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Abstract This paper presents a new discretization scheme for lilastigity mod-
els using only one degree of freedom per face correspondiriget normal com-
ponent of the displacement. The scheme is based on a piecewistant gradient
construction and a discrete variational formulation fae tlisplacement field. The
tangential components of the displacement field are elitethasing a second order
linear interpolation. Our main motivation is the couplingggomechanical models
and porous media flows arising in reservoir or CO2 storagelksitions. Our scheme
guarantees by construction the compatibility conditiobngen the displacement
discretization and the usual cell centered finite volumerdiszation of the Darcy
flow model. In addition it applies on general meshes possibly conforming such
as Corner Point Geometries commonly used in reservoir an2l §&rage simula-
tions.

1 Introduction

The oil production in unconsolidated, highly compactingqus media (such as
Ekofisk or Bachaquero) induces a deformation of the poremelwhich (i) modi-
fies significantly the production, and (ii) may have sevemseguences such as sur-
face subsidence or damage of well equipments. This expllagngrowing interest
in reservoir modeling for simulations coupling the reséni@arcy multiphase flow
with the geomechanical deformation of the porous media$8hilarly, porome-
chanical models are also used in CO2 storage simulationsettiqh the over pres-
sure induced by the injection of CO2 in order to assess thénarécal integrity of
the storage in the injection phase.
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The most commonly used geometry in reservoir and CO2 staragels is the
so called Corner Point Geometry or CPG [7]. Although the CiB@rdtization is ini-
tially a structured hexahedral grid, vertical edges of thksanay typically collapse
to account for the erosion of the geological layers and eestimay be dedoubled
and slide along the coordlines (ie straight lines orthogtmthe geological layers)
to model faults. In addition non conforming local grid refinent is used in near
well regions. The resulting mesh is unstructured, non coniiog, it includes all the
degenerate cells obtained from hexahedra by collapsingssdgd hence it is not
adapted to conforming finite element discretizations.

The objective of this paper is to introduce a new discreitzescheme for linear
elasticity equations which should

e apply on general meshes possibly non conforming ;
e guarantee the stability of the coupling with Darcy flow madding cell centered
finite volume discretization for the Darcy equation [1].

Our discretization is based on the family of Hybrid FinitelMme schemes in-
troduced for diffusion problems on general meshes in [5] alsd closely related
to Mimetic Finite Difference schemes [6] as shown in [4]. THemrees of freedom
are defined by the displacement veatgrat the center of gravity of each faceof
the mesh as well as the displacement veaiolt a given poinkgk of each celK
of the mesh. Following [5], a piecewise constant gradieiuig and can be read-
ily used to define the discrete variational formulation whigimics the continuous
variational formulation for the displacement vector fielld.order to stabilize this
formulation and to reduce the degrees of freedom, the tdi@yeomponents of the
displacement are interpolated in terms of the neighbourarghal components. Nu-
merical experiments on two dimensional and three dimesioreshes show that
the resulting discretization is stable and convergentdutitaon, this discretization
satisfies by construction the compatibility condition or Bsee [2], [1]) condition
for poroelastic models when coupled with a cell centereddindlume scheme for
the Darcy flow equation.

2 Discretization of Linear Elasticity Models

Let Q be ad-dimensional polygonal or polyhedral domaih=€ 2 or 3) and let us
consider the following linear elasticity problem in infiegimal strain theory :

div(o(u)) +f =0 onQ,
u=uP onaQP®, (1)
ou)-n=g ondQ",

whereu € RY is the unknown displacement field abdandN the two exponents
standing respectively for Dirichlet and Neumann boundanyditions.o(u) is the
Cauchy stress tensor and is given by Hooke’s &aum) = 2ue(u) + Atr(g(u)) 1,
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wherey, A are the Lamé parameters aa@l) = % (Ou+ DuT) is the infinitesimal
strain tensor.

2.1 Hybrid Finite Volume Discretization

The simulation domai is discretized by a set of polygonal or polyhedral control
volumeskK € %/, such thatQ = | k. , K. The set of faces of the mesh is denoted
by & and splits into boundary interfaceégy and inner interfaceg;,;. Among the
boundary interfaces, we denote £%; and&Y, the subsets of boundary faces verify-
ing Dirichlet or Neumann conditions. The center of gravitylee faceo is denoted
by xs and itsd — 1 dimensional measure byg|. A pointxk is defined inside each
cellK of the mesh. The set of faces of each &els denoted byk, and the distance
betweernxkx ando by dk o. The cone of base € £k and topxk is denoted byK,.

Brief reminder of the hybrid finite volume discretizatioracfcalar diffusion
problem (see [5]) :

We first define the discrete hybrid spadés= {(vk € R)yc 4, (Vo € R) 0 } and
VP ={veV |vs=0V0o € &5}. VP is endowed with the discreté] norm
%
o
Vo = ( 5SS %wa—vmz) . )

Keor océg 0

Then, following [5], a discrete gradient is defined on eachedd, which only
depends owk andv, for o’ € &k. This gradient is exact on linear functions and
satisfies a weak convergence property. According to [Shiit lse written

Ok, V= z (vg/—vK)yﬁ"/ Yvev, (3)

g
o’edk

whereyg‘” € RY only depends on the geometry.

Hybrid finite volume discretization of the linear elastjcihodel :

As we did above, we introducé = {(vk € RY)_,, (Vo € RY) .} as the dis-
crete hybrid space. With an equivalent definition Y6, the discrete norm is now
defined ag|v||5o = Y9, [vi|[3o. Let us also introduce the space

W= {(VK €ERYger (Vo €R)geg o, (Vo € Rd)gegeoxt} and the following pro-
jection operator

Rv:V =W, v ((VK € RYkers (Vo N0) gegmua (Vo € Rd)aeg&) , where



4 Daniele A. Di Pietro, Robert Eymard, Simon Lemaire and Rdl&lasson

Ng IS a unit vector normal tar which orientation is fixed once and for all. Let
us also define the spawé® = Ry(VP) endowed with the discrete norjw||y,o =
infveVD |Ry (V)=w ”VHVD'

The main novelty of our discretization lies in the definitioha linear interpo-
lation operatoll : W — V. This linear interpolation operator must be second order
accurate to preserve the order of approximation of the sehamd interpolant in the
sense thaRy (1 (w)) = w for allw € W. It must also be local in the sense that it com-
putes the displacement vectgy at a given facer € & U é”e"it in terms of a given
number of normal components n, taken on a stencit’y C & of neighbouring
faceso’ of o (with o € .%;). An example of construction of such an interpolator is
given in subsection 2.3.

The use of the interpolation operatowill bring two crucial improvements to
the discretization : first a drastic reduction of the degi&efseedom and secondly
a stabilization of the discretization.

Finally, generalizing the scalar framework to the vectarése of the linear elas-
ticity model, we introduce a piecewise constant discredelignt for each coné, :

Okv=F (Vor—Vk) ®YE7 WveV. (4)

g
o’edk

2.2 Discrete Variational Formulation

Starting from (1), we deduce a discrete weak formulatiornefgiroblem inWP.
Settingek, (V) = 3 (Ok,V + Ok, ) andok, (V) = 2Hex, (V) +Atr (g, (V) 1for
all v € V, we introduce the discrete bilinear form @hx W

ay(u,v) = ij Zp Ko | gk, (1(U)) : &Ko (1(V))- (5)
KeZ oedék

Then, the discrete variational formulation reads : find W such thaug = uB for
all o € £%; and such that, for alf € WP,

ag(uv)= Y [Klfk-vk+ Y [0]go-1(V)o, 6)

Kex oeéd;

whereug = 5 [;uPdo, fk = & Jk fdx andgo = 15, /,gdo are average values.

It is important to keep in mind that numerical experimentevstihat without
interpolation, the bilinear forma, on the spac® x V leads to an unstable scheme
with vanishing eigenvalues on triangular or tetrahedradines with mixed Neumann
Dirichlet boundary conditions.

Note also that for the solution of the linear system (6), th&nownsuk can
easily be eliminated without any fill in, reducing the degreéfreedom to the face
normal components of the displacement.
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2.3 Interpolation of the tangential components of the displacement

Given a faceo € &nt U &N, for each componente [1,d] of the displacement field
Ug, We look for a linear interpolation of the form

[«

Ux) =Y aoxj+Bh. (7)

Il
ik

In order to determine thd(d + 1) coefficients(a{})me[[l’dﬂ, (Bg)ie[[l.d]] as linear
combinations of normal components: - ny, 0’ € .%5, we look for a set” of
d(d + 1) neighbouring faces’ of the faceo, with o € ., and such that the system
of equationgiy(Xy/) - Ngr = Uy - Ny is NON singular. The se¥y is built using the
following greedy algorithm :

1. Initialization : for a given numbee> d(d+ 1), we select th& closest neighbour-
ing faces of the face which are sorted from the closest to the farthest using the
distance between the face centerapd oo = 0,01, - -, 0k_1. We sety = {0}
andq=1,1=0;

2. whileg<d(d+1)andl <k—1:

o |=1+1;

e if the equatiorug(Xq ) - Ng, = Ug; - Ng; IS linearly independent with the set of
equationsg(Xy/) - Ngr = Ugr - Ngs for all o’ € S, then = {01} U S,
g=9g+1;

3. ifqg<d(d+ 1), the algorithm is rerun with a larger value lof

Note that sincer € .7, the interpolation operator satisfies as required the ptppe
Ry (I(u)) =uforallueWw.

2.4 Compatibility condition with cellwise constant pressure for
poroelastic models

LetL3(Q) be the subspace of functionslof(Q) with vanishing mean values. It is
well known (see [1]) that the well-posedness of linear ptasticity models relies
on the well-posedness of the following saddle point problémd (u, p) € (H,%)d X
L3(Q) such that

a(u,v) +b(v,p) = (f,v)2(q)e forallve (Hé)d, (8)
b(u,q) = (h.a) 2(q) forallge L3(Q),

whereais the bilinear form of the linear elasticity problem ao(d, p) = (divu, ), 2(g)-
The stability of this saddle point problem results from tleeicivity of a and the
following LBB condition (see [2]) which guarantees the ¢égigce and uniqueness
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of the solution : inL€L2<Q> supu€<Hl) >y > 0. The following theo-
D

: (u,
HUH(Hé)d Pl 2(q)

rem states that the LBB condition holds on the discrete spa®ex .7, where.#;

is the space of cellwise constant functions on the m#shith vanishing mean val-

ues endowed with thiE?(Q) norm, and for the discrete divergence operator defined

by :

by (u,p) = (divau, p)i2g) = > Pk > o] g (Ng-Nk.0),  (9)
Ker ek (EnUEN)

for all (u,p) € WP x .7, and whereng ¢ is the normal to the face outwardK.

It implies that, assuming the coercivity af;, the coupling of our discretization for
the elasticity model with a cell centered finite volume schdaon the Darcy pressure
equation will lead to a convergent and stable scheme fordhegbastic model.

Theorem 1. The bilinear form by, defined on W x .#, satisfies the LBB condition

inf sup b@(uap)

_bylup) (10)
bt oo Ul [Pl L2(0)

with a constany,; depending only on usual regularity parameters of the mesh.

Proof. From the continuous LBB condition, for g€ .#), there exists a displace-

ment fieldv € (H,%)d such thab(v, p) >y HV”(H]_)d”pHLZ(_Q). Letu be the element
D

of VP such thauk = ﬁ JxvdxforK € # andug = %fav do for o € &. Then,
w = Ry (u) € WP satisfiesh,, (w, p) = b(v, p).
Since it is shown in [9] thafu||\,o < k |\v||(H1>d, with a constank depending

D
on usual regularity parameters of the mesh, and since we iawgefinition the
inequality||w[\,o < ||ulyo, the discrete LBB condition holds witpy, = £. 0

3 Numerical experiments

In this section, the convergence of the scheme is testecedimtrar elasticity model
with exact solution

d ij v
b= e{E) g g (11)

The right hand side and the Dirichlet boundary conditioressdefined by the exact
solution. The Lamé parametetsandu are setto 1.

The tests have been held using an object oriented C++ impliti@n which
original approach is described in [8]. The relati¢eerror on the displacement and
on the gradient of the displacement are plotted functionhef number of inner
faces. In the computation of these errors, the cellwiseteonsliscrete solution and
discrete gradient are used. We first consider the triangnéshes (mesh family 1),
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the Cartesian grids (mesh family 2), the local grid refinetferesh family 3) and
the Kershaw meshes (mesh family 4) from the FVCA5 2D bencknidre exact

solution is defined by
q— 11
\2-1/)

The results presented on figure 1 show the good convergeraviber of the

scheme. The expected order of convergence is reached fibreatheshes (for the
solution and its gradient) and is even exceeded for the gnadin Cartesian grids.
Next, let us consider the Cartesian grids (mesh family A8, lindomly distorted

10°

—+— Triangular meshes
—+— Cartesian grids

—— Theoretical slope

2/d
10°F

2 error for the displacement
5

358

H

HEE

g 3

LEE]

H 3
2

12 error for the gradient of the displacement

1d

10° . . - 107"

10° 10' 10* 10° 10° 10*

10° 10°
Number of inner faces Number of inner faces

Fig. 1 12 error for the displacement and for the gradient of the disgataent function of the number
of inner faces for the triangular meshes, the Cartesiarsgtite local grid refinement and the
Kershaw meshes.

grids (mesh family AA), and the tetrahedral meshes (meshilyaB) from the
FVCAG6 3D benchmark. The exact solution is defined by
111
a=| 2 1-1
-11 2
The results exhibited on figure 2 show again the good conwergleehaviour of the
scheme with the expected order on the three meshes for bettighrete solution
and its gradient.

4 Conclusion

In this paper, a new discretization method has been intredifor linear elasticity
using only one degree of freedom per face. It applies to g¢petygonal and poly-
hedral meshes possibly non conforming. In addition thisreiszation satisfies the
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—— Cartesian grids —— Cartesian grids
—— Tetrahedral meshes —+— Tetrahedral meshes
—+— Randomly distorted grids —+— Randomly distorted grids

Theoretical slope {e\casﬂpe

12 error for the displacement

2/d

12 error for the gradient of the displacement

10 10° 10° 10 10* 10°

10° 10° 10° 10°
Number of inner faces Number of inner faces
Fig. 2 |2 error for the displacement and for the gradient of the disgt@ent function of the number
of inner faces for the Cartesian grids, the randomly distbdrids and the tetrahedral meshes.

compatibility condition when coupled with cell centeredtirvolume schemes for
the Darcy equation in poroelastic models.

First numerical experiments in 2D and 3D exhibit the stap#dind convergence
of the scheme. In the near future, further testings will bégrened on CPG grids
with erosions, local grid refinement and faults, to assespthential of this scheme
for reservoir and CO2 storage simulations.
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