
DECOUPLING AND BLOCK PRECONDITIONING FORSEDIMENTARY BASIN SIMULATIONS IN TEMIS3D�ROBERT SCHEICHLy, ROLAND MASSONz, AND JOHANNES WENDEBOURGxAbstra
t. The simulation of sedimentary basins aims at re
onstru
ting its histori
al evolutionin order to provide quantitative predi
tions about phenomena leading to hydro
arbon a

umula-tions. The kernel of this simulation is the numeri
al solution of a 
omplex system of time dependent,three-dimensional partial di�erential equations (PDE) of mixed paraboli
-hyperboli
 type. A dis-
retisation (Finite Volumes + Impli
it Euler) and linearisation (Newton) of this system leads to veryill-
onditioned, strongly non-symmetri
 and large systems of linear equations with three unknownsper mesh element, i.e. pressure, geostati
 load, and hydro
arbon saturation.The pre
onditioning whi
h we will present for these systems 
onsists in three stages. First of allthe equations for pressure and saturation are lo
ally de
oupled on ea
h element. This de
ouplingaims not only at redu
ing the 
oupling, but also at 
on
entrating in the \pressure blo
k" the ellipti
part of the system whi
h is then in the se
ond stage pre
onditioned by eÆ
ient methods like AMG.The third step �nally 
onsists in \re
oupling" the equations (e.g. Blo
k Gauss-Seidel, 
ombinativete
hniques,. . . ).In almost all our numeri
al tests on real test problems from 
ase studies we observed a 
onsid-erable redu
tion of the CPU-time for the linear solver, up to a fa
tor 4.3 with respe
t to ILU(0)pre
onditioning (whi
h is used at the moment in TEMIS3D). The performan
e of the pre
onditionershows no degradation with respe
t to the number of elements, the size of the time step, high migrationratios, or strong heterogeneities and anisotropies in the porous media.Key words. three-dimensional multiphase Dar
y 
ow, 
ompa
tion of porous media, numeri
alsolution, blo
k pre
onditioning, algebrai
 multigridAMS subje
t 
lassi�
ations. 65F10, 65M99, 65Y20, 74F10, 74S10, 76T991. Introdu
tion. In re
ent years the 3D modelling and simulation of sedimen-tary basins has be
ome an integral part in the exploration of present and future reser-voirs for almost all major oil 
ompanies. Ideally a basin simulator should span theentire pro
ess of sour
e ro
k burial, hydro
arbon generation, expulsion, migration intoa potential trap, and assessment of trap integrity throughout the evolution of a basin.The 
ode TEMIS3D developed by the Institut Fran�
ais du P�etrole (IFP) and marketedby its subsidiary Bei
ip-Franlab represents su
h a tool. It aims at re
onstru
ting thehistori
al evolution of a sedimentary basin in order to provide quantitative predi
tionsabout phenomena leading to hydro
arbon a

umulations.Given present-day maps of the distribution of lithology, bathymetry, temperature,thi
kness, heat 
ux, kerogen and total organi
 
ontent (TOC) and \paleogeologi
al"maps des
ribing those distributions throughout the history of the basin we would ide-ally like to 
al
ulate the evolution of the basin and of its geometry, and the migrationof the hydro
arbons ba
kward in time. However, the solution of this inverse problemis way beyond our means. Therefore only an extremely simpli�ed model is 
al
ulatedba
kward in time to re
onstru
t the geometry of the basin (ba
k-stripping). The fullmodel 
omprising the pro
ess of hydro
arbon generation, heat transfer, 
ompa
tionof the porous media, pressure generation, multi-phase Dar
y 
ow and oil and gas mi-gration is then 
al
ulated forward in time adding layer after layer using the geometri
history 
al
ulated during the ba
k-stripping pro
ess.�This work was �nan
ed through the Marie-Curie Fellowship HPMI-CT-1999-00012.yDepartment of Mathemati
al S
ien
es, University of Bath, BA2 7AY, UK (masrs�bath.a
.uk).zDivision Informatique S
ienti�que et Math�ematiques Appliqu�ees, Institut Fran�
ais du P�etrole,Rueil-Malmaison, Fran
e.xDivision Geologie{Geo
himie, Institut Fran�
ais du P�etrole, Rueil-Malmaison, Fran
e.1



2 R. SCHEICHL, R. MASSON, AND J. WENDEBOURGThus, a 3D 
ase study is 
omposed of three major steps: 3D blo
k building andmesh 
onstru
tion, ba
k-stripping, and forward simulation (see S
hneider et al. [8℄for an example of su
h a 
ase study). The 3D blo
k building step, usually 
arriedout by the geologist, 
onsists in preparing the ne
essary data, i.e. in de�ning a
oherent 3D blo
k whi
h represents the studied area and in assembling with thisblo
k a set of geologi
al maps. It also 
onsists in de�ning a 3D mesh on the blo
kwhi
h will usually be Cartesian in the horizontal plane and su
h that the verti
al
olumns 
oin
ide with the 
hronostratigraphi
 
olumns. In the ba
k-stripping stepthe histori
al evolution of the geometry of the basin will then be 
al
ulated separatefor ea
h 
olumn (Multi-1D) ba
kward in time by taking o� sedimented material andadding eroded material. At ea
h time step on
e the sedimentation and the erosionhave been a

ounted for, the remaining sediments are de
ompa
ted or 
ompa
ted,respe
tively, by using porosity/depth relationships for ea
h of the lithologies. The�nal step is a forward simulation of the full 3D model for the sedimentary basin onthe moving geometry (mesh) 
al
ulated during the ba
k-stripping phase.In this paper we will only be looking at the forward simulation whi
h is themost 
omputing intensive part and 
onsists in solving numeri
ally a 
omplex systemof time dependent, three-dimensional partial di�erential equations (PDEs) modellingheat transfer, 
ompa
tion of the porous media and multi-phase Dar
y 
ow. Theseequations are dis
retised using a 
ell-
entred �nite volume method in spa
e and animpli
it Euler s
heme in time. However, to simplify the treatment of the resultingalgebrai
 system we apply a splitting te
hnique and thus de
ouple the temperaturefrom the other unknowns. In the 
ase of two-phase 
ow (water { oil) we will thereforehave to solve at ea
h time step a system of 
oupled non-linear equations in fourunknowns per element (pressure, geostati
 load, porosity, oil saturation), followed bya system of linear equations for the temperature. Here we fo
us on the solution of the
oupled nonlinear system and thus from now on we will 
onsider the temperature asgiven. A linearisation of the system of non-linear equations using a Newton methodand an elimination of the porosity will �nally lead to a system of linear equations ofthe blo
k formAx := 0� A11 A12 A13A21 A22 A23A31 A32 A33 1A0� x1x2x3 1A = 0� b1b2b3 1A =: b :(1.1)System (1.1) is usually very large, strongly non-symmetri
 and very ill-
onditioned.For an eÆ
ient and robust iterative solution of this system, it is therefore 
ru
ialto �nd a good pre
onditioner. It will be the subje
t of this paper to develop su
h apre
onditioner and to evaluate its robustness and eÆ
ien
y by applying it to a numberof representative test 
ases from real 
ase studies and by 
omparing with standardpre
onditioning te
hniques employed at the moment in TEMIS3D.Sin
e this is an entirely novel problem, there is no literature available, but we
an nevertheless make strong use of the vast literature for the related problem of oilreservoir simulation. In parti
ular, the idea for our pre
onditioning strategy is basedon the methods developed by Behie & Vinsome [1℄, Edwards [2℄, La
roix, Vassilevski& Wheeler [4℄, and La
roix, Vassilevski, Wheeler & Wheeler [5℄. It 
onsists of threestages. First of all the equations for pressure and saturation are lo
ally de
oupled bytaking linear 
ombinations of the two equations on ea
h element. This 
orrespondsto multiplying (1.1) by a matrix G, i.e.Ax = b �! (GA)x = (Gb):



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 3This de
oupling aims not only at redu
ing the 
oupling, but also at 
on
entratingin the (pressure) blo
k (GA)11 the ellipti
 part of the system whi
h requires a goodglobal pre
onditioning. The se
ond stage 
onsists then in pre
onditioning (GA)11 byAlgebrai
 Multigrid (AMG). The re
oupling of the pressure with the other unknownsis then in a �nal stage a
hieved by applying a blo
k Gauss-Seidel strategy or the
ombinative te
hnique de�ned in [1℄ for the reservoir 
ase.In a series of numeri
al tests from real 
ase studies, the performan
e of the pre-
onditioner is 
ompared to ILU(0) whi
h is used at the moment in TEMIS3D. In almostall 
ases we observe a 
onsiderable redu
tion of the CPU-time for the linear solver, upto a fa
tor 4.3 with respe
t to ILU(0). The performan
e of the pre
onditioner showsno degradation with respe
t to the number of elements, the size of the time step, highmigration ratios, or strong heterogeneities and anisotropies in the porous media.The paper is organised as follows. In Se
tion 2 we will present the mathemati
almodel for the forward problem, and des
ribe brie
y its dis
retisation and linearisation.In Se
tion 3 we will give a detailed des
ription of the pre
onditioning strategy, followedby a series of numeri
al tests in Se
tion 4. We �nish with some 
on
lusions and anoutlook on future investigations in Se
tion 5.2. Mathemati
al model.2.1. The 
ontinuous problem. In this se
tion we present the mathemati
almodel for the forward problem (see e.g. S
hneider et al. [8℄ and the referen
es therein).A more rigorous analysis of multi-phase Dar
y 
ow in porous media in 
onjun
tionwith reservoir simulation 
an be found in Gagneux et al. [3℄. We will only dis
uss thetwo-phase 
ase (water { oil) in detail, but we note that the three-phase 
ase (water{ oil { gas) 
an be treated similarly. As noted above we will not in
lude the heatequation in this model, sin
e it will be de
oupled from the rest of the problem in thesolution pro
ess by a splitting method. Thus, the temperature distribution will in thefollowing be 
onsidered as given at ea
h point in time.The model whi
h is used in the forward simulation 
omprises the following equa-tions:Conservation of mass for water��t��w�Sw�+ div ��w�Sw ~Vw� = �wqw ;(2.1)Conservation of mass for oil��t��o�So�+ div ��o�So~Vo� = �oqo ;(2.2)Conservation of (verti
al) momentum1��z�z = ���f + (1� �)�s�g ;(2.3)Porous medium rheology (elastovis
oplasti
 law)2ds�dst = ��(�; �) ds�dst � �(�; �) � ;(2.4)1The 
oordinate system is 
hosen su
h that the z-axis is pointing verti
ally downwards.2Here ds :dst represents the total time derivative � :�t + ~Vs � ~r(:).



4 R. SCHEICHL, R. MASSON, AND J. WENDEBOURGGeneralised Dar
y's law for ea
h phase�Sw �~Vw � ~Vs� = ��w(Sw)K(�)�~rPw � �wg~rz� ;(2.5) �So �~Vo � ~Vs� = ��o(So)K(�)�~rPo � �og~rz� :(2.6)This 
onstitutes a system of 6 equations for the 9 unknown fun
tionsS� saturation (or volumetri
 fra
tion in the 
uid) of phase � (for � = w; o),P� pore pressure of the phase � (for � = w; o),�z geostati
 load (or verti
al stress),� mean e�e
tive stress,� porosity of the porous medium,~V� mean velo
ity of the phase � (for � = w; o).The other terms appearing in equations (2.1{2.6) are parameters of the system,whi
h depend in some 
ases on the unknown fun
tions de�ned above or on the tem-perature T (assumed given at ea
h point in time). They areqw sour
e term for water (sedimentation, erosion),qo := qo(T ) sour
e term for oil (hydro
arbon generation, i.e. 
ra
king),�� := ��(T ) density of the phase � as a fun
tion of T only,�f := Sw�w + So�o average 
uid density,�s density of the solid \phase",g a

eleration due to gravity,� := �(�; �) rheology parameter,� := �(�; �) rheology parameter,K := K(�) permeability tensor (Koseny{Carman formula),�� := kr�(S�)��(T ) mobility of phase �, where kr� denotes relative permea-bility and �� denotes vis
osity (Andrade formula),~Vs velo
ity of the solid \phase" (moving geometry and mesh).For an exa
t de�nition of those parameters and their dependen
y on the unknownfun
tions see S
hneider et al. [8, Appendix 1℄.To 
lose the system we need to impose further 
onditions. First of all, in asaturated medium the saturations satisfy the pore volume 
onservation equationSw = 1� So ;(2.7)and by introdu
ing the average pore pressure Pf as a new unknown we 
an write� = �z � Pf ;(2.8) Pw = Pf � SoP
ap(Sw; So) ;(2.9) Po = Pf + SwP
ap(Sw; So) ;(2.10)



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 5where P
ap := P
ap(Sw; So) denotes the 
apillary pressure. This 
loses the system andresults in 10 equations for the 10 unknowns Sw; So; Pw; Po; Pf ; �z; �; �; ~Vw ; ~Vo.We 
an now substitute equations (2.5{2.10) into equations (2.1{2.4) to obtain asystem of two partial di�erential equations and two ordinary di�erential equations inthe four unknowns So; Pf ; �z ; �, whi
h will be the primary unknowns of our model.Given a bounded domain 
 := 
(t) with boundary � := �(t) and outward unitnormal ~n := ~n(t), the forward simulation 
onsists now in numeri
ally solving thissystem on 
 subje
t to suitable boundary 
onditions and initial 
onditions. Theparti
ular form of 
 at ea
h point t in time is the one 
al
ulated in the ba
k-strippingphase. Here, we will only 
onsider domains 
 with a 
onstant re
tangular verti
alproje
tion, a �xed lower boundary �B , a stri
tly verti
al lateral boundary �L := �L(t)and a free upper boundary �T := �T (t). In addition we will use the following initial
onditions and boundary 
onditions.2.1.1. Initial 
onditions. At t = t(0) we have�T �t(0)� = �B ;So�t(0)� = 0 ;Pf�t(0)� = Patm�t(0)�+ �wghw�t(0)� ;�z�t(0)� = Patm�t(0)�+ �wghw�t(0)� ;��t(0)� = �0��z�t(0)�� ;where Patm(t) denotes the atmospheri
 pressure at time t, hw(t) denotes the heightof the water 
olumn above �T (t) at time t, and �0(�z) denotes the porosity of thebottom layer as a fun
tion of the geostati
 load �z .2.1.2. Boundary 
onditions. The system is of mixed paraboli
-hyperboli
type in pressure and saturation (
oupled with two ordinary di�erential equations(2.3) and (2.4)). This is also re
e
ted in the rather unusual boundary 
onditions forpressure and saturation:On �B: (1) K �~rPw � �wg~rz� � ~n = 0(2) K �~rPo � �og~rz� � ~n = 0 .On �L: either (1) and (2) as for �B or(10) So = 0 if K �~rPw � �wg~rz� � ~n > 0 or K �~rPo � �og~rz� � ~n > 0(20) �Sw~Vw � ~n = FL(t) or Pw = Phyd (t) or Pw��wgz�wg = 	L(t).On �T : (1) So = 0 if K �~rPw � �wg~rz� � ~n > 0 or K �~rPo � �og~rz� � ~n > 0(2) Pf = Patm(t) + �wghw(t) .where FL(t) < 0 ; Phyd (t) and 	L(t) denote a pres
ribed 
ux, the hydrostati
pressure and a pres
ribed head for (parts of) the boundary �L(t) at time t, respe
tively.Equation (2.3) is a �rst order ordinary di�erential equation in �z , so we needto impose only one boundary 
ondition for �z on the top of the basin, i.e. �z =Patm(t) + �wghw(t). Sin
e there are no spatial derivatives involving the porosity � inthe system, it is not ne
essary to impose any boundary 
onditions for �.
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Fig. 1. Typi
al horizontal (left) and verti
al (right) 
ross se
tions of the mesh.2.2. Finite volume dis
retisation in spa
e. In this se
tion we will brie
ydes
ribe the spatial dis
retisation of the 
onservation equations (2.1{2.3) using 
ell-
entred �nite volume s
hemes. In order to present this dis
retisation it is �rst of allne
essary to spe
ify the type of meshes we are going to use.2.2.1. The 3D mesh (moving with velo
ity ~Vs(t)). Given that the verti
alproje
tion of the 
onsidered domain 
(t) is always re
tangular and stays 
onstant intime, we 
hoose the mesh to be Cartesian in the horizontal plane (or xy-plane, seeFigure 1, left). Verti
ally, the mesh is based on the lithology, so that ea
h blo
k (or
ell) of our 3D mesh will 
orrespond to a layer in the a

ording 
hronostratigraphi

olumn. In all our examples, the layers are 
onsidered to be 
ontinuous between twoadja
ent 
hronostratigraphi
 
olumns. Thus, the edges of the 
ells 
oin
ide on theinterfa
e between two 
olumns, leading to 
onforming meshes. At ea
h point in time,a 
ell is uniquely de�ned by the xy-
oordinates of the 
entre of the 
orresponding
hronostratigraphi
 
olumn and by its four verti
al edges.It is however possible to model \pin
h-outs", i.e. layers that disappear in partof the domain (see Figure 1, right). In the meshes this is dealt with by in
ludingdegenerate (or �
titious) 
ells of zero height whi
h make it possible to work with atopologi
ally Cartesian mesh in the xz-plane and the yz-plane as well. In other words,ea
h 
ell has a unique neighbour in ea
h dire
tion, or { in the 
ase of a pin
h-out {no neighbour at all. Of 
ourse, during the dis
retisation pro
ess we will not in
ludethese degenerate elements.We will denote the 
ells of the mesh by 
k := 
k(t) with boundary �
k andunit outward normal ~nk := ~nk(t), for k = 1; : : : ; N(t). The height of the 
ell is
al
ulated as the arithmeti
 mean of the length of its four verti
al edges and denotedby hk := hk(t). Furthermore, for any physi
al quantity Y we denote by Yk the valueof Y at the 
entre of 
k.Remark 2.1. Note that the number N := N(t) of elements depends on the num-ber of layers whi
h have been sedimented at time t and will in
rease at the arrival ofea
h new layer. However, it will also de
rease, when 
ells degenerate through erosion.2.2.2. The mass 
onservation equations. To dis
retise equations (2.1) and(2.2) we let � 2 fw; og and integrate (2.1) and (2.2) respe
tively over ea
h element
k, k = 1; : : : ; N , of the mesh, i.e.Z
k ��t����S��d! + Z
k div ����S�~V�� d! = Z
k ��q� d! :(2.11)



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 7Now, using the given displa
ement velo
ity ~Vs at ea
h point ~x 2 
k and ex
hangingthe order of integration and di�erentiation we 
an pass from the partial to the fulltime derivative in the �rst term of (2.11), i.e.Z
k ��t (���S�)d! = ddt Z
k ���S� d! � Z
k div(���S�~Vs)d! :Substituting this into (2.11) and using Green's formula we obtainddt Z
k ���S� d! + Z�
k ���S�(~V� � ~Vs) � ~nkd
 = Z
k ��q� d! :Finally using the generalised Dar
y's law (2.5) (or (2.6) for the oil phase), we getddt Z
k ���S� d! = Z
k ��q d! + X`2Lk Z�k;` ���K �~rP� � ��g~rz� � ~nkd
 ;where Lk denotes the set of neighbouring 
ells 
` of 
k and �k;` is the interfa
ebetween 
` and 
k.To �nish the spatial dis
retisation we need to apply quadrature rules to ap-proximate the integrals leading to the following semidis
rete problem for ea
h phase� = w; o: ddtM�;k = Q�;k + X`2Lk F�;` for k = 1; : : : ; N :(2.12)Without going into the detail about the quadrature employed, note that the massterms on the left hand side of (2.12) and the sour
e terms on the right hand side havebeen approximated using the midpoint rule, i.e.M�;k := j
kj ��;k�kS�;k and Q�;k := j
kj ��;kq�;k ;(2.13)
ontaining only values of the parameters and of the unknown fun
tions at the 
entreof the 
ell 
k (
ell-values). Similarly, using (appropriate) averages of the 
ell-valueson the fa
es �k;` of 
k and two-point �nite di�eren
e approximations of the pressuregradients, the 
ux terms F�;` in (2.12) have also been approximated using a mid-point rule on �k;`. To ensure the stability of the dis
retisation we use an upstreamapproximation of the mobility, treating ea
h phase separately.2.2.3. The momentum equation. To dis
retise equation (2.3) on the otherhand, let 
k�1 be the 
ell situated above 
k in the same verti
al 
olumn. We integrate(2.3) in z-dire
tion between the 
ell 
entres of 
k�1 and 
k, i.e.zkZzk�1 ��z�z dz = zkZzk�1 ���f + (1� �)�s�g dz(2.14)The left hand side of (2.14) is equal to �z;k � �z;k�1. To approximate the right handside of (2.14) on the other hand, we use the midpoint rule again to obtain the followingdis
retisation of (2.3):�z;k � �z;k�1 = 12 �Wk +Wk�1� for k = 1; : : : ; N ;(2.15)with W` := h`��`�f;` + (1� �`)�s�g; for ` = k; k � 1:(2.16)



8 R. SCHEICHL, R. MASSON, AND J. WENDEBOURG2.2.4. The rheology equation. Equation (2.4) does not 
ontain any spatialderivatives, so to obtain a semidis
rete problem we 
an simply take (2.4) at the 
entreof ea
h element 
k, i.e.d�kdt = ��k d�kdt � �k�k with �k := �z;k � Pf;k for k = 1; : : : ; N :(2.17)2.3. Time dis
retisation. In the previous se
tion we have dis
retised equations(2.1{2.4) in spa
e and by taking into a

ount the boundary 
onditions and substitutingSw;k = 1 � So;k, we obtain a system of �rst order ordinary di�erential equations(2.12)w, (2.12)o, (2.17) 
oupled to a set of algebrai
 equations (2.15) for the unknownfun
tions s := (So;1; : : : ; So;N)T , p := (Pf;1; : : : ; Pf;N )T , � := (�z;1; : : : ; �z;N )T , and� := (�1; : : : ; �N )T .To fully dis
retise this system of equations we use impli
it Euler in time. Wede�ne3 a sequen
e of time steps �t(n) > 0 and times t(n+1) = t(n) + �t(n), forn = 0; 1; : : :, and denote by Y (n) the value of Y at time t(n). Then we approximatethe derivatives in (2.12) and (2.17) by simple �nite di�eren
es between t(n) and t(n+1),and evaluate the remaining terms at t(n+1).Starting with the known initial 
onditions at time t(0), we 
an thus iteratively
al
ulate approximations for the unknown fun
tions So, Pf , �z , and � in (2.1{2.4) attime t(n+1), by solving the 
oupled systemM (n+1)w;k �M (n)w;k�t(n) = Q(n+1)w;k + X`2Lk F (n+1)w;`(2.18) M (n+1)o;k �M (n)o;k�t(n) = Q(n+1)o;k + X`2Lk F (n+1)o;`(2.19) �(n+1)z;k � �(n+1)z;k�1 = 12 �W (n+1)k +W (n+1)k�1 �(2.20) �(n+1)k � �(n)k�t(n) = � �(n)k �(n+1)k � �(n)k�t(n) � �(n)k �(n+1)k(2.21)of 4N (n+1) non-linear equations for s(n+1), p(n+1), �(n+1), and �(n+1).To simplify the treatment of system (2.18{2.21) we have slightly relaxed the im-pli
it treatment of �z and � and evaluate the rheology parameters �k and �k in (2.21)at t(n) rather than at t(n+1). Furthermore, the assumption that the temperature T isknown a priori at ea
h point in time does not hold true in reality. On the 
ontrary, it is
al
ulated separately at ea
h time step t(n). Therefore the parameters in (2.18{2.21)that depend on T are also evaluated at T (n) rather than at T (n+1).Remark 2.2. (The IMPES s
heme) In 
ertain 
ases (e.g. low migration ra-tios) it is suÆ
ient to dis
retise the saturations So;k expli
itly, thus leading to a mu
hsimpler system than (2.18{2.21) at ea
h time step. However, the redu
ed stability ofthis dis
retisation usually results in a mu
h larger number of ne
essary time steps.In the oil reservoir literature this method is 
alled the IMPES s
heme, i.e. impli
itpressure expli
it saturation.In this 
ase, all the parameters in F�;` and Wk involving So;k are evaluated atS(n)o;k instead of S(n+1)o;k . We 
an then eliminate the unknown saturations So;k at time3In reality the time steps �t(n) will be 
hosen adaptively during the simulation in order to 
ontrolthe error.



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 9t(n+1) from the system (2.18{2.21) altogether, by dividing ea
h of the equations (2.18)and (2.19) by �(n)w;k and �(n)o;k , respe
tively, and by adding up the resulting equations toobtain ��
(n+1)k ���(n+1)k � ��
(n)k ���(n)k�t(n) = X�=w;o 1�(n)�;k  Q(n)�;k + X`2Lk F (n;n+1)�;` !(2.22)whi
h does not depend on s(n+1) anymore. Thus, the task at ea
h time step redu
esto solving a system (2.20{2.22) of 3N (n+1) equations for p(n+1), �(n+1), and �(n+1).In the following, we will not dis
uss this approa
h in detail, but we note thatthe pre
onditioners whi
h are developed for the fully impli
it 
ase in Se
tion 3 
an beapplied to this problem as well.2.4. Newton linearisation and elimination of the porosity. We have seenthat the numeri
al solution of (2.1{2.10) (with fully impli
it time dis
retisation) re-du
es to solving at ea
h time step �t(n) a system of 4N := 4N (n+1) non-linearequations F �y(n+1)� = 0(2.23)for y(n+1) := �P (n+1)f;k ; �(n+1)z;k ; S(n+1)o;k ; �(n+1)k �Tk=1;:::;Nwhere F := �FTw;FT� ;FTo ;FT��T ;F� := (F�;k)Tk=1;:::;N for � = w; �; o; �, andFw;k := 1�(n)w;k �M (n+1)w;k �M (n)w;k� � �t(n+1)�(n)w;k �Q(n+1)w;k + P`2Lk F (n+1)w;` � ;F�;k := �(n+1)z;k � �(n+1)z;k�1 � 12 �W (n+1)k +W (n+1)k�1 � ;Fo;k := 1�(n)o;k �M (n+1)o;k �M (n)o;k � � �t(n+1)�(n)o;k �Q(n+1)o;k + P`2Lk F (n+1)o;` � ;F�;k := �(n+1)k � �(n)k + �(n)k ��(n+1)k � �(n)k � � �t(n+1)�(n)k �(n+1)k :We solve system (2.23) using the 
lassi
al Newton method, presented in Figure2, with initial guess y0 := y(n) and stopping 
riterionkFwk1 < "w ; kF�k1 < "� ; and kFok1 < "o ;(2.24)leading in ea
h Newton iteration to a system of linear equations�F�y (ym) Æym = �F(ym):(2.25)Finally, we observe that �F�=�� = I and that we 
an therefore eliminate theve
tor Æ�m+1, 
orresponding to the porosity from system (2.25). Thus, the 
ompu-tational 
ore of the forward simulation is the solution of a 3N � 3N system of linearequations of the formA Æy := 0� Aw;p Aw;� Aw;sA�;p A�;� 0Ao;p Ao;� Ao;s 1A0� ÆpÆ�Æs 1A = 0� fwf�fo 1A =: f(2.26)



10 R. SCHEICHL, R. MASSON, AND J. WENDEBOURGLet y0 := y(n).For m = 0; 1; : : : until 
onvergen
eSolve �F�y (ym) Æym = �F(ym)Set ym+1 = ym + ÆymEnd For.Set y(n+1) := ym+1.Fig. 2. The 
lassi
al Newton methodin ea
h Newton iteration and for ea
h time step �t(n), whereA�;� := ��F��� � �F��� �F��� � (ym) for � = w; �; o and � = p; �; s andf� := ��F� + �F��� F�� (ym) for � = w; �; o:System (2.26) is very large, strongly non-symmetri
 and very ill-
onditioned. Foran eÆ
ient and robust iterative solution of this system, it is therefore 
ru
ial to �ndgood pre
onditioners. The remainder of this paper will be devoted to the 
onstru
tionof su
h pre
onditioners and to the evaluation of their robustness and eÆ
ien
y forrepresentative test 
ases from real 
ase studies.3. Pre
onditioning strategy. The rate of 
onvergen
e for almost all iterativemethods depends largely on the 
ondition number of the matrix A in (2.26). Pre
ondi-tioning te
hniques are one of the main keys to a better performan
e. A pre
onditioningoperator P = PLPR for a matrix A is 
hosen in su
h a way that the pre
onditioningsystems PLw = d and PRw = d 
an be solved qui
kly and that the 
ondition ofthe new (pre
onditioned) iteration matrix P�1L AP�1R is signi�
antly better than the
ondition number of A. The underlying system (2.26) is then transformed as follows:A Æy = f 7�! ~A Æ~y := (P�1L AP�1R ) (PRÆy) = (P�1L f) =: ~f ;(3.1)and the iterative method (e.g. a Krylov method like Bi-CGStab or GMRES) is appliedto the transformed (or pre
onditioned) system~A Æ~y = ~f(3.2)If PR or PL are 
hosen to be equal to the identity I , we speak of left or right pre
on-ditioning, respe
tively.The idea for the pre
onditioning strategy whi
h we are going to present in thisse
tion stems from the related �eld of oil reservoir simulation. In reservoir simulations,the geologi
al time spans that are simulated are mu
h shorter in 
omparison to thetime spans 
onsidered here (i.e. years instead of million years), so that the porosity� and the e�e
tive stress � = �z � Pf 
an be kept 
onstant, thus leading to systemssimilar to (2.26), but in pressure and saturation only. In Behie & Vinsome [1℄, Ed-wards [2℄, and La
roix, Vassilevski & Wheeler [4℄ a pre
onditioning strategy has beendeveloped for these problems de
oupling the treatment of pressure and saturation.We will use a similar strategy for (2.26).



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 113.1. Motivation. In order to have a proper foundation for the presented pre-
onditioners, we will �rst dis
uss some important features of the underlying physi
alproblems and dedu
e some assumptions for (2.26).First of all we observe that the porous media whi
h form a typi
al sedimentarybasin 
an be 
onsidered to be very rigid, so that the rheology parameters �(n)k and�(n)k are in general small. Therefore, the derivative�����F�;k��k ���� = ����(n)k ��t(n)�(n)k ���whi
h plays the role of the 
ompressibility of the ro
k is in general small. Applied tothe linear system (2.26) this allows us to makeAssumption 3.1. The 
ontributions from the rheology equations to the �rst andthe third blo
k row in (2.26) are small 
ompared to the 
ontributions from the mass
onservation equations, i.e.[A�;p℄kk � �F�;k�Pf;k and ��� [A�;� ℄kk ��� � ��� [A�;p℄kk ��� for � = w; o:A 
onsequen
e of this assumption is that the blo
ks Aw;p and Ao;p are in prin
ipledis
rete di�usion operators and thus 
lose to ellipti
. Furthermore, this assumptionalso allows us to negle
t the blo
ks Aw;� and Ao;� in the pre
onditioner, thus de
ou-pling the �rst and the third blo
k row of (2.26) from the se
ond.Se
ondly, for �xed porosity � and e�e
tive stress �, the 
ontinuous problem (2.1{2.10) redu
es to a system of two partial di�erential equations in pressure and satura-tion only, modelling two-phase Dar
y 
ow. The analysis in Gagneux & Madaune-Taut[3, Se
tion 1.3.2℄ shows that this system is essentiallyellipti
 in Pf and hyperboli
 or transport dominated paraboli
 in So(3.3)(see also the remark in La
roix et al. [4, Se
tion 2.2℄). As a 
onsequen
e Pf has to betreated impli
itly while So may be treated expli
itly (the IMPES s
heme dis
ussedin Remark 2.2). The su

essful appli
ation of the IMPES model in many situationsimplies that the in
uen
e of pressure on saturation is mu
h more important than vi
eversa and allows us to make the followingAssumption 3.2. The pressure blo
k (Aw;p +Ao;p) obtained by taking the sum ofthe �rst and the third blo
k row in (2.27) (as in Remark 2.2 for the IMPES s
heme)is a good approximation for the S
hur 
omplement �Aw;p �Aw;s (Ao;s)�1Ao;p�, or inother words Ao;s � � Aw;s:However negle
ting the in
uen
e of saturation on pressure altogether would betoo strong an assumption. Therefore using (3.3) again, we assume that this in
uen
ewill mainly be lo
al and make the followingAssumption 3.3. A lo
al de
oupling of the �rst and the third blo
k row in (2.26)will also result in a reasonable global de
oupling.A further 
onsequen
e of (3.3) is that simple pointwise relaxation s
hemes, likeJa
obi or Gauss-Seidel, are in general suÆ
ient to pre
ondition the blo
ks Aw;s andAo;s.



12 R. SCHEICHL, R. MASSON, AND J. WENDEBOURGOur pre
onditioning strategy for (2.26) will now 
onsist of three stages:(i) lo
al de
oupling of the two mass 
onservation equations on ea
h 
ell 
k (orin other words, 
hoi
e of a pressure equation on 
k);(ii) pre
onditioning of the pressure unknowns;(iii) updating of the remaining unknowns (Blo
k Gauss-Seidel), or if this is notsuÆ
ient, feedba
k-
oupling with the pressure equation (two-stage pre
ondi-tioners).We will dis
uss them in the following three se
tions.3.2. Lo
al de
oupling { 
hoi
e of the pressure equation. Let k = 1; : : : ; N .The rows in (2.26) 
orresponding to the mass 
onservation equations (2.18) and (2.19)for water and oil on 
k 
an be written like[Aw;p℄kk Æpk + [Aw;s℄kk Æsk + [Aw;�℄kk Æ�k + X`2Lk X�=p;s;�[Aw;�℄k` Æ�k = fwk(3.4) [Ao;p℄kk Æpk + [Ao;s℄kk Æsk + [Ao;�℄kk Æ�k + X`2Lk X�=p;s;�[Ao;�℄k` Æ�k = fok(3.5)Similar to the approa
h in [4℄, we will now aim at taking linear 
ombinationsof (3.4) and (3.5) su
h that the �rst equation (in the following 
alled the pressureequation) does not depend on Æsk anymore. As a 
onsequen
e of Assumption 3.3, thisshould signi�
antly redu
e the dependen
y of the pressure equation on the saturations.To formalise this lo
al de
oupling let us de�neAk :=  [Aw;p℄kk [Aw;s℄kk[Ao;p℄kk [Ao;s℄kk ! and Gk :=  
p;wk 
p;ok
s;wk 
s;ok ! :We want to 
hoose Gk su
h that
p;wk [Aw;s℄kk + 
p;ok [Ao;s℄kk = 0(3.6)and therefore GkAk =  [Ap℄kk 0[As;p℄kk [As℄kk !so that we 
an lo
ally de
ouple equations (3.4) and (3.5) by multiplying them withGk. Globally, this 
orresponds to multiplying system (2.26) byG := 0B� Diag(
p;wk ) 0 Diag(
p;ok )0 I 0Diag(
s;wk ) 0 Diag(
s;ok ) 1CA(3.7)and leads to the transformed systemA Æy := 0� Ap Ap;� Ap;sA�;p A� 0As;p As;� As 1A0� ÆpÆ�Æs 1A = 0� fpf�fs 1A =: f(3.8)



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 13with A := GA and f := G f :Thus, the left pre
onditioner in (3.1) is 
hosen to be the de
oupling pre
onditionerP�1L := G:Obviously, in�nitely many di�erent 
hoi
es for Gk are possible whi
h satisfy (3.6).However, we would like(a) the a
tion of G to be 
heap,(b) the blo
k Ap := Diag(
p;wk )Aw;p + Diag(
p;ok )Ao;pto preserve the assumed ellipti
 nature of Aw;p and Ao;p,(
) the norm of G to be O(1).This �nal 
riterion is parti
ularly important, if we think of applying inexa
t New-ton methods instead of 
lassi
al Newton, sin
e the stopping 
riterion for the linearsolve in that 
ase depends on the norm of the residual. An example for a 
hoi
e of Gkwhi
h does in general not satisfy (
) is Gk := A�1k , and we will in
lude some numeri
alresults with this de
oupling in Se
tion 4.2.1 to show the 
onsequen
es.We also note that it is not easy to verify Criterion (b) expli
itly, but the numeri
altests in Se
tion 4.2 show that all the 
hoi
es for Gk presented below lead to ellipti
pressure blo
ks Ap.To �nish this se
tion we present the three 
hoi
es for Gk whi
h we will use:3.2.1. Householder re
e
tion. Here, the matrix Gk is 
hosen to be the House-holder re
e
tor matrix GHk := I � 2wkwTk(3.9)(see for example Saad [7, Se
tion 1.7℄) where wk is sele
ted su
h thatGHk ask = � e2 with ask := �[Aw;s℄kk ; [Ao;s℄kk�T and � := �sign�[Ao;s℄kk�kaskk2and thus (3.6) is satis�ed.This method 
onserves the l2-norm of the residual exa
tly, i.e. Criterion (
) issatis�ed with kGk2 = 1. However, it is rather expensive (
ompared to the other
hoi
es) and leads to an unne
essary �ll-in in the saturation blo
ks.3.2.2. Gauss elimination. The se
ond 
hoi
e uses Gauss elimination. We takeGGk :=  1 � [Aw;s℄kk[Ao;s℄kk0 1 ! if [Ao;s℄kk 6= 0; GGk := � 0 11 0 � otherwise;(3.10)whi
h obviously satis�es (3.6) as well.This method does not 
hange the se
ond equation and is in general mu
h 
heaperthan Householder de
oupling. Furthermore, as a 
onsequen
e of Assumption 3.2,� [Aw;s℄kk[Ao;s℄kk � 1;(3.11)and thus Criterion (
) is also satis�ed with kGk2 �q 3+p52 � 1:618 .



14 R. SCHEICHL, R. MASSON, AND J. WENDEBOURG3.2.3. Quasi{IMPES de
oupling. In this �nal 
hoi
e we takeGQk := � 1 10 1 �(3.12)whi
h does not satisfy (3.6) exa
tly, but be
ause of (3.11) we have at least that ingeneral��� [Ap;s℄kk ��� := ��� [Aw;s℄kk + [Ao;s℄kk ��� � max� ���[Aw;s℄kk��� ; ���[Ao;s℄kk��� � :In fa
t, the linear 
ombination used here to 
onstru
t the pressure equation isexa
tly the same as the one used in Remark 2.2 to 
onstru
t the IMPES equation(2.22) with the only di�eren
e that the 
ux terms F�;` depend on the saturationat t(n+1). Therefore, this Quasi{IMPES de
oupling eliminates the 
ontributions to[Ap;s℄kk 
oming from the mass term M�;k, but not the ones from the 
ux terms F�;`.However, be
ause of Assumption 3.2 this still leads to a signi�
ant redu
tion of thedependen
y of the pressure equation on the saturations.With respe
t to 
ost, it is even 
heaper than Gauss elimination while not 
hangingthe se
ond equation either, and Criterion (
) is satis�ed with kGk2 =q 3+p52 .3.3. Pressure pre
onditioner. As a 
onsequen
e of Assumption 3.1 and ofCriterion (b) in Se
tion 3.2 we know that the pressure blo
k Ap in the de
oupledsystem (3.8) is ellipti
, or at least 
lose to ellipti
, even though it is non-symmetri
.In fa
t, the prin
iple part of Ap 
orresponds to a dis
rete di�usion operator witha strongly heterogeneous and anisotropi
 di�usivity tensor, and thus the matrix re-quires a strong pre
onditioning. It is espe
ially important to take 
are of the globalerror 
omponents whi
h are present in the solution, and whi
h 
an not be dealt withby simple relaxation s
hemes, like Ja
obi or Gauss-Seidel, or by simple in
ompletefa
torisation methods, like ILU(0). One way to over
ome this problem is to employmultilevel pre
onditioners. However, simple geometri
 
oarsening te
hniques are notrobust with respe
t to anisotropies and heterogeneities and therefore we resort toAlgebrai
 Multigrid (AMG) methods to pre
ondition Ap.More pre
isely, we use the AMG 
ode AMG1R5 (Release 1.5, 1990) by Ruge andSt�uben [6, 9℄. The smoother on ea
h \grid" is standard Gauss-Seidel, but the 
ru
ialfeature of the method is the parti
ular way of 
hoosing the 
oarse grid 
ells and thegrid transfer operators based on the matrix entries. For details we refer to [6℄ and[9℄. As we will see in Se
tion 4.2, it is suÆ
ient to employ just one V-
y
le of thismultilevel method for the pre
onditioning of the pressure blo
k Ap in (3.8), in thefollowing referred to as Pp3.4. \Re
oupling" { the global pre
onditioning method. Let us now 
on-stru
t a right pre
onditioner PR for the de
oupled system (3.8) whi
h will take 
areof the \re
oupling" of the unknowns.As a 
onsequen
e of Assumption 3.1, the blo
k Ap;� is \small" 
ompared toAp and 
an thus in a �rst instan
e be negle
ted. Similarly, as a 
onsequen
e ofAssumption 3.2 and 3.3 and of 
ondition (3.6), the blo
k Ap;s is \small" 
omparedto Ap and 
an also in a �rst instan
e be negle
ted. This leads to a blo
k triangularsystem and to the idea for the following Blo
k Gauss-Seidel (BGS) pre
onditioner:P�1BGS := 0� Pp 0 0A�;p A� 0As;p As;� Ps 1A�1(3.13)



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 15where Pp denotes the AMG pre
onditioner for Ap presented in Se
tion 3.3 and Psis a pre
onditioner for the saturation blo
k As. As mentioned above, it is suÆ
ientto use a simple relaxation s
heme, like Ja
obi or Gauss-Seidel, for Ps, be
ause thedependen
y on saturation is hyperboli
 or transport dominated paraboli
. In Se
tion4 we will use one iteration of Gauss-Seidel.Thus, to use the pre
onditioner pra
ti
ally, i.e. to apply P�1BGS , it only remains todis
uss how to invert A� := A�;� . It follows from the de�nition of A�;� that[A�;� ℄k` = 0 for all ` 62 fk; k � 1gand so the matrix is bidiagonal and 
an be inverted by simple forward substitutions.Remark 3.4. Note that the parti
ular 
hoi
e of Ps (i.e. one iteration of Gauss-Seidel whi
h is equivalent to a simple forward substitution) makes it possible to im-plement the blo
k Gauss-Seidel pre
onditioner P�1BGS using a 2� 2 blo
k stru
tureP�1BGS := � Pp 0L B ��1 with B := � A� 0As;� Ps � and L := � A�;pAs;p �and applying one iteration of Gauss-Seidel to the 2N � 2N blo
k B. This approa
h isalgebrai
ally equivalent, but leads to a better performan
e in terms of CPU-time.If the assumptions in Se
tion 3.1 are too strong, it might not be justi�ed to simplynegle
t Ap;� and Ap;s. It is ne
essary in this 
ase that the pre
onditioner also providessome feedba
k from the se
ond and the third blo
k row to the �rst. A way of providingsu
h a feedba
k-
oupling is to 
ombine the Blo
k Gauss-Seidel pre
onditioner PBGS ina multipli
ative way with a se
ond pre
onditioner eP that provides (at least lo
ally)su
h a 
oupling and that is 
heap to invert. A good 
andidate for eP is zero �ll-in in
omplete LU fa
torisation ILU(0) of A. It is 
heap and provides a good lo
al
oupling of the di�erent physi
al unknowns. The 
ombined pre
onditioner 
an thenbe written as P�1C2S := �I � eP�1 (A � PBGS)�P�1BGS :(3.14)Similar te
hniques in reservoir simulations, notably in [1℄ and [4℄, are usually referredto as 
ombinative two-stage pre
onditioners (C2S) and thus we will also adopt thisname.The right pre
onditioner in (3.1) is now 
hosen to be eitherP�1R := P�1BGS or P�1R := P�1C2Swhi
h 
ompletes our dis
ussion of the pre
onditioning strategy.4. Numeri
al Results. In this se
tion we will dis
uss the results of the numer-i
al tests whi
h we e�e
tuated to evaluate the performan
e of the pre
onditioners interms of eÆ
ien
y and robustness on some test 
ases from real 
ase studies. As theiterative solution method for the pre
onditioned systems (3.2) we use the Bi-CGStabmethod by Van der Vorst [10℄ whi
h is parti
ularly suited for nonsymmetri
 linearsystems. To judge the eÆ
ien
y and the robustness of the pre
onditioners we willregard the number of iterations of pre
onditioned Bi-CGStab that are ne
essary toredu
e the residual by a fa
tor of " = 10�6 and the CPU-time elapsed in the solver onan SGI O
tane. We will 
ompare the results obtained with our pre
onditioners withthe results using ILU(0) pre
onditioning (whi
h is used at the moment in TEMIS3D).



16 R. SCHEICHL, R. MASSON, AND J. WENDEBOURG4.1. Des
ription of the test 
ases. The four test 
ases are taken from real
ase studies of major oil 
ompanies. These studies are 
on�dential and so we willrefer to the test 
ases as Problems A { D.They 
omprise models with strong heterogeneities and anisotropies in the porousmedia as well as models with high migration ratios. In our tests we will only regardthe �nal period, when the last layer is deposited and thus when all z-layers are present.The only ex
eption is Problem B, where an intermediate period is simulated. Thenumber of time steps, the average step size, and the average number of Newtoniterations per time step as well as the number of elements in the mesh will depend onthe a
tual test 
ase and are listed in Table 1.Table 1Te
hni
al details for Problems A { DProblem Time steps Av. step size Newton steps Elements UnknownsA 12 0.11 Ma 2.0 5649 16947B 33 0.01 Ma 6.6 7901 23703C 11 0.18 Ma 2.5 23104 69312D 27 0.39 Ma 2.0 32199 96597Problems A and D are problems with strong heterogeneities and anisotropiesin the permeability tensors of the porous media but with very low migration ratios,and thus represent almost single-phase 
ow. Problems B and C on the other handare problems with high migration ratios, and thus mu
h stronger 
hanges in thesaturations. In Table 1 they are ordered a

ording to mesh size.4.2. Testing and 
omparison of the di�erent pre
onditioners. We willnow test the pre
onditioning strategy on Problems A { D by employing the three dif-ferent de
oupling pre
onditioners GQ (Quasi-IMPES), GG (Gauss), and GH (House-holder) of Se
tion 3.2 together with the two di�erent re
oupling pre
onditioners P�1BGS(Blo
k Gauss-Seidel) and P�1C2S (Combinative Two-Stage pre
onditioner) of Se
tion3.4 and by 
omparing the results with ILU(0) (left-)pre
onditioning. The averagenumbers of iterations of pre
onditioned Bi-CGStab that are ne
essary to redu
e theresidual by a fa
tor of " = 10�6 are listed in Table 2. The CPU-times elapsed onaverage in the solver are listed in Table 3.In all 
ases the pressure pre
onditioner Pp in (3.13) has been 
hosen to be oneV-
y
le of AMG as presented in Se
tion 3.3, and the pre
onditioner Ps for the sat-uration blo
k was one iteration of Gauss-Seidel. The se
ond pre
onditioner eP in the
ombinative two-stage te
hnique (3.14) was ILU(0).We note in Table 2 that the performan
e of the ILU(0) pre
onditioner (whi
his used at the moment in TEMIS3D) depends strongly on the heterogeneities and theanisotropies in the problem, and thus the number of iterations of Bi-CGStab is veryhigh in ProblemsA andD. We observe also a dependen
y on the number of unknowns(47.8 in Problem A against 101.8 in Problem D). However, ILU(0) seems to be bettersuited to problems with high migration ratios and moderate heterogeneities (i.e. 20.1iterations in Problem B and 21.0 in Problem C) where the lo
al 
oupling of pressureand saturation is more important.The blo
k Gauss-Seidel pre
onditioner (Table 2, 3rd 
olumn), on the other hand,seems to be extremely well suited to heterogeneous and anisotropi
 problems, wherea strong pre
onditioning of the pressure part is 
ru
ial and the 
oupling betweenpressure and saturation is less important (regardless of the de
oupling method, see



PRECONDITIONING FOR SEDIMENTARY BASIN SIMULATIONS 17Table 2Comparison of di�erent pre
onditioners in (3.1) { Bi-CGStab iterations.Problem A (N = 16947)P�1L /P�1R I P�1BGS P�1C2SILU(0) 47.8 - -GQ - 4.2 3.5GG - 4.2 3.5GH - 4.1 3.5
Problem B (N = 23703)P�1L /P�1R I P�1BGS P�1C2SILU(0) 20.1 - -GQ - 10.2 3.8GG - 9.4 4.6GH - 9.6 4.6Problem C (N = 69312)P�1L /P�1R I P�1BGS P�1C2SILU(0) 21.0 - -GQ - 13.6 6.0GG - 13.0 2.8GH - 5.3 2.9
Problem D (N = 96597)P�1L /P�1R I P�1BGS P�1C2SILU(0) 101.8 - -GQ - 3.9 3.1GG - 3.8 3.2GH - 3:3a 3.2a2.7 Newton steps (instead of 2.0)!the results for ProblemsA andD in Table 2). However, we also note that for problemswith strong migration ratios (i.e. Problems B and C), Assumption 3.2 is apparentlytoo strong. The 
oupling between saturation and pressure in the Blo
k Gauss-Seidelpre
onditioner (3.13) whi
h simply negle
ts the blo
k Ap;s is not suÆ
ient (about 10or more iterations of Bi-CGStab in Problems B and C against about 4 iterations inProblems A and D).The 
ombinative two-stage pre
onditioner (Table 2, 4th 
olumn) 
ombines verywell the advantages of the two other pre
onditioners and thus leads to a very robustpre
onditioning of the linear system in all situations and regardless of the de
ouplingmethod. It is robust with respe
t to heterogeneities and anisotropies, with respe
tto high migration ratios, with respe
t to mesh size and also with respe
t to the timestep size. For example using Gauss de
oupling (Table 2, 4th row, 4th 
olumn), theaverage number of iterations of Bi-CGStab in Problems A, B, C and D, is 3.5, 4.6,2.8, and 3.2 respe
tively.The di�eren
es in the numbers of iterations between the three de
oupling te
h-niques are very small (see Table 2). Only Problem C shows a dependen
y on the
hosen te
hnique (whi
h is rather arbitrary though and hard to explain). However,we note that the appli
ation of the Householder de
oupling GH is about 1.5{2 timesmore expensive than the two other te
hniques whi
h is also re
e
ted in the CPU-timesin Table 3. Measurements in our test runs showed that in general the de
oupling makesup about 10% of the CPU-time elapsed in the solver for Quasi-IMPES GQ and Gaussde
oupling GG and about 15{20% for Householder de
oupling GH.With respe
t to CPU-time (Table 3) the advantage of the new pre
onditioningstrategy is less impressive be
ause of its in
reased 
ost in the setup phase as wellas in its appli
ation (the most expensive part being the setup for the AMG pressurepre
onditioner). Nevertheless, the CPU-times for the best 
ombinations of de
ouplingand re
oupling are better than the CPU-times with ILU(0) in all test 
ases. InProblem D, for example, Bi-CGStab is on average more than 4.3 times faster when



18 R. SCHEICHL, R. MASSON, AND J. WENDEBOURGTable 3Comparison of di�erent pre
onditioners in (3.1) { CPU-time elapsed in solver.Problem A (N = 16947)P�1L /P�1R I P�1BGS P�1C2SILU(0) 1.41 s - -GQ - 0.47 s 0.57 sGG - 0.49 s 0.58 sGH - 0.65 s 0.76 s
Problem B (N = 23703)P�1L /P�1R I P�1BGS P�1C2SILU(0) 1.18 s - -GQ - 1.41 s 1.08 sGG - 1.32 s 1.19 sGH - 1.67 s 1.45 sProblem C (N = 69312)P�1L /P�1R I P�1BGS P�1C2SILU(0) 3.9 s - -GQ - 5.4 s 4.2 sGG - 5.1 s 2.7 sGH - 3.5 s 3.5 s
Problem D (N = 96597)P�1L /P�1R I P�1BGS P�1C2SILU(0) 22.9 s - -GQ - 5.4 s 5.9 sGG - 5.3 s 5.9 sGH - 5:8 sa 7.0 sa2.7 Newton steps (instead of 2.0)!applied to a system pre
onditioned with P�1L := GG and P�1R := P�1BGS than appliedto an ILU(0)-pre
onditioned system. Sin
e the new pre
onditioning strategy doesnot depend on the mesh size it 
an be expe
ted that this speedup with respe
t toILU(0) will even be more impressive on larger problems parti
ularly in the presen
eof heterogeneities and anisotropies in the porous media.4.2.1. De
oupling using exa
t inversion of the lo
al blo
k. An examplefor a de
oupling pre
onditioner whi
h does not satisfy Criterion (
) in Se
tion 3.2 isthe full de
oupling GFk := A�1k :(4.1)It 
hanges the s
aling between the equations in the di�erent 
ells by many orders ofmagnitude (espe
ially in the 
ase of strong heterogeneities) and thus the norm of theresidual 
hanges as well. This will e�e
t the stopping 
riterion for the iterative solverof the linear system and 
an lead to \oversolving" (i.e. unne
essary iterations of theiterative method, when the approximation is already suÆ
iently a

urate). This is animportant aspe
t in inexa
t Newton methods.More importantly though, the de
oupling (4.1) leads to strongly nonsymmetri
pressure blo
ks Ap, and 
oating point errors in the 
al
ulation of Ap 
an lead to rowswhi
h are no longer diagonally dominant. This has a strong e�e
t on the performan
eof the AMG pressure pre
onditioner, as we 
an see in Table 4.4.2.2. In
uen
e of the approximate inversion of the pressure blo
k Ap.In this se
tion we investigate the in
uen
e that the approximation of Ap by one V-
y
le of AMG (as done in Se
tion 4.2) has on the overall performan
e of the blo
kGauss-Seidel pre
onditioner P�1BGS and of the 
ombinative two-stage pre
onditionerP�1C2S . Thus, we repla
e the pressure pre
onditioner Pp by Ap and use an LU fa
tori-sation of Ap to apply the (exa
t) inverse. The results for both the blo
k Gauss-Seidelas well as the 
ombinative two-stage pre
onditioner are given in Table 5 for the Quasi-IMPES de
oupling, i.e. P�1L := GQ. They show hardly any di�eren
e between the
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oupling GG and full de
oupling GF { IterationsBlo
k Gauss-Seidel Combinative Two-StageProblem P�1L := GG P�1L := GF P�1L := GG P�1L := GFA 4.2 20.4 3.5 14.2B 9.4 13.6 4.6 12.0C 13.0 16.9 2.8 11.7D 3.8 32.4 3.2 26.1Table 5Comparison of AMG and LU for Ap (Quasi-IMPES de
oupling) { IterationsBlo
k Gauss-Seidel Combinative Two-StageProblem Pp := PAMG Pp := Ap Pp := PAMG Pp := ApA 4.2 3.6 3.5 2.6B 10.2 10.6 3.8 3.7C 13.6 12.6 6.0 5.8D 3.9 3.1 3.1 2.3two 
hoi
es and we 
an thus 
on
lude that the e�e
t of AMG pre
onditioning is almostas strong as a dire
t solution of the pressure blo
k, whi
h is astonishing.4.2.3. In
uen
e of the approximate inversion of the saturation blo
kAs. In the same way, to test the in
uen
e of approximating the saturation blo
kAs by one iteration of Gauss-Seidel in P�1BGS and in P�1C2S we repla
ed Ps by As andused again an LU fa
torisation of As to apply the (exa
t) inverse. This had hardlyany e�e
t at all. In Problems A, C and D the number of Bi-CGStab iterations didnot 
hange at all and in Problem B it was redu
ed at most by one iteration persystem. Thus we 
an 
on
lude that one iteration of Gauss-Seidel is largely suÆ
ientto pre
ondition As as well.5. Con
lusions. We have presented and tested a new pre
onditioning strat-egy for the linear equation systems arising in the simulation pro
ess of sedimentarybasins. This strategy is based on similar te
hniques developed in the related �eld ofoil reservoir simulations and aims at de
oupling the system (lo
ally) on the basis ofthree assumptions whi
h were made in view of the physi
al ba
kground of the linearsystems. After the de
oupling the 
ru
ial task is a robust and eÆ
ient pre
ondition-ing of the pressure blo
k. We saw that AMG satis�es both those 
riteria more thansuÆ
iently. Finally, we e�e
tuated the global pre
onditioning of the linear equationsystem by re
oupling the di�erent blo
ks either in a Gauss-Seidel fashion or using a
ombinative two-stage te
hnique.In a series of numeri
al tests from real 
ase studies, the performan
e of the pre-
onditioner was 
ompared to ILU(0) whi
h is used at the moment in TEMIS3D and weobserved in almost all 
ases a 
onsiderable redu
tion of the CPU-time for the linearsolver, up to a fa
tor 4.3 with respe
t to ILU(0). Even more important, using the
ombinative two-stage te
hnique to re
ouple the di�erent blo
ks the performan
e ofthe pre
onditioner showed no degradation with respe
t to the number of elements, thesize of the time step, high migration ratios, or strong heterogeneities and anisotropiesin the porous media.
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