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ARTICLE INFO ABSTRACT

AMS 2020 subject classifications: The present article is devoted to the semi-parametric estimation of multivariate expectiles for
60G70 extreme levels. The considered multivariate risk measures also include the possible conditioning
62H12 with respect to a functional covariate, belonging to an infinite-dimensional space. By using the
2?23?) first order optimality condition, we interpret these expectiles as solutions of a multidimensional

nonlinear optimum problem. Then the inference is based on a minimization algorithm of
Keywords: gradient descent type, coupled with consistent kernel estimations of our key statistical quantities
Dependence such as conditional quantiles, conditional tail index and conditional tail dependence functions.
Extreme value theory . . . . . -
A . The method is valid for equivalently heavy-tailed marginals and under a multivariate regular
Multivariate Expectiles . . ) X .
Multivariate Regular Variation variation condition on the underlying unknown random vector with arbitrary dependence struc-
Multivariate risk measures ture. Our main result establishes the consistency in probability of the optimum approximated
Optimization solution vectors with a speed rate. This allows us to estimate the global computational cost of
the whole procedure according to the data sample size. The finite-sample performance of our
methodology is provided via a numerical illustration of simulated datasets.

1. Introduction

Risk measurement theory is an active branch of research with numerous applications in the fields of finance, insurance, economics
and for the environment (hydrology, geology, ...). To study the extreme risk of a random phenomena, e.g., of a big loss on a financial
position, the most popular way is to estimate quantiles, also known as Value-at-Risk (VaR), at high level. It has been argued that is
an incoherent risk measure in view of Artzner et al. [2] (see also Acerbi [1]). Another drawback is that it relies on the frequency
of tail events and not on their real magnitudes which is precisely what one would like to know. On the other hand, the second
most famous risk measure, the expected shortfall, is not elicitable in the sense of Gneiting [25], meaning that it is not defined as
the minimization of the expectation of some score function. The univariate expectiles are then introduced by Newey and Powell
[35] and turn out to be the only law invariant risk measures which are elicitable by construction and coherent for a threshold level
range, see Bellini et al. [5], Ziegel [43]. Concerning the univariate expectile, we also refer to Bellini and Bernardino [4],Daouia
et al. [9,10]. In economic terms, they may be interpreted as ratios of expected gain/loss which found to be recognized in portfolio
management, see Bellini and Bernardino [4], and represent the quantity of money to inject in a position to reach a prescribed ratio
gain/loss.

A fundamental question for potential practice is the statistical estimation in the extreme regime of the risk measures at our
disposal. In this context, the extreme regime is modeled by a risk level tending towards zero or one, and an assumption of heavy-tails
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on the underlying distributions, typically of Pareto-type, which best captures rare phenomena. The proper mathematical framework
is the regular variation notion. Besides, it often happens in practical applications that the observations are recorded along with
auxiliary information represented by a random covariate. Then, one would preferably take advantage of the extra information by
focusing on the conditional extremes. This line of research was carried by Girard et al. [22,24] when the covariate is a random vector.
A valuable improvement is Girard et al. [23] for univariate extreme expectiles when the covariate belongs to an infinite-dimensional
or functional space. Furthermore, in several situations, one needs to simultaneously manage risks over different positions, requiring a
multivariate version of risk measures which would take the underlying dependence structure into account. Recently, several possible
multivariate extensions of expectiles emerged in the literature such as geometric expectiles in Herrmann et al. [27] and LP-expectiles
in Maume-Deschamps et al. [33]. In the present work, we focus on the specific case of the multivariate L'-expectiles of Maume-
Deschamps et al. [33] in the extreme regime, which we abbreviate with the notation MEEs for Multivariate Extreme Expectiles.
Herein, in Maume-Deschamps et al. [33] the authors construct X-expectiles as another extension possibility based on correlation
matrices X that reduces to the L!-version if ¥ = 1. To estimate multivariate expectiles, they exploit in Maume-Deschamps et al. [33]
the elicitability by focusing on the first order optimality condition, namely MEEs are points in the d-dimensional Euclidean space for
which the score gradient vanishes. The latter only involving tail expectations through positive and negative parts, the authors achieve
the estimation by means of Robbins—Monro’s stochastic approximation method for moderate levels of risk. Conversely, in the extreme
regime, the same authors use in Maume-Deschamps et al. [34] classic regular variation tools to express MEEs ratios as solutions
of a system of coupled nonlinear equations. In addition, an estimation procedure is given for L!-MEEs with equivalent regularly
varying marginal tails, provided the tail dependence is either comonotonic or asymptotically independent. Then, the approach
in Maume-Deschamps et al. [34] works well for specific dependence structures.

In this paper, we address the estimation of the L!-MEEs when a conditional covariate lying in a possibly infinite-dimensional
space is available. We assume the equivalent regularly varying marginal tails hypothesis and that the underlying dependence
structure and the marginal distributions are unknown. Again, the first order optimality condition yields a system of equations for
which functional MEEs ratios are solutions. Equivalently, functional MEEs may be seen as roots of a certain loss function which
can be turned into an optimization problem. Crucial quantities are involved regarding the tail behavior such as the conditional
tail index and the conditional tail dependence function. Inspired by Beck et al. [3], plugging their empirical counterparts in the
optimization problem results in the approximated loss function. Finally, we propose to apply a BFGS-gradient method. In our main
result (see Theorem 1), we prove the consistency in probability with rate of the approximated loss function and of the associated
optimum solution in this conditional functional setting. Contrarily to Beck et al. [3], in the present work, a special attention is
devoted to the rates of convergence in the approximation of the underlying optimization problem. It allows to link the loss function
approximation quality with the steps of the used gradient descent algorithm. As a result, we explicitly provide the speed rate at
which the approximated optimum converges to its theoretical value, which essentially quantifies the estimation quality according
to the sample size.

The paper is organized as follows. In Section 2, we present some necessary notation and the setting of our model. We introduce
in Section 3 the formal definition of functional multivariate L!-expectiles and how they can be theoretically related to an non-linear
optimum problem. We subsequently develop in Section 4 the statistical tools of the present paper. After introducing the different
estimators, we construct the associated approximated optimum problem. In Section 5 we present the required hypotheses and we
state our main result (see Theorem 1) about the convergence with rate of the approximated optimum problem to the theoretical
one. We outline the sketch of the proof of our main result and we give a crucial intermediate convergence result on the loss function
and its gradient is also given (see Proposition 1). We devote the last part of Section 5 to a discussion about the required hypotheses.
In Section 6, we study the performance of our estimation procedure via numerical simulations. Section 7 is devoted to the proof of
the main result. Auxiliary proofs and supplementary lemmas are postponed to Section 8. Further material about the second order
regular variation condition is provided in Appendix.

2. Notation and preliminaries

In this work, we consider a Polish space (E,||-||z) endowed with its Borel s-algebra and a probability space (£2,.4,P). Let
2 < d < 400 and a random pair (X,Y) € RY x E, with X = Xi<j<as defined on £ such that X e (L'(£2))¢. On account of [29,
Theorem 3.2], such topological features on E ensures the existence of regular conditional probabilities P\(-) := P(:|[Y =y) on A
for Py-almost all y € E, where Py, = PoY~! is the pushforward measure. As a result, we may denote the conditional cumulative
distribution function (cdf) of X given Y = y by Fx ,(x) := P,({X < x}) = P(X <x|Y =), for x € R? and y € E, where the
inequality is to be understood component-wise on R¢.

We denote the conditional marginal distributions, which we suppose to be continuous, by

X; Fj,y(xj) = FX,y(+oo,...,xj,+oo,...), 1<j<d,
and for 1 < j < k < d, the conditional bivariate marginal distributions by
(xjoxg) = Fjpo(xj,x) 1= Fy (00, ..., X, 400, ..., Xy, +00,...). (€D)

We also introduce the conditional marginal quantile function of X; given Y = y and its conditional marginal quantile tail function
by, respectively,

q; (@) =inf {x >0, F; (x)>a}, aec(01), 2
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U, (x) =g, -x=inf {reR,F ,()>1-x""}, x>0
Under the hypothesis of continuity of conditional marginal distributions and by Sklar’s Theorem (1959) (see Sklar [40]), there exists
an unique copula C, such that, for u = (uy, ..., u,) € [0, 114,

d

Cy@ = Fy, (Filw, o Fylwg) ) = P(() {F,(X) <u } |y =),
j=1

for which we assume the regularity condition from Gijbels et al. [21],Segers [39]; namely, for each j € {1,...,d},
aC,
u— 0_y(u) exists and is continuous on the set {u € [0,1]? : 0< u; <1} 3)
u .
J
Forye Eand x € ]Ri, we define the conditional stable tail dependence function

d
L(x) = 133)1;—111»(91 {1-F ,(xp<ix;} ‘Y = y) = l’ilrgt_l (1-Cc,a-1x). ©)

For any y € E and x € [0, +00]¢ \ {(+c0, ..., +c0)}, the associated conditional upper tail dependence function is given by

d
3y =tim " B(() {1 = £, (X)) < 0} [¥ =) = el - Ly @), ®)

j=I
where || -||; denotes the L' norm. Let 1 <j <k < d, u= (uy,...,uy) € [0,11¢ and w/* = (14, 1} + i lse(j 1)) | <peye BY using (5) and

for x € R2, we introduce the bivariate restrictions of the conditional copula and tail dependence functions as following
. jky — -
Craey (1pst) 1= €y (W) =P (F, (X)) Suj, Fy(Xo) Sw]¥ =),
Lj,(x) = 1’1&? T (1=Cip A =1x)), Ay 0 = lIxlly = Ly (%) = 1}1&1 171C; (1),
where C i k.y is the survival copula defined by c iky@ ) =ut+v—=1+C;; (1-u,1-v) on [0, 11%. In the subsequent paper, we suppose
that each bivariate tail dependence function is continuous. Furthermore, we quantify the convergence rate in (4), akin to Einmahl

et al. [14],Schmidt and Stadtmiiller [38], by assuming that for any 1 < j # k < d, there exists yu;, , > 0 such that, as # | 0, and for
any T > 0,

sup |17 (1= €y (= 10) = Ly, (0)| = O #54).
xe[0,714

In particular, defining u, := max, ¢ <4{#; s}, We may write

-1 ,
s 7 (1-Ci,A-1tx)) - L; =0 (t"). 6
1$jpk<d ng[](-)],];Jd‘ (1= Gy (1= 1) /*k-y(x)’ () ®

We now state hypothesis on the considered random vector X given Y = y: it has equivalent regularly varying marginal tails.
More precisely, as in Beck et al. [3], Maume-Deschamps et al. [34], we assume that each conditional marginal function behaves the
same way in the extreme regime.

Assumption 1 (Considered Conditional Marginal Tails Model). For any 1 < j < d and y € E, there exists 7y >0,p;,<0,¢;,>0,such
that

(H1) F;,()=P(X;>|Y =y) €2RV_ p;, (+o0),
_ vy vy
Fj’y(x)

Fy,x)

(H2) lim,_, =¢;, <+oo.

Assumptions (7{1) and (7{2) are classical in the extreme value literature. For a discussion about Assumptions (/1) and ({2)
the reader is referred to Appendix. This equivalent tails model is often used to model claim amounts in insurance and study
dependent extreme events, and is also used in ruin theory models. The equivalent tails model includes in particular portfolios
with identically distributed risks, and the case where there is a scale difference in distributions. This setting is introduced to
study the asymptotic behavior of the considered multivariate expectiles in the multivariate regular variation framework (see in
particular Maume-Deschamps et al. [34] and (9) below).

While Assumption 1 is stated conditionally to y, it is worthwhile to mention that it does not hold unconditionally unless all
quantities depending on y such as Fj’y, 7, and p; , are constant with respect to y. In this specific case, Assumption 1 reduces to
equivalent tails assumption in Maume-Deschamps et al. [34].

3. Functional MEEs and optimum system

The multivariate risk measure studied in the present paper is introduced in the following definition.
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Definition 1 (Multivariate L'-Expectile with Functional Covariate). Let y € E. We define the multivariate L!-expectile with functional
covariate Y at risk level a« € (0, 1) as the random vector in R, such that

e(X.y) i=argminE [a|(X = x), [} + (1 =) | (X = x)_[[} 1Y =] @
x€Rd
d

= argmin E[a(i(Xj_xj)+)2+(l—a)(
iz

(x],.“,xd)eRd

(X; _"j)f)2|Y = y] :

j=1

Definition 1 can be seen as a functional conditional extension of the multivariate L'-expectiles recently introduced in Beck
et al. [3] (for further details the interested reader is referred to Eq. (2) and Conclusion section in Beck et al. [3]). Observe that
the equality in (7) is assured by the strict convexity of s,(1,x) = a ||(r — x) +||? +(1-a)¢- x),||? in the variable x which transfers
to E (s,(X,x)) as well by Jensen inequality. Obviously, the conditional L!-expectile in (7) is a random vector in R¢ and we write
e, (X,y) = (eﬁ(X,y))lSjsd. Furthermore, concerning the endpoint, one has x, = sup{x, F(x) < 1} = +o0, so that e{)',(X,y) — o0, for
a—land1<j<d.

Interestingly, an equivalent definition of the functional conditional L'-expectile in (7) can be given using an first order condition
of optimality. Indeed the L'-expectile is the unique solution in R¢ of the following system aF [||(X =3, || Yxon 1Y = y] =

(1-a)E [||(X -x_|, Ly, ax ) |Y = y], k € {1,...,d}, or equivalently

E [ =004 Lo 1Y =]
e “l=a e, ®)

E(IX =0 [ ey ¥ =] ©

which can be interpreted as a ratio of an activity participation in the conditional positive scenarios and its participation in the
negative ones. System in (8) clarifies the relevance of L!-expectile in the multivariate risk analysis. The functional expectile e, (X, y)
represents the vector of marginal levels that make the ratio in (8) constant for all the marginal assets, given a covariate realization.
It balances the risk level between the portfolio’s components and may be seen as a capital allocation tool. The interested reader is
referred to [33, Section 2.1] for more details.

From (8), and using marginal tails behavior and the tail dependence functions, one can get an appropriate expression of the
optimum system (8) in the extreme regime (see Maume-Deschamps et al. [34] in the unconditional setting). As suggested by Beck
et al. [3], we may convert without effort the work of Maume-Deschamps et al. [34], especially their Propositions 3.1, 3.3 and 5.1,
to our functional setup. Therefore, suppose that the random vector X given Y = y is regularly varying (MRV) (see Appendix) of
index 1/ Yy with conditional marginal tails satisfying Conditions (7/1) and (#/2). Then, as « — 1, any limiting vector (1, §,, ..., B;) of

- (X, 4(X., . .
— ,e‘;‘( y>,...,e‘f< Y , for y € E, satisfies the system with k € {1,...,d},
F]'y(e}‘(x,y)) el(X.y) el(X.y)
1/y 1/7,-1
B +oo c; g
1 /S z /ﬂ e, < Y =1/, 1) dt — -k 5. ©
I/Yy -1 Cky j#k ﬁ Ck,y Cky

(see (3.5) in Maume-Deschamps et al. [34] for a comparison). In the case where @ := (1, f,, ..., ;) is unique, by using the quantile
in (2), as « — 1, we have

eaX.9) ~ a0 (LB )

For a comprehensive review of the different definitions available for the MRV property, we refer to Resnick et al. [37]. This
assumption on X|Y mainly ensures the existence of the conditional bivariate upper tail dependence functions which we suppose
continuous, see Section 2.3 in Maume-Deschamps et al. [34]. Notice the system (9) only displays pairwise interactions through the
conditional bivariate tail dependence function. In view of (9), we introduce the associated optimum problem.

Definition 2 (Loss Function for the Optimum Problem of e,(X,y)). Let y € E. We consider @ := (1, f,,...,5,;) > 0 as (9). Consider
also

&y =y oy ey Ay) (10)

with 4, as in (5), y, as in Condition (7{1) and ¢, , as in Condition (7/2). Define the vector ¢,(0,§,) = ((pqu(g"fy))1<k<d where

vy ﬂ]i/}’y ﬁj +oo iy Y
@ (0,8)) = = -1 1+ z = |+ E /ﬂ, iy | =177 1) de an
y j#k

> el C,
j#k Tk B ky

~

With these notations, one can formulate the system in (9) as ?, (Q,Sy) = 0 (the equality being understood in R¢). We introduce
the loss function via the squared Euclidean norm

d
£,©)i= 3o, 0.8)[, = 3 Xovs (06" a2)
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and an optimal vector @; obtained by minimizing the loss function £ £ in (12),
O} €argmin L, (0). (13)
y o y

To minimize the optimum problem (13), we turn to the Broyden-Fletcher—Goldfarb-Shanno (BFGS) algorithm which belongs to
the family of quasi-Newton optimization methods. This choice is motivated by practicality while, from a rigorous point of view, its
global convergence is denied due to the loss function lacking of convexity property. A particular interest comes from the fact that
no second derivatives computations are needed. In fact, we will rather consider the L-BFGS-B method, a refinement of the classic
BFGS that incorporates bound constraints.

Since the underlying distribution is not known in practice, direct application of any minimization algorithm on the optimization
problem (12)—(13) is not feasible. The next section is devoted to overcome this drawback.

4. Approximated optimum problem

Let (X,.Y;) for 1 <i <n, with X; = (X;;);<j<4> be n independent copies of (X,Y) € RY X E. In the following the convergence in

P d
probability and in distribution, as n goes to infinity, are respectively denoted by— and—. Relying on this data sample, we consider
an approximated version of the loss function for the optimum problem of e, (X, y) previously introduced in Definition 2.

Definition 3 (Approximated Loss Function of e,(X,y)). By using (12) the approximated loss function can be written as £$ ) =
n,y

1 N

2 ”¢y (6’§n,y))

0" cargminf; (0). 14
y o "

2 N
» where &, , is an estimator vector of £, in (10). Furthermore, we define the associated optimum problem as

n

We now aim to consistently estimate the loss function ng (0). To this purpose, we firstly build a consistent estimator vector
&n,y = Dy Conys - ,cAd’,,,y,iy) of g, According to (9), we need to estimate Ay (see Section 4.1 below) and Yys €y = (cz,y, ,cd’y)
(see Section 4.2). The interested reader is referred to the framework in Gijbels et al. [21], Girard et al. [23] (see also Gardes and
Girard [19]).

4.1. Empirical counterpart for A; ,

Let 1 <j < k <d. We consider the empirical counterpart of the bivariate conditional cdf Fipy in (1) (see, e.g., Daouia et al. [7],
Ferraty et al. [16], Girard et al. [23])

n
Fjkny (xf’xk) = z wis"I(Xiijijiksxk}’ XX, €R, (15)

i=1
where the Nadaraya-Watson weights are given by

i (L2l ) ,
_ ud ’ Z wi.ﬂ = 1’ (16)
ZZ:1 K ( ”Y.s;y”b' ) -
with K : R » R* a kernel function, i.e., positive and measurable, having support in [0, 1].

We define the empirical estimator of the conditional copula and its bivariate restriction

w;, =w; (Y, hy,) =

n n
A - A = C Joky — . .
Coy@ = 3wy, 1, O ipg)y Gyt 1= Gy @70 = 2 a0, oy ) a7
i=1 i=1
where F iy Fk’n,y are the corresponding marginal distribution functions of Fj,k,,,’y in (15). Furthermore, for x € R2 and k, a

deterministic intermediate sequence, i.e., 1 <« k, < n, we consider the empirical estimators of the bivariate conditional stable
tail dependence function and of the associated upper tail dependence function:

2 n

) k A .
Ly @) 1= 25 (1= Gy = 230 ) Ay = lxll = L0

n

4.2. Empirical counterparts for y, and ¢,

Let y € E. Assume h, < 1 be a non-random positive sequence such that the small ball probability function is positive, i.e.,
wy(h,) =P (IIY = yllg <h,) >0. (18)

The latter quantity has a major impact in the functional estimation framework as one can see for instance in our hypotheses in
Section 5.1 below. Note that it heavily relies on the intrinsic metric on E.
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Our plug-in estimation relies on functional estimators of the marginal quantile and tail index previously introduced by Gardes and
Girard [19], Girard et al. [23]. Let us then define 4§ j,yn(@) 1= inf {x >0, I:"j‘y’n(x) > a} , a € [0, 1], the natural empirical counterpart
of the conditional quantile function in (2), where 15"”’,,, is the marginal distribution function associated to (15).

We pick an integer 1 < J < +o0 and a subdivision 0 < 7; <7;_; < <7, <17, <7 <1, eg8. 7, =1/i and J =9 are motivated
by the discussion after Corollary 2 in Daouia et al. [8]. The tail index being the same over all margins, we restrict our attention to

j =1 and consider the so-called functional Hill estimator, first introduced by Gardes and Girard [19],

Zij=1 In qu,n,y (l - Tian) —In QI,n,y (an)

Pny 1= ) (19)
" -3 In(x)
where @, = 1 — a,. Concerning the tail ratio c;, in Condition (7{2), we simply extend in a functional framework the estimator
proposed in Beck et al. [3], Maume-Deschamps et al. [34]
N Uny
q; «a,
iy = (L(”)> . jEf{2,....d). (20)
ql,n,y (an)

By using the inference procedure presented in Sections 4.1 and 4.2, we now focus on the convergence of the approximated
optimum problem in Eq. (14).

5. Convergence of the approximated optimum problem for functional MEEs

In Section 5.1 below, we introduce conditions required in our main convergence result, i.e., Proposition 1. These conditions fall
into porous categories. Because of the bias, the scaling sequence «, and the smoothing parameter 4, are linked through different
regimes involving in particular the small ball probability y,(h,).

5.1. Required assumptions

We organize the presentation of our assumptions by separating them in three classes (I, I and III). The first class below is related
to the bandwidth &, for the small ball probability in (18), the risk level a, and the marginal distribution function of X,.

(I.1) The bandwidth s := h, < | satisfies the intermediate regime na,y,(h,) > 1.
(I.2) For any 1 <j < d, there exists §; > 0 such that for any y € E,

— — 1
\/na h,)In(a su; — |In
nllly( n) ( n) zz(l—b’j)qpiﬂy(an) 11'1 z

¥ €B(y.hy)

Fi (2

F,(2)

n—+oo

(I.3) For any y € E, it holds that |/na,y,(h,)A, y(ﬁ;l)——+—> p1y € R, where A, , is the auxiliary function of X, from Condition
> n—+oo > >
(H1) (see also Eq. (A.1)).

(1.4) For any s € [0,1] and 0 < h, < 1 deterministic, the following pointwise convergence holds
v, (h,s)
v, (h,)

A second class of hypothesis involves the conditional bivariate distribution functions and the conditional bivariate upper tail
dependence functions.

=P (IY = llg < sh,

1Y =3l < By ) == 7,0(9)

Ty.h, () = hy =0,

(IL1) For any 1 < j < k <d and y € E, there exists Hijy >0 such that, for n large enough, as r — 0,
May G D=0 (tkr) A, (1, 1) = Op (t"kr) .

Furthermore, it holds that y, < 5, :=min; 1, ;.

(IL.2) Forany 1 < j < k < d and y € E, it holds that SUPy ek, |1y 1<l SUPxer? | Fj s yrsy (X) = Fj g (%) = 0. This means that the
Y+

functional F; , is continuous at the point y uniformly in x. In particular, conditional marginal distributions are supposed to
be continuous in x and y.
(I1.3) For any 1 < j < k < d, analogously as in Ferraty et al. [17] we consider

iy ® =By [Fuy @ = By IV =dllg =], %= G0m0,

quantifying the expected difference F; ; y(x) — F; . ,(x) when Y is forced to be at a distance s from the point y € E. Assume
that there exists g > 0 such that the function s — ¢J_F x y(s) with x = (x s Xk) satisfies, uniformly in x,

D ey® =5V @ +o(sP), s =0,

for some continuous function u V/,k(F,-_yl (u)), F yl(uk)) on [0, 1]%. Furthermore, the bandwidth 4 := h, < 1 satisfies
) .
ny,(h,)h,” = O(1).
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A third class hypothesis focuses on the Kernel K in (16).

(IIL.1) K has support [0, 1], is bounded in (0, 1), has a continuous derivative on [0, 1) with K’(s) < 0 and

1
M, :=K(1)- / K'(5)7,,0(s)ds > 0,
0
where 7y0 is the pointwise limit as 4 — 0, of Tyh in (1.4).

A discussion on the previous required assumptions is postponed to Section 5.3. We are now ready to state and prove our main
result.

5.2. Main result

We begin by enunciating the multiple hypotheses needed for our main result. It is then followed by the different speed rates
associated to the estimation part of the optimum problem and to the actual minimization algorithm (BFGS family). These scaling
sequences are expressed in terms of copula estimation, small ball probability and regular variation.

Let a covariate value y € E. Regarding the inference, we require that:

- the random vector X = (X,,...,X,)" given Y = y is multivariate regularly varying with index 1/ 7y (see Appendix) and the
conditional marginal tails satisfy Conditions (1) and (2).

» The condition in (3) and the first order copula condition in (6).

+ Assumptions of classes I, II and III in Section 5.1.

Next, denote by (:)(ym) the mth iteration step of the minimization algorithm applied to the approximated optimum problem (14).
We make the following assumptions on the optimization procedure:

« for any y € E, there exists a hyperrectangle K := Hf=l[e,, M,] € (0,+c0)? such that for any m > 1 and n > 1 large enough,
é)(ym) ek.

» The minimization algorithm solves for the global minimum of optimum problem (13) and has complexity O, i€, the
computational cost of m steps of the algorithm is proportional to §,,.

Concerning the speed rates, for any 1 < j < d, any deterministic a, = 1+ o(1), | < k,, < n and m,, > 1, we define the following
deterministic sequences, with uy >0 as in (6),

Hy

< n x - x 1 (=1

S ipy = <—k > s oy =AM, 8, = AL (T). (21)
n

Next, we introduce the speed rate §, , as a scaling sequence such that

1<, < -lrgijléd 8y (22)

We may now state our main result under the previous assumptions.

A (M)

Theorem 1 (Approximated optimum convergence with rate). Let y € E. Let 0; the optimum of (13) and o,
the minimization algorithm applied to (14) where m, > 1 is deterministic. Let also two scaling sequences 6, ,
previous hypotheses,

the m'h iteration step in
and &, . Then, under the

min(an,y, 5<mn>)\|é)(y'"">_@§” Y

1 n—>+oco
The proof of Theorem 1 is postponed below.
In order to estimate functional MEEs, we draw our attention on (9). A direct consequence is that, if unique, the limit @ =

2 d
l—a e (X.y) e, (X.y)

N/ of (= , = e =T
@0 B3: - Pa) (FIJ,(eL],(X,y)> el (X.y) el (X.y)

), as @ — 1, satisfies the optimum problem (13) and

e (X, ) ~ F L@ (1., ... b)), el (23)

Notice that the optimum convergence in Beck et al. [3] is given via a non-interchangeable two limits result. The first concerns
the convergence of the statistical approximation of the loss function, the second the convergence of the descent gradient algorithm.
The interested reader is referred to Algorithm 2 and Corollary 3 in Beck et al. [3].

Conversely, our result unifies both limits n,m — +co into a single limit, i.e.,

A P
0" — or. 24)

¥ n—+co y
The speed rate 6, , in Theorem 1, is associated to the statistical approximation of the loss function. The second rate §,, is
inherited of the used minimization algorithm. Considering the double limit m := m, > 1, the global speed rate of (24) naturally
involves a compromise between the two scaling sequences. For sake of clarity, in Remark 1 below, we present some more practical
expressions on the speed rate 6, ,,.
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Remark 1 (About the Rate 8y Under List (I.3), the condition on the scaling sequence 8, in (22) becomes

1 <6, < min 8 (25)

j#-1

D

Notice that explicit expressions for the auxiliary functions A4, , are available (e.g., Mao and Hu [30]) for particular distributions.
For instance, in Section 6, we consider the Lomax (or Pareto II) conditional marginal distributions, which we generically denote by
X;|Y =y ~ Lomax(l/y,,s;) where y,,s; > 0 for y € E and 1 < j < d. For this model, the survival conditional distribution function is
F; ,(x)=0+x/s j)_l/ v € 2RV_,; Jry—1> OF equivalently, the conditional tail quantile function is U; ,(t) = 5;,("» - 1) € 2RVyy$_yy with
auxiliary function A,(t) = y,# . In this case, the speed rate in (25) has a simpler expression

1< 8,, <min{8_;, 80, 7,1 —a,) 7}
.1
Further, if one considers k, = ny,(h,) satisfying 1 < k, < n, one may write min(8y,, ,» 6_;,,) = (nzyy(hn))‘“‘"(i”‘y) and the relation

. 1
1 < §,, < min (yy(l — a7, (ny/y(hn))m'"(i*/‘y)> _

Another possibility is to suppress the auxiliary functions dependence by considering &;,,, = d_;,,(1 + o(1)) as n — +oo,
or equivalently k, ~ n(nu/y(hn))_l/ @#y), This particular choice of k, gives under the condition 1 <« k, < n the new regime
v/y(hn)l/(2"Y> < n!=1/Cmy),

Remark 2 (About the Minimization Algorithm and Rate &, ,). At the moment, we are essentially facing two possibilities for quasi-
Newton methods (which have less complexity than the classic Newton ones). The first one is the classic BFGS method as described
by Algorithm 6.1 in Nocedal and Wright [36] or Algorithm 1 in Beck et al. [3]. For such algorithm, each iteration costs O(d?)
arithmetic operations. Hence, the whole computational cost is O(d%>m) where m is the number of iterations, and we set S(my = d*m.
On the other hand, one may preferably use the L-BFGS-B version, which is designed for bound constrained optimization with limited
memory storage. The motivations for this particular algorithm are threefold. First, it seems reasonable to consider MEEs only in a
certain range. Second, no information about the Hessian matrix or about the structure of the loss function are required. Besides,
when m :=m, > 1 and n is the number of observations, the upcoming proof of Theorem 1 requires uniform convergence results.
The computational cost of one iteration in the L-BFGS-B algorithm is linear in d, namely O(p?d) with 3 < p < 20 controlling the
amount of storage (see Zhu et al. [42]). Thus, we associate the speed rate Sy = p*dm to this case.

To prove Proposition 1, we proceed in a two-step demonstration.

(i) Firstly, we build the approximated minimization problem in (14) by considering an estimator vector én,y = Ty Comys -+ > Camys
iy). Once the consistency of én,y is assured, we prove uniform convergence with associated speed rate of the approximated
loss function in Definition 3 and its gradient function to their theoretical counterparts.

(i) Then we link the minimization algorithm with the estimation procedure by inducing a dependency of the iteration steps on the
data sample size n. Namely, we allow m to depend on » so that m = m,, > 1. This translates the fact that we are simultaneously
consistently approximating the optimum problem (13) and solving the resulting approximated optimum problem (14) using
the BFGS minimization algorithm.

Proof of Theorem 1. The proof of Theorem 1 heavily relies on the convergence of the loss function and its gradient Moreover, the
validity of step ii) can be proved if the gradient convergence is uniform. These results are gathered in the following intermediate

proposition. The proof of Proposition 1 is postponed to Section 7.

Proposition 1 (Approximated loss function convergence with rate). Assume that assumptions of Theorem 1 hold true. Then,

P
by |£6,(0) = £, O] T2 0. 20
P
by [V24,0) - V2, O ——0. @7)

Furthermore if we restrict © € H;j:][gj»M/] with 0 <g; < M; < +o0 for any 1 < j < d, we get

P
by | (0) =Ly (@) 0. @8
O€ll;_le;-M;]
P
Sy sup VL (0)-VL; (0)| —— 0. (29)
QEde:l[Ej,MjJH y gn«y ”1 n—+oo

Moreover, in Theorem 1, we assume that the minimization algorithm solves for the global minimum of (13). Once (28) and (29)
are established (see also Eq. (37)), one may decompose with the triangular inequality

50 _ om)
6" -6

o o],

T ”G(an) - O;HI :
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The first quantity translates the cost of estimating the m,th step of the minimization algorithm, while the second quantity is
purely inherent to the nature of the used minimization algorithm. Concerning the minimization algorithm, we may consider any
suitable gradient descent algorithm with complexity §,,, so the whole cost is

”@(mn) @*

= 0(5(»« )

By using the cla551cal steps in the BFGS quasi-Newton optimization algorithm (see, e.g., Algorithm 1 in Beck et al. [3]), once the
uniform convergence (29) holds, it immediately follows that, independently of m,,,

| =0p (5;;_).

Hence the desired result. []

@(mn) @(mn>

5.3. Discussion of Hypotheses

Before diving into the details of hypotheses classes LII and III, we begin this section with the basic requirements for our model.
As noted by Hua and Joe [28], the second order condition in (#1) excludes the Pareto type I with cdf F(x) =1 - (k/x)%, x > k, as
possible marginal. Nonetheless, the Pareto type II, or Lomax, is admissible (for other examples, the reader is referred to Remark 5).

On the other hand, the regularity condition (3) on the dependence structure is mild and classic. The convergence rate requirement
(6) is also frequent in the literature and, as noted in Di Bernardino et al. [12], holds for any Hy 21 when C, is twice continuously
differentiable over [0, 1]2. Besides and more specifically, Einmahl et al. [13] shows that (6) holds for any uy € (0, ) in the so-called
parallel meta-elliptical model Fang et al. [15].

Conditions are also required on the small ball probabilities of Y € E, which are in fact related to its concentration properties
and the (semi)-metric Ferraty and Vieu [18]. Overall, this setting admits standard examples in the literature, typically inspired from
wavelength modeling or finance, e.g., trigonometric random polynomials and Brownian motion-based processes.

Quantiles are the building blocks of the estimation procedure as they play a crucial role in the estimation of the tail index
and ratios. If Conditions (7/1), (IIL.1), (I.1), (I.2) are satisfied, one can prove that the functional estimator gy , ,(«,) of the extreme
quantile g ,(a,) is asymptotically Gaussian for @, — 1 as n — oo (see for instance Proposition 1 in Girard et al. [23] and Theorem
2 in Gardes and Girard [19]), i.e.,

Bomy (qk’"’y(a") - 1) ‘L NQO.D. 1<k<d, (30)
qk,y(an) n—+oo

where SO,M is as in (21), provided that na,y,(h,) > 1 (see Condition (I.1)). In this particular situation, Qi y(@,) is referred to as an
intermediate conditional quantile. This intermediate regime prevents the estimation at arbitrarily large levels and ensures that there
will be a growing number of observations larger than the conditional quantile to be estimated (see also discussion below (32)). One
can overcome this issue using extreme value extrapolation tools for intermediate functional conditional quantiles. The interested
reader is referred for instance to Section 4 in Girard et al. [23].

If in addition (I.3) is fulfilled, [23, Theorem 4] extends the Gaussian fluctuations for the functional tail index (see also Theorem
4 in Gardes and Girard [19]),

d (P]y ZJ”U—I JJ -DR2J -1) P ))

In(J!) & " 6log(J)) (31)

50,:1,y (j;n,y - yy) o too
with g(),n,y asin (21), y, asin Condition (#/1) with associated estimator Py as in (19), Py the second order tail index from Condition
(H1), Py €ERas in Condition (I.3) and J a positive integer (e.g., J =9).

Concerning the fluctuations of the empirical copula in this functional setting, one may invoke [21, Theorem 3]. When each
marginal F;, is continuous and Assumptions (3), (1.1), (1.4), (IL.2), (I1.3), (II1.1) are satisfied, it yields

V) s ( iy (@ = C; )| = 0p(1), (32)

where y,(h,) is the small probability in (18), C; ; , the conditional bivariate copula (of the margins j, k) with associated estimator
C]’k,,,,y defined in (17). Concerning the kernel, condition (III.1) gathers requirements for our asymptotic tools (30)—(31)-(32) to
hold. It may be decomposed in two parts. The first one may be qualified of type I according to [18, Definition 4.1] and concerns
the univariate objects. While the second is about the copula and may first be found in Ferraty et al. [17]. A classic example of
admissible kernel is K(u) = %(1 —uM)1g ().

We devote the rest of this section to illustrate the role of the required hypothesis in our Theorem 1, in particular in order to
guarantee the crucial convergences in (30)—(32).

+ In view of [19, Lemma 4], the intermediate regime in (I.1) is a necessary and sufficient condition for the almost sure presence
of at least one sample point in the region B(y, h,) X (g; (@), +00) for any 1 < j < d, that is, q; (@) is within the sample.
Therefore, it makes sure that, as the number of data sample points increases, the number of observations larger than the
conditional quantile increases.
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» The hypothesis (III.1) gathers conditions on the kernel for the simultaneous application of convergences in (30)-(31)—(32). It
is hence a combination of Type I kernel, according to [18, Definition 4.1], required for (30)—(31), and of continuous kernel
versions.

Concerning univariate quantiles and tail index, we require Conditions (I.2) and (I.3) for applying (30)-(31) and proving
Proposition 2 and Lemma 2, 4, 5. The first Condition (I.2) allows to control the oscillations of the survival distribution function
when the covariate is varying. For a deeper discussion, we refer to the end of Section 2 in Girard et al. [23]. On the other
hand, as well-known in the extreme literature, the Hill type estimators require a second order regular variation condition (see
also Condition (#/2)) in order to determine their rate convergence and fluctuations. The estimator in (19) of the tail index
is built upon the first marginal empirical quantile without any second order related object involved. This lacking in the tail
approximation generates a bias that we should assume via (I1.3) to be negligible in the scale gn,y,O' Inherited from Theorem
7 in Girard et al. [23], Condition (I.3) links the asymptotic of the first marginal auxiliary function Ay, with the small ball
probability regime.

Condition (II.1) is an integrability requirement, used in Proposition 2, for manipulating conditional stable tail dependence
functions and their estimators as they appear through integrals in the loss function (12).

Assumptions (1.4), (I.2), (IL.3) are technical requirements for (32) related to the functional aspect and appearing in
Proposition 2 and Lemma 5. For instance, the authors of Gijbels et al. [21] used Condition (II.2) for tightness and equicontinuity
in the considered empirical processes. In particular, the object 7, , in List (I.4) was first introduced in Ferraty et al. [17] with
the same condition on the limiting function 7,0 The connection with assumption on M, in Condition (III.1) comes down from
the fact that kernel expectations are key objects (see Gardes and Girard [19],Girard et al. [23]) in functional kernel methods
and may be written as Ey [K(h,'[|Y - yll )] = K(Dw,(h,) — /01 K'(s)y,(sh,)ds (see [17, Lemma 2]). The identification of 7,
is driven by the asymptotic behavior of s = y(s) ;=P (IIY -y < s). As stated in Ferraty and Vieu [18], the class of fractal
(infinite-dimensional) processes is the one for which the small ball probabilities behave as y(s) ~ C,s¢, for s —» 0 and C,a > 0.
For such processes, we have 7, ,(s) = s°. This includes the multivariate Euclidean case E = R?, with a = p. On the other hand,
for the class of processes such that wy(s) ~ Cys? exp(—C/s”), for s — 0 and some C,,C,a,b > 0, one has 7,0(s) = 8,(s) with
5, being the Dirac delta function at point 1 (see Ferraty et al. [17]). As noted in Gijbels et al. [21], for those processes,
/01 K’ ($)7,0(s) ds is zero so that one usually assumes K (1) > 0 in this case. In the general case, the condition K ’(-) £ 0 is asked.
For more details about 7, ;, and # in Condition (I.3), the interested reader is referred to Section 2.3, especially Proposition 1
and Section 4, in Ferraty et al. [17], and Section 3.2 in Gijbels et al. [21].

Note that the required assumptions of the present work are not formulated directly on the tail index y,. Instead of its continuity
on E as in de Haan and Zhou [26], or even Lipschitz property as in Gardes and Girard [19] in connection with the Karamata
representation, our set of hypotheses requires several regularity conditions on the conditional cumulative distribution function
of X given Y = y which is supposed to be continuous in x and y (see, for instance, Condition (II.2)).

6. Finite-sample results
We propose here to illustrate the finite-sample performances of our estimation method through a parametric model.
6.1. Considered model and parameters selection

The considered covariate model: We mimic Gardes and Girard [19],Girard et al. [23] by considering Z uniformly distributed on
[1/4,1] and the following random process as covariate lying in E = L*([0, 1]):

Y,(t) :=cosQxZt), te€]0,1]. (33)
sin(4rZ)
4nZ
observe the functional covariate ¢ — Y, () on a equispaced grid 0 =, < t; < --- <1,, = 1 with m = 101. So that, the L?>-norm will in

fact be computed through a discretized version. In particular, for any y € E of the form y,(r) = cos(2zzt) with z € [1/4, 1], one has
2

Endowing the space E with its usual metric, we have ||YZ||i2 = '/01 Yé(t)dt = %(1 + ) In the following, we suppose that we

2
”YZ,- Vel 2y T ﬁ Y (YZ, (t) — yz(tk)) with Yz (1) = cos(2z Z;t}) and (Z;), <, being n independent observations of Z. We may
consider the conditional tail index,

v = 1Y ~3)/25.

Note that the realizations y, take values in the interval [0.06,0.61]. Subsequently, we occasionally identify the functional covariate
Y with its latent associated Z and so on for their realizations y € E and z € [1/4, 1]. In the rest of this section, as a slight abuse of
the notation, we denote the conditional tail index y, instead of y,, for the sake of readability with respect to the initial notation of
the present work.

The considered conditional distributional model: As discussed in Section 5.3, we should slightly modify Section 4.2 of Beck et al.
[3] by opting for conditional Lomax/centered Pareto type II marginal distributions linked through a survival Clayton dependence
structure. Let us consider, for y € E and s = (s;), with 5; = 1.25(1 +j), j > 0 a scale sequence similar to Beck et al. [3], a random

vector X = (X4, ..., X,;)" such that, conditionally to Y = y, the marginals X;, | < j < d, are Lomax(l /7y 8 j)-distributed, ie.,
— x =1/ry
ij(x)=<1+—> , x>0.
. 5;

10
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We consider the survival Clayton copula with parameter y, > 0,

d

=1/ry
CS™S (u) = max <Zu;yy—d+l> 0], w=(uy,...,uy) €10,17%.
=1

We denote this model as X|Y = y ~ Lomax-Clayton(1/y,, s). Interesting, one may explicit several quantities related to the tail
behavior and the dependence structure. Indeed, a quick computation yields the tail dependence function, for 1 < j # k < d and
(x1,x,) € R* X RY,

cas

,,k.y(txl ,1x;)

_ - —y \ "1y
Cl —1i —1i =7, —7. )~V — Ty 7y Y
Aj,k’y(xl,xz) = ltllr(IJl = ltlll'(l;l (x Y4y v —t Y) = (x1 +x, ) s

t
. . s\ /1y
and also the tail equivalence constants, c; , = (ﬁ) for2<j<d.

Concerning the regular variation properties, it is given in [30, Example 5.1] that ijy € 2RV_,; /7,,—1(F00) or equivalently
U;,=s;(t"" —1) € 2RV with auxiliary function 4; , : t = y,t77». Using Taylor expansion, one can derive the rate convergence
Hy in (6), i.e., Hy = 1.

Sampling procedure and input parameters: The sampling method at hand is by mixture Maume-Deschamps et al. [32]. One first
generates G a Gamma distribution with shape parameter 1/y, and scale parameter 1. Then, one draws d independent exponential
distributions with rate parameter G/s; which in turn yields the desired model. Indeed, the model X|Y = y may be described in
terms of a compound process Maume-Deschamps et al. [31],

=Yy—Ty

d d
P(ﬂ{xjw =y>x)G =g> =[]e*v. x=G oz 20
Jj=1 Jj=1

Unless specified otherwise, we study the performance of our expectiles estimator over 500 independent replications of the data
sample with size n € {500,2000}. The risk level is set to a, = 0.968 for n = 500, and «, = 0.99 for n = 2000, the intermediate
sequence related to the estimation of A, is chosen to be k, = n%7 (the interested reader is referred to Fig. 3 in Beck et al. [3])
and the subdivision length J = 9 motivated by Daouia et al. [7]. Let us consider the functional covariate value y associated to the
particular choice of latent covariate value z = % In this case, it yields y(¢) = cos(zt) € L*([0, 1]) which in turn leads to vy = %

Kernels and bandwidths selection: Throughout the study, we consider the Nadaraya—-Watson weights (16) with triangular kernel
K(7) = (1.9-1.81)1 ;;(#) akin to Girard et al. [23]. Unlike for the tail index and tail ratio which are solely related to the marginal tail
behavior, we consider for the dependence part parabolic kernel K(r) = (1 — 12)1[0,1](0 as in Gijbels et al. [21], especially in regard
of List (IIl.1). As in Girard et al. [23], we select the bandwidth depending on y € E in order to take into account the heterogeneity
of y on its support. To this aim, we completely mime the cross-validation procedure already developed in Section 6.1 in Girard
et al. [23] for the same marginal distributions setting. This leads us to propose a choice of &, related to y to guarantee that the 280
nearest neighbors for n = 2000, and the 100 nearest neighbors for n = 500, are included in the L>—ball centred in y and with radius
h,. Notice that this nearest neighbors choice of 4, forces the empirical small ball probability to be equal to 280/2000 = 0.14 and
100/500 = 0.2, respectively.

6.2. Equivalent marginal tails in d = 2 case

Explicit optimum solutions and associated expectiles: The Lomax quantile is F,_yl (x)=s; ((1 -x) - 1), for j € {1,2}. In particular,
the explicit tail ratios are ¢; , =1 and ¢, , = (3 /2)>/* = 2.7557. Hence, an immediate application of Theorem 1 for our example case
. - AT
gives e,(X,y) ~s5; (1 —a)7 = 1)y (1,4,) , a5 a —> 1.
In the particular choice of latent covariate value z = % with equivalent marginal tails and g, = 1, the loss function in (12)
becomes

Yy 0 —
1 22: 2 0150.8) = —n (14 ) + [T dig (cor /1) at,
Le (@) :== ) ¢ (0,&), where Vry (34)
&y 2 k.y Y Wy by 1 +oo L —1/y,
P 0250.8) =L -0 (1+ ) L iy () a

This problem admits 0:’, = (1%, p;) = (0.371,1.675) as unique real solution. The solver is from the package Sympy in Python.
Fig. 1 displays theoretical loss [igy(G) in (34) and associated estimated ones [iéw(n, p,) for one random data simulation with two
different sample sizes (the red dot corresponds to the theoretical minimum solution point 0;). In Table 1 we display the median of
the maximum deviations between the true surface and the estimated one on 500 independent replications, for » = 500 and » = 2000.
We see, in accordance with Proposition 1, the estimated surface getting closer to the true one when » increases.

In this numerical study for the Lomax-Clayton model, we are considering k, ~ ny,(h,) and u, = 1. Then, from Remark 1, one
can explicitly characterize the convergence rate in Eq. (22) as follows 6, , < min(y,(1 - a,)7, \/m). Furthermore, since the
adaptive choice of 5, and the associated value of the empirical small ball probability on the simulated samples, in the last column
of Table 1 we can consider the rate §, , = y,(1 — ,)”"». The obtained numerical results of this study case seem to confirm the rate
obtained in Proposition 1, since the maximum error multiplied by the rate decreases when n increases.

In Table 2 we illustrate the estimation of the targeted expectiles e, (X,y) = ei(X ), eg(X ,¥) in (23). In order to illustrate the
convergence to the theoretical expectile values for large n, we consider the particular case where « is fixed and not depending on n

11
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Fig. 1. Left panel: Theoretical loss surface Le (0) in (34) as function of (, §,). Center panel: one estimated loss surface for n = 500. Right panel : one estimated
loss surface for n =2000. The red dot corresponds to the theoretical minimum solution point @; =(0.371,1.675).
Table 1

Behavior of the supremum of |£§} @) -L; (@)| over N =500 independent replications of the data sample with
respect of growing values of n and a,. The considered rate is 6,, = y,(1 —a,) 7.

n &, SUPoelT) le,.M)) |£§y ©@)- l:én.,\ ©) Oy SUPoelTy. e M) £, - Eé"-’ @
500 0.968 median = 0.2164 (sd = 0.1419) median = 0.3439
2000 0.990 median = 0.1254 (sd = 0.0321) median = 0.3166
Table 2
Behavior of the estimated él(X ,y) and éi(X , ) expectiles with respect to growing values of n and a,.
n a, el(X,y) eL(X,y) e2(X,y) 2(X.y)
500 0.968 4.9782 median = 4.5448 (sd = 0.3659) 8.3414 median = 8.3721 (sd= 0.7323)
2000 0.990 8.9231 median = 8.78191 (sd= 0.2929) 14.9513 median = 15.0724 (sd = 0.6785)
Table 3
Behavior of the estimated expectiles él(X ,y) and @i(X ,») with respect to growing values of n and fixed « =0.990. For the bigger value of n we considered the
same h, than in the case n = 2000.
n « el(X,y) el (X.y) e2(X,y) 2(X.y)
500 0.990 8.9231 median = 8.3343 (sd = 0.6868) 14.9513 median = 15.5463 (sd= 1.3977)
2000 0.990 8.9231 median = 8.7819 (sd= 0.2929) 14.9513 median = 15.0724 (sd = 0.6785)
5000 0.990 8.9231 median = 8.8737 (sd= 0.2574) 14.9513 median = 15.0183 (sd = 0.5783)

(see Table 3). Notice that, we not only get closer to the true expectile values, but also that the variance of our estimator decrease
with growing values of n.

On the estimation of &, Finally in Figs. 2 and 3 we illustrate the performance of the proposed consistent estimator vector
&n,y = Py Comyo iy) of £, (see Section 4). In particular in Fig. 2 we focus on the estimation of the conditional tail index 7, , and
of the conditional tail ratio ¢,,, for n = 500, @, = 0.968 (left panel) and n = 2000, @, = 0.99 (right panel). Fig. 3 is devoted
to the comparison in finite-size samples of the tail dependence function estimation iy and the associated integral as presented in

Section 4.1. The presented results empirically confirm the theoretical statements of our main result, i.e., the consistency of the tail
index given in (31), the tail ratios in Lemma 2 and the integral of iy in Proposition 2.

6.3. Unit tail ratio in d = 5 case

We now assume that ¢;, = | forany 1 < j < 5and y € E (e.g, s; = 5/2, for all | < j < 5). Again, Theorem 1 yields

X,y ~s (A=) = 1)y (l,ﬂz,ﬂ3,ﬁ4,ﬂ5)T, as @ — 1. The loss function may be written as

5
1
Lg, (0) =7 PR CED) (35)
k=1
1 p 00 —
—np,"” (1 + Xk ﬁ) + a5 Ak (’ T, l)dt =0for 1 <k<S5.
Pr

The optimum problem associated to the loss function in (35) admits a real solution @; =

where, with §; =1 and ¢, ,(0,¢,) = 1yyy
’ Iy

21=1/ry .
$=—"",1,1,1,1) € k5. Obtained
y
performances of estimations of £, and associated loss function are completely analogous to the previous study and then omitted
here. They are essentially based on the same marginals for y,, c; and on the bivariate vectors for the pairwise upper tail dependence

functions 4 k- This analogous behavior is completely obvious given the similar shape of the loss functions in (34) and (35).

12
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Fig. 2. Boxplots of the estimation of 7, ,/y, with associate covariate z = 0.5 and of the tail ratio ¢,,,/c,, with ¢, in (20) ¢, = 2.7557. We have a, = 0.968 when
n =500 (left boxplot), and a, = 0.99 when n = 2000 (right boxplot). All boxplots are made from 500 Monte Carlo simulations.

Tail dependence function estimation Tail dependence function estimation Integrate of lambda function
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Fig. 3. Two first panels: estimation of 4,,, ((Cl.y/cz,y)’_l/ %,1) for respectively n =500 and n =2000. We display the theoretical function (magenta full line), with
associated covariate z = 0.5, ¢, = 1,¢,, = 2.7557. Black full line corresponds to the averaged median behavior on 500 Monte Carlo simulations for the considered
estimator ;lll_m,, for t € [B,/P,,3], with g, = 1 and B, = 1.675. Dashed black lines to the 95% and 5% quantiles. Third panel: Boxplots on 500 Monte Carlo
simulations of the ratio between empirical estimator and theoretical |, & < Ay ((ery/er,) 7% 1) dt n=500 and n =2000. (For interpretation of the references to

3
color in this figure legend, the reader is referred to the web version of this article.)

7. Proof of Proposition 1

Soliciting A-method (see, e.g., Theorem 3.8 in Vaart [41]), the proof of (26) and (27) is reduced to the establishment of the
building block

~ P
5n,y Igllédsxd (pk,y(@’ gy) - (pk,n,y(g’ én,y) Tm’ 0. (36)

The proof of (28) and (29) relies upon, for 0 < ¢, < M, < +o0, 1 <r <d,

~ P
o 1 (0000800, 8] o0 37)
r=11€r-Mr

In view of (11), the proof of (36) and (37) comes down by proving the following convergence

| 4@ ©) P )
5y max (|41 |42, (©)].]4%, @) —=0. 1<j#k<d yeE (38)
and its uniform counterpart
P
1) su; rnax( AN s A2 N A® (0] )—> 0, 39
o D] |42 @) |45, @) ) —— (39)
where @ = (1, f, ..., f;) € (0,+c0)?, f; = 1 and
X 1/ry 1y
Y yn, 2 ﬂ] ﬂk k
A = T 4D @y=gp 14y L) - ,
Yy 1- 7y 1- Yn,y komy ;( ﬁk Ck,y ck,n.y

13



E. Di Bernardino et al. Journal of Multivariate Analysis 202 (2024) 105292

too ;. N c.
TNRCIEDY /f/ Xy <—éi’"’y Ty, 1) Ay <ﬂz‘1/7y, 1) dr|. (40)

J#\ 7 Y Choy

A straightforward application of the 4-method and (31) implies that for any deterministic 1 < &, , < &, , and independently
on O € (0, +c0),
P

— 0.
n—+oco

o)

50,",}1 ny

This readily provides (38) and (39) for AE,I; The quantities AE{ZZ and Afzny are respectively tackled in the upcoming Lemma 2
and Proposition 2. One can obtain the identities for the gradient Toss function by adapting the setting in Appendix A.3. in Beck
et al. [3] to our functional covariate case. By using these gradient expressions we can show the gradient convergence in (28)-(29).
Indeed, the random quantities 7, and ¢, , appear through algebraic expressions in the gradient loss function in the same form as in
(11).

The Karamata’s results, Theorem B.1.4 - B.1.5, Equation (B.1.14), Remark B.1.7 in De Haan and Ferreira [11], see also Theorem
1.3.1 in Bingham et al. [6], allow us to write

xb; () —1
L”U”(x) =7, ,(x) = k;(»b; ,(x) exp / fdt R (41)
X0
for some arbitrary x, > 0, some constant «;(y) € (0, +o0) and
xt jyy(x)

sz ¢; (Ddt

Studying the Karamata representation (41) of the slowly varying part #; ,, through the point of view of I7-Class (see Definition 4),
we may show in the following Lemma 1 an asymptotic expansion on ¢ .

Notice that Lemma 1 in the case p; , < 0 is a straightforward generalization to the conditional setting of Lemma 1 in Hua and Joe

[28]. The proof in the specific case where p; , = 0 is postponed to Section 8.1. For examples of distributions satisfying the second
order regular variation condition with p; , = 0 we interested reader is referred to Remark 5.

b (x) = (42)

Lemma 1. Assume that for any y € E, forany 1 < j < 4, U;, € ZRV—V,,,p,y("""O)’ vy > 0,p;, < 0, with auxiliary function
A;, ERV p/y(+oo) or equivalently Condition (H1). Then, for some constant K;(y) € (0, +0) independent of x,

2,0 =x;») (1+0(4;,(x)), x- +co.

Once the slowly varying part of the tail quantile function is determined, we may derive, under the second order regular variation
property (see List (742)), the speed rate in the consistency of the tail ratios.

Lemma 2. Let © =(n,f,...,H;) >0, y € E, a, = 1 +0(1), h, < 1 deterministic such that the intermediate regime na,y,(h,) > 1 holds
true. For each marginal 2 < k < d, let §,,, , be a scaling sequence such that

1 <6,y < min o
., s )

where §_,  is defined in (21). (43)
€{0,1,k

S,n,y° S.n.y

Then, as n — +oo, under Assumptions (H1), (H2), (IIL.1), (1.1), (1.2), (1.3),

P
.0 (44)

n—+oo

Oy ‘Ck,y = Cy
Furthermore, it holds that, for 1 <k <d,

@ P
5k,n‘y‘Akﬁ,y(@)(—>ﬁ+m 0, Bjny SUP )

ocIl’_,le,.M,]

A?

P
k,n,y(g)‘ n—+oo 0,

for0<e, <M, <+o00, 1 <r<d.

As defined in (43), the auxiliary marginal scaling sequences 6, , , may be combined to recover the global rate 4, , defined in (22)
by considering the minimum over &_ 1.n,y and over every §; , , for k > 2. The proof of Lemma 2 is postponed to Section 8.1. Next,
we consider the integral of stable tail dependence functions and prove the following convergences.

Proposition 2. Let S,yasin(22). Lety€ E, 1< j#k<d, @ =,pp,....0) € (0, +00)¢ and p, = 1. If Assumptions (H1), (H2), (3),
(6) and Assumptions of classes I, II, III in Section 5.1 are satisfied, then

A%

5”’y Jikan,y

©)|——=0,
n—+oo

and forany 0 <e, < M, <400, 1 <r <d,

A®

8 sup Jik.n,y

n,y

P
(@))—> 0.
@EHLM.M,] n—+o00

14
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The proof of Proposition 2 can be found in Section 8.1.
8. Auxiliary proofs and results

We gather in this section the proofs of the results needed for Proposition 1 as well as further auxiliary results required for the
intermediate steps of the proof.

8.1. Proofs of lemmas of Section 7

We introduce a particular proxy version to the second order regular variation property to be connected to slowly varying functions
when the second order tail index is zero. In this context, we constructively specify the auxiliary function and shall make use of an
uniform Drees-type inequality. This is of importance in order to address in depth the Karamata representation applied to the slowly
varying part of the conditional marginal quantile tail function.

Definition 4 (Class IT).[Definition B.2.4 in De Haan and Ferreira [11]] A measurable function f : R* — R belongs to the class
I1(a) if there exists an auxiliary function a : Rt - R* such that for x > 0,

lim S - f® _ In(x). (45)

t—>+0o a(t)
Remark 3. The auxiliary function is slowly varying, namely a € RV((+), by Theorem B.2.7 in De Haan and Ferreira [11]. By
Theorem B.2.12 in De Haan and Ferreira [11], f € I1(a) is equivalent to f € I1(a) with a(r) = f(r) — % f0’ f(s)ds. Hence, if f € I1(a)
for some auxiliary function a, we can always choose instead the alternative auxiliary function 4. More can be said, if in addition
x' f(x) € 2RV, 5, y > 0. In this case, the auxiliary function A in Definition A.2 can be chosen as A(t) = AQ) = % According to
Proposition B.2.17 in De Haan and Ferreira [11], if f € II(a), then for any €, > 0, there exists x, = xy(¢,6) > 0, such that for any
t and x with 7x > x, the following uniform bound holds

% —In()| < & (max (,179)), (46)
with the relation A7 = a.

Proof of Lemma 1. Let 1 <j <d and y € E. The case p; , < 0 is a straightforward generalization to the conditional setting of
Lemma 1 in Hua and Joe [28]. We may now assume the second order tail index of U, , to be zero, i.e., p; , = 0.
According to the definition of the second order regular variation, there exists auxiliary functions 4; , := AU/;y € RVy(+w) for
1 < j < d with ultimately constant sign and lim,_, ., A; ,(#) = 0 such that
. 1
tl}inoo W (£,,x)=¢; () =In(x), x>0.
Since ¢; , is non-negative, we immediately deduce that

£;, €Ma;,), a; 1) =sign{A; (O} A; (OF; () € RVy(+c0), a;,>0.

By Remark 3, the definition of the second order regular variation and the relation U () = xv¢ (%), we can modify the auxiliary
functions so that

_ s 1/
¢y EM(a;,). a; ) =¢;,0)~ ?/0 ¢, (s)ds,
and U; , (-) € 2RV_, /y},50(+o°)’ with auxiliary function

a; (1 1 /1 £, (tu)
7 (0 0o Cy®

Fix e > 0 and 6 € (0,1). Let x((¢,8) > 0 such that (46) holds. From Potter’s Theorem B.1.9 in De Haan and Ferreira [11] with
8, =1and &, = 1/2, let xy(6;.8,) > 0 such that Potter’s bounds hold as well. We finally set x, := max (x,(e, 8), x9(5;,5,)). In the rest
of the proof, we consider this particular choice of x; in (41) and investigate (42).

. o . ¢ .
With the substitution u = )—’( in (42), one can express bj’;(x) = f XIU ;,y (:;)) du. Then, with A .y € RV((+00),
: > Ciy :

A0 = du € RVy(+00).

1 ¢ (ux
! (b;;(x)—l+ﬁ>:/ 1 oy )_
A; (%) E x 0o Aj,x) [ 7;,()
For u € (0,1) and x such that ux > x, the bound (46) yields
1 [fj,y(ux)
Aj,y(x) fj,y(x)

l] 1[“7",1](")(1”'

<—In(w) +eu"? := Ses).

1] L @)

15
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The function u ~ f, 5(u) is integrable on (0,1) as —1 < —6 < 0. Altogether with the pointwise convergence (45), the dominated

convergence theorem gives

/l ! [f"y(ux) 1] 1,5 . (w)d /11 wd 1
—_— - Xy u)dy—— Ky = nwu)dau = —1 < +o00.
0o Aj,(x) [7;,() -1 — 0

The previous convergence holds with limiting constant —«, instead of x, by accordingly adjusting the sign of the auxiliary
function A; ,. Opting for this convention, we subsequently set x, = 1. One may then write

B0 = 14 4, ,(x) - % +0(4,,(0).

Since x = 1 € RV_(+c0) and 4; , € RV (+oc0), it follows that b, (x) = 1+ A, ,(x) + 0 (A;,(x)), x — +co.
Going back to (41),
XA (O +0(A;,(x)
7 y(x) =K;(y) (1+ A; () +o (Aj,y(x))) exp </ %dr .
X0
Repeating the same argument of dominated convergence but in the first order regular variation context for the auxiliary function
A;, € RV(+00) with Potter’s Theorem B.1.9 in De Haan and Ferreira [11],

XA
: sz =A; (0)+0(4;,x), x- +oo.
0

Therefore, a Taylor expansion as x — +oo yields the asymptotic representation

2,0 =k, (1+0(4;,(x))., A, €ERVy(+0), &;(3) € 0,+). [

Proof of Lemma 2. Let y € E and 2 < k < d. First, observe that straight consequences of (30) as well as A-method applied to (31)
are
quAVn,y(an)

ar, () ) . By vy =0p (S&J) ) .

= 1 + O]p (S(Ijl,y

One may write
In (?k,n,ﬂ%)) =1In (qk’n’y(a")) +In (qk’y(an)> +In ( :]Ly(a,,) ) .
ql,n,y(an) qk,y(an) ql,y(an) q1,n,y(an)
In view of (47) and after Taylor expanding, this becomes
e,y (@y) (a,) -
n <qk’ d ) =In <qk’y ) + Op (‘%iy) ’ “9)

Gy (@) q1y(a,)

We investigate the logarithm term in the RHS of (48) and precise its asymptotic behavior. Regarding the quantiles, it is clear that,
for ¢, < 1 and each 1 < j < d, we have ¢ () > 1 and ¢ iy € RV;,y(l). As a functional version of Lemma 3.2 in Maume-Deschamps

et al. [34] which may be proved along the same steps, we have that, if 1 = O(s), for any 1 <i,j < d,

F, ) ¢ -1/,
;'VE(E) y, t — +o00.
Fi (0 Sy M

Frp@ip(@,) ay )\ 7
It follows that | = === =¢, | = +o0(l), n— +oco0. Hence,
Fyy(q1, (@) P\ dky(an)

1/ry

qk,y(“n)) b . qk,y(an) ¥y

Cpy = +o(l), ie, =c,” +o(l).
ky <ql,y(an) ql,y(an) ky

On the other hand, one may write the ratio in terms of slowly varying functions
Gy@) U@ ,@"h
ay@) U@ f,@h

By Lemma 1, for 1 < j # k <d and as x — +oo, the following asymptotic holds after a Taylor expansion

£iy® K0
Ly k() [1+0 (max (4;,(x), A, ()] -

We deduce the tail ratio representation ¢, , = (Kk(y) /K (y))l/ ™ and that for 1 <k <d,

. . ~ ~ qk,y(an) V2
0 < limsupmin(6; , ,, 6 , ) <— —c¢” ) < +oo0. (49)
n4>+oop Lay> Sk ql,y(an) k.y

16
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We can state (49) in an alternative way ¢!’ @) _ 4o (max (6’1 51 )) n — +o0. Combining (31), (47), (48) and (49)

K.y g y(ay) Lny’ “k.ny
with the definition of Cry in (20), it yields

L (@) 1 (@) N . N_]
;) = ?—m(—qun’y(%) —?n’yln ) +0p (50ﬂy>—ﬁ’ylnck’y+o]p(max(5m 5kny))+op(50,n’y).

n.y

Limit in (44) is proved after an application of the A-method. We now consider the quantity

1/ Ury Y~ ~
e L eny(@y)
= —p i ( 22 pl -yt 1 . 50
é\k,n,y ck,y P [ yn,y ! (él,n,y(an)> * (yn,y yy ) ! (ﬂk) - n(0k$y):| ( )

Combining again (31), (47), (48) and (49), and Taylor expanding in (50), it yields

B - :
L= 2o (max (67,600, ) ) + 06 (G, ) -
Ck,n,y Clc,y 7y o
The previous asymptotic equality is valid for any 1 < k < d. Moreover, the asymptotic holds uniformly over g, € [¢,, M, ] with
0 < g, < My < +c0. Indeed, in view of the term In(g;) in (50), we discriminate two cases: when 0 < g, # 1 and when g, = 1.
In the former case, it is clear that |In §,| is positive and bounded by a constant depending on ¢, M,.
In the second case, the speed rate gO,n,y induced by the difference ?n‘; - yy‘l apparently vanishes but is reintroduced by the term
In ([“ME% ). Now, the term 5(1 + Z#k B;/By) is positive and bounded when @ = (n,4,, ..., f;) € szl[ek,Mk] and g, = 1. Hence, the

dic,
second part of Lemma 2 is proved. []

Proof of Proposition 2. In the following, for the sake of readability, we drop the finite sum in (40). We start by decomposing

A% defined in (40) as AD Z ABD L AGD iy
J.k,ny J.k.ny J.k.ny J.k,ny

G oo ey 17 oo iy 1/
- _ =1/ — ) LY =1y
Ay = /ﬂ, i’”(ck i 1>dt /ﬂ, ’lj,k,y<ck ! y’l>d”
P o i Y
32 e ny 1/ e iy 1/
A =/v Ajk ( Ty l)dt—/ Ak ( Ty 1>dt,
Jk,n,y /ﬁT/ oKLY Ck,n,y b J.k.y Ckny

Pk
where 7 Puy and ¢ Cinys 1 <j<d,are defined in (19) and (20). Note that Ajry©, D) =1-L;, (0,1)=0

In view of List (Il.1), the mapping ¢ ~ ¢ (Vﬁl)/{j’k’y (t,1) is integrable in the proximity of 0 so we may consider the change of
variable
c; c Ty c Ty
LYy —y e = <£u> ,dt=—y <£> w O tDay,
y
Ch,y iy Cjy

It yields the alternative form

@D e § G.2) . 5@
A% =_Uy/0 {4y Brany®1) = Ajp, @ D} 1, 475 = un,y/o {Ajsemy @& 1) = A4, (1, D} dr,

Jkony
with
Einy [ Chy 1y/Tny )
§ gy () 1= 22 (22 Cyltny = Gy 1yl tny (51)
ey \ iy

B =1/ry ey \ T i =1/ny X en. ~Fny
M,(0) := < ’> N :=yy<—y> . M,,(0) = < f) , un’y:=y"’y<A”>.
&y v \ B Cy Cny ny \ P Cjmy

In order to prove Proposition 2, it is enough to show that, for s € {1,2},

8,y |42 (@)|L 0 (52)
Jikan,y n—otoo
and the uniform counterparts, for 0 <e, < M, < +c0, 1 <r<d, 5,, Sup@EHZZIIEnMr] N kny
P
From (31) and (44), for any y € E, 1 < j <d and r > 0, we have 7, T e ¢in y—+——> . In particular, the continuous
7 n—+oo 7 p—+4o00 S5y
P
mapping theorem readily implies that 3, , , y(t)—+> ¢ and also
n——+oo
N P N P
Mn‘y(@)n—>—+00) My(@)’ Un'y(t)n—>—+00) Uy. (53)

It is classic knowledge that the stable tail dependence function 4;, , is 1-Lipschitz, hence, the case qu]; in (52) follows from
Lemma 4. On the other hand, the case Af’)w in (52) is a mere consequence of the uniform boundedness over g := (1,4,,...,6;) €
H;.Ll [e;, M;1with 0 < &; < M; < +oo, for any j, of the quantities in (53) and the uniform convergence in probability of Lemma 5. []
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8.2. Auxiliary lemmas

In this section we introduce and prove three auxiliary results. Recall the scaling sequence & , , for each margins 1 < k < d
defined in (43). Firstly we may have a closer look to the previous convergence of § in (51). It follows from (31) and (44)

P
that & ,, , (&M -1) — 0. An application of the multivariate A-method yields the following pointwise convergence in probability

Jjikin,y

P
Okny ( 8 kny(®) — )—» 0. Leaning on the monotonicity of the mapping ¢ ~ §;, , ,(), we improve the pointwise convergence in
probability 3, , , y(t) t = op(1) to an uniform version by a probabilistic Dini-type argument.

P
Lemma 3. Forany 0<T < +oo and 1 < j # k < d, it holds that sup,co 1 ‘ﬁj fny(®) — t‘—+> 0.
. Jon, PR
Proof of Lemma 3. Let T > 0 and £ > 0. Let also an integer N := N(¢) > 1 such that T < eN. We consider a subdivision with

step less than ¢ of the compact set [0,T] = Uy 1[— ol T] In particular, for any 7 € [0, T], there exists 0 < #| < #, < N such that

4 T <t < KZT Fix w € Q for the moment and assume that for any 0 < # < N,

8 kny ( )(co) - —T‘ < &. Since the mapping

X § (x)(a)) is non-decreasing, the following inequalities hold

J.k.n.y

. ‘5 ‘, ‘) ‘)
sj,k,ny(t)(w)_t<sjkny(NT>(0‘))_N < ’k"y<N )(w)—NT+s<2£

2 ¢ ¢
§j’k,ny(t)(w)—t>s]kny( >()— T>sjkny(N1T>(a))—NlT—£>—26.

Thus, sup,e(o 1 ‘f i kony @) (@) — t| < 2e. As a consequence,

N 2 2
]P< Sj,k,n,y <NT> - NT

Taking the complementary, using union bound and the previous pointwise convergence in probability of 3, ; ,, ,, as N, T, e < +oo

are independent of n,
- 14 2 £
Sieny (FT> "N 5)—*.,%, 0 O

N
]P’< sup |8 gy (D —t‘ > s) < Z ]P’<
In the following lemma we provide the speed rate of convergence in Lemma 3.

1€[0,T]

<e, W:o,.,.,N) §IP’< sup {8y (0 1] <2£>.

1€[0,T] £=0

Lemma 4. Let 6, , be the scaling sequence for each margins 1 < k < d defined in (43). Let y € E and 0 < T < +co. Under Assumptions
(M1), (H2) and (1.1), (1.2), (1.3), (IIL.1), for j # k,

P
[ sup |§; 1) —t|—— 0.
kony ZG[O%] J,k,n,y( ) n—+oo

N . Yyl Py
A o i, Ck, . . . .
Proof of Lemma 4. Recall 6,, := ﬁ <ﬁ) . Define g; ;. , () = §;,, () —1 for t > 0 with §;,,, as in (51). Consider
Tny
Py . n P . .
lyy = Yry by * " the solution of gj’. ey = an,y;—yﬂy/ fiy=l —1=0, > 0. This corresponds to the maximum value of &) kmy
ny . ny

when y, <7, or its minimum value when y, > 7, .. This is a consequence of the 2nd order optimality condition and

L Yy N P
g,’-fk,,,,y(t)=6n,y—? (7y/ Py = 1) 17372 1> 0.
ny

Using (31) and (44), we easily see that

n,y . R
14 ny— Y Y Y
tn,y:<A_y&ny>yyyy:exp<A ﬂ'y—ln<Ay6'n’y>>:exp<A e (51:n )>:1+O]P’(1)-
Tny Iny =Yy Iny Iny ~ 7y Y

For fixed w € 2,0 < T < +oc0 and n large enough, we may write sup,( 1 ‘gj,k,n,y(t) (w) < max ‘gj,ky,"y(t,,‘y)‘ (w), gj’k’n,y(T)l (a))). By
Taylor expansion and multivariate 4-method with (31) and (44), one readily shows that for 0 < T’ < +co fixed, g; 4 ,, ,(T) = 0p(1/5y, ,)-
Now, we compute

?’l,y
gj,k,n’y(t"’y) =ty ( - 1> .
Ty

Then, using (31) and (44) once more yields g;  , ,(7,, ,) = op(1/5 ). [
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Lemma 5. Let M € (0,+). Let 1 < j# k <d, y€ E and 1 < k,, < n be an intermediate sequence. Under Assumptions (3), (6), (1.4),
~ - Hy

(11.2), (IL3), (IIL.1), we define 1 < 8, < 8o,y = \/n@w,(h) and 1< 5_y,, <6 1,, = (;T) " asin Eq. (21) with u, > 0 as in

Condition (6). Then, it holds that !

mm(éo,,y,&l,,y) sup |/1]ky(x) jk,,y(x)|—>0.

x€[0,M +oo
Proof of Lemma 5. By using Eq. (5), we write
sup ‘i]ky(x)— jk,,y(x)‘ = sup ‘ijy(x) jkny(x)‘

xe[0,M]2

For n large enough, one can get ﬁM < 1. Then, the triangular inequality allows us to bound the latter quantity by

sup ’LJ k) =L ,,y(x)) sup ‘ﬁj‘k,n’y(x) - ij,k,n,y(x)l R
x€[0,M]2 x€[0,.M]?

where L kny(X) 1= kl (1 Cipy(1— —”x)). Concerning the second term, since @, = o(1), it readily follows from (32) that for any
deterministic 1 < &), , < 8y,,, < 1/nw,(h,),

~ P
Somy sup. )Lj,my %) = Ly (00| —2 0.
x€[0.

- P
Lastly, using the rate condition in (6), we have 5_, , SUPyero.m2 | Ljkey(®) = Lj gy (%) — 0. O
. ’ s B n—+0oo

Conclusion

In this paper, we present a semi-parametric method for estimating functional multivariate L'-expectiles at extreme risk levels
(i.e., functional L'-MEEs). Going beyond Beck et al. [3], we establish, in this functional setting, the consistency with rate of the
approximated loss function by using empirical kernel-based estimators for the tail index, the tail ratio and the upper tail dependence
function. Then, we couple the loss function estimation with a gradient descent algorithm (e.g., BFGS-family). As a result, we give
the consistency with rate of the approximated optimum problem for solving functional L!-MEEs.

A possible line of research would be to consider the LP-norm in Eq. (7), i.e., to consider the L”-expectiles defined in Maume-
Deschamps et al. [33] in this functional setting. The question of their estimation may also be approached by the same semi-parametric
methodology although it would display more intricate algebra. Along the same lines, one may consider a possible extension
of Maume-Deschamps et al. [34] to functional extreme X-expectiles for ¥ # 1. While the specific case of one dominant marginal is
studied in Maume-Deschamps et al. [34], an interesting problem is to remove the multivariate regular variation hypothesis on the
random vector X with equivalent marginals tails. Moreover, an ambitious future work would be to connect our inference method
with the online optimization theory. Indeed, we propose in our work to simultaneously estimate and optimize the loss function
associated to the considered functional L'-MEEs, which may essentially be seen as updating with new data-points a multidimensional
optimization problem. Finally, an essential future work will be to apply our estimated extreme multivariate L'—expectiles on real
data. Most of the applications in the expectiles literature with functional covariate are motivated by spectrometry and finance.
In Girard et al. [23], the authors estimate extreme univariate expectile levels of the maximum hourly log-return of Bitcoin price
given the hourly log-returns from the day before. An interesting multivariate extension would be to jointly consider the Bitcoin and
other currencies during the same time length. Another natural application field of the proposed extreme risk measure could be the
capital allocation problem, to balance the risk level between the portfolio’s components.
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Appendix. Regular variation framework

Definition A.1 (Multivariate Regular Variation). A random vector X € R? is regularly varying with index a > 0 if there exists a
random vector © on the unit sphere S?~! such that for any x € (0, +c0), the following vague convergence holds:

X
(”X” > X2 g )

e .
P(IX]l > 2) — o X Pee.
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Definition A.2 (Second Order Regular Variation De Haan and Ferreira [11]). Let y > 0 and p < 0. We say that U € 2RV_, ,(+00) if
there exists an auxiliary function A with ultimately constant sign and lim,_,  , A(#) = 0 such that
X
fim - (Y99 ) C vl () = x}'/ wldu, x> 0. (A1)
t=+o0 A(t) \ U(1) ? 1

Note that for x > 0, H,(x) = In(x)1{,_¢, + Lp_ll {p<0;- By Theorem 2.3.9 in De Haan and Ferreira [11], this is equivalent to

— P
1 v —
lim ! LG IR P il SN (A2)

t—>+00 W F(I) ’ rp

<=

(+0). Besides, on the auxiliary functions level, Theorem 2.3.3 in De Haan and

Namely, U € 2RV, (+x) <> F € 2RV

Ly
vy

Ferreira [11] provides A € RV ,(+c0), Aoz € RV, (+c0).
14

Remark 4. Condition (7/1) entails a second order regular variation behavior. Note that ¢; , = 1 for any y € E. Forany 1 < j < d,
since F; , € RV_; /yy(+oo), there exists £ € RV((+00), such that
5y

Fjvy(x) = x_l/yyffjﬁy(x), x> 0. (A.3)

Also, we have U; , € RVyy(+oo) and thus, there also exists a slowly varying function KUM :=¢;, such that U; ,(x) = x"v¢; ,(x),
for x > 0. Condition (7{2) is inherited from Beck et al. [3], Maume-Deschamps et al. [34] and states that each marginal behaves
the same way in the extreme regime. Moreover, since Fj,y €2RV_, [ty /yy(+oo), it follows that U iy € 2RVyy, ﬂ/{y(+oo). According to
Definition A.2, there exists auxiliary functions A jy = AU/,y S Rij‘y(+oo) satisfying Eq. (A.1).

Remark 5. Examples of distributions satisfying the second order regular variation condition are:

* Log-gamma distribution defined as the exponential of the sum of two independent standard exponential random variables:
F(x) = %(1 +log(x)) € 2RV_ o(+c0) with A(1/F (1)) = 1/log(r) (see Geluk et al. [20]).

For x > e, F(x)= h’%e € 2RV_; o(+00), with A(1/F() = 1/ log(r).
Hall-Weiss class: F(x) = %x‘“(l +xP) € 2RV_, (+co) for a > 0 and p < 0 with A(1/F (1)) = pt” (see Geluk et al. [20]).
Cauchy distribution: F(x) = }r tan~!(1/x) + %(1 —sign(x)) € 2RV_; _,(+00) (see Gardes and Girard [19]).

1

Fréchet distribution: F(x) = 1 —¢™ € 2RV_, _ (+c0), 7 > 0 (see Gardes and Girard [19]).

Burr distribution: F(x) = (1 +x7)™* € 2RV_, __(+), 7,4 > 0 (see Gardes and Girard [19]).
TA®

il _wl _
Student ¢,, v > 1, distribution with density f(x) = ( 2 ) (1 + %) > . Then, F € 2RV_, _5(+00).

)

The interested reader can find more 2RV type distributions in Section 5 of Mao and Hu [30].
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