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The leaky integrate-and-fire model

X X

C U̇ +
1

R

[
U − Urest

]
= I

dynamical variables:
U(t) membrane potential
I(t) input current

fixed parameters:
C membrane capacitance
R membrane resistance
Urest resting potential
Uthresh threshold potential

Simplifications implied by the leaky integrate-and-fire model:

point neuron all parts of the neuron are iso-potential
linearity of integration linear differential equation / linear system

time-invariance parameters do not change in time



Current injection into neurons



Chemical synapses

Source:
Mark Bear, Barry Connors, Michael Paradiso
Neuroscience: Exploring the Brain, Third Edition, 2006



Intracellular recording in vivo

0 500 1000 1500 2000 2500
−70

−60

−50

−40

−30

−20

−10

0

10

20

time (ms)

m
em

br
an

e 
po

te
nt

ia
l (

m
V

)

0 50 100 150 200 250 300
−70

−68

−66

−64

−62

−60

−58

−56

−54

−52

−50

time (ms)

m
em

br
an

e 
po

te
nt

ia
l (

m
V

)

courtesy of V. Bringuier and Y. Fregnac



The leaky integrate-and-fire neuron model

I(t) =
∑

k

Jk δ(t− tk) (here: Jk = ±A)
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x Total volume 2×87 mm3

Total number of neurons 16 000 000
Number of sensory input fibres < 1 000 000

Length of axonal tree 10–40 mm
Length of dendritic tree 4 mm

Range of axons 1/0.2 mm
Range of dendrites 0.2 mm

Density of neurons 90 000 /mm3

Density of axons 4 km/mm3

Density of dendrites 0.4 km/mm3

Density of synapses 700 000 000 /mm3

Synapses per neuron 8 000
Probability of synaptic contact 0.1

Relative density of axons 10−5/10−3

Relative density of dendrites 10−3

Valentino Braitenberg & Almut Schüz
Cortex: Statistics and Geometry of Neuronal Connectivity

Second Edition, Berlin: Springer, 1998



Biological neuronal networks (BNN)

inhibitory neuron

excitatory neuron

background neuron



High-Performance Neuro-Computing (HPNC)

compute cluster Hathor
# processors/cores 24 × 2 × 2 = 96

RAM 24 × 8 GByte = 192 GByte
connectivity high-speed Infiniband

http://www.nest-initiative.org
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Two different network topologies

Biological neurons Hybrid neurons

Mean input to individual neurons is identical in both cases!



Population fluctuations depend on correlations
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Population fluctuations depend on correlations
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Shared input structure differs
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Recording from localized neuronal populations

stituents: neurons and neuronal pools. Studying these self-organized
processes requires simultaneously monitoring the activity of large
numbers of individual neurons in multiple brain areas. Recording from
every neuron in the brain is an unreasonable goal. On the other hand,
recording from statistically representative samples of identified neu-
rons from several local areas while minimally interfering with brain
activity is feasible with currently available and emerging technologies
and indeed is a high-priority goal in systems neuroscience. Many other
methods, such as pharmacological manipulations, macroscopic and
microscopic imaging and molecular biological tools, can aid this task,
but in the end all these indirect observations should be translated back
into a common currency—the format of neuronal spike trains—to
understand the brain’s control of behavior.

Massive parallel recording from multiple single neurons
Action potentials produce large transmembrane potentials in the vicin-
ity of their somata. These output signals can be measured as a voltage
difference by placing a conductor, such as the bare tip of an insulated
wire, in close proximity to a neuron9. If there are many active (spiking)
neurons in the vicinity of the tip, the electrode records from all of them
(Fig. 1). Because neurons of the same class generate identical action
potentials (all first violins sound the same), the only way to identify a
given neuron from extracellularly recorded spikes is to move the elec-
trode tip closer to its body (<20 µm in cortex) than to any other neu-
ron. To record from another neuron with certainty, yet another
electrode is needed. The important advances made by the one elec-

trode/one (few) neuron method10–14 are high-
lighted by Chapin (p. 452–455 in this issue)15.
Because electrical recording from neurons is
invasive, monitoring from larger numbers of
neurons inevitably increases tissue damage.
Furthermore, understanding how the cooper-
ative activity of different classes of neurons
gives rise to collective ensemble behavior
requires their separation and identification.
Because most anatomical wiring is local, the
majority of neuronal interactions, and thus
computation, occur in a small volume16. In
the neocortex, the ‘small volume’ corresponds
to hypothetical cortical modules (for example,
mini- and macro-columns, barrels, stripes,
blobs), with mostly vertically organized layers
of principal cells and numerous interneuron
types. Thus, improved methods are needed for
the simultaneous recording of closely spaced
neuronal populations with minimal damage
to the hard wiring.

The recent advent of localized, multi-site
extracellular recording techniques has dra-
matically increased the yield of isolated neu-
rons7,17,18. With only one recording site,
neurons that are the same distance from the
tip provide signals of the same magnitude,
making the isolation of single cells difficult.
The use of two or more recording sites allows
for the triangulation of distances because the
amplitude of the recorded spike is a function
of the distance between the neuron and the
electrode (Fig. 1)17–19. Ideally, the tips are sep-
arated in three-dimensional space so that
unequivocal triangulation is possible in a vol-

ume. This can be accomplished with four spaced wires (!50 µm
spread; dubbed ‘tetrodes’)18–20. Wire tetrodes have numerous advan-
tages over sharp-tip single electrodes, including larger yield of units,
low-impedance recording tips and mechanical stability. Because the
recording tip need not be placed in the immediate vicinity of the neu-
ron, long-term recordings in behaving animals are possible.

Cortical pyramidal cells generate extracellular currents that flow
mostly parallel with their somatodendritic axis. Nevertheless, elec-
trodes can ‘hear’ hippocampal CA1 pyramidal cells as far away as 
140 µm lateral to the cell body, although the extracellular spike ampli-
tude decreases rapidly as a function of distance from the neuron19. A
cylinder with a radius 140 µm contains !1,000 neurons in the rat cor-
tex19,21, which is the number of theoretically recordable cells by a sin-
gle electrode (Fig. 1). Yet, in practice, only a small fraction of the
neurons can be reliably separated with currently available probes and
spike sorting algorithms5,7,22. The remaining neurons may be dam-
aged by the blunt end of the closely spaced wires, or may be silent or
too small in amplitude. Thus, there is a large gap between the num-
bers of routinely recorded and theoretically recordable neurons.

An ideal recording electrode has a very small volume, so that tissue
injury is minimized. However, a very large number of recording sites
is ideal for monitoring many neurons. Obviously, these competing
requirements are difficult to satisfy. Micro-Electro-Mechanical
System (MEMS)-based recording devices can reduce the technical
limitations inherent in wire electrodes because with the same amount
of tissue displacement, the number of monitoring sites can be sub-

P E R S P E C T I V E

NATURE NEUROSCIENCE VOLUME 7 | NUMBER 5 | MAY 2004 447

Figure 1 Unit isolation quality varies as a function of distance from the electrode. Multisite electrodes
(a wire tetrode, for example) can estimate the position of the recorded neurons by triangulation.
Distance of the visible electrode tips from a single pyramidal cell (triangles) is indicated by arrows.
The spike amplitude of neurons (>60 µV) within the gray cylinder (50 µm radius), containing !100
neurons, is large enough for separation by currently available clustering methods. Although the
extracellularly recorded spike amplitude decreases rapidly with distance, neurons within a radius of
140 µm, containing !1,000 neurons in the rat cortex19,21, can be detected. Improved recording and
clustering methods are therefore expected to record from larger number of neurons in the future.
(Data are derived from simultaneous extracellular and intracellular recordings from the same
pyramidal cells from ref. 19.)
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Tuning of the LFP during arm movements
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Decoding of arm movements
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Neuronal microcircuits
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Figure 4 | Convergent synaptic input onto inhibitory interneurons.
a, Three-dimensional rendering of axonal contacts onto a postsynaptic neuron.
Large balls at the top represent cell bodies of neurons within the functionally
imaged plane. Axons of a horizontally tuned neuron (cell 4; green) and a
vertically tuned neuron (cell 10; red) descend andmake synapses (small yellow
balls) onto dendrites of an inhibitory interneuron (cyan). The axonal and
dendritic segments leading to the convergence were independently traced by a

second person, blind to the original segmentation (thick tracing). Cell bodies
and axons coloured by orientation preference, as in Fig. 1b. Scale bar, 50mm.
b, c, Electron micrographs showing the synapses onto the inhibitory neuron
from cell 4 (b) and cell 10 (c) with corresponding colours overlaid. Scale bar,
1mm. d, e, Orientation tuning curves derived from in vivo calcium imaging of
the cell bodies of cell 4 (d) and cell 10 (e). Coloured bars and arrows, stimulus
orientation and direction. DF/F, change in fluorescence. Error bars, 6s.e.m.
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Figure 5 | From anatomy to connectivity graphs. a, Three-dimensional
rendering of the dendrites, axons and cell bodies of 14 neurons in the
functionally imaged plane (coloured according to their orientation preference,
key right, as in Fig. 1b), and the dendrites and cell bodies of all their
postsynaptic targets traced in the EM volume (magenta, excitatory targets;
cyan, inhibitory targets; spines on postsynaptic targets not shown;
SupplementaryMovie 5). Scale bar, 100mm.b, Directednetwork diagramof the
functionally characterized cells and their targets, derived from a. Postsynaptic
excitatory (magenta) and inhibitory (cyan) targets with cell bodies contained
within the EM volume are drawn as circles. Other postsynaptic targets

(dendritic fragments) are drawn as squares. (From top to bottom and left to
right: functionally characterized cells 5, 2, 7; 13, 6, 14; 1; 10; 11, 3; 9; 12, 4; and 8.)
c, Three-dimensional rendering of the arbors and cell bodies of functionally
characterized neurons, along with postsynaptic targets that either receive
convergent input from multiple functionally characterized neurons, or were
themselves functionally characterized (SupplementaryMovie 5). d, A subset of
the network graph showing only the connections in c, all independently verified
(from top to bottom and left to right: functionally characterized cells 5, 2, 7; 13,
6; 10; 11, 3; 12, 9, 8 and 4).
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Mouse visual cortex
Calcium imaging in vivo + electron microscopy in vitro
Bock et al., Nature, 2011

synaptic organization. It is, therefore, important to know
whether there exists any preferred synaptic connectivity between
neurons at early stages of brain development.
In this paper, we present a study in which we searched for

synaptically clustered neurons in the neocortex of neonatal ani-
mals (postnatal day 14) in the same neocortical region (so-
matosensory) and on the same layer 5 pyramidal (thick-tufted
subcortically projecting) neurons on which a vast number of
structural, functional, and plasticity studies have already gener-
ated extensive evidence for experience-dependent plasticity. We
studied the topology and weights of the synaptic networks of
groups of up to 12 simultaneously recorded neurons using
a newly designed multineuron patch-clamp set-up.

Results
Distance-Dependent Connectivity Profiles. We recorded simulta-
neously from up to 12 thick-tufted layer 5 pyramidal neurons in
somatosensory cortical slices (300 μm thick) from Wistar rats
(postnatal days 14–16) (Fig. 1 A and B)—a model system ex-
tensively used in previous studies of cortical neurons and plas-
ticity (39, 40, 45–47, 53–58). Connectivity was determined by
applying trains (5–15 spikes at 20–70 Hz) of pulses of current (∼2
nA for 2.5–4 ms) to each recorded neuron and measuring the
response of the other neurons, in the form of excitatory post-
synaptic potentials (EPSPs), in current–clamp mode (Fig. 1 C
and D). In 270 experiments, we took measurements from 1,345
neurons and 3,446 pairs of neurons. To ensure statistical ro-

bustness, each measurement was repeated at least 20 times. This
procedure readily revealed synaptic connections and provided
reliable measurements of their strength (Materials and Methods).
The arbors of neurons that are farther apart in space naturally

intersect more rarely than those of close neighbors. It follows that
connectivity among neurons decreases with intersomatic distance
(42). This implies that even randomly connected neurons show
distance-dependent local clustering. To account for this phe-
nomenon, we quantified distance-dependent connectivity using
infrared differential interference contrast microscopy, capturing
the precise x, y, and z coordinates of all recorded neurons and
computing connection probability as a function of intersomatic
distance for unidirectional, bidirectional, and combined connec-
tivity configurations (Fig. 1 E–G). As expected, P decreased with
distance in all configurations (P < 0.02; Kruskal–Wallis test), with
a less abrupt decrease for unidirectional than bidirectional con-
nections. These data also confirm previous reports that bidirec-
tional connections are more than two times as frequent than
predicted by chance (P < 0.001; t test) (39, 40).

Distributed Cell Assemblies. To detect possible patterns of non-
random connectivity, we measured the number of connections
between neurons in all possible groupings containing between
three and eight neurons (n = 4,199, 8,202, 11,544, 12,012, 9,306,
and 5,319, respectively). To compute expected connection prob-
abilities, we constructed 1,000 simulated sets of networks in which
the positions of neurons reflected the measured positions of the
neurons obtained from our recordings and connection probabili-
ties matched unidirectional or bidirectional connection proba-
bility profiles found earlier (Fig. S1). Finally, we compared the
expected and observed distributions. In groups of three and four
neurons, we found no significant differences (P = 0.7 and 0.6,
respectively; two-sample Kolmogorov—Smirnov test). However,
a more detailed analysis of specific connectivity patterns con-
firmed results from Song et al. (40) showing that certain three- and
four-neuron motifs (Fig. S2) were significantly overrepresented
(P < 0.01; z test and Bonferroni correction for multiple compar-
isons). Significant differences in the overall distribution of the
number of expected connections first appeared in groups con-
taining six neurons (P < 0.001; two-sample Kolmogorov–Smirnov
test) (Fig. 2). This result could be expected if the smaller motifs
previously described are not elementary units in their own right
but parts of larger assemblies.
We then proceeded to analyze the principles governing clus-

tering within these cell assemblies. There was no significant cor-
relation between the intersomatic orientation of the neurons and
their connection probability (P = 0.23; Kruskal–Wallis test) (Fig.
3 A and B). This is evidence against a lattice-like arrangement of
synaptically connected neurons. Testing for neurons with an ex-
cessive number of incoming or outgoing connections showed no
evidence of hubs (P = 0.6; two-sample Kolmogorov–Smirnov
test) (Fig. S3), which characterize scale-free networks (59).
Multineuron patch-clamp recordings normally focus on neu-

rons that are within about 50 μm of each other. We therefore
searched for synaptic clustering over greater distances (up to
200 μm). Contrary to expectations, we found that the average
number of connections in groups of six neurons initially in-
creased rather than decreasing monotonically with mean inter-
somatic distance (Fig. 3C) (P < 0.01; two-sample Kolmogorov–
Smirnov test). The highest numbers of connections were thus not
in the most compact groups but in groups of neurons separated
by a mean distance of 100–125 μm. This phenomenon was clearly
apparent, despite the fact that longer-range connections are
more likely lost during the in vitro slicing procedure than the
shorter-range connections. This suggests that the peak in the
number of connections in this range may be even higher in vivo.
Synaptic clusters of neurons are, thus, not confined within in-
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Fig. 1. Pair-wise connectivity. (A) Morphological staining of a cluster of 12
cells recorded simultaneously. (B) Region of the somatosensory cortex where
recordings were carried out. (C) Connectivity diagram of neurons in D. (D)
Example of recorded traces in an experimental session. A different neuron is
stimulated and the responses of the remaining neurons were recorded
(displayed in columns). [Scale bars: horizontal, 100 ms; vertical, 1 mV (15 mV
for action potentials)]. (E–G) Connection probability profiles as a function of
distance. Error bars represent SEM.
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Rat somatosensory cortex
12-fold patch recording in vitro

Perin et al., PNAS, 2011



How does connectivity induce correlations. . .

Pernice, Staude, Cardanobile, Rotter, PLoS Computational Biology 7(5): e1002059, 2011
Pernice, Staude, Cardanobile, Rotter, Phys Rev E 85: 031916, 2012

Pernice, Rotter, Journal of Statistical Mechanics P03008, 2013

Rangan, PRL 102(15): 158101, 2009; PRE 80(3): 036101, 2009
Trousdale, Hu, Shea-Brown, Josić, PLoS Computational Biology 8(3): e1002408, 2012

. . . and to which degree can
connectivity be inferred from correlations?



Undirected and directed graphs
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A graph consists of vertices (nodes) and edges (links). Each
edge connects one pair of vertices. Connections can be either
undirected (left) or directed (right).



The adjacency matrix of an undirected graph

1

2

3

4

5

6

7

0 0 0 1 1 0 0

0 0 1 0 1 0 1

0 1 0 0 0 1 0

1 0 0 0 0 0 1

1 1 0 0 0 1 1

0 0 1 0 1 0 1

0 1 0 1 1 1 0

The adjacency matrix A = (aij) fully describes the graph, pro-
vided that each vertex has been assigned a unique label. We
have aij = 1 if vertex i and vertex j are connected, and aij = 0
otherwise. Because edges are undirected, the matrix is sym-
metric, i.e. aij = aji for all i and j, and A = AT .



The adjacency matrix of a directed graph

1

2

3

4

5

6

7

0 0 0 1 0 0 0

0 0 1 0 0 0 1

0 0 0 0 0 1 0

0 0 0 0 0 0 1

1 1 0 0 0 0 1

0 0 0 0 1 0 1

0 1 0 1 0 0 0

Again, the adjacency matrix A = (aij) fully describes a graph
with labeled vertices. We set aij = 1 if there is a link from j to i,
and aij = 0 otherwise. Because here edges are directed, the
matrix is asymmetric, i.e. aij 6= aji and A 6= AT . The transposed
matrix AT corresponds to a graph with all arrows reversed.



The in-degree and out-degree of a directed graph
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0 0 0 1 0 0 0

0 0 1 0 0 0 1

0 0 0 0 0 1 0

0 0 0 0 0 0 1

1 1 0 0 0 0 1

0 0 0 0 1 0 1

0 1 0 1 0 0 0

The in-degree of a vertex is the number of its incoming edges,
the number of its outgoing edges is called out-degree. In the
adjacency matrix, the in-degree is the sum of all entries in the
corresponding row. The out-degree is the sum of all entries in
the corresponding column.



Graphs with weighted or multiple edges

inhibitory neuron

excitatory neuron

background neuron



Paths in a graph
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Starting from a given node, one can follow the links (if there are
any) through the graph, respecting their orientation. If the out-
degree of a vertex is larger than one, the path bifurcates. The
graph that indicates which nodes can be reached after two hops
can have multiple edges between any two vertices (not shown).



Powers of the adjacency matrix

0 0 0 0 0 0 1

0 1 0 1 0 1 0

0 0 0 0 1 0 1

0 1 0 1 0 0 0

0 1 1 2 0 0 1

1 2 0 1 0 0 1

0 0 1 0 0 0 2

1

2

3

4

5

6

7

The graph that indicates which vertex can be reached after two
hops corresponds to the square of the adjacency matrix A2. Be-
cause this derived graph can have multiple edges between any
two vertices, A2 can have entries greater than one. Accordingly,
the matrix power Ak corresponds to paths of length k.



The Hawkes process

A network of N nodes (neurons) is described in terms of

spike train si(t) =
∑

k

δ(t− tik)

firing rate yi(t) =
〈
si(t)

〉

external input y0 ≥ 0

interaction kernel G(t) =
(
gij(t)

)

Its dynamics is defined in terms of the linear integral equation

y(t) = y0 +

∫ ∞

−∞
G(τ)s(t− τ) dτ = y0 + (G ∗ s)(t).

Hawkes, 1971

Hawkes model

Spiketrains s(t) =
�

tj
δ(t − tj),

where �s(t)� = y(t)
Rate dynamics

yi (t) = y0+

� ∞

−∞
Gij(t−τ)sj(τ)dτ

A. Hawkes, Journal of the Royal Statistical Society, series B, 33 (1971)

Hawkes model

Spiketrains s(t) =
�

tj
δ(t − tj),

where �s(t)� = y(t)
Rate dynamics

yi (t) = y0+

� ∞

−∞
Gij(t−τ)sj(τ)dτ

A. Hawkes, Journal of the Royal Statistical Society, series B, 33 (1971)



Stationary firing rates
Assuming stationarity y(t) = y, one has

y = y0 +

∫ ∞

−∞
G(τ)y dτ = y0 +Gy

with
G =

∫ ∞

−∞
G(τ) dτ.

If the matrix 1−G is invertible we have

y = [1−G]−1y0.

If, in addition, |λ| < 1 for all eigenvalues λ of G, the usual
geometric series expansion suggests a decomposition into
contributions of recurrent pathways of all orders

y = [1−G]−1y0 =
[ ∞∑

n=0

Gn
]
y0 = y0 +Gy0 +G2y0 + . . .



Stationary correlations
Assuming joint stationarity, the pulse-coded interactions are
conveniently quantified by the covariance functions

cij(τ) = Cov
[
si(t+ τ), sj(t)

]
=
〈
si(t)sj(t+ τ)

〉
−
〈
si(t)

〉〈
sj(t)

〉
.

Using Fourier transforms

f̂(ω) =

∫ ∞

−∞
f(t)e−iωt dt and f̂(0) =

∫ ∞

−∞
f(t) dt

Using Wiener-Hopf theory, Hawkes (1971) obtained for linearly
interacting point processes

(
ĉij(ω)

)
= Ĉ(ω) =

[
1− Ĝ(ω)

]−1
Y
[
1− Ĝ(ω)∗

]−1

where Y = diag(y). For the integrated covariances, one gets

C = Ĉ(0) =
[
1−G

]−1
Y
[
1−GT

]−1
.



Expanding correlations
Assuming again |λ| < 1 for all eigenvalues λ of G, the expansion
of [1−G]−1 can be exploited to re-write the covariance (Y = 1)

C = [1−G]−1[1−GT ]−1 =
[ ∞∑

n=0

Gn
][ ∞∑

m=0

(
GT
)m]

= 1 + G + GT + G2 +
(
GT
)2

+ GGT + . . .

with matrix elements

g
(2,0)
ij ≡

(
G2
)
ij
=
∑

k

gikgkj , g
(1,1)
ij ≡

(
GGT

)
ij
=
∑

k

gikgjk, . . .

corresponding to shared input contributed by different types of
multi-synaptic pathways (motifs).

Pernice et al., 2011

Influence of direct and indirect connections

If absolute value of eigenvalues of G < 1, Y = 1

C = (1 − G )−1(1 − GT )−1 = (1 + G + G 2...)(1 + GT + (GT )2...)

= 1 + G + GT + GGT + G 2 + (GT )2 + ... =
∞�

m,n=0

Gm(GT )n

= G + GT + G 2 + GT2 + GGT + . . . +1

e.g.

[G 2]ij =
�

k

GikGkj [GGT ]ij =
�

k

GikGjk

(Pernice, Staude, Cardanobile, Rotter 2011, compare Rangan PRE 2009)



Shared input motifs contributing to correlations



Fluctuations of population activity

Fluctuations of stationary population activity

S(t) =
∑

i

si(t)

can be expanded into contributions from all auto- and
cross-covariances

Cov
[
S(t+ τ), S(t)

]
=
∑

ij

Cov
[
si(t+ τ), sj(t)

]
.

For a Hawkes process, we can exploit the power series
expansion for the matrix of integrated covariances

∑

ij

Cij =
∑

ij

∑

nm

g
(n,m)
ij =

∑

nm

∑

ij

g
(n,m)
ij =

∑

nm

N2g(n,m).



Negative feedback decorrelates activity
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Average correlations in (almost) regular networks do not depend
on fine-scale structure. For dominant recurrent inhibition, motifs
of uneven order m+ n contribute negatively.



Non-regular networks: cliques of excitatory hubs



Patchy and/or cell-type specific connectivity



Correlations in networks of LIF neurons

2

FIG. 1. (color online) (a) Spike trains in a random LIF net-
work (N = 1250, γ = 5, JE = 0.1, simulation time 5 · 104s).
Covariances and fluctuations of population activity (bottom)
are small. (b) Autocovariance of neurons with low and high
rate. (c) Histogram of the response to external excitatory and
inhibitory input spikes, averaged across neurons.

transient response. All interaction kernels are collected
in the matrix G(τ), with G(τ) = 0 for τ < 0. The dy-
namics of the system is then defined by the equation

y(t) = y0 +

� ∞

−∞
G(t − τ)s(τ) dτ = y0 + (G ∗ s) (t). (4)

In a stationary system, the time averaged rates are

y =

�
1 −

� ∞

−∞
G(τ) dτ

�−1

y0, (5)

where y = �s(t)� was used. The matrix of crosscovari-
ances C(τ) is determined by the self-consistency equation

C0(τ) = G(τ)Y + (G ∗ C0)(τ), (6)

where C0(τ) = C(τ)−Y δ(τ) denotes the continuous part
of the covariance matrix. The rate matrix Y is diag-
onal, with elements [Y ]kj = ykδkj , coinciding with the
integrated autocovariances of Poisson processes. In the
Fourier domain, the solution of (6) is

C(ω) = [1 − G(ω)]−1Y [1 − GT (ω)]−1, (7)

see [7] for details. The reset after each spike affects the
autocovariance functions of LIF neurons. Nonetheless,
their activity can be described in the Hawkes framework,
if the reset is modeled as self-inhibition.

In a network with synaptic coupling matrix Gsyn, self-
inhibition is described by diagonal elements −θk, so that
the full coupling matrix is G = Gsyn − Θ, with [Θ]kj =
δkjθk. In this case, Eq. (7) can be rewritten as

C(ω) = [1 − G̃(ω)]−1Ỹ (ω)[1 − G̃T (ω)]−1 (8)

with G̃(ω) = Gsyn(ω)(1 + Θ(ω))−1 and Ỹ (ω) = Y (1 +

Θ(ω))−2. One can interpret G̃ as effective interactions
between neurons with reset. The elements of Ỹ coincide
with the autocorrelations of univariate Hawkes processes
with self-inhibition, which are more regular than pure
Poisson processes. Covariances decrease, because inter-
actions are weakened by a factor (1 + Θ(ω))−1.

Mapping to networks. The quantities in (8) are
experimentally accessible. Analogously as in (3), an im-
pulse response ĝk(gext) can be measured from the corre-
lation to external input with coupling kernel gext. Ap-
plying (8) to a network with an extra input coupled to
neuron k yields

ĝk(gext) =
gext

(1 + θk)
[(1 − G̃)−1]kk. (9)

The factor [(1 − G̃)−1]kk relates to the fact that, as the
neuron is embedded in a network, its response is influ-
enced by the lateral input from its neighbors. For large
sparse networks, it is negligible, such that ĝk(gext) ≈
gext/(1 + θ) = g̃ext, i.e. the elements of the effective cou-
pling matrix. If the anatomic connectivity is known and
identical impulse responses are assumed for all neurons,
the coupling matrix is fully determined. Because the ef-
fective autocovariances Ỹ are not directly observable, the
autocovariance functions of the nodes, Ckk have to be
measured instead. According to (7), they are linked to
the Ỹ by Ckk(ω) =

�
j [(1 − G̃(ω))−1

kj ]2ỹjj(ω). Inverting
this equation removes the network feedback. Together
with the coupling matrix, this allows a linear prediction
of the remaining crosscovariances. In simulated networks
of LIF neurons, measured impulse responses are identi-
fied with effective couplings, [G̃]kj = ĝ(JE), ĝ(JI). The
linear model then predicts covariance functions between
individual neurons in frequency or, equivalently, in time
domain, see Fig. 2. Predictions are particularly accurate
for lower frequencies.

A reset after each spike is a feature of the biophysical
mechanism of spike generation, and an integral part of
many neuron models. By varying the parameter Vθ, the
effective resets θk are changed and its consequences for
the covariances in the network can be studied. Simula-
tion results are in line with expectations for the depen-
dence on self-inhibition from the linear theory, Fig. 3.
An increase of Vθ causes weaker impulse responses and

FIG. 2. (color online) (a) Scatter plot of covariances between
neuron pairs (red: Ckj(ω = 0), green: Im[Ckj ](ω = 0.31kHz),
black: Re[Ckj ](ω = 0.31kHz)). Inset: Standard deviation
between prediction and simulation, normalized by the stan-
dard deviation of the covariance distribution, increases with
frequency. (b) Typical examples for simulated (gray) and
predicted (black) pairwise covariance functions in the time
domain. Parameters as in Fig. 1.

ĉij(ω = 0)
Re[ĉij(ω = 310Hz)]
Im[ĉij(ω = 310Hz)]

cross-correlation

Pernice et al., Phys Rev E 2012



Higher-order cumulants
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Multivariate Hawkes process

Hawkes, Oakes, J Appl Prob, 1974
Saichev, Sornette, Phys Rev E, 2014
Jovanović, Hertz, Rotter, Phys Rev E, 2015



A combinatorial challenge
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6

(g) Sum over all jx

4. Add all integral terms IT for every rooted tree T ,
generated in the first step, to obtain the nth order
cumulant density.

The principal di�culty of the above procedure lies its
first step, i.e. in the enumeration of all topologically
distinct rooted trees with n labeled leaves. While there
are known algorithms that can tackle this problem (see
e.g. the classic text by Felsenstein [27]), the number of
terms grows very quickly with increasing n (see Figure 3
- source [27]) and thus computing ki(t) quickly becomes
impractical.

n Terms in nth order density

2 1

3 4

4 26

5 236

6 2, 752

7 39, 208

8 660, 302

9 12, 818, 912

10 282, 137, 824

11 6, 939, 897, 856

12 188, 666, 182, 784

13 5, 617, 349, 020, 544

14 181, 790, 703, 209, 728

15 6, 353, 726, 042, 486, 272

16 238, 513, 970, 965, 257, 728

17 9, 571, 020, 586, 419, 012, 608

18 408, 837, 905, 660, 444, 010, 496

19 18, 522, 305, 410, 364, 986, 906, 624

20 887, 094, 711, 304, 119, 347, 388, 416

FIG. 3. Number of terms in ki(t) for a given n

IV. INTEGRATED CUMULANTS AS
TOPOLOGICAL SUMS

Let ki(t) be, for a given time vector t = (t1, · · · , tn)
and multi-index i = (i1, · · · , in), the nth order cumulant
density of a d-dimensional Hawkes process. We define
the integrated cumulant of order n, denoted simply
by ki, by setting

ki :=

Z

Rn
+

ki(t)dt.

Note that ki can be seen as the n-dimensional Laplace
transform, ”at zero”, of ki(t). Indeed, if we denote by

L!(ki(t)) =

Z

Rn
+

e�!·tki(t)dt,

where ! = (!1, · · · , !n) 2 Cn and ! · t =
P

i !iti, we
have, clearly,

ki = L0(ki(t)).

Thus, if we define

Rt :=

0
B@

R11
t · · · R1d

t
...

. . .
...

Rd1
t · · · Rdd

t

1
CA ,  t = Rt � I�t,

we can, by Laplace transforming the covariance density
kij(t1, t2), prove (see Appendix B) that,

kij =
dX

m=1

�m[R]im[R]jm,

where we set

R = (I � G)�1 = L0(Rt).

Expanding R in powers of G, we get

kij =
dX

m=1

+1X

k=0

+1X

l=0

�m[Gk]im[Gl]jm.

Interpreting now the matrix power Gl in the sense of
graph theory, i.e. as a matrix whose component (i, j)
corresponds to the sum of lengths of all paths from node
j to node i in exactly l steps, we see that the integrated
covariance density kij can be equivalently represented as

kij =
X

T2T m
ij

w(T ),

where the sum goes over the set T m
ij of all rooted

trees T with root m, containing nodes i, j. Here, w(T )
denotes the weight of tree T , defined as the product of
weights of all edges, contained in T , times the weight of
the root m, defined as being equal to �m.

The graph H with adjacency matrix G can be thought
of as follows. Each node i 2 {1, · · · , n} in H corresponds
to a type of event in the underlying Hawkes process, and
the existence of an edge eij from j to i indicates the
possibility of generating type i events from those of type
i. Starting in node j, traversing the corresponding edge
to reach node i is equivalent to generating gij type i

Jovanović, Hertz, Rotter, Phys Rev E, 2015



Dynamic neuronal networks of the brain

Correlations and population signals

Disentangling multi-synaptic pathways

Inferring connectivity from correlations



Inferring directions from a symmetric matrix?

Pernice & Rotter, JSTAT, 2013



Fundamental degeneracy of the problem

Given the covariance matrix Ĉ(ω), can one solve the equation

Ĉ(ω) =
[
1− Ĝ(ω)

]−1
Y
[
1− Ĝ(ω)∗

]−1

for the connectivity matrix Ĝ(ω)? The Idea followed here is to
determine “some” square root of the inverse covariance matrix

Ĉ−1(ω) = B̂(ω)∗ B̂(ω)

and extract Ĝ(ω) from the relation (assuming Y is known)

B̂(ω) = Y −1/2
[
1− Ĝ(ω)

]
.

However, for any unitary matrix U satisfying U∗U = UU∗ = 1

the matrix Â = UB̂ provides an equivalent solution

Â∗ Â = B̂∗ U∗ U B̂ = B̂∗ B̂.



Searching for sparse networks
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Method: stochastic minimization of the L1-norm of the coupling
matrix, using the Cholesky decomposition to initiate the search



Inference of connectivity from noise-free Ĉ(0)

0.0 0.1 0.2 0.3
p

0.0

0.2

0.4

0.6

0.8

1.0

1.2

/
[G

(0
)]

n=50
gE =0.005
gE =0.01
gE =0.02
gE =0.05

0.0 0.1 0.2 0.3
p

n=300

0.0 0.2 0.4 0.6 0.8
false positive rate

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

tr
ue

 p
os

iti
ve

 ra
te

p=0.28
p=0.22
p=0.1
p=0.04

(a) (b) (c)



Inference of connectivity from estimated Ĉ(ω)
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New applications: “networks of networks”

MUA multi-unit activity
LFP local field potentials

ECoG electro-corticogram
MREG MR-encephalography

(“gradient-less imaging”)
NIRS Near-infrared spectroscopy

T. Pistohl et al. / Journal of Neuroscience Methods 167 (2008) 105–114 107

2.4. Task

Subjects were seated upright in a hospital bed. They moved
the arm contralateral to the site of electrode implantation, con-
trolling the movement of a green circular cursor on a vertical
LCD screen at about 1.5 m distance. In subject S1 hand posi-
tion was tracked using a computer mouse. For subjects S2–S5
hand position was tracked using a tracking device consisting
of a vertical handle, grasped by the subjects, and a movement
tracking system (Zebris Medical GmbH, Isny, Germany), which
recorded the position of the handle. Movements were restricted
to the horizontal plane. Subject S6 used a Joystick that trans-
lated inclination of the handle to cursor position. Subjects were
instructed to guide the cursor onto a highlighted target, which on
contact changed to a new location, randomly chosen from nine
positions arranged on a regular grid (Fig. 1C), with a minimal
distance of 7.6 cm between two target positions. For experiments
with subject S6, the target position was chosen freely within
the workspace, with the only restriction of a minimal distance
of 7.5 cm to the previous target. The radius of the circular tar-
get was 1.85 cm and that of the cursor 1.23 cm. The resulting
workspace was about 20 cm × 20 cm wide (for both, hand and

cursor). Target positions, times of target appearance and continu-
ous cursor positions were recorded synchronized to the neuronal
signals. During one session, between 80 and 226 (average: 181)
target reaches were carried out by the subjects. A session lasted
between 80 and 300 s (average: 167). Each subject performed
between four and five sessions in total. Subject S3 took part in an
additional set of experiments (four sessions) after implantation
of additional electrodes.

2.5. Prediction of movement trajectories

For decoding we assumed that the four-dimensional hand
state xt, consisting of hand x-/y-position and velocity, evolved
according to the following linear stochastic difference equation:

State model:

xt+1 = F · xt + o + wt (1)

where wt is a zero-mean Gaussian noise process with covariance
matrix Q and o a constant offset. In addition, we assumed that
the observed neuronal activity depended linearly on the hand
state according to the following linear equation:

Fig. 1. (A) MRT reconstruction of electrode locations in subject 6. Electrodes are marked in color according to responses upon electrical stimulation through the
electrodes (orange: arm, red: hand, blue: leg, green: eye, yellow: oro-facial). Circles depict sensory responses and filled markers motor responses. The central sulcus
(CS) is shown by the dotted white line. (B) Photograph of an ECoG electrode grid placed directly on the cortex, taken during surgery for implantation. (C) Illustration
of the experimental task: The green curve represents the cursor trajectory within 4 s of movement, following a sequence of six target positions, indicated by the
yellow numbers. Possible positions, arranged on a regular grid, are indicated by the dotted white circles. To the subjects, however, only the green cursor and the
current yellow target were visible, not the cursor trace and the potential target positions. (D) Examples of recorded data from two ECoG channels (gray), their low
pass filtered versions (red), their !-band (40–80 Hz) amplitudes (orange) and synchronously recorded x- and y-positions of the cursor (green and blue). Thin dotted
lines depict target positions. Data are from the same 4 s as the cursor trace in C.

 

4. THE PRIMARY VISUAL CORTEX 
 

After Kuffler's first paper on center-surround retinal ganglion cells was published in 1952, the 
next steps were clear. To account for the properties of the cells, more work was needed at the 
retinal level. But we also needed to record from the next stages in the visual pathway, to find out 
how the brain interpreted the information from the eyes. Both projects faced formidable 
difficulties. In the case of the brain, some years were required to develop the techniques necessary 
to record from a single cell and observe its activity for many hours. It was even harder to learn 
how to influence that activity by visual 
stimulation. 

           

The visual cortex in a monkey, stained by the Golgi method, shows a few pyramidal cells—a tiny fraction of the total 
number in such a section. The entire height of the photograph represents about 1 millimeter. A tungsten 
microelectrode, typical of what is used for extra cellular recordings, has been superimposed, to the same scale. 
 

   TOPOGRAPHIC REPRESENTATION     
            
 Even before further research became possible, we were not completely ignorant about the 
parts of the brain involved in vision: the geography of the preliminary stages was alreadywell 
mapped out (see the illustration on the next page). We knew that the optic-nerve fibers make 
synapses with cells in the lateral geniculate body and that the axons of lateral geniculate cells 
terminate in the primary visual cortex. It was also clear that these connections, from the eyes to 
the lateral geniculates and from the geniculates to the cortex, are topographically organized. By 
topographic representation, we mean that the mapping of each structure to the next is systematic: 
as you move along the retina from one point to another, the corresponding points in the lateral 

 1
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the arm contralateral to the site of electrode implantation, con-
trolling the movement of a green circular cursor on a vertical
LCD screen at about 1.5 m distance. In subject S1 hand posi-
tion was tracked using a computer mouse. For subjects S2–S5
hand position was tracked using a tracking device consisting
of a vertical handle, grasped by the subjects, and a movement
tracking system (Zebris Medical GmbH, Isny, Germany), which
recorded the position of the handle. Movements were restricted
to the horizontal plane. Subject S6 used a Joystick that trans-
lated inclination of the handle to cursor position. Subjects were
instructed to guide the cursor onto a highlighted target, which on
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positions arranged on a regular grid (Fig. 1C), with a minimal
distance of 7.6 cm between two target positions. For experiments
with subject S6, the target position was chosen freely within
the workspace, with the only restriction of a minimal distance
of 7.5 cm to the previous target. The radius of the circular tar-
get was 1.85 cm and that of the cursor 1.23 cm. The resulting
workspace was about 20 cm × 20 cm wide (for both, hand and

cursor). Target positions, times of target appearance and continu-
ous cursor positions were recorded synchronized to the neuronal
signals. During one session, between 80 and 226 (average: 181)
target reaches were carried out by the subjects. A session lasted
between 80 and 300 s (average: 167). Each subject performed
between four and five sessions in total. Subject S3 took part in an
additional set of experiments (four sessions) after implantation
of additional electrodes.

2.5. Prediction of movement trajectories

For decoding we assumed that the four-dimensional hand
state xt, consisting of hand x-/y-position and velocity, evolved
according to the following linear stochastic difference equation:

State model:

xt+1 = F · xt + o + wt (1)

where wt is a zero-mean Gaussian noise process with covariance
matrix Q and o a constant offset. In addition, we assumed that
the observed neuronal activity depended linearly on the hand
state according to the following linear equation:

Fig. 1. (A) MRT reconstruction of electrode locations in subject 6. Electrodes are marked in color according to responses upon electrical stimulation through the
electrodes (orange: arm, red: hand, blue: leg, green: eye, yellow: oro-facial). Circles depict sensory responses and filled markers motor responses. The central sulcus
(CS) is shown by the dotted white line. (B) Photograph of an ECoG electrode grid placed directly on the cortex, taken during surgery for implantation. (C) Illustration
of the experimental task: The green curve represents the cursor trajectory within 4 s of movement, following a sequence of six target positions, indicated by the
yellow numbers. Possible positions, arranged on a regular grid, are indicated by the dotted white circles. To the subjects, however, only the green cursor and the
current yellow target were visible, not the cursor trace and the potential target positions. (D) Examples of recorded data from two ECoG channels (gray), their low
pass filtered versions (red), their !-band (40–80 Hz) amplitudes (orange) and synchronously recorded x- and y-positions of the cursor (green and blue). Thin dotted
lines depict target positions. Data are from the same 4 s as the cursor trace in C.
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how the brain interpreted the information from the eyes. Both projects faced formidable 
difficulties. In the case of the brain, some years were required to develop the techniques necessary 
to record from a single cell and observe its activity for many hours. It was even harder to learn 
how to influence that activity by visual 
stimulation. 

           

The visual cortex in a monkey, stained by the Golgi method, shows a few pyramidal cells—a tiny fraction of the total 
number in such a section. The entire height of the photograph represents about 1 millimeter. A tungsten 
microelectrode, typical of what is used for extra cellular recordings, has been superimposed, to the same scale. 
 

   TOPOGRAPHIC REPRESENTATION     
            
 Even before further research became possible, we were not completely ignorant about the 
parts of the brain involved in vision: the geography of the preliminary stages was alreadywell 
mapped out (see the illustration on the next page). We knew that the optic-nerve fibers make 
synapses with cells in the lateral geniculate body and that the axons of lateral geniculate cells 
terminate in the primary visual cortex. It was also clear that these connections, from the eyes to 
the lateral geniculates and from the geniculates to the cortex, are topographically organized. By 
topographic representation, we mean that the mapping of each structure to the next is systematic: 
as you move along the retina from one point to another, the corresponding points in the lateral 
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Continuous variable systems

Consider a multi-component system, with state variables y(t),
driven by fluctuating input x(t). Assume that the system is
characterized by a coupling matrix of response kernels G(t)
and satisfies the linear consistency equation

y(t) = x(t) + (G ∗ y)(t).

In the Fourier domain, after taking expectations, we have
〈
ŷ
〉
=
[
1− Ĝ

]−1〈
x̂
〉

and 〈
ŷŷ∗
〉
=
[
1− Ĝ

]−1〈
x̂x̂∗
〉[
1− Ĝ∗

]−1
.

In the case of the Hawkes process, the source term
〈
x̂x̂∗
〉

is
replaced by Ŷ . In other words, the spikes of the neurons in the
network generate their own “driving noise”.



Application to ECoG data

Ball et al., 2009; Derix et al., 2012



Efficient inference of connectivity

Niederbühl, Diploma thesis, 2014



Different frequency channels in ECoG

Niederbühl, Schiefer, work in progress



Application to MREG data

Lee, Zahneisen, Hugger, LeVan, Hennig, NeuroImage, 2013
Pernice, Niederbühl, LeVan, work in progress



Application to MREG data

Lee, Zahneisen, Hugger, LeVan, Hennig, NeuroImage, 2013
Pernice, Niederbühl, LeVan, work in progress



Application to MREG data

Lee, Zahneisen, Hugger, LeVan, Hennig, NeuroImage, 2013
Pernice, Niederbühl, LeVan, work in progress



Conclusions

I Linear Hawkes processes are useful models for networks of irregularly
spiking neurons. Recurrent networks of LIF neurons can be matched to
an equivalent Hawkes process. We expect that this also applies to real
nerve cells in neocortical networks.

I Dynamic properties of spiking networks of finite size with arbitrary
topology can be inferred analytically, using matrix algebra, provided
couplings are weak and spike trains are irregular.

I Pairwise correlations in large networks have strong impact on the
amplitude of population signals (LFP, ECoG, EEG, MREG, fMRI). The
contribution of specific multi-synaptic pathways (motifs) to pairwise and
higher-order correlations can be computed for any given network.

I The micro-topology of sparse networks can be approximately recovered
from the covariance matrix, employing compressed sensing methods.
Directed links can be inferred from non-directed zero-lag covariances,
but accounting for temporal information improves the inference.
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