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CONVERGENCE OF A NUMERICAL SCHEME
FOR STRATIGRAPHIC MODELING*

R. EYMARD', T. GALLOUET?!, V. GERVAIS, AND R. MASSONS$

Abstract. In this paper, we consider a multilithology diffusion model used in the field of
stratigraphic basin simulations to simulate large scale depositional transport processes of sediments
described as a mixture of L lithologies. This model is a simplified one for which the surficial fluxes
are proportional to the slope of the topography and to a lithology fraction with unitary diffusion
coefficients.

The main variables of the system are the sediment thickness h, the L surface concentrations c
in lithology ¢ of the sediments at the top of the basin, and the L concentrations ¢; in lithology ¢ of
the sediments inside the basin. For this simplified model, the sediment thickness decouples from the
other unknowns and satisfies a linear parabolic equation. The remaining equations account for the
mass conservation of the lithologies, and couple, for each lithology, a first order linear equation for
c? with a linear advection equation for ¢; for which ¢} appears as an input boundary condition. For
this coupled system, a weak formulation is introduced.

The system is discretized by an implicit time integration and a cell centered finite volume method.
This numerical scheme is shown to satisfy stability estimates and to converge, up to a subsequence,
to a weak solution of the problem.

Key words. finite volume method, stratigraphic modeling, linear first order equations, conver-
gence analysis, weak formulation

AMS subject classifications. 35M10, 35Q99, 656M12

DOI. 10.1137/S0036142903426208

1. Introduction. Recent progress in geosciences, and more especially in seismic-
and sequence-stratigraphy, have improved the understanding of sedimentary basins
infill. Indeed, the sediment’s architecture is the response to complex interactions
between the available space created in the basin by sea level variations, tectonic,
compaction, the sediment supply (boundary fluxes, sediment production), and the
transport of the sediments at the surface of the basin. In order to have a quantified
view of this response and to determine the relative influence of each involved process,
stratigraphic models have been developed.

Among basin infill models considering the dynamics of sediment transport, au-
thors usually distinguish between fluid-flow and dynamic-slope models (see [14], [15]).
The first ones use fluid-flow equations and empirical algorithms to simulate the trans-
port of sediments in the hydrodynamic flow field (see, e.g., [16]). They provide an
accurate description of depositional processes for small scales in time and space, but,
at larger scale’s such as basin scales, they are computationally too expensive.

Dynamic-slope models use mass conservation equations of sediments combined
with diffusive transport laws. These laws do not describe each geological process
in detail but average over these processes (river transport, creep, slumps, and small
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slides). Omne can refer to [1], [7], [8], [10], [14], and [17] for a detailed description of
these models. The dynamic-slope models have been shown to offer a good description
of sedimentation and erosion processes for large time scales (greater than 10* y) and
basin space scales (greater than 1 km).

We consider here a dynamic-slope model simulating the evolution of a sedimentary
basin in which sediments are modeled as a mixture of several lithologies i =1,..., L
characterized by different grain size populations. The surficial transport process is a
multilithology diffusive model introduced in [14], for which the fluxes are proportional
to the slope of the topography and to a lithology fraction ¢ of the sediments at
the surface of the basin (see also [9] and [5]). In what follows, a simplified model
is considered for which the diffusion coefficients are taken equal to one. It results
that the sediment thickness variable h is decoupled from the other unknowns of the
system (i.e., for each lithology, the surface concentration ¢ and the concentration ¢;
in lithology ¢ of the sediments in the basin) and satisfies a linear parabolic equation.

The remaining equations accounting for the mass conservation of the lithologies
couple, for all i = 1,..., L, a first order linear equation for the surface concentration
variable ¢] and a linear advection equation for the basin concentration variable ¢; for
which ¢ appears as an input boundary condition at the top of the basin. In order to
cope with the difficulty of defining the trace of the basin concentration ¢; at the top
of the basin, an original weak formulation is introduced for this coupled problem.

The system is discretized by an implicit integration in time and a cell centered
finite volume scheme in space. The objective of this article is to prove, under Hy-
pothesis 1, the convergence of the approximate solutions for the sediment thickness
variable h and for the concentration variables ¢, ¢;, 2 = 1,..., L, up to a subsequence,
to a weak solution of problem (2.7) in the sense of Definition 2.1 as the mesh size and
time step tend to 0. We state this result in Theorem 3.3 in section 3, after presenting
the mathematical model, the weak formulation, and the finite volume scheme.

Regarding the coupling between the parabolic equation for kA and the first order
linear equations for the variables ¢;, ¢ = 1,..., L, our model shares some common
features with two phase Darcy flows for which such coupling between an elliptic or
parabolic equation and a hyperbolic equation also comes in. The convergence of var-
ious numerical schemes for such models have been the subject of several studies. For
example, one can refer to [12] for finite differences, to [2] and [3] for mixed and hybrid
finite element methods, to [4] for the control volume finite element discretization, and
to [19], [18], and [6] for the cell centered finite volume scheme.

The main originality of this work is rather concerned with the coupling between
the surface and the basin concentration variables.

The remaining of the paper outlines as follows. The mathematical model and
its weak formulation are defined in section 2, and the fully implicit finite volume
discretization is derived in section 3. In section 4, stability and error estimates on
the discrete solution for the sediment thickness and its time derivative are obtained.
Finally, the convergence of the approximate solutions to a weak solution of the problem
is proved in section 5.

2. Mathematical model and weak formulation. A basin model specifies the
geometry defined by the basin horizontal extension, the position of its base due to
vertical tectonics displacements, and the sea level variations. It provides a description
of the sediments considered as a mixture of different lithologies such as sand or shale.
Finally, it specifies the sediment transport laws and their coupling, as well as the
sediment fluxes at the boundary of the basin (boundary conditions).
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In this paper, the multilithology diffusion model described in [14], [9], and [5] is
studied in a simplified case for which the diffusion coefficients of the lithologies are
equal (to one to fix ideas). Also, for the sake of simplicity, the tectonics displacements
as well as the sea level variations are not considered in what follows.

The projection of the basin on a reference horizontal plane is considered as a fixed
domain Q C R?, defining the horizontal extension of the basin, with d = 1 for two
dimensional basin models and d = 2 for three dimensional models.

We denote by h the sediment thickness variable defined on the domain D = QxR?,
and by B the domain {(z, z,t) such that (z,t) € D,z < h(x,t)}.

The sediments are modeled as a mixture of L lithologies characterized by their
grain size population. Each lithology, i = 1,..., L, is considered as an uncompressible
material of constant grain density and null porosity. On each point of the basin, the
mixture is described by its composition given by the concentrations ¢;, defined on B,
and such that ¢; >0 fori=1,...,L, and ZiLzlci =1.

The model assumes that the sediment fluxes are nonzero only at the surface of
the basin (i.e., for z = h). The sediments transported by these surficial fluxes, i.e.,
which are deposited at the surface of the basin in case of sedimentation, or which
pass through the surface in case of erosion, are characterized by their concentrations
denoted by ¢, defined on D, and such that ¢ > 0 for i =1,..., L, and Zlecf =1.

Since the compaction is not considered, no change in time of the concentration c;
can occur inside the basin. It results that 0;c; = 0 on B. The evolution of ¢; is governed
by the boundary condition at the top of the basin stating that ¢;|.—, = ¢ in the case
of sedimentation d9;h > 0. Let Dt denote the domain {(z,t) € D such that d;h(z,t) >
0}; then ¢; satisfies the conservation equation;

(21) { Oic; =0 on B,

Cilz=n = ¢ on DT,

The conservation of the thickness fraction in lithology 4
h(z,t)
(2.2) M;(x,t) :/ ci(z, z,t)dz, (z,t) € D,
0
with ZiL:1 M; = h, states that for alli =1,...,L

(23) {@MZ + lefz =0 on D,

St =1 onD.

In the multilithology diffusive model described in [14], the flux f; is proportional to the
gradient of the topography h and to the concentration ¢}, with a diffusion coefficient
k;. In what follows, we shall restrict ourselves to the simplified case k; = 1 for all
1=1,...,L, ie, £ := —c/Vh, so that the sediment thickness variable h decouples

from the concentrations and satisfies a linear parabolic equation (see (2.6)).
Neumann boundary conditions are imposed to h on 92 x R,

Vh-7i=gon 00 xRY,

with 77 the unit normal vector to 02, outward to €2, and Dirichlet boundary conditions
are prescribed to the surface concentrations

s _ = +
c; =¢ on X",

with £ = {(z,t) € 90 xR%, g(x,t) > 0},¢é >0foralli=1,...,L, and ZiLzl ¢ =1
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Initial conditions are prescribed to the sediment thickness such that h|,—o = h°
on , and to the basin concentrations such that ¢;|;—¢ = ¢ on the domain {(z, 2),z €
Q,z < h%x)}, with ? >0 foralli=1,...,L, and ZiLzl & =1.

In the following, we shall consider the new coordinate system for which the vertical
position of a point in the basin is measured downward from the top of the basin,
i.e., given by the change of variable (x,&,t) = (', h(2’,t') — z,¢'). In this coordinate
system, let u;(x, &, t) = ¢;(x, h(z,t)—&,t) on QxRY xRY and ud(z,€) = ¢)(z, h%(z) —
§,t) on Q x RY. Gathering all the equations, we obtain the following multilithology
diffusive model:

U;|g=0 Oth + div(—c;Vh) =0 on D,
St =1 onD,
(2.4) surface conservations: Vh - ﬁ|ang*+ =g ondQ xR,
Cf|§;+ = Ei on Z+,
h|t:0 = ho on Q,
Opu; +0thOcu; =0 on Q x RY x RY,
(2.5) column conservations: Uile—o = ¢ on DT,
ufi—o = u) on Q x R%,

where we have taken into account the equality 0,M; = u;|¢=¢ O;h on D which derives
formally from the definition (2.2) and the equation d;c; = 0 on B.

For this simplified model, summing (2.4) over ¢ = 1,..., L, it appears that the
variable h satisfies the parabolic equation

Oth—Ah =0 on QxR%,
(2.6) Vh-filoaxas =g on 09 x RS,
h\t:O = ho on Q,

while the remaining concentration variables (cf,u;) verify, for each ¢ = 1,..., L, the
system of equations

Uile=0 Oph + div(—c;Vh) =0 on D,
cls, =¢ onXT,
(27) 5‘tui + 8th 85u1 =0 on ) x Rj_ X ]Rj_,
Wle—o = ¢ on D*,
Uilt—o = uf on Q x R%.

The sediment thickness variable is decoupled from the concentrations variables and
satisfies the linear system (2.6). The solution of this system is then used in problem
(2.7), which is linear with respect to the variables ¢ and u,.
In what follows, the following assumptions are made on the data.
HyPOTHESIS 1.
(i) Q is an open bounded subset of R%, of class C™,
(i) h° e C?(Q),
(iii) g € CL(ON x Ry) N L2(00 x Ry),
(iv) g and h° are chosen according to the assumptions of Theorem 5.3 of [11, p.
320] so that the unique solution h of (2.6) is in C*(Q2 x [0,T]) for all T > 0,
(v) & e L®(2%) with & >0 fori=1,...,L, and Y7, & =1,
(vi) u) € L®(Q xR%), u >0 fori=1,...,L, and ZiLzl ud = 1.
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In the following, we shall denote by C°(R™) the space of real valued functions

{p € C*(R") | supp(p) bounded in R™}.

To obtain a rigorous mathematical formulation of (2.7), we are looking for weak
solutions defined as follows for all i =1,..., L.

DEFINITION 2.1. Let us assume that Hypothesis 1 holds and let h denote the
solution of problem (2.6). Then (c;,u;) € L= (Q x RY) x L=(Q xR x RY) is said to
be a weak solution of (2.7) if it satisfies (i) for all o € A= {v € C*(R¥*2)|v(.,0,.) =
0onD\ST}

/Q /R /R [Drp(z,£,1) + Db, 1) Deipl,€,1)] wi (€, 1) dt dE dx

+ /Q /R+ ud(z, &) p(x,&,0) d do +/Q . Oh(z,t)c; (z,t)(x,0,t) dt de = 0,

(2.8)

(ii) for allp € Ag = {v € CZR¥2)|v(.,0,.) =0 on IQ x R} \ X}

—/Q/R /]R [0 (z, &) + Oph(, t) Oetp(z, &, 1) wi(z, &, t) dt dE da
— ud(z T T c(x z,t) - T o
(2.9) /Q/ 0, ), ,0) dé d +/(/ 3, ) V() - V(e 0,1) d
7/ 5i(x,t)g(z,t)z/;(z,O,t)d’y(:E))dt0.
o

3. Finite volume scheme. The system (2.4)-(2.5) is discretized by a fully
implicit time integration and a finite volume method with cell centered variables. We
shall consider in what follows admissible meshes according to the following definition.

DEFINITION 3.1 (admissible meshes). Let Q2 be a bounded domain of R%, d =1 or
2. In the following, m(.) will be used to denote a measure on R equal to the Lebesque
measure if d > 1, and, if d = 0, the measure of a point is set to one and the measure
of the empty set to zero. An admissible finite volume mesh of Q) for the discretization
of problem (2.4)—~(2.5) is given by a family of “control volumes,” denoted by K, which
are open disjoint subsets of Q, and a family of points of Q, denoted by P, satisfying
the following properties:

(i) The closure of the union of all the control volumes of K is Q.

(ii) For any k, k' € K with k # k', either the (d — 1)-dimensional measure
m(k N E) is null, or it is strictly positive and & N K is included in a hyperplane of
R®. In the following, we will denote by Ly, the family of subsets o of 0 contained in
hyperplanes of R with strictly positive measures, and such that there exist rk, k' € K
with m(RNE') >0 and 6 = RNE. We shall also denote by k|’ € X the edge
between the cells k and k'.

(iii) The family P = (zx)sex is such that x, € R (for any v € K), and, if
o = K|k, it is assumed that x, # x. and that the straight line going through x, and
X 18 orthogonal to the edge k|K’.

(iv) For any k € K, there exists a subset Xy, of Zint such that Ok \ 00 =k \ (kU
0N) = Upex,,.0.
We shall denote by (K, Xint, P) this admissible mesh.
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Let (K,Xint, P) be an admissible mesh of € in the sense of Definition 3.1. In
what follows, 6/C = sup {diam(x),x € K} will denote the mesh size of (I, X;n:, P),
|| (resp., |o|, |0k N OR|) is the d-dimensional measure of the cell m(x) (resp., the
(d — 1)-dimensional measure m(c), m(9x N IN)), K, the set of neighboring cells of
k (excluding k), Tk = T, the transmissibility of the edge ¢ = k|x/, defined by

Tew = d(,lg’li,) with d(k, k") the distance between the points z, and 2./, reg(K) the
geometrical factor defined by reg(K) = maxge < Sing %, and 71, the unit normal
ol

vector to o = K|k’ outward to k.

We shall also denote by X (K) the set of real valued functions on © which are
constant over each control volume of the mesh and, for any subset O of R%, by xo
the function on R? equal to one on O and null elsewhere. Finally, for any function f,
let us define f™ = max(f,0) >0, f~ = —min(f,0) > 0, such that f = f* — f~, and
|fl=f"+f".

Following [6], we shall use the discrete seminorm defined as follows.

DEFINITION 3.2 (discrete H' seminorm). Let Q2 be an open bounded subset of R,
d=1 or2, and (K, X, P) be an admissible finite volume mesh of Q in the sense of
Definition 3.1. For u € X(K), the discrete H' seminorm of u is defined by

(ZTDuY,

o€ int

where u,, is the value of u in the control volume k and Dyu = |uy —uy | with o = k|K'.

Remark 1. Let (K, X;n¢, P) be an admissible mesh of € in the sense of Definition
3.1 and || denote the d-dimensional measure of the domain 2. Considering the d-
dimensional measure of the set of cones of vertex x, and base o € X;,; N Ok for all
k € K and o € ¥;,;, one can prove that

(3.1) Z lo| d(k, k") < d|Q.
”EZLnt
o=rlx
The time discretization is denoted by t*,n € N, such that t° = 0 and At"T! =
"t —¢» > 0. In the following, the superscript n, n € N, will be used to denote
that the variables are considered at time t". Assuming that the set {At"|n € N}
is bounded, let At denote sup{At"™ |n € N}, and, for a given T > 0, let Na; be the
integer such that tVat < T < ¢Vartl
Let us now recall the discretization of (2.4)—(2.5) already introduced in [5]. For
all control volumes x € IC, the following initial values are defined:
1. ho is the initial approximation of h in x defined by R = hO(z,).
2. ul o for all species i, is the approximation of u) on the cell , defined by

uf (€)= M [, ui(x,€) dx for € € R, and let ¢, be defined on (—oo, hy)) by ¢}, (z) =
?,n(ho - Z)
We now give a discretization of (2.4)-(2.5) within a given control volume x € K
between times " and " 1.

Conservation of surface sediments:

n+1

ML ) S G Tl -
REK,

—|ok N oQ & gD T 4 |9k N 0Q| ¢ g =0,

7,){ gl‘&

(3.2)
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L

(3.3) St =1

i=1
Conservation of column sediments:

AMIED = e (i — ),

K

(3.4) it A > pr et (z) = e (2), 2 < A
il(z) = Cf’ZHa z € (hp, hith),
n+1 __
(3.5) else AMIW B fh" < w(2)dz,
cfi (2) = cuﬁ(z), z < hntl,

In (3.2)-(3.5), the following notation is used.

1. A7 is the approximation of the sediment thickness h at time ¢" in x.

2. cf: s the approximation of the surface sediment concentration ¢ at time
t"tin k.

3. The function ¢}, , defined on the column (—oo, h}}). is the approximation of
the sediment concentration in lithology 4 in the column {(z,2),z € K,z < h(z,t™)}
at time t".

4. cf :;1 is the upstream weighted evaluation of the surface sediment concen-
tration in hthology 1 at the edge o between the cells k and k' with respect to the sign
of APl — ptL:

LK

s L
1K Smtl otherwise.

omt1 ) LA pnAt > it
o C.

(+),n+1 ),n+

5. gk and g ! are the following approximations of the boundary fluxes

gT and g~:

tn+1

gl { AT 7\8n089| Jin Jonnon 9" (@, t)dy(z)dt  if |0k N Q| # 0,

0 else,

Jormon 9~ (@ t)dy(z)dt  if [0k N AN #0,
0 else,

fn+1

gt { AT \amam Jin

and consequently for all kK € K,

71+1
1
nl = — gDt _ ()t
t) dy(z)dt = .
e T AT |amaQ|/ /amm = 1) dy(z)dt = g I

6. ¢! is the approximation of ¢ extended by 0 on (09 x R )\ ©+:

K

tn+1

antl { et rrea) Jin Jownoa Gz, t)dy(@)dt  if [0k N OQ| #0,

0 else,

and it results that c"‘”‘1 € [0,1].
Considering the coordinate system & = h]l — z, the function u}

' is defined for all
keK,n>0,andi=1,...,L by

(3.6) ui (§) = ¢ (hi — &) for all £ € RY.
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Let us note that, to obtain a fully discrete scheme, the initial condition uy . (£)
is projected for each x on a piecewise constant finite element subspace of L>(R? ).
Then, the scheme (3.4)—(3.5) generates a piecewise constant approximation of ug, (£)
on each cell k for all i = 1,..., L, with time-dependent mesh sizes in the direction &.

For the sake of simplicity, it is assumed in the remainder of this article that
At = At" for all n > 1, although all the results presented in what follows readily
extend to variable time steps.

In sections 4 and 5, we shall prove, for all n > 0, the existence of solutions (h?)..cx,
(e M wers (€ )rex, and (ul)wex, @ = 1,..., L, to problem (3.2)-(3.6). These

1K

s,n+1
K
(such that Zle c‘;:ZH = 1) at some degenerate points (x,n + 1) for which it is
chosen according to Lemma 5.1.

solutions are unique except for the surface concentration c which is arbitrary

For any admissible mesh (K, X;,,¢, P) of Q in the sense of Definition 3.1, any time
step At > 0,and i =1,..., L, let hic at, ¢j ¢ o, defined on Q x RY and u; kc,a¢ defined
on 2 x R} x R% denote the functions such that

h}C,At(xvt) = h'2+17
(37) ui,K:,At(xa§7t) = uztl(g)a

e ear(@,t) = Cf,’:“

forall z € k, k € K, t € (", t""1], € € R%, n > 0, where A", ci’:"'l, ¢}, are any
given solution of (3.2)—(3.6) chosen according to Lemma 5.1. From Lemma 5.1, the
functions hi a¢ and u; g ar do not depend on the choice of the solution of (3.2)—(3.6).
The aim of this article is then to prove the following theorem.
THEOREM 3.3. Hypothesis 1 is assumed to hold. For allm € N, let (K, ZI7,, Pr)
be an admissible mesh of Q in the sense of Definition 3.1 and At,, > 0. Let us assume

that there exists o > 0 such that reg(K,,) < a for all m € N, and that At,, — 0,
6%;” — 0 as m — oo.

ForallmeNandi=1,...,L, let hg,, At, Uik, At, denote the unique func-
tions defined by (3.7) and ¢}y A, be a function defined by (3.7), from any solution
of (3.2)~(3.6) chosen according to Lemma 5.1 with KK = K., At = Atyy,.

Then, the sequence (hi,, At,, )men converges to the solution h of problem (2.6)
in L>=(0,T; L*(Q)) for all T > 0, and there exists a subsequence of (K, Aty)men,
still denoted by (K, Atm)men, such that, for all i € {1,...,L}, the subsequence
(¢ .. At,, JmeN (resp., (Uix,, At,, )men) converges to a function c; in L>(Q x R%)
(resp., u; in L>=(Q x R x RY)) for the weak-x topology. Furthermore, for all
i € {1,...,L}, the limit (cf,u;) is a weak solution of problem (2.7) in the sense
of Definition 2.1.

This convergence result will be obtained in section 4 for the approximate solution
for the sediment thickness and in section 5 for the approximate concentrations.

4. Stability and convergence for the approximate sediment thickness
and its time derivative. Summing (3.2) over i = 1,..., L yields that for all n € N,
the solution (h7*1), i satisfies the following implicit finite volume discretization of
(2.6):

n+1 n
h’n — hm

(4.1) || 7

+ > Taw (B2 = B = 050 0Q| g =0,
K ER,
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with h% = h%(z,). The proof of existence and uniqueness of the solution (h?),cx for
all n > 0 is classical and can be found, e.g., in [6] for any admissible mesh (K, X;,,+, P)
of Q.

The following proposition provides estimates of the error on h and its time deriva-
tive. The error estimates on h have already been proved in [6].

PROPOSITION 4.1. Let us assume that Hypothesis 1 holds and let h denote the
solution of problem (2.6). Let (IC, Xine, P) be an admissible mesh of Q in the sense of
Definition 3.1, T > 0, and At € (0,T). For allmn € {0,...,Nas + 1}, let (h)xex
be the solution of (4.1) and e} € X(K) be defined by e} (z ) = el = h(zy, t") — hl
forall x € k, k € K. Then, there exist D1, Do, D3, and Dy > 0 depending only on
IVO:h|| Lo x (0,2)), [IPllLoe(0,21sw 2 ()), T and 2 such that

(4.2) lerll7a(q) < Di(At+6K)* for alln € {1,...,Nay +1},
Nat
(4.3) Z At |ef 2 ¢ < Dy (At + 6K)2,
44 %At eg“ —e,C < p (0K + A1?
' =TTTAE
£2()
Na n+1 n+1
At — h
At d ! Kk K
2 At 2 1o (”’“)( d(r, 1)
(4.5) n=Y e
1 1 tn+1 2
—— /Vh(m,t)-ﬁm/dy(x) dt | < Dy(At+ 6K)2.
At |J| t o

Proof. Integrating (2.6) over the control volume x € K and time interval (¢, ")
for all n € {0,..., Na:}, one obtains

tn+1 tn+1

(4.6) /tn /8t z, t)dxdt — /tn . Vh(z,t) - fgdy(x)dt =0,

where 7i,; is the normal unit vector to dx outward to k. Subtracting (4.1) from

(4.6)/At and using the definition of g"*! yield the following equation for the error
n+1
k

(4.7) [ 5 4 D Tawl(ept™ —eitt)y = —[|P2 = Y |o|R:,
KER, ocEY,

with the consistency residuals

et n+1) n+1
n h(zr,t h(azmt ) .
forall k € K and o € ¥, ﬂEK/,and
11
P! = ATl / (Orh(z,t) — Oth(xy,t))dxdt  for all Kk € K.
t"L

Thanks to the regularity of h, there exists C; > 0 depending on [|[VO;h|| L (x(0,21))
only such that

(4.8) P < O 6K,
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and 02 >0 depending only on ||ach||Loo(Q><(0’2T)), and ||hHL<>c(O)2T;W2,oc(Q)) such
that

(4.9) IRE | < Cs (6K + Ab).

Then, multiplying (4.7) by e?™! and summing over the cells k € K yield the estimate

Z‘,ﬂ(ez-‘rl en n+1 + At Z Tnn n+1 en,+1)2

KEK “Ezlnt
(4.10) o=klr
=—At > |k[Preptt = At >N o|REent
KEK KEK oc€X,

Let us note that Ry, , = —Ry/ - for all 0 = k|k’ € X, so that R, = |Ry | for o € &,
can be defined for all o € ;,,;. Then, using in (4.10) the equality (e?*! —en)en ™! =

K

L(ent1)2— (en)?+(ent! —em)?], Young’s inequality, (3.1), (4.8), and (4.9), we obtain

lex 172 () + At leg 7 e < llekllzq
@ @

(4.11) )
+AL O3 (At + 6K) || e IILz(Q) + At Cy (6K + At)?,

with C3 and Cy4 depending only on |[VO;h| 1o (x (0,215 |7l (0,212 (02)), and €.
Using the same arguments as in [6], the estimate (4.2) derives from (4.11). Summing
(4.11) over n € {0,..., Na;} and using inequality (4.2) and the property e = 0 for
all k € K, we obtain inequality (4.3).

Then, (4.3) is equivalent to

Nat n+1 n+1 n+1 n+1 2
R p Wz 171 — bz, t
§ :ﬁt § : |O’|d(l€,l€l)< K K _ (Z‘ ) (33 ))
(4.12) =

() ()

o= n\n

< Dy (At + 6K)2.

Furthermore,
Na¢
h(zr, ") — Rz, t7H)
At |o|d(/<c,/<;’)< ’ ’
2P )
o=r|r’ b )
4.13 Rpere
(4.13) AL |U|/ /UVh(x,t) T dfy(x)dt)
= ZAt > lold(r, &) (R)? < C5 (6K + At)?,
TEX int

o=r|r'

with C5 depending on (|VO,h| L (ax (0,21))s 1P|l (0,2m,w2.5 (), T, and €. The esti-
mate (4.5) derives from (4.12) and (4.13).
To prove (4.4), let us multiply (4.7) by (e"*! —e?)/At and sum over x € K:

7L
ALY I ( ) £Y Tl — et (et — et - e )

KEK TEZint
o=r|r’

n+1 en
:—AtZMP”u— Z lo| R S (en™h —elft — e +el).

KEK oS int

o=r|r'
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From (eft! —elf ) (entt—eltt —en+en) = 2[ (et —elF )2 — (el —elt )2 4 (en ! —

62/—"_ L_en g ez,)Q] and Young’s inequality, it results that
2
en+1 —en 1 )
28t > |1l S I N7 T (ept! —eptt — el +el)
KEK 06331“7,,7
+ Z Ty (e = 62#1)2 < Z Tyws (eff — €)?
o€Tint TEDint
(414) oc=k|Kk o=k|k 9
en+1 — e
+ALY K[(PR)? + ALY k] N
KEK KEK

Y dl ) ol (B2 Y Tl — e — el 4 en)2.

TEDint TEDint
o=kr|r’ o=xr|r’

Summing (4.14) for alln € {0, ..., Na;} and using (4.8), (4.9), (3.1), and the property
eY =0 for all k € K, we get

Nat n+1 n 2 2
entl —e (At +6K)
kTR < 2 AT

n§:0: At ;e’c: || ( N ) < Cg (8K)% + Or =

with Cs and C7 > 0 depending only on [|VOih||Le(x(0,21)): |7l (0,215w2.5 ), 2,
and T, which proves (4.4). d

Remark 2. According to (4.4) given in Proposition 4.1, the discrete time derivative
of the error tends to zero with the mesh size and time step under an inverse CFL
condition. This condition is due to the fact that the finite volume scheme is implicit
in time and that few assumptions have been made on the regularity of h. However, it
is possible to get rid of this inverse CFL condition by assuming h much more regular.
Such a result can be found in [13].

COROLLARY 1. Let us assume that Hypothesis 1 holds, and let h denote the
solution of problem (2.6). Let (K,X;nt, P) be an admissible mesh of Q in the sense
of Definition 3.1, T > 0, At € (0,T), and let 3 > 0 be such that 6K < B+/At.
For alln € {0,...,Nas + 1}, let (h).exc be the solution of (4.1), and let us define

Ll _pn
hi € X(K) (resp., 6:hg € X(K)) by hig(x) = hjk (resp., é:hii(x) = hy i h*‘) for
r € Kk, k € K. Then, there exist D5 > 0 depending only on ||h| L (0,2m;w2 @)
IVO:h| Lo (@x(0,21)), 2, and T and Dg, Dg, Dg > 0 depending on ||0;h|| Lo (o x (0,27))
12l o< 0,205 w2000 )y, [IVO:hl Lo (ax(0,21)), 2, and T, with Dg also depending on (3,
such that

Nag
(4.15) Z At bt T e < Ds,
n=0
and
RE (6K + At)?
(4.16) > At6h7 ) < D+ DY —x = Ds
n=0

Proof. The proof is straightforward, using the error estimates (4.3) and (4.4), the
regularity of h, and the estimate (3.1). O
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For any admissible mesh (K, X;,:,P) of Q in the sense of Definition 3.1 and any
time step At > 0, let (h}).ex for all n > 0 be the solution of (4.1), and let d:hx At
denote the function defined on € x R* , such that for all z € k, Kk € K, t € (17, tn 1,
n >0,

pptt — by
At '

PROPOSITION 4.2. Let us assume that Hypothesis 1 holds, and let h denote
the solution of problem (2.6). Let us consider a family of admissible discretizations
(IC, Bine, P, At) of Q x RY, with (IC, Xine, P) an admissible mesh of Q in the sense
of Definition 3.1 and At > 0 a time step. For a given discretization (K, X;nt, P, At)
of this family, let hic ar (Tesp., bihic,at) be the function defined by (3.7) (resp., by
(4.17)) from the solution of (4.1). Then, for all T > 0, hic ar converges to h in
L>(0,T; L?(2)) as At and 6K tend to 0, and d;hxc .ar converges to dph in L?(2 x
(0,7)) as At, 6K and j—% tend to 0.

Proof. Let T > 0, and let (K, 3., P,At) be an admissible discretization of
Q xRy with At <T. Forallz € 5, k € K, and t € (¢t",¢" "], n € {0,..., Nas}, one
has

(417) (Sth]QAt(SC,t) =

h(z,t) — hicac(z,t) = (h(z,t) — h(zg, ")) + (h(@), ") — RO
— (b 1) — (o, 7))+ e,

Thus, for all t € (", "], n € {0,..., Nas},
/ |h(z,t) — h}cyAt(l',t)Fdl'
Q
(4.18) <2 Z [ |h(2,t) — h(z,, t" T2 de + |k|(e"T1)?].
rEK r

Thanks to Proposition 4.1, there exists C; > 0 depending only on [|VO;hl| L (ax (0,27))>
|2l Lo 0,21, w2.5¢ (02)), and € such that
(4.19) ST Ikl(epth)? < Oy (At +8K) for all n € {0,..., Nas.

KEK

Furthermore, thanks to the regularity of h, there exists Co > 0 depending only on
|\8th||Loo(QX(0)2T)) and ||Vh||L°°(Q><(0,2T)) such that, for all x € k and t € (tn,tn+l},

(4.20) |h(z,t) = h(z, t"T1)| < Co (6K + At).
Then, using (4.19) and (4.20) in (4.18) yields, for all ¢ € (0,7T),
17 (1) = hic,at (o D22y < Cs (K + At)?,

and consequently, ||h — hx atllr=©1;r2(0) < C3 (6IC + At), where C5, C% depend
on ||V8th||Lm(QX(072T))7 ||8th||Lm(QX(072T)), ||h||Loc(072T;W2,oo(Q)), and €2, so that the
convergence holds.

Furthermore, for all z € k, k € K, and t € (¢",#"*!], n € {0,..., Nas}, one has

h(2p, t" 1) — h(z,, t™ ntl _ on
ath(:v,t)éth,C,At(a:,t)<ath(x,t) (@, ") — Mz )>+en 3

At At
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Thanks to the regularity of h, there exists a constant Cy > 0 depending only on
Hat2h||Loo(Q><(072T)) and ||V8th||Lm(QX(O,2T)), SUCh that

h(xe, t" ) — h(z,, t7)
At

— Oth(z, )| < C4 (6K + At),

from which, together with (4.4), results

(6K + At)?

2
||ath, - 6th’C,At”%2(Q><(O,T)) S C5 ((SIC + At) + Cﬁ At 5

with C5 and Cs depending only on Q, T', ||h|lyw2.(ax(0,27)). Thus, the convergence

of §thic at to d¢h in L2(2 x (0,T)) as At, 6K, and j% — 0 is proved. O

5. Convergence of sequences of approximate concentrations toward a
weak solution. We shall first prove the existence of a solution for the concentrations
satisfying stability estimates from which the weak-x convergence, up to a subsequence,
of the concentrations in L* is deduced.

Existence, stability, and weak-x convergence.

LEMMA 5.1. Let (IC, Eint, P) be an admissible mesh of Q in the sense of Definition
3.1, At > 0, and, for alln € N, let (b)) ek be the solution of (4.1). Fori e {1,...,L}
and n € N, there exists a unique solution (c?ﬁ),ﬁe;g, and there exists at least one

solution (¢ ) cexc to the set of equations (3.2)~(3.5) such that

1,K

(5.1) 10,1 for all k € K and n € N.

1K
Furthermore, one has

ciw(2) €[0,1] for all k € K, z < hy;, and n € N.

Proof. The complete proof can be found in [5]. It is done by induction over
n € N* and over the cells k € I sorted by decreasing topographical order. For the
highest topographical point(s) x, the fluxes at the edges of the cell x are either input
boundary fluxes or ouput fluxes. Let us consider a control volume x € K and a time
n € N*, and let us assume that the proposition holds for all the previous times ¢*1,
0 <1 < n, and all the lower cells at time t"*1. It results from the induction hypothesis
and the upwinding of ¢} that cf: *1 can be computed explicitly from the lower cell
concentrations ¢§ using (3.2), and that the inequality

(5.2) > T it (h = RS <0

K€K, hitt <At

holds for all 4 = 1,..., L. Let us first assume that h?*t! — h” < 0 (erosion). It results
from the induction hypothesis that

C?;n-ﬁ—l Z T (hz-H _ h:fl) + |3K3 N aﬂlg’g—),7L+1 >0

1,K
K EK ., h:“zh:f,“

for all 7. In this equation, either the term into brackets is strictly positive for all
i=1,...,L and then cfy’:H > 0, or it vanishes for all 7 and the point (x,n + 1) is
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a degenerate point in the sense that all the fluxes at the edges of the control volume

k vanish and h"*1 = k™. The concentrations can in that case be chosen arbitrarily
such that ZiL:1 "1 — 1. Let us now consider the sedimentation case for which

R L — A > 0. Tt results from (3.2) and the induction hypothesis that

s,n+1 h:@H_l — h’z n+1 n+1 (=),n+1
Ci,li W |K|+ Z TNN’ (h’m _h’m’ )+‘6H/maglgm i 2 0)
n'eicmh:;“zh:,“
and hence cf::H >0foralli=1,...,L. Since h"*! = A" for any degenerate point

n+1

(k,n + 1), there exists a unique column concentration c; . solution of the set of

equations (3.2)—(3.5) for each lithology. |
Let us define for all k € K, n € N, and t € (", "] the following interpolation
of the discrete sediment thickness:

n n h;H_l — hZ
(5.3) halt) = B+ (6 — 1) P

s,n+1

Then, the discrete solutions (c}', )nen, (uf,)nen, and (¢;7" )nen, given by Lemma

5.1, are extended to t € R, for all k € K as follows:

oted) = N O
(5.4) for all t € (#",t""1] and 2 < h,(t),
cin(2,0) = ¢ . (2) for all z < h,
(5.5) Ui (€,8) = i (hn(t) — €,1) for all £ > 0 and € € R,
¢ () =cii T forall t € (¢7, ")),

For any admissible mesh (K, 3;,:,P) of  in the sense of Definition 3.1 and any
time step At > 0, let 4 xc,a¢ be defined on Q@ x R% x Ry, and let ¢; x a¢ be defined
on {(z,t),t >0, z < hy(t)}, such that

Ci KAt (xa 2, t) = Ci,H(z7 t)

(5.7) {Uimw,w = win(6,1),

forallz ek, k€ K, 1 >0, € RY, 2 < hy(t).

From Lemma 5.1, the unique functions ¢; k at, @ik at, Uik, Ae defined by (5.7)
and (3.7) and any function cf ;- 5, defined by (3.7) from any solution of (3.2)—(3.6)
chosen according to Lemma 5.1 take their values into the interval [0,1]. We deduce
the following result.

PROPOSITION 5.2. For all m € N, let (Kp,, X7, Pm) be an admissible mesh of
Q in the sense of Definition 3.1, and let At,, > 0. Let us assume that At,, — 0 and
oKy, — 0 as m — oo.

For allm € N and i = 1,...,L, let u;x,, At,, (Tesp., Uik, At,) denote the
unique function defined by (3.7) (resp., by (5.7)) and c; i~ ;. be a function defined by
(3.7), from any solution of (3.2)~(3.6) chosen according to Lemma 5.1 with K = K,
At = Aty

Then, under Hypothesis 1, there exists a subsequence of (K, Aty )men, still de-
noted by (K, Atp,)men, such that for all i€ {1,...,L}
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(i) the subsequence (c; =y, Jmen converges to a function c; in L= (2 x R%) for
the weak-x topology, and

(ii) the subsequences (u;x,, At,, )meN and (T i, At, )meN converge to a function
u; in L®(Q x RY x RY) for the weak-* topology.

Proof. For the sake of simplicity, the subscript ¢ is dropped. Thanks to Lemma
5.1, the sequence (k. Ay, Jmen (vesp., (uk,, At,, )Jmen and (@x,, At,, Jmen) is bounded
in L>=(Q x RY) (resp., in L*(Q x R% x R%)). Then, there exists a subsequence
of (Ko, Aty )men, still denoted by (K, Aty )men, such that (Cfcm,Atm)meN (resp.,
(Ui, Aty Jmen and (T, At,, Jmen) converges to c® (resp., u and u’) in L>(Q x R¥)
(resp., in L= (Q x RY xRY)) for the weak-x topology. It remains to prove that u = v’
in L(Q x R% x RY).

Using definitions (3.6) and (5.5), for z € K, k € K, and t € (#",t" 1], the
functions @k, A¢,, and uk,, Ag, are related as follows:

nH (g = ug(§ — (hi(t) = hi),t)  forall > hy(t) —hjt if APt > bl
" ) wn(€+ (he(t) — R2TY),t) forall € >0 if At < 7.

Let ¢ € C(Q x R x R ) and T > 0 be such that ¢(.,.,t) =0 for all £ > T'. Since
the concentrations are bounded in [0, 1], it can be shown that

/ / / (,a’crnyAtm - uKnuAt'm) @(1‘7 57 t) dl‘ dg dt
QRS JRY

Nat,,

<o Y Aty Y Jwfinrtt - nrl,
n=0

KREKm

with Cy depending only on ¢, Q, and T. From the estimate (4.16) it results that

/ / / (UK, Aty = UK At,,) P(2,€,1) do dE dl
o Jry Jry

and u = v/ in the space of distributions on © x R% x R%, and hence in L>(Q x R
x R%). 0
+

— 0 as m — oo,

Flux term. The following proposition provides a result of convergence for the
flux term appearing in the discretization of the surface conservation equation. It will
be used to show that (cf,u;) satisfies the second equation (2.9) of the weak formula-
tion. The proof of this proposition is an adaptation to the coupling of a parabolic and
a hyperbolic equation of the result proved in [6] for the coupling of an elliptic and a
hyperbolic equation in the case of a two phase Darcy flow.

ProproSITION 5.3. Let us assume that Hypothesis 1 holds and let h denote
the solution of problem (2.6). Let us consider a family of admissible discretizations
(I, Bint, P, At) of Q x RY, with (IC, Eine, P) an admissible mesh of Q in the sense
of Definition 3.1 and At > 0 a time step. Let us also assume that there exist o and
B > 0 such that, for all discretizations (IC, Zing, P, At) of this family, 6K < B/At
and reg(K) < a. For any admissible discretization (K, Xint, P, At), let hic a¢ denote
the function defined by (3.7) from the solution of (4.1), and let (Cfﬁ’:—kl)nelcm,ngo be
any solution of (3.2)—(3.5) chosen according to Lemma 5.1. Let T > 0, then, for all
pe Ay ={v € CCR™) |v(z,t) =0 on Q2 x R\ T}, and for alli=1,...,L,

T kc.at — /OT </ch(:r,t) Vh(z,t) - Vo(z,t)de — /69 ¢i(z,t) gz, t) p(z,t) d’y(:c))dt
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as At — 0, with

Nat
thZmZ§:m¢$W“hwm%ww
KREK K EK,
Nat
- ZAt Z [0k N 09 (g” At — g{)mtt f:“)ﬂmmt”“).
n=0 KEK

Columns property. The following proposition states that the column concen-
trations interpolated in time %; x A¢, @ = 1,..., L, satisfy in the weak sense a linear
advection equation. This property is used in the proof of Theorem 3.3 to show the
convergence, up to a subsequence, of the approximate solutions to a solution of the
weak formulation (2.7).

PROPOSITION 5.4. Let us assume that Hypothesis 1 holds and let h denote the
solution of problem (2.6). Let (IC, Xint, P) be an admissible mesh of Q in the sense of
Definition 3.1, T > 0, and At € (0,T).

Let hic.at, Wi, @ = 1,...,L (resp., dihicar and Uiicae, @ = 1,...,L), de-
note the unique functions deﬁned by (3.7) (resp., by (4.17) and (5.7)) and KAt
i =1,...,L, be a function defined by (3.7), from any solutzon of (3.2)—(3.6) chosen
according to Lemma 5.1.

Then, for any k € K and i € {1,...,L}, the following hold.
(i) For all p € Wy = {v € C®(R?) |v(.,T) =0 on R},

/ [ [Deple.t) + Ath(t) Dol )] (e, )
(5.8) +

/ () 50%+/‘& Bui e (0, 8)0(0,£) dt = 0.
Ry

(ii) For all ¢ € A3, = {v € C*(R?) |v(,T) =0 on R and v(0,t) = 0 for all t >
0 such that Oih,(t) <0},

T
/’ [ [epE.1) + Duht) €, 0] s, 1)
0 +

(5.9)
+A+ @)50@+/'a s (Dp(0.1) dt = 0.

Proof. Thanks to definition (5.4), 9,¢; x(z,t) = 0 for all z € (—o0, h,(t)) and
€ (0,7). Tt results that for all ¢p € WH°(R x R, ), compactly supported, one has

0 —/ / Oici k(2 0)0(2,t)dzdt = / at(/z(t) ci,,@(z,t)zﬂ(z,t)dz) dt

h (t)
- / / Cin(2, )0 (2, t)dz dt — / B (B)cs e (s (£), )00 (R (1), 1) it
0 —00 0

and consequently

B (8)
/ / Cin(2,1)0)(2,t dzdt+/ Ophy (t)ci k(P (t), t) (R (), 1) dt
(5.10) ha(T) B (0)

/m cin (2, T)(z, T) dz+/ 0 (2)(2.0) dz 0.

— 00
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Let ¢ be in Wy, and let 1 € W12 (R x R,) be such that
¥(z,t) = p(he(t) —z,t) V(z,t) e R x Ry.

Considering (5.10) in the new coordinate system & = h(t) — z and using the property
¢(.,T) = 0, (5.8) is derived. Finally, thanks to the definition of A7, and since
u; (0,t) = ¢i . (t) if Oph,(t) > 0, we obtain (5.9). a

Convergence. We will now prove that the limits (¢f, u;);=1, .1 are solutions of
the weak formulation given in Definition 2.1.

LEMMA 5.5. Let O be an open bounded subset of R%, and let (fn)nen be a
sequence of L'(O) which converges to f in L'(O). Let us define, for any g € L'(O),
Sf ={r€0|g(x) >0} and S; = {z € O|g(z) < 0}; then

In:/ faXst ns= — 0 asn — oo, andJn:/ faXs— nst — 0 asn — oo.
o fn f ) fn f

Proof. Note that if f € L'(O), then f* and f~ belong to L*(O); thus

f= [ doxspxs; = [ fixs; = [0 = xs + [ P
o) fn f o f o f o) f

Since [, f+Xsf— =0and |fF—fT| <|fn—f| on O, we deduce that I,, — 0 as n — co.

The proof is similar for .J,,. ]

Let us now prove the convergence result given by Theorem 3.3.

Proof of Theorem 3.3. The convergence of the approximate solutions for the
sediment thickness toward the solution of problem (2.6) has already been proved in
Proposition 4.2. Let us now show that the limits (¢}, u;);=1,...1 given by Proposition
5.2 satisfy the weak formulation of problem (2.7) in the sense of Definition 2.1.

Let i belong to {1,...,L} and ¢ € A. Since ¢ € C°(R¥*?2), there exists T > 0
such that, for all t > T, ¢(.,.,t) = 0. Let my € N be such that At,,, < T. For the
sake of simplicity, we shall drop the subscript i.

For all k € K,;,, m € N, note that ¢(z,.,.) € Wp. Applying (5.8) to the test
function (x4, .,.) and summing this equation over k € K,,, we get, for any m > my,

T
Sl [ [ 0ot + 0a6) el 0]l ) e

KEK,

(Am)

+ 3 / (&)l €, 0) de
(5.11) KEK, R+

. (Bm)
+ > Ifil/0 Ohue (t)ue (0, 1) (2, 0,8) dt = 0.

KEK

(Cm)

In this equation, (A,,) is equal to

T
/ / / [Buic,, (2,6.1) + Bel, e, (2.8) e, (0.6, 1)] i, ar,, (2, €, 1) db dE i,
aJr, Jo
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where ¢, (x,&,t) = p(z4, &, t) for all © € k. Thanks to Proposition 4.2, the sequence
of functions (6;hi,, s, ) converges strongly to d;h in L2(Q x (0,T)) as m — oo. Since
¢ € A, we deduce that the sequence (O¢x,, - 0thi,, At,.) converges to Jg¢p - Oih in
L' x R% xR%). Since the sequence (ux,, at,,) converges to u in L>°(Q x R} x RY)
for the weak-x topology, we conclude that

(5.12) (An) —>/Q/R /]R [Ovp(z, &, 1) + Oph(x, t) Dep(, &, t) |u(x, &, t) dt dE dx

as m — OQ.

Let us define uy by ug (x,€) = ul(§) for all 2 € k, k € Ky, and £ € R%. From
Hypothesis 1 on u”, it results that ug converges to u® in L' (2 x (0,T)) for all T > 0,
and consequently

(5.13) (Bm) — /Q/R u®(z, &) p(x, €,0) dé dr as m — oo.

In (5.11), (Cy,) is equal to

T
(C’m):// bihic,, A, (x, )k, At (2,0,) ek, (2,0,t) dt dz.
QJo

Let us introduce the following notation:

P = {(z,t) € Q x (0,T)|6hx,, A, (z,t) > 0},
Pe, = {(z,t) € 2 x(0,T)]|b:hx,, at,, (x,t) <0},
P = {(x.t) € Qx (0,T)|dh(z,t) > 0},
P~ = {(z,t) € Qx (0,T)|h(z,t) < 0}.

Noticing that P = (P*\ (PTNPg ) U (PE NP~ )and Pe = (P~ \ (PN
fP;CFm)) U (P, N PT), one has

T
(Cr) = / / Sehic,, ae, (2.) . av (1) o, (2,0, 1)
QJ0

: [XP"’ - XP+Q‘PE + Xp)‘(*:' rﬂD—] dt dx

T
b [ bty (00t 0, 2.0.0) 1, 2,0.)
aJo
P~ = Xp-rpr +Xpo pi]didr.
Since the functions cg. A, (7,1), Uk, At,, (7,0,1), and ¢k, (z,0,t) are bounded on

Q% (0,T) and (8:hi,, At,,) converges to d:h in L?(Q x (0, 7)), Lemma 5.5 applied to
the sequence (6:hi,, At,, )men yields

T
L[ ot s (500) o 50 (500) 00, (220,01 X+ g, -] e =0,
Q 0 m m

T
[ [t o001, i, 020,800, 0,00 (X, 4 el =0
QJo m m

as m — oo. Furthermore, ¢ € A, so that the sequence (¢, (.,0,.)dhic,, At.,)
converges to ¢(.,0,.) dyh in L'(Q x (0,T)). As the sequence (¢i A, ) converges to
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c® in L>°(Q2 x R% ) for the weak- topology, we conclude that

T
/ / 6thic At (T, )k, A, (T 1)K, (2,0,0) xp, dt do —
aJo
T
/ / Dih(w,8)* (2, 1)p(2, 0, 1) xp, dida as m — oc.
aJo
On xp_, by definition, one has ¢(z,0,¢) = 0. Since x,, A, (z,0,t) is bounded and

the sequence (¢k,, (-,0,.) 6thi,, at,,) converges to ¢(.,0,.)dh in LY(Q x (0,T)), we
obtain

T
/ / bthic,,, Aty (2,1) Uk, At,, (2, 0,1) o, (2,0,1) xp_ dt dz — 0 as m — oo,
aJo

and finally

T
(cm)e// ath(a:,t)cS(x,W(x,o,t)dtdx:/ (@, 1)c* (2, ), 0, 1) dt dar
aJo o Jr,

as m — 00. Then (cf, u;) satisfy the first part (2.8) of the weak formulation.

Let ¢ € Ap. Since p € C®(R4*2), there exists T > 0 such that o(.,.,t) = 0 for
all t > T. Let mg € N be such that At,,, <T.

Multiplying the scheme (3.2) by ¢(z,,0,t"*!) and summing over k € K,, and

n € {0,...,Nay,, }, one obtains, for any m > my,
Natp,
S EIAMET (0,67
n=0 KEX,,
(17n)
NAtTrL
+ 3 At >0 T T (2 — R (e, 0,47
n=0 KEKm K ER,
(2m)
NAt7YL
= Aty Y [ownan] (gl < g ) (g, 0,674 =0,
n=0 KEKm
(3m)

Since ¢(.,0,.) € A§, Proposition 5.3 with K = K,, and At = At,, states that
(2m)+(3m) converges to

A:/OT(/QCS(N) Vh(z,t) - Vo(z, 0, 1) dx—/89E(x,t)g(ac,t)cp(m,O,t)a?y(m))dt
- /R + ( /Q ¢ (2, 1) Vh(, 1) - Veol, 0, 1) das — /8 Q6(x,t)g(z,t)<p(x,O,t)dfy(x)>dt,

as m — o0o. Let us now prove the convergence of

Nat,,

A= —(Um) == 3 3 WAME (e, 0,071

n=0 kKEK,,
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toward
B /Q /R + /R [Pl ) ) Dol €0)) (€0 e d
+ /Q /R ) u(z, €)p(x, €,0) dé da

as m — oo. From (5.12) and (5.13), we have, for any ¢ € C°(R9*2) O Ay,

T
B/ — 0 K1 S 0, hﬁ 15) wr &, (&, dtd
m Kezlcm |H/H§+A [ t‘P(ZE 13 t)Jr 0 (t) ggp(x £ t)] U (g t) tde

+ > Il [ €, €0)d — B as m — oo,
KEKm +

and, from (5.11), B, = =, e |k] [3 8w (t)u(0,8)p(,,0,1) dt. Hence, it will
suffice to show that |A], — B].| — 0 as m — oo.
For given x € K, and n € {0,..., Nay,, }, let us recall that

Rt 1 . 1
AMn—H _ h7 o CQJF (Z)dz if thr > h?v
: [P en(z)de i bt < b

Considering the change of coordinates z = h,(t) in these integrals, one can show that,
in both the sedimentation (h?T! > h") and erosion (h"*! < h™) cases, one has

tn+1 tn+1

(e (t), )y h () dt = / e (0, ) (t) dt.

tn

AMIT = /

tn

Substituting this equality in the definition of A/ leads to

tNAtm+1
B, — AL, =Y |xl / tr,, At (2,0,1) 8cthic,, At (2, 1)@, 0, t)dt
KEK T
Nat,, $ntl
- Z || Z ur,, At (¢,0, t>6th/Cm,Atm (@, t)[¢(@x, 0, tn-H) — ¢(zx,0,1)] dt.
tn

KEK n=0

Thanks to the regularity of ¢, there exists C; > 0, depending only on ¢, such
that |o(z,,0,t" 1) — p(x,,0,t)| < Cy At,, for all t € [t",t"T1]. Since the func-
tion &:hic,, at,, is uniformly bounded in L2(Q2 x (0,tNatm 1)) and ax,, a¢,. € [0,1],
and [tNVatm L —T| < At,,, the convergence of |A], — B/, | to 0 as m — oo is obtained,
which ends the proof of the theorem. 0

6. Conclusion. In this article, a fully implicit finite volume discretization of the
multilithology stratigraphic model is considered in the simplified case for which the
diffusion coefficients of all the lithologies are equal.

In such a case, the sediment thickness variable decouples from the other variables
and satisfies a parabolic equation. A weak formulation has been defined for the re-
maining surface and basin concentration variables in order to cope with the difficulty
to define the trace of the basin concentrations at the top of the basin. Then, the main
result of this article is the convergence, up to a subsequence, of the discrete sediment
thickness in L°°(0,7; L?(€2)) and of the discrete concentrations in the L> weak-x
topology to a weak solution.
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In particular, this proves the existence of at least one solution to the weak for-
mulation for the coupled problem. The uniqueness of such a solution, and hence the
full convergence of the discrete solutions, will be obtained in a forthcoming paper.

Appendix. Proof of Proposition 5.3.

To prove Proposition 5.3, the following weak-BV estimate will be used. It is an
extension to the coupling of a parabolic and a hyperbolic equation of the result proved
in [6] for the coupling of an elliptic and a hyperbolic equation in the case of a two
phase Darcy flow.

LEMMA A.1. Let us assume that Hypothesis 1 holds, and let h denote the solution
of problem (2.6). Let i€{l,...,L} (K,Zin:,P) be an admissible mesh of Q in the
sense of Definition 3.1, T >0, and At € (0,T). Let >0 be such that reg(K) <« and
B> 0 be such that 6K < B\/At. Then, there exists H > 0, depending only on T, €,
lPllw2o @x 0,21, 19l L2(002xRy ), B, and , such that the following inequality holds:

Nat

ZAt Z T |hn+1 hn+1|| sn+1l sn+1|
KK'
Uezznt

(A1) o=rlr

Nat

H
DALY om0 et - e gt < o
n=0 KEK

Proof. Let i belong to the set {1,...,L}. Again, the subscript ¢ will be dropped
in the proof, and ¢{ will be denoted by c. Multiplying (3.2) by ¢?*! and summing
over k € K and n € {0,..., Na:} yield that

Nat
DD sl e (et = Ay
n=0 ke
Nat
AT Y Tt -
(AQ) NAt REX K e,
_ Z At Z 18k N 09 g£+)’n+152+1cz+1
n=0 REK
Nat
+D ALY 9N QY g () =0,

KEK

where ¢! is defined by ¢ (R — h?) = AM™HL such that ¢t € [0,1].
The upstream evaluation of the surface concentrations at the edges of the control
volumes implies that, for all k € IC,

§ : 1 1 § : 1
T}{,,‘Q/CZ:—/ Cn+1(hz+1 hn+ TK,K n+1) (thrl hn+ )
K€K, K EK,
_ T /anrl n+1(hn+1 hn+1)—
E KK ’ Y
K EX,

Therefore, since (h, — h./)™ = (hy — hy)”, one has
Z Z Tﬁmlcn—i-l n+1(hn+1 hn/—&-l)

REK K ER,

=3 3 Taw (e = e — B

KREK K'EX,
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Then, using the equalities (cx)?—c, cor = 3 (co—cwr)?+2 ((cx)?—(cx)?), (h—hw)T =
(hw —hy) ™, and (e —hye') = (hg—he )T — (R —hier )™ leads to the following successive
equalities:

+1 1 1 +1
ST 3T Tawdft et (- h2

KEK f~i:’lel(:N
=320 > Tt = et -y
1 REK K EK
+5 00 D Tewler™ P —
(A3) KGK’{ . n+1 n+1 n+1\+
5 3 S TR - Y
HEK K EK,
_ n+1 n+1\2/1n+1 n+1\+
T2 Z Z T (g™ = ™) (h™ = hi™)
1 KEK K EX
n+1\2/1n+1 n+1
+5 DD T (2t — hth).
KREKL K EX,
Furthermore, summing (3.2) over ¢ € {1,..., L}, we obtain, for all Kk € K and n €
{0,..., Nas},
(Ad) [R|(Rpth = )+ At Y T (W = B = At |0k N 0Q| g™ = 0.

K EK,

Multiplying (A.4) by (¢?*1)? and summing over k € K gives in (A.3)

+1 h
Z Z Tmﬁlcn-&-l n+1(hn+1 hn—i—l Zl | n+1 e T e
1 KEK K ER, l@GIC At
5 0k N00] (o 4 5 S S Tl — e - B,

KeEK HEIC KER,
which finally results in the equality

Nai

At Tmﬁlcn—&-l n+1(hn+1 hn/—i—l)
Nat

- ) At Z |0k N 0N g F)mtientintt
n=0 KEK
Nat

+ Z At 10k N09| g (et

KEK
NAt
=3 Z T N L

TES iy
o=r|r

NA#, NAt
1 1
- (+),n+1 +1 _ ~n+1N\2 _ © +1\2 +1_
b3 D AR 90 00]gf (et — )R = 23 S (et )
n=0 KEK n=0ke
NAt
Z At (|0kN0Q gC ()2 = [0k 0 09| g ER)?).
KEK
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Using this last result in (A.2), together with g,(f)’nﬂ >0 for all Kk € K and n €
{0,..., Na}, one obtains the estimate
NAt
= At T (e = e )t — gt
o= n|n
1 Nat
+5 DALY 050 00Q| g (et - et
(A5) n=0 rREK
1 (X (12 g grtt g BET
izAtZL‘i‘ 20/{’ Cy }T
n=0 KEK
NAt
4= ZAt > [0k N Qg ()2,
n=0 KREK
Noticing that, according to Corollary 1,
Nat
Rt — B
At n+1 —_92¢ *n—i—l 71+1
2t Il el
(A.6) re

Nat

< (T, Q) (Zmn&t ||2LQ(Q)> < C\(T,Q)D

and
Nat
(A7) D ALY [9rn a9 gD (@) < Co(2.T) llg |2 paxe,)
n=0 REK
we deduce from (A.5), (A.6), and (A.7) the estimate
Nat
Z At Z Trm n+1 7L/+1)2‘h2+1 _ h’z/—i—l|
TED int
NA:r Kk|w!
+ Z At Z |0k 0 99| giH T (et — @ th)? < CyV/Ds + Ca llg T |22 (o) -
n=0 KREK

Finally, the Cauchy—Schwarz inequality yields

Nai
D AT Tl - Y
TED nt
o=r|r’
Nat
+ DALY [0k N 0|t — aptt] glh
n=0 KEK
Na¢
(Z At Z ng n+1 n/+1)2‘h2+1 _ hrHL,Jrl
€D int
o=r|r’ )
Nat 2
+D ALY [ornoQ(cpt! - 5:“)29,9%”“)
n=0 KEK

Nat Nat 3
<ZAt > Tewlhi™ = h’;fr1|+ZAtZ|8n08(2|gfj)’"“> .

UEEwt n=0 KEK

o=r|K
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The term

Nat Nat % Nat %
Sae s ma e (S5 ) (S
n=0

TEDnt TESnt
o=r|r’ o=r|r’

is estimated by Corollary 1 and the following bound from (3.1):

Nat 2 2
n) 2T « 2Td o |Q|
(A.8) E At E Tor < ( E lo| d(k, & )) 5K2 < KT

n=0 TESint TE€8int
o=r|r’ o=n|r’

We conclude from estimates similar to (A.7) that the inequality (A.1) holds. 0

Proof of Proposition 5.3. Let i belong to the set {1,..., L}, and let (IC, 3;,,¢, P, At)
be an admissible discretization of  x R} with At <T'. For all kK € K, z € 0k N 01,
te (t",t"1, n >0, let us define

Ci,K, At(l' t) n+1.

Throughout this proof we shall now drop the subscript ¢ and use the simplified nota-
tion ¢ = c.
Let us define the auxiliary expression E3 by

Nag  pgntl

Es = Z/n </ cicat(z,t) Vh(x’t)'vsp(%tnﬂ)dx

,/ 6,C,At(x,t)g(:c,t)ga(:r,t”“)d’y(ac))dt.
99

From the L*° weak-x convergence of cx a: to ¢ and ¢ a¢ to ¢ as At and 6K — 0, and
their boundedness, it results that

E3H/ (/ e(x,t) Vh(z, 1) - Vg@(x,t)d:r/ém6(z,t)g(x,t)ga(x,t)d'y(x))dt

as At — 0.
Multiplying (2.6) by ¢(x,t"*1) and integrating it over the time interval (¢", ")
and cell x yield

tn+1 tn+1
/ /at (z,t) (@, t" ) dx dt — / /Ah (z,t) p(x, ") dr dt = 0.
tn tm

Since ¢ € C°(R*1), one obtains

gt

gt
/ /Vh z,t) - Vo(x, t" ) de dt = / /@ z,t) o(x, t" ) da dt

tn+1

+/ Vh(z,t) - i, p(z, " dy(2) dt,
tn oK
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where 71, is the normal unit vector to Ok outward to . Thus, one has

Na¢ tn+1

B =3 Y@t [ [ Vha) e o) i
tm o

/8 (@ @ gl t) ol t™ ) do (o)
KN

Nay gl

- Z Z / / Lo (x,t) @z, t"Th) da dt.
tn K

n=0 ke

Defining the second auxiliary expression Fs by

Nat
Ey =-— Z Z Kl T (R — B oz, t™T)
n=0 kel
Nat 1
$D A Y (= T (= ) / oz, ) dy ()
n=0 TEDint o
Nat aihtl’:‘*'l
T [ @t e @t gt el o)
S Joknoa
we have
Nat Tt
E3 - E2 = — Z Z CZ+1 / / [&gh(as,t) (,O(l’,thrl)
n=0keK tr K

(hn-i-l _ hn) Nas
) o a5 g
¢ n=0 c€T;n¢
o=r|r’

hz;ﬂ - h;H_l (,T tn—i—l)d (.’L‘) dt
d(k, k') AT i '

tn+1
: [Vh(a:, t) - My —
tm o
M_l:}t)iplying (2.6) by p(x,,t" 1) and ¢! and integrating it over the time interval
(t™,t" ) and cell k yield

Nat gt

ZZ/ /c:+1 Oph(z,t) o(xx, ") da dt

=0rek V!
(A9)  "mURb e

- Z Z / / ALY h(z,t) - e (2, ") dy(z) dt = 0.
tm Ok

n=0 ke

Similarly, multiplying (4.1) by ¢! and ¢(x,,t"*!) and summing the result over
k€K and n € {0,..., Na;}, we obtain

Nay
SO Ikl (Bt = (@, ")
n=0 ke
Nat
(A.10) FY ALY S Tt (AT = BT (s, 1)
n=0 REK K EX,
Nat

=Y ALY [0k 0109 it (e, ) = 0.
n=0 KEK
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Then, E5 — E5+ (A.9) — (A.10) yields the equality

Nat gntt
E3 — Ep= Z Z CZ‘H/ /8,5 x,t) {(p(mmtnﬂ) go(x,t”“)} dx dt
n=0kelkC
Nat . tntt hn+1 o hn+1
At n Vh(z,t) - fe dt — —-5
PIEONLLDD [lsf. vewo ot
KEK cEX NX, ./

[t = ot t”“)] (@)

Since ¢ is regular, there exists C; > 0 depending only on ¢ such that, for all
k € K and x € K,

(A.11) lo(z, ") — p(z., "] < C1 6K.

Thanks to the regularity of h, there exists Cy > 0 depending only on ||h|| e (0,27;w2.5 (02)),
such that, for all k € K, 0 € Xy, z € 0, and t € (0,27),

1
ol / Vh(u,t) - i, dy(u) — Vh(z,t) - 7| < Cy6K.
o g
Thus, the following estimate is derived:
Nat
|E3 — Ea| < C3 0K ||0sh|| Lo (ax[0,217) + 2C1 0K Z At Z <U|025/C
n=0 UEEim

o=k|r

tn+1

+ | Trorr (R — AZHL) — 3 / / Vh(u,t) - i dy(u) dt

)

The last term in this estimate is bounded using Cauchy—Schwarz inequality as follows:

Nat

DAt Y,
n=0 TE€Tin¢
o=r|r’

tn+1

1
T (B = B = / / Vh(u,t) - T dry(u) dt
tm o

NAt NAt

ZAt Z Ter ZAt Z d(k, k") |o]

TESint 0‘€E7nt
o=r|r’ o=r|r

h’ﬂ+1 hn+1 tntt
B, t) - e dy(u) dit
T A |o—|/ /V ) T dy ()

da|Q|
oK

2

Finally, using (A.8), (4.5), and the bound > lo] < we obtain that

TEXint

E3—E2—>0&SAt—>0.
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It remains only to prove that Fy — E — 0 as At — 0. Removing (A.10) from E
yields

Na¢
E = Z ALY ST T (et = ™) (R = B (@, ")
REKL K EX,
(F)
Nat
+37 A3 0k 0Q] gDt — @) (e, )
KEK
Nat
=D IRl R = B ol ).
n=0relC

Thanks to the upstream evaluation of the concentrations at the edges, (F') vanishes
if A7+t > BT In the opposite case, it is equal to T (et — e+t (AnF! —
R p(24, 1), and thus

Nat
E= ZAt 3 T (= ) (R = B @, )

Geznlt
o=r|K

Nay
Y0 ALY 0k N09] gf e = E) oo, )

KEK
Nay

=D D Rl (BT = B ol ),

n=0 ke

with

T — 2 if by < hue,
wr z,» otherwise.

Therefore, Fy — E writes

Nat

E,~E= ZAt Y Tawle =) (it = m)
”EEULt
o=kK|k
1 Nat
B w(x,t"ﬂdw(a:)—so(xm/,t““} > >t et
n=0 ke

tn+1

[ ottt et = gt pla, ) o) .
Bnﬂ(‘)Q

tn

Thanks to the regularity of ¢, there exists C3 > 0 depending only on ¢ such that

(A.12) < C36K.

1 1 n
m/ @(xvtn-i_l)d'}’(x) — @(Tpwr st +1)

Furthermore, since ¢ € A§, one has

/ gz, ") p(z, ") dy(z) = / g (@, ") oz, " dy ().
OrkNON OkNON
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Finally, inequalities (A.11) and (A.12) and the definition of g,(f)’nﬂ give the estimate

Nat
|Ey — E| < C36K Y At > Tl — M [hpt — B
n=0 €S int
o=r|r'
Nat
+C1EK D ALY |0k O9[cpt! — grttglh
n=0 KEK
It results from Lemma A.1 that |Ey — E| < Cy 6K \/%, which ends the proof. O
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