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Abstract. In this paper, we consider a multi-lithology diffusion model used in stratigraphic modelling
to simulate large scale transport processes of sediments described as a mixture of L lithologies. This
model is a simplified one for which the surficial fluxes are proportional to the slope of the topography
and to a lithology fraction with unitary diffusion coefficients. The main unknowns of the system are
the sediment thickness h, the L surface concentrations c; in lithology ¢ of the sediments at the top
of the basin, and the L concentrations ¢; in lithology i of the sediments inside the basin. For this
simplified model, the sediment thickness decouples from the other unknowns and satisfies a linear
parabolic equation. The remaining equations account for the mass conservation of the lithologies, and
couple, for each lithology, a first order linear equation for ¢; with a linear advection equation for ¢;
for which ¢; appears as an input boundary condition. For this coupled system, a weak formulation is
introduced which is shown to have a unique solution. An implicit finite volume scheme is derived for
which we show stability estimates and the convergence to the weak solution of the problem.

Résumé. On étudie dans cet article un modele diffusif multi-lithologique utilisé en modélisation strati-
graphique pour simuler sur de grandes échelles le transport des sédiments décrits comme un mélange de
L lithologies. On considere ici un modéle simplifié pour lequel les flux surfaciques sont proportionnels
a la pente et a une fraction lithologique avec des coefficients de diffusion unitaires. Les inconnues du
probléme sont ’épaisseur de sédiments h, les L concentrations c; (resp. les L concentrations de surface
¢;) en lithologie ¢ des sédiments & 'intérieur du bassin (resp. a la surface du bassin). Dans ce modele
simplifié, I’épaisseur de sédiments se découple des autres inconnues et satisfait une équation parabolique
linéaire. Les autres équations expriment la conservation de la masse des lithologies et couplent, pour
chaque lithologie, une équation linéaire du premier ordre pour ¢; et une équation d’advection linéaire
pour ¢; avec ¢;j comme condition aux limites entrante & la frontiere. Pour ce probléme couplé, une
formulation faible est introduite, pour laquelle on montre I’existence d’une unique solution. Le systeme
est discrétisé par une intégration implicite en temps et une méthode volume fini. On montre alors la
stabilité du schéma obtenu et sa convergence vers la solution faible du probleme.
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1. INTRODUCTION

Recent progress in geosciences, and more especially in seismic- and sequence-stratigraphy, have improved
the understanding of sedimentary basins infill. Indeed, the sediments architecture is the response to complex
interactions between the available space created in the basin by sea level variations, tectonic, compaction, ...,
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the sediment supply (boundary fluxes, sediment production), and the transport of the sediments at the surface
of the basin. In order to have a quantified view of this response and to determine the relative influence of each
involved process, stratigraphic models have been developed.

Among basin infill models considering the dynamics of sediment transport, authors usually distinguish be-
tween fluid-flow and dynamic-slope models (see [12,13]). The first ones use fluid flow equations and empirical
algorithms to simulate the transport of sediments in the hydrodynamic flow field (see e.g. [14]). They provide
an accurate description of depositional processes for small scales in time and space but, at larger scale such as
basin scales, they are computationally too expensive.

Dynamic-slope models use mass conservation equations of sediments combined with diffusive transport laws.
These laws do not describe each geological process in details, but average over these processes (river transport,
creep, slumps, small slides, ...). One can refer to [1,6,8,10,12,15] for a detailed description of these models.
The dynamic-slope models have been shown to offer a good description of sedimentation and erosion processes
for large time scales (greater than 10* y) and basin space scales (greater than 1 km).

We consider here a dynamic-slope model simulating the evolution of a sedimentary basin in which sediments
are modeled as a mixture of several lithologies i = 1,..., L characterized by different grain size populations.
The surficial transport process is a multi-lithology diffusive model introduced in [12], for which the fluxes are
proportional to the slope of the topography and to a lithology fraction ¢ of the sediments at the surface of
the basin (see also [5,9]). In the sequel, a simplified model is considered for which the diffusion coefficients are
taken equal to one. It results that the sediment thickness h is decoupled from the other unknowns of the system
(i.e. for each lithology, the surface concentration ¢f, and the concentration ¢; in lithology 4 of the sediments in
the basin), and satisfies a linear parabolic equation.

The remaining equations accounting for the mass conservation of the lithologies couple, for all i = 1,... L,
a first order linear equation for the surface concentration ¢j and a linear advection equation for the basin
concentration ¢; for which ¢ appears as an input boundary condition at the top of the basin.

In [4], a weak formulation of (2.7) has been introduced (recalled in Definition 2.2) in order to cope with the
difficulty to define the trace of the basin concentration ¢; at the top of the basin. In this previous article, the
system has been discretized by an implicit integration in time and a cell centered finite volume scheme in space
which has been shown to converge to a weak solution up to a subsequence.

The convergence of the numerical scheme proves the existence of a weak solution. The main objective of
this article is to prove that this solution is unique, which will also yield the convergence of the full sequence of
approximate solutions to the weak solution. This result is stated in Theorem 2.3 below.

The proof uses the linearity of the system (2.7) in the concentration unknowns ¢; and ¢, as well as the adjoint
equations for which existence of a weak solution is obtained using the convergence of a numerical scheme. The
core of the proof is derived in section 4 and uses three lemmae which are proved in the subsequent sections. The
numerical scheme for the adjoint equation and its convergence to a weak solution up to a subsequence is given
in section 5. The proof of this convergence is an adaptation of the one given in [4] for the direct problem, so
only the main differences will be detailed. The main new difficulty to prove the uniqueness lies in two lemmae
stating integration by part results for non smooth solutions of the adjoint and direct systems. The proof of
these lemmae are detailed in section 6 for the linear advection direct and adjoint equations and in section 7 for
the linear first order direct and adjoint equations.

The remaining of the paper outlines as follows. The mathematical model and its weak formulation are defined
in section 2, and the fully implicit finite volume discretization from [5] or [4] is recalled in section 3.

2. MATHEMATICAL MODEL AND WEAK FORMULATION

A basin model specifies the geometry defined by the basin horizontal extension, the position of its base due
to vertical tectonics displacements, and the sea level variations. It provides a description of the sediments
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considered as a mixture of different lithologies such as sand or shale. Finally it specifies the sediment transport
laws and their coupling, as well as the sediment fluxes at the boundary of the basin (boundary conditions).

In this paper, the multi-lithology diffusion model described in [5,9,12] is studied in a simplified case for which
the diffusion coefficients of the lithologies are equal (to one to fix ideas). Also, for the sake of simplicity, the
tectonics displacements, as well as the sea level variations, are not taken into account in the sequel.

The projection of the basin on a reference horizontal plane is considered as a fixed domain Q C R%, defining
the horizontal extension of the basin, with d = 1 for two dimensional basin models and d = 2 for three
dimensional models. Throughout this article, the symbols V and div denote respectively the gradient and the
divergence operator in R?.

We denote by h the sediment thickness unknown defined on the domain © x R%, and by B the domain

B={(z,2,t)|(z,t) € A xR,z < h(z,1)}.

The sediments are modeled as a mixture of L lithologies characterized by their grain size population. Each
lithology, ¢ =1, ..., L, is considered as an incompressible material of constant grain density and null porosity. On
each point of the basin, the mixture is described by its composition given by the concentrations ¢;, ¢ =1,..., L,
defined on B, and such that ¢; >0 fori=1,..., L and ZiL:lci =1.

The model assumes that the sediment fluxes are nonzero only at the surface of the basin (i.e. for z = h).
The sediments transported by these surficial fluxes, i.e. which are deposited at the surface of the basin in case
of sedimentation, or which pass through the surface in case of erosion, are characterized by their concentrations
denoted by cf, defined on 2 x R% , and such that ¢§ > 0 for i =1,...,L and Zlecf =1

Since the compaction is not considered, no change in time of the concentration ¢; can occur inside the basin.
It results that d,c; = 0 on B. The evolution of ¢; is governed by the boundary condition at the top of the basin
stating that ¢;|.—, = ¢} in the case of sedimentation d;h > 0. Let D+ denote the domain

Dt = {(z,t) € Q x R | 8;h(z,t) > 0},

then, ¢; satisfies the conservation equation :

Oici =0 on B,
{ Cils=n = ¢ on DT. (2.1)
The conservation of the thickness fraction in lithology ¢
h(x,t)
M;(x,t) :/ ci(z, z,t) dz, (2.2)
0
with Zle M; = h, states that forall i =1,... L
OM; +divf, =0 oanRi,
L s _ N (2.3)
Yilic =1 onQxRYL.

In the multi-lithology diffusive model described in [12], the flux f; is proportional to the gradient of the topog-
raphy h and to the concentration ¢j, with a diffusion coeflicient k;. In the sequel, we shall restrict ourselves to
the simplified case k; =1 for alli =1,...,L, i.e. f; := —¢]Vh, so that the sediment thickness i decouples from
the concentrations and satisfies a linear parabolic equation (see (2.6)). This assumption means physically that
the lithologies are supposed to have the same transport properties. In such a case, the composition inside the
basin is determined by the composition of the initial and input boundary sediments.
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Neumann boundary conditions are imposed to h on 92 x R7,
Vh-n=gon dQ xR,

with n the unit normal vector to 92, outward to €2, and Dirichlet boundary conditions are prescribed to the
surface concentrations

i =¢ on Xt
with
St ={(z,t) € 00 x R} | g(z,t) > 0},

&G >0foralli=1,....,Land ¥F & =1

Initial conditions are prescribed to the sediment thickness stating that hli—g = h° on Q, and to the basin
concentrations stating that ¢;|i—¢ = ¢ on the domain {(z,2) |z € Q,z < h°(z)}, with ¢? >0 foralli=1,...,L
and Zle & =1.

In the following, we shall consider the new coordinate system for which the vertical position of a point in
the basin is measured downward from the top of the basin, i.e. given by the change of variable (x,&,t) =
(«';h(2’,t') — z,t"). In this coordinate system, let us consider the new unknown

ui(z,&,t) = ci(x, h(z,t) — & t) defined for all (z,&,t) € Q x R} x RY,
and the initial condition
ud(z,€) = ) (z,h"(z) — &,t) defined for all (z,£) € Q x R,
Gathering all the equations, we obtain the following multi-lithology diffusive model:

Uile=o Oph + div(—c;Vh) =0  on Q x RY,
S =1 onQxRY,
Surface conservations: Vh-nlpoxrs =g on Q2 xRy, (2.4)
cSlgr = ¢ on Xt
hli=o = h° on Q,
Opu; +0th Ogu; = 0 on Q x RY x R%,
Column conservations: Uile=o = ¢ on DT, (2.5)
Uilt—o = uf on Q x R%,

where we have taken into account the equality 0;M; = u;|¢=o Oth on Q x R’ which derives formally from the
definition (2.2) and the equation d,¢; = 0 on 5.

For this simplified model, summing equations (2.4) over ¢ = 1,..., L, it is clear that the sediment thickness
h satisfies the parabolic equation

Oth—Ah =0 onQxR%,
Vh- 1’1|3Q><]Rjr =g on 0 x Rj’_, (26)
h|t:0 = ho on Q,

while the concentrations (cf, u;) verify, for each i = 1,..., L, the system of equations
Uile=0 Oth + div(=c{Vh) =0 on Q x RY,
Slgr = ¢ on Xt
Opu; + Oth Ocu; =0 on Q x RY x RY, (2.7)
ui‘gzo = Cf on 'D+,

Uili=o = u) on Q x R*%.
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In the sequel, the following assumptions are made on the data.

Hypothesis 2.1.

(i) Q is an open bounded subset of R, of class C*,

(i) h0 e C?(Q),

(iii) g € C1(OQ x Ry) NL2 (002 x Ry),

(iv) g and h° are chosen according to the assumptions of Theorem 5.8 of [11] (p. 820) so that the unique solution
h of (2.6) is in C2(2 x [0,T]) for all T > 0,

(v) & € L®(SF) with & >0 fori=1,...,L and Y & =1,

(vi) u e L®(QxRY), u) >0 fori=1,...,L and Zleu? =1,

(vii) For all T > 0, the boundaries 9%+ and OX7 . of the sets ¥3 = {(x,t) € 9Q x (0,T)|g(z,t) > 0} and
Sr = {(z,t) € 02 x (0,T) | g(z,t) < 0} are the union of a finite number of C* manifolds of dimension at most
d—1,

(viii) For all T > 0, the boundaries 0DF and 0Dz of the sets Df = {(x,t) € @ x (0,T)|h(x,t) > 0}, and
D = {(x,t) € Qx (0,7)]|0¢h(zx,t) < 0} are the union of a finite number of C' manifolds of dimension at most

In the following, we shall denote by C°(R™) the space of real valued functions
{p € C=°(R") | Supp(p) bounded in R"}.
To obtain a rigorous mathematical formulation of (2.7), we are looking for weak solutions defined as follows

foralli=1,...,L.

Definition 2.2. Let us assume that Hypothesis 2.1 holds, and let h denote the solution of problem (2.6). Then
(ui,cf) € L2(Q x RY x RY) x L°(Q x R%) is said to be a weak solution of (2.7) if it satisfies :
(i) for all p € {¢ € C(R¥2)|¢(.,0,.) =0 on Q x R} \ D}

/Q/R /R (O, €, 1) + Beh(x,t) Do, €, )] i, €, ) dt A da

—|—/Q/R+ i (2,€) p(x,€,0) d€ dz + /Q O¢h(z,t) ¢j (x,t) ¢(z,0,t) dt dz =0,

Ry

(i) for all 1 € {¢ € CZ(R™2)[¢(.,0,.) =0 on 92 x R} \ T}

) /ﬂ /R+ /ﬂh [Bitb(@, &) + Oeh(2,1) g, €, 1)] wila, &, 1) dit dE da — /Q /Hh wl(z,€) (x, €,0) de dz
+/R+ (/ch(a:,t) Vh(z,t) - Vi (z,0,t) dx—/

¢i(z,t) g(z,t) Y(z,0,t) dv(m)) dt = 0.
o0

(2.9)

The main objective of this article is to prove the following theorem.

Theorem 2.3. Assuming that Hypothesis 2.1 holds, for alli =1,...,L there exists a weak solution (u;,cf) to
problem (2.7) in the sense of Definition 2.2 satisfying Zf:l u; =1, u; >0, and 25:1 c; =1,c¢ >0. Moreover,
foralli=1,..., L, the weak solution u; in the sense of Definition 2.2 is unique.

Existence of a weak solution (u;,c]) has already been proved in [4] using the convergence of the numerical
scheme recalled in the next section. The proof of uniqueness will be obtained using the existence of a weak
solution to the adjoint system described in section 4 and two integration by part technical lemmae the proof of
which is detailed in sections 6 and 7. The existence of the adjoint weak solution is proved in section 5 using the
convergence of a numerical scheme in a very similar way as in [4].
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Remark 2.4. Existence and uniqueness still hold when considering a compaction model given by a depth
porosity relation ®(h—z) or/and when considering a non linear diffusion coefficient k; = k(h) for alli =1,..., L.
The main difference is that hA denotes the solution of a non linear parabolic equation of the form

dh — AU(h) =0,

with ¥ a strictly increasing smooth function and ¥’ is bounded from below by a strictly positive constant and
bounded from above.

3. FINITE VOLUME SCHEME

In this section the numerical scheme described in [5] and [4] is recalled.

The system (2.4)—(2.5) is discretized by a fully implicit time integration and a finite volume method with
cell centered variables. We shall consider in the sequel admissible meshes according to the following definition.

Definition 3.1 (Admissible meshes). Let 2 be a bounded domain of R?, d = 1 or 2. An admissible finite volume
mesh of 2 for the discretization of problem (2.4)—(2.5) is given by a family of “control volumes”, denoted by
KC, which are open disjoint subsets of €2, and a family of points of €2, denoted by P, satisfying the following
properties :

(i) The closure of the union of all the control volumes of K is Q.

(ii) For any s, k' € K with k # &/, either the (d — 1)-dimensional measure of & N &', denoted by m(k N &'), is
null, or it is strictly positive and & N &’ is included in an hyperplane of R?. In the following, we will denote by
Yint the family of subsets o of € contained in hyperplanes of R¢ with strictly positive measures, and such that
there exist x,x’ € K with m(RN&') > 0 and 6 = KN E'. We shall also denote by k|’ € X;,; the edge between
the cells k and &'.

(iii) The family P = (zx)xex is such that z, € & (for any k € K) and, if 0 = |k’ € T;, it is assumed that
T, # x, and that the straight line going through x, and x,s is orthogonal to the edge o.

(iv) For any k € K, there exists a subset X,; of ¥;,; such that 0k \ 0Q =&\ (kUIQ) = Usex, 0.

We shall denote by (I, ¥;,¢, P) this admissible mesh.

Note that, in this definition, no assumption is made on the boundary edges of the mesh.

Let (K, Xint, P) be an admissible mesh of 2 in the sense of Definition 3.1. In the sequel, 6K = sup {diam(k), k €
K} will denote the mesh size of (K, X;p¢, P), || is the d-dimensional Lebesgue measure of the cell x, IC,; the set of
neighboring cells of x (excluding k), || (resp. |0xkNOQ|) the (d—1)-dimensional Lebesgue measure of the edge o
(resp. of 0kNIN), Ty.rr = T, the transmissibility of the edge o = k|r’, defined by T}, := % with d(k, &) the

oK

distance between the points z, and x,/, reg(K) the geometrical factor defined by reg(K) = maxosex,,, Ty
o=xr|r’/ ’

and ny, the unit normal vector to o = x|k’ outward to &.

For a given set P of disjoint points of 2, an example of such an admissible mesh is the Voronoi mesh defined
by

k={x€Q, d(z,z.) <d(z,zy) for all 2, € P,z # Xy} (3.1)

For any set A, we shall also denote by X 5 the function such that Xz (y) = 1if y € A and Xp(y) = 0
otherwise. Finally, for any function f, let us define f* = max(f,0) > 0, f~ = —min(f,0) > 0, such that

f=fr—f and |f|=f"+f".

The time discretization is denoted by ", n € N, such that t° = 0 and At"+! = "+ —¢" > (. In the following,
the superscript n, n € N, will be used to denote that the unknowns are considered at time t". Assuming that
the set {At™ |n € N} is bounded, let At denote sup{At"™ |n € N} and, for a given T > 0, let Na; be the integer
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such that tVar < T < tNartl,

Let us now recall the discretization of (2.4)—(2.5) already introduced in [5]. For all control volumes x € K,
the following initial values are defined:

(1) ho is the initial approximation of h in & deﬁned by h% = hO(z,),
(2) u 1 «» for all species i, is the approximation of uf on the cell &, defined by uf . (§) = ﬁ [ ud(x,€) da for

£ € R%, and let ¢ . be defined on (—oo, h)) by ¢, (2) = uf . (hY — 2).
We now give a discretization of equations (2.4)—(2.5) within a g1ven control volume x € K between times ¢"
and ¢"*1

Conservation of surface sediments:

n+1
At”+1 |li|+ Zcf :;1 hn+1 h:/—&-l) |8n N 69| ~?:1gﬂ+),n+1+|al{ N 8Q| s n+1 ( )+l 0, (32)
K ER,
Zf 1 C::—H L (3.3)

Conservation of column sediments:

AMTY = e (et — b

1,k

if A7t > A, C”'H(z) =i (2), 2z <hy (3.4)
(z) = cf’ff“, 2 € (hy, hpt)
n+l __
else AMf»“ o fh" Cin(2) dz (3.5)
A (z) = c?’n(z), z < h”“.

In (3.2)—(3.5), the following notation is used.

n

(1) A is the approximation of the sediment thickness h at time " in &,

(2) i *1 is the approximation of the surface sediment concentration ¢ at time "+ in &,

(3) the function ¢!, , defined on the column (—oo0, hy), is the approximation of the sediment concentration
in lithology 4 in the column {(z, z) |z € k,z < h(x,t™)} at time ¢,

(4) ™ s the upstream weighted evaluation of the surface sediment concentration in lithology i at the

i, kK’
edge o between the cells x and #’ with respect to the sign of A+t — pF:

1,k
sn+1

Cilpr otherwise ,

ci,mn’

s,n+1 1 1
1 _ { i Rt >

(5) g,gjr)’n“ and gé‘)’"“ are the following approximations of the boundary fluxes g™ and g~
gt .
gff)’"ﬂ _ T m Jin Jonnon 9" (@, t) dy(x)dt if [0k NN # 0,
0 otherwise,
tn+1 _ .
g’g*)ﬂ“rl — At}"*'l \8nﬁaﬂ| ﬂrL faﬁﬂaﬂ g (Z‘,t) d’}/(l‘) dt if ‘8% n 8Q| 75 O,

0 otherwise,

and consequently for all k € K,

n+1
| 1 ¢

— ) d dt = ¢(H)ntl _ (—)7n+1,
9 A (9n 10 o /8mdgg(w ) dy(x) 9 9
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(6) &t is the approximation of & extended by 0 on (9 x R* )\ &+ :

i,K

1 1 tn+1 ~ .
gl — ) AT [9rnog i famasz i(z,t)dy(z)dt  if |0k N OQY # 0,
o 0  otherwise,

s

and it results that ¢/F! € [0,1].

Ci,n

Considering the coordinate system § = h;!—z, the function u;’,; is defined for allk € £;n > 0andi=1,..., L,
by
ui . (§) = ¢ (b =€) for all £ € RY. (3.6)
For the sake of simplicity, it is assumed in the remaining of this article that At = At™ for all n > 1, although
all the results presented in the sequel readily extend to variable time steps.

In [4], we have proved, for all n > 0, the existence of solutions (h?),.cx, (cf”:+1),€e;c, (' )wex and (uf ) rexc,
i =1,...,L, to problem (3.2)—(3.6). These solutions are unique except for the surface concentrations cfy’gﬂ

which are arbitrary (such that Z]Ile c;::"'l = 1) at some degenerate points (k,n + 1).

For any admissible mesh (K, ¥;,,¢, P) of  in the sense of Definition 3.1, any time step At > 0,andi =1,..., L,

let hi ar and u; kAt defined on © x R% and € x R% x RY, denote the functions such that
hic,ae(x,t) = hptt,

' n 3.7

{ ui,K,At(xagat) = ui,:l(g)a ( )

for all z € K, k € K, t € (t",t"T'], n >0, £ € R%, where A}, u}, are the solutions of (3.2)~(3.6).

The following theorem is a straightforward corollary of both Theorem 2.3 and the theorem proved in [4]

stating the convergence up to a subsequence of the approximate solutions to a weak solution in the sense of
Definition 2.2.

Theorem 3.2. Hypothesis 2.1 is assumed to hold. For allm € N, let (K, X7, Prm) be an admissible mesh of

Q in the sense of Definition 3.1 and At,, > 0. Let us assume that there exists o > 0 such that reg(K,,) < «

for all m € N, and that At,, — 0, jZTmm_’O as m — 00.

ForallmeNandi=1,...,L, let hi,, A, and u; k., At,, denote the unigque solutions of (3.2)—(3.6) defined
by (3.7) with K = Ky, At = Aty,.

Then, the sequence (hi,, At,, )men converges to the solution h of problem (2.6) in L>°(0,T;L%(Q)) for all
T > 0, and the sequence (u; i, At,, )meN converges to the weak solution u; of (2.7) in the sense of Definition

2.2 in L (Q x RY x RY) for the weak-x topology.

4. PROOF OF THEOREM 2.3

To show the existence of a weak solution (u;,cf), ¢ = 1,...,L, we apply the convergence of the numerical
scheme (3.2)—(3.5) proved in [4] for a family of admissible meshes (K, X1, , Pin)men satisfying the assumptions

nt?

of Theorem 3.2. To build such a family, let us consider for all m € N, the time step At,, = ;-15, the set of

points P, = {mLJr17 k € Z4}y N Q, and let K,,, be the Voronoi mesh (3.1) obtained from the set P,,. Using the
smoothness of the bounded domain €2, one can check that this family of meshes satisfies all the assumptions of
Theorem 3.2.

The main objective of this article is now to prove the uniqueness of the weak solution u;, ¢ = 1,..., L. For
any given surface concentration ¢j € L>(Q x R%), we need to study the weak formulation (2.8) of the linear

advection equation 9;u; 4+ 0ch O¢u; = 0 with the input boundary condition ¢; on D+ and the initial condition u?

-
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We also need to prove an integration by part formula for the solutions of this equation and its adjoint equation.
These results are the purpose of the following lemma, the proof of which is postponed to section 6.
In the sequel, £ will denote the operator £ = 0; + 0:h O¢.

Lemma 4.1. Hypothesis 2.1 is assumed to hold. Then, for any time T > 0, any functions f € L*°(Q x R x
(0,7)), I* € L°(DF), and v° € L>®(Q x RY), the equation

Ly =f onQxRLx(0,T),
vlg—o =1°* on Df, (4.1)
V4= = v° on 0 x R,
has a unique weak solution in L>(Q x R*% x (0,T)) in the sense that for all € {¢ € CF(R2)]¢(.,0,.) =
0 on Qx (0,T)\ DF and ¢(.,..T) =0 on Q@ x R*}, one has

//R /T Lgo (2,6, t) (@, &,t) + f(z,6,8) ¢ (x,g,t)) dt d¢ dz

// O(x,8) ¢ x«EO)déder// Oeh(x,t) I°(z,t) (2,0,t) dt dz = 0. (4.2)

The weak solution v of (4.1) has a trace on t =T in L>°(2 x R ), and the function v Oih has a trace on § =0
in L>(Q x (0,T)), such that for any ¢ € C°(R*2) one has

//R/ (Lp)(z, &) v(x, &) + fz,6,t) @ xft)dtdgdx
//((SEEU) (,£,0) —v(z,&,T) ¢ xfT)dgdx (4.3)
QJRy

+/ / Och(z,t) v(x,0,t) p(x,0,t) dt dx = 0.
aJo
Let T >0, and w be the weak solution in L (2 x R x (0,T)) of the adjoint equation

—Lw=r on Q xR x (0,T),
*  onDr, (4.4)

wli=r = wT  on Q x R%,

defined in a similar way as above with r € L= (QxR% x(0,T)) a compactly supported function on QxR x [0, T,
w? € L>®(Q x RY) a compactly supported function on Q x Ry, and ¢* € L=(Q x (0,T)). Then, one has

//]R / (x,&,t) (Lw)(z, &, 1) + (ﬁv)(xﬁ,t)w(x,f,t)) dt d¢ dz
( (x, &, T)w(x,&,T) —v(z,£,0)w (x7§,0)) d¢ dx (4.5)

aJr,

T
—|—/ / Oth(x,t) v(x,0,t) w(z,0,t) dt dz = 0.
aJo

Let us denote by (v;, d?) the difference between any two weak solutions of (2.7). From the linearity of the set
of equations (2.7), the functions (v;,d?) satisfy the weak formulation (2.8)—(2.9) with homogeneous boundary
and initial conditions.
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Let T' > 0, from Lemma 4.1, the function v; 9;h has a trace at £ = 0 in L>°(Q x (0,T)) denoted by v;|¢—o O¢h.
Then, from the integration by part formula (4.3) of Lemma 4.1 and the weak formulation (2.9), it results that
for all ¢ € {¢ € C(R) | p(x,t) =0 on 00 x (0,T) \ £F, and ¢(z,T) = 0 on Q}, one has

T T
/ / vi(,0,8) Db, 1) ol 1) dt do + / / A5 (2,4) Vh(z,1) - Voo(, £) dt da = 0. (4.6)
QJo QJo

We deduce that
div(—dj Vh) = —v;|¢=0 Oth € L>*(Q2 x (0,T)). (4.7)
Since 9;h — Ah = 0 one has also

Vh - Vd: = (vilemo — d5) 4h € L2(Q x (0,T)). (4.8)

Let us consider the adjoint system

—Wile=0 Oph + div(g; Vh) = 0 on Q x (0,7,
qf|z; =0 on X,
—Lw; = v; on  x R x (0,7), (4.9)
Wile=0 = ¢} on D7,

Wilg=1 = Vilg=r on Q x R%.

The following lemma states that there exists at least one weak solution (w;, ¢;) in L>(Q xR% x (0,7")) x L*° (€2 x
(0,T)) to these adjoint equations defined similarly as in Definition 2.2 (see also Definition 5.2). The proof of
this lemma uses the convergence of the numerical scheme described in section 3 adapted to the case of a non
vanishing right hand side v; in L>(Q x R% x (0,T)). It is postponed to section 5.

Lemma 4.2. Hypothesis 2.1 is assumed to hold. Then, there exists at least one weak solution (w;,qf) of (4.9)
defined in a similar way as in Definition 2.2.

Considering such a weak solution, the following equation is derived as above
div(g] Vh) = w;le=0 Oth € L=(Q x (0,T)). (4.10)

From equations (4.8) and (4.10), the function div(gf d? Vh) is in L>=°(2 x (0,7')). It results from Lemma
7.2 proved in Section 7 that the vector field ¢fd?Vh has a normal trace in L>(9Q x (0,7T)). As formally df
vanishes on X7, ¢¢ vanishes on Y7, and the normal trace g of VA vanishes on 9Q x (0,7) \ (X5 U £7), the
normal trace of ¢fd$Vh vanishes on the boundary 9 x (0,7"). This result is stated by the following lemma for

which a rigorous proof will be given in section 7.

Lemma 4.3. Hypothesis 2.1 is assumed to hold. Then, for any T > 0, any weak solutions (w;, q}) of the adjoint
problem (4.9) and (v, dS) of problem (2.7) with homogeneous boundary and initial conditions, one has

T
/ / div(g; di Vh) dt dz = 0. (4.11)
aJo

Since the velocity ;h is uniformly bounded on 2 x [0, 7] for any time T > 0, the function v; (resp. its trace
vilt=7) is compactly supported in Q x Ry x [0, 7] (resp. in Q x R,) (see also the definition of the characteristic
solution of (2.7) in section 6). Applying the integration by part formula (4.5) of Lemma 4.1 to v = v; and
w = w;, we obtain that for any time 7" > 0

T T
/Q/&/O |vil* (2, €, 1) dt d€ d:lrJr/Q/]R+ lvi|*(x,€,T) d¢ dz = /Q/O Oyh(z, ) vi(z,0,t) wi(x,0,t) dt dz.
(4.12)
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From Lemma 4.3 and the integration over £ x (0,7") of equation (4.10) multiplied by d?, it results that

T T
/ / di (x,t) w;(x,0,t) Oth(x,t)dt do —|—/ / g (x,t) Vd (z,t) - Vh(z,t) dt doz = 0. (4.13)
aJo e Jo

Also, multiplying equation (4.8) by ¢; and integrating over Q x (0,T), we obtain that

/Q/OT (vi(x,O,t) - df(x,t)) ¢ (z,t) Oph(x,t) dt dz — /Q /OT ¢ (2,t) Vi (z,t) - Vh(z,t) dt dz = 0. (4.14)

Summing equations (4.13) and (4.14) and taking into account the boundary conditions w;|¢=o = ¢ on D,
vile—o = d§ on D, and that d;h =0 on Q x (0,7) \ (D UD;), we get

/ﬂ /OT (w,»(x,o,t) d(z,t) 4+ vi(x,0,t) ¢} (z,t) — di (1) qf(x,t)) Bih(z,t) dt dz

, (4.15)
= / / vi(x,0,t) w;(x,0,t) Osh(x, t) dt dz = 0.
aJo

Equation (4.15) together with equation (4.12) conclude the proof of Theorem 2.3.

5. EXISTENCE OF A SOLUTION TO THE ADJOINT EQUATIONS

The objective of this section is to prove Lemma 4.2 stating the existence of a weak solution to the adjoint
problem (4.9). This proof will use the convergence of a finite volume numerical scheme in a similar way as in [4].
Thus, to fit into the framework of [4], we rather consider here the direct problem (2.6)-(2.7) on Q xR x (0,7T),
T > 0, but with non vanishing right hand sides f; € L>(Q x R% x (0,7)) in the advection equations : using
the same notations as previously, we study in this section the system

Uile=0 Oth + div(—cfVh) =0 on Q x (0,7),
cf\2¥ =¢& onXi,
Lu; = fi on QxRY x(0,T), (5.1)
Uile=o = ¢} on D}r,
ui|t:0 = u? on ) x Ri,

foralli=1,..., L, with h given by (2.6). Furthermore, no assumptions are made on the sign nor the sum over
the lithologies of the boundary and initial conditions ¢, u?, and in the sequel, the hypothesis made on the data
are the following ones :

Hypothesis 5.1.

(i) Q is an open bounded subset of R, of class C*,

(i) h0 e C2(Q),

(iii) g € C1(0Q x R%) NL?(0Q x RY),

(iv) g and h° are chosen according to the assumptions of Theorem 5.8 of [11] (p. 320) so that the unique solution
h of (2.6) is in C2(2 x [0,T)),

(v) & € L>®°(XF;) foralli=1,...,L,

(vi) u e L®°(Qx RY) foralli=1,...,L,

(vil) fi € L=(Q xR x (0,2T)) for alli=1,..., L.

Since any weak solution of (2.6)—(2.7) is by definition in L°°, the study of the adjoint problem (4.9) under
Hypothesis 2.1 amounts to the study of the direct problem (5.1) under Hypothesis 5.1.
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To obtain a rigorous mathematical formulation of problem (5.1), we are looking for weak solutions defined
as follows for alli=1,..., L.

Definition 5.2. Let us assume that Hypothesis 5.1 holds, and let h denote the solution of problem (2.6). Then
(ui,cf) € L2(Q x RE x (0,T)) x L*°(£2 x (0,7)) is said to be a weak solution of (5.1) if it satisfies :
(i) for all p € {¢ € C(R¥T2)|¢(.,0,.) =00on Q x (0,7)\ Df and ¢(.,.,T) =00on Q x R, }

/Q/R+ /OT(AC(P)(x,g,t)Ui(CC,S,t) dt d¢ dac+/ﬂ/]R+ /OTfi(x,&t)cp(x,&t) dt d¢ d=

T (5.2)
—|—/Q/R+ g (2,€) p(@,€,0) d€ dz + /Q/o O¢h(z,t) ¢j (x,t) ¢(z,0,t) dt dz =0,

(i) for all v € {¢ € CZ(R™2)|¢(.,0,.) =0 on I x (0,T)\ F and ¢(.,.,T) =0 on 2 x R, }

T
[ [ en@enuen aas as
_/Q/R+ /OTfi(x,f,t)Wx,i,t) dt d¢ dac—/Q /R+ ul (z, &) (x,€,0) d¢ da (5.3)

+/0T </ch(x,t) Vh(z,t) - Vio(z,0,t) dor — /m Gi(x,t) g(z, t) P(x,0,t) d’y(m)) dt = 0.

In the following, we shall denote by f; the function obtained by the change of variables (z, z,t) = (', h(z', ')~
z,t')in f; foralli=1,... L :

fi(z,z,t) = fi(x,h(x,t) — 2z,t) on By = {(z,2,t) | (x,t) € QA x (0,T),z < h(x,t)}.

In this new coordinate system, the variables ¢; satisfy for all i =1,..., L
Oci = f i on Br
’ 4
{ Cile=n = ¢ on Dq't. (5.4)

The aim of this section is to prove Theorem 5.3 stated below, which gives the existence of a weak solution
to problem (5.1) in the sense of Definition 5.2. Under Hypothesis 2.1, Lemma 4.2 is a straightforward corollary
of Theorem 5.3.

The proof of Theorem 5.3 is achieved by adapting the proof of convergence of the finite volume scheme
(3.2)—(3.5) given in [4] to the case of non vanishing right hand sides. It outlines as follows : first, the numerical
scheme derived from (2.6) and (5.1) is given in §5.1. Then, the existence, uniqueness and stability of the discrete
solutions are obtained (see §5.2), followed by the proof of convergence of these solutions towards a weak solution
in the sense of Definition 5.2. In this last subsection, only the main differences with the proof given in [4] will
be detailed.

5.1. Finite volume scheme

The finite volume scheme derived here is the same as the one given in section 3, except for the column
concentrations. Indeed, following equation (5.4) and using the same notation as in section 3, the discrete
unknown cﬁzl(z), n > 0, is here defined as the exact solution at time t"*! of the problem

8tci,n(zat) = f_'i,l{(z7t)a
cin(z,t") = c?ﬁ(z) if z <A}, (5.5)

Ciw(he(t),t) = ¢t if Ouhue(t) > 0,
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for all k € K, t € (t",t"T1], 2 < h,(t), with

fin(z,t) = ﬁ/ﬁ(w,zi)dm

hn+ 1 R

hu(t) = h™ + (t — t™) O;h,(t), and Osh,(t) = T” for all t € (™, t" 1. (5.6)

This leads to the following discretization of equations (2.6) and (5.1) :

Sediment thickness:

hn+1 — K
il =i + > T (hpth = W) — [0k 0 09| git =0, (5.7)
K EK
Conservation of surface sediments:
AM"“
—— R+ Y et T (2 = B — |0k 0 0Q| E gL 4 ok N 09 ¢ gl = 0,(5.8)

K€,

Column sediments:

L s n+1 hn+1 hn) if hZJrl Z h2‘7
e i (5.9)
f h7 z o(2)dz otherwise,

*fw fm z,t) dt if z < min(h?, A1),

n+1 S n+l t71+1 ps " (510)
+ ftum (7h) fin(z,t) dt if A < z < ATl
hi

ui (§) = ¢ (hyy — §) for all £ € RY. )

In the next subsection, we shall prove the existence of solutions (h?).ck, (ci’gﬂ),{e;c, (el )rex and (u? ) wex,

i=1,...,L, n € {0,...,Na:}, to problem (5.7)—(5.11). These solutions are unique except for the surface

concentration cs ntl

which is arbitrary at some degenerate points (k,n + 1) for which it is chosen according to
Lemma 5.4 stated below. For any admissible mesh (K, X;,¢, P) of Q in the sense of Definition 3.1, any time
step At >0, and i =1,..., L, let us define, as in [4], the functions hic ar, ¢ c o, 00 Q2 X (0, (Na¢ + 1) At], and

u; g, ar on 2 X RE x (0, (Nay + 1) At], by

h)C At(l' t) = hn+1

uijc,ae(x, €, ) = un“(f), (5.12)
z)cm(l" t) = Cs Tl-‘rl,

forallz ek, ke K, te (t",t" ], ne{0,...,Nas}, £ € RY, where b7, cf)’:H, and u}', are any given solution
of (5.7)—(5.11) chosen according to Lemma 5.4.
Then, the objective of this section is to prove the following theorem :

Theorem 5.3. Hypothesis 5.1 is assumed to hold. For all m € N, let (K, 20, Pr) be an admissible mesh of
Q in the sense of Definition 3.1 and At,, € (0,T). Let us assume that there exists o > 0 such that reg(K,,) < «

for all m € N, and that At,, — 0, jZT’”HO as m — oo.

ForallmeNandi=1,...,L, let hic,, At,,, Uik, At, denote the unique functions defined by (5.12), and
¢ k,..At,, be a function defined by (5.12) from any solution of (5.7)—(5.11) chosen according to Lemma 5.4 with
K=K, At = At,,
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Then, the sequence (hic,, At,, )men converges to the solution h of problem (2.6) in L>°(0,T;L%(Q)), and there
exists a subsequence of (Ko, Aty )men, still denoted by (Ko, Aty )men, such that, for all i € {1,...,L}, the
subsequence (¢; Ay, Jmen (Tesp. (Wik,, At,)men) converges to a function c; in L>°(2 x (0,T)) (resp. u; in
L*(Q x R% x (0,T))) for the weak-x topology. Furthermore, for all i € {1,...,L}, the limit (u;,c}) is a weak
solution of problem (5.1) in the sense of Definition 5.2.

5.2. Proof of Theorem 5.3

The proof of Theorem 5.3 is very similar to the one giving the existence of a weak solution to problem (2.7)
in the sense of Definition 2.2 and developed in [4].
The existence, uniqueness and convergence of the sequence of discrete sediment thicknesses (hi,, At,, )meN

to the solution of (2.6) have already been shown in [4], as well as the following bounds, used in the sequel : for
any m € N,

Naty +1 Bl _ pn 2
A _k K < .
S Aty Y |m< AL ) < Dy, (5.13)
n=0 KEK
17— hic,, Aty L 0,002 (@) < D2(6Km + Aty), (5.14)

with Dy (resp. Ds) only depending on h, Q, T and « (resp. on h and Q).

Concerning the concentration variables, the system (3.2)—(3.5) differs from (5.7)—(5.11) by the right hand
sides f; in L (22 x R% x (0,2T)), @ = 1,...,L, in the advection equations and by the unconstrained values
in L of the initial and boundary conditions. Despite these differences, the same stages as in [4] are followed
to prove the existence of a weak solution to the coupled problem : we first show the existence of a bounded
solution for the discrete concentrations (Lemma 5.4), which yields the convergence of these concentrations in
L for the weak-x topology (Proposition 5.5). Then, a linear advection equation satisfied in the weak sense by
the discrete solutions is obtained (Proposition 5.6), and is finally used to show the existence of a weak solution.

Lemma 5.4. Under Hypothesis 5.1, let (K, X;nt, P) be an admissible mesh of § in the sense of Definition 3.1,
At € (0,T), M; = max (|[uf]|Le@xzs): il (st ) + 2T fillLoe (@xrsy x(0,27)) for alli € {1,...,L} and, for
allm € {0,...,Nas + 1}, let (h?).eic be the solution of (5.7). Fori € {1,...,L} and n € {0,...,Na+}, there

exists a unique solution (chl)Ne;c, and there exists at least one solution (cf::H),ﬂe;g to the set of equations
(5.8)~(5.11) such that

|cf,’:+1\ < M; forallk € K and n € {0,..., Na¢}. (5.15)

Furthermore, one has

et (2)| < M for all k € KK, n € {0,..., Na¢ + 1} and z < hy. (5.16)

Proof. Since the discrete accumulation term is the same as in problem (3.2)—(3.5), the proof of existence and

s,n+1)H€’C7 (cf'e)nex and (uf,)rex, @ = 1,..., L, is unchanged

uniqueness of the approximate concentrations (c;’,

(see [4] for details).

The inequalities (5.15) and (5.16) are proved by induction over n € {0,..., Na;} and over the control volumes
in decreasing topographical order. Let us consider a control volume x € K and a time step n > 0. The in-
duction hypothesis assumes that |c}',, ()| < M for all " € K, and that, for the higher cells " € K such that

hZ"rl < hZﬁl’ |CS,n+1| < M,Ln, with MLTL = max (||u?||Loo(Q><R*+), ||€iHL°°(ZZ;T)) + nAt ||fi‘|Lw(S]XR1X(O’2T)).

i,k
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Let us first consider the erosion case for which h?*! < A", Tt results from the induction hypothesis over n
and over the control volumes that

(YD Taw (it = Y 4 |0 0 09 o)

1,k
K EK
hi>h,

<M <|8n NOQ g™+ 3" T (b — hpth) + Ll

g (= ).

K EK K
hi<h,

Thus, using the fact that the discrete sediment thickness satisfies equation (5.7), we get

(e = M) (0 Taw (B2 = B2 + 950 00] 6771 <0,

ik
K EK K
R >h

AL

In this equation, either the term A} is strictly positive, or it vanishes. In the first case, it results that

|eo™ ) < M for all i = 1,...,L. In the second case, the point (k,n + 1) is said to be degenerated in

i,k
+1

the sense that the concentrations ¢;’/"" can be chosen arbitrarily in the interval [—M]*, M}"].

Let us now assume that AT > h? (sedimentation). Proceeding as above, we get

S, K n n n —),n
(e — i+ Y Tt = h + w0190 g7

b At
K EK K
h,,;>hml
< M7 (19501000 g+ D T (g — )

k' EK
h ghﬁ/

which yields, according to equation (5.7),

(jesm 1) — ap) (%(hﬁ“ —) YD T (= B + 9k 0 09| g ) <o,
K EK K
hi>h, s

Since we have assumed h?t! > b, the second term into brackets is strictly positive, and thus |¢" | < M.

This proof is still valid for n = 0 and for all the highest cells kg € K at any time t**1, n > 0.

Finally, concerning the basin concentrations, we have by definition | (z)| < ||u?\|Loo(Qijr) and, for n €
{0,...,Na¢}, (5.10) easily gives the inequality

1
1 O e ooty < X (1€ (oo (oonys 07 ) + At filloe (@i 027y < MI

which concludes the proof. O

Denoting by ¢; ,(z,t) the exact solution at time ¢ of (5.5) for all k € K, t € (0, (Na; + 1)At] and z < hy(t),

we can extend the discrete solutions (u}',)nejo,... Na,+1} and (C,‘;7’:+1)n6{07.._7NAt} given by Lemma 5.4 to t €
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(0, (Na¢ + 1)At] for all k € K as follows :

Ui (€,1) = ci(hi(t) — &) for all t € (0,(Nas +1)At] and € € R%, (5.17)
S () =cint forall t € (t7, 7+, (5.18)

And we can easily deduce from Lemma 5.4 that the functions ¢; . (z,t) and u; . (&,t) are bounded in the interval
[-M;, M;] for alli =1,..., L.

Let us now define %; x,a¢ on Q x R x (0, (Na¢ + 1)At) by

Uj,fc,At (33, 3 t) = ui,ﬁ(£7 t) (519)
for all x € Kk, k € K. Then we have the following proposition :

Proposition 5.5. For allm € N, let (K., X,, Prm) be an admissible mesh of Q in the sense of Definition 3.1
and At € (0,T). Let us assume that At,, — 0 and 6K, — 0 as m — oo.

For allm € N and i = 1,...,L, let u; i, At, (Tesp. ik, At,) denote the unique function defined by
(5.12) (resp. by (5.19)) and ¢] s Ay, be a function defined by (5.12), from any solution of (5.8)~(5.11) chosen
according to Lemma 5.4 with K = Ky, At = At,y,.

Then, under Hypothesis 5.1, there exists a subsequence of (Kp, Atm)men, still denoted by (K, Atm)men,
such that for alli e {1,...,L}

(i) the subsequence (cf . a;, Jmen converges to a function c; in L>°(Q x (0,T)) for the weak-+ topology,
(ii) the subsequences (u; k., At,, )men and (UK, At )men converge to a function u; in L (Q x R% x (0,T)) for
the weak-x topology.

Proof. Denoting by u; (resp. 4;) the limit as m — oo of the subsequence (u; k., At., Jmen (Tesp. (Ui k., At,, )meN)
in L*°(Q2 x R% x (0,77)), the only difficulty is to prove that u; = ;. It is achieved as in the proof of Proposition
5.2 in [4] using the assumption f; € L>(Q x R x (0,27')), the bounds (5.13), (5.15), (5.16) on the solutions,
and the following relation : for z € k, k € K,,, and t € (", ¢" 1],

i (& — (hie(t) — A1), t)

for all € > hy(t) — A" if hn1 > B,
L (€ — (ha(t) — h2).5) ds ®)

() = : w
Wi (§+ (hi(t) — Rt t e rmtl o bm
N f:nﬂ fin (E () — B, s) ds forall £ >0 if AT < A7,
with f; «(6,1) = fi(he(t) — €, 1). O

Then, to show the convergence of the approximate solutions towards a weak solution of the coupled problem,
we state, as in [4], that the functions ¢; ,(z,t) satisfy a linear advection equation. Indeed, using equation (5.5),
Lemma 5.5 of [4] extends to :

Proposition 5.6. Let us assume that Hypothesis 5.1 holds and let h denote the solution of problem (2.6). Let
(K, Zint, P) be an admissible mesh of Q) in the sense of Definition 3.1, and At € (0,T).

Let hic at, Wigae, @ =1,...,L, (resp. G, ¢ =1,...,L) denote the unique functions defined by (5.12)
(resp. by (5.19)) and ¢}y pyy @ = 1,..., L, be a function defined by (5.12), from any solution of (5.8)~(5.11)
chosen according to Lemma 5.4.

Then, for any k € K and i € {1,...,L} :
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(i) for all ¢ € {6 € CX(R2) (., T) = 0 on Ry},

T T
/ [00(6,1) + Db (1) Do (€,8)] i (€. 1) A€ db + / Fin(,1)0(€.1) dg dt
0 JRy 0 JRy (5.20)

T
+ / W 1 (©)p(€,0) dé + / D (£)uts(0,£)(0, ) dt = 0,
Ry 0

(ii) for all p € {¢p € C(R?)| ¢(.,T) =0 on Ry and ¢(0,t) =0 for all t > 0 such that d;h,.(t) <0},

T T
0 JRy 0 JRy (5.21)

T
+ [ w@p(0) det [ uha(0)e (00000 =0
Ry 0

Let us now prove Theorem 5.3.

The proof of convergence of the numerical scheme (3.2)—(3.5) in [4] does not directly use the value of the
bounds on the discrete solutions nor the value of the sum over the lithologies of the discrete concentrations, but
only the stability of the solutions and the decoupling of the sediment thickness variable from the concentration
variables. Thus, to complete the proof in our case, we just need to show the convergence of the terms involving
the functions f;, 1 =1,..., L.

The first expression (5.2) in the weak formulation is obtained using the discrete linear advection equation
(5.20) applied to ¢(z,, &, t), ¢ € {¢ € CX(R2) [ ¢(.,0,.) =0 on Q x (0,7)\ D5 and ¢(.,.,T) =0 on QxR }.
The convergence of this equation towards (5.2) has already been shown in [4] in the case f; = 0. Thus, there
only remains to prove that :

Aim= 3 w/ / Fin(6,8) 9o, E.1) dﬁdta/Q/M/OTfi(x,atm(x,&,t) dtdgde  (522)

KEK

as m — 00.

Then, we will show the convergence towards (5.3) of the sum over k € K,,,, n € {0,..., Nat,, } of equation
(5.8) multiplied by ¢(z,,0,t""!), ¢ € {¢ € CZ(R¥2)[¢(.,0,.) = 00ndQ x (0,7)\ TF and ¢(.,.,T) =
0 on Q x R+}. Proceeding as in [4] and using (5.22), it amounts to prove that

Nat,,

Bim =Y |H|/ Orhe (£ s 1 (0,1) (4, 0,) dt — Y |5 Z AMP (@, 0,671 =0 (5.23)

KEK REK
as m — oo.
Let us now prove (5.22) and (5.23). B
First, it can be shown that the function f; «,,, defined by f; x,. (z,&,t) = fix(&,t) = ‘—}il [ fi(y, he(t) =&, t) dy
for all € k, kK € Ky, £ € RE, t € (0,T), converges towards f; in L}, (2 x R x (0,T)) using a density argu-
ment, the assumption f; € L (Q2xR* x(0,27)), and the bounds (5.13), (5.14). This result readily implies (5.22).
Then, for any k € KCpp, n € {0,...,Naz,, } and i € {1,..., L}, we get

n+1 n+1 — . n n
AMIF — /t i (0,01, (1) dt { o (i Funlon(0).5) ds) Duhe(t) dt i i <
1K LK ’ K O

tn otherwise
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Substituting this equality in the definition of B; ,, leads to

N, +1
Bim=Y / /T i ar (2,0,6) Sihic.. ar. (@) (e, 0,¢)dt da
KEK o

NAat,, g+l

Ui At (25 0, 8) thic, At (2,8) [0(@, 0,8") — (20,0,1)] dt da
KEK,, n=0 K L2
Nat,, ¢ntl

with d:hic,, at, (2,) = Othe(t) = (RPTL — W) /At,, for all z € Kk, kK € Ky, t € (¢",t"T!]. Thanks to the
regularity of ¢, there exists D3 > 0, only depending on ¢, such that [p(z,,0,t" ) — ¢(z,,0,t)| < D3 At,, for
all t € [t",¢"*1]. Since the function d;hx,, s, is uniformly bounded in L2(Q x (0, tVatmT1)) (see (5.13)), since
Ui, Aty € [—Mi, M;], f; € L®(Q x R* x (0,27)) and [tVatm ! — T| < At,,, the convergence of B;,, to 0 as

m — oo is obtained : the limit (u;, ¢]) satisfies equation (5.3), which ends the proof of Theorem 5.3.

3 m|</t: ﬁ,n(hn(t)7s)ds) Bhis(t) p(z,, 0, ") dt,

KEKm
Rt cnn

6. PROOF OF LEMMA 4.1

The proof of Lemma 4.1 uses the characteristics ((.;z,,t) and the so called “characteristic solution” v, of
equation (4.1) (see [7]) defined below (see (6.4)) which is shown to be the unique weak solution of (4.1) and to
satisfy the properties of Lemma 4.1.

The proof uses a partition of unity on a covering of R%+2 built from the characteristics such that on each
open set of the covering intersecting the boundary Q x d[R% x (0,T)], the characteristic solution v, is regular
assuming regular data. This will enable an easy derivation of the integration by part formulae stated in Lemma
4.1. In order to stay away from the boundaries D7, x {¢€ = 0}, 9D, x {£ =0}, and Q x {¢ =0} x {t =0,T},
we shall need in addition a trick from [2] to prove that their contribution in the integration by part vanishes.

For all (z,£,t) € Q x Ry x Ry, let us define the characteristic (.;x,&,t) by
(s, 6) = [ Oh(a,r) dr € = hlay) — hat) + € (6.1)
t

for all s € Ry. For all (z,¢,t) € Q x Ry x [0,7T], the input time 7, and the output time 7, of the characteristic
¢(;x,&,t) into and out of the domain € x R¥ x (0,T") are defined by

Te(z,&,t) = inf{s such that 0 < s <t and ((s;z,¢,t) > 0}, (6.2)
Ts(x, &, t) = sup{s such that ¢t < s <T and ((s;z,§,t) > 0}. ’

We can prove the following lemma.
Lemma 6.1. For all (x,&,t) € Q x Ry X [0,T] such that T = 7¢(x,£,t) > 0, then (z,7) € ﬁﬂ Q% (0,7].

Let us now introduce the covering of R%*2 built from the characteristics such that on each open set, we can
control the smoothness of the solutions of the direct and adjoint advection equations and derive the integration
by part formulae.

From the regularity of the boundary 99, it is possible to build a C? extension of h on an open neighbourhood
w x [0,T] of Q x [0,7] in R? x [0,T]. Let us denote by h this extension and by ( the extension of ¢ on
wx Ry x[0,T].
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One can check that the set
Vo = {(m,f,it) |z €w,t€[0,T), &=((t;z,n,0) withn € Ri,f(s;x,n,O) > 0 for all s € [O,t]}
defines an open neighbourhood of Q x R% x {¢ = 0}. Similarly the set
Vi = {(:c,g,t), (@,6,2T —t) |z €w, t € (0,T), € = {(t;w,n, T) with n € RY, C(s;2,n,T) > 0 for all s € [t,T]}

defines an open neighbourhood of Q x R% x {t = T}
Also, the set

Vp+ = {(x,:l:{,t) | (z,t) € wx (0,7),& =((t;2,0,8),t > s> 0,0;h(x,r) >0 for all r € [s,t]}
defines an open neighbourhood of {(x,t) € Q x (0,7T) | d;h(z,t) > 0} x {&£ = 0}, and the set
Vp- = {(x,:l:f,t) | (z,t) € wx (0,T),& =((t;2,0,5),t <s < T,0h(x,r) <0 forall r € [t,s]}

defines an open neighbourhood of {(z,t) € Q x (0,T) | d;h(z,t) < 0} x {¢ = 0}.
Let D° denote the interior of the set {(z,t) € w x (0,7T)|dh(x,t) =0} in w x (0,7), and consider the set

Vpo = {(z,&,1) | (z,t) € D°,€ € (-1, 1)},
which is an open neighbourhood of D% x {¢ = 0}.

Finally, in order to stay away from the set S = ByUByUB3U B, with By = 87); x{& =0}, By =0D; x{{ =
0}, B3 =Qx{{=0} x {t =0}, and By = Q x {{ =0} x {t =T}, let us consider ¢ > 0 and the set

V3 = {(z.&,t) e R¥? | dg(x,&,t) < 30}

where dg(z, &, t) denote the distance of the point (x,&,t) to the set S.
The construction is completed noting that for each § > 0, there exists an open set V2 such that the set

(Vo, Vi, Vo, Vp—, Vo, V4, Vf)

defines a covering of R4*2 with Q x Ry x {t =0, T} NV =0, Q x {£ =0} x [0,T] NV = ().
A partition of unity is built on this covering denoted by

6 .0 [ 6 1 ) &
(w07wT,wD+,wD,,wDo,wS,wc>.

From Hypothesis 2.1, the set S is the union of a finite number of C! manifolds of dimension at most d. Hence,

following [2], the function w$ can be chosen such that

wi(x, &) = 1if dg(z,€,t) <6,
wi(x,&,t) = 0 if dg(w, €, 1) > 20,
Measure ( Supp (wd) N {(z,&, 1), [(z,&,¢)| < R}) < C(R)d?, (6.3)

sup [0 o~ 9wl ) < §-
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Let us now define the characteristic solution v, as follows

s . + +
vc<x7§,t>:{ i N iy Wi A /TE(LU)f(x,C(s;xﬁ,t),s) ds,  (64)

formally defined on € x [0, +00) x [0,T]. Then we have the following lemma :
Lemma 6.2. Hypothesis 2.1 is assumed to hold. Then the function v. is in L>(Q x RY x (0,T")) and satisfies

[velluee@xrs x 0,19 < 11l oy + 107 Lo @y ) + Tl e (@xrs x(0,7))-
Proof. From Hypothesis 2.1, the set
{(,€=C(552,0,),5) | s € [7e(2,0,1), 75(2,0,8)], (2, 1) € 9D7 N x (0,T)}

has a vanishing measure for the Lebesgue measure dz d¢ ds (see the following computation of the term Z;). We
deduce from Lemma 6.1 that the function v, is defined a.e. on © x R% x (0,T). Let ¢ € CZ(Q2 x R x (0,T))
be a test function, and consider the integral

/ ve(z, &) p(x,&,t) do d€ dt = T1 + To + Z3 with
QxR% x(0,T)

n- 1,7, €,0)) ol 1) e dE
{(2.6.)€xRL x(0,1) | (7e(@,6,0))€DF: }

n-/ o, C(0;,€.1)) ol £.1) d d€
{(@.6.)€QxRL x(0,T) | 7o (w.£,t)=0}

t
n= | [ s g plegt) ds da de
QxR x(0,T) J7e(w,6,t)

Using the change of variables (z,¢,t) = (y,{(s;y,0,7), s), the first term rewrites

Ts(yvovT)
L= [ [ P ahn) el C(s0.0.7).5) ds dy dr
Dr JT

IA

75 (y,0,7)
Wl [ [ 07 ot Clsi0. 07, 5) ds dy .
T T

Back to the original variables, we obtain that Z; is bounded by ||I* HLM,(D;) ||go||L1(QX]R:X(O’T)). Using the change
of variables (z,¢,t) = (y,{(s;y,m,0),s), the second term rewrites

7s(y,m,0) 0
I, :// / v (y,m) ¢(y,¢(s:9,1,0),s) ds dn dy
aJr, Jo

for which we obtain the bound Z, < ||'UO||L00(Q><R1) ||@||L1(QXR*+><(O’T)). Finally, using the change of variable
(x,&,t,8) = (y,C(t';59,1m,8),t,5"), we obtain similarly that the last term Z3 is bounded by

T || fllree (oxry x(0,1)) 1@l (@xrs x(0,7))

which ends the proof. O
Lemma 6.3. Hypothesis 2.1 is assumed to hold, then Lv. = f.
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Proof. Let T € L® (xR x(0,T)) be such that for all (xq, o, to) € QxR x(0,T'), there exists a neighbourhood
V of (x9,&0,%0) in @ x R x (0,T) and s € (0,T) such that ((s;2,£,t) > 0 and 7T (x,((s;2,&,t),s) = T (x,&,t)
for all (x,£,t) € V. Then, let us show that L7 =0 in D'(2 x RY x (0,7")) and hence in L*°(Q2 x R% x (0,7)).
Let ¢ be a test function in C°(V), then one has

/ T(2,6.1) (L) (. €, 1) da de dt = / T (2, C(5: 2, 6,1), 8) (L) (2, £, 1) dar dE dt.
1% 1%

Let us consider the change of variables (z/,¢',t') = (x,{(s; 2, &,t),t), mapping V' to V, and the function ¢ such
that ¢(z', &', t') = p(x,£,t) on V’'. One has

/ T(z,&t) (L) (w, &) de dé dt = | T (2, ¢, s)Opp(2’, € 1) da’ d¢' dt’ = 0.
v v

To conclude that L7 = 0, it suffices to consider a test function ¥ € C°(£2 x R x (0,7)), a finite covering of
Supp(%)) satisfying the above property, and a partition of unity on this covering.

The above property is clearly satisfied for the functions 7., 77, and 75 with

Ti(2, 6, 8) = (@, 7e (2,6 0)) X (26,0 cxmr x(0.7) | (1,70 (w6,1)) €DE )

and

To(x, & t) = v°(x,¢(0;2,, 1)) X{(2,6,)€QXRE X (0,T) | 7o (w,€,£)=0}
on Q2 x R% x (0, T) We deduce that L(7.) = LT3 = LT = 0, and also that £73 = f with 73 the function defined
by T3(z,&,t) fre(r £) f(z,¢(s;2,&,t),s) ds, which finally proves that Lv. = LT} + LTo + LT3 = f. O

In order to prove the integration by part formula (4.3), we need the following lemma which is a direct

application of the up-to-the boundary Friedrichs’ Lemma from [3], Corollary 3.2 page 882.
Lemma 6.4. The function space C (2 x Ry x [0,T]) is dense in the Hilbert space

W (2 xRE x (0,7)) = {v e L*(Q x R x (0,T)) such that Lv € L*(2 x R%. x (0,7))}

endowed with the norm |[v[lw,@xrs x(0,1)) = IV[lL2(@x®: x(0,7)) + [|LV[|[L2 (xR x(0,7))-

Let n = (n,,ng¢,n¢) denote the unit vector normal to the boundary 92 x R* x (0,T)] outward to £ x
R% x (0,T) and defined almost everywhere. It results from Lemma 6.4 that we can define by prolongation
the continuous trace operator v, from Wz (Q x R% x (0,7)) to L2[Q; H™Y/2(9[R%. x (0,T)])] such that for all
e CX(Q xRy x[0,T]), v = @(ng + O¢h n¢)laxalrs x (0,7, and satisfying

/Q/]R / ¢x§tﬁvx§tdtd§dx+//R/ (z,&,t) Lo(x,&,t) dt A€ dx

(6.5)
/ o(x, &, t) yev(x, & t) do du,
o Ja[r* x(0,1)]

for all ¢ € L?[Q; H'(R% x (0,7))], where the last integral on © x 9[R% x (0,7)] is taken in the sense of the
duality product.

The next lemma states that (4.3) is satisfied for any function v € L>®(2 x R% x (0,7")) such that Lv €
L*(Q x R% x (0,7)), which is the case in particular for v = v, from Lemmae 6.2 and 6.3.
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Lemma 6.5. For any function v € L>(Q x R% x (0,T)) such that Lv € L>(Q x R x (0,T)), the trace y,v
belongs to L> (2 x O[RY. x (0,T)]) and satisfies the estimate

||7£U\|Loc(9xa[Rj;x(o,T)]) <C <||U||L°°(Q><R1><(O,T)) + ||£U||Lw(QxR1x(o,T))>

with C independent of v. This trace is denoted by v.(.,0,.)0:h on & = 0, v.(.,.,0) ont =0, and v.(.,.,T) on
t =T and we have the integration by part formula

// /T((£¢)($a§,t)v($,€,t)+(£v)(x,§,t)¢(x,£,t)) dt d¢ dz
QJr, Jo
] (0060060, 60) ~ v(o. 6. 1) 90, 6,7)) i (6.6)
* T
+/Q/O O¢h(x,t)v(x,0,t) ¢(x,0,t) dt do = 0.

for all ¢ € LY WHHRYE x (0,T))].

Proof. Since v and £ v belong to L>®(Q x R x (0,7T)), (6.5) holds for all ¢ € C°(R4*2).

It is known that C2°(Q x Ry x [0,77) is dense in L' [Q; W1 (R* x (0,T))], and that the trace operator from
LY WHH R % (0,T))] to LY (Q2x 9[R% x (0,T)]) is onto. It results that the set of traces of C2°(Q xRy x [0, T)
on O x J[R% x (0,T)] defines a space denoted by C2°(Qx d[R?. x (0,T)]) which is dense in L*(Qx 9[R?. x (0,T)]).

For any function 6 of C2°(Q x 9[R% x (0,T)]), one can built a function ¢ € L2[Q; H'(R*. x (0,T))] compactly
supported and such that

[l L1 joswra@s <0, < CllOllLr@xams x0,1)
with C independent of . Hence we have

I/ 07cvdo de < C (o] =m0y + L8] sz 07 ) 103 nolss o)
 JoRy x(0,1)]

for all & € C(Q x I[R%. x (0,T)]). By density, we conclude that vzv belongs to L>(€ x 9[R% x (0,T))).
The integration by part formula results from (6.5) and the density of C2°(Q x Ry x [0,77]) in L*[Q; W1 (R%. x
(0,7))]. O

We shall now use the partition of unity to prove that v, is a weak solution i.e. that v.(.,0,.)0:h =1° on D;
and v.(.,.,0) = v°.

Lemma 6.6. Hypothesis 2.1 is assumed to hold, then v, is a weak solution to (4.1).

Proof. Let us consider a function ¢ in C°(R9*2) such that ¢(.,0,.) =0 on Q x (0,7)\ DF and ¢(.,.,T) = 0
on 2 x R%. By construction of the sets Vy and Vp+, assuming smooth data f, v°, and [*, the function v, is
smooth on the sets V5 N Q2 x Ry x [0,7] and Vp+ NQ x Ry x [0,T]. Hence one has

L[ (eoubeenm.en s feen eobeen) i i
aJr, Jo
w10 b0 ag ar=o.

and

/Q/Dh /OT(,C(SDW(SD+)($,§,t) ve(,&,t) + f(x,€,t) (<pw%+)(x7§,t)) dt d¢ dz

T
—|—/ / Oeh(x, ) 1% () (@ why ) (x,0,t) dt dz = 0.
aJo
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From Lemma 6.2, v, is a linear continuous function of f, v°, and [* in L> norms. We deduce that (6.7) and
(6.8) extend by continuity and density to data f, v°, and I* in L.

By definition of ¢ and (6.6) one has

T
/Q/IR /0 (£(p @ + ) (@6 D vel@, &) + [ o (Wh- +wh)(@,€,1)) dt dé de =0, (6.9)

The equality

/Q/R /OT (£ @ +w) (@6 ) ve(w, 1) + [ ¢ (who +wd)(@,€,1)) dt d€ dw =0 (6.10)

which clearly holds for any smooth function, readily extends by density from Lemma 6.4 to v, since the functions
ve and Lo, are in L>(Q x RY x (0,77)) and ¢ is compactly supported.
Finally, from the properties (6.3) verified by the function w, one has

[ ] (et nen+ e udeen) a i al < Cews @)

where C'(p,v.) only depends on ¢ and v... Passing to the limit 6 — 0, we conclude that v, is a weak solution. O

The following lemma states that v, is the unique weak solution to (4.1). The proof uses again the partition
of unity.
Lemma 6.7. Hypothesis 2.1 is assumed to hold, then v, is the unique weak solution to (4.1).

Proof. Let u be a weak solution of (4.1) with f = v = [* = 0. In the sense of distributions, it results that
Lu =0 on QxRY x (0,7), and that the trace y,u (in L*(£2 x 9[R% x (0,7')]) from Lemma 6.5) vanishes on
D UQ xR% x {t = 0}. On the sets Vo N Q x R% x [0,T), and Vp+ NQ x Ry x (0,T), the equation Lu = 0 can
be integrated along the characteristics using the boundary conditions leading to u = 0 on these sets. For any
function v in C°(R4*2), let us consider the compactly supported function

T t
w(z,&,1) = /Q /R + /O /Ts(m,g,t)“’“’“‘”’5”5)’3) ds dt d¢ de, (6.12)

which is, from the previous results applied to the adjoint system, a weak solution to

—Lw =1 onQxRY x(0,T),
Wlg=o =0 on Dy, (6.13)
wli=r =0 on Q xRY.

Since u = 0 on (Vo U Vp+)NQ x Ry x [0,T], one clearly has

T
1 5 _
/ﬂ/ﬂh/o Lluw(wps + wp)](z, &, t) dt d§ dx = 0.

Let p be a function in C3°(R9*2) such that p = 1 on the compact support of w. Since pu belongs to W, (2 xR% x
(0,7)) and w is smooth on (Vr UVp-)NQ x R, x [0, T, equation (6.5) applied to v = pu and ¢ = w(w%, +ws)
yields that

T
// / Cluw(wh- + wf))(z,€,1) dt dE dz = 0.
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Also, since (uw) belongs to W (€2 x R% x (0,7')), by density of the smooth functions in W, (€2 x R% x (0,T))
we conclude that

T
/ / / Lluw(who + wd)](z,&,t) dt d¢ dz = 0.
QJry Jo
Finally, as above
T
’/ / / Lluwwd](z, &,t) dt dE dx‘ < C(u,w) d,
QJr; Jo

and passing to the limit § — 0, we conclude that

/Q/R+/OT£(uw)(m,£,t) dt d¢ dx:—/Q/]M/OTz/J(x,é,t)u(m,g,t) dt d¢ dz =0

for all ¢ € C>°(R9*2), which ends the proof. O

Proof of the integration by part formula (4.5)

From Lemma 6.7, the solutions v and w of the direct and adjoint equations (4.1) and (4.4) are defined by
their characteristic solutions, and w is compactly supported on Q x Ry x [0, T]. From Lemmae 6.2 and 6.5, the
functions v and w and their traces depend continuously on the data f, v°, I*, r, ¢°, and w” in L>™ norms so
that it suffices to prove the integration by part formula (4.5) assuming smooth data.

Let p be a function in C3°(R4*2) such that p = 1 on the compact support of w. On the sets Vo N QxR x [0, T
and Vpt+ NQ x Ry x [0, 7], the solution v is smooth and we can apply the integration by part formula (4.3) to
w and ¢ = v (W, +wl) p. Similarly, on the sets Vo N Q x Ry x [0,7] and Vp- NQ x Ry x [0, 7], the solution
w is smooth and we can apply the integration by part formula (4.3) to v and ¢ = w (w9, + w$.). Since (vw)
belongs to the function space W, (2 x R% x (0,7")), it results from the density Lemma 6.4 that

T
/Q/R+ /0 Llow(wpo + wd)](w, &, 1) dt dE dz = 0.

We conclude the proof using the estimate

T
‘/ / / Llvwwl)(x,€,t) dt d¢ dz| < C(v,w) 4,
QJr, Jo
and passing to the limit § — 0.

7. PROOF OF LEMMA 4.3

We shall need the following lemma which is proved using the up-to-the boundary version of Friedrich’s Lemma
from [3], Corollary 3.2 p 882.

Lemma 7.1. The function space C*(Q x [0,T]) is dense in the Hilbert space
Wi,(Q x (0,T)) = {v e L*Q x (0,T)) such that Vh - Vv € L*(Q x (0,7))}

endowed with the norm ||v|lw, @x0.1)) = lIvllL2@x0,7)) + [IVh - VL2 (% (0,1)) -

It results from Lemma 7.1 that we can define by prolongation the continuous trace operator ~y;, from W (Q x
(0,7)) to L%[(0,T); H=1/2(09)] such that for all ¢ € C=(Q x [0,T]), yap = ©Vh - nylaax(o,r), and

T T
/ / div(¢v Vh) dt dax = / ¢ ypv dtdo, (7.1)
QJo 0 o0
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for all ¢ € L?[(0,T); H' ()], where the last integral on the boundary 9Q x (0,T) is taken in the sense of the
duality product.
As in the previous section, one can prove the following lemma.

Lemma 7.2. For any function v € L>®(2 x (0,T)) such that Vh - Vv € L>®(Q x (0,T)), the trace ypv is in
L>(092 x (0,T)) and one has

T T
/ / div(¢v Vh) dt dox = / P ypv dtdo, (7.2)
o Jo 0o Jog

for all ¢ € L(0,T); WHH(Q)].

From (4.7) and Lemma 7.2 it results that the trace v, df is in (02 x (0,7T)). From (4.6) and Lemma 7.2,
we deduce that v, d] vanishes on E;. The same remarks hold for the trace v, ¢f on X7.. Since Vh-n, > 0 on
EJTF and Vh -n; <0 on X7, it results that dj has a vanishing trace on EJTF and ¢; a vanishing trace on 7.

From equations (4.10) and (4.7), the functions ¢f di and Vh - V(q; di) belong to L (2 x (0,T")). Hence the
trace v, (gf df) is in L (9 x (0,T)). To prove Lemma 4.3, we need to show that v (¢f df) = 0. The proof will
proceed as in the previous section using a covering of the domain Q x [0, 7] built from the trajectories of the
vector field VA and a partition of unity. To work away from the set Z = X1 U 9L, UIQ x {t = 0,T}, the
trick from [2] and Hypothesis 2.1 will again be used.

Let w be an open neighbourhood of Q, and h a C? extension of h on w x [0,T]. Let us define for all
(x,t) € wx (0,T), the trajectories X (7;x,t) of the vector field Vh as the maximal solutions in w of

0X -
{ = (ria,t) = VR(X (73 ,0),0), 3

X(0;z,t) =

Since Vh -n, > 0 on E}', for all a € E}', there exists an open neighbourhood v, of a in E; and 1 > ¢, >0
such that the set
V, = {(X(T;x,t),t) | (z,t) € vg, T € (—ea,ea)}
satisfies
(i) V, is an open neighbourhood of a in w x (0,7,

(ii) the mapping (2’ = X (7;x,t),t' =t) defines a C! diffeomorphism from v, X (—€4,€,) to V,.
It results that the set
Wi = U Va
aEZ;

is an open neighbourhood of 3% in w x (0, 7). Let us denote by W_ the open neighbourhood of 7. in w x (0,7
built similarly.

Let 9 denote the interior of the set {(z,t) € 9Q x (0,T)|g(x,t) = 0} in 9Q x (0,T). From the regularity
of the boundary of Q, we can define a neighbourhood Wy of % in w x (0,T) such that Wy N (S5 US7) = 0.

For all (z,t) € R4 let dz(x,t) denote the distance of the point (z,t) to the set Z = 055 UL, UIN x {t =
0,7}, and let W be the set
W5 = {(z,t) € R" | dy(x,t) < 36}.

There exists an open set W2 such that the set

(W-'ra W—7W0a Wg7Wcé)
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defines a covering of R*! with 9Q x [0, T] N W? = (). A partition of unity is built on this covering denoted by
(65.07.03,0%.07).

From Hypothesis 2.1, the set Z is the union of a finite number of manifolds of dimension at most d — 1. Hence,
following [2], the function 6%, can be chosen such that

0% (z,t) = 1if dz(x,t) < 6,

0% (z,t) = 0 if dz(x,t) > 26,

Measure ( Supp (0%) N {(x,t), |(x,t)| < R}) < C(R)&?,
V65 |l|lL~ < §.

(7.4)

Let us consider the change of variables (z = X (r;2/,t'),t =t') from Uaez; Vg X (—€q,€q) to W4, and let us
denote by df, 3 the functions such that d5(2/,t/,7) = d$(X(r;2',t'),t'), and B(a2',t',7) = B(X(1;2',t'),t') with

B = (vile=o — df) Oyh. Then, the function d satisfies the equation

which yields
di(2' V', 1) = /T B2’ 1, s) ds, (7.5)
and ’
/W &3, 1) S, 1) Az At < |8l v o 1wy (7.6)
.

for all ¢ € C(W5).
Let us assume for an instant that 3 is in C2°(€2 x (0,7')). In that case, it results from (7.5) that the function
d? is smooth on W4 N x (0,7, so that we can apply (7.1) to ¢ = Hi d; and v =g :

T
/ / div(0%. d5 ¢ Vh) dt dz = 0. (7.7)
QJ0

From (7.6), the equality (7.7) still holds by density and continuity for § € L>(Q x (0,T")) and hence for the
true function d;.
The same arguments applied to ¢ and W_ yield that

T
/ / div(6® d° qF Vh) dt dz = 0. (7.8)
aJo
Since the function ¢ df belongs to W, (2 x (0,T)), it results by density from Lemma 7.1 that
T
/ / div[(63 + 67) ¢ gF Vh] dt da = 0, (7.9)
o Jo
Finally, from the properties (7.4) verified by the function 6%, it is clear that
T
‘ / / div(0%, d2 ¢ V) dt da| < C(h, d2, ¢¢) 6. (7.10)
2 Jo

Passing to the limit 6 — 0 in equations (7.7), (7.8), (7.9), (7.10) concludes the proof of Lemma 4.3.
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