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tIn this work we propose a uni�ed analysis framework en
ompassing awide range of non
onforming dis
retizations of anisotropi
 heterogeneousdi�usion operators on general meshes. The analysis relies on two dis
retefun
tion analyti
 tools for pie
ewise polynomial spa
es, namely a dis
reteSobolev-Poin
aré inequality and a dis
rete Relli
h theorem. The 
onver-gen
e requirements are grouped into seven hypotheses, ea
h of them 
har-a
terizing one salient ingredient of the analysis. Finite volume s
hemesas well as the most 
ommon dis
ontinuous Galerkin methods are shownto �t in the analysis. A new �nite volume 
ell-
entered method is alsointrodu
ed.1 Introdu
tionSeveral methods have been developed through the years to solve the singlephase Dar
y equation, often of non-
onforming type. A 
ru
ial ingredient is arobust dis
retization of heterogeneous anisotropi
 di�usion operators. Indeed,strong anisotropy and heterogeneity are usually present in problems of pra
ti
alinterest, thus demanding an approa
h robust with respe
t to both. Moreover,even for simple domains, the low regularity of the di�usion 
oe�
ient may a�e
tthe regularity of the solution itself. It is thus important for a dis
retizationmethod to ensure 
onvergen
e to minimal regularity solutions, i.e. solutionsbelonging to the natural fun
tion spa
es in whi
h the weak formulation of the
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PDE is set. Furthermore, it is often desirable to handle general non
onformingmeshes, both be
ause end-users may have little or no 
ontrol over the mesh andbe
ause lo
al grid re�nement 
ould be required.In this work we propose a uni�ed analysis framework en
ompassing a widerange of non-
onforming methods whi
h respond to the above requirements. Inparti
ular, both Finite Volume (FV) and dis
ontinuous Galerkin (dG) methodswill be shown to �t in the framework. The analogies between these two familiesof dis
retization methods have often been highlighted, and the present analysisaims at providing a 
onsistent framework for both.Finite Volume methods have been widely employed in industrial appli
a-tions be
ause of simpli
ity of implementation, 
loseness to physi
al intuitionand redu
ed 
omputational 
ost. In re
ent years, these methods have knownan impetuous development thanks to both empiri
al and theoreti
al works. Inparti
ular, the 
onvergen
e analysis of FV methods has been dealt with by Ey-mard, Gallouët, Herbin and 
o-authors (see e.g. [22,24℄), who have derived newdis
rete fun
tional analysis tools allowing to prove the 
onvergen
e to minimumregularity solutions. The dis
rete analysis framework above has been used for avariety of FV methods applied to linear or non-linear problems (see e.g. [4,25℄).Within the framework of Mimeti
 Finite Di�eren
e approximations, redu
ed-
ost methods on general meshes have also been developed. These methods relyon di�erent dis
rete analysis tools than the ones used here, and we refer toBrezzi, Lipnikov, Shashkov and Simon
ini [10�12℄ for a uni�ed analysis.Dis
ontinuous Galerkin methods were introdu
ed over thirty years ago toapproximate hyperboli
 and ellipti
 PDEs (see e.g. [6, 20℄ for a histori
al per-spe
tive), and they have re
eived extensive attention over the last de
ade. Up tonow, 
onvergen
e analysis has relied on 
lassi
al Finite Element tools, yieldingasymptoti
al order estimates but requiring regularity assumptions on the exa
tsolution (see, e.g., Arnold, Brezzi, Co
kburn and Marini [6℄). In re
ent works,Bu�a and Ortner [13℄ and Di Pietro and Ern [17℄ have independently extendedthe dis
rete analysis tools presented by Eymard, Gallouët and Herbin [24℄ topie
ewise polynomial fun
tion spa
es on general meshes. By means of su
h tools,the 
onvergen
e analysis of dG dis
retization of both linear and non-linear prob-lems 
an be performed in the spirit of [24℄.In this work we further extend the above results by proposing an abstra
tset of properties ensuring the 
onvergen
e of a dis
retization method to minimalregularity solutions. The analysis framework proposed relies on the dis
retefun
tional analysis results of [17,24℄, where the authors introdu
e dis
rete W 1,pnorms whi
h satisfy dis
rete Sobolev inequalities and dedu
e a 
ompa
tnessresult for bounded sequen
es in su
h norms using the Kolmogorov 
riterion(see, e.g., [9, Theorem IV.25℄). In order to use the 
ompa
tness results forsequen
es in pie
ewise polynomial spa
es, we shall assume that, whatever theve
tor spa
e Vh in whi
h the solution is sought, a re
onstru
tion operator on asuitable pie
ewise polynomial spa
e is available. The key ideas of the analysis
an be summarized as follows:(i) Vh, is equipped with a norm ‖ · ‖Vh
whi
h, for all vh ∈ Vh, 
ontrolsthe dis
rete H1 norm of the pie
ewise polynomial re
onstru
tion of vh. As a
onsequen
e, bounded sequen
es in the ‖ · ‖Vh
norm yield bounded sequen
es inthe dis
rete H1 norm;(ii) an a priori estimate on the dis
rete solution is derived allowing to inferthe strong 
onvergen
e of a subsequen
e of (re
onstru
tion of) dis
rete solutions2



to a fun
tion u ∈ L2(Ω);(iii) the 
onstru
tion of a dis
rete gradient weakly 
onverging to ∇u in
[L2(Ω)]d allows to prove that the limit u a
tually belongs to H1

0 (Ω);(iv) the 
onvergen
e of the s
heme is �nally proved testing against a dis
reteproje
tion of a smooth fun
tion belonging to some 
onvenient dense subspa
e,say C∞
c (Ω).Sin
e the exa
t solution is unique, the 
onvergen
e of the whole sequen
e ofdis
rete approximations is dedu
ed. Moreover, stronger 
onvergen
e resultson the dis
rete gradient 
an be derived using the dissipative stru
ture of theproblem for both symmetri
 and non-symmetri
 s
hemes.Besides providing a means to analyze existing methods and to develop newones, the above framework ensures the 
onvergen
e of arbitrary 
ompositions of
ompliant methods. This 
an be parti
ularly useful when one wishes to use amore a

urate but expensive methods on a sele
ted region of the domain alongwith a less a

urate but faster method elsewhere.The paper is organized as follows. �2 introdu
es the abstra
t framework,in
luding the assumptions on the mesh family as well as the properties requiredto prove 
onvergen
e of a method. The latter are grouped into seven Hypothe-ses, ea
h of them 
hara
terizing one salient ingredient of the analysis. The mainresult is Theorem 2.2. �3 show some examples of methods whi
h �t in the ab-stra
t analysis framework. In parti
ular �3.1 presents a sele
tion of dG methodsrobust with respe
t to the heterogeneity and anisotropy of the di�usion tensor;�3.2 deals with a new 
ell-
entered �nite volume method; �3.3 investigates ahybrid FV method using both 
ell- and fa
e-unknowns. For all the methods, apre
ise de�nition possibly in
luding further assumptions on the mesh family isfollowed by the veri�
ation of Hypotheses 2.1-2.7.2 Abstra
t analysis framework2.1 Model problem and settingLet Ω ⊂ R

d, d ≥ 1, be a bounded polygonal domain and 
onsider the followingmodel problem: {
−∇·(ν∇u) = f in Ω,

u = 0 on ∂Ω,
(1)where ν ∈ [L∞(Ω)]d×d is s.t. (su
h that), for a.e. (almost every) x ∈ Ω, ν(x)is symmetri
 and its spe
trum {λi(x)}di=1 is s.t. 0 < λ ≤ λi(x) ≤ λ <∞ and

f ∈ L2(Ω). In weak formulation, problem (1) reads: Find u ∈ H1
0 (Ω) s.t.

a(u, v) = (f, v)L2(Ω) ∀v ∈ H1
0 (Ω), (2)where L(H1

0 (Ω)×H1
0 (Ω); R) ∋ a(u, v)

def
= (ν∇u,∇v)[L2(Ω)]d . The well-posednessof problem (2) is 
lassi
al.Remark 2.1. The analysis 
an be easily extended to f ∈ Lr(Ω) with r ≥ 2d

d+2 if
d ≥ 3 and r > 1 if d = 2; see [17℄ for the details in the 
ase of dG methods. Thisrequires more general Sobolev inequalities than the one of Hypothesis 2.1, whi
hare proved in [17, 24℄. Also, di�erent boundary 
onditions 
an be handled withminor modi�
ations, but we have de
ided to sti
k to the homogeneous Diri
hletproblem for 
larity of presentation. 3



The following de�nition 
hara
terizes an admissible mesh family:De�nition 1 (Admissible mesh family). Let H be a 
ountable set. The meshfamily {Th}h∈H, is said to be admissible if the following assumptions are satis�edfor all h ∈ H:(i) Th is a �nite family of non-empty 
onne
ted (possibly non-
onvex) opendisjoint sets T forming a partition of Ω and whose boundaries are a �niteunion of parts of hyperplanes. The d-dimensional Lebesgue measure and thediameter of the generi
 element T ∈ Th will be denoted by |T | and hT respe
-tively. The representative linear dimension of the dis
retization will be de�nedas h
def
= maxT∈Th

hT ;(ii) ea
h T ∈ Th is a�ne-equivalent to an element of a �nite 
olle
tion ofreferen
e elements;(iii) there is a parameter N∂ independent of h s.t., for all h ∈ H, ea
h
T ∈ Th has at most N∂ fa
es. For all elements T ∈ Th, let FT

h denote the set offa
es of T . A set F ∈ FT
h of non-zero (d−1)-dimensional Lebesgue measure |F |is said to be a fa
e of T if F is part of a hyperplane and if either F is lo
atedon the boundary of Ω (boundary fa
e) or there is one and only one T ′ ∈ Th s.t.

F = FT
h ∩ FT ′

h (interfa
e). The diameter of the generi
 fa
e F ∈ Fh will bedenoted by hF ;(iv) there is a parameter ̺1 independent of h s.t., for all T ∈ Th,
∑

F∈FT
h

hF |F | ≤ ̺1|T |;The set of boundary fa
es will be denoted by Fb
h, whereas the interfa
es willbe 
olle
ted into the set F i

h. For every F = FT1

h ∩ FT2

h (the numbering of theelements sharing F is arbitrary but �xed) we let µF denote the outward normalto T1; for all T ∈ Th and for all F ∈ FT
h , µT

F will denote the outward normal to
T . For every F ∈ FT

h ∩Fb
h, both µF and µT

F will denote the outward normal to
Ω. Further assumptions on the mesh family may be required depending on themethod 
onsidered, and will be spe
i�ed in the 
orresponding se
tion.Remark 2.2. A

ording to De�nition 1, (i) the mesh elements are not assumedto be 
onvex, and the mesh may possibly be non
onforming; (ii) in three spa
edimensions, general hexahedra 
an be treated by de
omposing non-plane fa
esin a �xed number of plane sub-fa
es.Let Th denote an element of an admissible mesh family and let Sh denote asub-mesh of Th (i.e., a mesh obtained by further de
omposing the elements of Thinto polyhedral subelements) depending on the method at hand. We introdu
ethe spa
e of pie
ewise polynomial fun
tions of total degree less than or equal to
k ≥ 0,

P k
h (Xh)

def
= {vh ∈ L2(Ω); vh|T ∈ P

k(T ), ∀T ∈ Xh}, Xh ∈ {Th,Sh}.The symbols Vh and Σh denote two ve
tor spa
es asso
iated with Th and Shrespe
tively. We assume that Σh = [P kΣ

h (Sh)]d for a �xed kΣ ≥ 0 depending onthe method 
onsidered. Also, in what follows, rV
h : Vh → P kV

h (Th) will denotea re
onstru
tion operator onto the pie
ewise polynomial spa
e of degree kVdepending on the method at hand (see Hypothesis 2.1). In parti
ular, for FVmethods, kV = kΣ = 0 whereas kV ≥ kΣ ≥ 0, kV ≥ 1 for dG methods.4



The symbols . and & will be used in the present se
tion for inequalities thathold up to a positive parameter independent of the mesh size h but possiblydepending on the regularity parameters of the mesh family, on ν, kV and kΣ.More detailed expressions for these multipli
ative 
onstant will be given for ea
hmethod in �3.Hypothesis 2.1 (Pie
ewise polynomial re
onstru
tion rV
h ). For a �xed kV ≥ 0depending on the a
tual dis
retization method, there is a re
onstru
tion oper-ator rV

h : Vh → P kV

h (Th) whi
h maps every element vh ∈ Vh onto a pie
ewisepolynomial fun
tion rV
h vh ∈ P kV

h (Th).We de�ne the following bilinear form
L(Vh × Vh; R) ∋ ah(uh, vh)

def
= (νG(uh), G̃(vh))[L2(Ω)]d + jh(uh, vh), (3)whereG ∈ L(Vh; Σh) and G̃ ∈ L(Vh; Σh) are linear gradient re
onstru
tions whoseproperties will be detailed in Hypotheses 2.3, 2.4 and 2.7, We parti
ularly stressthe importan
e of Hypotheses 2.4 and 2.7 below, whi
h provide the basi
 design
riteria for the dis
rete gradients. whereas jh ∈ L(Vh × Vh; R) is a stabilizingbilinear form meant to ensure the 
oer
ivity of ah. We fo
us on the followingfamily of approximations for problem (2): Find uh ∈ Vh s.t.

ah(uh, vh) = (f, rV
h vh)L2(Ω) ∀vh ∈ Vh. (4)2.2 Dis
rete Relli
h theoremThe pie
ewise polynomial spa
e P kV

h (Th), kV ≥ 0, must be equipped with adis
rete H1 norm ‖ · ‖1,2,h s.t. the following hypothesis is satis�ed:Hypothesis 2.2 (Compa
tness). Let {ph}h∈H be a sequen
e in P kV

h (Th), kV ≥
0, bounded in the 
orresponding ‖ · ‖1,2,h norm. Then, the family {ph}h∈H isrelatively 
ompa
t in L2(Ω) (and also in L2(Rd) taking ph = 0 outside Ω).Norms satisfying Hypothesis 2.2 will be de�ned in eqs. (20) and (27) below.Lemma 2.1 (Dis
rete Sobolev-Poin
aré inequality). Let {Th}h∈H be a meshfamily 
ompliant with De�nition 1 and let us suppose that Hypothesis 2.2 holds.Then, for all ph ∈ P kV

h , kV ≥ 0,
‖ph‖L2(Ω) . ‖ph‖1,2,h. (5)Proof. For the sake of simpli
ity, let H = N and hn → 0 as n → ∞. Wepro
eed by 
ontradi
tion. Let us admit that, for all C > 0, there is n ∈ N and

phn
∈ Thn

s.t. ‖phn
‖L2(Ω) > C‖phn

‖1,2,hn
. In parti
ular, we 
an take C = n andset p̃hn

def
= phn

/‖phn
‖1,2,h, so that
‖p̃hn

‖L2(Ω) > n, ‖p̃hn
‖1,2,hn

= 1. (6)As n in
reases, the L2 norm of p̃hn
in
reases, whereas its ‖ · ‖1,2,h norm remainsbounded. A

ording to Hypothesis 2.2, {p̃hn

}n∈N is thus relatively 
ompa
t in
L2(Ω), and we 
an extra
t a subsequen
e {p̃hϕ(n)

}n∈N whi
h 
onverges to some
p in L2(Ω). As a 
onsequen
e, ‖p̃ϕ(n)‖L2(Ω) → ‖p‖L2(Ω) as n → ∞, whi
h is in
ontradi
tion with (6). 5



A dire
t proof of the Poin
aré-Friedri
hs inequality on broken Sobolev spa
eshas been given in [5, 8, 24℄; broken Sobolev embeddings have been derived byLasis and Süli [26,27℄ in the Hilbertian 
ase; broken Sobolev embeddings in thenon-Hilbertian 
ase have been re
ently presented in [17℄Hypothesis 2.3 (‖ · ‖Vh
norm). The ve
tor spa
e Vh is equipped with an innerprodu
t norm ‖ · ‖Vh

s.t., for all vh ∈ Vh,
‖rV

h vh‖1,2,h . ‖vh‖Vh
, (7)

‖G(vh)‖[L2(Ω)]d + ‖G̃(vh)‖[L2(Ω)]d . ‖vh‖Vh
. (8)Inequality (7) will be used to derive an estimate for the pie
ewise polyno-mial re
onstru
tion of the solution in terms of the dis
rete H1 norm ‖ · ‖1,2,h.This will, in turn, ensure the boundedness of the sequen
e of the re
onstru
teddis
rete solutions of (4) on the mesh family {Th}h∈H, a key ingredient to infer a
ompa
tness result. Inequality (8) states that bounded sequen
es in the ‖ · ‖Vhnorm yield bounded sequen
es of gradient approximations in the L2 norm.The following assumption 
ontains the major requirement for the gradient

G̃, i.e., weak 
onsisten
y for suitable sequen
es in Vh:Hypothesis 2.4 (Weak 
onvergen
e of G̃). Let {vh}h∈H, be a sequen
e in Vhs.t. {rV
h vh}h∈H 
onverges to v ∈ L2(Ω) in L2(Rd) (prolonging rV

h vh to zerooutside Ω) and {G̃(vh)}h∈H is bounded in the [L2(Rd)]d norm. Then, for all
Φ ∈ [C∞

c (Rd)]d,
lim
h→0

∫

Rd

G̃(vh)·Φ = −
∫

Rd

v∇·Φ.Disposing of a weakly 
onverging gradient allows to prove the following result
on
erning the regularity of the limit of a 
onverging sequen
e in Vh:Theorem 2.1 (Dis
rete Relli
h theorem). Let {vh}h∈H be a sequen
e in Vhbounded in the ‖ · ‖Vh
norm. Then, (i) {rV

h vh}h∈H is relatively 
ompa
t in
L2(Ω); (ii) if rV

h vh → v in L2(Ω) as h→ 0, then v ∈ H1
0 (Ω).Proof. Owing to the assumptions of the theorem together with (7), there is

C ∈ R+ s.t.
‖rV

h vh‖1,2,h . ‖vh‖Vh
≤ C ∀h ∈ H.As a 
onsequen
e, the sequen
e {rV

h vh}h∈H is bounded in the ‖ · ‖1,2,h norm.Owing to Hypothesis 2.2, it is possible to extra
t a subsequen
e 
onverging tosome v in L2(Ω) and also in L2(Rd) provided we prolong rV
h vh by zero outside

Ω. Moreover, (8) yields, for all h ∈ H,
‖G̃(vh)‖[L2(Ω)]d . ‖vh‖Vh

≤ C.We thus 
on
lude that there exists a τ ∈ [L2(Ω)]d to whi
h the sequen
e
{G̃(vh)}h∈H 
onverges (up to a subsequen
e) in [L2(Ω)]d and also in [L2(Rd)]d.On the other hand, the sequen
e {rV

h vh}h∈H satis�es the assumptions of Hy-pothesis 2.4, so that τ = ∇v, whi
h 
on
ludes the proof.
6



2.3 A priori estimate on the solutionLet πV
h : C0(Ω)→ Vh denote an interpolator onto Vh whose properties will bedetailed in Hypotheses 2.5 and 2.7. In what follows, πV

h will be applied tofun
tions of C∞
c (Ω), whi
h is used as a pivot spa
e.Hypothesis 2.5 (Stabilization jh). The bilinear form jh is symmetri
, positivesemide�nite and 
ontinuous with respe
t to the ‖ · ‖Vh

norm, i.e.,
jh(uh, vh) . ‖uh‖Vh

‖vh‖Vh
∀(uh, vh) ∈ [Vh]2. (9)Furthermore, the following 
onsisten
y property holds:

lim
h→0

jh(πV
h ϕ, πV

h ϕ) = 0 ∀ϕ ∈ C∞
c (Ω). (10)The following Cau
hy-S
hwarz type inequality is an immediate 
onsequen
eof Hypothesis 2.5:

|jh(uh, vh)| . [jh(uh, uh)]
1/2

[jh(vh, vh)]
1/2

. (11)Hypothesis 2.6 (Coer
ivity of ah). For all vh ∈ Vh, ah(vh, vh) & ‖vh‖2Vh
.The 
oer
ivity of the bilinear form ah is an essential ingredient of the anal-ysis, sin
e it allows to obtain an estimate of the solution for use in the dis
reteRelli
h Theorem 2.1.Lemma 2.2 (Well-posedness). Problem (4) is well-posed. Furthermore, itssolution satis�es the following a priori estimates:

‖rV
h uh‖1,2,h . ‖uh‖Vh

. ‖f‖L2(Ω). (12)Proof. (i) To prove the well-posedness we use the Lax-Milgram lemma. Using(8) together with (9) we have, for all (uh, vh) ∈ [Vh]2,
ah(uh, vh) . λ‖uh‖Vh

‖vh‖Vh
+ ‖uh‖Vh

‖vh‖Vh
. ‖uh‖Vh

‖vh‖Vh
,i.e., the bilinear form ah is 
ontinuous in Vh. The Cau
hy-S
hwarz inequalitytogether with (5) and (7) yield, for all vh ∈ Vh,

(f, rV
h vh)L2(Ω) ≤ ‖f‖L2(Ω)‖rV

h vh‖L2(Ω) . ‖f‖L2(Ω)‖rV
h vh‖1,2,h . ‖f‖L2(Ω)‖vh‖Vh

.We 
on
lude using Hypothesis 2.6. (ii) If uh is the null element of Vh, theestimate is trivially veri�ed. If this is not the 
ase, Hypothesis 2.6 togetherwith the Cau
hy-S
hwarz inequality, (5) and (7) yield
‖rV

h uh‖1,2,h‖uh‖Vh
. ‖uh‖2Vh

. ah(uh, uh) . ‖f‖L2(Ω)‖uh‖L2(Ω) . ‖f‖L2(Ω)‖uh‖Vh
,thus 
on
luding the proof.2.4 Convergen
eThe following assumption 
ontains a major requirement for the gradient G, i.e.,
onsisten
y for smooth fun
tions: 7



Hypothesis 2.7 (Consisten
y). The following results hold:
‖πV

h ϕ‖Vh
. σϕ ∀ϕ ∈ C∞

c (Ω), (13)
lim
h→0
‖(rV

h ◦ πV
h )ϕ− ϕ‖L2(Ω) = 0 ∀ϕ ∈ C∞

c (Ω), (14)
lim
h→0
‖∇ϕ−G(πV

h ϕ)‖[L2(Ω)]d = 0 ∀ϕ ∈ C∞
c (Ω), (15)where σϕ > 0 is a parameter depending only on ϕ and on the mesh regularityparameters.The above assumptions ensure that we 
an 
onsistently approximate smoothfun
tions and their gradients on the dis
rete spa
es at hand. The 
onsisten
yof G stated in (15) allows to prove the followingLemma 2.3 (Convergen
e of G). Let {Th}h∈H be a family of admissible meshes.Let uh denote the unique solution of the dis
rete problem (4) on Th. Then,(i) there exists ũ ∈ H1

0 (Ω) and a subsequen
e {rV
h uh}h∈H 
onverging to ũ in

L2(Ω) as h→ 0; (ii) {G(uh)}h∈H 
onverges to ∇ũ in [L2(Ω)]d.Proof. (i) Thanks to (12), the sequen
e {rV
h uh}h∈H is bounded in the ‖ · ‖1,2,hnorm. A

ording to Theorem 2.1, there is a subsequen
e of {rV

h uh}h∈H (stilldenoted with the same symbol) and an element ũ ∈ H1
0 (Ω) s.t. {rV

h uh}h∈H
onverges to ũ in L2(Ω) as h → 0. (ii) Let ϕ ∈ C∞
c and set ϕh

def
= πV

h ϕ. Wehave that
‖G(uh)−∇ũ‖2[L2(Ω)]d ≤

3
[
‖G(uh)−G(ϕh)‖2[L2(Ω)]d + ‖G(ϕh)−∇ϕ‖2[L2(Ω)]d + ‖∇ϕ−∇ũ‖2[L2(Ω)]d

]
.Let Si, i ∈ {1 . . . 3} denote the terms in the right hand side. Thanks to Hy-pothesis 2.6 and to the linearity of ah we have that

S1 . ah(uh, uh)− ah(uh, ϕh)− ah(ϕh, uh) + ah(ϕh, ϕh).Owing to (4), ah(uh, uh) = (f, rV
h uh)L2(Ω) and ah(uh, ϕh) = (f, rV

h ϕh)L2(Ω). Asa 
onsequen
e,
lim
h→0

ah(uh, uh) = (f, ũ)L2(Ω).Furthermore, using (14), we 
on
lude that
0 ≤ lim sup

h→0

∣∣ah(uh, ϕh)− (f, ϕ)L2(Ω)

∣∣ ≤ lim sup
h→0

‖f‖L2(Ω)‖rV
h ϕh − ϕ‖L2(Ω) = 0,that is, gathering the above results,

∀ϕ ∈ C∞
c (Ω), lim

h→0
[ah(uh, uh)− ah(uh, ϕh)] = (f, ũ− ϕ)L2(Ω). (16)To estimate the remaining terms, observe that

ah(ϕh, ϕh)− ah(ϕh, uh) = (ν∇ϕ, G̃(ϕh − uh))[L2(Ω)]d

+ (ν(G(ϕh)−∇ϕ), G̃(ϕh − uh))[L2(Ω)]d + jh(ϕh, ϕh − uh).8



Owing to Hypothesis 2.4, the term in the �rst line tends to (ν∇ϕ,∇(ϕ − ũ))[L2(Ω)]das h→ 0. Let S
def
= (ν(G(ϕh)−∇ϕ), G̃(ϕh − uh))[L2(Ω)]d denote the �rst termin the se
ond line. The following estimate holds:

|S| ≤ λ‖G(ϕh)−∇ϕ‖[L2(Ω)]d‖G̃(ϕh − uh)‖[L2(Ω)]d

. ‖G(ϕh)−∇ϕ‖[L2(Ω)]d (‖ϕh‖Vh
+ ‖uh‖Vh

)

. ‖G(ϕh)−∇ϕ‖[L2(Ω)]d (σϕ + ‖uh‖Vh
) ,where we have used the Cau
hy-S
hwarz inequality followed by (8), (13) and(12). Sin
e ‖uh‖Vh

is bounded, the right hand side of the above inequality tendsto zero as h→ 0. On the other hand, (11), (13) and (12) yield
|jh(ϕh, ϕh − uh)| ≤ [jh(ϕh, ϕh)]

1/2 [jh(ϕh − uh, ϕh − uh)]
1/2

. [jh(ϕh, ϕh)]
1/2

(‖ϕh‖Vh
+ ‖uh‖Vh

)

. [jh(ϕh, ϕh)]
1/2 (σϕ + ‖uh‖Vh

) ,whi
h, owing to (10) and to the boundedness of ‖uh‖Vh
, tends to zero as h→ 0.In 
on
lusion,

∀ϕ ∈ C∞
c (Ω), lim

h→0
[ah(ϕh, ϕh)− ah(ϕh, uh)] = (ν∇ϕ,∇(ϕ − ũ))[L2(Ω)]d .(17)Equations (16) and (17) yield

∀ϕ ∈ C∞
c (Ω), lim

h→0
S1 = (ν∇ϕ,∇(ϕ − ũ))[L2(Ω)]d + (f, ũ− ϕ)L2(Ω).Using (15) we immediately 
on
lude that, for all ϕ ∈ C∞

c (Ω), limh→0 S2 = 0.Gathering the above results, for all ϕ ∈ C∞
c (Ω),

lim sup
h→0

‖G(uh)−∇ũ‖2[L2(Ω)]d .

c(ν∇ϕ,∇(ϕ − ũ))[L2(Ω)]d + (f, ũ− ϕ)L2(Ω) + ‖∇ϕ−∇ũ‖2[L2(Ω)]d .Let now {ϕm}m∈N be a sequen
e 
onverging to ũ in H1
0 (Ω) (the existen
e ofsu
h a sequen
e follows from the density of C∞

c (Ω) in H1
0 (Ω)). Using the abovebound, we 
on
lude that

0 ≤ lim inf
h→0

‖G(uh)−∇ũ‖2[L2(Ω)]d ≤ lim sup
h→0

‖G(uh)−∇ũ‖2[L2(Ω)]d ≤ 0,whi
h proves the assertion.Remark 2.3. Observe that the passages to the limit for h→ 0 and for m→∞
annot be ex
hanged in the proof. Indeed, the estimates from whi
h (14)and (15) are obtained may depend on some norm of ϕ whi
h does not remainbounded as m→∞, e.g. the H2 norm.Theorem 2.2 (Convergen
e of the method). Let {Th}h∈H be a family of admis-sible meshes. Let uh denote the unique solution of the dis
rete problem (4) on
Th. Then, (i) the sequen
e {rV

h uh}h∈H 
onverges to the solution of (2), say u,in L2(Ω) as h→ 0; (ii) the sequen
e {G(uh)}h∈H 
onverges to ∇u in [L2(Ω)]d.9



Proof. Thanks to (12), the sequen
e {uh}h∈H is bounded in the ‖ · ‖Vh
norm.Theorem 2.1 states that we 
an extra
t a subsequen
e still denoted by {rV

h uh}h∈Hwhi
h 
onverges to an element ũ ∈ H1
0 (Ω) in L2(Ω). Let us fo
us on the abovesub-sequen
e. A

ording to Lemma 2.3, {G(uh)}h∈H 
onverges to∇ũ in [L2(Ω)]d.In order to prove the 
onvergen
e of the method, we have to prove that ũ solves(2). Let, now, ϕ ∈ C∞

c (Ω) and set ϕh
def
= πV

h ϕ. We have that
ah(uh, ϕh) = (νG(uh), G̃(ϕh))[L2(Ω)]d + jh(uh, ϕh).Using Hypothesis 2.4 together with Lemma 2.3 we 
on
lude that

∀ϕ ∈ C∞
c , lim

h→0
(νG(uh), G̃(ϕh))[L2(Ω)]d = (ν∇ũ,∇ϕ)[L2(Ω)]d = a(ũ, ϕ).On the other hand, (11) together with (12) yield

|jh(uh, ϕh)| ≤ jh(ϕh, ϕh)
1/2jh(uh, uh)

1/2

≤ jh(ϕh, ϕh)
1/2‖uh‖Vh

. jh(ϕh, ϕh)
1/2‖f‖L2(Ω),whi
h tends to 0 as h→ 0 by virtue of (10). Moreover,

(f, rV
h ϕh)L2(Ω) = (f, ϕ)L2(Ω) + (f, ϕ− rV

h ϕh)L2(Ω),and, using (14),
0 ≤ lim sup

h→0

∣∣(f, ϕ− rV
h ϕh)L2(Ω)

∣∣ . lim sup
h→0

‖f‖L2(Ω)‖ϕ− rV
h ϕh‖L2(Ω) = 0,so that, for all ϕ ∈ C∞

c (Ω), (f, rV
h ϕh)L2(Ω) → (f, ϕ)L2(Ω) as h → 0. Thanks tothe above results, and sin
e the uh are solutions of the dis
rete problem (4), wehave that

a(ũ, ϕ) = (f, ϕ)L2(Ω) ∀ϕ ∈ C∞
c (Ω).Sin
e C∞

c (Ω) is dense in H1
0 (Ω), ũ = u for a.e. x ∈ Ω. Furthermore, problem(2) has a unique solution, and so the 
onvergen
e property extends to the wholesequen
e. The 
onvergen
e of {G(uh)}h∈H to ∇u is an immediate 
onsequen
eof Lemma 2.3 together with the uniqueness of the limit.2.5 Symmetri
 methodsIn this se
tion we show how the analysis 
an be simpli�ed for symmetri
 meth-ods. The following theorem repla
es Lemma 2.3 and Theorem 2.2:Theorem 2.3 (Convergen
e of symmetri
 methods). Suppose that the bilinearform ah is symmetri
, i.e. G̃ = G and let {Th}h∈H be a family of admissiblemeshes. Let uh denote the unique solution of the dis
rete problem (4) on Th.Then, (i) the sequen
e {rV

h uh}h∈H 
onverges to the solution of (2), say u, in
L2(Ω) as h→ 0; (ii) the sequen
e {G(uh)}h∈H 
onverges to ∇u in [L2(Ω)]d.Proof. Thanks to (12), the sequen
e {uh}h∈H is bounded in the ‖ · ‖Vh

norm.Theorem 2.1 states that we 
an extra
t a subsequen
e still denoted by {rV
h uh}h∈Hwhi
h 
onverges to an element ũ ∈ H1

0 (Ω) in L2(Ω). Let us fo
us on the above10



sub-sequen
e. Owing to Hypothesis 2.4, G̃(uh) weakly 
onverges to ∇ũ in L2.Let ϕ ∈ C∞
c (Ω) and set ϕh

def
= πV

h ϕ. Observe that
ah(uh, ϕh) = (νG(uh),∇ϕ)[L2(Ω)]d+

[
(νG(uh), G(uh)−∇ϕ)[L2(Ω)]d + jh(uh, ϕh)

]
,and let S1 and S2 the addends in the right hand side. Owing to the weak 
onver-gen
e of G(uh), S1 → a(ũ, ϕ) as h → 0. Using the Cau
hy-S
hwarz inequalitytogether with (11) we obtain

|S2| ≤ λ‖G(uh)‖[L2(Ω)]d‖G(ϕh)−∇ϕ‖[L2(Ω)]d + [jh(uh, uh)]
1/2[jh(ϕh, ϕh)]

1/2.Thanks to (8), (9) and (12), both ‖G(uh)‖[L2(Ω)]d and [jh(uh, uh)]1/2 are boundedby ‖f‖L2(Ω) up o a positive multipli
ative 
onstant. Equation (15) together with(10) then yield |S2| → 0 as h→ 0. In 
on
lusion,
(f, ϕ)L2(Ω) ← (f, ϕh)L2(Ω) = ah(uh, ϕh)→ a(ũ, ϕ),i.e., ũ = u for a.e. x ∈ Ω sin
e C∞

c (Ω) is dense in H1
0 (Ω). The strong 
onvergen
eof {G(uh)}h∈H follows.2.6 Adjoint methodsLet

a∗
h(uh, vh)

def
= (νG̃(uh), G(vh))[L2(Ω)]d + jh(uh, vh).In this se
tion we investigate the 
onvergen
e of the adjoint problem: Find

uh ∈ Vh s.t.
a∗

h(u∗
h, vh) = (f, rV

h vh)L2(Ω) ∀vh ∈ Vh. (18)Theorem 2.4 (Convergen
e of adjoint methods). Let {Th}h∈H be a family ofadmissible meshes. Let u∗
h denote the unique solution of the dis
rete problem(18) on Th. Then, the sequen
e {rV

h u∗
h}h∈H 
onverges to the solution of (2),say u, in L2(Ω) as h→ 0.Proof. Sin
e also a∗

h is 
oer
ive, the sequen
e {uh}h∈H is bounded in the ‖ · ‖Vhnorm. Theorem 2.1 states that we 
an extra
t a subsequen
e still denoted by
{rV

h uh}h∈H whi
h 
onverges to an element ũ ∈ H1
0 (Ω) in L2(Ω). We shall fo
usour attention on the above sub-sequen
e. Let ϕ ∈ C∞

c (Ω) and set ϕ
def
= πV

h ϕ.We have
a∗

h(u∗
h, ϕh) = (νG̃(u∗

h),∇ϕ)[L2(Ω)]d + (νG̃(u∗
h), G(ϕh)−∇ϕ)[L2(Ω)]d + jh(u∗

h, ϕh)

def
= S1 + S2 + S3.Using Hypothesis 2.4 it is 
lear that S1 → a(ũ, ϕ) as h → 0. For the se
ondterm, using (12) we have

|S2| ≤ λ‖G̃(u∗
h)‖[L2(Ω)]d‖G(ϕh)−∇ϕ‖[L2(Ω)]d ,whi
h, owing to (15), tends to zero as h → 0. Similarly, using (10) togetherwith (12), we 
an prove that |S3| → 0 as h→ 0. We thus have

(f, ϕ)L2(Ω) ← (f, ϕh)L2(Ω) = ah(u∗
h, ϕh)→ a(ũ, ϕ),i.e., ũ = u for a.e. x ∈ Ω sin
e C∞

c (Ω) is dense in H1
0 (Ω). This 
on
ludes theproof. 11



3 Some examplesIn this se
tion we present some examples of 
onservative dG and FV methodswhi
h �t in the abstra
t framework above. Further examples whi
h are notdetailed here in
lude the popular O-method (see, e.g., [1, 4℄).3.1 Dis
ontinuous Galerkin methodsIn this se
tion we shall present a number of dG methods whi
h �t in the abstra
tanalysis framework above. The weighted averaging te
hniques introdu
ed in [14℄for a domain de
omposition method and later extended to dG methods in [18,21℄will be used to ensure robust a priori estimates with respe
t to anisotropy andheterogeneity of the di�usion tensor in a suitable energy norm. The asymptoti
al
onvergen
e analysis 
an be performed following the guidelines of [18℄ and it isout of the s
ope of the present work. For all F ∈ Fh and for all ϕ s.t. a (possiblytwo-valued) tra
e is de�ned on F , we introdu
e the following jump operator:
[[ϕ]]

def
=

{
ϕ|T1

− ϕ|T2
, if F = FT1

h ∩ FT2

h ,

ϕ|T , if F = FT
h ∩ Fb

h.
(19)The spa
e P kV

h (Th), kV ≥ 1, will be equipped with the following norm:
‖ph‖21,2,h

def
= ‖∇hph‖2[L2(Ω)]d +

∑

F∈Fh

1

hF
‖[[ph]]‖2L2(F ) ∀ph ∈ P kV

h (Th), (20)where ∇h denotes the broken gradient. The proof of Hypothesis 2.2 
an befound in [17, �6℄. The following assumption need be added to those listed inDe�nition 1:Hypothesis 3.1. Let H be a 
ountable set and let {Th}h∈H denote a familyof meshes mat
hing De�nition 1. We require that the ratio of the diameter hT ,
T ∈ Th, to the diameter of the largest ball ins
ribed in T be bounded from aboveby a parameter ̺3 independent of h.Remark 3.1. Hypothesis 3.1 is not needed to prove Lemmata 2.2�2.1 for kV ≥ 1,so it is not listed in De�nition 1.For a given kV ≥ 1 we let Sh = Th and set

Vh
def
= P kV

h (Th), Σh
def
= [P kV

h (Th)]d.We shall fo
us on the pie
ewise 
onstant 
ase ν ∈ [P 0
h (Th)]d×d. Let ν|T =

VT DT V −1
T be the diagonalizaton of ν on T ∈ Th, i.e., DT is a diagonal matrix
ontaining the eigenvalues of ν. Denote with κ the element of [P 0

h (Th)]d×d s.t.
κ|T = VT D

1/2

T V −1
T for all T ∈ Th. The tensor �eld κ is symmetri
, uniformly pos-itive de�nite and s.t. ν = κκ for a.e. x ∈ Ω. Let, moreover, κ−1 ∈ [P 0

h (Th)]d×ddenote the inverse of κ, i.e. κκ−1 = I for a.e. x ∈ Ω.Remark 3.2. The pie
ewise regular 
ase ν ∈ [C∞
c (Th)]d×d requires only minorte
hni
al modi�
ations in Lemma 3.1 below, whi
h we omit for simpli
ity ofexposition. 12



Sin
e Vh is a pie
ewise polynomial spa
e, the re
onstru
tion operator rV
h
an be taken equal to the identity on Vh. For all F ∈ Fh and for all ϕ s.t. a(possibly two-valued) tra
e is de�ned on F , we de�ne the following weightedaverage operator: For a.e. x ∈ F ,

{{ϕ}}ω def
=

{
ω2ϕ|T1

+ ω1ϕ|T2
, if F = FT1

h ∩ FT2

h ,

ϕ|T , if F = FT
h ∩ Fb

h,where
ω = (ω1, ω2)

def
=
(

λ1

λ1+λ2
, λ2

λ1+λ2

)
, λi

def
=
√

ν|Ti
µF ·µF , i ∈ {1, 2}.Sin
e Vh = P kV

h , we 
an take
‖vh‖Vh

def
= ‖vh‖1,2,h,with ‖ · ‖1,2,h de�ned as in (20). The following lifting operators will play a
ru
ial role in what follows: For all F ∈ Fh and for all ϕ ∈ L2(F ), let l ≥ 0 andset

(rl
F,κ(ϕ), τh)Ω

def
= (ϕµF , {{κτh}}ω)[L2(F )]d ∀τh ∈ [P l

h(Th)]d, (21)and de�ne Rl
κ(ϕ)

def
=
∑

F∈Fh
rl
F,κ(ϕ). For l = kV the subs
ript will be omitted.For all vh ∈ Vh, the weakly 
onverging gradient is de�ned as

G̃(vh)
def
= ∇hvh − κ−1Rκ(vh),where ∇h denotes the broken gradient.Remark 3.3. To prove the 
onvergen
e of the method, it is su�
ient to workwith the lifting operators r0

F . However, if the exa
t solution u turns out to bemore regular, optimal-order 
onvergen
e rates 
an be established in the ‖ · ‖Vh
-norm when working with the lifting operators rkV −1

F or rkV

F . The latter 
hoi
emay be preferable for implementation purposes, espe
ially if non-hierar
hi
al,e.g. nodal-based, basis fun
tions are used. For instan
e, if u belongs to thebroken Sobolev spa
e Hk+1(Th), the usual a priori error analysis te
hniques
an be used to infer a bound of the form ‖u−uh‖Vh
≤ Cuhk, with Cu a positiveparameter depending on the norm of the exa
t solution u, on ̺i, i ∈ {1 . . .3},on kV and on ν.Several 
hoi
es are possible for the 
onsistent gradient G as well as for thebilinear form jh. Some of the most 
ommon methods are presented in Tables1�2, where we have set

λmin,F
def
=

{
min(λ1, λ2), if F = FT1

h ∩ FT2

h ,
√

ν|T µF ·µF , if F ∈ FT
h ∩ Fb

h,and
sh(uh, vh)

def
= (Rκ([[uh]]), Rκ([[vh]]))[L2(Ω)]d . (22)Remark 3.4. The original formulation of the methods proposed in [5,7,15,16,28℄has been modi�ed using the averaging te
hniques introdu
ed in [18℄. Optimal13



Table 1: Consistent gradient 
hoi
es for dG methods. Symmetri
 methods aremarked with a star. The methods are named after the a
ronyms introdu
edin [6℄. Method Ref. G(uh)SIPG∗ Arnold [5℄ ∇huh − κ−1Rκ(uh)NIPG Rivière, Wheeler et al. [28℄ ∇huh + κ−1Rκ(uh)IPG Dawson, Sun et al. [16℄ ∇huhBR∗ Bassi, Rebay et al. [7℄ ∇huh − κ−1Rκ(uh)LDG∗ Co
kburn and Shu [15℄ ∇huh − κ−1Rκ(uh)asymptoti
 order estimates whi
h are also robust with respe
t to anisotropy andheterogeneity 
an be obtained in the following norm:
‖vh‖2DG,ν

def
= ‖κ∇hvh‖2[L2(Ω)]d + |vh|2J , |vh|2J

def
=

∑

F∈Fh

1

hF
‖λ1/2

min,F [[vh]]‖2L2(F ).The above norm is equivalent to ‖ · ‖Vh
sin
e, for all vh ∈ Vh,

λ
1/2‖vh‖Vh

≤ ‖vh‖DG,ν ≤ λ
1/2‖vh‖Vh

.The following result was proved in [17℄:Lemma 3.1. Assume that Hypothesis 3.1 holds. Then, there is CIP > 0 de-pending on ̺i, i ∈ {1 . . .3}, on kV but not on h s.t., for all F ∈ Fh, for all
vh ∈ Vh,

‖rF,κ(vh)‖2[L2(Ω)]d ≤ CIP|vh|2J .Furthermore, assume that there is a parameter ̺4 independent of h s.t.
hF |F | ≥ ̺4|T | ∀T ∈ Th, ∀F ∈ FT

h . (23)Then, for all F ∈ Fh, for all vh ∈ Vh, there is cIP > 0 depending on ̺i,
i ∈ {1 . . . 4}, on kV but not on h s.t.

cIP|vh|2J ≤ ‖rF,κ(vh)‖2[L2(Ω)]d . (24)Remark 3.5. Inequality (24) is only needed to prove the 
oer
ivity of the BRmethod (see Lemma 3.5 below), whereas it is not needed for the other methodslisted in Tables 1�2. In what follows we shall therefore ta
itly require (23) onlywhen dealing with the BR method.Lemma 3.2 (Proof of Hypothesis 2.3). Let the assumptions of Lemma 3.1 holdtrue. Then, Hypothesis 2.3 holds for all the 
onsistent gradients listed in Table1.Proof. Property (7) is in fa
t veri�ed with the equal sign. Let us prove (8) for
G̃ (the proof for the gradients listed in Table 1 is similar and will be omitted).For all vh ∈ Vh,
‖G̃(vh)‖2[L2(Ω)]d ≤ 2‖∇hvh‖2[L2(Ω)]d +

2

λ

∑

T∈Th

‖Rκ([[vh]])‖2[L2(T )]d
def
= S1 + S2.14



A

ording to (21), for all F ∈ Fh, rF,κ is solely supported by the elements whi
hshare F . We thus have that Rκ([[vh]])|T =
∑

F∈FT
h

rF,κ([[vh]])|T and, owing toLemma 3.1,
S2 ≤

2N∂

λ

∑

F∈Fh

‖rF,κ(vh)‖2[L2(Ω)]d ≤
2CIPN∂

λ
|vh|2J ≤

2CIPN∂λ

λ
‖vh‖2Vh

,whi
h yields ‖G̃(vh)‖2[L2(Ω)]d ≤ 2
(
1 + 2CIPN∂λ

λ

)
‖vh‖2Vh

.Remark 3.6. The L2 proje
tor π1
h onto the spa
e P 1

h (Th) enjoys the followingproperty:
lim

h→∞
‖ϕ− π1

hϕ‖Vh
= 0 ∀ϕ ∈ C∞

c (Ω). (25)Lemma 3.3 (Proof of Hypothesis 2.4). Hypothesis 2.4 holds.Proof. Let {vh}h∈H be a sequen
e in Vh satisfying the assumptions of Hypothe-sis 2.4. The sequen
e {G̃(vh)}h∈H is bounded in [L2(Ω)]d, and it 
onverges (upto a subsequen
e) to some τ ∈ [L2(Ω)]d. It only remains to prove that τ = ∇vfor a.e. x ∈ R
d. Let Φ ∈ [C∞

c (Rd)]d, vh ∈ Vh and prolong vh by zero outside Ω.Observe that
(G̃(vh), π1

hΦ)[L2(Rd)]d = −(vh,∇h·π1
hΦ)L2(Rd) +

∑

F∈Fi
h

({{vh}}ω, µF ·[[π1
hΦ]])L2(F ),where ∇h· denotes the broken divergen
e operator. Owing to the regularity of

Φ, [[Φ]] = 0 for a.e. x ∈ F , F ∈ Fh. The above identity then yields
|(vh,∇·Φ)L2(Ω) + (G̃(vh), π1

hΦ)[L2(Ω)]d |
= |(vh,∇h·(Φ− π1

hΦ))L2(Ω) −
∑

F∈Fi
h

({{vh}}ω, µF ·[[Φ− π1
hΦ]])L2(Ω)|

≤ ‖vh‖Vh
‖Φ− π1

hΦ‖Vh
.Passing to the limit and using (25) and the boundedness of {vh}h∈H in the

‖ · ‖Vh
norm 
on
ludes the proof.Lemma 3.4 (Proof of Hypothesis 2.5). Let the stabilization parameters satisfy

ηSIPG > N∂CIP, ηNIPG > 0, ηIPG > N∂CIP/2, ηBR > N∂ , ηLDG > 0.Then, Hypothesis 2.5 holds for all the stabilizations of Table 2.Proof. The 
ontinuity of the stabilizations of Table 2 stems from a simple ap-pli
ation of the Cau
hy-S
hwarz inequality. The IFP as well as the LDG stabi-lizations are 
learly positive. Pro
eeding as in the proof of Lemma 3.2, we havethat
sh(vh, vh) ≤ N∂

∑

F∈Fh

‖rF,κ([[vh]])‖2[L2(Ω)]d ≤ CIPN∂ |vh|2J ,whi
h yields the positivity of the SIPG, NIPG and BR stabilization. The term
sh is introdu
ed to redu
e the sten
il of the above methods to neighbouringelements. 2 immediately follows from the above remark provided the above15



Table 2: Consistent stabilization 
hoi
es for dG methods. Symmetri
 methodsare marked with a star. The bilinear form sh is de�ned in (22).Method jh(uh, vh)SIPG∗
∑

F∈Fh

(ηSIPG
λmin,F

hF
[[uh]], [[vh]])L2(F ) − sh(uh, vh)NIPG ∑

F∈Fh

(ηNIPG
λmin,F

hF
[[uh]], [[vh]])L2(F ) + sh(uh, vh)IPG ∑

F∈Fh

(ηIPG
λmin,F

hF
[[uh]], [[vh]])L2(F )BR∗

∑

F∈Fh

(ηBRrF,κ([[uh]]), rF,κ([[vh]]))[L2(F )]d − sh(uh, vh)LDG∗
∑

F∈Fh

(ηLPG
λmin,F

hF
[[uh]], [[vh]])L2(F )assumptions on the stabilization parameters are mat
hed. In order to prove
onsisten
y, let ϕ ∈ C∞

c (Ω). Sin
e [[ϕ]] = 0 for a.e. x ∈ F , F ∈ Fh, the
ontinuity of jh gives
jh(π1

hϕ, π1
hϕ) . |ϕh|2J = |ϕh − ϕ|2J ≤ λ‖π1

hϕ− ϕ‖2Vh
,whi
h, a

ording to (25), tends to zero as h→ 0.Lemma 3.5 (Proof of Hypothesis 2.6). Under the assumptions of Lemma 3.4,Hypothesis 2.6 holds true for all the methods of Tables 1�2.Proof. For the sake of brevity, the proof will be detailed for the BR and SIPGmethods only. For all vh ∈ Vh, Young's inequality together with Lemma 3.1yield

aBR
h (vh, vh) = ‖κ∇hvh‖2[L2(Ω)]d + 2(κ∇hvh, Rκ(vh))[L2(Ω)]d

+ ηBR

∑

F∈Fh

(rF,κ([[vh]]), rF,κ([[vh]]))[L2(Ω)]d

≥ ǫλ

1 + ǫ
‖∇hvh‖2[L2(Ω)]d + (ηBR − (1 + ǫ)N∂)

∑

F∈Fh

‖rF,κ([[vh]])‖2[L2(Ω)]d

≥ ǫλ

1 + ǫ
‖∇hvh‖2[L2(Ω)]d + (ηBR − (1 + ǫ)N∂)cIP|vh|2J ,for all ǫ > 0. Coer
ivity then holds for ηBR > N∂. Similarly,

aSIPG
h (vh, vh) = ‖κ∇hvh‖2[L2(Ω)]d + 2(κ∇hvh, Rκ(vh))[L2(Ω)]d

+ ηSIPG

∑

F∈Fh

(
λmin,F

hF
[[vh]], [[vh]])L2(F )

≥ ǫλ

1 + ǫ
‖∇hvh‖2[L2(Ω)]d

+ (ηSIPG − (1 + ǫ)N∂CIP)
∑

F∈Fh

(
λmin,F

hF
[[vh]], [[vh]])L2(F ),16



yielding 
oer
ivity for ηSIPG > N∂CIP.Finally, Hypothesis (2.7) follows from (25)3.2 A 
ell-based �nite volume methodWe 
onsider hereafter a new �nite volume method displaying all the ingredientsintrodu
ed in �2. The salient feature of this method is the in
reased robustnesswith respe
t to standard MPFA methods together with a more 
ompa
t sten
ilwith respe
t to the SUSHI method of [24℄. The sten
il redu
tion is a
hieved byrenoun
ing symmetry and using a 
ompa
t gradient re
onstru
tion for the testfun
tion.Throughout the present and the following se
tion, the following assumptionon the mesh need be added to those listed in De�nition 1:Hypothesis 3.2. Let H be a 
ountable set and let {Th}h∈H denote a family ofmeshes mat
hing De�nition 1. For all F ∈ Fh we let xF
def
=
∫

F
x/|F |. Them(i) there is a positive parameter ̺5 independent of h ∈ H s.t.

|xT − xF |
dT,F

≤ ̺5 ∀F ∈ FT
h , ∀T ∈ Th; (26)(ii) Ph is a family of points of Ω indexed by the elements of Th and Ph = {xT }T∈This s.t., for all T ∈ Th, xT ∈ T and T is star-shaped with respe
t to xT , i.e.,

[xT , x] ⊂ T for all x ∈ T ;(iii) there is ̺2 > 0 s.t., for all F = FT1

h ∩ FT2

h , (T1, T2) ∈ [Th]2,
̺2 ≤

dT1,F

dT2,F
≤ 1

̺2
,where, for all T ∈ Th and for all F ∈ FT

h , we have set dT,F
def
= dist(xT , F ) > 0.For all T ∈ Th and for all F ∈ FT

h , we de�ne
dF

def
=

{
dT1,F + dT2,F , if F = FT1

h ∩ FT2

h ,

dT,F , if F = FT
h ∩ Fb

h.In the present and in the following se
tion, the spa
e P 0
h (Th) will be equippedwith the the dis
rete H1

0 norm:
‖ph‖21,2,h

def
=

∑

F∈Fh

1

dF
‖[[ph]]‖2L2(F ) ∀ph ∈ P 0

h (Th), (27)where the jump operator has been de�ned in (19). The proof that Hypothesis2.2 holds for the norm (27) 
an be found in [24, �5℄. Let
Vh

def
= P 0

h (Th), Σ
def
= [P 0

h (Th)]d.Sin
e Vh is a pie
ewise polynomial spa
e, the re
onstru
tion operator rV
h 
an betaken equal to the identity on Vh. For all F ∈ Fh and for all vh ∈ Vh we de�nethe following tra
e operator γF : Vh → P

0(F ):
γF (vh)

def
=

{
ωT2

F vh|T1
+ ωT1

F vh|T2
, ∀F = FT1

h ∩ FT2

h ,

0, ∀F = FT
h ∩ Fb

h,
, ωT

F
def
=

dT,F

dF
≤ 1.17
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vh|T2Figure 1: Bary
entri
 interpolation for d = 2.For all T ∈ Th, for all F ∈ FT
h , let IT

F : Vh → P
0(F ) denote a linear interpolationoperator s.t.

|(IT
F ◦ π0

h)ϕ− ϕ(xF )| ≤ CϕhF dT,F ∀ϕ ∈ C∞
c (Ω), (28)where π0

h ≡ πV denotes the L2 proje
tion onto Vh, xF is the bary
enter of Fand Cϕ denotes a positive parameter depending on some (bounded) norm of ϕ.Remark 3.7. A simple 
hoi
e for the interpolator IT
F is des
ribed hereafter. Forthe sake of simpli
ity, let d = 2. For all F ∈ FT

h ∩ Fb
h we set IT

F vh = 0.Let F ∈ FT0

h ∩ F i
h, T0 ∈ Th, and let T1 6= T2 be two elements of Th \ {T0}s.t. their bary
enters are not aligned with that of T0 (see Figure 3.2 for anexample). Denote by {αi}i∈{0...2} the bary
entri
 
oordinates of xF with respe
tto {xTi

}i∈{0...2}. Then, for all vh ∈ Vh, we set
IT0

F vh
def
=

2∑

i=0

αivh|Ti
.While the above 
hoi
e ensures the 
onvergen
e of the method, it does notyield strong 
onsisten
y for pie
ewise linear exa
t solutions in the presen
e ofheterogeneity. Other 
hoi
es are possible, but their des
ription lies out of thes
ope of the present paper. In parti
ular, we refer to [3℄ for an alternative usingthe so 
alled L interpolation introdu
ed in [2℄.For all vh ∈ Vh, the gradient re
onstru
tions are de�ned as follows: For all

T ∈ Th,
G̃(vh)|T

def
=

1

|T |
∑

F∈FT
h

|F |(γF vh − vh|T )µT
F ,

G(vh)|T
def
=

1

|T |
∑

F∈FT
h

|F |(IT
F vh − vh|T )µT

F .The spa
e Vh will be equipped with the following norm:
‖vh‖2Vh

def
=
∑

T∈Th

∑

F∈FT
h

|F |
dT,F

(IT
F vh − vh|T )2.18



Remark 3.8. For all h ∈ H we have
∑

F∈FT
h

|F |dT,F

|T | = d ∀T ∈ Th. (29)Lemma 3.6 (Proof of Hypothesis 2.3). Hypothesis 2.3 holds.Proof. Let vh be a generi
 element of Vh. The Cau
hy-S
hwarz inequality gives
[[vh]]2

dF
≤ (vh|T1

− IT1

F vh)2

dT1,F
+

(vh|T2
− IT2

F vh)2

dT2,F
∀F ∈ FT1

h ∩ FT2

h .Inequality (7) immediately follows. The Cau
hy-S
hwarz inequality togetherwith (29) yield
‖G̃(vh)‖2[L2(Ω)]d =

∑

T∈Th

1

|T |
∣∣∣
∑

F∈FT
h

|F |ωT
F [[vh]]µF

∣∣∣
2

=
∑

T∈Th

∣∣∣∣∣∣

∑

F∈FT
h

( |F |dTF

|T |

)1/2

×
(
|F |
dT,F

1/2
)

ωF,T [[vh]]µF

∣∣∣∣∣∣

≤
∑

T∈Th




∑

F∈FT
h

1

dT,F
‖[[vh]]‖2L2(F ) ×

∑

F∈FT
h

|F |dT,F

|T |





≤ d‖vh‖21,2,h ≤ d‖vh‖2Vh
.

(30)
Similarly,
‖G(vh)‖2[L2(Ω)]d =

∑

T∈Th

1

|T |
∣∣∣
∑

F∈FT
h

|F |(IT
F uh − uh|T )µT

F

∣∣∣
2

≤
∑

T∈Th




∑

F∈FT
h

1

dT,F
‖IT

F uh − uh|T ‖2L2(F ) ×
∑

F∈FT
h

|F |dT,F

|T |





≤ d‖vh‖2Vh
.Observing that ‖vh‖Vh

is bounded by assumption whereas the term in bra
ketstends to 0 as h→ 0 
on
ludes the proof of (8).Lemma 3.7 (Proof of Hypothesis 2.4). Hypothesis 2.4 holds.Proof. Let {vh}h∈H be a sequen
e in Vh satisfying the assumptions of Hypoth-esis 2.4. The sequen
e {G̃(vh)}h∈H is bounded, and it 
onverges (up to a sub-sequen
e) to some τ ∈ [L2(Ω)]d. It only remains to prove that τ = ∇v fora.e. x ∈ Ω. Let Φ ∈ [C∞
c (Ω)]d and prolong vh by zero outside Ω. De�ne

ΦT
h

def
=
∫

T Φ/|T | = π0
hΦ|T for all T ∈ Th and ΦF

h
def
=
∫

F Φ/|F | for all F ∈ Fh.
19



Integration by parts yields
|(G̃(vh), Φ)[L2(Ω)]d + (∇·Φ, rV

h vh)L2(Ω)|
=
∣∣∣
∑

T∈Th

∑

F∈FT
h

|F |(γF vh − vh|T )(ΦF
h − ΦT

h )·µT
F

∣∣∣

≤ ‖vh‖Vh



∑

T∈Th

∑

F∈FT
h

|F |dT,F (ΦF
h − ΦT

h )2




1
2

,whi
h proves the assertion.De�ne the stabilization term as follows:
j(uh, vh)

def
=
∑

T∈Th

ηT
CVF

∑

F∈FT
h

1

dT,F
(RT,F (uh), RT,F (vh))L2(F ),where, for all vh ∈ Vh, we have set RT,F (vh)
def
= IT

F vh − vh|T −G(vh)|T ·(xF − xT ),and, for all T ∈ Th, 0 < η ≤ ηT
CVF < η ≤ ∞ denotes a positive stabilization pa-rameter.Lemma 3.8 (Proof of Hypothesis 2.5). Hypothesis 2.5 holds.Proof. The proposed stabilization term is 
learly symmetri
 and positive semi-de�nite. In order to prove the 
ontinuity, observe that, for all vh ∈ Vh,

jh(vh, vh) ≤

2
∑

T∈Th

ηT
CVF




∑

F∈FT
h

1

dT,F
‖IT

F vh − vh|T ‖2L2(F ) +
∑

F∈FT
h

|F |
dT,F

(G(vh)·(xF − xT ))2



 .Let ST
1 , ST

2 the addends in bra
kets. Using (29) together with Hypothesis 3.2and Lemma 3.6 we have that
∑

T∈Th

ST
2 ≤ ̺5

∑

T∈Th

∑

F∈FT
h

|F |dT,F

|T | |T ||G(vh)|2 ≤ d̺5‖G(vh)‖2[L2(Ω)]d ≤ d2̺5‖vh‖2Vh
,when
e jh(vh, vh) ≤ 2η(1 + d2̺5)‖vh‖2Vh

. Using the above result together with(11) we have
jh(uh, vh) ≤ jh(uh, uh)

1/2jh(vh, vh)
1/2 ≤ 2η(1 + d2̺5)‖uh‖Vh

‖vh‖Vh
.It only remains to proof the 
onsisten
y of jh. In the rest of the proof, shallassume that (15) holds (a proof is given in Lemma 3.10 below). Let ϕ ∈ C∞

c (Ω)and set ϕh
def
= π0

hϕ. Observe that
|RT,F (vh)| ≤ |IT

F ϕh − ϕ(xF )|+ |(∇ϕ(xT )−G(ϕh))·(xF − xT )|+ cϕ|xT − xF |2,where cϕ denotes a positive parameter depending on a suitable (bounded) normof ϕ. Substituting in the expression of jh and using Hypothesis 3.2 we obtain
1

4η
jh(ϕh, ϕh) ≤

∑

T∈Th

∑

F∈FT
h

|F |
dT,F

|II
F ϕh − ϕ(xF )|2

+
∑

T∈Th

∑

F∈FT
h

|F |
dT,F

|∇ϕ(xT )−G(ϕh)|2 + |F |̺5cϕh3
T .20



Let Si, i ∈ {1, 2} denote the �rst two addends in bra
kets. Using (28) togetherwith (29) we have
S1 ≤ Cϕ

∑

T∈Th

|T |
∑

F∈FT
h

|F |dT,F

|T | h2
F ≤ Cϕh2d|Ω|,i.e., S1 → 0 as h→ 0. Using Hypothesis 3.2 and (29) we have

S2 ≤
∑

T∈Th

|T ||∇ϕ(xT )−G(ϕh)|2
∑

F∈FT
h

|F |dT,F

|T |
|xF − xT |2

d2
T,F

≤ d̺2
5

∑

T∈Th

‖∇ϕ(xT )‖2[L2(T )]d

≤ 2d̺2
5

∑

T∈Th

(
‖∇ϕ(xT )−∇ϕ‖2[L2(T )]d + ‖∇ϕ−G(ϕh)‖2[L2(T )]d

)
,whi
h, sin
e (15) holds, shows that S2 tends to zero as h → 0. This 
on
ludesthe proof.As the FV method proposed in this se
tion is non-symmetri
, it is 
ondition-ally 
oer
ive. In what follows, we shall provide a 
omputable 
riterion to 
he
k
oer
ivity for a given mesh Th and di�usion tensor ν. For the sake of simpli
itywe shall refer to the interpolator de�ned in Remark 3.7. For a given T ∈ Th weintrodu
e the bilinear form aT

h de�ned as
aT

h (uh, vh) = (νG(uh)|T , G̃(uh))[L2(T )]d

+ ηT
CVF

∑

F∈FT
h

1

dT,F
(RT,F (uh), RT,F (vh))L2(F ).Let T T

h
def
= {T ′ ∈ Th,FT

′

h ∩ FT
h 6= ∅} denote the set of elements sharing a fa
ewith T and setmT def

= card(T T
h ). For brevity of notation, we shall note T T

h = {Ti}1≤i≤mTwith Ti sharing the internal fa
e Fi with T . Moreover, we de�ne mF def
=

card(FTi

h ∩Fb
h) and set {Fi}mT +1≤i≤mT +mF

def
= FT

h ∩ Fb
h. De�ne the linear map

XT : Vh 7→ R
(mT +mF ) s.t., for all vh ∈ Vh,

XT (vh)
def
= {{vh|Ti

− vh|T }1≤i≤mT , {IT
Fi

(vh)− vh|T }mT +1≤i≤mT +mF },and re
all that IT
Fi

(vh) = 0 for mT + 1 ≤ i ≤ mT + mF (sin
e IT
Fi

(vh) vanisheson boundary fa
es). It is a simple matter to verify that for all T ∈ Th, thereexists a matrix AT
h ∈ R

(mT +mF )×(mT +mF ) s.t., for all (uh, vh) ∈ [Vh]2,
aT

h (uh, vh) = (XT (uh))tAT XT (vh).Noti
e also that, again be
ause IT
Fi

(vh) = 0 for mT + 1 ≤ i ≤ mT + mF , we 
anwrite
IT

Fi
vh = vh|T +

mT +mF∑

j=1

βT
ijX

T (vh)j , 1 ≤ i ≤ mT + mF ,21



where the family of reals {βT
ij}1≤j≤mT +mF veri�es∑mT +mF

j=1 βT
i,j = 1. Let BT ∈

R
(mT +mF )×(mT +mF ) be the matrix of elements βT

ij and de�ne the norm ‖ · ‖Tas follows: For all x ∈ R
mT +mF ,
‖x‖2T

def
=

mT +mF∑

i=1

|Fi|
dT,Fi

(BT x)2i . (31)The following result provides a 
omputable lo
al 
riterion expressed in termof the lo
al matri
es {AT }T∈Th
:Lemma 3.9 (Proof of Hypothesis 2.6). The bilinear form ah is 
oer
ive if forall T ∈ Th, the matrix AT is uniformly 
oer
ive for the norm ‖ · ‖T , i.e. if thereis C > 0 independent of h s.t., for all x ∈ R

mT +mF , xtAT x ≥ C‖x‖2T .Proof. For all vh ∈ Vh,
ah(vh, vh) =

∑

T∈Th

aT
h (uh, uh) =

∑

T∈Th

(XT (uh))tAT XT (uh)

≥ C
∑

T∈Th

‖XT (uh)‖2T = C‖uh‖2Vh
,whi
h 
on
ludes the proof.Lemma 3.10 (Proof of Hypothesis 2.7). Hypothesis 2.7 holds.Proof. Estimates (13)�(14) 
lassi
ally hold for πV = π0

h (see, e.g., [19℄). Letnow ϕ ∈ C∞
c (Ω), set ϕh

def
= i0hϕ and observe that, for all T ∈ Th, for a.e. x ∈ T ,

(G(ϕh)−∇ϕ(x))|T =
∑

F∈FT
h

|F |
|T | (I

T
F ϕh − ϕ(xF ))µT

F + (∇ϕ(x̂T )−∇ϕ(x))

+




∑

F∈FT
h

|F |
|T | (ϕ(xF )− ϕ(x̂T ))µT

F −∇ϕ(x̂T )





def
= ST

1 + ST
2 + ST

3 ,where we have used the fa
t that, owing to assumption (iii) in De�nition 1,∑
F∈FT

h
µT

F = 0 for all T ∈ Th to repla
e ϕh|T with ϕ(x̂T ) in ST
3 . Clearly,

‖G(ϕh)−∇ϕ‖2[L2(Ω)]d ≤ 3
∑3

i=1

∑
T∈Th

‖ST
i ‖2[L2(T )]d . Estimate (28) together with(29) yields, for all T ∈ Th

|ST
1 | ≤

∑

F∈FT
h

|F |dT,F

|T |
|IT

F ϕh − ϕ(xF )|
dT,F

≤ C′
ϕdhT ,so that (∑T∈Th

‖ST
1 ‖2[L2(Ω)]d

)1/2

≤ C′
ϕ|Ω|1/2dhT . On the other hand, using 
las-si
al estimates for π0

h, we 
on
lude that ‖ST
2 ‖[L2(T )]d ≤ ChT ‖ϕ‖H2(T ). Finally,thanks to the regularity of ϕ, there is C′′

ϕ depending on ϕ and on the mesh reg-ularity s.t. ‖ST
3 ‖2[L2(T )]d ≤ C′′

ϕ|T |h2
T , i.e., (∑T∈Th

‖ST
3 ‖2[L2(T )]d

)1/2

≤ C′′
ϕ|Ω|1/2h.The above estimates yield the desired result.22



Table 3: Convergen
e results for the FV method of �3.2 with anisotropy ratioof 1.
1/h nunkw nnmat erl2 o
verl2 umin umax16 255 3001 3.98e− 03 � 7.54e− 03 9.97e− 0132 1023 12665 1.00e− 03 1.99e + 00 1.02e− 03 1.00e− 0064 4095 51961 2.71e− 04 1.89e + 00 2.79e− 04 1.00e + 00128 16383 210425 6.58e− 05 2.04e + 00 9.84e− 05 1.00e− 00Table 4: Convergen
e results for the FV method of �3.2 with anisotropy ratioof 1000.

1/h nunkw nnmat erl2 o
verl2 umin umax16 255 3001 2.82e− 01 � −2.93e− 01 1.10e + 0032 1023 12665 7.98e− 02 1.82e + 00 −1.22e− 01 1.01e + 0064 4095 51961 2.00e− 02 2.00e + 00 −1.04e− 01 1.00e + 00128 16383 210425 3.94e− 03 2.34e + 00 −8.36e− 03 1.00e− 00For the sake of 
ompleteness, the order of 
onvergen
e of the new FV methodpresented in this se
tion has been numeri
ally evaluated by solving the Diri
hletproblem for d = 2 with u = sin(πx) sin(πy) (umin = 0, umax = 1), f = −△u andanisotropy ratios of 1 and 1000 on a family of randomly perturbed quadrangu-lar meshes of (0, 1)2. The results are reported in Tables 3.2 and 3.2 and showse
ond order 
onvergen
e as well as robustness with respe
t to anisotropy andmesh skewdness. The following indi
ators are also listed: (i) nunkw, the numberof unknowns; (ii) nnmat, the number of nonzero matrix entries; (iii) erl2, the
L2 error; (iv) o
verl2, the order of 
onvergen
e for the L2 error; (v) umin andumax, the minimum and maximum value of the dis
rete solution. A thoroughvalidation of the above method will be the subje
t of a future work. An asimp-toti
 a priori analysis 
an be performed following the guidelines of [22℄, but itlies out of the s
ope of the present work.3.3 A hybrid �nite volume methodThe goal of this se
tion is to show that the hybrid �nite volume method proposedin [23℄ �ts in the frameword of �2. Hypothesis 3.2 is assumed to hold and P 0

h (Th)is again equipped with the norm de�ned in (27). To this purpose, for ea
h
T ∈ Th, for all F ∈ FT

h we let KT,F denote the 
one de�ned by F and xT (seeFigure 3.3). Throughout this se
tion, xF will denote the bary
enter of a fa
e
F ∈ Fh. Thanks to Hypothesis 3.2, the 
ones are well-de�ned and they satisfy

|KT,F | =
|F |dT,F

d
. (32)(To 
he
k the above relation, it su�
es to partition F into d− 1-simpli
es andobtain |KT,F | as the sum of the volumes of the d-simpli
es obtained by joining23
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one for d = 2.
xT to the verti
es of ea
h simplex). De�ne the spa
es of hybrid unknowns:

Hh
def
= {{uT

h}T∈Th
, {uF

h }F∈Fh
},

H0
h

def
= {vh ∈ Hh; vF

h = 0, ∀F ∈ Fb
h}.For all h ∈ H, we let Sh

def
= {KT,F }(T∈Th,F∈FT

h
) and set

Vh
def
= H0

h, Σh
def
= [P 0

h (Sh)]d.The spa
e Vh is equipped with the following norm:
‖vh‖2Vh

def
=
∑

T∈Th

∑

F∈FT
h

|F |
dT,F

(vF
h − vT

h )2.The gradient re
onstru
tions are de�ned as follows: For all vh ∈ Vh,
G(vh)|KT,F

= G̃(vh)|KT,F
= GT (vh) + RT,F (vh)µT

F ∀KT,F ∈ Sh,where we have set
GT (vh)

def
=

1

|T |
∑

F∈FT
h

|F |(vF
h − vT

h )µT
F ,

RT,F (vh)
def
=

d1/2

dT,F

(
vF

h − vT
h −GT (vh)·(xF − xT )

)
.The re
onstru
tion operator rV

h : Vh → P 0
h (Th) is de�ned as follows: For all

vh ∈ Vh, rV
h vh = ph ∈ P 0

h (Th) with ph|T = vT
h , for all T ∈ Th. The interpolationoperator onto Vh is de�ned as follows: For all ϕ ∈ C∞

c (Ω), πV
h ϕ = ϕh ∈ Vh with

ϕT
h = ϕ(xT ) for all T ∈ Th, ϕF

h = ϕ(xF ). Observe that ϕh belongs to Vh sin
e
ϕ vanishes on the boundary of Ω.Remark 3.9. For all T ∈ Th and for all x̂ ∈ R

d, the following relation holds:
∑

F∈FT
h

|F |(µT
F )i(xF − x̂)j = δij |T |, (33)where the ith 
omponent of a ve
tor quantity was denoted (·)i and δij is theKrone
ker symbol.Proposition 3.1. For all vh ∈ Vh and for all σh ∈ [P 0

h (Th)]d,
∑

T∈Th

∑

F∈FT
h

|KT,F |σh|T ·µT
F RT,F (vh) = 0.24



Proof. Using the de�nition of the residual, we obtain
∑

T∈Th

d
1/2σh|T ·




∑

F∈FT
h

|KT,F |
dT,F

(vF
h − vT

h )µT
F −

∑

F∈FT
h

|KT,F |
dT,F

GT (vh)·(xF − xT )µT
F



 .Let S1 and S2 the addends in bra
kets. By de�nition, S1 = |T |d−1GT (vh). Onthe other hand, (32) together with (33) yield
S2 = −1

d
(GT (vh))i

∑

F∈FT
h

|F |(xF − xT )iµ
T
F = −|T |

d
GT (vh),and the desired result follows.Lemma 3.11 (Proof of Hypothesis 2.3). Hypothesis 2.3 holds.Proof. The bound (7) 
an be proved as in Lemma 3.6. In order to prove (8),observe that, owing to Proposition 3.1,

‖G(vh)‖2[L2(Ω)]d =
∑

T∈Th

∑

F∈FT
h

|KT,F ||G(vh)|2

=
∑

T∈Th

|T ||GT (vh)|2 +
∑

T∈Th

∑

F∈FT
h

|KT,F ||RT,F (vh)|2 def
= S1 + S2.For the �rst term, using (32) together with (29) we have

S1 =
∑

T∈Th

1

|T |
∣∣∣
∑

F∈FT
h

|F |(vF
h − vT

h )µT
F

∣∣∣
2

≤
∑

T∈Th

∑

F∈FT
h

|F |dT,F

|T | ×
∑

F∈FT
h

|F |
dT,F

(vF
h − vT

h )2 ≤ d‖vh‖2Vh
.

(34)Substituting the expression of RT,F in the se
ond term yields
S2 ≤ 2



∑

T∈Th

∑

F∈FT
h

|F |
dT,F

(vF
h − vT

h )2 +
∑

T∈Th

∑

F∈FT
h

|KT,F ||GT (vh)|2 |xF − xT |2
d2

T,F




≤ 2(1 + ̺5d)‖vh‖2Vh
,whi
h proves the assertion.Lemma 3.12 (Proof of Hypothesis 2.4). Hypothesis 2.4 holds.Proof. Let {vh}h∈H be a sequen
e in Vh satisfying the assumptions of Hypoth-esis 2.4. The sequen
e {G̃(vh)}h∈H is bounded, and it 
onverges (up to a sub-sequen
e) to some τ ∈ [L2(Ω)]d. It only remains to prove that τ = ∇v for a.e.

x ∈ R
d. Let Φ ∈ [C∞

c (Rd)]d and let Φh = πV
h Φ. We have

(G̃(vh), Φ)[L2(Rd)]d =
∑

T∈Th

(GT (vh), Φ)[L2(T )]d +
∑

T∈Th

∑

F∈FT
h

(RT,F (vh)µT
F , Φ)[L2(KT,F )]d25



Denote by S1 and S2 the addends in the right hand side. Integration by partyields
|(GT (vh), Φ)[L2(Ω)]d + (∇·Φ, rV

h vh)L2(Ω)| =
∣∣∣
∑

T∈Th

∑

F∈FT
h

|F |(vF
h − vT

h )(ΦF
h − ΦT

h )·µT
F

∣∣∣

≤ ‖vh‖Vh




∑

T∈Th

∑

F∈FT
h

|F |dT,F (ΦF
h − ΦT

h )2





1
2

,whi
h proves that S1 → −(v,∇·Φ)L2(Rd) as h → 0 sin
e the sequen
e {vh}h∈His bounded in the ‖ · ‖Vh
norm. Let us now 
onsider the se
ond term. Ow-ing to the regularity of Φ, there exists CΦ > 0 only depending on Φ s.t.

|
∫

KT,F
(Φ− ΦT

h )| ≤ CΦ|KT,F |h. Using Proposition 3.1 with σh = Φh and (34),the Cau
hy-S
hwarz inequality yields
S2 =

∑

T∈Th

∑

F∈FT
h

(RT,F (vh)µT
F , Φ− Φh)[L2(KT,F )]d

≤
∑

T∈Th

∑

F∈FT
h

|RT,F (vh)|
∣∣∣
∫

KT,F

(Φ− ΦT
h )
∣∣∣

≤
√

2CΦh|Ω| 12
(
‖vh‖2Vh

+ d̺2
5‖GT (vh)‖2[L2(Ω)]d

) 1
2

≤
√

2CΦh|Ω| 12 (1 + d̺5)‖vh‖Vh
,whi
h proves that S2 → 0 as h→ 0.Sin
e residual terms are in
orporated in the gradient re
onstru
tion, theabove method 
an be shown to be stable without further penalization. We thustake jh(uh, vh) = 0, whi
h trivially satis�es Hypothesis 2.5.Let νh ∈ [P 0

h (Th)]d×d be s.t., for all T ∈ Th, νh|T =
∫

T
ν/|T |.Lemma 3.13 (Proof of Hypothesis 2.6). Hypothesis 2.6 holds.Proof. Let vh ∈ Vh. Using Proposition 3.1 with σh s.t. σh|T = GT (vh) for all

T ∈ Th,
ah(vh, vh)=

∑

T∈Th

|T |νh|T GT (vh)·GT (vh)+
∑

T∈Th

∑

F∈FT
h

|KT,F |νh|T µT
F ·µT

F RT,F (vh)2.Denote by S1 and S2 the addends in the right hand side. Clearly, S1 ≥ λ‖GT (vh)‖2[L2(Ω)]d .For ǫ > 0 and for all (a, b) ∈ R
2, there holds (a− b)2 ≥ ǫ

1+ǫa
2 − ǫb2. Applyingthe above inequality with a = vF

h − vT
h and b = GT (vh)·(xF − xT ) yields:

S2 ≥
ǫλ

1 + ǫ
‖vh‖2Vh

− ǫdλ
∑

T∈Th

∑

F∈FT
h

|KT,F ||GT (vh)|2 |xF − xT |2
d2

T,F

≥ ǫλ

1 + ǫ
‖vh‖2Vh

− ǫd̺2
5λ
∑

T∈Th

|T ||GT (vh)|2

=
ǫλ

1 + ǫ
‖vh‖2Vh

− ǫd̺2
5λ‖GT (vh)‖2[L2(Ω)]d .Coer
ivity thus holds for ǫ ≤ λ/(d̺2

5λ).26



Remark 3.10. A 
oer
ivity 
onstant independent of the anisotropy ratio λ/λ
ould be derived pro
eeding as in [24℄. We have preferred this shorter proof forbrevity of presentation.Lemma 3.14 (Proof of Hypothesis 2.7). Hypothesis 2.7 holds.Proof. Let ϕ ∈ C∞
c (Ω) and set ϕh

def
= πV

h ϕ. Observe that
‖ϕh‖2Vh

=
∑

T∈Th

∑

F∈FT
h

|KT,F |
d

d2
T,F

(ϕF
h − ϕT

h )2

≤ d‖∇ϕ‖2[L∞(Ω)]d

∑

T∈Th

∑

F∈FT
h

|KT,F |
|xF − xT |2

d2
T,F

≤ d̺2
5‖∇ϕ‖2[L∞(Ω)]d |Ω|,i.e., (13) is veri�ed with σϕ = (d|Ω|)1/2̺5‖∇ϕ‖[L∞(Ω)]d . The proof of (14) is
lassi
al and will be omitted (see e.g. [19℄). It has been proved in [24, Lemma4.3℄ that ‖G(vh)−∇ϕ‖[L∞(Ω)]d ≤ Cϕh, where Cϕ > 0 is a parameter depedingon ϕ, on d and on the mesh regularity parameters ̺i, i ∈ {1 . . .3, 5}. As a
onsequen
e, ‖G(vh)−∇ϕ‖[L2(Ω)]d ≤ |Ω|1/2‖G(vh)−∇ϕ‖[L∞(Ω)]d tends to zeroas h→ 0, whi
h 
on
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