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Drying problems

From Defraeye 2014



Motivations

I Land atmosphere interaction, soil evaporation and evapotranspiration

I Drying problems in engineering: food, wood, paper, ceramic

I Radioactive waste geological storage



Main motivation of this work: radioactive waste geological
storage

I Tens of kilometers of
ventilated galleries

I Modelization of the mass
and energy exchanges
between the storage and the
galleries

I Objectives
I Guarantee safe air for

workers
I Study the desaturation

induced by the ventilation



Outline

I Model

I Nonlinear domain decomposition for a simplified model

I Extension to the compositional model

I Numerical results



Model
modelePorGal

Gallery Ωff :
(
u, p, T , c

)

Porous Medium Ωpm

Liquid
(
pl , T , s l , c l

)
and Gas

(
pg , T , sg , cg

)

Liquid

Gas
Interface Γ

I Starting point: model proposed by [Helmig et al. 2011]
I Liquid gas compositional Darcy flow
I RANS compositional free gas flow
I Non-isothermal model



Single phase Darcy flow





Darcy law: V = −K(x)

µ
(∇p − ρ(p)g),

Mole conservation: φ∂tζ(p) + div(ζ(p)V) = 0.

p: pressure (Pa)
V: Darcy Velocity (m.s−1)
K: permeability tensor of the porous medium (m2) (1 Darcy = 10−12 m2)
φ: porosity of the porous medium
µ: viscosity of the fluid (Pa.s)
ζ: molar density of the fluid (mol. m−3)
ρ: mass density of the fluid (kg. m−3)



Two phase Darcy velocities

α = g , l : phases
sα: volume fractions
pα: pressures





Vα = −kαr (sα)

µα
K(x)

(
∇pα − ραg

)
,

Pc(sg ) = pg − pl ,

sg + s l = 1.



Porous medium model on Ωpm (isothermal)
I Set of components i ∈ C = {water , air}
I Unknowns: pα, sα, cα = (cαi )i∈C , α = l , g

I ni =
∑

α=l,g

ζαsαcαi

I Darcy velocities:

Vα =
kαr (sα)

µα
K(∇pα − ραg)

I Vi =
∑

α=l,g

cαi ζ
αVα

modelePorGalIso

Gallery Ωff :
(
u, p, c

)

Porous Medium Ωpm

Liquid
(
pl , s l , c l

)
and Gas

(
pg , sg , cg

)

Liquid

Gas
Interface Γ

φ∂tni + div(Vi ) = 0, i ∈ C,

s l + sg = 1,
pg − pl = pc(sg ),∑

i∈C
cαi = 1 if phase α present,

Thermodynamical equilibrium.



Example of uncoupled solution in 1D

I Two components: air (a) and H2O (w)
I Initial condition: : pl = 4 Mpa, s l = 1, pure water
I Left boundary condition: pl = 4 Mpa, s l = 1, pure water
I Right boundary condition (interface Γ):

I pg = 105 Pa, relative humidity Hr =
pg cg

e
psat (Te )

= 0.5
I pl , c l , sg computed using the gas liquid equilibrium

gas saturation sg Liquid pressure P l



Free flow model on Ωff (isothermal)

modelePorGalIso

Gallery Ωff :
(
u, p, c

)

Porous Medium Ωpm

Liquid
(
pl , s l , c l

)
and Gas

(
pg , sg , cg

)

Liquid

Gas
Interface Γ

RANS model: find (u, p, c) such that




div(Wi ) = 0, i ∈ C,
divT = ρgg,
Wi = ζg

(
ciu− Dt∇ci

)
, i ∈ C,

T = ρgu⊗ u− µt(∇u +∇tu) + pI ,∑

i∈C
ci = 1.

I µt ,Dt : turbulence closure
I Quasi stationary solutions (porous medium time scale)



Coupling conditions at the interface Γ [Helmig et al. 2011]
(isothermal)





Vi · n = Wi · n, i ∈ C : molar flux continuity,

cg
i = ci , i ∈ C : gas molar fractions continuity,

Liquid Gas thermodynamical equilibrium,

pg = n · Tn,

u · τ = 0 : no slip condition.



Andra test case

I Two components: H2O (w) and air (a), T = 303 K



Andra test case: evolution of cw and sg

I L = 100 m, win = 0.5 m/s
I Simulation time: 200 years

t = 1.9 10−4 day t = 0.15 day

t = 1.1 days t = 200 years



Andra test case: evolution of cw and sg

I L = 100 m, win = 0.5 m/s
I Simulation time: 200 years
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State of the art

I One way coupling algorithms using convective transfer coefficients

I Dirichlet Neumann sequential algorithms [Defraeye 2014]

I Fully coupled algorithms [Helmig et al 2011–2017]

I Domain Decomposition Methods
I Many works for single phase Darcy - Navier Stokes coupling [Discacciati,

Quarteroni et al 2003–]



Richards model in the Darcy flow domain

Assumptions: pg ' patm, ζ l >> ζg , c l
e ∼ 1.





Liquid saturation: s l(pl) = 1− P−1
c (patm − pl),

Liquid Darcy velocity: Vl = −k l
r (s l(pl))

µl K(x)
(
∇pl − ρlg

)
,

Conservation of H2O: φ∂t

(
ζ l s l(pl)

)
+ div(ζ lVl) = 0



Approximate coupled model: Richards + Tracer
ut : given uncoupled velocity with div(ζgut) = 0 on Ωff and ut · n = 0 on Γ.





φ∂t

(
ζ l s l(pl)

)
+ div(ζ lVl) = 0 on Ωpm (Richards equation for pl),

div
(
ζgcwut − ζgDt∇cw

)
= 0 on Ωff (tracer equation for cw ),

ζ lVl · n = −ζgDt∇cw · n on Γ (flux continuity),

cw = f (pl) = psat(T )
patm

e
pl −patm

ζl RT on Γ (liq. vap. equilibrium).

T = 303 K T = 333 K
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Robin Robin Schwarz method

Given βpm(x) ≥ 0 and βff(x) ≥ 0, βpm(x)βpm(x) 6= 0, x ∈ Γ, solve for
k = 1, · · · until convergence:





φζ l s
l(pl,k)

∆t
+ div(ζ lVl,k) = φζ l s

l(pl,n−1)

∆t
on Ωpm,

βpmf (pl,k)− ζ lVl,k · npm = βpmck−1
w − ζgDt∇ck−1

w · npm on Γ,





div
(
ζgck

wut − ζgDt∇ck
w

)
= 0 on Ωff ,

βffck
w − ζgDt∇ck

w · nff = βff f (pl,k)− ζ lVl,k · nff on Γ.



Computation of βpm: diagonal approximation of the DtN
operator in Ωff

Given two constants cw ,Γ 6= cw ,in, solve




div
(
cwζ

gut − ζgDt∇cw

)
= 0 on Ωff ,

cw = cw ,Γ on Γ,
cw = cw ,in on Γin,
∇cw · n = 0 on ∂Ωff \ (Γ ∪ Γin)

and compute

βpm(x) =
−ζgDt∇cw · n(x)

cw ,Γ − cw ,in
> 0 on Γ.

which is independent of cw ,Γ and cw ,in

8 Nabil Birgle, Roland Masson and Laurent Trenty

0 20 40 60 80 100

6 · 10−2

8 · 10−2

1 · 10−1

1.2 ·10−1

1.4 ·10−1

x
1 sec

ond

1 minute
1 hour

1 day

1 month
1 year

200 year
s

10−5

10−3

10−1

101

103

Time

Fig. 3 Value of the Robin coefficient βpm along the interface Γ (left) and mean value β̄ n
ff =

1
Γ

∫
Γ βff(x, tn)dx as a function of time (right).

ficients obtained for this test case. The dependence on time of βff is crucial to obtain
the convergence of the algorithm and corresponds roughly to a Dirichlet condition
before the drop of the evaporation rate and to a Neumann boundary condition after
the drop of the evaporation rate. It has been checked that for a stopping criterion
ε = 10−6 in (8), the domain decomposition algorithm converges in an average of
3.9 iterations per time step. In practice, one or two iterations are enough to obtain
the same solution as the fully coupled algorithm.

Acknowledgements This work was supported by ANDRA (the french national agency of the
radioactive waste management).
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Computation of βff : diagonal approximation of the DtN
operator in Ωpm

I Linearized Richards equation with frozen coefficients at the interface Γ

I βff(x , t) = order 0 Taylor approximation of the DtN operator
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Extension to the compositional model - Coupling conditions
at the interface Γ (isothermal)





Vi · n = Wi · n, i ∈ C : molar flux continuity,

cg
i = ci , i ∈ C : gas molar fractions continuity,

pg = n · Tn,

u · τ = 0 : no slip condition.

∑

i∈C
Vi · n =

∑

i∈C
Wi · n = ζgu · n.



Extension to the compositional model (isothermal)

I Porous medium flow on Ωpm with Robin and Dirichlet boundary conditions
on Γ

βpmcg ,k
i − Vk

i · npm − cg ,k
i ζg ,k

pm δ
k
u = βpmck−1

i −Wk−1
i · npm, i ∈ C,

pg ,k = n · Tk−1n.

I RANS flow on Ωff with Dirichlet boundary condition on Γ

ζg ,k
ff uk · nff =

∑

i∈C
Vk

i · nff = ζg ,k−1
ff uk−1 · nff + ζg ,k

pm δ
k
u ,

uk · τ = 0.

I Convection diffusion equations on Ωff with Robin boundary conditions on Γ

βffck
i −Wk

i · nff = βffcg ,k
i − Vk

i · nff , i ∈ C.



Extension to the compositional model (isothermal)

Porous medium flow on Ωpm with Robin boundary conditions on Γ: compute
pα, sα, cα, δu such that

φ

∆t
(nk

i − nn−1
i ) +∇·Vk

i = 0, in Ωpm,

βpmcg ,k
i − Vk

i · npm − cg ,k
i ζg ,k

pm δ
k
u = βpmck−1

i −Wk−1
i · npm, on Γ,

pg ,k = n · Tk−1n, on Γ,

+ thermodynamical equilibrium and other closure laws,

with ζg ,k
pm = ζg (pg ,k , cg ,k).



Extension to the compositional model (isothermal)

RANS flow on Ωff with Dirichlet boundary condition on Γ: compute the
pressure pk and the gas velocity uk such that

∇·(ρg ,k
ff uk ⊗ uk − µt(∇uk +∇t uk)) +∇ pk = ρg ,k

ff g, in Ωff ,

∇·(ζg ,k
ff uk) = 0, in Ωff ,

ζg ,k
ff uk = ζg ,k−1

ff uk−1 + ζg ,k
pm δ

k
u nff , on Γ,

with ζg ,k
ff = ζg (pk , ck−1) and ρg ,k

ff = ρg (pk , ck−1).



Extension to the compositional model (isothermal)

Convection diffusion equations on Ωff with Robin boundary conditions on Γ:
compute ck such that for all i ∈ C

∇·Wk
i = 0, in Ωff ,

βffck
i −Wk

i · nff = βffcg ,k
i − Vk

i · nff , on Γ,

with Wk
i = ζg ,k

ff (ck
i uk − Dt ∇ ck

i ).



Extension to the compositional model (non-isothermal)

Porous medium flow on Ωpm with Robin boundary conditions on Γ: compute
pα,Tpm, sα, cα, δu such that for all i ∈ C:

φ

∆t
(nk

i − nn−1
i ) +∇·Vk

i = 0, in Ωpm,

E k − En−1

∆t
+∇·Vk

e = 0, in Ωpm,

βpmcg ,k
i − Vk

i · npm − cg ,k
i ζg ,k

pm δ
k
u = βpmck−1

i −Wk−1
i · npm, on Γ,

γpmT k
pm − Vk

e · npm − hg ,k
pmζ

g ,k
pm δ

k
u = γpmT k−1

ff −Wk−1
e · npm, on Γ,

pg ,k = n · Tk−1n, on Γ,

+ thermodynamical equilibrium and other closure laws,

with ζg ,k
pm = ζg (pg ,k ,T k

pm, cg ,k), hg ,k
pm = hg (pg ,k ,T k

pm, cg ,k).



Extension to the compositional model (non-isothermal)

RANS flow on Ωff with Dirichlet boundary condition on Γ: compute the
pressure pk and the gas velocity uk such that

∇·(ρg ,k
ff uk ⊗ uk − µt(∇uk +∇t uk)) +∇ pk = ρg ,k

ff g, in Ωff ,

∇·(ζg ,k
ff uk) = 0, in Ωff ,

ζg ,k
ff uk = ζg ,k−1

ff uk−1 + ζg ,k
pm δ

k
u nff , on Γ,

with ζg ,k
ff = ζg (pk ,T k−1

ff , ck−1) and ρg ,k
ff = ρg (pk ,T k−1

ff , ck−1).



Extension to the compositional model (non-isothermal)

Convection diffusion equations on Ωff with Robin boundary conditions on Γ:
compute ck , T k

ff such that for all i ∈ C

∇·Wk
i = 0, in Ωff ,

∇·Wk
e = 0, in Ωff ,

βffck
i −Wk

i · nff = βffcg ,k
i − Vk

i · nff , on Γ,

γffT k
ff −Wk

e · nff = γffT k
pm − Vk

e · nff , on Γ,

with Wk
i = ζg ,k

ff (ck
i uk − Dt ∇ ck

i ) and Wk
e =

∑
i∈C hg ,k

i (pk ,T k
ff )Wk

i − λt ∇T k
ff .

where we have used that hg (p,T , c) =
∑

i∈C hg
i (p,T )ci .



Computation of γpm: diagonal approximation of the DtN
operator in Ωff

Given two constants TΓ 6= Tin and Cp,i =< ∂Thg
i (p,T ) >Γ, solve





div
(∑

i∈C
Cp,iTWi − λt∇T

)
= 0 on Ωff ,

T = TΓ on Γ,
T = Tin on Γin,
∇T · n = 0 on ∂Ωff \ (Γ ∪ Γin)

and compute

γpm(x) =

(∑
i∈C Cp,iTΓWi − λt∇T

)
· n(x)

TΓ − Tin
> 0 on Γ.

which is independent of TΓ and Tin



Computation of γff : diagonal approximation of the DtN
operator in Ωpm

I Linearized energy conservation equation with frozen coefficients at the
interface Γ

I γff(x , t) = order 0 Taylor approximation of the DtN operator



Andra test case

I Two components: H2O (w) and air (a)
I L = 100 m
I Input gas: Tin = 303 and Hr ,in = 0.5
I win = 5 m/s or 0.05 m/s
I Initial temperature in Ωpm: Tinit = 303 or 333 K.
I Simulation time: 200 years



Andra test case: evaporation rates in mm/day/m2

: win = 5 m/s,
−−− : win = 0.05 m/s

(a) T 0 = 303 K
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(b) T 0|Ωpm = 333 K
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Figure 5 – Average evaporation rate at the interface in l d−1 m−1 for the input velocities uin =
0.05m s−1 ( ) and uin = 5ms−1 ( ) and different initial temperature.
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(b) T 0|Ωpm = 333 K
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Figure 6 – Average gas volume in the porous medium in m3 for the input velocities uin = 0.05m s−1

( ) and uin = 5ms−1 ( ) and different initial temperature.
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Andra test case: Robin coefficients βpm and γpm

: win = 5 m/s,
−−− : win = 0.05 m/s

(a) βpm
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Figure 7 – Value of the Robin coefficients βpm and γpm along the interface.

which does not depends on the input velocity of the gallery. It increases until a steady step at the
final time, when the addition of water coming from the Dirichlet boundary condition at the top
balances the evaporation phenomenon.

A second numerical experiment is performed when the porous medium is hotter than the gallery
at initial time. The temperature, the relative humidity and the evaporation rate are shown in
Fig. 3b, 4b, 5b. In this case, the step when the interface is saturated with water is shorter for both
velocities, around 5min and 9 h for a fast and a slow input velocity respectively. Then, new steps
appear according to the input velocity, among which the temperature decreases further. In the case
of a fast velocity, the relative humidity which is shown in Fig. 4b decreases quickly, due to the
water evaporation. After 1 h, the interface is dry but much hotter than the thermal equilibrium
state which is reached after 3mounth. During this time, the temperature drop continues, which
decreases the saturation pressure and increases the relative humidity at the interface. In the case of
a low velocity, the relative humidity drop occurs slowly, between 9 h and 3mounth. At 3mounth,
the difference between the temperature and the thermal steady state is about few degrees. We
remark that the average temperature at the steady state is different for both velocities. This is
because the Dirichlet boundary condition of the temperature at the top of the domain heats the
porous medium and the interface. In the other hand, the air located in the gallery cools down the
interface according to the input velocity, which explains the results. Then the average evaporation
rate at the interface is shown in Fig. 5b. Compared to the case of a constant initial temperature,
the evaporation rate is higher at the first step when the interface is saturated with water. Then it
decreases sooner and it reaches to same value. Finally, Fig. 6 shows the gas volume which does not
depends on the temperature of the porous medium or the flow velocity in the gallery.

The value of the Robin coefficients βpm and γpm along the interface are shown in Fig. 7a and
Fig. 7b respectively. These coefficients are used to approximate the Dirichlet to Neumann operator
in the gallery side and consequently, they do not depends on the temperature of the porous medium
at initial time. Then the average value of the Robin coefficient βff is shown in Fig. 8

Then the total iteration number of the domain decomposition method is shown in black for
different mesh step in Fig. 10. The iteration number necessary for the convergence of the method
increases for a small input velocity. The method is compared to the one using a lower stopping
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Andra test case: Robin coefficients βff

: win = 5 m/s,
−−− : win = 0.05 m/s
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Figure 8 – Average value of the Robin coefficient βff over time.
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Figure 9 – Average value of the Robin coefficient γff over time.
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Andra test case: Robin coefficients γff

: win = 5 m/s,
−−− : win = 0.05 m/s

(a) T 0 = 303 K

1
sec

on
d

1
minu

te

1
ho

ur
1
da

y

1
mon

th
1
ye

ar

20
0
ye

ar
s

10−7

10−5

10−3

10−1

101

103

Time

(b) T 0|Ωpm = 333 K

1
sec

on
d

1
minu

te

1
ho

ur
1
da

y

1
mon

th
1
ye

ar

20
0
ye

ar
s

10−7

10−5

10−3

10−1

101

103

Time

Figure 8 – Average value of the Robin coefficient βff over time.
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Figure 9 – Average value of the Robin coefficient γff over time.
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Andra test case: total number of DDM iterations for 115
time steps

: win = 5 m/s,
−−− : win = 0.05 m/s
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Figure 10 – Total iteration number of the domain decomposition method (blue: ddm ε = 10−2 and
red: one RANS iteration)

criterion ε = 10−2 in blue. In this case, the iteration number decreases significantly and is closed to
the number of time step used to compute the solution, the method performs only 1 or 2 iterations
per time step. The same algorithm performing only one RANS computation at each time step is
shown in red. In this case, δu does not tend to 0 and the stopping criterion used is the one in (??).
The total iteration number is lower than the reference method in all case with a higher difference
for a low input velocity when the porous medium is hotter than the gallery.

Then the relative error of the average velocity at the interface
∫
Γ

|(un
ref − un) · nff |∫

Γ
|un

ref · nff |

is shown in Fig. 11. The velocity computed from the reference method is compared to the one using
a low stopping criterion in blue and the one computed using the one-RANS model in red. The error
of the one-RANS model is maximum at the first time step because the velocity at the interface is
unknown and is assumed to be 0 at initial time. The error decreases after few time steps and varies
multiple times during the variations of the temperature, the relative humidity and the evaporation
rate. The velocity error of the method using the low stopping criterion is lower than the one-RANS
model although the stopping criterion of the one-RANS model is set to 10−8. This shows the strong
coupling between the turbulent RANS flow in the gallery and the evaporation rate at the interface.
Finally, both relative errors decreases of several magnitude orders when the solution reaches the
steady step at the final time.
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Conclusions and perspectives

Conclusions
I Algorithm to solve the coupling between a liquid gas Darcy and a free gas

flow
I Provide an efficient nonlinear solver
I Allow the use of separate codes in the porous and free flow domains

Perspectives
I Code coupling
I Test cases with more complex geometries
I Acceleration by Newton method
I Convergence analysis
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