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Abstract

A six-dimensional reversible normal form system occurs in Bénard-
Rayleigh convection between parallel planes, when we look for domain
walls intersecting orthogonally (see Buffoni et al [1]). This leads to study
analytically the system

4

% — A(1- A%~ gB?)
d’B

W = E2B(—1+QA2+B2)7

for z € R, and looking for a heteroclinic connection between the two
equilibria M_ : (A4,B) = (1,0) and M : (A,B) = (0,1), each corre-
sponding to a system of convective rolls. In [1] such a heteroclinic is
shown to exist, on which 0 < B < 1, with no uniqueness result and no
possibility to use it for a persistence result under a reversible perturba-
tion. The lack of normal hyperbolicity of equilibria obtained at the limit
€ = 0, is the main problem. The 3-dimensional unstable manifold of M_

is built for 0 < B < %7 while the stable manifold of My is built

1+cs4/5

for < B < 1. For proving that the two manifold intersect, we

need to admit a result on the solution of a 4th order differential equation
independent of €, also mentioned in [14], and [2]:

i
% :—A(AQ—i—z)7 —a<z<+a

now on a bounded interval, with boundary conditions, independent of ¢,
depending on 4 parameters coming from the invariant manifolds arriv-
ing on each side. Admitting this, then the two 3-dimensional manifolds
intersect transversally, leading to the existence, uniqueness and analytic-
ity in (g, g) of the heteroclinic, for which we give estimates of A(x), B(x)
and their derivatives. We finally study the properties of the linearized
operator along the heteroclinic, allowing to prove (in [9]) the persistence



of the heteroclinic under perturbation, corresponding to the existence of
orthogonal domain walls in the Bénard-Rayleigh convection problem.
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1 Introduction and Results
In this work we study the following 6th order reversible system

AW = A1 - A% —¢B?) (1)
B" = &B(-1+gA*+ B?),

where A and B are real functions of € R. This system occurs in the search for
domain walls intersecting orthogonally, in a fluid dynamic problem such as the
Bénard-Rayleigh convection between parallel horizontal plates (see subsection
1.1 and all details in [1]). The heteroclinic we are looking for, corresponds to
the connection between rolls on one side and rolls oriented orthogonally on the
other side. The system (1) has been also introduced by Manneville and Pomeau
in [14], obtained after formal physical considerations using symmetries.

We would like to find analytically a heteroclinic connection (g > 1, € small)
such that

Ai(z),Bi(z) > 0,

w@ e  { GD R0

By a variational argument Boris Buffoni et al [1] prove the existence of such
an heteroclinic orbit, for any g > 1, and e small enough. This type of elegant
proof does not unfortunately allow to prove the persistence of such heteroclinic
curve under reversible perturbations of the vector field. This is our motivation
for producing analytic arguments, proving such an existence, uniqueness and
smoothness in parameters (g, ) of this orbit, however for limited values 1 < g <
2, fortunately including physical interesting ones. Then we study the linearized
operator along the heteroclinic curve, allowing to attack the problem of existence
of orthogonal domain walls in convection (see [9] and Remark 33).

1.1 Origin of system (1)

The Bénard-Rayleigh convection problem is a classical problem in fluid me-
chanics. It concerns the flow of a three-dimensional viscous fluid layer situated
between two horizontal parallel plates and heated from below. Upon increasing
the difference of temperature between the two plates, the simple conduction
state looses stability at a critical value of the temperature difference corre-
sponding to a critical value R, of the Rayleigh number. Beyond the instability



threshold, a convective regime develops in which patterns are formed, such as
convective rolls, hexagons, or squares. Observed patterns are often accompanied
by defects.

We start with the Navier-Stokes-Boussinesq (N-S-B) steady system of PDE’s,
applying spatial dynamics with = as ”time” (as introduced by K.Kirchgéssner in
[13], adapted for N-S equations in [10], and more generally in [7]) and considering
solutions 27 /k periodic in y (coordinate parallel to the wall). We show in [1]
that near criticality a 12-dimensional center manifold reduction to a reversible
system applies for (R, k) close to (R, k.), R being the Rayleigh number, and
k. the critical wave number. This high dimension of the center manifold may
be explained as follows. Due to the equivariance of the system under horizontal
shifts, the eigenvectors of the linearized problem are of the form expi(+tkiz £
ko), the factor being only function of k? = k? +k3 (invariance under rotations).
It results that, for eigenvectors independent of x corresponding to a 0 eigenvalue
in the spatial dynamics formulation, the eigenvalue is double in general (make
+k; — 0). Now, at criticality, k = k. corresponds to two different values of
ko merging towards k., which doubles the dimension, making a quadruple 0
eigenvalue with complex and complex-conjugate eigenvectors. Hence we already
have a dimension 8 invariant subspace for the 0 eigenvalue, with two 4 x4 Jordan
blocks. This corresponds to convective rolls of amplitude A and A at 2 = —oo.
Now for eigenvectors independent of y corresponding to eigenvalues +ik in the
spatial dynamics formulation it is shown in [6] that they are simple, and give
double eigenvalues +ik, for k = k. with amplitudes B and B respectively. Hence
this adds 4 dimensions to the central space, so finally obtaining a 12-dimensional
central space. Now we restrict the study to solutions invariant under reflection
y — —y (the change y into —y changing A in A and not changing B), which
constitutes an invariant subspace for the full system. This restricts the study
to real amplitudes A and the full system reduces to a 8-dimensional sub-center
manifold, such that A € R and B € C are the amplitudes of the rolls respectively
at r = —oo, and & = +00. Moreover, for the full system, we keep

i) the reversibility symmetry: (x, A, B) — (—z, A, B),

ii) the equivariance under shifts by half of a period in y direction, leading to
the symmetry: (4, B) — (—A, B).

Now, in [1] we use a normal form reduction up to cubic order, and rewrite
the system as one real 4th order differential equation for A, and a second order
complex differential equation for B. In addition to the above symmetries, the
normal form commutes in particular with the symmetry: (A, B) — (A, Be'?),
for any ¢ € R.

Handling the full N-S-B equations, in [1] the authors show that the study
leads to a small perturbation of the reduced system of amplitude equations
(1). More precisely, after a suitable scaling (see [1] and more details in [9]), and
denoting by (¢2Ag, e2By) rescaled amplitudes (A, Be~*<%) and after a rescaling



of the coordinate =, we obtain the system

k2 ~
AW = koA + Ao(L = —= = AG — gl Bol*) + f,
Bl = &2By(—1+gA%+|Bo?) +7, (2)

where e* is proportional to R — R., the coefficient ¢ > 1 is function of the
Prandtl number and is the same as introduced and computed in [6], k_ comes
from the freedom left to the wave number of the rolls at —oco, defined as

k= ko(1+e2k_),

and fand g are perturbation terms, smooth functions of their arguments, com-
ing R

i) from the rest of the cubic normal form, at least of order 2 for f, and at
least of order &3 for §;

ii) from higher order terms not in normal form, and not autonomous (because
of the introduction of Be~<® rescaled as £2By in (2)), and of order 4 for f,
and of order £° for §. Without k_, f, and g, this is the system (1), with By € C
replacing B, and |By|? replacing B%. The truncation leading to (1) allows to
take B real, since the phase of By does not play any role in the dynamics for
(1). The two different wave numbers of the rolls, close to the critical value k.
are left free for the full problem, however they do not appear in the present
proof of the heteroclinic, even though they are important for the final proof
of existence of the orthogonal domain walls (see Remark 33 in section 6). It
should be noticed that the system (2), without f and g, was obtained a long
time ago by Pomeau-Manneville in [14], however they did not deal with the
full N-S-B system, and only considered cases with identical wave numbers at
infinities, while it is shown in [9] that some cubic terms, not existent in [14], as
e2(A2A4 — AgAR) in f and i3 ByAgA} in § are crucial for the determination of
the solutions of the full problem, with different wave numbers at infinities (see
Remark 33).

1.2 Sketch of the method and results

From now on let us consider the system (1). The equilibrium (A, B) = (0,1)
of the system (1) gives an approximation of convection rolls parallel to the wall
(periodic in the x direction, with fixed phase) bifurcating for Rayleigh numbers
R > R, close to R., whereas the equilibrium (A4, B) = (1,0) of the system
(1) gives the same convection rolls (periodic in the y direction) rotated by an
angle 7/2 with the phase fixed by the imposed reflection symmetry. A hetero-
clinic orbit connecting these two equilibria provides then an approximation of
orthogonal domain walls (see Figure 1).

We set 6 = (g — 1)1/2. The idea here might be to use the arc of equilibria
A% + B? = 1, which exists for § = 0, connecting end points M_ = (1,0) and
My = (0,1), and to prove that for suitable values of 6 (> 0 but close to 0), the 3-
dimensional unstable manifold of M_ intersects transversally the 3-dimensional



stable manifold of M, both staying on a 5 dimensional invariant manifold W 5.
However, for § = 0 the situation in M is very degenerated, with a quadruple
0 eigenvalue for the linearized operator, while it is a double eigenvalue for M_.
Then for 6 close to 0, a 5-dimensional center-stable invariant manifold starting
from M needs to intersect a four-dimensional center-unstable manifold starting
from M_. We are not able to prove this. Moreover, for § # 0 but close to 0,
we cannot prove that the 3-dimensional unstable manifold of M_ exists from
B = 0 until B reaches a value close enough to 1. In fact, we may fortunately
notice that the physically interesting values of § are not close to 0. So that we
prefer to play with €.

The strategy here consists to keep in mind that, after changing the coordi-
nate x in T = ex, we obtain the new system

d*A

E4E = A(l — A2 — gBZ) (3)
d’B
— = B(B* —1),

where the limit € — 0 is singular, and gives indeed a non smooth heteroclinic
solution such that

(i) for z running from —oo to 0, then (A, B) varies from (1,0) to (0
the ellipse A% 4+ gB? = 1, while

(ii) for z running from 0 to +oo, then (A, B) varies from (0, ﬁ) to (0,1),

,%) on

satisfying, in the original coordinate x, the differential equation

€

V2

We might then think to use Fenichel’s theorems [4] on the system (1) for e close
to 0. For the part (i) of the curve, where x € (—o0, 0], the set of equilibria, here
A? 4+ gB? =1, is not normally hyperbolic at the end point (4, B) = (0,1/,/9)
(see in section 3 eigenvalues of the linear operator L corresponding to A, = 0).
For the second part (ii) of the curve, where x € [0, +00), the set of equilibria
(A,B) = (0, B) is also not normally hyperbolic for B =1/,/g (the 4 remaining
eigenvalues are such that A* = 1—gB? which cancel for B = 1/,/g). The normal
hyperbolicity is essential in Fenichel’s theorems, so we cannot use them directly.

In section 2.2 we see that there are 3 unstable eigendirections starting from
M_ = (1,0), and 3 stable eigendirections in M; = (0,1). The difficulty in the
proof of Theorem 1 is to prove the existence of the 3-dim unstable manifold
of M_ until A reaches a neighborhood of 0, and B a neighborhood of 1/,/g,
and to prove the existence of the 3-dim stable manifold of M until B reaches
(backwards) a neighborhood of 1/,/g = 1/v/1+ 62, while A stays close to 0.
For approaching the closest possible to B = 1/,/g, we use the first integral of
(1), which implies that both invariant manifolds are included in a 5-dimensional
invariant manifold. We are able to obtain the unstable manifold of M_ for

0<B< 1*\6/5;/5 , while we obtain the stable manifold of M for % < B<1.

B’ (1— B?).




For extending the existence of the stable manifold in the gap of size of order
£4/5, we need to admit (see Conjecture 28) a result on the solution of a 4th order
differential equation, independent of ¢, also found in [14] and [2], after rescaling:

d*A

W = —Z(Zz + Z), S [—CL, —I—CL], (4)

where the boundary conditions are also independent of ¢, and come from the 2
times 2 parameters introduced by each invariant manifolds arriving in =+a.

We are then able to extend sufficiently the domain of existence of both
manifolds, as graphs with respect to B in such a way that they can interesect,
in fact using the result of [1] for finishing the proof of the connection. We prove
the following

Theorem 1 Let us choose 1/3 < 6 < 1, and admitting the conjecture 28, then
for € small enough, the 3-dim unstable manifold of M_ intersects transversally
the 3-dim stable manifold of M., except maybe for a finite set of values of 9.
The connecting curve which is obtained is unique (see Remark 5). Moreover its
dependency in parameters (e,0) is analytic. In addition we have B(x) > 0 and
B'(z) > 0 on (—o0,400). For x — —oo we have (A —1,A’, A", A" B,B") - 0
at least as %% while for x — +oo, (A, A’, A", A"") = 0 at least as e_\/gw, and
(B—1,B') = 0 at least as e~ V2",

Moreover we also have important estimates as follows, extensively used in

[9]-

Corollary 2 For z € (—00,0] and choosing 6* < §, there exists ¢ > 0 indepen-
dent of € small enough, such that the heteroclinic curve satisfies

|A(z) — /1— (1+62)B(z)| < c/°B(x)e®
A (2)] < 3OB(2)e* ", m=1,2,3.

Corollary 3 For xz € [0,4+00) and d, = %52/5, there exists ¢ > 0 independent
of € small enough, such that the heteroclinic curve satisfies

|AM) (z)] < 662/5676*51/51, m=20,1,2,3.

Remark 4 It should be noticed that we show at Lemma 30 that, in the middle of
the heteroclinic, A(0) = O(%/°) and for x € (0, +00), A(x) oscillates, staying of
order O(e2/%), while B(0) is very close to 1/,/g and B(x) grows monotonically
until 1.

Remark 5 Using symmetries of the system: A £A, B — +B and reversibil-
ity symmetry: (A(x), B(x)) — (A(—z), B(—x)), we find 8 heteroclinics. Two
are connecting M_ to M with opposite dynamics, two others connect —M_ to
M, two connect M_ to —My, and two connect —M_ to —M. The one which
interests us is the only one connecting M_ to M, with the dynamics running
from M_ to M.



Remark 6 [t should be noticed that the study made in [14] on the heteroclinic
solution for the system (1) uses asymptotic analysis, suggesting the existence of
the heteroclinic, later proved mathematically in [1].

Remark 7 Values of § such that 0.476 < ¢§ include values obtained for ¢ in
the Bénard-Rayleigh convection problem where g = 1 + 62 is function of the
Prandtl number P (as computed in [6]). With rigid-rigid, rigid-free, or free-
free boundaries the minimum values of g are respectively (gmin = 1.227, 1.332,
1.423) corresponding to dmin = 0.476, 0.576, 0.650. The restriction in Theorem
1 corresponds to 1 < g < 2. Then, the eligible values for the Prandtl number are
respectively P > 0.5308, > 0.6222, > 0.8078.

y

Figure 1: Orthogonal domain wall

The Schedule of the paper is as follows: in section 3 we prove at Lemma 11
the existence of the unstable manifold (graph with respect to B) of M_ = (1,0)
until (A, B) = (O(a), (1 — a?62)/v/1 + 62) with € = va’/?, v being independent
of e.

In section 4 we prove at Lemma 25 the existence of the stable manifold
(graph with respect to B) of My = (0,1) until (backward direction) (O(«), (1+
a?62) /1 + 62).

In section 5, we need to use the conjecture 28 on the solution of a certain
differential equation, independent of &, so that we extend the existence of the
stable manifold for B € [(1 — a?6%)/v1 +42), (1 + a26%)/V/1 + §2)], Ay still of
order O(«). Then we use results of [1] to control the existence of the intersection,
we then prove the transverse intersection of the two manifolds. This ends the
proof of Theorem 1.

In section 6 we give, in Lemma 32, properties of the linearized operator
along the heteroclinic, which are necessary to prove a persistence result under
a reversible perturbation for the heteroclinic in the 8-dimensional space (with
B € C). This allows to prove the existence of orthogonal domain walls in
convection as made in [9].

In summary, what is new in this paper?

i) Existence as graphs in coordinate B which is an increasing function on
(—00,400), of the unstable manifold of M_, and of the stable manifold of M
until a neighborhood of B = 1/,/7 of size O(*/?).



i) Complete justification of the intermediate 4th order differential equation
(4) independent of ¢, already introduced in [14] and [2], but now on a bounded
interval with boundary conditions independent of ¢.

iii) Estimates for coordinates in RS for the heteroclinic, which are essential
for a further study on its persistence under perturbations, as for the Bénard-
Rayleigh convection problem.

Acknowledgement The author warmly thanks Mariana Haragus for her
help in section 6, and her constant encouragements.

2 General properties of the system

2.1 Global invariant manifold W, s
Let us define coordinates in RS as
(Ao, A1, Az, A3, By, B1) = (A, A", A", A" B, B').

The first observation is that we have the first integral
2
W= e2(A%) = 324" = B? + (A% + B? - 1)? + 20°A°B%, ()

as noticed in [14], where W is used in an energy functional, used later in [1].
Then, for containing the end points M4, our heteroclinic should satisfy

2
92e2 A, A5 — 2 A2 — B2 + %(A% + B2 —1)2 4+ 262 A2B2 = 0. (6)

Since our purpose is to find By growing from 0 to 1, we extract the positive
square root (needs to be justified later):

2
By = {2624, Ay — e2A% + %(Ag + B2 —1)2 + 262 A2B2}/2,

which defines a 5-dimensional invariant maniford W, s valid for any § > 0,
which should contain the heteroclinic curve that we are looking for.

For § > 0, we find the singular points (where a tangent hyperplane is not
defined)

(AQ,BQ) = (:l:l,O), Al :A2 :A3 ZBl =0 (7)
(Ao, Bo) = (0,£1), Ay =Ay=A3=DB1=0
For é = 0, singular points constitute the circle
A2+ B2=1, Ay = Ay = A3 = B, = 0. (8)

Remark 8 We do not emphasize here on the hamiltonian structure of system
(1) since this does not help our understanding. On the contrary, the reversibility
property is inherited from the original physical problem and is still valid for the
perturbed system (2). Moreover, if we consider perturbation terms as e2(A3 Ay —
AgAR) in f and ie3BoAg Ay in g, we cannot find a new first integral analogue
to (6), while the system is still reversible.



2.2 Linear study of the dynamics
2.2.1 Neighborhood of M_ = (1,0)

The eigenvalues of the linearized operator at M_ are such that A* = —2 or
M\ = £252, hence they are +271/4(1 + i) and 4&d. This gives a 3-dimensional
unstable manifold, and a 3-dimensional stable manifold, originating from M_.

2.2.2 Neighborhood of M, = (0,1)

The eigenvalues of the linearized operator at M, are such that A\* = —4§2 or
A% = 2¢2 hence defining &' = /4, the eigenvalues are +2~/2(1 4 i)¢’, and
+¢+/2. This gives again a 3-dimensional unstable manifold and a 3-dimensional
stable manifold originating from M.

All this implies that the 3-dimensional unstable manifold starting at M_
and the 3-dimensional stable manifold starting at M which are both included
into the 5—dimensional manifold W, s, give a good hope for these two manifolds
to intersect along a heteroclinic curve...provided that they still exist as graphs
with respect to B, ”far” from the end points M and M_. The idea is to show
that this occurs when ¢ is not too small and at most 1.

The limit points M_ = (1,0) and M = (0, 1) have a degenerate situation for
6 = 0, because of the multiple 0 eigenvalue for the linearized operator. For § = 0,
it is possible to build a family of 2-dim unstable invariant manifolds and a family
of 2-dim stable manifolds along the arc of equilibria A% + B2 = 1. For § > 0
and small, the perturbation gives two new 3-dim invariant manifolds, however
their transversality is weaker and weaker as B — 1 (so that Fenichel’s theorem
cannot apply). A more ”serious” study would then be needed. However the
physical interest is for values of § > 0 not too small, which cancels the physical
interest of such a difficult question.

3 Unstable manifold of M

3.1 Choice of coordinates

Let us assume in this section 1/3 < § < 1 and define 79 and « such that

/ 1—a252\ "2 14 a?

1 1 1
= —— <<=, al<l.

V7 Vit ol 5’

«a will be determined later, as a power of €. Now, we define

0

IN

A2 a4 8B, 9)

then .
ad <A, <L (10)



Let us define the following coordinates in RS :
Z = (As + Ao, Ay, Az, A3, Bo, By)". (11)

Remark 9 A, is Just the first part of the "singular” heteroclinic found for the
system singular for e =0 (8). The occurence of A, is also linked with a formal
computation of an expansion of the heteroclinic in powers of €, which gives A,
as the principal part of Ao, valid for By < (14 62)~%/2 = 1/y/g. We expect to
build the unstable manifold until this limit value.

Remark 10 We put a condition 1/3 < § in the purpose to have not too small
values for §, and to include known computed values of the coefficient g = 1+ 62,
in the convection problems, with different boundary conditions (see Remark 7
and [6]). The restriction § < 1 made in this section simplifies few estimates,
and is not really useful.

We prove below the main result of this section:

Lemma 11 For 1/3 <6 < 1, and € small enough, the 3-dimensional unstable
manifold Wé?? of M_ exists for
1 — a?6?

1/2
) el

0 < Bo(z) < (1—n36%)/? = (

where x, > 0 is arbitrary, and there exists v > 0 such that ng and o satisfy
(14822 =14 a?, e =va®/?

The manifold Wa(? sits in We 5, is analytic in (g, 0), parametrized by (X (—x+), Bo)

where X (x) s a 2-dimensional coordinate on the Bo— dependent unstable direc-

tions defined by (13). Moreover, for any 6* < 6, there exist a number ko > 0
independent of €,v such that for

— k
Bo(=2) = \/1 = 1382, Au(x) > ad, |X(~x.)| < koda®? = —70e%%,

we have

Ao(z) = A.(2)+ Bo(z)O (Mea‘*z)

A*(x)l/2
Al(z) = Bo(2)e® TOW°35 + | X (—x,)|)
Ay(a) = Bo(a)Au(x)2O(X ()| )
Ag(z) = Bo(x)A.(2)O(|X (—z.)[e™),

0<1- A4, < ¢Bg, ;4\;|B():0: 1.

10



Remark 12 We observe that when v — —x,, Ao reaches a value close to 0
since A, reaches O(e%/®) which is close to 0, while By reaches (1 — n3é%)'/?
which is expected as close as possible to 1/(1+6%)Y/2 =1/,/g. The numbers ko
and v will later be imposed, small enough, independently of €. Later x, will be
chosen of order e=/° (see section 4.2).

The system (1) becomes

— 1+6%)B
Aol = A1+M31
A,
A = Ay
L= Ay (12)
, —2 ——2 3
A = 24 Ay — 344 — Ay
B, = B
B, = e282Bo(A," — B2) + 2e%(1 + 8)A, BoAy + £2(1 + 6%) Bo Ay .

We expect that Z-(;,Al,Ag,A&Bl stay small enough for € (—o0,0], so we
introduce the Byp—dependent linear operator (not really a linearization at some
equilibrium)

0 1 0 0 0 Uf9B
A,
0 0100 0
0 0010 0

Ls = 2 (13)

—24, 0000 0
0 0000 1
2e2(1+6%)ABy 0 0 0 0 0

The idea is to find new coordinates such that we are able to give nice estimates of
the monodromy operator not forgetting that the coeflicients of L; are functions
of Bo.

The operator Ls has a double eigenvalue 0, and is such that the non zero
eigenvalues satisfy

M 2:2B2(1 4 62)202 124, =0, (14)
with a discriminant such as
A = 1BY(1 4+ 6%)t — 24,
We have the following
Lemma 13 For By < W, o> %52, and € small enough, we have

, 2
A > A, .

11



)
Proof. —A’ > A, is equivalent to
2B(1+ 672 < A, (15)
hence

[14+4e*(1 46242 -1

2 2
™ T SE R

which is satisfied when
B2(1+0%) <1—¢e*(1+ 62,

provided that £*(1 + §?)? < 2 which is true for ¢ small enough. Now, since
1 — 1262, the above inequality is satisfied a soon as we have

1-6%a% <1—¢&*(1+62%)?,

which is realized when a > 2. =
Then we have two pairs of complex eigenvalues

M =2Bi(1+ 6% £ivV-A.

We intend to find new coordinates able to manage a new linear operator in the
form of two independent blocs

+N N
(5 4)
for which the eigenvalues are
A EiN;,
where
222 = V24, +e2B3(1 4 §2)? (17)
202 = V24, - 2B3(1 4 §2)?
AP = E2BR(1+6%)?
AN+ = V24,
4)\3/\f = —A

A form of the linear operator as (16) is such that we are able to have good
estimates for the monodromy operator associated with the linear operator L,
the coefficients of which are functions of By € [0,1/1 — n36?] (see Appendix
A.1). Then we have the following

Lemma 14 For By < \/1 —n2é?%, a > %52, and for € small enough, we have

A,
)\r)\i Z )
2

12



QU4 AT > N, > ST (18)
1 1/2 :4v1/2

while A, varies from 1 to ad and By varies from 0 to \/1 — n3d2.

Proof. All these inequalities follow from (17) and (15). =

3.2 New coordinates

The eigenvector and generalized eigenvector for the eigenvalue 0 of Lg are :

Now we denote by
ViV, VT iV
the eigenvectors belonging respectively to the eigenvalues

A i, — A £

then we define

jF,\T(,\E—s,\f) _3AZ=NF
e T2
2A. 2A.,
1 0
+A, 1
+ _ + _
V= A2 — A2 s Vi = +2), :
- Ar(A2=A7) DN I
(1462)By A, (1462)Bo A,
__(2-aD)? 22, (A2 =27
(1462) By A, (1+62)Bo A

and we define new coordinates in RS: (x1,x2,y1,¥2, Bo, 1) such that

= Bo(z1V," + 22XV + 1V, + 12NV + 2020 + 21 21).

We observe that after eliminating zy, we still have 6 coordinates, including By
as one of the new coordinates.

13



Remark 15 We notice that we put By in front of the new coordinates, as this
results from the analysis, and shorten the computations.

The coordinate change is non linear in By, given explicitely by:

— (A2 = 30) Ni(BX2 A7)

Ag = —Bo —5—(21 —y1) — Bo (72 + y2)
2A, 2A,
A1 = Bo(zi+y1)— (1+6*)Biz
Ay = MBo(z1 —y1) + NiBo(w2 + y2) (20)
Ag = (Ai — )\?)Bo(xl =+ yl) + 2)\TAZ'B0(I2 — yg)
2 _ )2 —
= —MAQ + A*Bozo,
(14 62)BoA.
2 op Az
Bl = —¢ (1 + 1) )BO: + A*BOZI7 (21)
which needs to be inverted. We obtain
(A2 +)\2) — 3N2 — )2
B — Vr T4y 0% N 29
o1 Ot oo (22)
2 2 )2
+% + 4 Z%)BOBI + “gﬁzug,
} N A -3N
XiBoza = I TSRS TR (23)
(A7 =) (1+0%)Bo 1 (A7 =272
I Ay + T By | + I 1 e As,
(A2 +22) — 32— 22
B _ _\Mr i)AN — r ( 24
oY1 ) WV P W PR (24)
A 1+6%)B A2 — \?
_1+( +~) 0B1+( r~2z)A3,
2 24, .
(A2 +\2) — A2 —3)2
ZB — _ 7 _ T 7 2
AiBoya 1 0 100 A2 2 (25)
2 _ 2 1 2 B 1 2 _ \2)\2
SO (L EB N L e
4\, A, 4\, A,
A2 — )2 1 A 1
Boz1 = (T—lQOAg + =B = 8230(1 + 62)732 + —Bj.
(1+ 62)ByA, A A A

14



Let us now define

X

2)-()
2 Y2
IX| = /z?+a3, [Y]=4/9?+ 93 (norms in R?).

Then, for ¢ small enough, and using (17), we obtain the following useful esti-
mates

Lemma 16 For By < /1 — 1362, e? < :’i—g‘, e small enough we have

—~—1/2

o < A <2 A s

—_— B

Aol < 3=z (IX]+ Y],

[ A1l < Bo(IX[|+[Y]) + (1+6%)Bflal,

—~1/2

[A2| < 2BoA. T (IX|+Y]), (26)
3] < 2B AL (X[ + YY),

|Bi] < 2e*(1+46*)B3(|X|+|Y|) + A Bolz1].

3.3 System with new coordinates

The system (12) writen in the new coordinates is computed in Appendix A.2. Tt
takes the following form (quadratic and higher order terms are not explicited)

Ty = fi+ M1 + Niwo (27)
+ B4 [alz?lg +c1As +d1As + 61% - B;O:vl]
e (1+ 62)(2: 62)By 1 (1 +j2330;(03,
24, 24,
zy = fo— Nz + M2+ By [—az;lg + boA1 + c2As +daAs + €281 — %sz} (28)
_m (34, —2e' B+ %)) Ay - m (1 - %) A
Y= f1— Ay 4 Ny + (29)
+5B; |:_CL1A\E) —c1Ay +di Az + 61% - Bioyl}
o1+ 52)(3/— 5%) By %2 2 (1 4—’<5V22)B02637
24, 24,

15



—~ 1
y/2 = —fQ — /\iyl — /\Tyz + B1 |:—CL2A0 — b2A1 + CQAQ — dQAg =+ 62B1 — B_0y2:| (30)

1 —~2 —~2 1 ()\2 _ )\2)2 3
———— (34, —2"Bj(1+6%)*) A —_ |1 - | A
—|—4)\TAZA*BO ( £ 0( + ) ) o + 4)\7«)\1'_80 Z;Q 0 >
with L,
= e20?By(1 + 53(A* - B?)
24, ’
£y PB4 B A2) (A, — B2)
’ INAA, '
Using Lemma 14 and (15) we see that we have the estimates
Boe?s .
fil<=—. i=12

a
The coefficients a;, b, ¢;, d;, e; are defined and estimated in Appendix A.2
in (90,91), (92,93,94), (95,96), (97,98). Here Ay, A1, Ay, Az, By should be re-
placed by their (linear) expressions (20) in coordinates (z1,%2,y1, Y2, 21) with
coefficients functions of By. The system above should be completed by the dif-
ferential equations for 2] and Bj(= Bi). In fact we replace the equation for
z} by the direct resolution of the first integral (6) with respect to z; using the
expression of By in (21).

3.4 Resolution of (6) with respect of z(X,Y, By)

For extending the validity (as a graph with respect to Bp) for the existence of
the unstable manifold of M_ we need to replace the differential equation for z{
by the expression of z; given by the first integral (6). This leads to the following

Lemma 17 For By < /1 —n2s2, &2 < %' Then choose p > 0 such that for e

and o small enough, and for

(X[ +[Y]<p, o®pt << 1, (31)
with the scaling o
(X,Y)=0a%%5(X,Y), 2 =edz, (32)
we have L
Z_IZZ_H)(B075)[1+Z(X5Y5B0757a75)] (33)
where the function Z(X,Y, Bo,€,6) is analytic in its arguments. with
e 5% B2 1
(B, 0) < (1+ =5 < =, (34)
2A., @
and o — =
|Z(X,Y, Bo, ¢, a,0)| < ca®(1+ p*)(|X|+ [Y])?, (35)

with ¢ independent of (g, , p).

16



Remark 18 In the Lemma above, we introduce the number p which may be
large. Precise constraints are given later.

Proof. Using (21) and (6) we have

(1 +62)

*

B? = {A,Byz —¢> A3} =2e%A A3 — A2 +

2 —~—~ ~— — — —~
%?(—6233—%2A*A04—A0%2—%a%V(A*+u4@2B§,

hence
—~2 523 9 2 1+ 52 2
AT = @A+ ) (e ) - ALy A5+
24, 0 A, By
—~2
2624, —~2 2£2A —~3 g2 —~—
=+ AO AO + AO ) (36)
Bg Bg 2B2

where we may observe on the r.h.s., that

232
£20% < 25%(1 + 6733) <e?6%(1 +

1
2A* 20[2 ’

which is independent of (X,Y’). Moreover there is no linear part in (X,Y) in
(36). The scaling (32), Lemma 13 and Lemma 16 imply (c is a generic constant,
independent of (g, K))

2¢? —_
|B—OA3(1171 +y1)| < ce?aP AL (X + [Y])?

et(1 4+ 02%)?
A’

E A3] < et (IX| + Y))? < ee®® AL (X + [Y])%,

2
€ ~ —
B—gAg < ce?aPA(X|+ 1Y)

—~2

2e2A, —~2 —_
£ Ay < cea®AL (X + 7))
BO

2 A

1220 | < cs20 AL (X + [T))?
BO

62

352 AO < 2P A (X + Y4

so that the factors in the estimates are such that
052043/T* ol
<

25240~ A,

17



¢ being independent of €, and § € [1/3,1]. Now defining Z1g such that

e 5’B2 1
1< 75(Bo,8) < (1+ Z20)/2 < = for a < 1/V2, (37)
24, @
we notice that we have
—~2 —
1 24, 2(1 4+ 62)A, —~2
#0° 24, +46%°B2

It results that, for [ X|+ Y] <p
a1+ p?) — —
=+ 0 (w12

*

so that (positive square root as for (6))
. — — 1/2 _ _
T =710(Bo) {1+ O[a* (1 + p?) (X + [V}, for [X]+ V| < p,

and taking the square root, we obtain (33) with estimate (35), Z(X,Y, Bo, ¢, @, d)
being defined in the ball | X|+|Y| < p, ¢ independent of ¢,  provided that ¢, a
are small enough and p satisfies (31). Moreover Z is analytic in its arguments
and is at least quadratic in (X,Y). Notice that, in using (37), we also have

10| 2(X,Y, Bo, e, 0)| < c(1+ p*)a?(IX| + [Y])*. (38)

]

_S_ince 21 contains Z1p which is independent of (X,Y), the new system for
(X,Y) has new ”constant terms” and ”linear terms”, appearing as perturbations
of the former ones.

3.5 System where z; is eliminated

Now we stay on the 5-dimensional invariant manifold (6) and we need to express
the new differential system in terms of the 5 coordinates (X,Y, By). The new
system is computed in Appendix A.3. We obtain (notice that By is in factor of
the ”constant” terms, and all operators are By— dependent)

-/

X LoX + BoFo + Lo1(X,Y) + Bo1(X,Y)
—

Y = LY+ ByFi+L1(X,Y)+B1(X,Y),

(39)

which should be completed by an equation for B (see (21) in terms of (X, Y, By)),

and where
AT Aq, o _)\7‘ )\i
LO‘(—AZ- A ) Ll_( S )

with the following estimates, for terms independent of (X,Y")

082

[Fo| + | F1| < 2

(40)

18



for terms which are linear in (X,Y)
. N ol —
Lot (X, V)] + [£21(X, Y| < e (IX] + [Y]), (41)

and for terms at least quadratic in (X,Y’), and for

X|+ Y| <p, p<<a 4,

we obtain
R — R — 2 J— p—
Bou(X,7)| + [Bu(X. TN < al2(9/2+ c—) (K| +[T))? (12)
27 — = 20—
+a/2( S+ e ) (X + V1) + o 2(e=5)(IX| + 7).

We are now ready to formulate the search for the unstable manifold of M_.

3.6 Integral formulation for solutions bounded as + — —o©

Let us introduce the monodromy operators associated with the linear operators
Ly, L; which have non constant coefficients:

0
%So(x,s) = LoSo(z,s), So(x,s1)S0(s1,82) = So(x,s2), So(z,z) =1,
0
%Sl(x,s) = L;Si(x,s), Si(x,s1)S1(s1,82) = S1(x, s2), Si(x,z) =1

The coefficients of operators Lg, L; are functions of By, so we need Lemma 36
in Appendix A.1, with the following estimates, valid for 0 < By < /1 — 1242,

g2 < 32 ¢ small enough:
[[So(z,s)]] < €7@ —oo<z<s< -z, <0, (43)
[S1(z,8)]] < e 779 _so<s<a<—x, <0, (44)
with /2512
7= g

We are looking for solutions of (39) which stay bounded for z — —oo. Then,
thanks to estimates (43) (44), the system (39) may be formulated for —oco <
< —x, <0 as

— T,

X(z) = So(x,—x*)yo—/ So(z, s)Go(s)ds (45)

x

ot
&
[

/z S (z, 5)G1 (s)ds

— 00

GO(S) déf BoFo + £01(Y, ?) =+ BOl(Y, ?),
Gi(s) =) BoF1 + L11(X,Y) + Bi1(X,Y)

where X,Y and By are bounded and continuous functions of s, By tending
towards 0 as s — —o0.

19



3.7 Strategy

The 3-dimensional unstable manifold of M_ is such that (X (x),Y (x), Bo(z))
should be expressed in terms of X, By(—zx). The idea is then

i) solve (45) with respect to (X,Y) in function of (X, Bo);

ii) solve the differential equation for By(z) satisfying Bo(—x«) = Boo, Bo(—00) =
0.

The result will be valid for By(x), and By in the interval [0, /1 — n24?] and
it appears that Ag(z) is then very close to 0 at the end point © = —x,. The
hope is that this should allow to obtain an intersection with the 3-dim stable
manifold of M, which computation should be valid for By(z) in the interval
[V/1—mn3d2,1].

3.8 Resolution with respect to (X,Y)
Let us define, for k > 0 the function space

C% = {X € C%(~o0, —x.]; X (x)e™"* is bounded}
equiped with the norm

X[l = sup [X(x)e ™.

—00,— Ty
In this subsection we prove the following

Lemma 19 Given M > 0, for e = l/a5/_2, with v small enough, there exists
ko > 0, independent of v, such that for ||Xo|| < ko, there is a unique solution
(X,Y) in (C2)? such that, for ||B||x < M, we have

X < |Xol(1+ev)+cv, X(—2.) = X,

IYlle < ev+c(v[Xol +[Xol?),

where ¢ is independent of e, v, kg.

Remark 20 The choice of k will be in agreement with the behavior of By(x)
as x — —oo, which is studied at next subsection.

Proof. First we observe that, provided that Kk < o

eliil)

k+o’

T < —Ty,

| / 81 (z, 5)erds| <

|So(z, —I*)ef"””(”x*) < e("*")(x*””*), T < —2y,

RT

T < —Xy.

| So(z, s)e™ds| <

)
. 0—K

Let us choose

19



then -
s emﬂ  o1/4 enw
|/,oosl($’8)e Al = =2

| So(x, s)e ds| < 2°/4

— T,

PUETEEE
Let us assume that
||BO||R <M (46)

holds (needs to be proved at next subsection). We wish to use the analytic
implicit function theorem (see [3] section X.2) for (X,Y) in a neighborhood of

(X0,0) in the function space (C2)?, provided that we can choose £ < & and

[[ Xl + Y]]« < p. Indeed, using the above estimates for coefficients, we obtain
for x € (—o0, —4]

— — 25/4 _ _
| X (2)e ™| < | X (—z4)|e™ + WHBO}—O + Lo1(X,Y) + Bot (X, Y) ||,
hence
_ _ o 925/4 — —
||“XV||N S |X(—(E*)|€ *+ 011/251/2 ||BQ]:0 + Eol(va) +BOI(X7Y)||H7 (47)
and in the same way
_ 91/4 — _
1Ylls < WHBO}H + L11(X,Y) + B (X, Y) [ (48)

Using estimates (40) for F;, (41) for £;1, (42) for Bo1, B11, (47), (48), we obtain,
def —
for 8% | [Rll + [Vl < p

- i e2M Se 27 €2 | o
S < | X(—z)]e™ 4+ ¢ = +ca5/2+23/451/2(1+cm)8
81 €\ a3 e? 4
+(W+Ca)s +C?S )
so that choosing
e=va®? v<1/M, (49)
¥ 27 2 3/2\q2
Sl—cv) < |X(—z)|+cev+ W(1+CV a’’'9)s
81
+23T51/2(1+CUC¥3/2)53+CV2(1354.

Let us choose kg such that
2Tko + 81k2 < 23/461/2(1 — cv),
which is satisfied for

ko < 0.136Y2(1 — ew).

21



Then the estimate above shows that for 0 < kg small enough, we can apply
the implicit function theorem (its analytic version) with respect to(X,Y") (for
|X(=2.)| < ko(1 — c1v), and for € and v small enough). We find a unique
(X,Y) € (C%)?2 such that || X||. + ||Y]|. is close to |X(—z.)|. Moreover for ¢
and v small enough

S < | X (—)|(1 +cv) + c|7(—:17*)|2 + cv,

with ¢ independent of (¢,v, ko). This leads finally to X and Y in C?, depending
analytically on (Xg, Bg) € R? x C?, and such that

Y]] < cv + e X (—z)| + [X (=) ), (50)

1X[le < [X(=2:)l(1 + ev) + cv, (51)

where ¢ is a number independent of (g,v,kg), € small enough, S < kg, and
ko < p, which is compatible with (31). Lemma 19 is proved. m

3.9 Resolution for B,

In this subsection we finish the proof of Lemma 11. It remains to solve the last
part of the system (39) for By with By(—z4) = Boo.
We notice from (21), (33) and (26) that

~ L 3/2 2y
By = edA,Bozig(Bo) (1+Z(X,Y,Bo,a,5)— 8:(112 )A3>
210 A,
A3 = Bole?Bi(1+ ) (@7 +71) + 2\ \i(T3 — 1)),
g3/ oy Az /6 (15 L |5
—(1+0) = < 45X+ [Y)),

210
*

so that it is clear that (see above estimates for Z)

By >0 for By € (0,1/1 —n282),|X| + Y] < p, (52)

This is coherent with the study of the linearized system near M_ : Indeed the
principal part of the differential equation for By is

B} = €6 BoA,715(By)
which may be integrated as

, B 1
Bole) = (1+ %) cosh?(zo — ed(x + 2))’ i
1

Bo(—.)(1 + &)/2’

cosh zg

22



which satisfies By = 0 for = —oo. More precisely the differential equation for
By is now (after replacing (X, Y") by the expression found at previous subsection)

By = ed A BoZio(Bo)[1 + f(Bo)] (54)

where f(Bp) is a non local analytic function of By in CY, such that, for ¢ small
enough, and using || X||x + ||Y]|« < ko, (31) and (49),

1/ (Bo)llx < e(a®(1 + p%)S* +€7/08) < ceko.

Remark 21 We may notice that we might replace cekg in the estimate above,

by
ckoe™ — 0 as x — —o0,

since X and Y € CV.

We are looking for the solution such that By = 0 for z = —o0, and By(—z,) <
V1 —n¢d? for x = 0. We can rewrite (54) as

2By B}
% = 2e0[1+ f(Bo)]. (55)
BOA*Z_H)(BO)
‘We now introduce the variable v :
L—\/1-(+5)B; 1 v

v = S

) 0 52727
1+,/1— (1+ 2)B2 1+ 5 (1+0)

(Inv)" = 2e6[1 + f(By)].

We observe that for z running from —oo to 0,

so that

w = Inv is increasing from — oo to wy = lnvg < 0.

Now let us define A continuous in its argument and such that

h(w) = f(BO)u
1 2e/2

By = 1/2 w)’
(14 57+ en)

and let us find an a priori estimate for the solution By(x), for z € (—o0, —xz.].
We obtain by simple integration

T w'(s) B s
/_w* s = 208+ ).

For a small enough we have

1—cekg < <1+ ceky,

14 h(w)
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hence (since w < wp, and = < 0)

(wp — w)(1 — cekp) < —2ed(x + x4) < (wo — w)(1 + ceky)

so that 2¢8( ) 2¢4( )
—2e0(x + T« _ —2e0(x + T4
TN TRy« pWom W Bt St
exp( 1+ cekop =€ < exp( 1 — cekgy
and 26 26
Vo exp(l_igcako(x + ) <v(x) <wg exp(Tgcako(x + z.)).
It finally results that we obtain an a priori estimate for
Bo(x) = By(Xo, Bo(~a.))(x) € C, (56)
- 1 2 /v(x
Bo(Xo. Bol-2.))(x) = W) e (o0, a.)

(17 2) 7 (@)

2./vg exp(—2— (x + . 52 1/2
1+ vo exp( et (2 + 24)) 2
2\/v0 exp( 7ot (¢ + 2.)
1+ vg exp( 1+2§§k0 (z+ )’
1—4/1—-(1+42 )B2( T) 2\ 1/2 9
\/ <1, (l—l—(;) Bo(—x*)zl\/%.
1+\/1 1+ £)B3(~.) + v
It remains to notice that we can choose in the proof for (X,Y)
ed
= — 58
1+ cel/2ky’ (58)
which needs to satisfy
o a1/2\/5

We have already chosen ¢ = va? hence, for o small enough, the choice (58)

leads to W25
5 )
k<ed=draz < 5

and (59) is satisfied. The a priori estimate (57) for By allows to prove that there
is a unique solution of the differential equation (55) which may be extended
on the whole interval (—oo, —z,], and which satisfies the estimate (57) (see
for example [5]). Since By is in factor in %,Al,AQ,Ag,Bl the behavior for
x — —oo of the coordinates of the unstable manifold, is governed by the behavior
of By. The estimates indicated in Lemma 11 results from (26), (32), (37), (51),
(50), (59) with x = €0*. This ends the proof of Lemma 11. The part of Corollary
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2 corresponding to x € (—oo, —z,] follows from the estimates found at Lemma
11.
Let us define the hyperplane Hy

By = Byo = (1 — n36*)'/2,

3.10 Intersection of the unstable manifold with H

We need to give precisely the intersection of the unstable manifold with the
hyperplane By = /1 —n262. This gives a two-dimensional manifold lying in
the 4-dimensional manifold W, 5 N Hy. Taking into account of

A, = da
51/2041/2 5 1
)\T;Ai ~ W, E=raz, I/<B—OO,
— Boo 1
75~ % By = /1282 ~
10 O(\/i 00 770 \/1—1-—52
Y(-z.)| = O(Xol>+vXo|+v*Bu), |Xol| < ko,, Xo=X(—z.),

we obtain a two-dimensional intersection which is tangent to a plane (parameters
T1,T3), given by the following (using (20) and Lemma 17)

Lemma 22 For 1/3 < § < 1, ¢ small enough, € = Va%, the 2-dimensional
intersection of the 3-dimensional plane tangent to the unstable manifold with the
5-dimensional hyperplane Hy satisfies the system (parameters are (T7,%3) = Xo
with |70| S ko)

a(51/2 )
Ay = da+ WBQO((E_l —73) + O(av|(T7,T2)| + av?)
25
A = a¥2Bomt — L2 Boo + O(a/2v|(71, 73)| + o/21?)
V2
53/2
Ay = S Booo® (T +73) + O(a®v|(71,72)| + 0*) (60)
A3 = V26°Booa®*T3 + O v|(a7,73)| + o®/21?)
BOO ~ (1_'_52)71/2,
with
(711> +[72*)"? < ko, 1/3<6<1, e=va®?,
a?6* = 1— B3 (1+6%) >0,

and where we do not write By since we know that we sit on the 5 dimensional
manifold W s.
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4 Stable manifold of M,

Assuming some estimates which need to be checked at the end, the strategy here
is to first solve with respect to By in using the first integral (6), and an implicit
function argument. Hence By becomes function of (A;, Bo(—x4)) defined on
(—Z4, +00). Afterwards we need to solve a 4-dimensional system, with variable
coefficients.

4.1 Using the first integral (6)

The first integral (6) is solved with respect to By(z). Since it is shown in [1]
that Bo(z) € [0,1] and By(400) = 1 for the heteroclinic solution of (1) we take
the positive square-root:

€
V2

which shows that By is growing as soon as the bracket does not cancel. Let us
define

B), (1 — B2)? + A2(A2 +26°B2 + 2(B2 — 1)) — 242 + 44, 43)'/?,

~1<v=By—-1<0, (61)

then we obtain

v == AR(AG + 20°BF + 2(Bf — 1)) — 243 + 4A1A3>1/2 - (62)

e (1 (i- By

For any k > 0 let us introduce a function space adapted for this section
C% = {X € C%(~ws, +00); X (x)e"® bounded},

equiped with the norm

IX[[s = sup )|X(w)€”|-

— T4 ,00
For the connection with previous section, we take

1— 06262 5/2

Bg(—fﬂ*) = W, E=ru (63)

Then we prove the following

Lemma 23 For 1/3 <6 <1, k>0, assume (63) holds and assume that there
exists v such that
|A;(x)] < ~lv(z)], j=0,1,2,3, (64)
S

x (=4, +00), v < 1/5.
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Then there exists a unique solution v = V(Ag, A1, Aa, A3) € C*(—m4,+0) of
(62). V depends analytically on A; € C2, j =0,1,2,3, with

V(Ao, A1, A2, A3) = Vo+H(Ao, A1, A2, A3), Bo=1+Y,
£
|[H(Ag, A1, Az, A3)|[x < C;||(A0,A17A27A3)||i7 (65)
(1 =14 62)[1 — tanh(ev/2z)]
VQ(LL‘) = <0,
V1 + 62 + tanh(sv/22)
1
14+Vp(0) = ————, Vo(—22) = Bo(—2.) —1 <0,
0( ) \/1—1-—52 0( x ) 0( T )

and x. defined in (69), is such that By|y,—o = (1 + 6%)~Y/2. Moreover we have

V(—Ty 1 — tanh M V(=2 1 — tanh 5e(z+x4)
(=)l ( 354(ﬁx 3] < o(e) < (=) (75:(51 3]' (66)
1+ Bo(—{E*) tanh( 4\@* ) 1+ BO(—x*) tanh(T;)

Remark 24 Later we need to check that (64) is indeed satisfied for the stable
manifold.

Proof. Let us assume that (64) holds, and using (63) for € small enough, we

have
A5 +25°BS +2(B; — 1) < 3,

so that
|AZ(AZ +26%B2 +2(B3 — 1)) — 243 + 44, A3| < 99|
Now
(1= B3) = [vl(2+v) > [v],
hence

A%(A3 +26°B3 +2(B3 — 1)) — 243 + 44143
(1-B3)?

1
<< =
SIT < %
and the square root is analytic in (v, Ag, A1, A2, A3) leading to
1
v = —ev20(1 + 51})[1 + Z(v, A, A1, Az, A3)], |2l < 1/4, (67)

with

||Z(U7 A07 A17 A27 A3)||N S C”(AOu Alu A27 A3)||i (68)
Then we can integrate the differential equation, as in section 3.9. We introduce
the new variable w as

;o 20’

o v(2 +v)’
= 1 —v

v n<1+v/2)’
J— ew .
B _1—1—%6“’7
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w decreases from wy to —oo for z € (—x., 00), while v grows from vy = v(—z,) <

0 to 0. Then, deﬁning h(w,Ao, Al, AQ,Ag) déf Z(U, Ao,Al,AQ,Ag), we obtain,

by simple integration
eV2(x + 2.)(1 — 1/4) < wp — w(z) < evV2(z + z.)(1 + 1/4),

from which we deduce the estimate (66). This a priori estimate for v allows to
prove (see for example [5]) the existence and uniqueness of a solution for (67)
on the whole interval x € [—x,00). We define z, in choosing to satisfy

1
V1462

which gives the expression of Vy(x) given in (65) and

. VI+a2a?  VI+62 1, VI+E

= [0 = —F
2V/2 ¢ 202 204/5/2

The estimate in (65) results from (68). Lemma 23 is proved. =

By(0) =

4.2 About the interval (—z,,z])
For the first part of the proof for the stable manifold, we do not start from

T = —x,, but from z =z} for which By(x}) satisfies
1+ a?62
20,4 —
Bj(z]) = o (70)

For finding the heteroclinic we need to connect By(z) found for the unstable
manifold until the upper limit

1 - a252\ Y2
mr = ()

with By(z) found at Lemma 23 valid until the same limit of Bo(—x.) (now the
lower limit). Then we have

1+ /1 + 02 tanh(ev/2x7)
V14 62 + tanh(ev/2x)

By (z)

*

which gives

+ V(1462 a? (71)

~ — ~ Ty,

xl o~
2v/2 €

where x is a priori slightly different from z, since Bo(z) is not invariant under

the change x — —x.
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4.3 Formulation with new coordinates

As in section 3, the idea is first to adapt new coordinates, such that we are
able to use monodromy operators with easy estimates in the formulation of the
search for the 3-dimensional stable manifold of M .
For
(140%)B2 —1>0a%% e =va? v >0,

let us define _
6 ={(1+6*)B2 —1}14 > (ah)'/?, (72)

and choose a new basis (function of By)

1 0
5 s
175 i~\2/§
Vr:t - %% 9 V;i - 6~3 ]
75 +2
V2 V2
0 0
0 0
0 0
0 0
_ 0 0
Wl = 0 5 W1+ = 0 5
1 1
—eV2 V2
for defining new coordinates (x1, z2, y1, Y2, 20, 21) such that
Z = (0,0,0,0,1,0)" (73)
+21V,o + 3V AV Vit 4+ 2o Wy 4+ W
hence
Ay = m+uy
A = —i(:v —y1 + T2 — y2)
1 \/5 1= 2= Y2
Ay = (za+12) (74)
53
A = —(x1—y1— 22+
3 \/5( 1= 2 yz)
By = 14w

which is easy to invert, where v is given by Lemma 23, and coordinates zg, z1
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are not used, replaced by the use of v. Now the system (1) reads as

Ag Aq,

A’1 = A,

Ay = As, (75)
Ay = —Ag[Af + ()],

V= eVl + o)L+ Z(v, Ao, A1, Az, As)]

With new variables defined in (74) this leads to the new 4-dimensional system

X' = —LX +Goy(e,v,X,Y),

Y' = LY +Gi(e,v,X,Y),
) yi 5(v>< 1 1)
(n)r=(n) =)
(21 4+ 11)? e (14 v)(6% — &%)

Gole,v,X,)Y) = ——WV+=——"—""—""[14+Z0,X,V)|(M X + M5Y),
o(e,v ) WG WG [ (v (M4 2Y')
3 2 54
Gi(g,0, X)Y) = _($1+y1) Vv iw[1+z(v7X7y)](Mly+M2X)7

—_— + =
2208 o4 12

-1 -2 1 2 -1
VO_( 1 >7M1_( 1 _4)7M2_<_1 0>7
where Z(v, X,Y) is defined in (67), and where we used

- 52 — &
yo 000 =0) e | 5
263 V2
The above system is completed by the expression of v given by Lemma 23.
Notice that the coefficients of the linear part in (X,Y") are functions of v, where

the expected part, which has the factor %, is perturbed by a linear part

bounded by O(:%) = O(v'/2a!/?). Below we choose v such that the perturbed
part is really a perturbation, not forgetting that v is already taken small enough
in Lemma 11.

For finding the stable manifold of M, we put the system in an integral form,
looking for solutions tending to 0 as  — +o0o0. With > x}, we obtain the
system

X(z) = So(z,z1)Xo —i—/j So(x, 8)Gole, v(s), X (s), Y (s)]ds,

+o0
Y(z) = —/ S1(z, 8)G1le,v(s), X (s),Y(s)]ds, (76)

30



where we notice that

= T §dr : T §dr
_ e dwendr [ cos [0 9L —sin [ <L
So(z,s) =e I 2 s V2 fs~\/§ (77)
o sin [7 24T cog [T ]
s ﬂ s ﬂ
= T §dr : T Sdr
@ 3(v(r)dr cos [ %L sin [ 2K
S (z,s) = eld ) J: 73 (78)
’ —&in Sdr Sfm Sdr ’
5 V2 s V2

and, using (72)

A
99
|
.
0
o
8
+
IA
»
A
8
A
8

S0 (@, s)l|
151 (2, s)l|

IA
(9]
|

|

7

&
8

+
A
8
A
»
A
8

The 3-dimensional stable manifold is obtained in expressing (X (z),Y (x), Bo(x))
as a function of (Xo, Bo(z})) solving (76), where By = 1+ v is given by Lemma
23 and By(z;) has the lower bound (70).

4.4 The stable manifold for = € [z}, 4+00)

We show the following

Lemma 25 For1/3<46<1,0<k < %, v > 0 small enough, and for e small

enough, the 3-dimensional stable manifold of My ezists for x € [z}, 400), is
included in the 5-dimensional manifold W s, is analytic in (€,0), parameterized
by (Xo, Bo) where X (z) is a 2-dimensional coordinate defined in (73), and Xo =
X (z). Moreover choosing d.such that

2
5* — _52/5
5
we have
1+ a2\ "
Aj(@) = O(Xole™%<""), j=0,1,2,3, ¢ = va/?,

where |Xo| < k1ad. As x — 400, (Ag, A1, Az, A3) — 0 as exp(—/3x), (1 —
By, B1) = 0 as exp(—+/2¢cx).

Proof. Let us solve (76) with respect to (X,Y) € C? for |Xp| small enough

and choose
1/5
Lo 2spas 22 (v /1/6“_5
5 5 Ve ’

Ve
612
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then

2\/_ 4/5\/> \/>
- 53l/5 2 72 '
O'QCY \)7 \)

where ¢ is independent of ¢, then (76) implies (below, the space C? is built on
[z}, +00) instead of [— x*,—|—oo))

Let us define

1
X[l < [Xol + —75— ||G0||m
1

Ve < —no
¥l < g

IIGllln-

Moreover we have for j = 0,1 (see the expressions of G;), using ||M,|| < V18,

(1 + ca?) 3val/?
PNCTEYEPEYD) 7 U 1Y)

3
1G5l < NoTEn 57z (X e +11Y]])” +

with ¢ independent of e. Now making the scaling

(X,Y) =a(X,Y),

we obtain
— — 3, — (1 + ca?)
Xll. < [Xol+—=(|X||s+IY|ls +— Xl + Y
|1 X1 | Xol m(ll e+ 11Y]x) 5 (XL ] I1+)?,
— | ZBp— - (1+ca?)
Y. < —(|X|l<+IY|ls XN+ Y
1Y m(ll [l + 1Y 1) + 55— (Xl + 1] [15)?.

It is then clear that, for v < \/_ small enough (here we chose v < \{2_) we can
appy the implicit function theorem (in the analytic frame as in [3] section X.2)
for |Xo| < k16 with k; < 1/4/2 (independent of €) and for ¢ small enough, so

that we obtain a unique solution (X,Y) in C? satisfying

Il
71l

(1+ cv)[Xol,

<
< ev|Xo| + | Xof,

with ¢ independent of ¢, v small enough, and provided that
|Xo| < k10, k1 <1/V2,

since we notice that we need to satisfy
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By construction (see (74)) of (X,Y) we obtain the estimates on A;(z) indicated
at Lemma 25. Tt then remains to check the validity of condition (64). Indeed
estimates (66) of v imply

—5eV2z |UO| —3eV2x
oole ™9™ < fo(o)] < B
2

where

1

vol=1—Bo(—x4) ~1 — ——.
|0| 0( ) \/1—|——52

Moreover, for j = 0,1,2,3 and ¢ small enough
|4;(z)| < 2|Xole™ "™ < 2kjade™™, x >z},

Since we have Kk = (’)(%)1/5, then for € small enough

_ —5eV2x
e <em 1 x>al >0,

the required condition (64) is realized as soon as
2k10¢5 S 1-— BQ(—,T*)

which holds true for € small enough. The exponential bohavior declared in
Lemma 25 follow from the linear study of section 2.2 as # — +o0. This ends
the proof of Lemma 25, and of Corollary 3 for the part = € [z}, +00). =

4.5 Intersection of the stable manifold with H;

We need to compute the intersection of the 3-dimensional stable manifold of
M with the hyperplane H; defined by

def /1 + a252
BO = BOI :j 1—}-752 (79)

We then obtain a 2-dimensional sub-manifold living in the 4-dimensional man-
ifold Ws N H;. We have the following

Lemma 26 For 1/3 < § < 1, ¢ = va®?, ¢ and v small enough, the two-
dimensional intersection of the 3-dimensional plane, tangent to the stable man-
ifold of M, with the 5-dimensional hyperplane Hy, satisfies a linear system with

parameters (T10,T20) = Xo and, by construction §|p,, = (ad)'/?,
Ao = a(Tw +¥0),
A = —a3/2\/§(x—m+w—m—m—m (80)
Ay = a®d(T20 + Ta0)
A = W(I_lo—f_m—m‘i‘%),

V2

where Yy is function of Xo such that |Yo| < cv|Xo|, with the restriction

5
(710 + [T |>) Y% < k16 < —=.

V2
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5 Extension and Intersection of the two mani-
folds

5.1 Extension of the stable manifold of M, for x € [—x,, z]]

We need to extend the definition of the stable manifold of M, to the region
where

1 — o262 1+ o282
< Bzp) < ———
Tz =Pl s 75
i.e where
—x, <x < xj,
and where

A = —Ag[A2 + (1 +0%)BE - 1]. (81)

We would like to prove the following ideal result

Lemma 27 For 1/3 < § < 1, and € small enough, the 3-dimensional stable

manifold of M, still exists for B? € [1L‘f§§2, 1'{?‘;32], is analytic in €,6, pa-
rameterized by (Xo, Bo(z)), where X is the same as in Lemma 25. Moreover
Bo(—z.) < Bo(z) < Bo(zf), Bjj(x) > 0 where By is given by Lemma 23, and
Ao and it derivatives solve the differential equation (81). The sizes of Ay and
it derivatives keep the same order of magnitude on the interval —z, < x < x}.

We observe that Lemma 23 is valid, provided that (64) holds, hence

24/262

V1462

</ 2 \/ 2

217—’—5§8$§a2 1+5 :gw:—7
2v/2 2v/2

(1+0%)B2 -1 lea + O(ex)? + %(’)(KAO, Ap, A, A3

—EX == —

where, from lemma 25

|4;(z)] < ekydatH7D ] j=0,1,2,3,

with ky < \%, independent of € and £ = 575 = O(e4/5).
Let us first consider the principal part of (81) and rescale as
z = Ke'Px, Ag(z) = K%?/°Ay(2)
1/5
K - 2352 \ "/
V1462 ’
Now 2/5
1 2\ 52
z € [—a,a] with a = <(;752)5) independent of ¢,
v
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and the principal part of the differential equation for Ay reads now as

d*A4,
dz4

=A@ + 2), (82)

with boundary conditions coming from the intersection of the unstable manifold
of M_ with Hy for z = —a, and from the intersection of the stable manifold of
My with Hy for z = +a.

More precisely, we obtain for the principal part of the intersection with Hy,
for z = —a (see (60))

A_ 5 51/2 —U —U

D S TN A
Ay i,
& _

dz K3itor
2A, 53/2 I
Y SN Ew A (83)
3 A, V262 .

dz? K51+ 62

with
Ky = Kv'/®

where (Z7%,T2") is a 2-dimensional parameter of size ko assumed to be small
enough and v is also small enough, independent of ¢, kg.

We also obtain the principal part of the intersection with Hy, for z = +a
(see (80)) as

S 1
Ay = FxIOSa
1
dAg 1 /6
d_zo = 53 §(£C_105+w_205) (84)
1
d*A, 5,
dz2 ?fx%
A, B
5 = K5\/§(=T10 - Tx°),
1

where (T10°,T20°) is a 2-dimensional parameter assumed to be bounded by k10
(k1 < 271/2). For (82), the heteroclinic curve is obtained when we find a solution
Ay satisfying the boundary conditions above in z = +a. We observe that ¢ has
completely disappeared from this formulation, and that we have 4 parameters
for this 4th order differential equation on the interval [—a, +a]. It is clear that
in satisfying the boundary conditions at z = 4a, we obtain a two-parameter
family of solutions of (82) which needs to exist until z = —a, where £ does not
play any role. To prove such a result in a usual way, we need to have quite a
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small interval [—a,+a]. and a not too big initial data in +a. We cannot prove
this directly, so the hole in our proof needs to be filled by the following

Conjecture 28 For the initial conditions (84) in z = +a, the differential equa-
tion (82) has a 2-dimensional (parameter (T10°,T20°)) family of solutions for
z € [—a,+al]. These solutions depend analytically of 6 € [1/3,1].

Now, the complete system (81), which depends on ¢, is a small regular per-
turbation of size O(¢*/®) of (81), as well for the perturbed boundary conditions,
so that the solution of (81) with its given boundary conditions at z = +a, exists
until z = —a, and is a small perturbation of the solution of (82) satisfying the
principal part of the boundary condition at z = +a.

Remark 29 The differential equation (82) is mentionned in [14], where a match-
ing asymptotic method is used, it also appears in [2] where a variational method

is used. Both studies are for an infinite interval. Here we have the advantage

to deal with a finite interval.

5.2 Intersection of the two manifolds

In this section we prove the following, after admitting Conjecture 28:

Lemma 30 For e small enough, and for 1/3 < § <1, let us admit Conjecture
28. Then, except maybe for a finite number of values, the unstable manifold
of M_ intersects transversally the stable manifold of M, along the heteroclinic
solution. Moreover, for x = 0, we have the estimates A;(0) = O(e?+1)/%),
j=0,1,2,3.

Proof. For proving the intersection it is sufficient to prove that the manifolds
intersect in the hyperplane Hy.

For the differential equation (82), Ag(—a) and its 3 first derivatives should
satisfy (83). Counsidering the 2-dimensional tangent plane to the 2-parameter
family of solutions coming from the solution satisfying the conditions in z = +a,
we then obtain a linear system in R* for the 4 unknowns (T10%, Z20°, T1%, T2%).
Looking at the system we see that the solution should be of order 1 with respect
to €.

Ignoring the relationship coming from the differential equation (82) and
equating both sides, we obtain the unique solution

T = by ), (85)
= 6= (29

2 T )

o' = (2—-V?2)5,

T = (271 —2-V2),
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where we observe that the condition required at Lemma 25 on the norm of
(T10°, T20®) is satisfied:

0

— S —/—S ~ _

|($10 , 20 )l ~ 0.5866 < \/5

Now the action of the differential equation (82) on [—a,+a] rotates the 2-

dimensional tangent plane, starting from the plane (84) in z = +a, giving

a system different from the above, hence with a solution different from (85).

However the 2-parameter family of solutions depends analytically of 4, and the

solution of the 4-dimensional linear system is unique, except maybe for a finite
number of values of 6.

It remains to consider the full equation (81) which is a regular perturbation
of (82), of order £*/® including the bounds of the finite interval. It is then clear
that the same result holds true, i.e the existence of a unique solution, meaning
the transversality of the two manifolds, except maybe for a finite number of
values of §. Now we observe that the conditions on the norms of T70°, T30®
and on T1%,Tz" cannot be checked directly, even though they all are of order
1, as expected. Here, we may use the result of [1] which asserts the existence
of a heteroclinic where By starts from 0 for £ = —oo, arriving at By = 1 for
x = 400, and where By € [0, 1]. Indeed, such a heteroclinic necessarily belongs
to the stable manifold of M_ which is constructed here for x € (—o0, —z.],
and also belongs to the stable manifold of M, which we have contructed for
x € [—x.,+00). This means that the intersection of tangent planes, given by
the above mentioned 4-dimensional system has a solution. Such a solution is

unique, from the proof made above, except maybe for a finite number of values
of 0. m

Remark 31 Since the size of Aj(x) with respect to e is not modified on [—x., x|,
the result above implies the wvalidity of the parts of Corollaries 2 and 3 for
—z, <2 <0 and 0 < x < x respectively.

6 Study of the linearized operator
Let us redefine the heteroclinic connection we found at Theorem 1 as
(Ai(z), B.(z)) C R?
with
I<1+82<g=1+6<2,
and where we know that, for £ small enough

B.(z) > 0, Bi(z)>

(1,0) as x = —o0

(Ax(2), B - (0,1) as x — 400

)
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at least as e?%® for x — —oo, and at least as e V2T for x — +00.

At section 1.1 we show that the perturbed system (2) leading to system (1)
is now considered with By complex valued, so in (1) B? is replaced by |B|%.

For being able to prove any persistence result under reversible perturbations
of system (1) in R* x C2, as it appears in (2), we need to study the linearized
operator at the above heteroclinic solution. We follow the lines of [6].

The linearized operator is given by

AW = (1 -342—¢B*A—-gA,B.(B+B),
B" = &*(-1+gA%2+2B*B+2%gA.B. A +<?B%B.

Taking real and imaginary parts for B :
B=C+1iD,

we then obtain the linearized system

—AW 4 (1342 - gB)A—-29A.B,C = 0,
1
E—QC” + (1 —gA? —=3B%)C —29A.B.A = 0,
1
§D” +(1-gA2-BHD = 0.

Notice that the equation for D decouples, so that we can split the linear operator
in an operator M, acting on (A, C) and an operator £, acting on D :

m (AN —A®W 4+ (1 -342 — gB%)A - 29A.B.C
s\ ¢ L£C"+(1—-gA2 - 3B?)C —2gA.B,A )’

1
LyD = D"+ (1—gAI - B:)D.
€
Let us define the Hilbert spaces

L} = {usu(z)e"™ € L*(R)},

Dy = {(A,C)eH,xH};A€cH, CcD}
_ _ de
Dy = {CeHEC" s+ I Nl + 111 < [[Cllp, < oo}
equiped with natural scalar products. Below, we prove the following

Lemma 32 Ezcept maybe for a set of isolated values of g, the kernel of Mg in
L? is one dimensional, span by (A, B"), and its range has codimension 1, L*-
orthogonal to (Al,, BL). My has a pseudo-inverse acting from L2 to Dy for any
1n > 0 small enough, with bound independent of .

The operator L4 has a trivial kernel, and its range which has codimension
1, is L?- orthogonal to B, (B« & L*). L, has a pseudo-inverse acting from Lfl
to D1 for n > 0 small enough, with bound independent of .
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Remark 33 The above Lemma is useful for proving the persistence under re-
versible perturbations, as indicated in (2), of our heteroclinic. This is done in
[9] and appears to be more difficult than the symmetric case solved in [6]. In-
deed, it is needed to introduce two different wave numbers for the two systems
of convective rolls at oo. In [9] it is shown that the component on the kernel
of Mg corresponds to a sort of adapted phase shift of rolls parallel to the wall,
while the codimension 2 of the range implies that each wave number is function
not only of the amplitude of rolls but also of the above shift. This then leads to
a one parameter family of domain walls, for any fized small amplitude £2.

6.1 Asymptotic operators

Let us define the operators obtained when x = 00 :
()= (a0 )
(o) = (e ),
LD = 7°D"—(g9-1)D,

LD = ¢72D".

Notice that all these operators are negative. Furthermore, their spectra in L2(R)
are such that

o(My) (—o0,—c_], c- =max{2,(g—1)} >0,
o(M%) = (oo, —cy], ey =co,

o(Ly) = (—o0,—(9—1),

a(LL) (=00, 0].

Operators M, and L, are respectively relatively compact perturbations of the
corresponding asymptotic operators M, and L., defined as

M, <0 | Ly, <0
MOO_{M;, x>0 " Eoo_{ﬁ*‘ x>0 "

00

Their essential spectrum, i.e. the set of A € C for which A — M, (resp. A — L)
is not Fredholm with index 0, is equal to the essential spectrum of M, (resp.
L) (see [12]). The latter spectra are found from the spectra of MZ and £L :

UeSS(MOO) = (—oo,—c_,.],
Uess(ﬁoo) = (_O0,0].

In particular, this implies that 0 does not belong to the essential spectrum of
My, so that the operator M, is Fredholm with index 0. Moreover operators
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Mo and Lo, are self adjoint negative operators in L2, and M, has a bounded

inverse [12].
_ 1

M2 < —.

C+

This last property remains valid in exponentially weighted spaces, with weights
el and 7 sufficiently small, since this acts as a small perturbation of the
differential operator (see [11] section 3.1).

6.2 Properties of £,
Notice that £, is self adjoint in L?(R) and that
L,B. =0, but B, ¢ L*(R).

This property allows to solve explicitely the equation Lyu = f € L% with respect
tou € L% (using variation of constants method), and shows that it has a unique
solution, provided that

/ fBydx = 0.
R
We obtain
00 QB*
u(z) = / ET(S)C)F(S)ds
with F(s) = /OO f(7)By(7)dr for s > 0
= - /S f(7)By(1)dr for s < 0.

By Fubini’s theorem we can write for z > 0

w(z) = £2B.(x) / B ( / ’ Bgfs)) ir

and, for z <0

w(z) = —eB.(z) L ; F(r)B.(7) < / ’ Bgfs)) dr
—2B, () / ' F(r)Ba(7) < / ' Bgfs)) dr.

The asymptotic properties of By (x) at +oo imply, for x > 0

lu(x)]e" < Ce? / |f(T)e" (7 — x)e ") dr,

x
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and for z <0

ce® [*
u(@)le™™ < —

= 25 _OO|f(7’)e—nr|e—(n+55)(1_7)d7

C 2 0
+%/m |f(T)e_"T|e("_€5)(7_1)d7.
The bound
lullzz < eal| 1]z

follows from classical convolution results between functions in L? and functions
in L', since
0
/ = qr = Lt ,
oo n—ed

e 1
/ e dr = —.
0 n

Then, we choose 1 = %55, so that the pseudo-inverse of £, has a bounded inverse
in L2 :
n

12, 1< e,
where ¢y is independent of €. Using the form of £, we obtain easily
llullp, < esllfllcz
with c3 independent of ¢.
Remark 34 The choice made for n is such that
n<ed, n<ev2,

for values of § for which Theorem 1 is valid. This means that as x — —oo

(A. —1, B,), and, as x — +00 (A, Bx — 1) tend exponentially to 0 faster than
e~ Nzl

In fact, £, has the same properties as the operator M; in the proof of Lemma
7.3 in [6], see also [8]: L, is Fredholm with index -1, when acting in L, for 5
small enough. £, has a trivial kernel, and its range is orthogonal to B, with
the scalar product of L?(R).

6.3 Properties of M,

We saw that M, is Fredholm with index 0. Furthermore the derivative of the
heteroclinic solution belongs to its kernel:

m (A (AP + AL - (A3 — gB2AL — gA(B2)
7\ B e 2B + B, — gA?B, — (B3) — gB.(A2)]

_ (8) (86)
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The part of the proof which differs from the proof made in [6], where the sym-
metry play an essential role, consists in showing at section 6.3.1 that the kernel

of M, is one-dimensional (except for a finite set of values of g), spanned by

(AL,B.) = U, with a range orthogonal to U, in L2. Let us admit this result

for the moment, and define the projections Qg on U} and Py on U, , which are
orthogonal projections in L2, then we need to solve in Lf7

Mgu=f
in decomposing
u=2zU, +v, v=_Qu,
Mgv =M+ Ag)v =Qof

and we need to satisfy the compatibility condition

<f,U*> =0,

while z is arbitrary and we obtain for v :
I+ M A v = ML Qof,

where the operator M3 A, is now a compact operator for which —1 is not an
eigenvalue, since v € U It results that there is a number ¢ independent of &
such that

lollzz < el fllrs-

From the form of operator M, and using interpolation properties, we obtain
for v = (4,0)
I(A, O)llpy < ¢l fllzz

with a certain ¢ independent of .

We show below (see section 6.3.1) that the kernel of M, is one dimensional,
then this implies that the range of M, needs satisfy the orthogonality with
only one element. In fact, because of selfadjointness in L?, the range of M, is
orthogonal in L?(R) to

(A,,B.,) e L.

6.3.1 Dimension of ker M,

Any element ((x) in the kernel lies, by definition, in L%, hence ((x) tends towards
0 exponentially at +oo. Near & = +oo the vector ((z) ~ (4 () should verify

ML Ce(z) =0

where there are only 2 possible good dimensions (on each side). This gives a
bound = 2 to the dimension of the kernel of M. Let us show that dimension 2 of
ker Mg implies non uniqueness of the heteroclinic, which contradicts Theorem
1, hence the only possibility is that the dimension is one.
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Let us choose arbitrarily go and assume that the kernel of M, consists in

Go(z), C1 ()

where (o = (A, B,)l|4, and let us decompose a solution of (1) in the neighbor-
hood of gy as

U =T,UY +a;(+Y), (87)

where T, represents the shift x — x + a, where a, a1 € R, and Y belongs
to a subspace transverse to ker M,,. Let us denote by Qo and Py = I — Qq,
projections, respectively on the range of M, and on a complementary subspace
(Qo may be built in using the eigenvectors (7, ¢ of the adjoint operator My ).
Let us denote by

F(U,g)=0
the system (1) where we look for an heteroclinic U for g # go. Then, we have
FUP,g0) = 0,
DUF(U*ggO)agO) = Mgoa

and since
M!]DCj = 07 j = 07 1;

using the equivariance under operator T, we obtain (denoting Foy = ]-"(Uigo), 90)

and [..]®® the argument of a quadratic operator)

1
0 = MgY+ (g - 90)69]-'0 + §D%]U]:0[a1<1 + Y](2) +
+0(lg — 9olllg — go| + lar] + |[Y[] + |[Y]]*).

The projection Qg of this equation allows to use the implicit function theorem
to solve with respect to Y and then obtain a unique solution

Y = y(alug)u
with

—_——1 1/—\/71
Y = —(9—90)My, QodyFo— gMgo QoD% Folar¢i]® +
+0(lg = gol(lg — go| + |a1]) + |a1]?)).

Then projecting on the complementary space, (only one equation since we work
in the subspace orthogonal to (), we may observe (see the proof in Appendix
A.3.3) that P¢dy,Fo = 0 and then obtain the ”bifurcation” equation as

(a1, 9 — g0) = O((lg — gol + la1])?),

where the function g is quadratic in its arguments and

1
Q|9:go (1= EPO‘DQUU]:O [G1C1](2) .
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This equation is just at main order a second degree equation in a; depending on
g — go- Provided that the discriminant is not 0, the generic number of solutions
is 2 or 0. If the discriminant is 0 for ¢ = go, we just go a little farther in g,
and obtain a non zero discriminant, since the discriminant cannot stay = 0.
Indeed the heteroclinic is analytic in g and if the discriminant were identically
0, this would mean that we have a double root for any g, contradicting the
transversality for all g, except a finite number, of the intersection of the two
manifolds (unstable one of M_, stable one of M, ). Hence, this is true except
for a set of isolated values of g. We can then use the implicit function theorem for
finding corresponding solutions for the system with higher order terms. In fact
we already know a solution, corresponding to U =yl 4 (9 — go)agUigO) +
h.o.t. which corresponds to specific values for a; and Y, of order O(g — go). It
then results that there is at least another solution of order O(g — go), so that
there exists another heteroclinic, in the neighborhood of the known one (then
in contradiction with Theorem 1).

Remark 35 The above proof with only 1 dimension in the Kernel, provides

— 1
Y = (g — go)My, 0yF0 + O((g — g0)?), which gives a unique heteroclinic.
Since we found only one heteroclinic, this shows that the kernel is of dimension
1.

A Appendix
A.1 Monodromy operator
Let us prove the estimate for the monodromy operators. We prove the following

Lemma 36 For By < \/1 —n2é?, a > 13—052, and for € small enough, the fol-

lowing estimates hold

|So(z,s)|] < e —o<z<s
ISi(z,8)]| < e 779, —co<s<ua
with s
(o
21/4
Proof. We start with the system
T = a1+ Nx
Ty = —NT1+ AT

where A, and \; are functions of x. From Lemma 14 we have, for € small enough

= 0.

(a6)1/2
A >
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Now we obtain
(21 +23)" = 2X. (a7 + 23)

hence ’
(23 + 23) () = el (A7 (23 4 22)(s),

which, for x < s, leads to

V(@2 + 23)(z) < €77 /(a2 + 23)(s).

The proof is then done for the operator Sg. The estimate for S; is obtained in
the same way. ®m

Remark 37 We have

_ ["An(ryar [ COS (2 Xi(r)dr)  sin( [ Xi(7)dT)
So(w,s) = e ( — sin f /\ 7)dT) cos( f Xi(T)dT) )
A.2 Computation of the system with new coordinates

Let us look for the system (12) writen in the new coordinates, first in forgetting
quadratic and higher orders terms

2 2 _ )2
Bt = A (g ) 0
22\, . 4V2\, A,
+% 04 paa (2(A7 = BR) + 201+ 8) A4 ) — (02 = A2) g
A, Ay 1
0t g, Bolr o)+ 5 g A
z (1 + 62)3031 A2 — 3)\2
. ! = - - .
AiBos 22 (Al A, (Af - a) ’
2 _ )2 1+ 62 B
4N, *
1
A, (A2 =AD)
A Of2 2\/§ O(Il +y1) 4)\7‘ 2
_|_1A — L22/2/1/\/
2 3 4)\T * 05
with

 202By(1+ 82)(A, — B2)
1 22—; )
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| E22By(1+ (N~ M) (A, - BY)

f2 - 4)\T/\ZX* ;
hence
I/l = .fl + )\Txl =+ AiIQ, (88)
ry = fa— Niw1+ Aag,

as expected. In the same way we obtain

vi o= f1— Ay + Ao,
Yo = —f2—Niy1 — N2, (89)
—2
Lo 2RAS-BY) 2
! A, (1+02)Bo’
A2 - 2 —
Bi = —(T7iA3 + A*Bozl.

(1+62)BoA.
We notice that the following estimates hold (using (15) and Lemma 14)
Boe?6? _ Bye?s

[fal [f2] < OX <=

*

)

«

A.2.1 Full system in new coordinates

We intend to derive the full system (1) with coordinates (x1,x2,y1, Y2, Bo, 21).
Differentiating (22) and (23) we see that we respectively need to add to the
previous expressions (88) for z} and z,

— ! /
1 A, %+<(3)\$—§)>’A2+82 (1+62)2B2 A3+<<1+f)30>’31
By |\ 2v2A, 42X, A, 94, 24,

(L 02280 2 | 8, Bos( 5?4, B
2:4:2 " 2;1; By

— r 2 \2y\/ 2 _ay2y\/ 2 2\3 3\’
L _ A* AQ_((/\T )‘z)> A1_<(/\T 33\\1/)) A2+<€ (1+5/)\/BO> Bl
li

1 1 (A2 — \2)2 1 (A2 =232\ ~——~—2 3

— 1- 2L L Ay — ——— |1 - 2 A A A
+BQ <4/\T)\Z [ —— 2o 3 4)\r/\zBO Z_,Q [3 o + Ao ]

6438’(1 +52)4 —~2 B

ANNA, Bo

and

*

We then arrive to the system (27,28,29,30).
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Using Lemma 14 and Lemma 13 we obtain

—~1 (1 +52)B0

A* = —fBl
A
1 +52)B0B1 -
ay = JUEDBBy s oy
(A7) N ( ( )
2 o~
(2) = (”\‘}ﬂu +e2V3(1 4 0%)A,
( ) =a1BoB1, |ai] < AC3/27

c
( ) = asBoB1, |z < —7,
A

ce
( 4/\ N ) =baByB1, |b2] < —,

*

3/\2 c
( ) =c1ByBy, |aif < 573
42, A A

*

)

)

(/\2 —3x2)\/ c
< Wk ) =c2BoB1, |ea| < = 52
1+6%)2B3
€ (% =d1BoB1, |di| < —,
2 .

li
1 A2 — \2)?
<4/\T)\i [1—( o ) ]) =dyByBy, |d2| £ —3,

14+ 6B\’ c
<%) = e1 By, |81|§73

e2(1+0%)°B2\’ c
(7( ,)V 0) = egBoBl, |€2| < —_—3>
4NN A

with ¢ independent of €, and § € [1/3,1].
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A.3 Elimination of z;
A.3.1 System after scaling
After the scaling (32) our system (27,28,29,30) takes the form

==

= LoX 4 BoFo + Boi(X,Y) + Z1M o1 (X,Y)
+7z1°Bono + Co1(X,Y),
= L17 + Boﬁl + Bll(Y, 7) +Z1 M4 (7, 7)
+71°Bony + C11(X,Y),
where Fy, F1, ng, n; are two-dimensional vectors Mo, My are linear operators

n (X,Y), Bo1, Bi1 are quadratic and Cg;, Cy; are cubic in (X, Y), all functions
of By. More precisely we have

- 3/];15 - 3/];15 e?
Fy = « Bo , By = o Bo |F | < c—7,
QS/Z%B() _QS/E%B() 5/2
2
n 626 81A*
0= “3/5 —~2 —~ )
a3/2 GQA* BO — bg(l + 52)A*Bg

Mo )<< (1R )

mo1(X,Y) = A.By ((IlA:o +c1ds + (di — 2e1(1 + 52)€2j )As — %) )
B 0
~ 7 T - - 2 232 -— T2
mog(X, Y) = A.B <_a2AO + cpAs + (dz — 262(1 +4 )E 2 )AS — F)
* 0
— B3 __
+ A Biba(T1 +71) + (1 + 52)2527%2143,
— = bo1(X,Y)
_ .3/2 01(X, Y
BOI(X7Y) « 6( bOQ(X,Y) )7
2Y(9 _ §2 _ 4 M2
ba(X,7) = —2LEOIQ )BTRS (0 ) B
24, A,
1+ 6%)B
MAﬂale + 01A2 + dlAg — —]
A, By
— 2
boa(X,Y) = SR (314*2 — 2By (1 + 6%)* ) Ao + eg(‘Hié)BoAg2
40N AL By :
(1 + 62)30

Al (Ion + b2 Bo(T1 + U1) + c2As + do Az — Eo]

*
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3 _52 (1+52)BQ
¥~ v 3¢2 0 24, °
C()l(X,Y) = a6 Ap ) E)ZBé(l+52)4
" 4XX\:Bo (1 - 2.2 )

*

ni, M1, By, C1; are deduced respectively from ng, M1, Bo1, Co1 in chang-
ing (a1, c1,ba,ds, e2) into their opposite.

A.3.2 System after elimination of z;

Let us replace z1 by Zig[1 + Z(X,Y,By,¢e,a,0)] in the differential system for
(X,Y). The new system becomes (notice that By is in factor of the ” constant”
terms)

X = L()Y + BoFo + Lot (Y, 7) + Bo1 (Y, 7),
L1Y + BoF1 + L11(X,

~
|

which is (39) with o
Fo = Fy +Z15°n0,

Lo1(X,Y) =zi0Moi(X,Y),

Bo1(X,Y) = Bu(X,Y)+z0Z(X,Y)Mp(X,Y)+Cn(X,Y)
+2Z_102Z(Y, ?)Bono + 2_1022(77 7)2307?,0.

In using estimates (26), (90) to (98), it is straightforward to check that

ce
|]:0|+|]:1| S 9/27
= = €d
Mo (X,Y)| < ce=(X]|+]Y]),
82 52 9 82
nol < e, bor| < e, fbo2| < 5~ + e,

hence o o e .
|Lo1(X,Y)| + [£11(X,Y)] < C$(|X| + 1Y)

For higher order terms we have

— — 9 2=
Bo(X.Y)| < a2+ (X + [T])2
IPpp— 2040 % . 7
|22102Z(X,Y)'I’L0| S W(|X|+|Y|)27
FRZ(X, V)Mo (X,Y)| < cas(1+p)(|X| +[Y])%,
702X V)P0l < a1+ p") (X + [V,
S D T
CaX.Y)| < “——(X|+[VD*
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hence for o o
X[+ Y] < p,

we obtain (with ¢ independent of €, a, §)

— — 2 g2 — —
1Bo1 (X, Y)] + [Bu(X,Y)] < 01/2[9/2+CE+c§(1+p2)](|X|+|Y|)2

27a1/2

+[ + cas(1+ P (IX] + [Y])? + ca®2%(1 + p") (1 X] + YV ])*,

and in using the constraint (31)

2

Bou(X,7)| + [Bu(X. TN < al2(9/2+ e—) (K| + [T ))?
27 . 2= =
+a /(S + e ) (X + V1) + a2 (e=5)(IX| + 7)1,

A.3.3 Proof of Py0,Fp =0
Lemma 38 Any (u,v) in the kernel of M satisfies

/ AyBy(Bsu+ Aww)dx =0,
R

and 8,F0(Uy, g) = (A B2, A2 B,.) belongs to the range of M, hence PodyFo =
0.

Proof.
Differentiating with respect to g the system (1) verified by the heteroclinic,

we obtain oA A B
* *B*
() - (48 ) -0

hence (A,B2, A2B,) belongs to the range of M . When (u,v) € ker M, then
(u,v) € ker M where My, = M, when the adjoint is computed with the scalar
product of L2, hence

/ A.B.(Bsu+ Awv)dz = 0. (99)
R

Hence, the eigenvectors (g, (j of the adjoint M (the orthogonal of this 2-
dimensional eigenspace is the range of M), are orthogonal to 9, Fy = (A, B2, A2B.)l4,
in L2.
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