HB) and fet o M+ ¥hea modification
construction, 1’ is a homeemorphism and & ) M is fonsingla

analytic fune-
ssume that § g
of ¥ such that-

RM — X' % [0,£)
be given by R'(p} = (+'(p), f'(p)). By

and o induces an Isomorphism between 17 y e X)) and
trivializes f'lyp. In the local coordinates constructed in the proof of Lemma 3.6 this Y ‘]ff];
vt Int . (2) foois globally normal CTossings.
Let #': 48" 5 Af be the cuttir $ -
| \ , o, R g along X = 51
{3.5) Bz} = (21 - 8(x),... 20 — 8(a) zpony, . . B 8Tyt g(x)), lowing o

Section 3.3 to A ow

Applying the Construction of
e get the follow

ing diagram

where g(x) is invertible and Ha) = min{z;i=1,. . &'} Therefore, by the same
argument as in the local case, we obtain the following.

X'C M
1
Proposition 3.7. The trivialization REM & X' x [0,¢} and the retraction l iw-
sabisfy ' XCaf
{1) R sends the strata of Sap onto the stratq of the product strafification of )
X' % [0,¢) and is piccewise analytic; . l Irr
{2} v’ is a piecewise enralylic retraction. Restricted to a nonsingular fibre M’ = -
f’"l(c) NM, cc{0,e),r isa piecewise analytic isomorphism, (which, wp to X

an analytic isomorphism, does not depend on the choice of ¢ ).

and the trivialization 7' Az = X'x[0,¢) ; :

r ; ¥ p -€) and retraction ' 147 ~+ X’. Denote f
_ by ¢’ We define the retraction oen
We push so R and ' onto M and define :

R:Af —+ X x [G] EJ_, o dd — X’ {36}

by r({p)) = ' (p)) and R(x'(p)) = (B! (p)) = (o (o)), £ (' (p)}). We dofine o
stratification with normal crossings Sy of M by taking the images of the strata of

Sase. Recall that on X, and so on X x [0, ), there is a canonical stratification with
normal crossings.

A - A, by ?'(UTP;'} = C‘f{""(p}}'

Then Pr

oposition 3.7 impiies the following Dropert;

es of r,

Theorem 3.9, Let f: ,'35 =+ R be e proper ret analylic function with smooth generic
fibres and such thes [ is nonnegative. et Ay = § N Fiz g modification o: A —s
X such that: A is nonsingular, o induces on isomorphism befuween Af Yol and

&3
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XWXy, ond foo s globnlly nzor*.rn.ni' erassings. Then .ﬁie [;u;hit;:?n X = Ay given
by (3.6) end the indueed specialization r: X, — Ko, ¢ > U, sebisfy |
(1} » and r. are subanalytic {thet is their graphs are subenalytic);
(2) up to an anelyiic isomorphism v, d.(}ffs not f%r:pe-n.f.{ on c,f oyt
(3] up to o piccewise analyiic i.w:;rr.orph.m:nlt. ve 15 eqtt.x-em.?en... to o |_>:J. X {_m;??.
I particular, if S is an analytic stratification of Xp sueh that | x- L;‘ o H_:l
topologically trivial over the strta of S, then v, is also {ocally topologicaily

trivial over the strote of S.

Remark 3.10. Fix p € X and a local embedding of {X.p) n RY. Then, by the
Milnor fibre of f at p we mean

Fip) = {1 ()0 X 1 Blp.e),

where B{p,e) is a small ball centered at p with radius € > 0, and ¢ is ch?%:en stttl(,]};
that 0 < ¢ < ¢. It s well-known that the homotopy Eyp:re o'E F({)} depends ne u,
on the choice of £,€ nor on the embedding (X.p) < RY {if f is not nonnegam;;e
then we have to distinguish pesitive and negative levels of f}. L:—zt ?'C:XU,:—; Ao »c
the speciatization consiructed above. Then, for every p € Xp, 17 (p) =0 (p) are
homotopicaily equivalent F(p)

_ -1 aro
{3.7) o Npl = e {p)~ Flpl

; e 3 iy 2 -
Tudeed, to show {3.7) we consider the space Af * constructed in Section 3.3 and we
’ . : : e .
follow the notation of that section. Define ¢ M’ — R by

plx) = |lo' () - pl*.

Note that  is subanalytic (it is even the restriction of an analytic function on M}.
The sets M'(p.c} = o' (Blp.g)) = 99"1[[0,5‘]{ for e > 0 varj,'sng,_i IfOFmtzli a}’bteﬁl

ic nel Py =o' ‘or sufficiently small,
of subanalyiic neighbourhoods of X'{p) = ¢ l[p} For ¢ > & sulfi utly smal
by standard argument as for instance triangulability, the following inclusions

homotaopy equivalences
X'(p) e X' M (p.e) = M (p,2).

Morever. if £ > 0 is small enough, then by Sard’s Theorem tl?e levels (<) are
stmooth zm{% transverse to the straka of Sy, Thus, we may modify t.he' argwment of
she proof of Lemma 3.5 and require that near X! the v_ector eld W‘lb tfa,n}?eut t?,-
one level, say, w lgg). Then, the retraction :31011g the nlt—egral 0111‘-.'4:;5 o .t.l»ls aim
vector field preserves M'(p,ep) and sends ' (c] 1 M (py2a} onto X0 M (p.<q),
for ¢ sufficiensly small. ‘This shows that the inclusion

ey N M (poeo) < M'(p, 0}

is & homotopy equivalence. So is the inclusion

X () = M (p.en)
sice it is homotopic to X'(p) <> M'(p,29). Henee
(3.8) U BN < £ 0 M (p )

15 also a homotopy equivalence. The push down of {3.8) by o shows that

s—L

e Hp) = o' (LT X (pY) = () N M (poco)) = Fip)
is 2 homotopy equivalence, as claimed.

4. Complex case

Let 3 be a complex connected manifold of dimension = and let
fiM = A

be a complex analytic proper morphism from M ounto a small disc A C C centered
at 0. We assume that 0 is the only (possible} critical value of f and that the zero
seb X of f is normal crossings that is it is the union of nonsingular hypersurfaces
mitersecting transversally. Then, similarly to the real-analytic case, each point of
p € M admits a coordinate neighbourhood U with coordinates z = {z;,... , z,) such
that

F(2) = 20257 - S gln),

where ¢; € N U {0} and g nowhere vanishes in U. Let k{p) = #{a: : a; # 0}.
Our goal is to construet a nice subanalytic retraction »: 4 ~ X.

4.1. Basic idea. We follow the idea of A’Campo [A’C] and take the real-analytic
oriented blowing up of X in M. Then we apply the real analytic construction of
Section 3:

(i} Let 7= Mp — M be the blowing-up of M along X considered as a real
analyiic subspace of M (more precisely, we blow up the sheaf of ideals of all
real analytic funetions vanishing on X). Then, the exceptional divisor Xp =
771 X) is the zero set of a real analytic normal crossings fp = |f o oas|®.

(ii) We apply the veal analytic case to Mg and fg. The cutting My of My along
Xg can be interpreted as ‘the oriented blowing-up’ of M along X (see, for
instance, [A'Cl). In particular, let a2 = A be the real analytic blowing
up at the ovigin and let =a: A" — A be the cutting along the exceptional
divisor. Then, A is a Mabious strip and A’ is the standard band =~ [0,g] x ST
with coordinates p, e that are nothing else but the polar eoordinates (p, o)
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o A, As we show below, there are uniquely determined mmaps . f making
the following diagram comrmutative.

XpoMl, —Ls a0y gt

| e sl

(1.1} XgC Mp —2 A

Ll ol

X cm —L 4 A

(iit] In fact, we may apply the construction of Section 3.3 to fr = if 0 oadl
{iberwise over S'. This is possible since the strata of canonical stratification
of Xi project submersively by o onto §'. Therefore, we can choose the
vector field w of Lemiima 3.5 tangent to the levels of . In particular, we may
assnme that the retraction r: M — X[ preserves c.

(iv) Then we push »* down to M and define the retraction »: M — X. To study
the spectalization 75 = |15 X5 = X, 6 € &% = AN {0}, we first consider
£ restricted to the levels of fr. Let Xo g = fil(c) for small veal ¢ > 0 and
let ro g = r|x, - We have the diagram

e RS /Yc,R —_— X
{42} a:a:'g(f}l
g1

Thus the complex specialization rs is the restriction of rop to the levels
of ev. By construction, as we will see, the fibres of Te.r Over p € X are
isomorphic (even real-analytically) to (SY)*PF and e restricted to such a
fibre i3 isomorphic to

{4.3) (ST 5 (ay, ... L Qgip)) —> @ = Z{zgai mod 2.
We describe below this construction in details.
4.2. Local Case. We assume that f is given by

L
f{-zl:---- :zu}:Hz?i:

t=1

where a; are positive integers. Then we define

7 AR AR Ly Ak ARR

S e S PR O A A e
%AEQWQ = == S S e e

S s =5 = o
- =

2=

.
= S

by taking the praduct of individual real anakytic Blowings up for each polidise tn A%,
One may check that 7 is the blowing up of the kleal of all vead analyiie feactions
vanishing on X = {0} x Ak,

To show the existence and uniqueness § of {4.1} we use its coordinate free eharac-
terization by the waiversal property of blowing-up (see for instance [Hj). Let Z be the
ileal of real aualytic functions on A vanishing at the origin. The universal property
of blowing-up says that the map f completing the diagram (4.1} exists if and only
if {f o 7)"Z is an tnvertible sheaf of ideals. This follows from the leruma below.

Lemma 4.1. Let 1 A* 5+ A e the product of real-analytic blowings up end let
He,ooyz) = H:‘:I z;'. Then, the ideal {Re for, fm f o T) s invertible in A%,

Proof. Let z; = a; + ty;. Then, by definition of 7, the ideals Z; = [zj00,p;00)

are invertible on A¥. Take, for mstance, such p € A* that all Z; are generated by
z; oo. Then

[tzs + i)™ = T 0T + i /)y = 1=z
i I F

J

and either e Z or I'm Z {or both) is nonzero. For general p € A¥ the proof is
similar. [

To show the existence of f': A" x AP % 5 A we Just note that f given by

&
{”1‘1) ff{(.ﬂl.‘ al)r ey (Jr)k?alk]! ELEE PR zrt_) = {H ﬂg“ 21y -+ Gk(!};)-

i=1

closes the diagram {4.1). The uniqueness of f* is obvious.

4.3. Global Construction. Assume now that f is global normal crossing. By
the existence and uniqueness in the local case (Section 4.2 above} there are uniquely
determined maps f and [’ closing the diagram {4.1). We may apply the real analytic
case (Section 3.3 above) and construct the retraction »': My — X4, Moreover, by
the local description {4.4) of f* it is clear that the strata of canonical stratification
of Xj project submersively {via &) on S'. This shows that we may require the
vector field w of Lemama 3.5 to be tangent to the levels of & and the induced by w
retraction »": Mp — X} to preserve a. Again we define r: M — X, by pushing »
down, that is »(7 o 7'(p}) = 7 o #'{r'(p}}. We emphasize the foHowing properties of
r which follows directly from the construction.




Proposition 4.2. The retraction M - X and the induced ro: X — X,
s Xg — X safisfie
{1} r. 7eR. and r5 ave subanaliplic;
(2} up to an enalytic isomorphism r. p and r; do not depend on the choice of ¢
ard § respectively;
{3} up lo a piecewisc anelytic isomorphism over S*, the dingram (4.2) ts equiv-
alent Lo

r

X-;,{ TOX 5 ,Y

|

Sl

4.4. General case. Sinilarly to Section 3.4 we generalize the above construction
to the case of f: ¥ — A being a proper complex analytic function with smooth
generic fibres. First we fix a modification o: 3 — X of X satisfying:

{1} M is nonsingular and o induces an isomorphism between MY o™ 1{Xp) and
X \. {Tf[g_,'
{2} foo is globally normal crossings.
Apply to foo: M — A the constraction of Section 4.1 and consider

ry 'R C ;'1{;—{

l ‘ 'T":'."O‘.TJ
-

X cM
Lol
X C X

In Section 4.1 we constructed »": M}, — X which we now push down to a re-
traction r: A — Ay, Similarly we define ror: Aer — &b, rai s — Ap where
Xs = fH0), Xen = FH{|2| = c}). The following propexties of v, . g, and 75
follows from Proposition 4.2.

Theorem 4.3. fet f: X — A be a proper complex analytic function with smooth
generic fibres and let Xy = f710). Fiz a modification ¢: M — X such thet: M is
nonsingular, o induces an isomorphism between M\ o7 (X)) and X\ Xy, ond foo
is globally normal crossings. Let 71 = roa"t My — M be the oriented real blowing
up of X = {f oo} " 0). Then the constructed above r, r. v, and v; satisfy

(i} », ver. and r5 ore subanalyiic;

(i) wp to an eralytic isomorphism rop and r5 does not depend on the choice of

¢ and § respectively.
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(i) wp to o piccewise analytic isomorphism over S the iagran

LN "YC,R “““““ 3 A

arg(f)

S

—

is cigiivelent to

L ‘T’
Xh — o

.

g1
where & is the map constructed in Section 4.1,

4.5. Corollaries.

Fix p € X and a local embedding of (X, p} in C¥. We define the Milnor fibration
of f at p by

FUSHN XN Blp,e) 22, g1

where S} = {2 € C;lz] = ¢}, B(p.<) is a small ball centered at 7 with radius £ > 0,
and ¢ is a real number such that 0 < ¢ < . The fibre of this fibration is called the
Milnor fibre. Applying the argument of Remark 3.10, fibrewise with respect to a, we
get the following description of Milnor fibration in terms of the above construction,

Corollary 4.4. Up lo a homotopy equivalence the Milnor fibration of f at p is
described by

=) 28 o1

or equivalently by
(0 o7y p} = 5.

As we mentioned in the introduction we would like the retraction r to be locally
trivial along the strata of a complex analytic stratification of Xa. By Theorem 4.3
{iit) it suffices that the diagram

R
Xp 5 4,
{4.5) .
Sl
18 locally trivial along each stratum. It is not clear to the author that such a conpie
analytic stratification exists i general, even if we assume that the modification
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g M -+ X satisfies the condition (1) and (2) of Seciion 4.4, Bnt this is the case if
we make au additlonal assutnption abost o.

Let o M~ X be a modification satisfying conditions {1} and (2) of Section 4.4.
Then X = f~H0), being a divisor with normal crossings, has a canonical complex
analytic stratification Sx. We asswne that, besides (1} and (2], o satisfies the
following condition:

(3} there is @ compler anafylic stratification S of Xp such thel the inverse imoge
of the closure of every stratum of & is the union of some components of X
and such that o|x: X — X, sends strata of Sy submersively onto the strala
of S.

Let p € X and ket S be a stratum of S such that o(p} € S. Then, by condition
{3}, p admits a coordinate neighbourhood & with coordinates z = {z1,... , 2;) such
that

a7 H8) = {1z - u =0}

and
flz) = 20257 - 2t

where a; are positive integers and { < &, and the projection ¢5:071(S) — S is given
by

US(-ZL:--- 1Zn) = (Zila"' Jzim}!

where {i1,... .4} C {k+1.... ,n}.
Let Uh = 7 1(U) and let

((proex1)s .- (P Q) Zhgrs- - 2 20}

be the coordinates on &g (as in Seetion 4.2}. Thus the projection e%: (oor’) "HS) —
S is near p given by

({Pl:al):--- ?(pk?ak):zk+l.*"' .~zn} - (z’ils'-- !zi,n}'

From this local description and (4.3} is clear that o restricted to the levels of o is
a submersion. This shows the following eoroHary.

Corollary 4.5. If the modification o: M — X satisfies conditions (1}, {2), and (3}
then the retraction v given by the construction of this section is locally triviel over
the strata of the stratification S of Aj.

At the end we show that a imodification satisfyving (3) always exists. Indeed, such
a stratification may be constructed by an inductive procedure. First, lel ot M; —
X be a modification of X satisfying condition {1} and (2). Let Reg Xy, SingAp

69
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denote the set of regular and singelar poiuts of Ay respeciively. Then there exists a
proper aralytic subset ¥y < Ap such that Sing Xy © ¥7 and the stratz of canounical
stratification of X; = (f o ;)7 *(0) project submersively onto A 4 ¥y, Applving
desingularization theorem of Hironaka we may blow up 7' (¥1) so that the resulting
modification M, % A, T X satisfies conditions (1) and {2) and the inverse
mmage of ¥; is the union of some components of the giobal normal crossing X, =
{feo1e0)7 (D). Then there exists a proper analytic subset ¥a ¢ ¥, such that
Sing ¥y C Yp and the strata of canonical stratification of {o 0 o2}~ 1{¥]) project
submersively onto ¥ 4 ¥5. It is clear that this procedure leads to a construction of
stratification of A} satislying the required properties.

[Kuoi]
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