Convergence of the Finite Volume MPFA O
Scheme for Heterogeneous Anisotropic Dif-
fusion Problems on General Meshes

L. Agelas — R. Masson

Institut Frangais du Pétrole
1 et 4 avenue Bois Préau
92852 Rueil Malmaison

leo.agelas@ifp.fr

ABSTRACT. This paper proves the convergence of the finite volume MultiPoint Flux Approxima-
tion (MPFA) O scheme for anisotropic and heterogeneous diffusion problems. Our framework is
based on a discrete variational formulation and a local coercivity condition. Its main original-
ity is to hold for general polygonal and polyhedral meshes as well as L™ diffusion coefficients,
which is essential in many practical applications.
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1. Introduction

In this paper, we consider the second order elliptic equation

div(—AVu)=f inQ, (1]
u=20 ondf,

where (2 is an open bounded connected polygonal subset of R?, , d € N*, and f €
L2(Q). It is assumed in the following that A is a measurable function from € to
the set of square d dimensional matrices M4(R) such that for all z € Q, A(z) is
symmetric and its eigenvalues are in the interval [a(z), 8(z)] with a, 8 € L*°(Q),
and 0 < ap < a(z) < B(z) < Bo-

The MultiPoint Flux Approximation (MPFA) O method is a cell centered finite
volume discretization of such second order elliptic equations described for example
in [Aav 02] and [Ed 02]. It is a widely used scheme in the oil industry for the dis-
cretization of diffusion fluxes in multiphase Darcy porous media flow models (see for



example [GCHC 98], [JFG 00], and [LJT 02] for applications in reservoir simulations,
and [EK 05], [AEK 06] for numerical experiments on 2D and 3D diffusion problems).

Let o be any interior face of the mesh shared by the two cells K and L, and ng  its
normal vector outward K. Cell centered finite volume schemes use the cell unknowns
u s for each cell M of the mesh as degrees of freedom. They aim to build conservative
approximations Fg , of the fluxes — [ AVu - ng sdo as linear combinations of the
cell unknowns u s using neighbouring cells M of the cells K or L. The fluxes are
conservative in the sense that Fx o + Fr, , = 0.

The main assets of the MPFA O scheme are to derive a consistent approximation
of the fluxes on general meshes, and to be adapted to discontinuous anisotropic diffu-
sion coefficients in the sense that it reproduces cellwise linear solutions for cellwise
constant diffusion tensors.

Its construction uses in addition to the cell unknowns w g for each cell K of the
mesh, the intermediate unknowns u_. for each face (edge in 2D) o of the mesh and each
vertex s of the face 0. Roughly speaking, assuming that each vertex s of any cell K
is shared by exactly d faces o of the cell K, subfluxes F'§ , are built using a cellwise
constant diffusion coefficient and a linear approximation of u on the cell K using the
cell unknown u g and the d face unknowns 7. Then, the intermediate unknowns are
eliminated by the flux continuity equations on each face around the vertex s, and the
approximate flux Fx , is the sum of the subfluxes over the vertices of the face 0. A
generalization of this construction is proposed in [GCHC 98] for general polyhedral
meshes.

Recent papers have studied the convergence of the MPFA O scheme but there is
yet no convergence result on general polygonal and polyhedral meshes, and none tak-
ing into account discontinuous diffusion coefficients which are essential in oil industry
applications. In [KIWi 06], [AEKWY 07], [KW 06], the convergence of the scheme is
obtained on quadrilateral meshes. The proofs are based on equivalences of the MPFA
O scheme to mixed finite element methods using specific quadrature rules. The con-
vergence of the scheme is obtained provided that a square d-dimensional matrix de-
fined locally for each cell and each vertex of the cell, depending both on the distorsion
of cell and on the cell diffusion tensor, is uniformly positive definite. This analysis
confirms the numerical experiments showing that the coercivity and convergence of
the scheme is lost in the cases of strong distorsion of the mesh and/or anisotropy of the
diffusion tensor. For example, in [ADM 08], the MPFA O scheme is compared with
symmetric finite volume schemes satisfying unconditional coercivity and convergence
properties. These latter schemes are more robust for highly anisotropic test cases on
distorted meshes but this is at the expense of a much larger stencil, and the MPFA O
scheme offers a good compromise between robustness and compacity of the stencil.

In [LSY 05] a mimetic finite difference scheme is introduced which is equivalent
to the MPFA O scheme for simplicial and parallepipedic cells and a proper choice of
the continuity points. Their analysis provides a convergence result for such meshes
with usual shape regularity assumptions and for smooth diffusion coefficients. In such



specific cases, the MPFA O scheme is known to be symmetric and coercive whatever
the diffusion tensor and the distorsion of the mesh.

In this paper, an hybrid discrete variational formulation is defined in section 3
using the framework introduced in [RGH 07], and [EH 07]. For usual meshes such
that each vertex of any cell K is shared by exactly d faces of the cell K, our discrete
variational formulation is equivalent to the usual MPFA O scheme, provided that the
normal vectors to these d faces span RZ. It will in addition provide a generalization
of the O scheme on more general polyhedral cells, alternative to the one described in
[GCHC 98]. A sufficient local condition for the coercivity of the scheme is derived
in section 4 which will yield existence, and uniqueness of the solution. Under this
coercivity condition, depending on the mesh and on the diffusion tensor anisotropy,
the convergence of the scheme including the case of L* diffusion coefficients can be
proved.

Notations: in the following, the weak solution of (1) will be denoted by u. For any
vector z,y € R?, let = - y denote the scalar product E;i:l x; Y;» and |z| be the norm

V(- x).

2. Discrete functional framework

Definition 2.1 An admissible finite volume discretization of (2, denoted by D, is given
byD =(T,E,P,V), where:

- T is a finite family of non-empty connected open disjoint subsets of } (the
“cells”) such that ) = Uge7K. Forany K € T, let 0K = K \ K be the boundary
of K and mg > 0 denote the measure of K.

- & is a finite family of disjoint subsets of Q) (the “faces” of the mesh), such that, for
allo € &, o is a non-empty closed subset of a hyperplane of R?, which has a (d — 1)-
dimensional measure m, > 0. We assume that, for all K € T, there exists a subset
Ex of € such that OK = Uyeg, 0. We then denote by T, the set {K € T |0 € Ek}.
It is assumed that, for all o € &, either T, has exactly one element and then o C 0f)
(boundary face) or T, has exactly two elements (interior face). For all o € &, we
denote by x, the center of gravity of o.

- P is a family of points of Q indexed by T (“the centers of cells”), denoted by
P = (zk)KeT, such that xx € K and K is star-shaped with respect to T k.

-V is a family of points ( “the vertices of the mesh”), such that for any K € T, for
all subset Hy of Ex with cardinal(Hg) > d, then Nyepo = 0 or Npep,, 0 = s
where s € V. Forall s € V, we denote by E the set {o € £ |s € o} and by T, the set
{K €T |s€K} Forall K € T, the set Vi stands for {s € V |s € K}, and for all
o € Etheset {s € V|s € o} is denoted by V,.

The following notations are used. The size of the discretization is defined by: hp =
sup{diam(K),K € T}. Forall K € T and 0 € £k, we denote by ng , the unit
vector normal to ¢ outward to K, and by dk,, the Euclidean distance between z x and



o. The set of interior (resp. boundary) faces is denoted by Eiy¢ (resp. Eext), defined
by Ent = {0 € E|o & 00} (resp. Eext = {0 € |0 C 00}). Forany K € T and
s € Vi, ¢ stands for the cardinal of Ex N &;.

Shape regularity of the mesh. It will be measured by the parameters regul(D) =
mino’EEK,KET{ ﬁ’&{) } , and ratio(D) = mingeg, . 7,={k,L} {%m }
Parameters of the MPFA O finite volume scheme. In addition to the choice of the
cell centers satisfying the above assumptions, the construction of the MPFA O scheme
involves two families of parameters defined on the set {(o,s)|s € V,,0 € £}. The
first family of non-negative reals (m? )¢y, -c¢ defines the distribution of the surface
m, of each face o to the face vertices s € V, such that m, = Esev, m?. It results
that the volume of each cell K € T is also distributed to the vertices of the cell
according to the subvolumes m¥%, s € Vg defined by m¥% = %EJE ExME, mldk. g,
and which satisfy mg = > ), m% for all K € 7. The second family is the set
of the so called continuity points (22 )scg, scy such that 22 € o. On each continuity
point z, the intermediate unknown u is defined which will be used together with
the cell unknowns ug, K € 7T for the construction of the discrete gradients defined
in the next section.

Discrete function spaces. Let us define the discrete function space Hp as the sub-
space of {(uk)keT, (U)rce,,sev, Uk, ul € R} such that u? = 0 forall s € V,,
0 € Eext- The space Hp is equipped with the following Euclidean structure defined
by the inner product:

o= 3 3 22 (48 (s — wi),

d
KET o€tk sV, 17

for (v,w) € (Hp)?, and the associated norm: ||u||p = ([u,u]p)1/2. Let H7(Q2) C
L?(Q) be the space of piecewise constant functions on each cell of the mesh T,
equipped with the following norm: ||u||7 = inf{||v||p,v € Hp, Prv = u} where for
allv € Hp, Prv € H7(Q) denotes the vector of H1(Q) defined by (vk)keT-

3. The MPFA scheme and its discrete variational formulation
The definition of the finite volume scheme is based on an hybrid variational for-

mulation on the space Hp using the construction of two discrete gradients for each
s € Vi and K € 7. The first gradient defined by

~ 1
(Vowik = — > mi(u) —uk)nk,, 2]
K scexné,s

is built to have a weak convergence property once averaged for each cell K over its
vertices s € Vi with the weights m3.. The second gradient is defined by

(Vowi = (Bi) ™ (Vouw)i, (3]



using the square d dimensional matrix

Z méng . (28 — zK). (4]

JESKﬂEs

The matrices B} are always assumed in the following to be non-singular for each cell
K of the mesh and each vertex s of the K. In the next section, a stronger assumption
(8) is made ensuring the coercivity of the scheme which in particular guarantees the
non-singularity of the matrices B% for all s € Vi, K € T. The gradient (Vpu)% is
built to be consistent in the sense that it is exact for linear functions. More precisely,
we can check from definition (4) of Bj, (BS ) Y s ne, M (p(x5) —

¢(xzk))nk,, = Ve for all linear functions ¢ pr0V1ded that B, is non-singular.

Let ap be the bilinear form defined for all (u,v) € Hp X Hp by

(u,0) =y Z(mK Vou)i - Ax (Vpu)i +aKZ ()R, (v ))

KeT s€Vk 0651{055

where A = é Jx A(z)dz, and the residual functions R} , are defined by R, , (u) =
ud —ug — (Vpu)y - (#8 — zk) for all u € Hp. Our scheme is defined by the
following discrete hybrid variational formulation: find u € Hp such that ap(u,v) =

fQ (Prv) forallv € Hp. Checking thatap(u,v) = Y- per D pesy 2osev, Fit,o (W) (VK —
v3), for all u, v € Hp with the following definition of the subfluxes

Fg ,(u) = —mi Ak (Vpu)i -nk,,
—os m’ R;(,a(u) _ (B;()it ma Rs (U)(ZL'S: —SUK) ng
K dK,U m;{ ’ dKa' 7 ]
o €€xNés

forall s € V,, o € £k, K € T, it is easily shown that the hybrid variational formu-
lation is equivalent to the following hybrid finite volume scheme: find v € Hp such
that

ZFK,, /f forall K € T,
ocEEK
Fro(u)= Y Fi,(u) forallo €&k, KeT,
s€Vs
Fi,(u)+ F} ,(u) =0 foralls € V,, T, ={K,L},0 € Ent-

(5]
Note that around each vertex s € V, the face unknowns (u2),eg, can be eliminated
in terms of the (uk ) ke T, solving the local linear system
Fi o (u) + F} ,(u ) =0 forallo € &N &y with T, = {K, L}, (6]
5 =0 forallo € & N Eext.



The well-posedness of this system derives from coercivity condition (8) stated below
in section 4. It results that the hybrid finite volume scheme reduces to a cell centered
finite volume scheme

- Z Frr + Z F, = / f(z)dz forall K € T,
0€EKNEins, To={K,L} 0EE K MEexs K [7]
ud =0 foralls € V,,0 € Eext,

where the inner fluxes Fx 1, T, = {K,L}, 0 € &nt, and the boundary fluxes F,,
0 € Eeoxt, are linear combinations of the cell unknowns u s with M € Us v, Ts.

For all K € 7 and all s € V, let us assume that g3, = d, and that both sets
(7% — Ti)ocexne, and (Ng s )seexne, span RE. Then, it can be shown that our
finite volume scheme (5) is equivalent to the usual MPFA O scheme, since in that
case each discrete gradient (Vpu)j matches with the gradient of the linear function
uniquely defined by the d + 1 points (22, u%),cexne., (Tk,UK), and each residual
Ry ,(u) vanishes for all u € Hp. For more general polyhedral meshes, the above
formulation of the scheme provides a generalization of the MPFA O scheme described
in [Aav 02], [Ed 02].

4. Coercivity and Convergence of the MPFA O scheme

In order to obtain existence, uniqueness of the solution and stability estimates, a
coercivity property is needed in the sense that there exists a real 3 > 0 such that, for
allu € Hp, ap(u,u) > Blul|%.

This is achieved imposing the following sufficient condition: there exists a real § > 0
such that

coer(D,A) > 6. (8]

where coer(D, A) is defined by
D,A) =  min  Amin (AxB% + (AxB%)) , 9
coer(D, A) ccmin (A Bk + (AkBg)") [9]

Amin (M) denoting the smallest eigenvalue of a symmetric square matrix M. This
condition can be easily computed for any given finite volume discretization D and
diffusion tensor A. Assuming that this condition holds uniformly we can prove the
following theorem.

Theorem 4.1 [Convergence of the scheme] Let (D(") YneN be a family of finite volume
discretizations, and let regul(D™) > B for some § > 0, ratio(D™) > ( for some
¢ > 0 and coer(D™, A) > 0 for some 6 > 0. Then, for eachn € N, there exists a
unique solution upxy € Hpx) to (5), and the sequence Prup) converges to U in
LY(Q), forallq € [1,+00) ifd = 2andall q € [1,2d/(d—2)) ifd > 2, as hpx) — 0.
Moreover, the cellwise constant gradient function %D(n)up(n) € Hr(Q)? defined by



mK(ﬁ’D(n)U’D('n))K = EsevK m3 (Vpm upm) )i for all K € T, converges to Vi
in L*(Q)%.

Sketch of the proof: The existence, uniqueness, and a stability estimate of up() in
Hp are readily obtained from the uniform coercivity of the bilinear forms ap).
Then, it results from the discrete Rellich theorem already proved in [RGH 07] that
there exist a function & € H} (€2) and a subsequence of n € N, still denoted by n € N
for simplicity, such that Prup), n € N converges to & € HE(2) in LI(€) for all
g €[l,+00)ifd=2andall ¢ € [1,2d/(d — 2)) if d > 2, and such that the cellwise
gradient function Vpupm) = ESEVK mﬁ(/mK(ep(n)uD(n))ﬁ( oneachcell K € T,
n € N weakly converges to V@ in L2(Q)4. For all ¢ € C°(Q), let Ppyp be the
function of Hp defined by the values p(z k), p(z2), K € T,0 € £, € V. Using
these properties, the consistency of the discrete gradients (Vp(Ppy))%, and of the
residual functions Ry , (Pp) for ¢ € C2°(9), the stability of the gradient function

%Du in Hp, and the coercivity of the bilinear form ap, we can Lhen prove the con-
vergence in L2(02)? up to a subsequence of the gradient function Vp, upm) n € Nto
V. To complete the proof of Theorem 4.1 it is then shown that % is the unique weak
solution # of (1) by passing to the limit in the discrete hybrid variational formulation
withv = Ppy, p € C°(Q).

Examples: let us set m$ = and ¢ be the center of gravity of the face

oforall s € V,, 0 € £. Let £k be the isobarycenter of the vertices of the cell K for
all K € 7. Then, for parallelogram and parallelepiped cells, the matrix B3, is equal
to I. In such a case, the MPFA O scheme is symmetric and our sufficient condition
of coercivity (8) is always satisfied. The same result holds for triangles with = the
barycenter with weights 2/3 at point s and 1/3 at the second end point of the edge o.
It holds again for tetrahedrons with 22 the barycenter with weights 1/2 at point s and
1/4 at the two remaining end points of the face o.

Let us now consider the case d = 2 with A = I, and let o; and o5 be the two
edges shared by a given vertex s of a given cell K. For 0 = 01, 02, we assume that the
continuity point z, is the center of gravity z, of the edge o and that m$ = |z, — 3.
Then, the condition Apin (B3 + (B%)!) > 6 is equivalent to |z, — o, | |52, —
ToBR| < 21— §)mi.

For example, the trapezoidal mesh shown in Figure 1 satisfies the coercivity con-
dition (8) if and only if 3¢ < (1—£) % which exhibits the lack of robustness
of the MPFA O scheme for very distorted quadrangular meshes.
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Figure 1. Example of a trapezoidal mesh.
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