Numer. Math. (2000) 86: 193-238 :
Digital Object Identifier (DOI) 10.1007/s002110000158 Numerische

Mathematik

Wavelet adaptive method
for second order elliptic problems:
boundary conditions and domain decomposition

A. Cohent, R. Massor?

1 Laboratoire d’Analyse Nugrique, Universi Pierre et Marie Curie, tour 55-65,
5emeétage, 4 place Jussieu, 75252 Paris Cedex 05, France;
e-mail: cohen@ann.jussieu.fr

2 Division Informatique, Scientifique et Maématiques Appligées, Institut Frayais du
pétrole, BP 311, 92852 Rueil Malmaison Cedex, France; e-mail: roland.masson@ifp.fr

Received November 2, 1998 / Published online April 20, 2009 Springer-Verlag 2000

Summary. Wavelet methods allow to combine high order accuracy, mul-
tilevel preconditioning techniques and adaptive approximation, in order to
solve efficiently elliptic operator equations. One of the main difficulty in this
context is the efficient treatment of non-homogeneous boundary conditions.
In this paper, we propose a strategy that allows to append such conditions
in the setting of space refinement (i.e. adaptive) discretizations of second
order problems. Our method is based on the use of compatible multiscale
decompositions for both the domain and its boundary, and on the possibility
of characterizing various function spaces from the numerical properties of
these decompositions. In particular, this allows the construction of a lift-
ing operator which is stable for a certain range of smoothness classes, and
preserves the compression of the solution in the wavelet basis. An explicit
construction of the wavelet bases and the lifting is proposed on fairly general
domains, based ofi® conforming domain decomposition techniques.

Mathematics Subject Classification (199&5N55

1 Introduction

Wavelet adaptive methods for operator equations have been mainly studied
in the framework of elliptic problems where the unknowgis the solution

Correspondence tdR. Masson
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of the variational formulationzy € V,
1) a(ug,v) = (f,v)y+y forallv e V,

andV denotes a Sobolev space possibly including homogeneous boundary
conditionsa is a continuous bilinear form elliptic oW x V', andV” is the
dual space of/.

Let ) = {y{, A € V°} be a wavelet basis df. These algorithms
generate iteratively (through refinement and derefinement strategies) a series
of subsets ok’

Ao, A1y ooy Ay

of cardinality#4,,, and the Galerkin projections,, (or a proper approx-
imation @,,) of up on Vy, = span{y%, A € A,}. Throughout this
paper, for two positive functiongl(v) and B(v) on a setN, the nota-
tion A(v) < B(v) will mean that there exits a constafit independent
of the various parameters, so thafv) < C B(v) for all v € N. Also
A(v) ~ B(v) denotes thatl(v) < B(v) andB(v) < A(v). Then, the
series(u,,,, Ay,) is said to beasymptotically optimaif

luo — ua, llv < (#4n)~°

whenever it is the case for the best approximation of the solutiohy
linear combinations oV wavelets in#Y. In particular, from the theory of
approximation [17], this property is known to hold if (and almost only:jf)
belongs to the Besov spag’t for . = 5 +s. In addition the besv -term
approximation is asymptotically obtained by the truncated expansion using
the IV largest wavelet coefficients normalizedlin In this context, all the
difficulty of adaptive strategies amounts to define an asymptotically optimal
approximation without the a priori knowledge of the wavelet coefficients of
the solution.

In [5] such an adaptive strategy has been developped for a large class
of symmetric elliptic bilinear forms:. In addition the complexity of this
algorithm is asymptotically optimal in the sense that all the computations
can be carried out i (#4,,) operations and storage. A simpler but similar
strategy is tested in [9] where the optimality properties of the algorithm are
illustrated on simple examples.

The objective of this paper is to propose a setting to extend these adaptive
algorithms in the case of non homogeneous Dirichlet boundary conditions
and second order elliptic problem which is not covered by the previous
framework.

The only existing approach so far is based on a treatment of the boundary
conditions by Lagrange multipliers [21], [22] which leads to a saddle point



Boundary conditions and domain decomposition 195

problem and raises serious difficulties related in particular to the proof of
the inf-sup condition.

We propose here a hew strategy that is “fully adaptative” in the sense
that it will be adaptative for both the “homogeneous part” of the solution
and the boundary conditions. Itis based on the construction of wavelet bases
w7, on the domain and -, on the boundary satisfying some compatibility
conditions in order to define a natural stable lifting operator.

Let adomain? c R? of globally Lipschitz, piecewise regular boundary
I',andIp C I a manifold of dimensiod — 1 of same regularity as'. The
trace operatoryp classically defines a continuous mapping frém(f2)
onto H'/2(I'y) and we denote by := Hj, () its kernel. We consider the
following second order elliptic problem:

) a(u,v) = (f,v)y v, forallve V
uwe H'(2), pu=g

wherea is a continuous bilinear form oF ' (£2) x V ellipticonV, f € V'

is the right-hand side angde H'/?(I7) is the Dirichlet boundary condition.

The basic idea is to apply the wavelet adaptive strategy displayed in [5]
to the homogeneous problem obtained by correction of the right-hand side
through a lifting of the boundary conditignLetR(g) € H'(§2) be astable
lifting of the traceg so that

WwR(g) = gand|R(9) 12y S ll9llmrrzmy)-

The function

up = u — R(g)
is the unique solution (by Lax Milgram theorem) of the classical variational
formulation

a(ug,v) = (f,v)yrv —a(R(g),v), forallv e V
ug € %4

©)

that fits into the framework (1).

In order to preserve the potential efficiency of adaptive algorithms ap-
plied to (3), we need to build explicitely a wavelet basjsof H'(2) and a
lifting operatorR so thatuy andR (g) have the same compression properties
as the solution in ¥,.

To achieve this objective we shall build a wavelet basis
Vo =A{v), A€V}

of H'(£2) and satisfying the following properties.
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Property 1.1 The wavelet basig;, admits the partition
v = vl uwh

with the following properties.

() ¥ = {¢3, X € V°} is a wavelet basis off} (),

(ii) there exist scaling factors, so that the trace operatat,yp defines a
one to one mapping from?, to a wavelet basis

JIFD = {wdv S Eb}

of Hl/Q(FD), i.e. there exists a one to one mappiigirom X, to the set of
subscriptsv® of ¥, so thatexr () 10U} (o) = Vo forall o € .

The lifting operatorR is formaly defined by this mapping

Z C/\T % w)\r (o)

o€y

where¥r, = {¢,, 0 € X,} denotes the dual basis ®f,. Its stability
properties in the class of Besov spades, (with B3, = H?) is related

to the stability of the wavelet bases on the domain and the boundary i.e.
the possibility to characterize these function spaces with discrete weighted
norms of their wavelet coefficients.

Such wavelet bases and lifting operator built, the adaptive algorithm [5]
applies directly to the variational formulation (3) and the optimality prop-
erties of this algorithm carry over to our setting. Note that the compression
of the right-hand side of (3) in the dual wavelet basfsof ¥, requires as
usual compressing the databut alsoa(R(g), .) as element of’’. For this
last term, it leads to compress the trgde the wavelet basi# -, as given
by the estimate: fol C £y, andPs 1y, := 3, c (- Vo) Yoy

la(R(g — Pe,rp9), )llve < lall IR(g — P, g) | a1
19 = Py,ro 9l g2 )

We introduce in Sect. 2 a theoretical setting in order to build wavelet
based/(, and¥, satisfying the Properties 1.1 and to analyse their stability
in the class of Besov spaces. This construction starts from the data of wavelet
basess?, and¥r,, built on sequences of nested spaif§$9) cV; 01(£2)
andV;(Ip) C Vj+1(IDp), j € N obtained by restriction t&” and traceyp
from the same sequen®@(£2) C V;1(£2).

Section 2.1 recalls basic definitions and properties of wavelet bases that
will be used in the analysis carried out in Sect. 2.2.
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In Sect. 3 we propose, for a fairly general domgéinexplicit construc-
tions of the wavelet basdg), 72, ¥, and the lifting operatoR based on
domain decomposition techniques Wit matching.

In these techniques, the domai(or similarly the manifold/ ) is de-
composed into disjoint subdomaifts, i = 1,..., N,sothat? = | J;" , ©2;.

Each subdomaify; is parametrized by a regular one to one mappijfgom

the reference domaif? =)0, 1[¢ to §2;. The specific interest of this setting is

to benefit from well known constructions of wavelet bases on tensor product
domains that will be briefly recalled in Sect. 3.1. Then, the wavelet bases
on §2 are pushed-forwards onto the subdomaihsind the difficulty of the
construction reduces to match these wavelets at the inter@g@qsﬁﬁi of

the decomposition.

We follow here the strategy introduced in [18], [19] and in more gen-
erality in [14] (see also [2] for a slightly different analysis) which is based
on aC® matching of the wavelets at the interfaces recalled in Sect.3.2.1.
Under conforming assumptions on the boundary, the decomposition
(£24, Ki)i=1,.. n Willinduce a natural “trace” decompositiofn;, &; )i=1.... Ny,
of I'p which enables to define wavelet badz% and¥r, that fit into the
framework of Sect. 2.2.

One specific difficulty of these domain decomposition techniques is the
explicit construction of the wavelet bases and in particular the matching
wavelets at the interfaces of the decomposition. In [2] an explicit construc-
tion is proposed starting from the definition of a linear system of matching
conditions at the interfaces involving the wavelets on the subdomains. We
introduce in Sect. 3.2.2 a new construction which differs from the previous
one and is based on the definition of a natural hierarchy of the interfaces
of the decomposition. One specific interest of this new approach is that the
same ideas will readily apply in Sect. 3.3 for the construction of the lifting
wavelets of/? ,.

For the sake of a concise presentation, numerical experiments illustrat-
ing these constructions and the optimality of our adaptive strategy in the
framework of non homogeneous Dirichlet boundary conditions will not be
displayed here but can be found in [26].

2 Abstract setting
2.1 Wavelet bases

We briefly recall in this section the general framework of wavelet bases on a
domain or a manifold and refer to the two surveys [4] and [11] for a detailed
presentation.

Let L2 be the space of square integrable functions on a dom&f of a
d dimensional manifold?. We consider a Multiresolution Analysis (MRA)
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of L? that is a sequence of nested subspaces whose union is dditse in
VicVipiCcL? jeN

where in practisej will denote the dyadic scale of the approximation spaces
V; at the resolution leve2 ™. The spaced$’; are assumed to be endowed
with local Riesz bases

¢j = {@j,kv ke AJ}

so thatl| > pca, wikejnllez ~ (wir)rea, lliz-
The data of complement spaces (also called wavelet spEces) that

Vi =V; & W;
formally gives rise to a multiscale decomposition

U:U[)—I-ij, vg € Vo, ijWj
j=>0

of a functionv into a coarse approximation and the successive details
w; at the resolutior2™/. In order to analyse the convergence and stability
properties of this decomposition in classical function spaces, the comple-
ment spaces are usually defined through a family of projed@pento V;
satisfying the property of biorthogonality

(4) PjPj1 = Pj,

stating equivalently thaf); := P;,, — P; are also projectors. Then, the
multiscale decomposition is rewritten in terms of projections

(5) v=Pw+ Y Qu,

Jj=0

corresponding to the choid&; := Q;(Vj41).

The theory of approximation enables to relate, through the theory of
interpolation, the stability properties of the decomposition (5) in the class
of Besov spaces#, ,, to the fulfillment of direct and inverse estimates in
the spaced;. We refer to [10] or [4] for a detailed presentation of such a
mechanism. We first state a theorem taken from [4] Chap. Ill that covers
the case, ¢ €]0, 0] (i.e. includes the quasi-Banach spaces obtained for
p < 1) and will be constantly used in the following analysis.

Theorem 2.1 Letp €]0, +o00]. Assuming that, fob < so(p) < si(p), the
projectorsP; satisfy the direct estimate

©®  If = Pifler < 27VIflls;,, forall so(p) <s < s1(p),
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and the MRA spaceg; the inverse estimate

) [1£llBs, < 271 f5llze, forall so(p) < s < s1(p), and f; € V;,
then, for allsy(p) < s < s1(p) andq €]0, +o<]

(8) 1£1lBs, ~ I1Pofllze + 11(27°11Q; £l Le) jent ta-

Remark 2.1If in addition the wavelet spaces are endowed with (local) bases
Wj = {¢j,ka ke Vj}
uniformly stable inL? in the sense that

d(r—1y;
©) 1S wistbinllze ~ 2°C 72| (wn)kew, i,
k‘EVj

then, the multiscale bagis := ¢, U, . ¥; satisfies the norm equivalence

jEN
(10) 115, ~ I N (fim)rev,llie) sy llio,

where we have used the notatiovis; := Agand¥_, := &, (also assumed
to be stable inL?). Such stability properties at the levewill be derived
from the local linear independence of the basis functions;of

The multiscale basi# will shortly be denoted by
U = {”(ﬁ)\, A E V}

where the subscript stands for the scalg¢ := |A| and the localization in
spacek of the wavelets.
If the projectorsP; are uniformly stable irL? i.e. satisfy|| P; f||;2 <

|| fllz2, thenthe range% of their adjoint projector$5j define a“dual”’ MRA

of L2. The sequencéV;);cy is then referred to as the primal MRA. Con-
versely, the data of a pair of primal and dual MRW, I7j)j€N biorthogonal

in the sense that they can be endowed with Riesz bases (with some constants
independent of) ¢; andgﬁj satisfying the biorthogonality relations

(11) <</0j,k7 @j,k"> - 5]{:,]4:’7 k? kl € A])
defines a family of biorthogonal projectors

Ppi= Y {f, &ik)pik

keA;

uniformly stable inL2. The corresponding wavelet spaces are also defined
asW; = V;1 N (V;)* for the primal decomposition arW Vi V
for the dual decomposition.

In that case, combining the above mentioned mechanism with duality
arguments, one can obtain the following theorem (see e.g. Chap. Il of [4]).
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Theorem 2.2 Letp € [1, +o0] andp’ such that1 [7 = 1. We assume that
the projectorsP; satisfy the direct estimate

(12) If = Pifllee < 27| fllwsw, forall0 < s <n
and the MRA spacég; the inverse estimate

13) [Ifillwsr < 2% f;||Le, forall 0 < s < v(p) and f; € V;,

and similar estimates for the adjoint projectd?;sand the dual MRA spaces

V; in W*P norms and for some parametefisand 7(p'). Then, for all
—min(n,7(p)) < s < min(n,7(p)) andq € [1, +oc] we have the norm
equivalences

(14) 1£11B5., ~ 1Pofllze + 11(27°1Q; f | o) jenlia-
where here fos < 0, B, , = (B, )".

Let us finally remark that this analysis carries over for spaces including
boundary conditions in their definition with the usual attentior te 1 /p
integer in the use of interpolation results (see [4] for a detailed discussion).

2.2 Stable liftings

Let 2 a Lipschitz domain oR? and

Vi(£2) C Vj(R2), j €N
asequence of nested subspaces (MRAY6 ((2) with s > 1/pin orderto
define the trace operatop, from WP (£2) ontoW*~'/P»(I1,). We denote
by WP (£2) the kernel ofyp.

From this MRA, we derive by restriction and trace the following MRA
of respectivelyW5 (2) andW*~1/P»(I):

{Vf(!?) = Vi(2) N WEP(2) € Vi, (92)
Vi(Ip) == V;(£2) C Vi1 (Ib).

Each of these MRA is endowed with a multiscale decomposition defined by
a family of biorthogonal projectors denoted 53? for the MRA VO(Q)

and byP; r, for the MRAV;(I1). We shall denote by

WJO(“Q) = ‘G—I—l( ) with Q] N = ]—i—l 2 P

and
W;(Ib) == Qj.rp,Vj+1(ID) With Q; 1y, = Pjv1.ry, — Piry

the corresponding wavelet spaces andigy ¥, a choice of multiscale
wavelet bases whose stability properties will be specified later.
We then have the following definition-proposition.



Boundary conditions and domain decomposition 201

Proposition 2.1 For u € D({2) andr; any lifting fromV; (I ) into V;(12),
we set

(15) P} gu := P}y (u —7j0 P, 0 VD(u)> + 750 Pjr, 0p(u).
This definition is independent of and satisfies the following properties:
() P; g, isabiorthogonal projector ontd;({2) i.e.

rangeP; , = V;(§2)

* 2 *
(Pfp)’ =Pig

* * *
PioPi0 = Fja

(i) The triplet (P}, P}y, P; ry,) verifies the relations

. _pb
Pialvo, @) = Pialvs, ()

po Py = P; , o~p (trace commuting property)
(16) ’y ],.Q 7,4 D ’y

Proof.The proofis achieved by elementary computations from the definition
(15) and the properties of biorthogonality of the projectBﬁ@ andP; r, .
O

The biorthogonal projectaP;, defines a multiscale decomposition asso-
ciated to the MRAV;(£2). Let

W5(02) :== Qi oV () With Qj o = Piy o — Pig
the corresponding wavelet spaces. The properties (16) imply the relations

J J

WO(2) = WH(£2) N V2, ()
(17) {W]jw;«(g) “Wir)

that formally show the existence of a wavelet bagjs (associated to the
complement spacé§’/ (2)) that admits the partition

(18) U =wd U v

Al , .
so that the trace operatdr = yp defines a one to one mapping from the
collection®?, to ¥r,, .

Let

g;FD - {wav o c Eb})

W = {Y}, A€ Vp},
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then the mapping‘%yD on these collections defines a one to one mapping
on the set of subscripts’ : X}, — V,, of inverses” and such that\"(o)| =
|o|. This leads us to define formally a lifting operaf@r

(19) R(g)= 3 277 (9. 06) e (o-

O'EEb

where¥r, = {¢,, 0 € %} is the dual basis o¥;,, and< .,. > the
duality product.

The stability properties of this lifting operat® in Besov spaces will be
determined by the stability of the wavelet baggsand¥ . From Sect. 2.1,
this analysisis achieved through the derivation of direct and inverse estimates
on the MRA space¥;(2), V;(Ip) that are studied in the next subsection.

2.2.1 Direct and inverse estimates b({2) andV;(Ip). The following
localness hypothesis introduced in [22] (see also [21]) will play a major role
in the subsequent analysis.

Hypothesis 2.1 For all g; € V;(Ip) we have

20 inf will roron ~ 27PN gl 1 or s
2 u; €V (2)pu;=g, Ieill o) 1951l 7 (1)

In practise, such a property will be a direct consequence of the following
elementary lemma.

Lemma 2.1 The localness hypothesis is satisfied as soon as there exists a
family of (local) bases of;(£2) stable inL?(£2) (in the sense of (9))

D0 =1{vje T E€Gjn},
(with G; o being typically a set of grid points), and so that

iy
@j’FD = {2 27D§0j,x7 x e g‘i_() C gjf)}

defines a family of bases uf (/1) stable inL?(I1), while the remaining
basis functions for: € gjﬂ/g;?ﬂ have a vanishing trace ofp.

We shall use in addition the following assumption of approximation on the
MRA spaces/;(12).

Hypothesis 2.2Letp € [1, o0], there exist biorthogonal projectorB;
onto V;(£2) satisfying the direct estimate

(21) lu— Pjoull ooy < 279 |lullwssio

~

forall 0 < s <nandu e WP(42).
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Note that the same estimate in Besov norBjs,({2) is deduced by
interpolation for) < s < n.

We also assume the stability itP of the biorthogonal projectorBﬁQ
andeID.

Hypothesis 2.3 Letp € [1,00], then|| P pull ey < llullzr(a)-

g 8

Hypothesis 2.4 Letp € [1, o0}, then||P; rygll ey S ll9lle(ry)-

Finally the MRA space¥’;(2) will also be assumed to satisfy inverse esti-
mates.

Hypothesis 2.5Let 7(p) := sup{s : V;(£2) c W*P(£2)}. Then for all
u; € Vj(£2) and0 < s < 7(p)

(22) luillss ) < 2% Lo ()

We need to specify the definition of the function spacedgrthat we
will consider in the subsequent analysis. The natural setting in our context
is to define them as trace spaces of function spaces on the domain rather
than intrinsically by chart and partition of unity. Consequently, the space
LP(Ip) is defined as usual by the Lebesgue measure on the boundary, and
for s > 0, the Sobolev spacé&*? (1) (resp. the Besov spacé (1))

are defined as the set of traces B of functions inW*+1/P2(2) (resp.
Bi5Y7(12)) endowed with the quotient norm

(23) gllwsa () = inf ull ot o0
UEWH_%J)(Q)I’YDUZQ w>"p p(Q)

for Sobolev spaces and

(24) lgllgs oy == inf Il o3

ST =
u€Bp ¥ (2):ypu=g

for Besov spaces. We will naturally sét%?(Ip) := LP(ID).

For negative subscripts, these spaces are obtained by duality. In particular
forIp =1 ands <0
WeP(I):= WP ('), BS (I') := B ,(I") LI

PGSRy oy g

Direct and inverse estimates dr,. The derivation of such estimates on
I'p has been already studied in [22] with the restrictiorC 1 since the
author considers intrinsic definitions of the function spaces. Using the same
arguments, we can derive in our context inverse and direct estimates for the
rangess < 7(p) — 1/pands < n — 1/p.
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Proposition 2.2 Assuming Hypothesis 2.1 and 2.5, forglle V;(I) and
0<s<7(p)— %, we have the inverse estimate

(25) lgill s ) < 27°gill o)

Proof. From the definition of the quotient norm, fer> 0 we have

ngHBg’p(FD) < infuJ-EVj(Q):'yDuJ-:gj HUJHB;-;%(Q)

2j(5+%)

AN

inf willpeio
u.ie‘/j(n)5’YDu_7‘:gj H JH p( )

< 270 gill o)

where the inverse estimate (22) and the localness assumption (20) have been
successively applied. O

Proposition 2.3 Letp € [1, co], assuming Hypothesis 2.1, 2.2, 2.4, 2.5 and
7(p) > 1/p,forallg € B, ,(Ip) and0 < s <n — %, we have the direct
estimate

(26) lg = Pirogllen) S 27 gllss,n)-

Proof. From the stability Assumption 2.4 of the projector, it suffices to
estimate the best approximation erroMij(I1). Fors > 0, let us consider

anyu € B;;l/P so thatypu = ¢g. From Theorem 2.2, Hypothesis 2.2 and
2.5 ensure that the multiscale decomposition defined by the biorthogonal
projectorP; o, is stable inB,, , for the range) < s < 7(p). Then

inf g —gillrry) < (v — Pjou)llrerp)

9;€V;(Ip)
= | Y Quetllrery)
1>
< ZH'YDQZ,_QUHLP(FD)
27) B
< Y 27)Quaul o)

1>j
1/p

< 27 Z(QZ(SJrl/p)HQZ,QUHLP(Q))p
>3

where we have used the localness Assumption 2.1 and the Cauchy-Schwartz
inequality.
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To estimate the above right-hand side we need the following inegality
that derives from Hypothesis 2.2 (see e.g. Chap. Il of [4]): fobali t < n

1/p
(28) > (@M1Quoull Lo(o)” < lullse 2)-
10

s+1/p

Hence we have for alt € B, of traceypu = g.

inf < 9778 s
ng%/I';(FD ”g g]HLP FD) ||u” +1/I7(Q)

and we conclude from the definition of the quotient normign O

Direct estimates fotP’’(,. They are obtained in the same spirit as previ-
ously by combining the estimates &Y , and P,

Proposition 2.4 Letp € [1, o], assuming Hypothesis 2.1,2.2,23,2.4,25
and7(p) > 1/p, then, for allu € B, ,(£2) with 1/p < s < n, we have the
direct estimate

(29) v = Proullro) < 2_JASHUHB;YP(Q)-

Proof. Letg € Bﬁ;,l/ P(I'p) be the trace ofi. The projection error rewrites

U= P]*Qu =~ Pﬁn)(u —rj°Pjr,9).
wherer; is any lifting from V;(Ip) into V;(f2). Since the projectorsjjoQ
are assumed to be stablelifi((2), it suffices to estimate

inf ||u —7; 0 Py rygllzr()
J
= inf lw —wjll e (o)
Uy EV (Q) TDU;= PJprg

< |lu = Pjoull e

inf P ou — u; o)
u]'EVj(Q)Z’YDUj:Pj,I‘DQH > jHLP( )

The estimate of the first term in the right-hand side is obtained directly from
Hypothesis 2.2. For the second term, we use again the localness Assumption
2.1, so that

inf Piou— ;o0
vy, _p I illze@)

~ 279 yp Py ou = Py gl
< 279/P||g — Pjro9ll o)
_|_2*j/pryD(u — Pj,QU)HLT’(FD)'
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In the above right-hand side, the first term is estimated from Proposition 2.3
and the trace theorem while the second is treated like in (2T).

ProjectorsP; r, unstable inL? (p < 1). Forp < 1, the localness assump-
tion is usually still true since the stability of the bases, and®; r, is
classically verified fop < 1 from an argument of local linear independence
of the basis functions. Hence, proposition 2.2 still applies in that case.

In contrast, the stability in.? of the projectorsP; r, and POQ is no
longer verified and consequently the proof of the direct estlmates”fgr
andP; r;, does not extend tp < 1.

For the projectors””, the direct estimate should be obtained classi-
cally from a local ponnomlal reproduction argument of the prolectq@
(following the techniques of Chap. lll in [4]).

Then, the estimate fa?; -, can be deduced by the following proposition
which avoids a direct proof that would require handling quotient norms.

Proposition 2.5 Let0 < p < 1 andr € [1,00] so thatP; y, is stable in
L"(I'p). We assume the localness Property 2(b) > 1/p, and the direct
estimate

|u— P} oullpeoy S 27 thUHBt (2)

forall 1 + g — 4 <t < n, as well as the inverse estimates

luillse () < 27 ||uj | o)
forall u; € V;(£2) and0 < t < 7(p). Then, the direct estimate

(30) lg = Piroglleany S 27 9lss, )

is verified for the rangéd —1)(; — ;) <s <n— 1.

Proof. Note that the condition > (d — 1)(; — 1) implies that the space

B, ,(Ip) isimbedded in." (/) so that the projectorB; 3, are defined on

thls space. Also it results that= s + 1/p satisfies; — 1/p > 1/T —1/r

so thatP; ry, o vp is defined on the spa SH/”(Q) which is |mbedded in
B (92).

From Theorem 2.1, the direct and inverse estimates assumptions imply
the stability of the multiscale decomposition induced by the biorthogonal
projectorP; , in B}, ,(£2) forthe range! + 4 — ¢ < t < min(n, 7(p)). Thus
we can apply the proof of Proposition 2.3t — P; 1,9l z»(11,), replacing

Pj o by P 0 and the triangular inegality by the p- trlangular inegality. For
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all (d—1)(; — ) <s<n-—1/pandu € B VP(02) so thatypu = g,
we have

l9 = Piroglleryy = o (w— Pfou)lle )
= ||7DZQZQUHLP(FD)
1>
1/p
< ZH’}/DQZQUHZL)?(FD)
1>
(31) ”
< | @71 gulliae)
1>
1/p
< 2790 [ ST 07 gull oo )P
A 1>j
S 2 Mlull g gy -

2.2.2 Stability properties of the basés,,, ¥{, and the liftingR.

Theorem 2.3 Letp, ¢ € [1, o], assuming hypothesis 2.1, 2.2, 2.3, 2.4, 2.5
andt(p) > 1/p, the multiscale decomposition defined by the biorthogonal
projectorsP; , is stable inB,  (£2) for the rangel /p < s < min(7(p), n)

ie.

(32) ullg; ) ~ I1Fsqulleo) + I (27°1Q pull o)) ;g e,

and the decomposition defined by the projectg;, is stable inB;
(Ip) for the ranged < s < min(7(p),n) —1/pi.e.

(33) lgllss, o) ~ 1Po,rp9ll o) + |l (zjs“Qj»FDgHLP(FD))jZO llia-

Proof. The spaces3, ,(Ip) are interpolation spaces from their definition
as quotient spaces of the interpolation spags((2). Hence, these norm
equivalences are direct applications of Theorem 2.0

In order to derive the stability of the lifting operator (19) we need to as-
sume the stability irL? (9) of the wavelet basek; , and¥; 1, at the level

j satisfying the partition (18). Such properties will be classically obtained
by an argument of local linear independence.

Theorem 2.4 Letp € [1, co]. Assuming the hypothesis of Theorem 2.3 and
the stability inL? of Vg and¥; ry,, the lifting (19) is stable fron®,; (1)
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into B55'/7(02), i.e.
IR grs1r2 ) S N9lB3 (1)
for the ranged < s < min(7(p),n) — 1/p.

Proof. This is a direct consequence of the norm equivalences (10) for both
the domain and the boundary.

Forp < 1, the above theorem extends under the assumptions of Propo-
sition 2.5.

Theorem 2.5 Letp, ¢ €]0, 1], under the assumptions of Proposition 2.5, we
have forall} + 4 — ¢ < s < min(7(p), n)

(34) |ullps (2) ~ 1F6,0ull o) + | (QjSHQ;,QUHLP(Q))jZO 14,

and for all(d — 1)(;; — ;) < s < min(7(p),n) — 1/p

(35) llgllzs,rm) ~ I1Porogll ooy + 1 (27°1Qu. 09l o)) o -

If in addition the basegfj’.jn and¥; r, are stable inL?, then the lifting (19)
satisfies

for the range(d — 1)(; — 1) < s < min(7(p),n) — 1/p.

Proof. Again this is a direct application of Theorem 2.10

3 Realization by domain decomposition

Sofar, there are mainly two constructions of biorthogonal wavelet bases on a
domainf? or a manifold/ . The first one, not considered in this paper, starts
from P, finite element spacelg; defined on nested triangulations (in 2D),
and looks for complement spacBs; so that the primal and dual wavelet
bases satisfy the desired properties of stability and supports (see for these
approaches [27,15, 8]).

The second construction starts from compactly supported biorthogonal
wavelets on the real line as defined in [6]. Then, the construction on a fairly
general domair? (or manifold) is achieved by the following steps

R —]0, 1[=]0, 1[4— 2 = Uy, £2; ~0, 1[4,

where the first step is obtained by restriction and adaptations at the edges, the
second step by tensor product, and the third step uses domain decomposition
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techniques. One of the main interest of this second approach is to benefit
from the large class of biorthogonal wavelets on the line, with arbitrary
orders of approximation and regularity of the MRA spaces as well as a
construction on tensor product domains that preserves the nice properties
that hold on the line.

In Sect. 3.1 we briefly recall the basic features of biorthogonal wavelets
on the line and on the intervdl, 1[. In particular we focus on a construction
with homogeneous Dirichlet boundary conditions at the edges 0 or 1, which
extends the construction of [2] in order to include the case of discontinuous
generators on the lingor ¢. Biorthogonal wavelet bases ¢ 1[¢ are then
classically derived by tensor products.

In Sect. 3.2.1 we recall the domain decomposition strategy introduced
in [14], and in Sect. 3.2.1 we propose a new construction of the matching
wavelets at the interfaces that differ from the one introduced in [2] and will
be used in Sect. 3.3 for the construction of the lifting wavelets.

3.1 Biorthogonal wavelet bases @ 1[*

3.1.1 Biorthogonal wavelet bases on the lineThe construction on the
line ([6,16]) starts from a pair of compactly supported scaling functions
(¢, ¢) of supports|—mg, m1] and [—rmg,m1] (With integer edges) satis-
fying (i) the two scale relationg = > "1 V2hmod(2. —m), ¢ =
S 2Ry (2. — m) for finite masks or filters andh, and (ii) the

m=—myg

biorthogonality relations
(¢, p(x — k)) = &, forall k € Z.

A pair of primal and dual MRA spac€d/;(R), V;(R)) are spanned by the
biorthogonal compactly supported bases

G = {pp=22(2. — k), k € Z},
(36) i i N
b; = {pj1 = 229(2. — k), k € Z}.
It is shown in [6] that in that case the primal and dual wavelet spaces

(W;(R),W;(R)) are spanned by the biorthogonal compactly supported
wavelet bases

Wy = {wh = 239(2. — k). k € Z},
(37) o o
Wy = {hjn = 229(2). — k), k € Z},

wherey = 3" v2g,¢6(2. — m) andy) := 3" v2Gn6(2. — m) are the
mother wavelets obtained from the wavelet filtgfs = (—1)""h1_,, and
Gm = (_1)mh1—m-
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In [6] such compactly biorthogonal generatéfs ¢) are built with arbi-
trary smoothness. We shall denoteiy) and7(p) the supremum of their
smoothness measuredlii*? (for p > 1 and inB; , for p €]0, 1[) with
7(2) > 0 and7(2) > 0. In addition, these generators have arbitrary order
of approximations: andr in the sense that the integer translates aind
¢ span the polynomials &, _; andP;_1.

The following proposition (see e.g. [4]) states the direct and inverse
estimates if/;(R) and@(R) as well as the stability i.” of the bases at
the levelj.

Proposition 3.1 Letp €]0, o], if ¢ € LP thend; and¥; are L? stable in
the sense of (9). ~
Letr € [1, 0] so thaty € L” and¢ € L", then

; 1 1
(38) N f=Pifller < 277°|f|lBs forall — — - < s <n.
~ p,p p r

If p=r € [1, 0], these estimates are obtainedin®? norms for the range
0 < s < n (in particular the projectors are stable ifP).
Letp €]0, c0] and assumé < s < 7(p), then for all f; € V;(R)

(39) 15llsg, < 215l

Again forp € [1, oo] these estimates also holdi#i®*? norms.
The same properties hold for the dual MRA spaces, projectors and bases
with n and 7 (p) replaced byr and7(p).

Note that the proof of the stability ib” of ¢; and¥; derives from the local
linear independence of the basis functions proved in [23].

_ From this proposition, the stability properties of the wavelet bésasd
¥ are readily obtained from theorems 2.1 fo€]0, 1] and 2.2 forp > 1.

3.1.2 Biorthogonal wavelet bases on the intervalStarting from a pair
of biorthogonal generators on the lifig, ¢), there are many constructions
of biorthogonal wavelets on the intenjal 1| (see [1,7,25,13]). All these
constructions share the basic ideas introduced in [7] and [1] to retain for the
definition of the MRA space§; andV;

(i) the “interior” scaling functions on the line which supports aréjy2 =/,

1 — 6,277] for V; and [6p277,1 — §,277] for V;, whered = (p,d1),

6 = (b0, d,) are pairs of non negative integer parameters.

(i) atthe edges 0 and 1 only thefor V;, andn, for 17] truncated linear com-
binations of scaling functions that correspond to the reproductidf,dn

of the monomials of degrees= 0, ...,n—1,forV;,anda = 0,...,7n—1,
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for 173 Then, the optimal orders of approximatiarandn and the nested-
ness are preserved.

Let CL = (CLy,CLy) where—1 < CL, < n —2,¢e = 0,1, and
similarly CL = (CLg, CL;) with n replaced byi. This strategy enables in
addition to take into account homogeneous boundary conditions at the edges
0 and 1 of order€’L for the primal MRA andCL for the dual MRA. For that
purpose it suffices to retain in the previous definition only the monomials of
degreesx:CL€+1,...,n—1andﬁ:@6+1,...,ﬁ—1,5:0,1at
the edges = 0, 1. In these notation€}L. or ﬁie = —1 hence denotes no
boundary conditions.

Recalling that supp = [—mj,m,], the primal MRAV>?" is defined
as follows.

o A
P = {wm = ¢jks k=mo+do,...,2 —my — 51},

e 5 mo—1+3do

0),60,CL 0), b

o = (00 =S o o
k:—m1+1

Oé—CLo—l-l,...,TL—l},

51,CL ne I

177 b It

R AR DR (R P
k=—mo+1

(40)

a=CLi+1,....n—1,

yoCL S(¢§O),6O,CL0) oS <@ijnt5) @ S(@(;),al,cm)’

J J

and similarly for the dual MRAKN/J.S’éi with & = (4o, ;). The definitions of

5,CL
Vi

no overlapping of the subscripts in the definitionsiﬁé;ﬂ“s andé;.nt’g.
In order to obtain biorthogonal MRA spaces, the parametarsls are

chosen to match the dimensions‘g‘f and‘7j5 separately at both edges i.e.
fore =0,1

andf/j‘s’CL hold whenevel > j, for a coarse levely so that there is

(41) me + 0. + —n + CL. = 1. + 6. — 71 + CLe.
Fore = 0, 1, let us consider the matrices

e,CL:,CLe _ e fe .
M e =(( jak’fjvk/>)k,k’:O,...,max(n—CLs—l,fz—CLe—l)—l’

50,(0
Wherefjo’a = ¢jfa(+)CLo+1 fora = 0,...,n — CLg — 2, and fj({k =
®jmot-80+(k—n+CLo+1) fOr k=n—CLo — 1,... ,max(n — CLg — 1,7 —
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CLg — 1)=1(fn—CLy<n— ﬁo), and analogous definitions fgfj:k
firandfj,.

Then, the MRA spaces admit local biorthogonal Riesz b@§r§§ and
@?’CL (cf. (11)) if and only if these matrices are non singular which will al-
ways be assumed in the following. The biorthogonal bagés” and®} "
will include a fixed numbemax(n— CL. — 1,7 — CL. — 1) —1 of modified
scaling functions at the edges= 0, 1 while all the other basis functions
are scaling functions on the real lige .

The construction of local biorthogonal (in the sense of (11)) Riesz bases
(¥;,¥;) of the wavelet spacedV;, Wj) is addressed in [25] and in [13]
using a different technique. In both cases, as for the scaling function bases,
one ends up with a fixed number of modified wavelets at the edges while all
the other wavelets are wavelets on the real line (37).

Proposition 3.1, stated on the line, still applies for this construction on
the interval with the same ranges for the inverse and direct estimates (see
e.g. [4]). Note that in the caseL # (—1,—1) (resp.(fj\i # (—1,-1))
the direct estimates have to be written with the function spaces satisfying
homogeneous boundary conditions of orc@[s(resp.éi) at the edges.

Dirichlet homogeneous boundary conditionsin our setting we need to
deal specifically with homogeneous Dirichlet boundary conditions, say for
the primal MRA spaces, at the edges O or 1,G:e.= (—1,0),(—1,—1) or
(0,—1). In that particular case, a symmetric choice of the boundary condi-
tions for the dual MRAi.e.
CL =CL

enables to relate simply the biorthogonal wavelets bases of these spaces to
those obtained fof L = CL = (=1, —1) i.e. without boundary conditions.
This is specified by the following propositions which has been also derived
in [2] in the case of continuous generatgrand ¢. It is stated forCL, =
(0,0) since both edges are treated separatly. The proof is postponed to the
Appendix.

Let (V;ﬁ 17].5) denote biorthogonal MRA spaces without boundary con-
ditions so thatn. + 6. — n = m. + 0. — n, € = 0,1 and the matrices
Me~1L=1 ¢ =0,1 are assumed to be non singular.

Proposition 3.2 LetCLp = (0,0), we assume that the MRA spaces

Vj(S,CLD and ijs,CLD
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are biorthogonal i.e. that the matrice®/*%°, ¢ = 0,1 are non singular.
Then, there exist biorthogonal bases

{@g:{g&jk,k‘:o,...,#ﬂj—l}

(42) = .

5 176
of (V,V}) so that

“3) @5CLD_{%,€,1<;_1 L HA =2}
¢50LD_{ Gimk=1...,#4A; —2}.

are biorthogonal bases dfj‘;’CLD and V;&CLD_

Proposition 3.3 Under the assumptions of the previous propositioNn, there
existbiorthogonal wavelet bas&sand?; ofthe spaced/; = V +1m(Vj5)L

and WV, = v+1 N+

k=0,...,2 — 1)
44 ~] {wj ks
“y A s
so that
W]'CLD = {7(#{70 ij,())a 1/1]'7]9,]4,‘:1,...,2‘7—2,

(%‘,2]‘—1 - SOj,#A]-—l)}

(¢J0—<P]0) 'lﬂjyk,k:l,..,,zj_z

Sl

(45) GOl — {

-

I - 5
ﬁ(wj,%—l - Sﬁj,#Aj—l)}
are biorthogonal bases of the wavelet spaces

WJ.CLD = VJ‘SJSLD N (V‘S “LoyL and W]CLD - VJ‘SJSLD N (V‘S CLoy L

3.1.3 Tensor product wavelets.Starting from any biorthogonal wavelets
on the interval0, 1], biorthogonal wavelets on the domaih=]0, 1[* are
derived by tensor products. We will consider for simpliaity- 2 since any
dimension is treated similarly.

Let (¢, 9;), (¥;, ;) denote biorthogonal scaling function and wavelet

bases on the intervi, 1] spanning the MRA and wavelet spacé3, 17j),
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(W3, Wj). Also we denote byP;, ﬁj) the corresponding biorthogonal pro-
jectors.
The tensor product bases

;=P @b,
b =00,

are biorthogonal and span the biorthogonal MRA spaces

{V}(Q) =V, eV,

Vi(2):=V; 0V
of LQ(Q) They define the biorthogonal projectoPi‘Q = P; ® P; and
P 0= — P; ® P; stable inL2(£2).

The complement or wavelet spacg¥’;(12), Wj(ﬁ)) i.e. the ranges
of the projectors), , = P, » — P, andQ 0= PJrl P , are
spanned by the * canonlcaftensorproduct blorthogonal WaveletR|esz bases
defined by

(46) Voo=0;00 Ul ed; Ul e,

for the primal basis and similarly for the dual ba@i]sﬁ.

Again, Proposition 3.1 still applies in this multivariate case (see e.g. [4])
and the stability properties of the wavelet bases are deduced from theorem
2.1 forp €]0,1[ and 2.2 forp > 1.

3.2 Domain decomposition

In these techniques, the domaihof R? (or more generally a manifold
of dimensiond) is assumed to be decomposed into disjoint subdomains
(Qi)izl’m’]\[ so that

N
= _ U o
i=1
In addition, for each subdomain, there exists a regular one to one parametri-

zationx; from 2to 2;, where(? is the reference domain, 1[*. We shall
denote byJ; the Jacobiafdx; o K;;l\ defined onf?;.

Given biorthogonal wavelet base@m ) on the reference domain,

their push-forwards¥, o «;° W o x; ') onto the subdomair; define
biorthogonal wavelet bases cm Wlth the same range of stability, where
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the duality pairing is induced by the equivalent scalar product); =
Jo [ ori(@)g o ki()dz.

These bases have to be matched at the interfaces of the subdomains in
order to define biorthogonal wavelet bagis, V) on the whole domairv.
The regularity of the matching will crucially determine the range of stabil-
ity of ¥, (and¥y,), and impose (i) conforming assumptions on the domain
sss decompositioff?;, x);—1,....y and (ii) assumptions on the choice of the
biorthogonal bases on the reference domain.

We follow here the strategy introduced in [18], [19], and in more gen-
erality in [14] and also in [2]. For each subdomain, biorthogonal MRA
(Vi(£2), V;(£2;)) are derived from tensor product MRA on the reference
domain obtained from the same biorthogonal generators on thégins.
Assuming theC? conformity (specified below) of the domain decomposi-
tion, biorthogonal MRA(V;({2), V;(£2)) on the whole domairf? are ob-
tained by aC° matching at the interfaces for both the primal and dual MRA.
The MRA spaces can include homogeneous Dirichlet boundary conditions
on a subsefl of I' := 9?2 satisfying some conformity assumption, pro-
vided that the same boundary conditions are retained for both the primal and
dual MRA. This approach enables to cover in general the range of stability
—1/p < s < 1+ 1/p of the multiscale decomposition.

One specific difficulty of these domain decomposition techniques is the
explicit construction of the biorthogonal wavelet baggs ¥; , of the com-
plement spaces, and in particular the matching wavelets at the interfaces of
the decomposition. We introduce in Sect. 3.2.2 a hew construction which
differs from the one proposed in [2]. This analysis is based on a natural
hierarchy of the interfaces. In addition, the same ideas will readily apply in
Sect. 3.3 for the construction of the lifting Waveletﬂujtfg.

C° conformity assumptions on the domain decompostins; )i=1,... N-
Forp =0,...,d— 1, we call p-face of a subdomain;, the images; (o) of
a faceo of dimensionp of 2.

For each paifi,l) € {1,..., N}?, the intersection2; N {; is assumed
to be either empty or a p-face of both subdomahsind(?,. Thesep-faces
are the interfaces of the domain decomposition.

For anyp-faces; ; common to the subdomaig and(?;, so thatr; ; =
ki(0) = ki(6"), we assume that

(47) k1o Ky

)

defines an affine isometry froid to 5.
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In addition, the boundary” of {2 splits into two disjoint open subsets
I'bandI'yof I'sothatl’ = Ip U Iy, andforalli=1,..., N,

891'(7]:']), aﬁiﬂfN,

are either empty or the unions pffaces off?;.

3.2.1 Biorthogonal MRA oif?.  We consider a pair of biorthogonal gen-
erators on the ling¢, ¢) where ¢ is continuous. We assume that these
generators are symmetric in the sense ¢h@ndo) verifiesp(—z) = ¢(x)
or (1 — z) = ¢(x). This is for example the case for the commonly used
family of spline biorthogonal wavelets [6].

The biorthogonal scaling functions and wavelets on the intédya| are
built under the assumptions of Propositions 3.2 and 3.3 with the symmetric
choicedy = 61 anddy = d1. Then, itis always possible to choose the bases

(@0, 80) (42) and(¥;, ¥;) (44) so that in addition
(0j(1—2) = @ja,—r(x), Pjr(l—2z)=@ja-r(z),
48) k=0,....d

Vie(l—2) =195 _p_1(x), bip(l— ) = %Zj,zj—k;—l(x),
k=0,...,27 -1

whered; := #A; — 1. The biorthogonal bases with homogeneous Dirichlet
boundary conditions

CL =CL € B:= {(-1,-1),(-1,0), (0,—1), (0,0)},

at the edges 0 or 1 are deduced from Propositions 3.2 and 3.3 and will be
denoted by @}“", &) and (¢, U CT).

Inorder to describe the matching of the scaling functions atthe interfaces,
itis convenient to replace the subscripts- 0, .. ., d; by the disjoint points
ik € [0,1] sothatg; o = 0 andg; 4, = 1. Then the scaling function bases
on the interval rewrite

6,CL _ CL
76,CL _ | ~ CL

By tensor product technigues we obtain biorthogonal scaling function bases
on the reference domaif? satisfying the boundary conditions of order
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cl=(cI™,m=1,...,d) € B They are denoted by

d

cl o,cl™ o cl
?0= ® o0 = {%,zw k € A4j }
m=1

d
Fcl Fd,cl™ ~ cl
(ijz - ® ?; - {%,xw k € 4j }7

m=1

wherei; = (& ks &) forallk = (k1,..., kq) € {0,...,d;}<.

(50)

The scaling function bases on the subdomaare the push-forwards
of the bases defined on the reference domain denoted by

o o = (ol ke ar)

sl [o6) 1

Bo, = (B - ke AT}
wherex}k = ri(Z%), k € {0,...,d;}¢ and <p§2;k = Pji. O Kt
oV, = @j.a,4 © ki |- They are biorthogonal for the scalar prod(gct);.

jvx‘i"k
In order to take into account the homogeneous Dirichlet boundary con-
ditions onIp, we will denote by

AV = (ke fo,...,d;}?: 2l & 00N I}

and by
_ [ @ (i)
52 {@m = P, ke A}
5 _ [ (1)
@j,ﬂi - {Sojﬂj;k) k S A] },

the scaling function biorthogonal bases including these boundary conditions.
They span the biorthogonal MRA spaces

V;i(92:), V;(52).

We consider the grids of points

(53) gj:{x;k,ke{o,...,dj}d,¢:1,...,N}.
and
(54) Gio = {x;k, k:eAg.’),z‘:l,...,N}c g;.

The primal MRA on{? is defined by theC® matching
(55) Vi(92) := (I, V() N CO(2).

7
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Although the generataf is not assumed to be continuous, the dual MRA is
defined by the same matching conditions and the same boundary conditions.
This is specified by the following proposition whose proof is elementary
from the properties of the scaling function bases on the interval andthe
conformity of the decomposition. A detailed proof can be found in [2].

Proposition 3.4 For all z € G; » let
I(z):={ie(1,...,N):x € }.

Then, the collection

(56) D0 = {cpj@ = Z X0 @am, T € gj,(z}

iel(x

is a Riesz basis df;({2) and

67 Do i={@. =

T E gj,(z}

ZGI

defines a biorthogonal Riesz basis (spanning the dual MRA sﬁ@(:@é,),
for the equivalent scalar product

n

(58) (f,9) =Y _(fla gl

i=1

In this definition, the biorthogonality is defined with respect to the scalar
product(.,.). Assuming aC™ conformity (withm > 0) of the domain
decompositior{{2;, k;)i=1... v, the Lebesgue measure defined(by) will
induce an equivalent noriv*?(£2) (or B, ) for the range-(m + 1/p) <
s <m+ 14 1/ponly (see [14] for details). This will in any case limit the
range of stability of the wavelet basls, and¥,.

With this limitation in mind, Proposition 3.1 on the line still holds, where
the direct estimates have to be written in terms of function spaces satisfying
Dirichlet homogeneous boundary conditionignand the inverse estimates
are limited by both the regularity of the matching+ 1 + 1/p and the
generatorr(p). We refer to [2] for a detailed proof fgr = 2 (that extends
readily for anyp > 1) and to [4] for0 < p < 1. Then, Theorems 2.1 and 2.2
apply directly with the above mentioned caution for negative smoothness.
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3.2.2 Construction of the wavelet basesWe propose in this subsection a
new technique for the construction of biorthogonal wavelet b#&sgsand

Lf/jﬁ of the complement spaces
W;(£2) = Vipa (2) 0 (V;(2)F andW;(2) = Vi1 (2) N V()

In the first step of the construction we define a complement tﬁs!bsof

?; 0 InV;11(£2). Then it will suffice to subtract the biorthogonal projection
P; » (also called coarse correction) in order to obtain a wavelet basis of
W;(£2):

(59) Wio=(I— Pm)qﬂ?ﬁ.

The complement bagiﬁsri 0 is derived from the scaling function and wavelets

base®; o, (52) and¥;, _Q on each subdomain, in such a way that the coarse

correction (59) will only apply at the interfaces of the domain decomposition.
A wavelet basis foiV;(2) is obtained symmetrically and the biorthog-

onalization, i.e. the definition of new bases so tWt,, 7; o) = I, will

only involve the wavelets at the interfaces of the decomposition.

In addition, all the computations at the interfaces will be done accord-
ing to a natural geometric hierarchy of the interfaces of the decomposition
defined below.

Definition 3.1 InterfacesWe call (d — 1)-interface of the domain decom-
position((2;, k;)i=1,... N, a(d — 1)-face common to two subdomaif and
(2. Recursively, fob < p < d—2,d > 2, ap-interface is g-face common
to at least two(p + 1)-interfaces. In order to complete the hierarchy, the
d-interfaces will abusively denote the subdomaihs: =1..., N.

Ford = 1, 2,3 we will use the following terminology: é-interface is
called a vertex and & — 1)-interface a face. Fo# = 3 a 1-interface is
called a side.

Step 1.The basisb; ¢ is partitioned intop-blocks according to the hi-
erarchy of thep-interfaces, eacp-block corresponding to oneinterface.
First we consider fop = d all the scaling functions that vanish on all the
g-interfaces forg < d — 1 i.e. the blocks related to each subdoméin
i=1,...,N.Then, forp = d — 1,...0 fixed, we consider for any given
p-interface the scaling functions non zero on thimterface but vanishing
on all the othep-interfaces and all the-interfaces fory < p — 1.

We apply to each of thegeblocks, the canonical tensor product (in the
reference domain, cf. (46)-dimensional two level { + 1 to j) decom-
position with the same boundary conditions as ph#imensional scaling
function basis that is decomposed.
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Proposition 3.5 Excluding the functions written exclusively with univariate
scaling functions (of scalesor j + 1), we obtain a completioﬂf 0 of®; 0
in ‘/34_1(0)

Proof. By construction,gpﬁg is a set of functions of/;;(f2) so that

#wjﬁn = #P; 1,0 — #Pj . Let us prove that the collectiah; , U llffg
spansV;;1(f2). First the N d-blocks of®;,;  are spanned as it is eas-
ily seen from the decomposition of theéédlocks for each subdomaif;,
i=1,...,N.

Then, starting fromp = d — 1 to p = 0, for any givenp-interfaceF’, we
shall show thatthg-block®; | r C ®;41, associated té’is spanned. For
that, we factoriz&;_; r asthep-dimensional (in the directions &f) scaling
function basis (that is decomposed) times the remaifiirgp)-dimensional
scaling function basis. Clearly, it suffices to show that we span the block
éjJrLF obtained from?; ; r when writting the(d — p) dimensional scaling
functions at the scalginstead ofj + 1. Indeedd; 1 r — 2(4P)/2¢; .
is spanned by thg’-blocks forp’ > p since these functions vanish at all
the g-interfaces foly < p. To conclude, we note thd_ijﬂ,p is spanned by
construction, since its-dimensional canonical decomposition gives rise to

functions in?; , U®; o. O

Step 2.The completionf/]t{Q of &, o in V;,1(82) is simply obtained from
wjg adding the superscriptsThen, we have the following proposition.

Proposition 3.6 The bases

(60) { Vio = (1= Fio) Vg,

are local Riesz bases o ({2) andWW;(£2). In addition, the coarse correc-
tions (60) and the biorthogonalization need to be done on a fixed number,
independent of, of functions for eacp-interfacep = d—1, .. ., 0. Indeed,

for a givenp-interface, by tensor product, the computations reduce to those
of a0-interface in dimensiod — p.

Proof. The proof is constructive.

The hierarchy of the-interfaces fop = d, . . ., 0 defines a partition of the
grid G; (53). For a givenp-interfaceF’, we denote by ; (F') the subset ofj;
related to this partition. As we did for the scaling functions on the interval,
it will be convenient to associate to each wavelet on the intepyal (or
z[zj,k), k=0,...,27 — 1, (whatever the boundary conditions at the edges)
a pointn; . € [0, 1]. We require that); o = 0, 1;9;_1 = 1 while the other
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points are chosen arbitrarily |A, 1], since only the interfaces will matter in
the subsequent analysis.

Using the points); i, together with thef; ;, and the parametrizations
ki, We can associate to each function&@f(2 (or @fﬂ) a point of 2. To a
given pointz of an interfacef’ corresponds one or several function@sﬂb

(and hence o¥; (), that will be refered to as the functionszﬁjQ and the
wavelets “associated” to.

Let 7, denote the set gf-interfaces and
d—1
F=J %
p=0

Then we have the following properties: the coarse correction only applies
to the functions ofp}i , associated to the points of

U g;(F)/To.

FeF

Letz € Uper G;(F)/T'p C Gj . The coarse correction of any function
fe Llff (, associated ta simply writes

(61) f=(f,8jz) Pja-
In particular, this correction is local.

After coarse correction, only the primal and dual wavelets associated to

the grid points

U g7

FeF
need to be biorthogonalized. In addition, the biorthogonalization is done
separately for each interface i.e. for each subset of functions associated to
the grid points oG, (£). We shall say that the corresponding wavelets are
associated to the interface F.

Let?; andi/% r denote the sets of wavelets (before biorthogonalization)
associated to a-interfaceF’, (hence with#¥; p = #W; p ~ 2/7). By
tensor product in the directions of the interface, their construction by coarse
correction reduces to the construction of wavelets associatdditterface
in dimensiond —p (i.e in the directions orthogonal to the interface). Also the
inversion of the biorthogonalization matrXr = (¥; r, ¥; r) reduces to
the inversion of a matrix of dimension independent which is nothing but
the biorthogonalization matrix of the wavelets associated tOin¢erface
in dimensiond — p.
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Note that these matrices are non-singular since the non-singularity of
the matrix(¥; o, ¥; ) is deduced from the biorthogonality of the spaces

Vj(£2) andV;(£2).

These properties prove in particular that the b&gg;sand@v o arelocal
Riesz bases before and after biorthogonalization. In fine, we end up with

— the (e.g. primal) wavelets associated tojhiaterfacesp = d—1,...,0
that are obtained by tensor products from computations involving only
the wavelets and scaling functions on the intef0al] ; 0, ©;.4;, ¥j.0,
¥; 951 and the parametrizations.

— The remaining wavelets associated to each subdofgain= 1, ..., N,
and belonging t@; o,. O

Remark 3.1The choice of the biorthogonal wavelets at the interfaces is not
unique as it clearly appears in the blorthogonallzatlon steKFIfandKF
denote the square matrices so té i = KpWjp and@”ew = KF%F,

then they only need to verify the relation

KpCp(Kp)T = Ip.

This non-uniqueness allows to impose additionnal properties for the wave-
lets at the interfaces such as symmetry or minimal supports that are studied
in details in [3] in dimension 1 and 2.

The following subsection illustrates this construction for the interfaces
of a general 2-dimensional domain decomposition. A similar analysis is
carried out in [3] using the techniques described in [2].

3.2.3 Interface wavelets for a 2-dimensional domaiiWe need to build the
wavelets associated to the 1-interfaces (faggand the O-interfaces (ver-
ticesV). For these last wavelets we shall distinguish ititerior vertices
V' e 2, from the boundary verticdlg € I" which split into three subcases:
V e I'n (Neumann-Neumann vertgxy € I (Dirichlet-Dirichlet vertex
yandV € I'p N I'y (Neumann-Dirichlet vertek

Face waveletsLet 2 =]0,1[2, O = (0,0), A = (1,0), B = (0,1) and
I = OA. Giventhe domain decomposm()m,m)z 1,...N, the subdomains
2 and (2, are assumed to share the fdée= 2, N 2,. For conveniency
in the notation we assume in addition that

/ﬂ(i) = Iig([) =F.
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The construction of the wavelets at the fd¢eeduces to the computation of a
one dimensional vertex of a decomposit{dn &;)i=1 2 Wherel; = 51‘1 (f),
L=¢& I andV = I, N I, = £ 1(0) = & 1(O). The functions of the
completion associated to the veriéare those written in terms of the scaling
functions and wavelets; g o &', 006, i = 1,2, i.e.

Yio0&t —pjoo&tandyoo &yt — o0&t

Letg;nnn = 75(0006 " +9j008 1) andd;nan, = J5 (@006 '+

@70052‘1) the biorthogonal scaling functions at the vertéxT he coarse cor-
rection on anyf of the above two functions writes— (f, ¢;.1,n1, ) @5.1. 1.
After biorthogonalization, we get for example the two primal wavelets

1
1 _
Vjnntn = 7
1 _
W} non = E(%}O o0&y !
—pjo0éi !t =008 F @008 0).

and the same formula for the dual wavelets with the superscript

The biorthogonal wavelets at the faEeare then deduced by “canonical
tensor product” (cf. (46)) from the univariate Waveleft;:u,1r1 Iy 1/111.7 LNl
and the scaling functiop; ,~7, with the univariate scaling functions and
waveletsy; r, ;1 in the direction of the face. We obtain for the primal
wavelets

(jo0 &t + 0061,
(62)

(Yjk ® 0500 K1 " + ik ® @j00 k5 ")

(pjk @jo0 k' + ik @Yook ")

Sl =Sl -

(63) (¢56 ® (Y50 — @j0) © KT — 0k ® (Y0 — @j0) © /‘61)

7 (Yjk @00k + ik @ j00ky ")

N |
—_

—

3 (Vs ® (50 — 050) 0 61" — sk ® (Yj0 — j0) 0 K3 ")

and the same formula for the dual biorthogonal wavelets with the superscript

Interior vertex.Let V' € {2 common toM subdomaing?;,i =1,..., M.
Wedenote by; ;11 = 2,N$2;41,i =1,..., M, the interfaces wherk/ +1

is identified tol. Let J = OB, for conveniency in the notation we assume
thatfori=1,..., M,

V = ki(0) andr; (J) = kg1 (1) = Lis1.
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The functions of the completloxr'?lﬁ  associated to the vertéxinclude for

each subdomairy;,i = 1, ..., M, the function
(64) fion = (W50 — ©0) ® (Y0 — @jo) o ki ',
and for each interfacg ;1,7 =1, ..., M, the function

Fidir = €50 ® (Y50 — ©j0) 0 K; "

(65) +(¥5,0 — ©5,0) ® P50 © K1,

The coarse correction applied to afpf these2 M functions reduces to
A
M <Z /f) f‘Qz °© Ki Pj0 @ @jpdi’)
=1

(66) X pj0® @00k ",
=1

which leads to the M primal wavelets, foi = 1,..., M

_ 1 _
i = (j0 — 9j0) © (Yo — o) ok ' — i Z 20 © pjoo Ky
=1
Vil = Pi0® (% 0= @i0) 0k 4 (Y0 — @j0) ® 0500 K

+* Z 30 ® Pjo 0 Ky

supported onth&/ subdomains. Simple linear combinations enable to better
localize these wavelets on the subdomains. The linear combinatjasr-

Vi 051, fori=1,..., Mandy; o+ 0, fori=1,...,M~1
define2 M — 1 linearly independent wavelets supported on two subdomains.
They are complemented by the linear combina@fﬁl(wj,gi + V)1 i41)
supported on thé/ subdomains.

1

Z ) (W50 — ©50) ® (Y50 — ©50) © ki,

=0

i=1,..., M1,
o ¥i0 ® (Yj0 — @j0) 0 Ky L — (Y0 — j0) ® Yj0 0 fﬂilll,
5,V =
i=1,.... M,

M

Y o ® o0k
=1

(67)
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The 2M dual wavelets are obtained just adding the superscrgmsl the
biorthogonalization matrix¥. v,%v) is easily computed and only de-
pends on\/.

Neumann-Neumann vertéi/e considerd subdomains sharing the vertex
V e Ix. Let {21 and {2y, be the subdomains intersectifigy and 1 =
2 NIy, I = 2y N I'y their interfaces witl . The subdomains share
the 1- mterfacesfmﬂ ;N 21,i=1,...,M — 1. Again, we assume
for conveniency in the notation that

V=EkO),i=1,...,M,
ki(l) = Toy, kn(J) = Tou,
ki(J) = kip1(l) = Lijp1, i=1,...,M - 1.

The functions of the completloliltt , associated to the vertéxinclude for
each subdomairy;, i = 1,. M the function (64) and for each interface
Lijiv1,1=1,...,M — 1, the function (65). Finally one function is asso-
ciated to each fac ; andl . For these last functions, by simple linear
combinations we retain the wavelets

(68) (V50 — 50) ® 00 Ky

for Ip1, ande; o ® (1;, 0 ©j0)© /1]]4 for Iy, rather than the functions

(Yj0—©j0) ®pjo0kT andgo] 0® (1,0 —¥j0)0 ;@M of Wf . The coarse
correction on thes2M + 1 functions is computed as previously and taking
similar linear combinations as for the interior vertex we obtain the following
collection of wavelets at the vertex V.

(V50 — ©50) @ Pjo0 Ky,
1

D (1) (50 — 950) ® (50 — 950) © iy

=0
i=1,...,M—1,

Pi0 ® (1hj0 — ©50) © Kaf s

Vi ® (Y0 — pjo) okt

— (15,0 — ©5,0) ® j0 0 K,
i=1,...,M—1,

M
Y bio@dio0n !

=1

(69)

VNN
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These wavelets can be retained for the primal basis, and the set of biorthogo-
nal dual wavelets is obtained by inversion of the biorthogonalization matrix

(T Py, ) that depends only of/.

Dirichlet-Dirichlet vertex.The previous notation are reproduced. The func-
tions of the completlompﬁQ associated to the verteX include for each
subdomain(2;, « = 1,..., M, the function (64) and for each interface
Lijiv1,9=1,...,M — 1, the function (65). As announced in the proof
of Proposition 3.6 there is no coarse correction since no scaling function is
associated to the vertdx. Thus the2M — 1 primal wavelets (and similarly

the dual wavelets) are obtained directly fr@Irjf]Q and they only need to be
biorthogonalized.

(1hj0 — ©5.0) ® (jo — @jo) okt i=1,..., M,
©i0® (Yj0 — pjo) o Ky !

JvVp_p

+ (1hj0 — ©0) ®@jo0 ki, i=1,...,M—1.

Neumann-Dirichlet vertexAgain the notation are the same as previously
with Iy € Iny andIyy, C Ip. The functions of the completioﬂ?jﬂ
associated to the vertéx include for each subdomaif2;,i = 1,..., M,
the function (64), for the facé, ; the function (68) and for each interface
Iiiy1,1=1,...,M — 1, the function (65).

Since there is no coarse correction, we obtain direzily primal (and
similarly the dual) wavelets that only need to be biorthogonalized.

(50 — ©50) @ Pjo0 KL,
(V5.0 — ©50) @ (¥j0 — pjo) ok 1y i=1,..., M,

©i0 ® (Yj0 — pjo) ok, 1+

j’VNfD =

(V50 — 9j0) @ @jo0 Ky, i=1,...,M —1.

Remark 3.2This hierarchical construction of the wavelets suggests a hierar-
chical and parallel programing of the wavelet transforms. These algorithms
(for example for the primal bases) iterate the two level wavelet transforms
@jJrLQ <~ QJ,Q U !I/j,_Q.

A natural idea is to proceed in two steps that mimic the construction
steps. For example the decomposition algorithm (and reversely for the re-
composition) writes:

(i) decomposition according to

Pit1,0 = PjoU “—’Jﬁo
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that “decouples” (and hence can be parallelized) on gdoterface for
p =d,...,0and amounts on eaghblock, in the directions of the-
interface, to a canonical tensor product wavelet transform in dimension
p.

(iiy Corrections at they-interfaces forp = d — 1,...,0 according to the
formula of coarse correction and biorthogonalization.

3.3 Domain decomposition and liftings

We reproduce the notation and assumptions of Sect. 3.2. In particular the
generatorg ¢, ¢) on the line are symmetric and the primal generatds
continuous. In the following analysis the dimensibis at least equal to 2
and the boundaryp is not empty, otherwise the construction of the lifting
becomes trivial.

Thetechniques of Sect. 3.2 enable to define the biorthogonal MRA “with-
out boundary conditions”
{Vj(ﬂ) = S(%).0)

Vi(92) = S(®,.0).

We denote byP; (, the corresponding biorthogonal projector and by

Y0, Y,

the biorthogonal wavelet bases of the complement spaGés?), Wj(ﬂ).
Also, we can define the MRA with homogeneous Dirichlet boundary con-
ditions on/p (for the primal, and symmetrically for the dual)

VP (92) = Vi(2) N Op(£2) = S(2 )
VjO(Q) = S(‘is?,n),

whereC? (£2) denotes the space of continuous functions vanishingian
The corresponding biorthogonal projector is denotecPﬁ)é and the bi-
orthogonal wavelet bases by

0 0
Vio Yo

The domain decompositioff2;, x;);=1,... n Of £2 induces by restriction
a domain decomposition of the bounddry.

Let I;; denote the(d — 1)-faces off2; N I'p images ofg; by the
parametrization:;. Also we denote by, the canonical affine isometries
from the referencéd — 1)-face I =]0,1[*'x{0} to the (d — 1)-faces
61 of the reference domaif? =]0, 1[¢. Then, the subdomains;; and the
parametrizations

Kiopp: j — Fi,l
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define a domain decomposition bf, denoted by

(527 z)z ..Np-

To prove theC? conformity of this decomposition it suffices to check the
property (47): for allp-face common to the subdomains; = x; o p;()
andl—‘i/J/ = Kj © py (6/), then
(ki 0 p)~ o (kiro pr) = py o (ko ki) o py
is an affine isometry from’ to 4.
Thus, the techniques of Sect. 3.2 applied to this decompositidrof
and the generato(®, ¢), define the biorthogonal MRA

{V(TD)— S(®j.11)
Vi(Ip) = S(®)r,),

the associated biorthogonal project®y;, and the biorthogonal wavelet
bases B

Yo, Yiry-
These MRA coincide with the “trace” MRA (defined rigorously for con-
tinuous generatorg and ¢). The main avantage of this definition is to
prove directly the biorthogonality and the regularify*?(Ip) of these
MRA. For the primal MRA, it is equal tanin(7(p), 1 + I%) and not only

tomin(7(p)— %, 1) as deduced from a direct application of the trace theorem.

The remaining is a direct application of the abstract setting developped
in Sect. 2.2 which starts from the definition of the biorthogonal projector
P, onto V;(£2). We first discuss the fulfillment of Hypothesis 2.1 to 2.5
that determine the stability of the lifting operator. Then, we propose two
constructions of the lifting wavelets df” The first one is an extension
of the construction developped in Sect. 3 2 and the second one shows that
it is possible to pick up the lifting wavelets iW;(£2). This last choice
will enable to obtain a range of stability of the Iifting operaf®iincluding
negative smoothness, although in that case the trace operator is no longer
defined.

Lemma 3.1 The localness Assumption 2.1 for the p@if({2), Ip) is sat-
isfied for allp €]0, o).

Proof. This is a direct application of Lemma 2.1 and tbestability of the
basesp; o and®; ry, for all p €]0, oo], since the generatgris continuous.

0
We recall that the projector3; r;, andP pare uniformly stable iri.? for all
p € [1, 0] SO thatp € L¥ (cf. Proposmon 3.1 ontheline). Also, the inverse
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estimate ori/;(£2) is obtained for the rangeé < s < min(1 + 1/p, 7(p)),
p €]0, cc] and the direct estimate fdr; ,, for the range) < s < n for all
p € [1,00] such thatp € L¥'.
Then, the following properties result directly from Propositions 2.2, 2.3
and 2.4.

Proposition 3.7 Letp €]0, oo, then
1951l B (o) < 27°|\g; | Lo (), forall g; € V;(Ip)

forall 0 < s < min(7(p) — 1/p, 1).
Letp € [1, 0] so thatg € L¥, then

lo = Pl 5 2 Lol 0Fall0 < <=
lu — P oullrro) S 27 Js [ull g5 () forall 1/p < s <mn.

For p €]0, 1], the direct estimate foP; r;, is obtained through Propo-
sition 2.5. It requires the derivation of the direct estimate/p,, p < 1,
which is obtained using the techniques of Sect. Il of [4].

3.3.1 First construction of the lifting wavelets.In order to define ex-
plicitely the lifting operator (19), it remains to build a wavelet ba&;r§2 of
W (£2) stable inL? and satisfying the properties 1.1.

For that purpose, we slightly modify the construction of Sect. 3.2. First,
the hierarchy of thep-interfaces of the domain decompositiof?;, «;)
i=1,...n Is completed here by the hierarchy of the interfaces of the decom-
position(I5,&;)i=1,....np, Of the boundary . Second, we will subtract the
projectionP , rather than?; o,.

Step 1.The basisp; p, is partitioned intgp blocks corresponding to the
hierarchy of the interfaces of the domain for the sutf’gg-;tl’g,p =d,...,0
andof the boundaryp, p = d — 1, ..., 0 for the remaining set of scaling
functions denoted b, ,.

We apply to each of thegeblocks of@%1 (£2) anddig?+1 (£2) the tensor
product two scale decomposition with the same boundary conditions.

Proposition 3.8 Excluding the scaling functions (of scalger j + 1), we
obtain the completion

vk =l v,

of @, o in Vi 1(82) where@f 1, Is the completion defined by Proposition 3.5
applied to the MRA/’jO(Q).
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Proof. It is similar to the proof of Proposition 3.5. O

Step 2We apply the coarse correction
JiQ = (I - PJ*Q)WJ*fﬁZ

Onv; ’ﬁ the projection? , reduces toDOQ and we come back to the con-
structlon of Sect. 3.2 of the wavelet basis

Oa
00 = (I— Py,

On v}, the projectionP’, vanishes except at theinterfaces of the de-
composmon off p forp =d —2,...,0. Atthese interfaces?" , reduces
tor; o P; r, o vp, for the choice of the lifting-; involving onIy the scaling
functionsy; o, ;. 4; in the reference interval.

As for the computations at the interfaces of the dom@irby tensor
product, the computations of the lifting wavelets at thimterfaces of the
decomposition off p for 1 < p < d — 2 reduce to compute the lifting
wavelets at d-interface in dimensio — p. The number of wavelets to
build thus corresponds to the number of wavelets associatettiotarface
of I'p (i.e. in dimensiord — p — 1).

This construction will be illustrated below in the case of a general 2-
dimensional domain.

Lemma 3.2 The wavelet basig’ , is stable inL? for all p €]0, oo|.

Proof. The basespj% and¥; r, are linearly locally independent respec-
tively on a dyadic partition of? and its traces orTD Hence, the local
linear independence also holds for the basig = Q ijbg The stabil-
ity is classically deduced since the generaiin L? for allp €]0,00]. O

We can now state the stability properties of the lifting operator (19).
Theorem 3.1 Letp € [1,00] so that¢ € L¥. The lifting R verifies the
stability property

IRgl ey < Nl o0

forall 0 < s < min(7(p) —1/p,1)..
Letp €]0,1[ andr € [1,00] so thatg € L, then the liftingR is stable for
the range(d — 1)(;, — 1) < s < min(r(p) — 1/p, 1).
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3.3.2 Second construction of the lifting waveletstis possible to define the
lifting wavelets ini¥;(2) in order to obtain additionnal stability properties
of the lifting operatorR. It relies on the following lemma.

Lemma 3.3 Letw; € W;(£2), thenw; € W7 (2) if and only ifyp w; €
Proof. This is clearly a necessary condition, let us show that it is also suffi-
cient. We shall show that? ,w; = 0. Sinceypw; € Vj+1(IDp), the prop-
ertyypw; € W;(Ip) is equwalent taP; i, o ypw; = 0. Hence we have

P qw; = P?w; which vanishes since by constructidif (2) ¢ V;(12).
O

Thus, if we can prove that/;(Ip) C ypW;(S2), it will be possible
to build the lifting wavelets iri¥;(£2) and to take avantage of the stability
properties of the basi,, to obtain a larger range of stability of the lifting.
We first show the following lemma.

Lemma 3.4 Any functiom); r, € Vj41(Ip) written exclusively with the
parametrizationg;, [ = 1, ..., Np, the scaling functions and the wavelets
ontheintervalp; o, ¢;.4;, 15,0, %21, iS the trace of a wavelet 67, (£2).

Proof. The functiony; i, is associated to one (or severéi)nterface of
the decomposition of p denoted byl” € Ip. First, we lift the wavelet
;. rp, In £2 using only the wavelets and scaling functions on the interval
©3.0, Pid;» Y50, ¥j 211 and the parametrizations. Let us denote by;gﬂ

this function ofV;1(£2). This lifting function is already orthogonal to all
the scaling functions (11~5j, « except to the scaling functiop; ;- associated

to the boundary verte¥'. Let: be such that” € (2; and let us assume for
conveniency that’ = «;(0O). We consider the function

?,V = @%(hj0 — pj0) oKy
so thatyy?, = 0 and (49, f) = Oforall f € & o/{@;v}. Then
(’(/}?797 35] V) 0
(1/)] V’ ) »v

is a wavelet of;(2) of traceyp (vj.0) = ¥ r,. O

Vj0 = T/Ji

The definition of lifting wavelets in4/;({2) is a consequence of the
following proposition. Its proof is constructive.

Proposition 3.9 The propertyV;(Ip) C vp W;(42) is always satisfied in
the framework of domain decomposition of Sect. 3.2.
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Proof. Let¢;, € ¥;r,, we shall build explicitely a wavelep; o, €
W;(£2) so thatyp (v¥,0) = ¥j -

We consider successively for=d — 1,...,0, the case of a wavelet
;. r, associated to p-interface of the decomposition &t,.

The case» = d corresponds to the subdomaihsof I for vyhich the
lifting is canonical, i.e. a tensor product in the reference domain

Forp=d—2,...,0,the analysis reduces by tensor product to a wavelet
associated to 8-interface in dimensio — p — 1. This latter wavelet is
written exclusively with the scaling functions and wavelg}s, ;.q;, ¥;,0,
;951 On the interval. Hence, the lifting i/;(§2) of the wavelet); r, is
obtained by “tensor product” from similar computations as those displayed
in the proof of Lemma 3.4 (that correspondgite- 0). O

Theorem 3.2 Letp € [1, 0] so that¢ € L* . For the choice of the lifting
wavelets given by Proposition 3.9, the liftiRgverifies the stability property

IRl ey S Nl o0

for all —min(7(p),1/p) < s < min(7(p) — 1/p, 1).

Proof. The wavelets of the coIIectio'lﬁr]’?Q are locally linearly independent

since this is the case for their tracksr, . It results that the coIIectio&ﬁ]?"!2

is stable inL? for all p €]0, co]. Then, the theorem is a direct consequence
of the characterizations of Besov norms by the multiscale decompositions
on the domain and ohp. O

3.3.3 Lifting wavelets at the interfaces Bf for a 2-dimensional domain.

As for the wavelets at the interfaces of the domain decompositiafd, of
we define in this subsection the lifting wavelets for a general 2-dimensional
domain. The task is simpler here since it will suffice to build these lifting
wavelets at th@-interfacesd/ (or vertices) of the decomposition 6f,. The
lifting wavelets associated to the facEsof the decomposition ofp are
canonical tensor products on the reference domain.

The notation are the same as in Sect.3.2.3 and we need to consider
the two cased’ ¢ I, (Dirichlet-Dirichlet vertey andV ¢ Ih N Iy
(Neumann-Dirichlet vertgxIn both cases we give details of the construc-
tions of Sect. 3.3.1 and Sect. 3.3.2.

Dirichlet-Dirichlet vertex.The decomposition af, induced by the domain
decomposition is defined by the two subdomains= Iy 1, I'v = lom
and the parametrizations

& = kal; andéy = ks o Ro x| ;-



Boundary conditions and domain decomposition 233

The two wavelets aF; r;, associated to the vertékare builtasin Sect. 3.2.3
(62). We obtain for example the wavelets

Yi00 &t o0&,
70 Js 1 s M
(70) { (30 — 30) 0 &1 — (30 — 30) 0 37

The functions of the completiojilj‘?’f2 associated to the vertéxinclude the

function
(50 — ©50) ® ©j00 KT

related to/; and

(71) ©i0® (Yj0 — pjo) © Kyf

related taly;. The coarse projectioﬁj?f ¢, (cf. Step 2) applied to any of these
two functions reduces to
M

1 _
B Z 10 © Pj00 ;|
=1

Taking the linear combinaisort$, 1) and(1, —1) of the functions obtained
after correction, we get the two lifting wavelets
M—1
Yj0 ® 900K+ @0 @ Yj00 Ky + Z ©i0®@jook;
=2
(¥j,0 = 23,0) ® 900 K1+ — 950 © (Y10 — ©j.0) © Kaf s
the traces of which o, are proportional to the wavelets (70).
The construction of lifting wavelets i (£2) in the framework of Propo-
sition 3.9 is straightforward in 2-dimension. For example we retain

M
—1
Y b0 ®@vio0k;

=1
(10 — ©j.0) ®Pj00 KT — 0 ® (Yj0 — ©50) © Kif s
the traces of which oip are proportional to the wavelets (70).

Neumann-Dirichlet verteX.he notation are the same as previously. We need
to lift the single wavelet of , associated to the vertéx:

(72) Pi00&
The first construction starts from the function (71) of the compleﬁﬁx@
associatedto the vertéx Then we subtractthe prOJectldrjQ thatamounts
to add>"", ¢j0 ® @jo 0 #; L. Ityields the wavelet

M-1

00 @bj00 Ky + > 0@ @00k
=1



234 A. Cohen, R. Masson

the trace of which oy, is proportional to (72).
In the framework of Proposition 3.9, we easily check that the wavelet

M
-1
Y b0 ®vjo 0k,

i=1

is a lifting wavelet oflV;({2) the trace of which o}, is proportional to
(72).

Appendix

Proof of Proposition 3.2The proof is constructive and treats separately both
edges. Wefirst biorthogonalize atthe edges 0 and 1 the scaling function bases

cf. 40) of the MRA space¥C> and75:Clo.

Let @?’CLD andd’CIP pe any choice of such biorthogonal bases. Next
(for example at the edge 0), we look for the linear combinations

max(n,n)—1
80,(0
pio=o 0+ Y apim
(73) b=l

max(n,n)—1

- 50,(0 L.
©3,0 COSOJOO( Tt Z CkPjk
k=1

SO that<g0j70, (ﬁj,k> = <(,0j ks (,5] 0> (52, k=0,..., max(n, ’fl) — 1. EQUiV-

alently we obtainc, = <<pj°d( ), Qi) k=1,...,max(n,n) — 1 and the
vector(ég, k =0, ---,max(n,n) — 1)T is solution of the square system

(@00 oo+ B =0, k=1,...,max(n,7) - 1,

5o, .
<80J00( ) pj0) & =1

which is unique from the non singularity assumption of the maitffx—1—!

Note in particular tha(@joo’ ), ©;0) does not vanish as well @. O

For the next proof we shall need in addition the foIIowmg lemma on the
filters H7 of @0 and H’ of @5 sothaty;r = X en,., H]  ¢ii1m and

Soj,k - ZmEA‘j+1 Hk‘ m(pj‘i’l m-



Boundary conditions and domain decomposition 235

Lemma 3.5 The filtersH7 and H7 verify the relations, for alk = 0, ...,
#A;—1

- 1 - 1 #4241

Hljco = 75137 Hljc#A' 1= =0 7

74 T2 T2
(7 Bo— g0 _ L graim

k,0 \/i k> k#Aj41—1 \/5 k :
Proof. This is a direct consequence of the Definition (73), the property
¢o # 0 and the two scale relations for the scaling functim§§(€) recalled
below e.g. at the edge 0O (see e.qg. [25] for details).

—«
50,0) _ 27 60,(0)
Soj,a \[ ]+1 a
mi1+2mo+2060—2 mo+dp—1

+ Z Z (%, o) hm—2k Gj1m. O

m=mgo-+do k=—m1+1

Proof of Proposition 3.3Classically (see e.g. [25] for details) the com-

plement spaced; and W; are biorthogonal (in the sense that they can
be endowed with blorthogonal (uniform) Riesz bases). We shall prove that

W =W;nN V‘S CLD andW0 W N V]‘ZSLD are biorthogonal subspaces
of codlmen5|on 2

Let us assume that result for the moment. We recall that in all cases
the wavelet bases include a fixed number of modified wavelets at the edges
and the remaining wavelets are wavelets on the line supportdd, op
From similar argument as in the proof of Proposition 3.2, we conclude that

there exist biorthogonal wavelet baggsand¥; (44) of W;, Wj so that the
collections

) = {jpk=1,...,2 =2}
75 I
(75) {W _{1/;jk,k_1 27 — 2}
define biorthogonal bases of the subspdd?é’sandwjo. Consequently the
filters G7 and@j so that¥; = GI¢? | and¥; = GId9,, verify for all
k=1,...,27 — 2the relations

J —
(76) { Oho = Chpan =0
G‘Z},O = G‘]Z},#Aj_‘_l—l = 0

Let us show that in addition the basesand¥; can be chosen so that

Goo = Gai 140, 1=

(77) . .
Goo = Goi_1 44,1 =

SEE
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Let us recall the following identity that rewrites the biorthogonality relations
in terms of the filters:

D HLyH]y + D0 GG = 0 mom' € Ajp
kEAj kEVj
Written form = m/ = 0 andm = m’ = #A;,, — 1, from (76) and (74),
it implies that
1

~ 1 ~
G070G070 - 5 andGQj717#Aj+171G2j717#Aj+171 = 5

Hence, it suffices to renormalizg; o by % and ;o by v2Goo =
’ 2G0,0 ’ ’

1 i
ViGos to obtain the property (77). )

Choosing such biorthogonal wavelet baggsand¥;, it is easily seen
thatw "> and¥"" define biorthogonal bases f; "> and ">,

Indeed, from the properties on the filters, on the one ha(d(f@) -
Vj‘ZClLDNand gP) ¢ v,5"P. On the other hand @ ") L V;»C»
and §7 ") L V*“'* and the bases are clearly biorthogonal.

It remains to prove the codimension 2 and the biorthogonality of the
subspace$V? andW?. From the decoupling of the edges, we can argue
separately on the boundary conditions at the edges 0 and 1. Let us consider
for example homogeneous Dirichlet boundary conditions at the edge 0.

If W; N Vj‘i’r(f’_l) = Wj, then any function oﬁ/j(s+1 N (17]5)L belongs to
Vji(f’_l). From the properties (74) of the filtef8’ and H7, the function

©j+1,0 — Pjpjr10=(1— Ho,oﬁo,o) ©jt1,0 + -

1
(78) =5 %itot
contradicts this assumption which proves the codimension 1Vef
v Vinw;.

From the biorthogonality of the wavelets on the line, to prove the bi-

5,(0,—1)

orthogonality ofi?; N Vj‘i’ff’_l) and/VIV/j N 17j+1 it suffices classically to

prove thatany functioffi; . ; ij/'ji(f’_l) sothatf;; L Wjﬂf/j‘s’(f’_l)

is equal to zero. Such a functigiy, is in addition orthogonal to the space
~5 = . 56,00,—1 -
vi e (W;n Vi) @ s{@g0})

which, from (78) (written forp;,1 o), is equal to‘7j‘11. Hencef;+1 = 0.
0
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