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Table 1: Tentative contents of the sessions

1 De Rham complex
For Q c R3:
R —2% H(Q) &% H(curl; Q) —1 H(div;Q) —2s 12(Q) —% {0},

where ig injects real numbers as constant functions and

HY(Q) = {g € L?(Q) : gradq € L*(Q)}, (1.1)
H(curl; Q) = {v € L?(Q) : curlv € L*(Q)}, (1.2)
H(div; Q) = {w € L*(Q) : divw € L2(Q)}. (1.3)

Complex property: the image of an operator is contained in the kernel of the next
one:

Imig C kergrad, Imgrad C kercurl, Imcurl C kerdiv,
that is: gradig =0, curlgrad =0, div curl = 0.
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Exactness properties: depending on the topology of Q, these inclusions can become
equalities.

If Q is connected: ker grad = Im g, (1.4a)
If Q does not have any tunnel:  ker curl = Im grad, (1.4b)
If Q does not enclose any void:  ker div = Im curl, (1.4c)
Any Q: Imdiv = L?(Q). (1.4d)
2 Magnetostatics model
Strong formulation. Find A (vector potential) and H (magnetic field) s.t.
uH —curlA =0 in Q  (link field—potential), (2.1a)
curlH=J inQ  (Ampere’s law), (2.1b)
divA =0 inQ  (Coulomb gauge), (2.1c)
AXn=g on 0Q (2.1d)

where u : Q — R* is the magnetic permeability and J € Im curl the current density. This
system assumes that Q does not enclose any void.

Weak formulation. Find (H,A) € H(curl; Q) x H(div; Q) such that

a(H.§)-b@A) == [ g¢  V¢eHeuLo)
9 (2.2)
b(H,v)+c(A,v) = / J-v Vv € H(div; Q),
Q
with
a: H(curl; Q) x H(curl; Q) —» R a(v,{) = /,uv L,
Q
b : H(curl; Q) x H(div; Q) —» R b({,v) = / v-curll,
Q

c: H(div; Q) x H(div; Q) - R c(w,v) = / divw divy
Q

Reference for the inf-sup analysis: [3, Lemma 2.1].

3 Mesh

Notations. M, := 7, U F, U E, U V), where:
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Tn are the polyhedral elements (notation T);
Fn are the faces (notation F), and Fr = faces of T € Ty;
&y are the edges (notation E), and Ey = edges of Y € 7, U Fp;

Vy, the vertices (notations V with coordinates xy), and Vy = vertices of Y € 7, U
Fr U Ey.
Each Y € 7, U 5, is topologically trivial (simply connected and connected boundary).

Orientations.
Intrinsic orientations:

e For each F € ¥, we fix a unit normal ng.

e For each E € &), we fix a unit tangent vector #g.
Extrinsic orientations:
e For T € 7, and F € Fr, wrr € {1} such that wypnp is the outer normal to T.

e For F € ¥7 and E € &7, npg unit normal to E in span(F) such that (¢g, npg, ng)
is right-handed in R3. wpg € {#1} such that wpgnpg is the outer normal on E to
F in span(F).
It E € & shared by two faces Fy, Fo € Fr, we have wrr, wr,E + Wrp,wr,e = 0.

4 Function spaces

Lebesgue and Sobolev. IfY € 7, UF, U &y, L2(Y) usual Lebesgue space and L?(Y) =
Lebesgue space of vector valued ¥ — span(Y). Same for the Sobolev spaces H (Y) and
H' (V).

Polynomial spaces. For ¢ > 0 integer and Y € 7, U F, U &, we set

PY(Y) = restriction to ¥ of polynomials ¢ : ¥ — R of total degree < €.

This gives P~1(Y) = {0}. Vector-valued version: P*(Y) = restriction to Y of polynomials
v :Y — span(Y).

ﬂé’y : L2(Y) — PY(Y) is the L2-orthogonal projector (corresponding vector-valued de-
noted by nfo’y).

Koszul complements. For all Y € 7, U 7, take xy € Y. For F € F}, set

G'(F) =grad, PN (F),  G°U(F) = 0_np2(x —xp) P (F), (4.1a)
RE(F) = rotp P (F), REUF) = (x —xp)PTL(F). (4.1b)

Then we have the non-orthogonal decompositions

PUF) = GUF) ® G¥Y(F) = RUF) @ REU(F). (4.2)
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The L2-orthogonal projectors on these spaces are denoted by ﬂt)g’ P ncg’éjF, n‘;{ p» and n;fF.
For T € 7, set
GU(T) = grad PY(T),  G“UT) = (x —x7) x PN, (4.3a)
RUT) = curl PTH(T), REUT) = (x —x7)PTNT). (4.3b)
We have the decompositions
PUT) = G'(T) ® G“I(T) = RUT) & R(T) (4.4)
with L2-orthogonal projectors are denoted by ﬂggj, ncg’é:T, ”gem and n;é‘jT.
Isomorphisms. The following are isomorphisms:
roty : POL(F) = REL(F) (4.5)
divp : RE(F) S PEYE), div : RS((T) S PY(T), (4.6)
curl : GSU(T) = REYT). (4.7)

5 Integration by parts formulas

5.1 In 2D

Take F a flat face, grad; and divy the tangent gradient and divergence operators. With
p—nj» Totation of angle —7//2 in F:

Forr: F — R: rotrr = o_x;(gradpr),
For v : F — span(F): rotr v = divp(0-spv),

where span(F) ~ R? is the tangent space to F.
IBP for the gradient/divergence:

/gradF qr " VF =—/QFdiVF VE+ Z wFE/CIF(VF'nFE),
F F Fedr E
IBP for the rotational:

/IOtFVF I”FZ/VF-I‘OtFI’F— Z U)FE/(VF-tE)I’F.
F F E

EESF



5.2 In 3D
IBP for the gradient/divergence:
/gradQT'VTZ—/QTdiVVT+ Z wTF/CIT(VT'nF)-
T T Ferr F
IBP for the curl:

/curlvT-wT:/vT-curle+ Z cuTF/vT~(wT><nF)
T T F

FeFr

= /VT . CllI‘lWT + Z WTF /(np X (VT X nF)) . (WT X np),
T FeFr F
5.3 Other useful formulas

If nr is a normal vector to F and ¢ € R?, np x (¢ X np) = & r is the projection of £ on
span(F). It is the rotated by m/2 on that plane of & X np.

If T is a polyhedron, F one of its face and v : T — R3, r : T — R:

(gradr)|p><np :I‘Otp(l"|p), (51)
(curlv)p-np =divp(vip X np) =rotp(np X (v|p X 0F)). (5.2)

6 DDR complex

Main reference is [4], some proofs are only detailed in [3].

6.1 Spaces

Fix a polynomial degree k > 0.
Discrete HY(Q) space:

Xgrad,h = {gh = ((gr)rem;» (qF)Fer,, (E)EeE,, (qv)vew,) : (6.1)
gr € P*NT) for all T € T,

gr € PXU(F) for all F € 7,

gr € P*UE) for all E € &,

and gy € R for all V e fvh.}



Index Space %4 E F .
0 Xfpas | R=PHV) PUE) PEL(F) PEL(T)
k-1 c,k k-1 ek
L Xy PEE)  RN(E) x R(F) RNT) x RA(T)
k-1 c,k
2 X PH(F) G*L(T) x 6°H(T)
3 PHT) PA(T)

Table 2: Polynomial components attached to each mesh vertex V € V), edge E € &, face
F € ¥y, and element T € 7}, for each of the DDR spaces.

Discrete H(curl; Q) space:

Xfn = {Kh = ((vR1: VR P)Tems VRF VR p)Fer» (VE)Eee,) (6.2)
vrr € REN(T) and vl € RON(T) for all T € Ty,
vrr € R¥H(F) and v, . € RY(F) for all F € 3,

and vg € PY(E) for all E € Sh}.

Discrete H(div; Q) space:

lﬁlvh {Wh (wg, T WG 1)TeT;s (WF)Feg,) (6.3)
WgrT € G 1(T) and wg’T e GSX(T) for all T € T,

and wp € PK(F) for all F e ﬂ}

Discrete L2(Q) space:

PE(Th) = {qn € LX(Q) : (qn)r € PX(T) for all T € 73} .

Restrictions. For Y € M and e € {grad, curl, div}, Xk is the space of restrictions to

Y and the mesh entities on dY of X Cfx, € X , We denote by x, the vector obtained
by taking the components of x, on Y and its boundary

6.2 Interpolators

; k .00 k :
Gradient space. lgrad,h : CY(Q) — Xgrad,h is such that

!lgcrad’hq = ((ﬂ;{)TYI‘qW)TE(EI’ (ﬂ];)j;q|F)F€ﬁ’ (”é{é‘ﬂE)Eeah’ (q(xV)VE(Vh)- (64)



Curl space. T Iéurl,h CY(Q) - X ’c‘ is such that

url, s
k-1 J
Icurlhv = ((NR,TV|T’7T;¢’TV|T)T€7;,,
k-1 K
(TR FYL.F> ﬂ;z’pvt,F)FeTh, (6.5)
k
(mp g (VIE - tE)Ecs,)
(recall that vy g is the tangent trace of v over F).

Divergence space. !fliv P H' (Q) — lﬁiv , 1s such that

Ikwhw = ((FgTWm gTW|T)Te‘771,(7Tng,F(W|F‘nF)Fe?'h)~ (6.6)

L? space. n’;),h : L2(Q) — P*(7) is the global L2-orthogonal projector (we have (ﬂ;,hq)g =
nly‘) rqr for all T € Ty).
As for the spaces, restrictions to Y € M, are denoted by replacing h with Y.

6.3 Discrete vector calculus operators

6.3.1 In X’; rad it gradients and scalar potentials
Edge operators. Let E € &,. The edge gradient is Gk X’g‘ adE P*(E) such that,
for q, € Xgra dE

/GZCIE rg = —/QEF};+QVJE(xv2) - qv,7e(Xv,) Vrg € P(E), (6.7)
E = E

with derivative 7, taken along E in the direction ¢¢, and V1, Vo vertices of E such that ¢¢
points from V; to Vs.

The scalar trace on E is yk+1 X’g‘radE — PK+L(E) such that

/7§+1CIE 2 = —/ Grd, 26 +qvoze () — quize(xy)  Vzp € PY2(E) - (6.8)
E = E =
where PO¥*2(E) is the subspace of P**2(E) made of zero-average polynomials.

Face operators. Let F € 7. The face gradient is GIIE : Xlg‘ — PK(F) such that, for

k
ﬂp < Xgrad,F )

rad,F

/G];"‘IF'WF:_/‘]FdiVFWF"‘ Z CUFE/?’?-lq (wp-nrpg)  Ywp € PH(F).
Fo= F E

EcEr
(6.9)



The scalar trace on F is 7k+1 X’g‘radF — Pk (F) such that

/)’fflq divpve = - /G “VE+ CUFE/?’ZH‘I (VE-nrpE)
7 E

= Ee
Vv € REFF2(F). (6.10)

Element operators. Let T € 7;,. The element gradient is G Xg
that, for q, € Xk

ad? PX(T) such

—grad,T’

‘/G;qT'wT:_‘/‘Qleva‘*‘ Z a)TF/’)/F q (WT nF) VWTEPk(T) (6 11)
T 1

FeFr

: s pktl k k+1
The potential reconstruction is Pg:a ar Xgra ar — P*(T) such that

/Pé:alqu divvy = - /GTq vr+ Z cUTF/?’F (VT nr)

FeFr
Vvr € RE2(T), (6.12)
. . k. k
Discrete gradient. G, gra dh = Xew, , such that, for all q, € Xgra ah
koo k-1 (k & (ek
Qhﬁh = ((nR,T(GTgT)’ﬂ;e,T(GTzT))Te‘];,’ (6.13)
k-1 (k & (k
(”R,F(GFQF)’”%,F(GFQF))Feﬁ,’
(GJkEQE)EESh)'

6.3.2 In X]c(url ,¢ discrete curls and vector potentials

Face operators. Let F € 7. The face curl is CF XﬁuﬂF — PK(F) such that, for
- € Xt

—curl,F’

/C,]?KF rF:/vﬂ,p-roter— Z wFE/vErF VFFE?k(F). (6.14)
F F E

Ec&Er

The tangential trace is 'th Xk — PK(F) such that, for v, € Xt

—curl,F —curl,F’

k k
/’}/t’FKF'(I‘OtFI’F+WF)Z-/CFZF I”F+ (,L)FE/VEI‘F+/V.RF WFr
F F Ec&r

V(re,wr) € PULHF) x REK(F). (6.15)



Element operators. Let T € 7;,. The element curl is C; : X’c‘ur” — PK(T) such that,

k
for Yr € Xcurl,T’

k k
/CTKT'WT:/VR,T'C‘H'IWT‘*' Z wTF/7t,FKF'(wanF)
T T F

FeFr
Vwr € PX(T). (6.16)

The vector potential reconstruction is P’émlT : X’éur” — PK(T) such that

k _ k k c
./TPcurl,TKT'(curle-'_zT) —/TCTKT'WT_ Z wTF/FVt,FKF'(WTX"F)+/TVR,T'ZT

FefFr
V(wr, zr) € GSFU(T) x REK(T).  (6.17)
Discrete curl. g’;l . Xk - X

k
—curl,h =div,h

Qiﬁh = ((NICQ_,%(C;("KT)’ﬂ(élfT(C;("KT))Teﬁ’ (Cllf“KF)FeTh)- (6.18)

such that, for v, € Xk L
- —curl,i

6.3.3 In Xﬁivh: divergence and vector potential

Element operators. Let T € 7. The element divergence is DX : X¥. . — P*(T) such

T = =—div,T
k
that, for w, € X v

/D;&T qr = _/wQ,T . grad qr + Z a)TF/ wWrqgr VqT (S Pk(T). (6.19)
T T FeFr F

The vector potential reconstruction is P’éiv’T : X(’iiv’T — PX(T) such that

k _ k ¢
/TPmeET.(gradrT+zT)——/TDT1T rr+ Z wTF/FwF rT+/ng,T.zT

FeFr
V(rr, zr) € PY(T) x gSK(T). (6.20)

Discrete divergence. D’]; : thv,h — Pk(T) such that, for w, € Xﬁiv’h,

(D}w ) =Diw, VT €T, (6.21)



6.4 Discrete De Rham sequence

The global discrete De Rham sequence is:

-gradg } —h \ D ﬁ \ k 0 \

R grad h curl h d1v h P (ﬁ) {0} (622)
It has the complex properties |4, Theorem 1], and also satisfies the exactness proper-
ties provided Q has the correct topology, see [4, Theorem 2] and [2, Theorem 3] (actually,
on any domain, the cohomology of this complex is isomorphic to the cohomology of the

continuous de Rham complex [5]).

We have the commutation properties [4, Lemma 4]:

Gi(Igaqrd) = Ligr(gradg) Vg e CU(T), (6.23)
Cr(I7v) = Iy, 7 curly) vy € H(T), (6.24)
Dy (I, 7w) = 7p 7 (divw) vw € HY(T). (6.25)

In particular, the following diagram between the C* and discrete de Rham sequences is
commutative:

@) —9 2@ — s @) — I 3 @)

llg(rad,h !,c(url,h L]fhv h RJ;D,h (626)
k k D;cl k
—gradh 1 Xcurlh : Xle h > P (Th)
7 Design of schemes, analytical properties
7.1 L2-inner products
For e € {grad, curl, div}, the (local) L2-inner product on Xf’T is
o ¢ ¢
()—CT’XT)"T = /TP.,T)_CT : P‘»TXT + So,T(J_CT’XT)
where £ = k + 1 for e = grad, ¢ = k for e € {curl, div}, and
SgradT(’"T’q ) = Z hF/ P{g(:aldT ;{‘"lrF)(Plgc:alqu _7’?1@ )
FeFr
2 k+1 k+1 k+1 k+1
o 330 [ (Phihary ) (P, - 7Ea,). ()
EEST
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Scurl,T(wT, T) =

Z hF/ curlT Wt F = Yy, FWF) ((P]c(url,TKT)t’F_yf,FKF)

FeFr
+ Z hi; / Pcurl Wy e~ WE)(PIéurI,TKT g = VvE) (7.2)
EEST
and
Sdiv.r (Wp, Vp) = Z hF/F (Pcliiv,TmT "nE - WF)(Pfliv,TKT ‘nFp = VF). (7.3)

FeFr

Global L2-products are
@y o = ) oy Jar.

TeT,

7.2 Scheme for the magnetostatics model

Find (H,,A,) € X*  x X%,

Xiv such that

LA

an(H,;,¢,) —bu({,,A)) = - Z /g rerd, V4, € Xewp

b

< (7.4)

ba(H,,v,) +cn(Ay,v,) = /J Pl 1¥7 v, € Xhi e
T,
where 7:hb are the boundary faces and
ah(yh’ £h) = Z IUT(Qh, éh)cu.rl,T’ (75)
T

bir(&,52,) = (€8, ¥ ))divh %mﬂp:L%mDh# (7.6)

Using the exactness of the DDR complex and the Poincaré inequalities below, the uniform
inf-sup property follows as the continuous case [2, Theorem 10]. The consistencies (see
below) then yield the following error estimate [4, Theorem 12]:

”H —curthH/J curl,1,n ”A le hA”lelh

s h (l curl Hlgen ;) + [Hlgon2 () + [Algee ) + |A|Hk+2<7z>) - (1D)

where, here and in the following, a < b means a < Cb with C depending only on the
mesh regularity parameter and k.

11



7.3 Poincaré inequalities

References: [4, Theorem 3] and [2, Proposition 16, Theorem 18 and Theorem 20].

k+1
Ig, st 5 1Gg, o Ve, € Xy st Y [ Phihira,
TeT

k k k
lw,llaiv.e < IDw 120 YW, € Xy st w,LkerD;.

If Q has a trivial topology:
”Vh”curlh ”Chvh”dlvh VKh € Xlém.l,h s.t.y,L kerg];,-

7.4 Primal consistencies

Reference: [4, Section 6.1].
Define

1/2
|V|H(k+1,2)(7;l) = (Z |V|:I(k+1,2)(T))

TeTn

with |V|H(k+1,2>(T) = { |V|Hk+1(T) if k > 1.

Consistency of the potential reconstructions:
1PE (1 ard) = dlliery S W52 Mgl Vg € HEA(D),
”PcurlT(!curl ) —vlg S h§+1|"|H<’<+1»2>(7) Wy € B2 (T),

1Py 7 (L 7w) = Wiz < W Wlgea gy Yw € BEY(T).

Consistency of the discrete vector calculus operators:
”Gk (Ikrad TQ) grad‘I”LQ(T) < h?-ll‘IlHk’f?(T) Vg € Hk+2(T)»
ICT (L 7v) — curlv 2 ) < hH | curlv|gee 4
vy € H*(T) s.t. curly € HYY(T),

IDF (LS 7w)— div wllpzry < RE| div wlgge g

vw € HY(T) s.t. divw € H*(T).

12
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Consistency of the inner products:

‘ /T qP g:;dr ([grad,rq,fr)grad,T < h5q ltree2 () 177 grad,r
Vg € H*(T), Vrp € Xy aps (7.17)
‘Lvlﬂﬂﬂ' ~ g r¥» & )eurtr| S B g 1€ lewnt
vy e HELA(T), g e XE o (7.18)
/w~%m@1—Q&wm§>MJSh¢%wme@nﬁg
T T T T
Yw e HU(T), V€ € X, - (7.19)

7.5 Adjoint consistencies

Reference: [4, Section 6.2].

For the gradient: For all v € C%(Q) N Hy(div; Q) such that v € Hx(k+1.2) () and all

k
C] Xgrad h’

k k : k+1
Z [(!curl,TV|T’ QTQT)CUI'LT + /le v Pgrad Tq
TeT T

|V|H(k+1 2)(7—) ||th ”Curl h- (720)

For the curl: For all w € C%(Q) nHy(curl; Q) such that w € H*2(7;) and all v, € Xt

—curl,h’

k k
Z l(ldiv,TwW"gTKT)diV,T - /Y:CIII‘IW Pcurl TVT]

TeT

(7.21)

k+1 k
< B (Wl i + Wiz ) (12 lleurtn + 1€, v n)

For the divergence: For all g € CO(Q) ﬂHé (Q) such that g € H**?(75) and all v, € Xt

=div,h’
|/7T¢,hq th +Z/gradq PdvTvT

TeT,

< W gl ) 19 lldiv i (7.22)

7.6 Stokes in curl—curl formulation

Reference: [1].
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Strong formulation:

Find the velocity u : @ — R?® and the pressure p : Q@ — R such that
curl(curlu) + gradp = f in Q,

divue =0 in Q,

Y curlu xn=0 on 0Q, (7.23)
u-n=0 onoQ,

/p:O.
Q

Weak formulation:

Find u € H(curl; Q) and p € H'(Q) n L%(Q) such that

/curlu~curlv+/gradp-v:/f-v Vv € H(curl; Q) 794
Q Q Q (7.24)

/gradq ‘u=0 VgeH(QNLiQ).

Q
DDR scheme: Let

k . k . k —
Xgrad,h,o T {Qh € Xgrad,h ' (gh’lgrad,hl)grad,h - 0} :

Assuming f € C°(Q), the DDR scheme reads:

Find u, € l’c‘urlh and p, € Xéradh() such that

(gl}ilha g/;lzh)div,h + (Qggha Kh)curl,h = (!Iccurl,hf, Kh)curl,h vzh € ch{url,h’ (725)
_(thh’ !h)curl,h =0 Vgh € X]g{rad,h,()'
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