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Abstract

In Bénard-Rayleigh convection we consider the pattern defect in or-
thogonal domain walls connecting a set of convective rolls with another
set of rolls orthogonal to the first set. This is understood as an hetero-
clinic orbit of a reversible system where the x - coordinate plays the role
of time. This appears as a perturbation of the heteroclinic orbit proved to
exist in a reduced 6-dimensional system studied by a variational method
in [3], and studied analytically in [10]. We then prove for a given am-
plitude €2, and an imposed symmetry in coordinate y, the existence of a
one-parameter family of heteroclinic connections between orthogonal sets
of rolls, with wave numbers (different in general) which are linked to an
adapted ”shift” of rolls parallel to the wall.

Key words: Reversible dynamical systems, Bifurcations, Heteroclinic con-
nection, Domain walls in convection

1 Introduction

Remark 1 This work slightly improves the results (see Theorem 8) of a pre-
vious version accepted for publication in JMFM (2024). The modifications are
consequences of an improvement of estimates obtained after revision (see The-
orem 5) in [10], which are extensively used here.

The Bénard-Rayleigh convection problem is a classical problem in fluid me-
chanics. It concerns the flow of a three-dimensional viscous fluid layer situated
between two horizontal parallel plates and heated from below. Upon increasing
the difference of temperature between the two plates, the simple conduction
state looses stability at a critical value of the temperature difference corre-
sponding to a critical value R, of the Rayleigh number. Beyond the instability
threshold, a convective regime develops in which patterns are formed, such as
convective rolls, hexagons, or squares [11]. Observed patterns are often accom-
panied by defects as for instance domain walls which occur between rolls with



different orientations. We refer to the works [1, 12, 13], and the references
therein, for experimental and analytical results, and detailed descriptions of
these patterns and defects.

Mathematically, the governing equations are the Navier-Stokes equations
coupled with an equation for the temperature, and completed by boundary con-
ditions at the two plates. Observed patterns are then found as particular steady
solutions of these equations. In [5] and [6] Haragus and Iooss handled the full
governing Navier-Stokes-Boussinesq (N-S-B) equations and proved, for various
boundary conditions, the existence of symmetric domain walls in convection
(however not yet observed experimentally).

The existence of orthogonal domain walls (effectively observed experimen-
tally) has been studied formally by Manneville and Pomeau in [13]. In [2] and
[8], (this is named ”planar 90° grain boundary separating two stripe domains
of mutually perpendicular orientations”), this is completed by the study of the
dynamics of these defects, function of the waves numbers of each set of rolls,
however only on a Swift-Hohenberg type of model ODE so that these previous
works do not start with the Navier-Stokes-Boussinesq system of equations, and
just give interesting asymptotic non rigorous results in the mathematical sense.

More recently Buffoni et al [3] handle the full governing equations, showing
that the study leads to a small perturbation of the reduced system of amplitude
equations in R® | the same system as the one predicted in [13]:

AW = A1 - A% —¢B?) (1)
B" = &B(-1+gA*+ B?),

where €2 is the amplitude of rolls at infinities, and ¢ a number, function of the
Prandtl number of the flow. By a variational argument Boris Buffoni et al [3]
prove the existence of an heteroclinic orbit, for any g > 1, and € small enough,
such that

A(z) > 0,0< By (z)<1

M=

(As(z), Bi(z)) — { My — ((1):(1)) as r — —0o

) as x — 400

This orbit is expected to represent the connection between a set of convecting
rolls parallel to the = direction, with a set of orthogonal rolls. Unfortunately,
this type of elegant proof does not allow to prove the persistence of such hetero-
clinic curve under reversible perturbations of the vector field, such that the one
resulting from the full N-S-B system. Our purpose here is to use the analytic
results of [10] for proving the persistence of the above heteroclinic, hence ap-
plied to orthogonal domain walls in Bénard-Rayleigh convection. It should be
noticed that even though the present analysis looks similar to the one made in
[5] and [6], it really needs serious adaptation since, here we loose the symmetry
of the wall defect, which plays an important role in [5] and [6]. Contrary to
the symmetric case considered in [5] and [6], the size of the perturbation de-
pends on &, which appears also in the rescaled heteroclinic of system (1). This



introduces lot of computations for controling higher order terms (see section
4). For obtaining steady solutions of N-S-B system, we are led to consider the
connection between rolls of different wave numbers; we give the link between
them and a modulated ”shift” of the system of rolls parallel to the wall, leading
to a one parameter set of solutions, for a fixed Rayleigh number slightly above
criticality, and a fixed Prandtl number. Contrary to the symmetric case, the
wave numbers of rolls at infinities need not be the same.

Section 2 introduces the 8 dimensional system which perturbs (1) and con-
tains the full N-S-B system. Moreover we give the final result in Theorem 8.
In section 3 we introduce the new variables which tend exponentially towards
0 at infinities, in such a way as to work in the weighted space L727. In section 4
we obtain estimates (in L%) for solving in section 5, via a Lyapunov-Schmidt
reduction, the infinite-dimensional (in a function space) part of the system.
In subsection 5.3 we solve the one-dimensional remaining bifurcation equation
leading to the result of Theorem 8. In Appendix A.1 we indicate the normal
form found in [3] and establish the perturbed system (2). In Appendix A.2 we
give precisely the expression of the equilibrium at —oco (rolls parallel to z axis)
and in Appendix A.3 we give precisely the expression of the periodic solution at
+oo (rolls parallel to the wall), giving a new analytic (necessary) proof for the
family of periodic solutions in the 1:1 resonance reversible bifurcation problem
(completing the former geometric proof of [9]).

2 The reduced system

In [3], starting from a formulation of the steady governing N-S-B equations as
an infinite-dimensional dynamical system in which the horizontal coordinate
x plays the role of evolutionary variable (spatial dynamics), and looking for
solutions periodic in y, a center manifold reduction is performed, which leads to a
12-dimensional reduced reversible dynamical system, reducing to 8-dimensional
(R* x C?), after restricting to solutions with reflection symmetry y — —y (fixing
the a priori free shift in the y direction). A normal form up to cubic order for
this reduced system is obtained in [3]. We may notice that e24, and 2 Bye'*/?*
are respectively, after the scaling made in Appendix A.1, the principal parts of
amplitudes (of order £2) of classical convective rolls at —oo and +oc.

After some calculations and rescaling (see (72) in Appendix A.1) the per-
turbed system becomes

k2 7
AD ko AG+ Ao(1— == = A§ — gl Bol) +
By = eBo(~1+gA3+|Bof) +7. @

Parameters are defined as (see Appendix A.1)

et~ RYZ_ R}:/2, ‘R Rayleigh number,

k.(1 + e?k_) wave number in y direction,



Remark 2 Notice that the system (2) becomes just system (1) for k_ = fz
g =0, and By real.

In (2) we have

Jlh-eexp(in), X,Y,7) = fot
’g\(k_,s,exp(:l:i%),X,Y,V) = go+ a1,
where
X = (Ao, A}, Ay, AYY € R,
Y = (B, Byt eC?

The dependency in exp(4i5) of fand g comes from terms not in normal form,
of degree at least 5 in (X,Y") and the rescaling of the original amplitude B of the
rolls parallel to the wall. In fact (see Appendix A.1) B is rescaled as £2 Bt/

where x is the rescaled coordinate. ”Cubic” terms fy, Jo, are autonomous, of
the form

fo = idieAo(BoBy — BoBY) + 2[ook_ A} + ds Al + dyAZAY + da Ao AR + dsAg| By
+d7A6 (BQB_Q/ + B_()B(I)) + d5Ag|Bo|2] + idgEBAg(BQB_O/ — B_oBé) + 0(84), (3)

G = &icoBl+ iciB|Ag|? + icaBy|Bo|? + icsB2By + icoBoAgA)]  (4)
—|—E4 [6436 (BOF0/ - B_0B6) + C5BOAOAg + CGB0A62 + C7B6A0A/O]
—|—E5 [ngBvoAg/ + ’LC7B(3A0A/O/ + iC10B6A62 + iCllBoA/OAg + 0(56),
where oefficients ¢;, d; are real (due to symmetries as seen in [3] and Appendix

A.1). Higher order terms, not in normal form are non autonomous and such
that

A= SOUXI(IXP+ Y] +¢4?,

gi = CO[XP+YNIXP+ Y[ +e")).
Moreover the system (2) commutes with the reversibility symmetry S :

(JI, AOu A67 AIO/7 Ag/7 BOu Bé) — (—JI, A07 _A67 Agu _AIO/I7 B_07 _B_6)7
and we have the additional symmetry property (see [3]) resulting from the equiv-
ariance of the original system under the shift by half of a wave length in the y
direction (fixing the symmetry y — —y):
r.h.s. of A((34) is odd in X,
r.hs. of  B{ is even in X.

The estimates for non normal form terms fl and g1, result from the property

that they start at order 5, since the normal form does not contain terms of
degree 4 in (X,Y), and from the inequality

(a +b)* < 4(a® +b*)? for a,b € R.



Remark 3 Notice that the above reduction is valid for the three classical bound-
ary conditions for the Bénard-Rayleigh convection problem: rigid-rigid, free-free,
free-rigid. However in the case of rigid-rigid or free-free boundary conditions,
Y =0 is an invariant subspace (see [3]), which simplifies the estimate for gi.

Remark 4 Notice also that the high order terms fl and g1, of size O(e*) for

Agl) and O(e®) for Bl are functions of e*'3=. This is due to the fact that
e2Bye'2= is the original amplitude of the Y mode (see (70) in Appendiz A.1).

Let us give here the results obtained in [10] for the system (1) and which are
used in the calculations below:

Theorem 5 Let us choose % < <1, and admit a certain conjecture on a 4th

order differential equation with boundary conditions on a bounded interval, all
being independent of €. Then for € small enough, the 3-dim unstable manifold of
M_ intersects transversally the 3-dim stable manifold of M., except for a finite
number of values of §. The connecting curve (A, B.)(x) which is obtained is the
only curve for this intersection going from M_ towards My, and its dependency
in parameters (e,0) is analytic. In addition we have B.(x) and Bl (x) > 0 on
(—00,400). For x — —oo we have (A, — 1, A, A” A B.,B.) — 0 at least
as 9% while for x — +o0, (A, AL, AY A”) — 0 at least as ef\/gz, and
(B, —1,BL) — 0 at least as e~V

Moreover, choosing 0 < 0, = %52/ ® we have the following useful estimates

Corollary 6 Forx € (—o0,0] there exists ¢ > 0 independent of € small enough,
such that for the heteroclinic curve

Au@) —1] < e,
A ()] + |AL ()| + AL ()] < ce¥/Pe®m,
0 < Bi(z)< ce%".

0 < B.(z)<cees®,

Corollary 7 Forz € [0,+00) there exists ¢ > 0 independent of € small enough,
such that for the heteroclinic curve

AU (2)] < /e 0T = 0,1,2,3,
Bu(z) —1| < ce V%" |B.(z)| < cee” V2",

The above result is obtained in [10] as follows: for system (1), from the
equilibrium M_ = (1,0) originates a 3-dimensional unstable invariant manifold
and from the equilibrium M, = (0, 1) originates a 3-dimensional stable invariant
manifold. Both manifolds lie on a 5 dimensional invariant manifold given by
W, = 0 where W is the first integral of (1):

2
Wy = (AR)" = 32 — B + S (43 +[Bol* = 17 + (g — ) A3|Bof? (5)



(this integral was known in [13]). The delicate point is then to prove analytically
that the two manifolds exist until they intersect transversally, giving as a result
the heteroclinic curve connecting M_ to M. The estimates in Corollaries above
follow immediately from the proof.

For the 8-dimensional perturbed system (2) we prove the following :

Theorem 8 Ezcept for a finite number of values of g =1+ 62 and for ¢ small
enough, such that Theorem & applies, the heteroclinic solution connecting an
equilibrium at —oo (representing convective rolls parallel to x - axis and sym-
metric in coordinate y) and a periodic solution at +oo (representing convective
rolls orthogonal to the previous ones, parallel to the wall), exists as a family of
orthogonal domain walls. Denoting by €2 the amplitude of rolls at infinities, the
wave number of rolls orthogonal to the wall (resp. parallel to the wall) being
ke(1 + €%k_) (resp. ke(1 + €2ky)), where k. is the critical wave number, the
result is the following: ki and k_ are functions of € and of a parameter ¢, such
that

ki(e0) < ee?
ko(e,0) = Frne TP exp(—p) + O P, with explp| < e 2/,

The parameter o is linked to the ”"shift” z of rolls parallel to the wall in such a

way that

1+2/5( 1+2/5)

Z = 1Y9€ exp ¢ Fexp(—¢)) + O(e

where the numbers v,,7vy, the choice of £ in z, and k_ and the possibility to
obtain k_ = ky only depend on g and on the cubic coefficient (do — dy) in the
normal form found in [3] (see Appendiz A.1, (3)), all being functions of the
Prandtl number.

Remark 9 Numbers v, and 4 are given by

_ o [las| o €P [3las]
71 = 3 y Vo = 20,1 9 )

where a1 and as are defined by (see Corollaries 6, and 7 for the size of integrals)

a; = /Ag2d:v=(’)(£1/5), F = —sgn(as),
R
a554/5 = (dg—d4)/A*A;3dJJ
R

Moreover, the equality ky = k_ = O(c?) is possible (for a suitable choice of )

if
dy —dy < 0.

Remark 10 The 7shift” z of rolls parallel to the wall is not a true shift x —
x+z, since z influences non trivially the phase of B (see the function w in (41)

and Remark 23 giving the principal part of w proportionalto the cubic coefficient
co of the normal form (4)).



Remark 11 The above family of solutions is invariant under the change y —
—y. The whole family may be shifted in y direction, because of the equivariance
of the initial system under these shifts. The basic heteroclinic solution for the
truncated system (1) is with a real amplitude B, corresponding to a fized position
of rolls parallel to the wall. After the rescaling, a ”shift” © — x + z corresponds
to a 7shift” of order z/e of the original coordinate. Choosing the parameter
@ such that exp|p| = O(e~Y/®),which is allowed, we may obtain z of order e,
hence a significant "shift” (of order 1 in physical space) for the rolls parallel to
the wall.

Remark 12 The wave numbers of the sets of rolls at —oo and at +oo differ in
general. This is a major difference with the symmetric case (of non orthogonal

walls) treated in [5] and [6].

Remark 13 We might try to incorporate the 8 terms corresponding to coeffi-
cients da,ds and cy of (3), (4) into a new first integral as Wy (5) (now with a
complex By), expecting to help in finding better estimates of the perturbed het-
eroclinic. In fact, we cannot find such an integral, except if do — dy = cg = 0.
This is indeed coherent with the necessity to look for different wave numbers at
infinities, as done in the present work.

Remark 14 The coefficient g = 1 + 62 is function of the Prandtl number P
and is the same as introduced and computed in ([5]). Values of 6 such that
0.476 < § include values obtained for § in the Bénard-Rayleigh convection prob-
lem. With rigid-rigid, rigid-free, or free-free boundaries the minimum values of
g are respectively (gmin = 1.227, 1.332, 1.423) corresponding to dmin = 0.476,
0.576, 0.650. The restriction in Theorem 5 corresponds to 1 < g < 2. The eligible
values for the Prandtl number are respectively P > 0.5308, > 0.6222, > 0.8078.

y

Figure 1: Orthogonal domain wall

Remark 15 Our method may be used for other physical problem displaying
analogue patterns, such as, for example at a fluid-ferro-fluid interface, as studied
in the symmetric case ("corner defect”) by J.Horn in [7]. More generally, any
physical problem leading to a normal form such as (68) (see Appendiz A.1)



introduces the 4 important coefficients (g,ds, ds,cg) of the cubic normal form,
and should, after validation of the reduction, lead to a Theorem such as Theorem
8.

3 Setting of the perturbed system

3.1 Solutions at infinities

Since we leave now some freedom to the wave numbers, as well in the y di-
rection, as in the z direction, the "end points” of the expected heteroclinic
are no longer (1,0) at —oco, and the circle (0,e!?) at +oo. In fact the classi-
cal study of steady convective rolls, shows that these should be respectively
(Aéfoo)(k_),Béfoo)(k_)) and (O,Bé+°°)(w,x)) (see [4] section 4.3.3, or [5] sec-
tions 2 and 6.2). From Appendix A.2 for the equilibrium at —oco, we have

oo k%
(A2 = 1 - o0tk + OE k- + €Y,
def @ k2
1 — (Al %t —— with & = 7 00k +OlL 4 k- + &),
BS™ = o).

From Appendix A.3 for the periodic solutions at +oo, we have

e =BT (w,z) = ree™® + 0(eb), AT =0,
def 1 14e%ky .
W= o +ewy = 5= +O(e"),

Bé+0°)e—iaﬁ+m _ C(ngOO) + z-D((JJrOO)

k2 I
o= 1- f + O ky| +%) =1 - O[(lw, | +¢°)7],
C(()+OO) = 79+ 0(56)7 oscil. pa'rt(c(g+oo)) = 0(86)’
D§T = O().

Remark 16 The coefficient og introduced in the expression of (A((foo))2 de-
pends on the Prandtl number.

Remark 17 We may notice that in case the system has the symmetry Sy rep-
resenting z — 1 — z (OK for rigid-rigid, or free-free boundary conditions), then
B((foo) = 0, which simplifies computations (see Appendiz A.2).

3.2 First change of variable

Let us set o
Boeila’wrz = Oo + iDo,



then (2) becomes

k2
Aé4):k,A8+A0[1—T—A3—9(03+D(2>)]+f (6)
Co = 20D+ Co(~1+ &% +gAf + Cf + Dj) + gy @
Dy = —2ew0,Cy+e*Do(=1+a5 +gA +Cf + DY) + gi

with N o

f = fu gr + Zgl = ’g\e—zaw+w7
and where the exponential factor disappears in the cubic part when we replace
By by (Cy + iDg)e’*“+%. Let us define

[ = fole,k—, X, YY)+ fi(wz,e, k-, X,Y,Y)
9r = gTO(EuXu Y,?) +gr1(w$7€7k—7X7K7)
g9i = giO(EaXaxv) +gi1(w$7€7k—7X7 Y7?)7

where fo, gro, gio come only from cubic terms of the normal form in (2), and
where f1, gr1,9;1 are 2mr—periodic in wx, smooth in their arguments, and satisfy
estimates

filwz, e,k X, YY) < | X[(| X+ |V]?)?
|gT1(Wx757 k_, X, Yv?)l + |gi1(w:1c, e k-, X, Yv?)' < 656(|X|2 + |Y|)(|X|2 + |Y|2)27
with
X = (A07 A67 Agv Ag/)
Y = (Co+iDy,C|+iDy).
Then we have from (3), (4):
fo = d18A0(00D6 - Docé) + UQEQk_Ag + d2€2A0A62 + d3€2A8 (8)

+dye? AZAY + dse? Ay (C2 + D) + dee? Ao (C)2 + D) +
+d7e® Ay (CoCy + DoDp) + dse® A5 (Co Dy — DoCy) + O(eY),

gro+igio = ie*(Cy+iDg)co + 1 Af + e2(C§ + D7) 9)
+e3¢3(Co +iDg)(CoDfy — DoCh) + i3cg(Co + iDo) Ag Af
+etey(Ch + DY) (Co DYy — DoCp) + cse* Ag A (Co + iDg)
+e*[es AR (Co + iDg) + cr Ag Ay (CY + iDy)]
+ie5(Ch +iDp) (er Ag A + cr0AF)
+ie5(Co + iDo) (cs Ag A + c11 Ay AY) + O(£9).

Now, let us set a first change of variables



AO = A, + ;EJ
OO = B.+ 66
Dy = Dy

where we observe that we expect

;{E) ,—z AS_OO) -1 = _%7
Co + 1Dy _—_> Céioo) = B(SiOO) = 0(56)7
(@4 +0(%))?

Co+iDy c{t) 4D -1 ~ -
Then (6,7) becomes the ”perturbed system”

—~ k2 — —
— —k_(Al + Ay )+ = (A + Ao) + ¢y
My (Ao, Co) = < G 5 2 (g oy T )
=t Dy + w3 (B + Co) + 9y,
—~ 2w ~ ~2 5 T
L,Dg = _TJF(Bfk +Co ) + &% Do + Py,
where linear operators M, and £, are defined as
m (A —A®W + (1 -3A%2 — gB?)A — 2gA.B.C
I\NC )\ C"+(1—-gA2-3B2)C —29A.B.A )’

1
L,D = ;D” + (1 —gA? - B3HD,

and where %7 1//);, % are smooth functions of (wz,e, k_, 04, )?, }7) where

~ ~ ~ —~ —~IN

X = (Ao, 40,40 A )
~ —~— ~ ~ —~/
Y = (Co,Do,Co,Dy)
% = q%(a,k_,)?,f/)—i—%l(wx,s,k_,)?,f/)

Yo, = @0(57]{—7)?717) —i—’JJ;T/l(WCC,&,k_,X,}N/)

VYo = op(E ko, X,Y) + gy (wa, e, k_, X,Y)

|¢01 (WLL',E, k—ajzu i;)|
|¢Or1 (WLL',E, k—7X7 Y)' + |w0i1 (WLL',E, k—aXu Y)'

ce

IA A
™

ce .

10

(15)



More precisely, we have

boo(e kX, V) = BAAy + Ay +29B.AgCy (16)
— 2 2
+9(As + A0)(Co + Do ) + foos

~ ~ —— —~2 —~2 —~2~
¢Or0(€7k—7X7Y) = 2914*140004-93*140 +2B*CO +gAO CO (17)
S
+(B« + Co)(Co + Do ) + goor,

— o o o g
1/}01’0(57 k*v X7 Y) = 2gA*AOD0 + 2B*CODO + gAO DO
—~ —2 9
+Do(Co- + Do ) + gooi, (18)

and in using Theorem 5, Corollaries 6 and 7, and assuming

IX| <1,V <1,|Do| <, (19)
fOO _ UOEQk*Ai+O[E2+3/5656*EX(70070)+€2+2/56_81/56*IX(0700)+52(|X|+|?|)—|—5|DNO/|]7
~ ~ —
goor = O[Ty o+ 3= My o+ (X |+ (V]) +elDo |
5 ~ ~ —~1
gooi = O[3y g+ e T Py e(IX]+ V) +2(1Ch I,

where fog and goor + 2g00; are smooth functions which come from the rest of the
cubic normal form written in (8,9)) and X(=00,0) and X (0 o) are the characteristic
functions on the corresponding intervals.

Remark 18 We notice that the estimates for the main terms independent of
X, Y come from

fO'l“ foo : 0052k_A2 + d282A*A;2 =+ dgEzA;I =+ d482A§A: + d5€2A;’BE,
for goor : cse?AA"B, + cee?A?B, + c7e? A AL B!
for gooi : eBL(co+ 1A%+ coB?) + ccogB.ALAL.

Moreover, notice that, below, we need to computeffooA;dx, ngOTB;d:E, ngOiB*dx,
which, for terms independent of X,Y leads to

2
for / fooAldz = _"064 + &2 / (oA A + dy A2 AL A Yda + O(£?)
2
k_
_ _%_FO(EHME))’

for /gOOTB;d:L“ ~ 62/C5A*A;’B*B;d$+52/CGA;2B*B;d:E:O(63+1/5),
R R

Co C2

for /gOOiB*da: = 6(5 + Z) +e(er — ) / A%B.B. = 0(¢),
R

11



where we notice

/M&m

/ (do A A 4 dy A2 AL A" Ydx

0, 52/A;'BEA;dx = —EQ/AfB*Bidx = 0(e?),

(dy — d4)/A*Af’dx = 0(e'?),

/ A,A"B,Bdx - / [A?B,.B., + A,A.(B.B.) |dx,
R R

taking care of the convergence in e%*® (resp 6’51/55*9”) at —oo (resp at +00),

which implies a division by € in the integral on (—o00,0) (resp. by €'/ in the
integral on (0,+00)).

3.3 Second change of variables

Before solving the system we need to change variables so that the variables and
the right hand side of (11,12) tend towards 0 at infinity. Let us denote

X = (A ~1,0,0,0) = (O&2),0,0,0)

y (=00) (€57°,0,0,0) = (0(£9),0,0,0),

X’(-FOO) - 0

Yo = (o — 1, D5 ot DEF) = [0((@4 +€2)2), 0(5), 0(%), 0(%)],

then, taking care in (6,7), of the forms of f, g,, g;, we notice that the limit
terms in the right hand side of (11,12) as z — —o0 are

B~ L
jA((J )+ ¢0(wx,5,k_,X(_°°),Y(_°°)) exp limit as €% (see foo),
CjiC’é_Oo) + @;(wx, g, k_, )?(*OO),)N/(*OO)) exp limit as e¥%*® (see goor)
z%i(wx,s,k_,;((_oo),f/(_oo)) exp limit as e%%+® (as B’ and see goo;)-

The limit terms of the right hand side of (11,12) as z — 400 is

0 exp limit as e /" (as A.)

2~ —_— ~

&(D((foo))’ + @iC’é+°O) + Yo, (wz, e, k_, 0, Y(J“’o)) exp limit as e=c'/0 (see goor),
2w 0o ~ oo e e . _

—ﬁ(cﬁ ))/ + wiDé+ )+ Voi(wz, e, k_,0,Y F)) exp limit as e eV2e (see gooi)-

Let us make a second change of variables as

Ay = a_x_+4
Co = B_x_+Bixs~+Co, (20)
Do = ~.x4 + Do,

12



with (in using Appendix A.2 and (76) in Appendix A.3)

o = (AT —1)=-a?/2, B_ =B, (21)
Be = (C§F(wa) = 1), 4 = D§T (wa),
def ,(c) °~J+ 0152@+ 02<€4 ~ 2\4
const part of 3, = B = 5 + — + —5 +O[(Jo4| +%)%], (22)

and where x_ and x, are smooth functions, such that
x_. = 1lforze(—o0,—1),
= Oforz>0
0 < x_<1forze(-1,0),

Xy = 1lforze(1,00),
= Qforxz<0
0 < x4 <lforze(0,1),

such that PN
(AQ, OQ,D()) — 0 as |:E| — 0Q.

3.4 Properties of linear operators M, and £, (defined in
(13,14))

We now give a precise definition of the function spaces where we will solve the
problem with respect to (Ag, Co, Dg). Indeed, let us define the Hilbert spaces

L} = {usu(z)e"™ € L*(R)},

Dy {(A,C) e Hy x H;A€ H,,C € Dy}

_ _ d
Dy = {CeH%e?C" iz +e I Nz + 1111 [[Cllp, < oo}

equiped with natural scalar products. Then we have the following result (proved
in [10]):

Lemma 19 Except maybe for a set of isolated values of g, the kernel of Mg in
L? is one dimensional, spanned by (A., B.), and its range has codimension 1,
Lg— orthogonal to (Al,, BL). My has a pseudo-inverse acting from L7 to Dy for
any n > 0 small enough, with bound independent of .

The operator Ly has a trivial kernel, and its range which has codimension 1,
is L?- orthogonal to B, (B« & L?). L, has a pseudo-inverse acting respectively
from L,27 to Dy for n > 0 small enough, with bound independent of €.

Remark 20 We might expect a two-dimensional kernel since we have a ”circle”
of heteroclinics. The one-dimensional kernel of M, is the usual one, while we
also have LB, = 0. However B, ¢ L7 so that the kernel of Ly is {0}, and we
pay this by a codimension one range for Lq. This is explicitely computed in [10].
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4 Estimates for the right hand sides of ./\/lg(;l\o, 6'\0)
and L,D

After the second change of variables (20) the remaining terms in the right hand
side of M (Ao, Cy) and L4Dy coming from

qgovl(wx,s,k,,X,}N/), %(wx,a,k,,i,f/), %(wx,a,k,,f(,f/)
now cancel for ()/f , 37,7) = 0, they are then estimated in Lf7 by

O(e*(1|(A0, Co)llp, + Dol I, ), (23)

provided that the following condition

| Ao ()] + |4y ()| +|AF (2)] +|AF ()] + [Co (@) |+ |Ch ()| + | Do()| + | Dj (x)| << 1

(24)
holds. We need to check this condition at the end of subsection 5.3. The
unknowns in the problem are now

(49, Co) € Do, Dy € Dy, (k—,&4) € R?,

and ¢ is supposed to be small enough. In the following we use extensively the
estimates (see (21,22))

a. = O(k_|+¢%? By =0(wy]+¢%?
B— = 0(56)7 oscil paI‘t (ﬂJr) = 0(56)7 F)/Jr = 0(56)5
Bl = 0(), v =0().

4.1 First component of /\/lg(;l\o, 6’\0)

The first component is now the sum of small terms linear in (;1?),6'\0) plus
quadratic terms and terms independent of (Ag, Cp) which tend exponentially to
0 as =97 for & — —oo and e~ V2" for 2 — 400

—_ —n k2 <~
My(Ao, Co)l1 = —k-Apg + TAO + ¢g + o1 (k=) (25)
with
o " " k% (4)
p1(k-) = —k_(Al+a-x")+ 5 (A X_) +a-x- (26)
—3(1— A2)a_x_ +gBla_x_ +29A.B.(B_x_ + By x4),
b0 = Golwr,e, k-, X,Y) —x_dplwz,e ko, X7,y (),

14



More precisely we have, from (16), and taking into account (23)

—

do = 30 (Ax® —x_)+2a_A.x_Ag+ A*;ﬁf] +a® (x® —x_) (27)
+302 y2 A + 3a_x_f4\02 LA+ 29B.[a_x_Co+ (B_x_ + B1xs) A0 + AeCo)
+9( A + a-x_ + A)(B_x_ + Brxy + Co)* + (v1x4 + Do)?)
~x_g(1+a_)B% + foo,
Foo = 00 (A2 = x )+ O/ x oy e 0.00) + 21T + VD) + 1D )
We notice that for n = d./2 (n < & is necessary), and due to Corollary 7,
1

S8 = 06, 37, = 06
illey = OE), 1Bl = O,
1421 = OET), |IB2lli; = O(2),
g = 0@, [IBllzs = OE),

Then, in using extensively 2|ab| < a? + b?) and, for example
k2 k2
THA* - X7||L$] = O(%

we obtain the estimates (here and in the following c is a generic constant, inde-
pendent of €)

);

k2 4 &t
NG
/ or(k)Aldr = O[([k_| + @] + 22,

R

IN

loa (e Iz c(al/10|k_|+ +wi+s2|w+|>), (28)

using integration by parts and
/ P a—
R
/(A* Az = o)
R
/(1 C AN Ay dr = O(1).

R

In next estimates, we use the following little Lemma (adapted from a simple

Sobolev inequality) where we notice that we loose one €, due to the weak expo-
nential decay at oo :

Lemma 21 For any u € H% and € sufficiently small, we have

1
u@)] < e(llullzz + Zllellz2)

where ¢ is independent of €.
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Then we may use

—~(m) C  —

Ao “(z)] < E||A0||H;47, m=20,1,2,3
——(m) .

|Co "(z)] < c™||Collp,, m=0,1,

—(m)

Do (@) < ee™||Dollpy, m=0,1.
Now, from foo in (27), we have (see Remark 18)
||dse® Al + dae® AT AL + dse® AL BY|| 12 = O(*T1/19),
and for example, from Lemma 21

29||1B.AoCol| 2 < cl[Ao||m3]|Collp, < (Ao, Co)llp,

—2 C.  — —3 C —
140 lzg < Sl Aolly 1o sz < 511 Aollh,

We then obtain, for sufficiently small e, |k_|, |@4|, ;4\0, 6'\0, l/)\o in R x Dy x Dy

—~ 2, 1~ 1, ~ ~ —
oz < ¢ (=419 + 92|+ = 4 3L 4 LN ol + 51 Bolly + Gl + 5ol

Ve
(29)
4.2 Second component of M (A, Cy)
For the second component we have
—~ o~ Wy —~1 g~ —
Mg(Ao, Co)l2 = —Do + & Co + Yo + ¢a(k-), (30)
with
~ 1 2 1 20
o) = Wi(B* —X4)— E—QB_XZ - ;ﬂ;XlJr - 8_2B+XZ- + T+”Y+X/+ (31)
—(3—9gAY =3BN)B xy +[1—x_ —g(AT = x)]B_x_ +29A.B.a_x_,
z/JAOT = ;p;(wx,s, k_,)N(,XN/) - X+1/b;(wx,£,k_,0,l~/(+°°))

_XinOT(w:E’ & k—u X(—oo)7 ?(_OO))u
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where v, = DéJroo). For 170: we have

Yor = 29Au(a-x_Co+ (B_x_ + B,x4) A0+ AsCo) (32)
+9(B. + B x4 + Co) (0> X2 +20_x_Ag + Ao )
+98_x_[(0 (* — 1) +2a_x_Ag + 4q |
H[BL(Box_ + Bixs)® = X B+ [Bu(rix:)® = x472]

B, (A = DB+ + 82 x_ (2 - 1)
+Col(B_x— + Byx+ + C0)* + (71 x4 + Do)’
+2(Bi + Bixy)(Box_ + B+X+6\0 + ”Y+X+l/)\0)
+(B. +B_x_+B.x,)(Co +Do ) + Goors

— _.1/5 ~ ~ —1
Goor = O(*F3/5e=0x L 0) + €70 0 x (g oy + 21X | + |Y]) + €| Do )

Now we use
llese? Ax AV B || 2 < ee?,

and, as above

—~— C. o~ =
29114 AoCollz < ZII(Ao, Co)ll,,

so that we obtain for sufficiently small e, k_,w, :4\0, 6’73, BB in R3 x Dy x Dy
(taking into account of (23))

K+l
NG
2 ~2 A A
e (k2 + @)1, Co)llm, )

_ 1 e —
[Worllzz < ¢ <€2+1/10 + + gllz‘loll%0 +|Col[p, + ||D0||%1>(33)

In using, for example
~2
w”

||29A*B*O‘7X7||L$] S C\/g?

we obtain easily

(B (Gl
Ve g2
/R ook )Blde = O[(K2 + 32 + Y,

IN

|lpa (k=) 22 ), (34)

where the last estimates use
1 ! /AN / 4
§/0 BixyBidz = O(")
1 ! "/ ~ 2\2
5 | BB = 0+
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obtained, for the first integral in integrating by parts, and for the second one in
separating the oscillating part of order €% from the constant part [33?) of 3, for
which we make an integration by parts, in using BY = O(¢2B,). More precisely
we have

k2
/ o (k_)AlLdr + / oo(k_)Bldr = azf + azooek_ (35)
R R

+O(|k3 |+ k2 + @2 + ),
with

az

[ = xade - as,
R

0
2 = [ WA-3 [ dorg [ (4B

-1 R R
We observe that (see Corollay 6)

/(A* XAz = 1+ OE)
R 2

0
/ WAde = 0()

~1

0 0
g/ (AuBY)'x_dz = —9/ (A.B2)X dz = O(*/7)
-1

— 00

0 0 A3 2
—3/ (1—A?)x_Aldx = 3/ (A — =2 — S)xLdz = 2+ O(e*/7),

o 1 3 3
so that
as = —3/24 0(), (36)
az = 4+0E¥°). (37)

4.3 Component Egl/)\o

For the third component we obtain

—~ 204 =1 9=~  —
LyDy = —T+OO + wiDO + Yo + p3(k-), (38)
~ 2w 2
(@ ko ,wr) = —=[BL+ B+ 8] — S
1

—o vt = (1= gAT = By,
and
boi = Yoilwz,e ko, X,Y) = X, boi(wa, e, ko, 0,Y )
_x_%(wx,g,kﬂf((foo),f,(,oo))'
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For sufficiently small e, k_, W, :4\0, 6’73, BB in R3 x Dy x Dy, we obtain the esti-
mates

leslag < cfe® + 22 @> (39)
and taking into account of (23),
loills < e{e"0 + (k2 + &%) Dollp, + 1140 Dol 22
H1GoDo)lles + 11Doli3, (40)
where the term of order e!*1/19 comes from
ecol| Bi Ax Al |12 = O(e1+1/10),
5 Bifurcation equation
Let us use an adapted Lyapunov-Schmidt method. Since
My(AL, BL) =0,
we now decompose (;1\0, 6'\0, l/)\o) as
Ay = zA +u, (41)
Co = 2B.+u,
Dy = w.

For e small enough, the unknowns are now
(u,v) € Dy, w € Dy, (2,k_,0,) € R3.

Remark 22 It might be interesting to give a physical interpretation of z. By
construction of the basic heteroclinic, it corresponds to a shift in x of the hete-
roclinic. However, z occurs in the component w which modifies the phase of By
controlling the rolls parallel to the wall, themselves affected by the slight change
of wave length (due to ky.). This "shift” has no effect on the equilibrium at —oo.
We interpret this in saying that the system of rolls parallel to the wall (inx =0),
adapts itself to fit with the rolls on the other side, orthogonal to the wall. Notice
that z corresponds to a ”shift” of size of order z/e for the original phase of the
amplitude B of rolls parallel to the wall.

Then, equations (25,30) give (Qo is the projection in L? on the range of M)

k(24 )"+ T (AL ) + 6o + sol(k—)> )

M‘ (U, ’U) = QO( @ ~ o
g 2w + &% (2B +v) + o, + @ (k)
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5.1 Resolution with respect to w, and w

We observe that (u,v) and w appear non symmetrically, so we choose to first
solve equation (38), where the kernel of £, is empty, and its range of codimension
1 (see Lemma 19). This has the advantage to give w and @, in function of
(u,v,2,k_,€). So, let us start by solving the compatibility condition.

Since

! 1 ! ! ! 1 / / 4
SViX  Badr = — | 57 (X} By)'dz = O(e%),
o € 0o €

and using Remark 18, we obtain the estimates

[esBads = ~ZH14 005+ 22+ 06

R

/%iB*dl’ = O™+ (k2 +&2)||Dollp, + |1 Dollh, + |40 Dollz + [|CoDol ]
R

O[TV 4 3582 [[wllp, + |I(w, 0)l[, + [[wllD, + (K2 + &%) Jwllp,)]-
Then the compatibility condition for equation (38) leads to
204

20 B _
/B;B*dxz/ [—&(zB;’+v’)+w2+w+¢m+<p3] B.dx,
R R

9 9

which gives
5, = / [25, (+BY + /) + 602 w] Boda
R
O + @4 [(|@4] + €22 + 425 2| ||| p, ]
~2 | ~2
+eO(||(u, 0)|[p, + llwllp, + (@2 + &) [wllp,)-

The right hand side is a smooth function of its arguments, and may be solved
with respect to w4 (or equivalently with respect to k4 since Wi ~ %) by
implicit function theorem in the neighborhood of 0 for

(u,v) € Dy, w € Dy, (e,0_,2) € R,

with
(:Ur = EJF(&,(:),,Z, (u,v),w) S Cl(Rg X DO X D1>

Moreover, we have the estimate
~2
] < cle® + 20 2| |wllp, + @2 [wllp, + e(|[(u,v)l[B, + [lwllp,)]- (43)
For solving equation (38) we now have

2¢ -
w = L;l[—f(zB;' +') + Eiw + @3 + Yo,

which may be solved with respect to w in Dj, in the neighborhood of 0, by
implicit function theorem, for

(e,k_, 2, (u,v)) € R® x Dy in a neighborhood of 0.
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Using (39), (40), (43) and

" !
122153 = 0E"2), 115113 < Ilellpy,
we obtain
w=rto(e,0_, z,u,v)
with
Iollp, < (e 10 4 £, )b, (44)

and we deduce
e ] < c(e® +ell(u,0)|[p,)- (45)

Remark 23 The term of order /10 in v is ew; + O(%/?) with wy coming
from vy, and given by (see [10] for an explicit formula of the pseudo-inverse of

Ly)
wy = oLy [B.AAL - 2B, / BIAALda], |[wi]lp, = O(EYY),  (46)
R
and the compatibility condition (orthogonality to B.) is satisfied with

||2B;/BfA*A;dx||L% = O(M1),
R

5.2 Resolution with respect to (u,v)

Now, we replace w and @4 by their expressions w and €, and consider (42)
which may be solved by implicit function theorem (by Lemma 19 the pseudo-
inverse of M, is bounded from L to Dy) with respect to (u, v) in a neighborhood
of 0 in Dy for (g,k_,z) close to 0 in R3. Indeed, the right hand side of (42) is

smooth in its arguments and assuming

k| <e, (47)
|2 < €'/%, (48)
llullp, < &' *1/2, (49)

using (41) and collecting results of (25,28,29) for the first component, and
(30,34,33) for the second component, estimates in L727 of the right hand side
are as follows

k2
st comp. = O (—- 1Ok 4 2110 1 T2 4 k|l ullo,
NG
1
12127 a1, 0) g + =[[ullf, + [ol13, + <1/a2>||u||%0) ,
ond comp. = O (&2 + L= + 32 k| 4 £7/1022 4 1||u||% + |Jv]|%
\/g c 0 1
(K2 + 2w, 0)lls )
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where we notice that, for example
2 1
1407l < ele™/102% + |2le®?[ullpy + ~llull?, ),

—2
1Co ]2

IN

c(e2? + |2ellvllpy + |[vlf3,).

Applying implicit function theorem for (e, k_, z) satisfying (47,48) in R3, leads
to
(u,v) = (u,0)(e, k_, z) € Dy
with
k2 1/10 7/10 2
||(H=U)||Do§0(€2+$+€ k-] 4727, (50)

which satisfies the a priori estimate (49). Now using (44), (45), (47), (48) and
(50) we obtain

< C€1+1/10, (51)
er] < ee? (52)

where (47), (48), (24) and (19) need to be checked at the end. In fact we have
the following

Lemma 24 Assuming that (47) and (48) hold, then (24) and (19) are satisfied.

Proof. Condition (24) results immediately from the definition (41), Lemma
21 and estimates (50) and (51). Then (19) results from (20), from the same
estimates as above, and from (51). m

5.3 Final bifurcation equation

It remains to satisfy the orthogonality in L? of the right hand side of ./\/lg(;ﬁ), 6'\0)
with (A%, B.) (see Lemma 19). This provides one relationship, expressed as
the cancelling of a function of (z,k_,¢), from which we extract the family of
bifurcating solutions. It gives

k2 —
0 = /[—k, (zAY +u") + T_(ZA; + u)]ALdx + /((;50 + )AL dx
R R
20 ~ —
+ [P0+ @ B+ o Blde + [ Gy + o) Blde. (53
Let us define
a; = — / Al Al dx = / A" dz >0, ay = O(e/®) (54)
R R
so that, using Corollaries 6, 7 and (50), (51), (52), we obtain
k2
/[—k_ (zAY + ") + f(zA; +u)]ALdz
R

K2 ]

k
= akoz+ OEH Ok |+ 2082+ 5+ Pk |2%), (5)
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/[%T*w’ + &% (2B, +v)|B.dx = O(e3T1/19). (56)
R

From (35) we also have

k2
/ o (k)AL dx +/ ©o(k_)BlLdr = ar— + azooe’k_ + O(|k3 | + %K% 4 &%).
R R

(57)
We have, from (27), (32), (49), (51), (52), (47), (48) and Remark 18

/ boAldx = 22[ah + OEYD)) + ohek_ + O[>/ + 3212 +&'/52|(2 + k2)),
R

(58)
with
ah = /R(3A*A;3 +29B,B.LA”? + gA, A B?)dx + O(%°) = O(e*/?),
06 = UO/RA;(AE —x_)dz + 0(52+1/10) = 00[% + 0(52/5)]7 (59)
where (for example) the estimated term in £2+%/% comes from
e2(dy — d4)/RA*Af’d:E < ee?H/5, (60)
occuring (see Remark 18) in [, FooA.dx.
We also obtain
/RJ;Bid:c = 22l 4+ O30 L 28355 4 kL 4 1FV0K2 (61)

+e 202 k2 4 0k |2)),
with

ay = / (9B.BLA? +2gA, A, B2 + B.B)dx + O(' ") = 0(e1+1/7),
R

Hence collecting (55), (56), (57), (58), (61), and using a priori estimates (47),
(48), we obtain the bifurcation equation, in identifying main orders of indepen-
dent coefficients,

k2
apz® +ak_z + aéf + abe?k_ + a0z + aze? TP = 0, (62)
where we define
ap = ay + af + O/ = O(e¥/?). (63)

Using Corollaries 6 and 7, we notice that the main contribution of this coefficient
is precisely

0
ag ~ / 34, ABdx = O(Y/5).

— 00
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From (54), (35), (63) and (60) we obtain

ap = %a5=0()
ay = /RA;/QdI + O(Y?) = O(e/?) (64)
ahy = ay+0(E¥?) =-3/2+0(*)
ay = aszo0+0p+ O(0) = %00 + 0(eV/10),
ase?® ~  (dy — d4)/RA*Af’dx N (‘127;‘14)@0 — O(Y9).

The discriminant of the principal part of the quadratic form in (z, k_) of the
left hand side of (62) is

A = a? — apaly = a/? + O(Y°) = O(/?) (65)

which it is positive. The bifurcation equation (62) may then be written as

abk_ 2 ale?\?
(% +atraie®) —a (a4 75) = obusett 7 0

where ,
asa
"o 11 2.1/5 1/5
ag = aja3 — —=e 0 = O(e?).

Using the implicit function theorem, we obtain a family of solutions such that
z and k_ are given by (notice that a} = O(!/%))

1) ifas <0
_3 1+2/5
z = 4/ 2%6&, cosh ¢ + O(e1+2/%).
1

ko = 2,/%51”/%@(—@+0(51+3/5). (66)

¢ € R
ii) if a5 > 0
1 /3
z = — 295 L142/5 ginh ¢ + O(1+2/9)
aj 2
2
ke = —2,/%51”/%@(—@+0(51+3/5) (67)
o € R

For € small enough, we notice that the principal part of the solution only depends
on g and on coefficient (d2 — d4) of the cubic normal form (3). The above
estimates on u, v, w, z, k_ and Lemma 21 imply that the conditions (47), (48),

are satisfied for exp |¢| < £72/5. So, Lemma 24 applies and Theorem 8 is then
proved.
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Remark 25 It should be noted that the one parameter family of solutions which
are obtained for a fixed €, correspond to convective rolls at —oo with wave num-
bers

ke(1+e%k_)

connected to convective rolls at +o0o with wave numbers
k(1 + 252&+).

The calculations made above, show that we obtain Wy and k_ as functions of
e, ¢ where ¢ € R such that exp|d| < e=2/5. This is a one parameter family of
relationships between wave numbers at each infinity, depending on the amplitude
2 of rolls.

Remark 26 We might exzamine the limit size of k—. For example, is it possible
to obtain the case k_ = ki = 20, = O(e2)? Then, looking at the bifurcation
equation we need to solve at main orders

(a_0z2 + a552)€4/5 _ 0(53+1/5)'
. (dz_d4) .. . . ds—do .
Since a5 ~ 5= ao, this is only possible with z ~ ¢\/ 5% provided that

d4—d2>0,

which coefficient of the cubic normal form (8) is a function of the Prandtl num-
ber.

A Appendix

A.1 Reduction of the normal form

We start with the N-S-B steady system of PDFE’s, applying spatial dynamics
with z as ”time” and considering solutions 27/k periodic in y (coordinate par-
allel to the wall). We show in [3] that near criticality a 12-dimensional center
manifold reduction to a reversible system applies for (u, k) close to (0, k.), where
wis RY2 — Ri/ 2 (R is the Rayleigh number), and k. the critical wave number.
Then restricting the system to solutions symmetric in y, the full system reduces
to a 8-dimensional one such as (Ag (real) and By are the amplitudes of the rolls

respectively at x = —oo, and © = +00). Let us define
X = (Ao, 41,42, 4A3)" €RY,
Y = (Bo,B1)' € C?
ko= ke(1+k),
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so that the system may be written under normal form as (see [3] )

‘i_f — LX+NX,Y, YV, k) + F(X,Y, Y, 1, k), (68)
% = LY +MX,Y,Y,n) +G(X,Y,Y, ),
with
LX = (A}, Ay A3, 0),
LY = (ik.By+ Bi,ik.B1)".

The (reversible) system (68) anticomutes with the symmetry S; (representing
the reflection x — —z). and commutes with 7, (shift by half of one period in y
direction):

(Ao, A1, Az, A3, By, By) +— S'(Ag,—A1, As, —Asz, By, —By),
(Ao, A1, A2, A3, By, B1) +— T(—Ag,—A1,—Ay,—A3, By, By).

Remark 27 We don’t use the vertical symmetry z — 1 — z here (valid only in
rigid-rigid or free-free boundaries). In the case of rigid-free boundary conditions,
we have no such symmetry. The symmetry T, implies that F' is odd in X and
G even in X. Moreover it can be shown that there is mo term of degree 4 in
X,Y,Y in the normal form.

Then we obtain the estimates for F' and G which are C™— smooth in their
arguments close to 0, with m as large as we need, and

IF(X,Y,Y, k)| < | X|(IXI2+ [V +[E| + |ul)?
GX, Y, Y, )| < c(IXP+YN(X]?+ [Y]*+[ul)?, (69)
and the normal form is (see[3])
0
- _ AgPy
NXY,Y, ) = APy + cgug + c13u13 ’
As Py + Ao Ps + +cgvg + c13v13 + diatag
- 1BoQo + a1
MX. Y.V, 0) = : .
( 2 ( iB1Qo + BoQ1 + a10v10 + 1819uU10 + i812u12 )
Pl = b(),u + bg% + b1u1 + bg’wg, + b5’LL5 + bg’uG,
Py = dop+ dg’%Q +dyug + digul + d3uz + dsus + deus,
Qo = oaop+ arur + azuz + asus + agus
Q1 = Bop+ Brur + Bauz + Byus + Bgus,
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where

1
up = A}, v =AgA, w = 514%7
us = 2AOA2 — A%, V3 = 3AOA3 — A1A2
S 1 —_ 1 —

us = BoBy, vs= 5(3031 + BoB1), ws = 53131
ug — Z(B()B_1 — B_()Bl)

ug = Aovz — Ajuz, vg = Ayvs — 24Asus,

uiz = Aovs — Arus, viz = Agws — Asus,

uyy = Aows + Asus — Ajvs,

uig = Bovi — Biui, vio = 2Bow — Bivs

U2 = Bo’Ug - B1U3.

Then, the X part of the system (68) may be written as a 4th order real
ODE, while the Y part becomes a 2nd order complex ODE as

AD = Agldop + (d — B2)R? + dy A2 + d\EA2 + d5 BoBo + d) kA2
tids(BoBy — BoBo )] + (aop + 304%) Al + ar AZAL + az Ag A2
+G3A0E)I§ol + a4A6(E)BTOI + ?OE/) + G5A8E)BTO
+3ib6A6/(EJBTO/ - B:OE)/) + agAgAGAY + ar Ao AG? + asAG A + Ox (5),

—

— —— — — ~ ==/ —2
By = BolBou+ B1A5 + B5BoBo] + ic1 By Af + icaBo |Bo|* +icsBo Bo
—~ —~ ~ ~= —_—
+2’L'OAOIUJB()I + iC4B0A0A/O - QQgBOI(BoBO - B()BO/)
5 BoAoAll + cgBo A2 + 7By AgAly + ics BoAg Al
Z.CQEE)/AOAE)/ + iClO/BSE)/Ag + ZCllg()ABAg =+ OY (5),

with real coefficients d;, ddy, a;, by, by, c;, B, a; and

By = Boe~™® By = Bye~t*er, (70)

dy = —4k?By >0, dy = —4k?B5 <0,
3, ds .4k, 20,
65 dl g> ) 0 3 s Y0 9 c)
Ox(5) = O(X|(IXP*+ |V + &+ |ul)?),
Oy (5) Ol(IX P+ [YN(IXP + [Y[* + [u])?,

X = (A, A), Ay AY)E

Y = (Bo,Bo).
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Notice that the high order rests Ox(5) and Oy (5) are no longer autonomous,
since they are functions of e*?e®,
Now, as indicated in [3] we make the following scaling

1 ak2 , ~
= —F op=—tet k=% 1
x 2€kcx, 1 _ﬁos , 3 (71)
2ke 9 oy 2ke o>
Ao(I) = E2A0($), Bo(I) = E2B0($),

VBs V/Bs

so that the system above becomes, after suppressing the tildes,

k2 ~
AW = koA + Ao(1 = —= = AG — gl Bol*) + f,
Bl = &By(—1+gA%+|Bo?) +7. (72)

with additional cubic terms of the form (changing the definitions of coefficients)
f = Z.dlé‘Ao(B()E/ - B_0B6) + 0’052I€,Ag + 52 [dgAg + d4A(2JA6/ + d2A0A62 + d6A0|B6|2
+d7 AL (BoBo + BoBj) + ds All|Bo|?] + idse® Al (By By — BoBl) + O(e%),

§ = 53 [ZCOB6 + iClB6|A0|2 + i02B6|B0|2 + ngBgB_O/ + ngBvoAé)]
+€4 [0436 (BOB_Q/ — B_036) =+ C5BQA0A/O/ + CﬁBoA62 + C7B(/JAQA6]
+€5[i68BoA0Agl + iC7B(I)A0Ag + 2'010361462 + ’L.CllBoAé)Ag + 0(86).

A.2 Equilibrium solution at xr = —o0

Let us look for equilibria of (2), which should correspond to the convective rolls
at x = —oo parallel to = - axis. Cancelling all derivatives with respect to x, we
obtain a system commuting with the symmetry (Ao, By) — (Ao, Bo). It then
results a system of 2 real equations for Ay, By :

k2
Ag(1 — == — A2+ 00e?k_AZ —gB3) +O0(*) = 0

4
Bo(—1+gA3+B3) +0(E*) = 0,

where we may observe that the terms O(¢*) in the second equation contain
at least terms of degree 1 in By, since they come from terms of order 5 in
(Ao, By, Bo). The first terms not containing By may be found at order 6 in Ay,
which makes order ¢ after the scaling (71) in the rest (12-6=6).

It then results that the equilibrium that we are looking for satisfies (by
implicit function theorem)

]{52
A2 = 1- <+ ooe’k_ + O k> + &%),

BO = O(EG).

Remark 28 In the cases where vertical symmetry z — 1 — z applies, the addi-
tional symmetry Sy changes the signs of Ag and By, implying that Y =0 is an
invariant subspace, so that in such cases Bo = 0 for the equilibrium at —oo.
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A.3 Periodic solution in M,

Let us consider the 4-dimensional reversible vector field corresponding to the
system (68) with X = 0 and rescaled. We intend to give precise estimates on
the family of periodic bifurcating solutions B(()+°°) (k4,x), here corresponding to
the periodic convecting rolls at infinity in M, with wave numbers close to k.
(becomes 1/2¢ after the scaling (71)).

Since we use the normal form up to cubic order, and since there is no term of
order 4, it takes the form (after the scaling used in [3], but before we incorporate

e in By, so that the system is still autonomous):

dBy i 5 . —
o = 2€Bo + B1 +ie’BoP +¢'go(e,Y,Y) (73)
dB ' —
21— LB 4e2ByQ +ieBiP + %1 (c, Y, Y),
dx 2e
with
Y (BOa Bl)
P = a+B|By)* +evK
Q —1+4|Bo|? +e0K
1 -
K = §(BOB1 - BOBI)
where we are looking for a periodic solution (By, B1), with wave number w close
1-|-£2chr
to ——+.

2e

A.3.1 Principal part

Let us first compute periodic solutions for go = g1 = 0. Then these small terms
will be perturbations treated by an adapted implicit function theorem.
Without go and g1, let us use polar coordinates (see [4] section 4.3.3)

BQ = T‘Oeieo
B1 = iTleiel
then
K = rgricos(fy —61) = const
dr .
d_:z? = rysin(fy — 6y)
d
% = &¥rgsin(fy — 01)Q(e, 78, K)
x
d90 7o 3
el + 71 cos(8p — 01) + e°ro P
d91 1
N = 5 — e?rg cos(Bp — 01)Q(e, 5, K) + e’ry P.
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The required periodic solutions correspond to

ro and ry const

by 1+ 2k,

9 = 9 _—

0 b e 2¢

K = rory,

hence

he _ iy sp (74)
2 - To
r
(—)? = —£%Q. (75)
To

Solving (74) with respect to 1 gives
ki —2e%(a+ Bri)
2(1 4 etyrd)
ETo

- 7[kJr —2%(a+ Brd)](1+ O(")),

T = E£&ro

and (75) leads to

252
e“drg

1
Z[k+ —2e%(a+ Brp))* + 5

[k — 26%(a+ Br3)] = (1= rg)(1 +7e'r5)”

which is solved with respect to 73, by implicit function theorem:

]{52
Tg = 1-— f +0’1€21€+ +0’2€4+O[(|k+| +€2)4], (76)
Er
o= TOkJr +0(e%),
where we notice that coefficients o1 and o9 are functions of the Prandtl number.
We obtain a one-parameter family of periodic solutions (parameter k), with
only the Fourier modes e*%.

A.3.2 Estimates of higher order terms

The proof below is new and self contained. There is a geometrical proof without
estimates in Iooss-Péroueme [9], and a more precise proof by Horn in [7] section
3.5.

Let us define by w the frequency of periodic solutions, where w is close to

1+ e%ky
=g
and set
s = wr, w=wy+w
Bo(s) = roe™ + E\o
Bi(s) = ire" + iB\l,
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where By and B; are 27— periodic in s, and rg, 7 are solution of (74,75). Let
us introduce the linear operator

(jond L 1 3 _
Lo—< (zwods—;—%—i—aPo) o 11 ) ),
3 Qo —(ZWO£ +z+€ Po)

acting in the function space H'(R/27Z) x L*(R/27Z). It appears that Lo has
a one-dimensional kernel

(T,Oeis7 rleis) d;f %eis
since (74,75) implies
1

[(wo - % - EBP()]’I”O —-—r = 0
1
€2Q0T0 —+ [(wo — % — EBP()]T’l = O,
with
P, = a+ ﬂrg + evyrory,
Qo = —1+472+edror.

Then the system (73), to be completed by its complex conjugate, becomes:

P By _d (B e3ro Py
18 L iy — _ iy m
CUVOG + O(Bl) deS (Bl) + ( _EQTOQlin + Esrlplin
Y,y
o LT, (1)
Rl (Yu Y)
where
2is L8 = =5
Pin = e*?[proBo+ ?(7‘031 + r1Bp)]

— e — —
+[ﬁ7‘030 + g(roBl + TlBo)]
2is = &, = =5
Qiin = €[—roBo+ ?(7“031 + 71 Bo)]

S
"1‘[—7‘030 + E(T‘oBl + TlBQ)],

RO(}/}; }/}) = 63"”Oeisf)quad + ESE)(eiisP)lin + Pquad) - i57gO;
Rl (}/}; }/}) = _52T06iSQquad - 52B0 (eiiSQlin + Qquad)

+53r16iquuad + Ega(eiisﬂin + Pquad) - 56917
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with
~== ) —~== ~==
Qquaa = DBoBo+ 7(3031 + B1By)

~= Y~ o~
Pyuwaa = PBoBy + %(BOBl + B1By).

E) [ e E(/)
By —rope's By

where BVO and E have no Fourier component in e**, and we take the component
in e orthogonal to Vpe*®, since adding a component proportional to (rg,r1) is
equivalent to adapt (rg,r1).

Let us decompose

We first solve (77) with respect to (.EB,E) in using the implicit function
theorem, since we observe (notice the term nwo = 3-(1 4 ?ky) in the operator
for a Fourier component e™*®), that the pseudo-inverse of Lg is bounded from
HY(R/27Z) x L*(R/27Z) to H*(R/27Z) x H'(R/27Z). Let us notice that the
difference with the classical Hopf bifurcation proof is that, norms in these spaces
are chosen as, for example

1 1
lullez = Sllu”llez + Zllllee + [lull e,

and notice that H(R/277Z) is an algebra. It results that we obtain an estimate
such that

|(Bo, B1)|| 2w st < c(2[7] + €°).

It then remains to solve the 2-dimensional system in (@, ) which is a real system,
due to the reversibility symmetry:

Qro+gr1 = —0gr + O+ g +€7)
@ri—gro = @yro+ O(E*[G] + 27| + &%),
which gives
o = 0EN
7 = 0@,

It results finally that the family of periodic solutions at M, are such that

BO _ Toeiwz 4 (9(56)7
By = ire™® +0(%), (78)
- 1 Ek+ 7
wo= o + 5 + O(e").
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