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Study of Finite Volume Schemes on
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Multi-phase Flow __
Simulation on Near Well Grids

Applications
B Reservoir Simulation
B CO, geological storage

Difficulties
B Singular Pressure Distribution
B Well-Radius << Reservoir Dimension
B Deviated Well
B Anisotropy
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3D Near-well model

Hybrid mesh with
hexahedra, tetrahedra and
pyramids

Unstructured mesh with
only hexahedra
Discretization on complex 3D general meshes
— MultiPoint Flux Approximation (MPFA)
Finite Volume Schemes

Exponentially refined
radial mesh



Finite Volume Scheme
Model Problem

Model Equation

V- (AVU) = finQ,

Find u (potential) in H(Q) | { - u=0ondN

Q : bounded polygonal domain of R?
A symmetric positive definite tensor field

f . function of L2(Q)



Finite Volume Scheme
Flux Formulation

Tn . setofcells K “
Vy, : space of piecewise Exo
constant functions g
on 7p Yo | e
dk .o
K L

o Fio(Up) = / AVuU - ng, linearly

e Conservativity : Fx ,(up) + FLo(Up) =0, 0 = KI|L

Find up € V, | —degK FKO’ Uh fK VK € Tp



Finite Volume Scheme a
Discrete Variational Formulation ——— = -

For all up, vy € V, let

an(Un, Vi) = D Fro(un)(ve—vk) = Y. > Fro(un)V

o=ExNELEER KeTy O'GSKﬁgb

The finite volume scheme is equivalent to

Find u, € V, | ah(uh, Vh) = fQ fvy  VYvhe Vy



Sample of MPFA
Finite Volume Schemes

O scheme [Aavatsmark et al., 1996, Edwards and Rogers, 1998]
L scheme [Aavatsmark, 2007]

G scheme inspired by the L scheme [Agélas et al., 2010a]
— Subcell gradients satisfying continuity conditions
— Subfluxes FZ,
— Convex linear combination Fy , = > 65 FZ

— Choose the #¢ to enhance the coercivity and remove singularities



The GradCell scheme

Non symmetric discrete variational formulation based on two
cellwise constant gradients and residuals for stabilization

~ m,
an(Un, Vi) = MAk(Vatn)k - (Vavi)k+ Y > g k.o (Un) R (Vi)
KeTh KEThoctx 17

(Vavh)k = 1= > pes, Mollic.o(Vh) — Vi) Nk o

(Vava)k = 7= Xgeex Mo (Vo (Vh) = Vi) Mk o




The GradCell scheme
has a compact stencil

Fluxes are derived from the bilinear form.

an(un ve) = Y FrolUn)(Vi=vi)= > > Fko(Un)V

o=EkNELEER KeTy UESKﬂgb
Fluxes Fg . (up) only between cells sharing a face

The stencil is compact: neighbours of the neighbours

For topologically cartesian grids :
13 cells in 2D, 21 cellsin 3D

[Agélas et al., 2010b]



Outcome on

Fact

B Previous schemes : compact but non symmetric =
conditionnal coercivity

B |f GradCell symmetric = large stencil (81 cells in 3D)

Difficult to combine both properties

Wish
B Symmetric unconditionally coercive scheme

B Sparse stencil: 9 points in 2D and 27 points in 3D on
topologically Cartesian meshes



SUSHI
combining smart ideas...

Scheme Using Stabilization and
Harmonic Interfaces

combines...

B O scheme ideas : subcell gradients (V,u)j and subfaces
unknowns u?

B A symmetric variational bilinear form for coercivity
B Weak and consistent subcell gradient for convergence

B Two point harmonic interpolation at the faces



SUSHI PN

Nice harmonic interpolation formula™——— = - -~

Find a point y, and a coefficient a with...
B a linear two point interpolation...
B ... exact on piecewise linear functions,
B normal flux and potential continuity.

Harmonic point y,, o 1
Y
Harmonic interpolation K e X
u(yo) = a u(xx) + (1 — ) u(xr) Ty
)0(; fffffffffffff Yk

[Agélas et al., 2009]




How SUSHI uses
the interpolation formula ?

At each face o, choose the
harmonic point y,

Subcell K5 around a vertex s
KS = (XK7.yavs7.yO"7XK)

Y&



SUSHI
Discrete subcell gradient

(- m3(U3 — Uk)Nk o
S

3‘4

(Vht)k, =
+ mf:,(uff, — UK)I'IKJ/

+ ms(Us — Uk)NK, 5

+ Mg (Usr — Uk )Nk 57)




SUSHI
A symmetric formulation

Symmetric discrete variational formulation

m
an(Up, vp) = Z Z(mKS/\K Vatn)k - (Vavh)i+ Z K R,S(’U(Uh)Rf(’U(Vh)>

KeTps€Vk o€EKNEs K")

Subfluxes

n(Un, Vh) ZZ Z Fi o (un)(v5 — vk)

KeTpseVkoeEsNEx

Fg o(Un) + FZ ,(un) =0



Schemes comparison Sl gete . w=
on single-phase analytical solution — = %

Problem studied
B Single phase flow
B Anisotropy of the tensor permeability A
B Slanted well

= Analytical solution  [Aavatsmark and Klausen, 2003]

Numerical study
B O, L, G, GradCell and SUSHI schemes
B Hexahedra and Hybrid mesh families
B A =diag(1,1,25)



Hexahedral mesh family
I? pressure error

0.1 - 0.1 : .
O Scheme —H— O Scheme —H—
G scheme & X % G scheme &
GradCell - .. GradCell -
| L scheme O xT . 1, acheme — O
0.01 SUSHT <o oo™ 0.01 - SUSHT - @ee
0.001 f X 0.001 ¢
0.0001 . 0.0001 . :
1 10000 100000 le+06 le+07
mesh size h nonzero elements in the linear system

B O and L schemes have the same behavior



Hybrid mesh family
I? pressure error

0.1 : 0.1
0O Scheme —H— O Scheme —H—
G scheme —f X X G scheme -~ &
GradCell - Y GradCell -
0.01 0.01
Xﬂ.,
0.001 } 0.001 }
0.0001 - 0.0001 ]
1 100000 1e+06 12+07
mesh size h nonzero elements in the linear system

B GradCell stencil ~ 4 times smaller than O scheme
B | scheme fails but not the more flexible G scheme



Two-phase flow (w-g)
near well simulation

Injection of gaseous CO, miscible in a reservoir full of water

H,O (w)

B Two-component
W P CO,  (w-g)

® Thermodynamic equilibrium defined by the solubility C

{(W—g) . C¥,<C S§;=0
(99 : C% =C S;>0

Test the O scheme on both types of meshes



Total Mass of 002
function of time

Mass of CO2 per second
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hexahedra mesh7 —%—
hybrid meshé o

Time (h)

GOE = Grid Orientation Effect




Mass of CO, in phase ga$*
function of time

Mass of CO2Z2 per second
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Radial Matching
zone zone

hexahedra mesh7 —%—
hybrid meshé6 - LR

Time (h)

Cell size affect the oscillations




Conclusion

B SUSHI scheme exhibits very promising results thanks to its
unconditional coercivity

B Hybrid meshes show drawbacks of the schemes :

= O scheme has a stencil ~ 4 times bigger than GradCell

® L scheme fails but not the more flexible G scheme

B Two-phase flow numerical solution is sensitive to GOE and
size of the cells
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