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Model

Our model is made of 3 parts :

¢ a deterministic Hodgkin-Huxley system (V;, ny, my, h;)
which receives

e a stochastic dendritic input £(1),
e and a deterministic periodic signal S encoded in the drift of

¢.



Our model

We consider X; = (V4, ni, my, hy, &) solution of the 5-dim. SDE
where V4, ny, my, h; satisfy

dVy = F(Vi, ny, my, hy)dt + dé;
am: = am(Vi)(1 —mi) — Bm(Ve)m;
dhy = an(Vi)(1 = ht) — Ba(Vi)ht
dny = an(VH)(1 — ny) — Ba(Vi)n:

with

F(V,n,m, h) = —gna Mh(V—Vaa)—gk n* (V—Vi)—gL (V-V,),



Stochastic Dendritic Input &

and the dendritic input (&;) is either an Ornstein-Uhlenbeck type
process :

dér = (S(t) — &)rat + v VTdW, (1)
or a CIR (Cox Ingersoll Ross) type process :

d& = (a+ S(t) — &)rdt + v V/7/& AW, (2)

S is a given deterministic smooth T-periodic signal S(t) with
S(t) > 0in (2).

T (resp. 7) is a speed (resp. spread) parameter. In this talk we
take T =~y = 1.



About &

Biological relevance of OU or CIR : Hopfner’ s statistical
study (2007)

when 2a > 1 and &, > 0, process £ of (2) never attains 0
a.s.

SDE (2) can be modified to get & €] — K, +o0[ for some
K > 0.

If (&) is ergodic, the following identity holds :

E.(&) = /OOO S(t—r)e "dr

where 7 is the invariant law of the chain (&47) (cf. Hopfner
and Kutoyants).



Periodic Ergodicity

Periodicity in the semi-group : for all k € N,

Ps,t (X,¥) =P sikT, t+kT (X, ¥).

The Markov chain (X7 )ken is time homogeneous.
The process X; := (ir(t), X;) is time-homogeneous
where ir(t) = t mod T.

Periodic ergodicity corresponds to (Xkr)ken, Of
equivalently (X;), being positive Harris-recurrent.



Ergodicity of OU-HH and CIR-HH

Theorem ([HLT 2015]) : CIR-HH with 2a > 1 and OU-HH are
ergodic.

Key arguments of the proof : existence of an attainable point
where some weak Hérmander condition is satisfied + existence
of a Lyapounov function.

In this talk we focus on existence of an attainable point.



Attainable Point : definition

Below take U = R for OU-HH or U =]0, +oo[ for CIR-HH.

A point x* is attainable if for arbitrary x € R x [0, 1] x U we can
find a deterministic ¢ s.t. ¢ € L2 . such that the solution of the
ode

X(1) = b(t, x(1))dt + o (x(1)g(t)at,  x(0) = x,

satisfies
x* = lim x(t).
t——+oco

Here b is the Stratonovich drift of (X;) :

e for OU-HH, o = 1, b(t,x) = b(t, x),
o for CIR-HH, o(x) = vx, bi(t,x) = bi(t,x)if i = 2,3,4 and
b'(t,x) = bl(t,x) — 1 fori=1,5.



Attainable Point for CIR-HH (I)

Consider (v0, My (v0), hoo(v?), nso(v?)), the (stable) equilibrium
point of deterministic 4d-HH with zero input (v ~ 0.0462mV).

We show that
x* = (V0, Mo (V0), hoo (V0), Nao(V0), 1)
is attainable for CIR-HH.

Given x € R x [0, 1]¥x]0, +oo[ we have to build ¢ such that the
following system of odes



Attainable Point for CIR-HH (ll)

Ixs) = Dx(s) — F(x'(s), (). x%(5), X4(s)
EXs) = an(X ()1 - x($)) — fnlx'(8))2(s)
EXs) = () (1 xS) — Bulx' () x°(s)

C‘j’sx4(s> = an(x(8)) (1= x4(8)) — Ba(x"(5)) X*(8)

Ex%(s) = la— g+ 8(9) ()] + () el

with x(0) = x, satisfies x* = lim_, o x(f).



Role of x*

For arbitrarily small neighborhoods U* of the attainable point x*
in int(E) and for arbitrary starting points x € E, we have :

Q«(Xr € U*) > 0 forlarge enough ;.
This is due to a kind of support theorem that we prove.

Going on we use x* to build the invariant measure and together
with our Lyapounov assumption to ensure that this measure is
a probability measure.



ISI : Def. of spiking/non spiking

e During a spike we observe m >> h (actually m close to 1
and h small).

¢ At the end of a spike and during an interspike m < h.

Accordingly we consider
e two regions
D={(v,mh,ng), m>h}, B={(v,m hn¢E), m< h}
and we define
e two sequences (), (7¢)

% = 0
Ty = inf{t>"yg_1 ZXtG D}
vo = inf{t>m+0:Xt€B}.



Application 1 :
time spent spiking

Proportion of time spent spiking (or in D).

We prove that

. 1 <& 1t
nﬂTooT,,;("f -7 = JTM/O 10(Xs) ds

)
— 7 @sliPosl(D) as

as an application of the following limit theorems :



Limit Theorems

limit theorems are of LLN type :
o for the chain (Xk7) :

1 n

— X d

7320 () = [ uly) o0
o for the process (X;) :

1t 1 /7
¢ [otn@xds 3 [ds [ nas(ay)ofs.y)

where p denotes the invariant probability of the chain (Xkr).



Application 2 :
Empirical distribution for the length of ISI

Define

1 n
Fa(t) = > Apog(7j+1 —7) and F(t) = Qu (2 — 71 < 1),
j=1

where 7 is the invariant measure of X; = (ir(t), X;).

Then Qo x)-almost surely,

sup | Fa(t) — F(t)|—0 asn— o,
>0

for every choice of a starting point x € E.



Role of x* (Il)

e in these empirical means appear non independent r.v.

e existence of x* enables us to build regeneration times and
split the trajectory in independent pieces and to go back to
classical LLN.

¢ uniform convergence follows by the Glivenko-Cantelli
lemma for i.i.d. random variables.



Conclusion. Perspective

In this talk we addressed ergodicity properties of a stochastic
Hodgkin-Huxley model with a dendritic input which encodes a
periodic deterministic signal.

We have used (cf. [HLT 2015]) our ergodicity result to prove
limit theorems (LLN).

In future work we want to address the question of estimation of
the unknown signal S or of its period T.
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