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Foreword

In 1901, Henri Bénard (1879 - 1934), a young student at the Ecole Normale Supérieure,
presented at the College de France, his experimental thesis on the organised movement of
a liquid heated from below. Well-versed in optical methods, he observed and characterised
the fluid’s movement, which mainly took the form of hexagonal cells. His results were
spectacular, due to their novelty, revealing physical phenomena exhibiting periodicity and
symmetries that had previously been the preserve of crystal studies.

In 1916, the theoretical physicist Lord Rayleigh (J. W. Strutt, 1842 - 1919) applied
his earlier developed theory of linear stability, to the case of thermal convection movement
caused by heating a fluid from below, after becoming aware of Bénard’s findings. To do so,
Rayleigh took into account Archimedes’s buoyancy and viscous resistance to movement.
Thus, he managed to calculate the threshold temperature difference required to initiate
movement, as well as the size of the periodic structures, for the ideal case of zero friction
at the two horizontal walls ("free - free” boundary conditions).

Rayleigh’s early description of this phenomenon, which had been discovered, shortly
before, by Bénard, led to it being named the "Bénard - Rayleigh problem”.

In 1923, Geoffrey Taylor discovered that centrifugal instability in annular low between
two coaxial rotating cylinders, described by Maurice Couette in 1892, exhibits periodic
vortex patterns, called the Couette-Taylor rolls.

These two problems became the prototype for studies of hydrodynamic stability.

For many years, after these works had been published, only few theoretical and ex-
perimental studies were conducted in this field, primarily by fluid mechanics specialists.
However, following Chandrasekhar’s 1961 treatise on hydrodynamic stability, an increas-
ing interest became apparent and the number of annual publications, gradually, increased.
Over the past 50 years, this subject has become closely associated with significant progress
in the study of turbulence, chaos, instabilities, patterns, nonlinearities and bifurcation the-
ory. Current research includes hundreds of new studies that cover broader subfields, such as
magnetoconvection, developed turbulence, and geophysical and astrophysical convection.

This evolution has been accompanied by an intense collaboration between researchers

7



8 FOREWORD

from different fields. One of the defining features of this research is the connections it
establishes between various branches of engineering, physics, and mathematics.

Physicists later took up the subject, when they identified analogies with out-of-equilibrium
phase transitions. This favoured the phenomenological construction of ad hoc models, such
as non-linear amplitude equations, which are also obtained, independently, as a result of
asymptotic expansions of the Navier - Stokes and Boussinesq equations.

This book presents rigorous mathematical results based on the theoretical foundations
of the Bénard-Rayleigh problem. In particular, chapter 1 provides full mathematical and
rigorous justification for that amplitude equations (normal forms).

The book focuses on exact results, derived from the equations of the problem and often
relies on detailed analyses of situations observed in experiments. This is evident in chapter
3, which explains the symmetric grain boundaries observed experimentally in roll patterns,
and in chapter 4 which discusses observations of non-symmetric grain boundaries. Chapter
2 employs the same rigorous mathematical treatment with an in-depth analysis inspired by
observations of quasi-patterns.

As a physicist who has conducted convection experiments, I am aware of the relation-
ship between physics and mathematics and recognize how thermal convection patterns can
be thoroughly described through mathematical results. These results not only explain
observations but also inspire new ones and open new avenues of research.

The work of Gérard Iooss exemplifies this approach. Together with earlier contributions,
such as his book on the Couette - Taylor problem co-authored with Pascal Chossat, this vol-
ume highlights his lasting influence on the international community studying instabilities.

His predictions have inspired, both, theoretical studies and experimental validation.

José Eduardo Wesfreid Directeur de Recherches au CNRS



Figure 0.1: Henri Bénard and experiment of Henri Bénard
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Introduction

First I acknowledge my adviser Jean Pierre Guiraud who introduced me, during his lectures
for graduate studies in 1968, to the Bénard-Rayleigh convection, seen as a bifurcation
problem. He directed my PHD thesis (1971). I also warmly acknowledge Mariana Haragus
for her collaboration during about 15 years and her constant interest.

This book collects a series of quite recent papers written by the author mainly with Boele
Braaksma for Chapter 2, and with Mariana Haragus for Chapters 3, 4 and 5. Chapters 4
and 5 rely on some results obtained via a specific variational method applied on a 4 or 6-
dimensional reversible ODE, which method is not presented here. For the details, we refer
to the works of van den Berg and van der Vorst [68] used in Chapter 4, and to B.Buffoni
et al [12] used in Chapter 5. It should be noticed that at various places in Chapters 1,
4 and 5 we use the reduction methods (center manifold and normal forms) developed in
the book [28]. Finally, due to specific technicalities, Chapter 2 is harder to read than next
Chapters which are independent of Chapter 2. So (depending on the interest of the reader)
it might be wise to start by reading first Chapter 1, and then pass to Chapters 3 and 4 or
5 (independent of Chap.4).

In Chapter one, we present in a modern way the classical Bénard-Rayleigh convection
problem between horizontal plane boundaries, inducing convective patterns as rolls and
hexagons (see Figure 0.2), steady solutions of a 6-dimensional amplitudes system. We
give the results about their stability with respect to perturbations possessing a symmetry
built on a periodic lattice invariant under rotations of angle 7/3. An Appendix gives useful
details about the computation of bifurcating solutions. These results are based in particular
on the book with Mariana Haragus [28] and on [38].

Next Chapters deal with bifurcations of steady convective patterns. Chapters 3-4-5 are
independent of Chapter 2. Chapters 4 and 5 use extensively the results of Chapter 3.

Chapter two, based on [7] is devoted to the bifurcation of steady quasipatterns, using
the basic formulation presented in Chapter one. This Chapter is quite technical due to the
small divisor difficulties.

Chapter three presents the spatial dynamics formulation for steady convection, allowing

11



12 INTRODUCTION

Figure 0.2: Rolls from Joets - Ribotta in [72] p.295, and Hexagons from Koschmieder [51]

to reach solutions with ”defects” in domain walls (”grain boundaries” in physical litter-
ature). The structure of the linearized operator is studied in two cases. The first case
corresponds to symmetric domain walls where the convective rolls at infinities are symmet-
ric with respect to a mid plane with which they make a certain angle (see Figure 0.3). The
second case corresponds to orthogonal domain walls where rolls at infinity on the left side
are orthogonal to the mid plane (see Figure 0.4), while rolls at infinity on the right side are
parallel to it (partly based on [29] and [12]). Chapter four solves the nonlinear problem

Figure 0.3: Symmetric domain walls, from Joets, Ribotta in [72] p.298

for symmetric domain walls (based on [29] and [30]), while Chapter five solves the case of
orthogonal domain walls (based on [12], [39], and [40]).
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Chapter 1

Classical solutions

1.1 Introduction

In fluid mechanics, the Bénard-Rayleigh convection problem is concerned with the flow
of a viscous fluid filling the region between two horizontal planes and heated from below.
The governing equations are the Navier-Stokes equations in the Boussinesq approximation
completed with an energy conservation equation (see the system (2.4)). Each of the two
horizontal planar boundaries may be a rigid plane or a free boundary, hence leading to
different possible types of boundary conditions: rigid-rigid, free-free, and free-rigid (see
remark (2.1)). Together with these boundary conditions, the equations are invariant under
horizontal translations and rotations. In the cases of rigid-rigid and free-free boundary
conditions, they have an additional vertical reflection symmetry. In dimensionless variables,
the different physical parameters are reduced to two parameters which are the Rayleigh
number R and the Prandtl number P. We refer to [51] for a review on experimental results,
starting from the beginning of 20th century with H.Bénard, and [46, Vol. II] for a very
complete discussion and bibliography on this problem, and in particular on the various
geometries and boundary conditions.

The Bénard-Rayleigh convection is one of the most studied, both analytically and ex-
perimentally, and perhaps best underdstood, pattern-forming system. In the hydrodynamic
problem, the difference of temperature between the two horizontal planes modifies the fluid
density, tending to place the lighter fluid below the heavier one. Having an opposite effect,
gravity induces, through the Archimedian force, an instability of the simple “conduction
regime” leading to a “convective regime”. While the fluid is at rest and the temperature
depends linearly on the vertical coordinate in the conduction regime, various steady regular
patterns, such as rolls, hexagons, or squares, are formed in the convective regime. The fluid

viscosity prevents this instability up to a certain level, and there is a critical value of the

15



16 CHAPTER 1. CLASSICAL SOLUTIONS

temperature difference, below which nothing happens and above which a steady convective
regime bifurcates. In dimensionless variables, this bifurcation occurs at a critical value of
the Rayleigh number R.. The numerical value of R. depends on the chosen boundary
conditions and for the ones mentioned above it has already been computed in the forties by
Pellew and Southwell [59]. Starting from the sixties, there has been extensive study of reg-
ular convective patterns and numerous mathematical existence results have been obtained.
Without being exhaustive, we refer to the first works by Yudovich et al [67],[73],[75],[77],
Rabinowitz [60], Gortler et al [26], see also Kirchgéissner et al [50], and Sattinger [64], the
monograph [51] for further references, and recent works [7] on existence of quasipatterns
and [29], [30], [12], [39], [40] on existence of grain boundaries.

1.2 Statement and formulation

Consider a viscous incompressible fluid filling the region between two horizontal planes.
The velocity V of fluid particles and the pressure p are functions of (x,t) €  x RT where
Q = R? x I, where I = (0,d) is a bounded interval in R, and satisfy the Navier-Stokes

equations

oV 1
E‘F(V'V)V—ngp = I/AV—i—f(l’),

V-V = 0. (2.1)

In this system V(z,t) has three components, the volumic mass p is constant, V, V-, and
A denote the gradient, divergence and Laplace operators, respectively, v is the kinematic
viscosity, and f represents an external massic force, independent of . The first equation
represents the momentum balance, while the second is the incompressibility condition.
Each planar boundary may be a rigid plane, or a “free” boundary in the sense explained
in Remark 2.1 below. In addition, we assume that the lower and upper planes are at
temperatures Ty and T4, respectively, with Ty > T (see Figure 2.1(i)). The difference of
temperature between the two planes modifies the fluid density, tending to place the lighter
fluid below the heavier one. The gravity then induces, through the Archimedian force, an
instability of the “conduction regime” where the fluid is at rest, while the temperature
depends linearly on the vertical coordinate z. This instability is prevented up to a certain
level by viscosity, so that there is a critical value of the temperature difference, below which

nothing happens and above which a “convective regime” appears.

Remark 2.1 (Free boundaries) Sometimes the boundary, or part of the boundary, of

U

the domain € is “free,” which means that the fluid is in contact with another fluid, the
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common boundary being unknown. Here, we only mention the simplified situation in which
one assumes that the part of the boundary 0, say, where the fluid is in contact with
another fluid, is fized. (This is acceptable for instance if the external fluid is mercury
and the internal one is water.) Then, on this part of the boundary one has the following

conditions, replacing the canceling of velocity field V :
V - nlaq, =0, (2.2)
showing that no fluid crosses the boundary, and
(VV +V'V) - nlsg, x n =0, (2.3)
showing that the tangent stresses cancel.

Remark 2.2 We do not consider here the cases of convection between two concentric
spheres, referring for example to [15],[16].[17],[19],[18].

The Navier—Stokes system (2.1) is not sufficient to describe this situation. An additional
equation for energy conservation is needed, where the internal energy is proportional to
temperature. In the Boussinesq approximation, the dependency of the density p in function
of the temperature T,

p=po(1—a(l—Tp)),
where « is the volume expansion coefficient, is taken into account in the momentum equa-
tion, only in the external volumic gravity force —pge,, introducing the coupling between
(V,p) and T. We refer to [46, Vol. II] for a very complete discussion and bibliography on
various geometries and boundary conditions in this problem.

Several different scalings are used in literature. For convenience, and for consistency
with next chapters, we modify the classical scaling used in [51], and which consists now in
choosing the length, time, velocity, and temperature scales respectively as d, d?/x, RY2g /d,
Ruk/agd®, where d is the distance between the planes, x is the thermal diffusivity, and v,
a, and g are as above. There are two dimensionless numbers in this problem: the Prandtl

number P and the Rayleigh number R defined respectively as

P = 57 R = M.
K VK
This leads to the system
ov
5 +uV-VV+Vp = P(ube, + AV)
V-V =0
00
— +uV- -Vl = A0+ uV,, (2.4)

ot



18 CHAPTER 1. CLASSICAL SOLUTIONS

replacing (2.1) and where
p=RY2.

Here 6 is the deviation of the temperature from the conduction profile, which satisfies the
boundary conditions, and V = (V;,V52,V,), p, and € are functions of (z,t), x = (X, 2),
with X = (21, 22) € R? the horizontal coordinates and z € (0,1) the vertical coordinate,
e, being the unitary ascendent vector. The system (2.4) is completed by the boundary

conditions

V.=60=0, z=0,1,

together with either a “rigid surface” condition

Vi=V, =0, (2.5)
or a “free surface” condition
oV, 0V,
i S O 2.
0z 0z 0 (2.6)

on the planes z = 0 or z = 1. Notice that here the kinematic viscosity is independent of
the temperature 7T'. If this is not the case, some qualitative results change. Also, adding a
solute with a certain concentration, satisfying an equation and boundary conditions of the

same form as 6, gives richer results [46, Vol. II].

Z
zd| ‘ — 1
L:ﬁ:,,j 7777777777777 0 h x‘l
d - //// T, z
lg
T ; O[O]O[O[O[O)]
' 1 0" ok, X

Figure 2.1: (i) Bénard-Rayleigh problem. (ii) Domain of periodicity for bidimensional

convection (above) and convection rolls (below).

1.3 Classical bifurcating solutions and their stability

Here we assume a biperiodicity property for (V,6) :

(V,0)(xz,t) = (V,0)(x + n1eg + ngea, t), Vp(z,t) = Vp(z + nie; + noeg, t) (3.1)
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for all z = (X, 2) € R? x (0,1), where (n1,ns) € Z?, and the lattice of periods is generated
by two noncolinear vectors e; and es in R2. To these conditions we add two conditions on

the flux of the velocity in the directions of two vectors ki and ko in the X-plane,

VokydS=0, [ V-kdS=o0. (3.2)
1 p3p}

The vectors k1 and ko are such that
<€j, kl> = 27T'6jl7 (33)

where 65 = 0fori # j, and = 1fori = j, and Xy (resp., ¥) is the face orthogonal
to ko (resp., to ki) of the parallelepiped built with vectors e;, es and the interval (0, 1)
orthogonally to the X-plane, which constitutes the domain of periodicity. Below we denote
by I' the lattice spanned by nie; + noea, (n1,n2) € Z2, and by I the dual lattice spanned
by niky + naks, (n1,n2) € Z2.

Since experimental evidence mostly show convection in rolls and convection in hexagonal

cells, we choose a lattice compatible with both patterns, as initiated in [64].

We choose
V3 1 13
€1 =h (775 ’ 62—}1(0, 1)7 kl _kC(luo)u k2 _kc _577 ’
where h is determined later by the critical wavelength k. such that
4
hk. = —.
V3

It is not difficult to check that this lattice is invariant under rotations of angle 7 /3 (see
Figure 3.1(i)).

1.3.1 Formulation as a First Order System

We set U = (V,0), then the system may be written on the form

au
dt
posed in X for U(-,t) € Z. According to the flux conditions (3.2), we choose the Hilbert

spaces

—L,U + uR(U, U) (3.4)

X = {Ue (L*(R*/T x (0, 1)))4 s V-V =0, V|01 =0,

V - kodS = V~k‘1d520},
1 Yo
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€r+e,

ky
\ EAVRYe

%, bk, X hY o

—e %
€] —e,

Ze,

S

Figure 3.1: (i) Lattice I" in the X-plane (ii) Convective flow in a hexagonal cell.

and in the case of “rigid-rigid” boundary conditions

Zor = {U € (H2(R2/F x (0, 1)))4 i V-V =0, V|,c01=0|.201=0,

V- kydS = V-kldS:O},
21 22

and similarly 2, r), Z(s,y, and Z r), by replacing the rigid boundary conditions V; =
Vo = 0 by the free boundary conditions 9V /0z = 9V,/0z = 0 on z = 1, z = 0, and
z = 0,1, respectively. Then the system is of the form (3.4). The linear operator L, and
the quadratic map R are defined as

L,U = (IyP(AV + pbe.), A0+ uV.), R(U,U) = (~(V - VV), =V -V6),

withR: Z =Y =Xn (H'(R/T x (0, 1)))4 quadratic and continuous. Here Z represents
one of the spaces Z(,.,.), Z(,. 1), Z(s,r)» and Z(y ) above, depending upon the choice of bound-
ary conditions. A key property of the Hilbert space X is that the kernel of the orthogonal
projection ITj in (Lz(Q))4 (where Q = R/T" x (0,1)) on the subspace X can be identified
with the space {(V¢,0) ; ¢ € H(Q)} (e.g., see [76, 53, 66]). Notice that the pressure p is
not necessarily periodic and that the orthogonal projection Iy in (L*(R/T x (0, 1)))4 on
the subspace X eliminates the periodic gradient Vp in (2.4).

A specific property of L, in this case is that the scalar product in the Hilbert space X,

with corresponding norm equivalent to the usual one, is such that L, is self-adjoint. This
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scalar product is defined by *
(U(1)7U(2)> = <V(1)’V(2)>|(L2(R/FX(O,1)))3 + P<9(1)7 0(2)>|L2(R/FX(0,1))'

As a consequence, the spectrum of L, is now located on the real axis. Notice that L, is a

relatively compact perturbation of the uncoupled self-adjoint negative operator
L'U = (IIyPAV, A9),

and that it has a compact resolvent, since its domain is compactly embedded in X' (see
[48]). The spectrum of L, consists then of isolated semisimple real eigenvalues of finite
multiplicities, accumulating at —oo, only. Furthermore, there exist positive constants wg >
0, ¢ >0, and « € [0,1) such that for all w € R, with |w| > wq, we have that iw belongs to
the resolvent set of L, and

(il = L) Mgy < — (3.5)

@l
c

W (3.6)

(iwl — L) Hlew,z) <

(here with o = 3/4 (see [37])). Then, the hypotheses required for applying the center
manifold theorem as in Chapter 2 of [28] are all satisfied.
1.3.2 Symmetries

This problem is invariant under horizontal translations and under the reflection 7 — —x7.

Then the system (3.4) possesses a symmetry group represented by 7, and S defined through

(rU)(X,2) — U(X+az), acRYT
(SU)(x1,x2,2) = (=Vi(—z1,22,2), Va(—21, 22, 2), Vo (—21, 22, 2),0(—21, T2, 2) ) (3.7)

where 1), = I, for h € I" because of the periodicity assumption. In addition, in the cases of
“rigid-rigid” and “free-free” boundary conditions, i.e., with Z, .y and Z(; r), respectively,

there is the additional symmetry with respect to the half-plane z = 1/2,
(S.U)(X,2) = (Vi(X,1—2),Va(X,1—2),-V,(X,1—2),-0(X,1—2)). (3.8)
The system is also invariant under the representant of the horizontal rotation of angle 27 /3:

(R27r/3U)(X7Z) = (R27r/3(V(R—27r/3X7 Z))? H(R—Qw/?)X?Z)) ) (39)

!The choice of the scaling we made for obtaining the system (3.4) allows to work with a scalar product

in X independent of R which is the bifurcation parameter.
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where Ry /3 is the horizontal rotation, in the X-plane, of angle 27 /3. The group generated
by S and Ry, /3 is denoted by Dg, consisting of rotations on a circle of angle 7 /3 together
with the symmetries through a diameter. In the cases of “rigid-rigid” and “free-free”
boundary conditions, we have in addition the symmetry S, defined by (3.8).

All these symmetry operators 74, S, Ror/3 and S, when it is relevant, commute with

operators L, and R.

1.3.3 Eigenvalues of L,

Let us look for eigenvalues A such that
L,U=)AU, UecZ.

Classical results may be found in [59]. Periodicity I" implies that we look for U under the
form

U =**0(2), keI’ c R%.

Then we find
U(z) = (Vi(2), Va(2),0(2))

ik -V, +DV. =0,
where V| = (V7, V3),
A

(D? — k*)(D? — k? — 5)@ = uk?o, (3.10)
(D> — k> = N0 = —uVs,
with the boundary conditions
‘//; = §:0f0rz:0,1,
D?V. = 0 for a "free” boundary z =0 or 1, (3.11)

—

DV, = 0 for a "rigid” boundary z =0 or 1.

The invariance under horizontal rotations of the system implies that the wave vector k only
occurs by its length, still denoted by k. Yudovich [73] showed that, for A = 0, and for any
fixed k > 0, there is a countable sequence of parameter values (k) < p;(k) < po(k) < ...
for which the boundary value problem (3.10)-(3.11) has a unique, up to a multiplicative
constant, nontrivial solution (T/;,@), and that the function T/: is positive for p = py(k).
The functions p;(k) are analytic in & and in an analogous case Yudovich [74] showed that

they tend to oo as k tends to 0 or co. Of particular interest for the classical bifurcation
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problem, and also in our context, is the global minimum of py(k). Combining analytical
arguments and numerical calculations, Pellew and Southwell [59] computed a unique global
minimum p, = po(ke), for some k = k., but a complete analytical proof of this property
is not available, so far - See Figure 3.2. They also showed that the positive function V is

symmetric with respect to z = 1/2. A specific property of the free-free boundary value

(k)

Figure 3.2: Neutral stability curve pq(k).

case, is that we have explicit results for U (2), Re, ke. Indeed we obtain in this case (for

A 0)

—

V.(z) =sinnmwz, n>0€N,

and for n =1

A k2
2 k2 - 2 k2 AN — ————
(m° + +P)(7r + k54N )

which is of second degree in A\, with a positive discriminant:
4/<;2,u2
P(m? + k?)

=0,

(2 + K2)2(1 — 2 )% 4

0
5 >

It then results for all eigenvalues (they are real), that if
k2 M2

@+~

>0
(which occurs when R = 2 is small enough) then A is real < 0. We then need to study the

function ( ) k:2)3
T 4+

which is convex and reaches its minimum for

T
ke = —,
RVG)
with
3372
He =

2 )
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and tends towards oo as |k| — 0 and as |k| — oo. For other values of n, it is easy to see
that the minimum value of p is larger than p, . It results that, in the wave vector plane,
for k € circle of radius k. the linear operator L, possesses a 0 eigenvalue, other eigenvalues
staying negative. Fixing the Prandtl number P and taking p as a parameter which grows,
there is a critical value p,. for which the largest eigenvalue of L, crosses the imaginary axis
from the left to the right, passing through 0.

In Appendix 6.1.1 we give relations between the neutral stability curve of Figure 3.2

and the eigenvectors given by (3.10,3.11).

1.3.4 Bifurcations - Rolls - Hexagons - Triangles

The eigenvalue 0 is of multiplicity six. The associated eigenvectors are of the form
(=" XUj(z), j=1,...,6,
and satisfy

CQ = R27T/3C17 C3 = R—27T/3C17 Cj+3 = SC] = C_j7 ,] = 17 27 37

where

ks = —(k1 +ka2), kjrz3=—kj, j=1,2,3.

Furthermore
TaCj _ eikj.ac-j7 eikg-a _ e—i(kl—‘rkz)-a

)

and the action of the symmetry S, is either the identity I or —I, when it is relevant.
Applying the center manifold Theorems 3.23 and 3.13 in Chapter 2 of [28], we find a
six-dimensional center manifold. For Uy € &y, the eigenspace associated to the eigenvalue

0 of L, , we set

Uy = A¢y + BGy + C¢3 + A + BGy + O, (3.12)
and then we have the induced symmetries
To(A,B,C) = (Ae*1e Betk2a Ceifs ) for all a € R?/T,

S(A,B,C) = (2767§)7 R27r/3(A7B7C) = (C7A7B)7
RW(A7B7C) = (ngaé)

and when S, is relevant,
S.(A,B,C) =+(A,B,C).



1.3. CLASSICAL BIFURCATING SOLUTIONS AND THEIR STABILITY 25

The general form of vector fields commuting with these symmetries is given in Appendix
6.1.3, see also [27, Chap. XIII|. Let us first consider the six-dimensional system truncated

at order 3, of the form

A N

(fi_t = ajiA+ ¢BC + bA|A]? + dA(BJ? + |C]?)

B -

Cil_t = afiB + cCA + bB|B? + dB(IC? + |A]?)

% = afiC + ¢AB + bC|C2 + dC(|A]? + |BI?). (3.13)

Here p = p — p, = RYZ — R(l;/2, a > 0 (see Appendix 6.1.4), and other coefficients are
all real. The coefficient b is the only one occurring in the two-dimensional case. We can
prove that b < 0 (see Appendix 6.1.4). In general the presence of quadratic terms changes
drastically the stability of the steady solutions of (3.13) (see [27, Chap. XIII]). However in
the present case, a specific property of the Navier—Stokes equation implies that ¢ = 0. This

comes from the fact that for any real vector field U in the domain of L, we have
(R(U,U),U) =0,

where (-,-) is the scalar product in (L?)* (see Appendix 6.1.4). This scalar product arises
in the computation of ¢, with U = Uy given by (3.12).

Convections rolls

When B = C' = 0 we recover the Landau equation for A:

dA 9
o= ap A+ bAJA|

which gives the circle of steady solutions (the phase of A is arbitrary)
ai +b|A>=0, B=C=0, (3.14)

corresponding to the steady two-dimensional convection rolls (see Figure 2.1 (ii)) defined
up to a shift along the z; axis. See a detailed expression in Appendix 6.1.2 where (1.10)
shows the relationship between the amplitude § of rolls and the eigenvalue crossing the
imaginary axis at pu = po(k) when k is different from k.. These solutions have the period
27 /k. in the direction x; and, by using the periodicity and the symmetry S, we can show
that the velocity is tangent to the surfaces x1 = nw/k.,n € Z, meaning that particles of
fluid stay inside cells. Moreover, a shift by 7 /k. of the structure gives symmetric rolls.

In addition, we have here the solutions obtained through the actions of Ry /3 which cor-

respond to convection rolls obtained by 27 /3-rotations of the two-dimensional rolls above,
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so altogether we have three “circles” of rolls. The action of symmetry S corresponds to a
shift by half of the period of each system of rolls.

These rolls are stable in the two-dimensional case, when forgetting B and C. Here,
taking into account of B and C, the rolls may be unstable. Indeed, since we have a
“circle” of bifurcating solutions, one eigenvalue of the linearized operator is 0, and the
other eigenvalues are now 2b|A|?, and a quadruple eigenvalue (d — b)|A|?>. Consequently,

the condition for stability of these rolls is

d<b<0.

Convective hexagonal structure

Another class of steady solutions of the system (3.13), with ¢ =0, is
A= rewl, B = rewz, C = rei93,

where 7 > 0 satisfies
afi + (b +2d)r* = 0, (3.15)

and the phases 0; are arbitrary. For 6; = 0, this solution is invariant under the actions of
Ry, /3 and S, and corresponds to heragonal convection cells (see Figure 3.1(ii)). All these
solutions have the period 27 /k,. in the direction x; and, by using the periodicity and the
symmetry S, we can show that the velocity is tangent to the surfaces 1 = nn/ke,n € Z.
Hence, by the Dg rotational invariance, the velocity field is tangent to all the vertical planes
deduced from this family, by rotations of angles 7/3 and 27 /3. This means that the fluid
particles are confined in vertical triangular prisms, and a basic hexagonal prism for the
pattern is formed with six of these triangular prisms (see more details in [27, Chap. XIII}).
The linearized operator at these hexagonal convection cells has a triple eigenvalue 0, a

simple eigenvalue 2(b + 2d)r?, and a double eigenvalue 2(b — d)r?.

This latter eigenvalue
implies that the hexagonal convection cells and the convection rolls cannot be both stable.
In the case of “rigid-rigid” boundary conditions it is shown in [75] that b+2d < 0. Actually,
the result in [75] shows that hexagonal cells are stable under perturbations with hexagonal
symmetry, in which case only the simple eigenvalue 2(b + 2d)r? is present. For our 6-
dimensional system we need to study more precisely the steady solutions of the full (not
truncated system) since the invariance of the system (3.4) under translations of the (x1, x2)

plane, implies only a double 0 eigenvalue.

Remark 3.1 Let us point out that if ¢ # 0 in system (3.13), then the phases of the steady

solutions above loose one degree of freedom, and the bifurcation is two-sided. In particular,
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the hexagonal cells are then unstable [64, 27], but this might only apply to a different physical

situation, since here ¢ = 0.

In the absence of the symmetry S, we need to include the fourth order terms in (3.13),
in order to avoid the occurrence of a three-parameter family of hexagonal cells. The 6-

dimensional system, truncated at order 4 becomes

dA _ - _
— = aid+ bA|A|? + (dA+ gBC)(|B> 4 |C|*) + eA*BC + f|A*BC  (3.16)
dB - S _
—- = aiB+ bB|B|* + (dB + gAC)(|C> + |A|]*) + eB*AC + f|BJ*AC
d - - S
d—(i = afiC +bC|C* + (dC + gAB)(|A]® + | B*) + eC*AB + f|C[*AB.
Setting
A= Tlewl,B = T2€i€2, C = 7,362'937 01+ 05+ 03 =0,
leads to
d -
% = rifafi+brf +d(r3 +73)] + (e + f)rirarscos © +
+ror3(r3 +13)g cos O,
d
% = rolap + b3 +d(r? +13)] + (e + f)rirarscos © +
+r1r3(rf + r3)g cos ©,
d _
% = r3lafi + b + d(r? +13)] + (e + f)rirors cos © +
+rory(rs +12)gcos O,
de
— = (e — f)rirerssin® — %(7‘5 + r%)g sin ©,
dt r
de
=2 = (e — f)rirerssin® — m(7‘% + r%)g sin ©,
dt o
do
=2 = (e — f)rirar3sin® — %(T‘S + T%)g sin ©.
dt 3

We observe that it is a 4-dimensional system in (1, 79,73, 0), and two phases are arbitrary

(because of the action of 7). Equilibrium solutions (valid at any orders) correspond to
def
rm=ry=r3 = 0#0, ©=km, (3.17)

which leads to
afi + (b +2d)o* + (=1)k63(e + f +29) =0
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giving two slightly different hexagonal convective patterns, depending on £ = 0 or 1. Both
solutions still depend on two parameters (01, 6s for example) corresponding to horizontal
shifts. The study of the linearized operator at the solutions (3.17) give a double 0 eigenvalue,

as expected and

2(b + 2d)6? simple
2(b — d)6? double
363[(=1)*e — f — 2g] simple.

The corresponding hexagonal convective cells are stable only if these 4 eigenvalues are < 0.

In addition to the above calculations we need to prove that the full (not truncated)
system possesses steady solutions with the above principal parts (3.14), and (3.17). This
results from a standard application of the implicit function theorem?, due to the smoothness
and the symmetries of the vector field, as shown in [38].

It appears that the symmetry S, acts as —I on & in the case of the “free-free” boundary
conditions, because of a factor sin(7z) in the components V, and 6, and of a factor cos(mz)
in the components V| = (V1, V) of [7]-(2), in the formula of the eigenvector (;. It is a
priori not automatic, but it is shown numerically that it is also the case for “rigid-rigid”
boundary conditions, since for R = R, the components V, and 6 in ﬁj(z) are invariant
under the symmetry z — 1 — z (see [14]). With such a symmetry, the vector field in
(3.13) is odd in (A, B,C, A, B, C), so that there are no terms of even orders. Consequently,
one has to consider the fifth order terms in order to solve the degenerescence and find
all steady solutions. For further details we refer to [27, Chap. XIII|, where the problem
is treated using the Lyapunov—Schmidt method. These results can be obtained with the
present approach, as seen in [38] (see the Remark 1.1 in Appendix 6.1.3). It is shown that
there are four types of steady solutions: rolls, hexagons, reqular triangles, and patchwork
quilts (correspond to C' = 0,71 = ro = ¢ which is a new steady solution in this case), which
all may be stable, depending on the coefficients, but not simultaneously. This confirms
the prediction in [50], though only the first two types of solutions are usually observed.
Moreover it is shown in [38] that in the free-free case where explicit computations may be

done, only rolls or triangles may be stable, depending on the Prandtl number P.

Remark 3.2 It should be noticed that all steady solutions found here may be computed in

replacing [ = p — . by

~ de
fi= i po(k) 2 RY2 - Ry (k)2

2Each time we refer to implicit function theorem in this book, we may send the reader to the book [23]

Section X.2 as well in the C* case as in the analytic case.
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since we only use that the largest eigenvalue of L, crosses the imaginary axis through 0
when p = pg(k). This implies an adaptation of the periodic lattice where 2 /k replaces
27 [ke. See Appendix 6.1.1 for a detailed expression of this eigenvalue \(p, k).

Let us sum up the results above in the following

Proposition 3.3 Criticality being defined by R. and k. we look for bifurcating solutions
of the N-S-B system (2.4), in a horizontal bi-periodic frame, as defined in section 1.3. For
R close to R., the dynamical system reduces to a siz-dimensional system of 8 complex
amplitudes A, B,C" with principal part (3.13) where coefficient ¢ = 0. All coefficients are
functions of the Prandtl number and a > 0,b < 0.

Convective rolls (2-dimensional) of wave number k close to k. bifurcate for R > Ry,
with amplitude of order \/R — Ro(k), and are stable provided that d < b < 0.

Two types of convective hexagonal structures of wave number k., of amplitude of order
VR — R bifurcate for b+2d < 0. The difference between these two solutions is of high order
and originates from the 4th order coefficients in (3.16), or from the 5th order coefficients if
symmetry S, acts non trivially. They are stable if b—d < 0 and if another linear condition

on higher order coefficients holds.

Tridimensional Convection in an Elongated Cylindrical Domain

Finally, we briefly discuss the case of a long horizontal cylindrical container, with rectan-
gular section in the (z29, z)-plane, and small sides compared to the length of the cylinder
along the zi-axis. Physically, to satisfy the a priori periodicity in x; which we impose to
the solutions, it might be convenient to take a thin ring-shaped container (a torus) having
a radius large with respect to the sides of the rectangular meridian section. This problem
possesses an O(2) symmetry, and it turns out to be similar to the case of two-dimensional
convection [46, Vol. II]. The same approach as above can be used, showing the existence
of only one “circle” of stable convection rolls, bifurcating for p > ., which are periodic in

x1, the cells being parallel to the xo-axis.

Second Bifurcation

Let be interested here in the next bifurcation, when p crosses a second critical value s, at
which the stable convection rolls for p > p,. become unstable.

The “circle” of convection rolls is given by 7,U,, a € R, where U, is a symmetric
solution, SU, = U,. Notice that there are two such symmetric solutions on the “circle,”

(with @ = 0 and a = 7/k.) and that all these solutions are of class C*°. The generator of
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the group (74)acr is the derivative 9, € L(Z,)), and then 9., U,, (called the Goldstone

mode), satisfies
0, U, € Z, (L, +2puR(Uy, ) (05, Uy) =0, S(0,,Uy) = —0,, U,.

In particular, this shows that the operator L, 4+ 2uR(U,-) has an eigenvalue 0 with
eigenvector 0, U,.
Following the method of construction of center manifolds near a line of equilibria as in

Section 2.3.3 of Chapter 2 in [28], we consider the new coordinates (a, V') defined through
U=7o(U,+V), (V,8,,U,) =0,

where (-, -) is the scalar product in (L?)*. Then (3.4) becomes

d dv
Ta(00, Uy + 00, V) + To = LoV + pR(T0(U, + V), 7o (U, + V)

dt dt
—pR(T Uy, 74 Uy)
= ATV 4+ pR(TV, T4V),

where

A, =L, +2uR(U,,").
Factoring out the translation operator 7, leads to

dao  dV

(02, Ux + amlv)a o

— A,V + uR(V, V).

Now defining by IT the orthogonal projection in X on {9,, U,}*, we split the system above

in two equations

(2—? =gu(V), (3.18)

with
gM(V) = (02, Ux, 02, Us) + (02, V, a:c1U*>]_l<AuV + pR(V, V), 0z, Us),

and
% = (ALY + RV, V) = gu(V)IL(Os, V). (3.19)

The linear operator defined by
ITA,, = II[L, + 2pR (U, -)]

as L’ in section 2.3.3 in Chapter 2 of [28] acting on V, which commutes with S due to
the choice of Uy, has a simple eigenvalue crossing the imaginary axis through 0, when g

crosses [iy. Then there exists an eigenvector &, in Z such that

ITA,, 60 = 0,
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which implies that, with a suitable scaling of £, we have
Auzfo = 8:B1U*a
with (because of the antisymmetry of d,, U, and the commutativity of S with A,)

S&y = —&o-

Applying again the center manifold Theorems 3.19 and 3.13 in Chapter 2 of [28], we con-
clude that a pitchfork bifurcation occurs in the equation for V' when p = pqy (see also the
general study of the ten possible solutions generically bifurcating from a one-dimensional
periodic pattern in [21]). Since «(t) has a small constant derivative (see (3.18)), the bifur-
cating solutions are traveling waves with speeds close to 0, which arise in pairs exchanged by
the symmetry S, i.e., traveling in opposite directions. This type of flow is indeed observed

in experiments [1] (see also [20, p. 102], for an analogue for the Couette-Taylor problem).
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Chapter 2
Quasipatterns

We extend the results obtained in Chapter 1 for bifurcating periodic patterns. Existence
of bifurcating quasipatterns in the steady Bénard-Rayleigh convection problem is proved.
These are two-dimensional patterns, quasiperiodic in any horizontal direction, invariant
under horizontal rotations of angle 7/q. There is a small divisor problem for g > 4. This
Chapter is based on the paper [7]. These results may be extended as in [45] to quasipatterns
resulting from the ”superposition” of two convective hexagonal patterns.

Using the results of Berti-Bolle-Procesi in 2010, we adapt the method to a Navier-
Stokes-Boussinesq system ruling the Bénard-Rayleigh convection problem. Our solution is
approximated by the truncated power series which is formally obtained by Iooss in [43],
but which is divergent in general (Gevrey series).

First, we formulate the problem in introducing a suitable parameter, able to move the
spectrum of the linearized operator, as a whole, as for the Swift-Hohenberg PDE model
(see [6]). For using the Nash-Moser process, we are faced with the problem of inverting a
linear operator which is the differential at a non zero point.

There are two specific difficulties :

i) first, the extra dimension leading to a more complicated spectrum of the linear operator.
This first difficulty leads to use specific projections for reducing the spectrum of the studied
operator, which we want to invert, to a finite set very close to 0.

ii) The second difficulty is the fact that the linearization L") at a non zero point leads to a
non selfadjoint operator, contrary to what occurs in previous works. This is more serious,
and leads to use the spectrum of L) LIN)* which depends mainly quadratically on the
main parameter.

A careful study of the ”bad set” of parameters, with an assumption on the convexity of the
eigenvalues of this operator, allows to obtain a good estimate, as it is necessary for using the

results of Berti et al for solving "the range equation”. We use again separation properties

33
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Figure 1.1: Example 8-fold quasipattern. This is an approximate solution of the Swift—
Hohenberg equation, see [44].

of the Fourier spectrum (see Bourgain and Craig results) for obtaining an estimate in high
Sobolev norms.

It then remains to solve the one-dimensional ”bifurcation equation”. For any ¢ > 4 and
provided that a weak transversality conjecture is realized, we prove the existence of a bi-

furcating convective quasipattern of order 2¢, above the critical Rayleigh number.

2.1 Introduction

We are studying the same problem as in Chapter 1, but looking for a different type of
steady convective patterns. Quasipatterns are two-dimensional patterns which have no
translation symmetries and are quasiperiodic in any spatial direction (see figure 1.1). The
spatial Fourier transforms of quasipatterns have discrete rotational order (most often, 8, 10
or 12-fold) and were first discovered in nonlinear pattern-forming systems in the Faraday
wave experiment [9, 11], in which a layer of fluid is subjected to vertical oscillation. Since
their discovery, they have also been in particular observed, in shaken convection [70, 61].
In many of these experiments, the domain is large compared to the size of the pattern,
and the boundaries appear to have little effect. Furthermore, the pattern is usually formed
in two directions (x1 and z5), while the third direction (z) plays little role. Mathematical

models of the experiments are therefore often posed with two unbounded directions, and
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the basic symmetry of the problem is the Euclidean group of rotations, translations and
reflections of the (x1,x2) plane. This is in particular the case for the studies made in the
works [62], [63], [44] and [6].

Quasipatterns do not fit into any spatially periodic domain and have Fourier expan-
sions with wavevectors that live on a quasilattice (defined below). At the onset of pattern
formation, the primary modes have zero growth rate, and there are other modes on the
quasilattice which have negative growth rates arbitrarily close to zero, and techniques (like
Lyapunov-Schmidt reduction, or center manifold reduction) which are used for periodic
patterns cannot be applied. These small growth rates appear as small divisors, as seen

below.

This Chapter is in the spirit on the paper [6] dealing with the Swift-Hohenberg PDE. It
is known that this PDE is a simple model of Bénard-Rayleigh convection for the bifurcation
to a steady spatially periodic convective regime. Here we solve the same problem but ruled
by the full Navier-Stokes-Boussinesq equations (2.4) in Chapter 1, which are usually taken
for the study of Bénard-Rayleigh convection between two horizontal planes. This problem
was studied in [43], where Gevrey estimates are given for the formal series solution of the
problem. Summing this series by an incomplete Borel resummation, provides a solution
of our problem, only up to an exponentially small term (as the Rayleigh number tends

towards its critical value).

In this Chapter, we first define the functional setting in sections 2.2, 2.3 and 2.4 for our
unknown u. In section 2.5 we formulate the problem in suitable form. In section 2.6 we
study in details the linearized operator A, and the criticality conditions. This determines
the critical value A\g of the vbifurcation parameter A, linked to the Rayleigh number by
A = R~1/2, and the critical wave number k.. We then give the formal series for (u,)\) in
powers of the amplitude ¢ of the bifurcating solution. We use the truncated series as the
center of the neighborhood where one applies later the Nash-Moser process. Section 2.7
reformulates the problem for adapting it to the method used in [5] and [6] which exploits

the fact that the parameter © = A9 — A appears’

in a way which moves the spectrum of
the linearized operator, as a whole This introduces finally parameters e, i/, where 1/ is a
scaling of p (see (7.1)). We are now faced with new difficulties: the problem is no longer
in 2 dimensions, since we have now the vertical coordinate z introducing a dependency
of Fourier coefficients in z. This leads to an infinite dimensional system, even when we
truncate the Fourier modes at a finite number N (as in [6]). This needs the use of a new
projection, complicating the operator to be inverted (see section 2.7.4, Lemma 7.2 and

section 2.7.6).

Tn this Chapter p is different from the one defined in Chapter 1
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The second specific difficulty is that the linear operator which we have to invert in
the Nash-Moser process is no longer selfadjoint. This serious complication is treated in
section 2.8. In particular, this needs the use of singular values of the truncated operator,
instead of its eigenvalues as in [6]. The square of these singular values mainly behave
quadratically in the parameter. We need an assumption on the convexity of these singular
values for being able to bound suitably the ”bad set” of parameters and obtain directly a
good estimate for the inverse of the linearized operator in the basic space with small Sobolev
norm (denoted Ko s,). We then need to use separation properties of the eigenvalues \o(|k|?)
of the unperturbed operator, near Ay, where the wave vectors k of the Fourier modes, are
restricted to Ny < N (Ny is the Z¢ norm in the quasilattice). This tool, introduced by
Bourgain [8] and Craig [10], was already used on simpler systems in [4] and [6] and is
necessary for obtaining good estimates in high Sobolev norms.

We show in section 2.9 that we can adapt the method developed in [5] by Berti, Bolle,
Procesi.

The existence of bifurcating convective quasipatterns, is proved in section 2.10 . It
results from the non empty intersection of a curve (H) defined by the bifurcation equation
in the plane of parameters (e, ), and the complement of the "bad set” of parameters. This
needs a transversality assumption depending on q.

We sum up our result in the following

Theorem 1.1 Let g > 4 be an integer and let d < q be the dimension of the Q-vector space
spanned by the wave vectors k;, j = 1,...,2q in R? equally spaced on a circle centered at
the origin (see the definition (3.1)). Assume that the neutral stability curve R(|k|?) leading
to the critical Rayleigh number R. = 1/)\3 for |k| = k., has a unique minimum, and such
that R” (k?) > 0 (see Figure 6.1 and Condition 6.2). We assume a converity condition 8.7
and we assume that transversality Congecture 10.2 is verified. Then, there exists so > d/2,
g0 > 0, such that, for e < g¢, there exists a 1-dimensional set A. centered on iy, with the
following property:  for any € < g, belonging to a set, of asymptotically full measure as
e — 0, there exists Ti. € A. such that the steady Bénard - Rayleigh system (5.17) admits a
quasipattern solution (u(g), A(€)), C* in the parameter ¢, u(e) € Ko s, (see Definition 5.1),

invariant under rotations of angle 7/q, of the form
= cuy + %uy + 3uz + etuy + O(°),
= o — phog” — pze” — 'R,

where py > 0, T, = py + O(g). The quasiperiodic function uy spans the kernel of A\g — A,
and coefficients p;, u; occurring in formulae above, are the ones defined in the truncaled

asymptotic expansion of the solution (see section 2.6.3).
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L

Figure 1.2: Bifurcation curve. The set of "good” ¢’s is of asymptotically full measure

Remark 1.2 Condition 6.2 is "generic” and can be checked numerically, while Transver-
sality Conjecture 10.2 depends on q. This one is hard to check but maybe weakened as
indicated in Remarks 10.4 and 10.5. This is then probably valid for all q. Notice that for

any s, > so, the result of the Theorem above is still valid, maybe for a smaller &.

Remark 1.3 Hypothesis 8.7 is used for bounding the measure of the bad set of parameters.
The quadratic dependence on ji = O(c*) of the truncated selfadjoint linear operator, needs
to control the convexity of its eigenvalues, while we have no means to provide a reasonable

bound for their second derivative. This is an open question here.

Remark 1.4 The expression that we obtain for the bifurcating set, solution of (5.17), is
under parametric form. The bifurcating set (u,)\) lies on a C' curve. At Figure 1.2, we

sketch the projection of this curve in the (e, \) plane.

Remark 1.5 It should be noticed that the results presented in this Chapter may be extended
as in [45] for obtaining quasipatterns resulting from the ”superposition” of two hexagonal
convective patterns making a certain angle between themselves.

2.2 The Bénard - Rayleigh convection problem

We use the formulation obtained with (2.4) in Chapter 1

V.VV+Vp = P(e.+RV2AV), (2.1)
V.V = RV2AO+V e,
V.V = 0.

Here V = (V) ) VEH) = (y 15), p, and 6§ are functions of X = (x,z), with x =

(w1, 79) € R? the horizontal coordinates and z € (0, 1) the vertical coordinate, e, being the
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unitary ascendent vector. The system (2.1) is completed by the boundary conditions
v =0=0, 2=0,1,
together with either a “rigid surface” condition
vy =vy =0, (2.2)
or a “free surface” condition (in fact no tangential stress condition)

on the planes z = 0 or z = 1. Notice that we shall not consider here the case of free surface
condition on both planes z = 0 and 1, since this case induces an additional (little) difficulty,
which is exposed below.

Our next task is to formulate the problem ruled by the system (2.1) in a suitable
function space, and find critical values of the parameters, for being able to use a method

similar to the one in [6].

2.3 Quasilattices and Diophantine bounds

Consider an integer ¢ > 4, where 2q is the order of a quasipattern, and define equally spaced

wavevectors in R2

) — 1 ) — 1
k; = ke <cos <7TJT> ,sin <7T]T>> = R(j—1)r/qK1, ji=12,...,2q (3.1)

where k. is a positive number which is defined later, and Ry is the rotation of angle 6
around the vertical axis (see figure 3.1a). We define the quasilattice I' C R? to be the set

of points spanned by integer combinations ky, of the form
2q
km = ijkj, where m = (my,ma, ..., may,) € N?. (3.2)
j=1

The set T' is dense in R2. Since k; and —k; = k;14 belong to I', then ky, and —ky, are

both in I'. This allows to obtain real quantities of the form

Zukeik'x, x €R? u eC

provided that
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(a) (b)

Figure 3.1: Example of quasilattice with 2¢ = 8, after [62]. (a) The 8 wavevectors with
k| = 1 which form the basis of the quasilattice. (b,c) The truncated quasilattices I'g
and I's7. The small dots mark the positions of combinations of up to 9 or 27 of the 8 basis

vectors on the unit circle.

We know (see [71]) that the Q— vector space spanned by {k;, j = 1,2,..,2¢} has
dimension d = ¢(2q) = 2(lp + 1) where ¢ is the Euler totient function, and Iy + 1 is the
order of the algebraic integer w := 2cos7/q (lp = 1 for ¢ = 4,5,6, Iy = 2 for ¢ = 7...)
with 2(lp + 1) < g. Let us define the subset of the d vectors {kj, j = 1,2,..,d} of {k;,
j=1,2,..,2q} which forms a basis. Then

d
kj = Z()éjsk:, Qjs € Q.
s=1
and any k € I' may be written in two different ways
2q d
k= ijkj = erk:, m; € Nyrg € Q
j=1 s=1

2q v
where rg = ) 57, mjoys.

. Mys

Let us define aj; := 3

]S

with irreducible fractions and

0 =l.cmjo1, 2¢{d;js}, then dajs = Bjs € Z.

s=1,..
Remark 3.1 Notice that we have 0 = 1 for example for ¢ = 4,5,6,7,8,9,10,11, 12 where
we can choose kKX =kg, s =1,..,d (see [6])

Then m} :=or; = Z?qzl m;B;s € Z and

d
k=2"") miki = k(m") (3.3)
s=1
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where m* := (mj,...,m}) and we define the following norm in the lattice T, identified
with a subset of Z¢ :

d
> mil =: Ni.
s=1

Remark 3.2 Ifo = 1 we can identify T with Z. If 0 > 1, for an arbitrary m* € Z4\{0},
we don’t know a priori if there exists k € I such that k(m*) = k.

Remark 3.3 Whenever solutions are computed numerically, it is necessary to use only a

finite number of Fourier modes, so we define the truncated quasilattice I'y to be:
F'yv={kel:Nx<N}. (3.4)
Figure 3.1(b,c) shows the truncated quasilattices I'g and 'a7 in the case ¢ = 4.
In what follows we need a lower bound of quantities as
(k7 — k)% kel

which occur in the denominator of the inverse of the linear operator, when they are not 0.

We show in [6] (after a trivial scaling)

Lemma 3.4 Assume q > 4, then for any k € ' such that |k| # ke, i.e. k #k;,j =1,...,2q

the following estimate holds true

[)> — k2| > —

T o

for a certain ¢ > 0 only depending on q.

2.4 Function spaces and operators

We characterise the functions of interest by their Fourier coefficients on the quasilattice I

generated by the 2¢ basic vectors k;:

Define now the (Sobolev) space of scalar functions

Hs = {u =D ™ [} = (1 + NPl < OO} : (4.1)

kel kel
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which becomes a Hilbert space with the scalar product

(w,v)s =Y _(1+ Ni?) wycTyc. (4.2)
kel

The two following Lemmas are classical results on Sobolev spaces.

Lemma 4.1 Assume q > 4, then for s > d/2, for any u € Hs and any v € Hy, we have
[luvllo < esllulls||v]lo

for a certain constant cs > 0.

Lemma 4.2 (Moser-Nirenberg inequality) Assume q > 4, and let s > so > d/2 and let
u,v € Hs. Then,

[uv]ls < C(s, s0)([[ullsl[vllsy + [lullsollvlls)
for some positive constant C(s, sg) that depends only on s and syg. For £ >0 and s > (+d/2,

H, is continuously embedded into CE.

In fact we need more complicate function spaces for our system (2.4). This is due to
the necessity to control in terms of |k| (instead of Ny) the gain of regularity provided by
the inverse of the linear operator on the complementary space of its kernel (here, contrary
to [44] and [6], the nonlinear term looses one derivative), hence the inverse of the linear
operator is used to regain this loss (for large |k|), while the loss due to the small divisor

problem (for |k| close to k.) is in terms of Nj.

2.4.1 Projection ‘p3

First, as it is a "rule” for Navier-Stokes systems, we define a projection operator 33 on

divergence free vector fields. Let consider a vector field V(x, z) under the form

V(x,z) = Z Vie(z)ek>,

kel’

which, for a fixed z belongs to (Hs)2. We would like to decompose V as follows:
V=W+Ve, V-W=0, w?|.—g;=0.
Then we consider the system

Wi kg = W,

2, do P
ik w4 e — g,
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where V), = (Vk(H), vl(f)) , Vk(H)and ”1(<Z) being respectively the horizontal and vertical com-
ponents of Vi, and where we want to satisfy the boundary condition

w .m0 =0, (4.4)

for the unknown vector field Wy = (I/VlgH)7 wl(f)). We then obtain the following equation for
P :

d2 d (2)
2" P A Z—‘;, (4.5)
d 2
&|z—0 1 Ul(c )|z:0,1'

For k # 0, it is well known that, if Vk € {L?(0,1)}?, kz € H'(0,1), then there is a
unique solution ¢, € H?(0,1) of this Neumann problem, which satisfies the estimates

ey ||?

Pl + | 5| < i (16)

and there exists a constant ¢; > 0 (¢; = 7) such that

2
d<z>k oy |’ dvy)
k 2 —x < —k_ k||| VA ? ¢ - 4.
o IR e Iy e R (@)
In the case when k = 0, we have w(()z) =0, WéH) = VO(H), and df" = v(()z) defines ¢g up to

a constant. Hence, this remark, with (4.6) and (4.7) and the identity

/ {ikey - W) 4 ¢k w}dz =0, (4.8)
lead to
[Wiell72 = (Vie, Wic) 12,
hence
Willzz < [[Villze, (4.9)
dVi

e[ Wadl 72 +

IN

2k kI2||V; 27k
1|, < {r LA

for a constant ¢? independent of k € T.

2
)
L2

Definition 4.3 The operator B is the linear operator defined as
V= Z Vic(z)ek A= Z Wic(z)e™>,
kel kel

where Wy is solution of (4.3).
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We notice that if V' is divergence free and satisfies U(Z)’z:Ql = 0 then P acts as the

identity. Hence the operator P is a projection.

Remark 4.4 Notice that for Vi € {L*(0,1)}® such that ”1(<Z) € HY(0,1), k € T, (which is

the case when V is divergence free), the boundary values vl(f)’zzog have a meaning, then

we still have ||[Wi||r2 < [|Vil|r2-

2.4.2 Function spaces

Let us define function spaces for the 4-components vector field U = (V,6) :

Hrys = {U = (V,0)(x,2) = Y Uk(2)e™ ™ Y~ (1 + NQ*[IUk7) < OO} (4.10)

kel kel

where

1UlZ = > P02,
o<iI<r

Notice the following equivalence between (squared) norms in (4.10)

. o dUi
S KPR~ S (1 KB R
0<i<r 0<I<r

The space H, s has a natural Hilbertian structure. For example, for U, U’ € H, s, the scalar
product reads
1 —_
(UU)os=) <(1 + Nﬁ)S/ Uy - Ulgdz> ,
kel 0

where Uy 71; is the usual hermitian scalar product in C*.
Now denoting PU = (BV, 0), we have the following

Proposition 4.5 The projection B is bounded in H,, for r > 1, and bounded in the
subspace Hy o of Hos such that vl(f) € HY(0,1), k € I'. For any U, U' € Hy5, or Hp 5, we

have

(Uv mU/>07S = <§'BU7 mU/>0,s'

Remark 4.6 The above Proposition means that (I —B)Hi s is orthogonal to PH1 s with
the scalar product of Ho s. In other words, *B is an orthogonal projection in Ho s restricted

to subspaces H1, and 7-[675. Moreover, for U € 7'[6,3, then BPU € Ho,s is orthogonal to any
(V6,0) € Hos, and [BUlos < [Ullo.s (see (4.8)):
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Proof. The boundedness of P in H; s results immediately from (4.9), and in H ; from
Remark 4.4. For the boundedness in H, , for r > 1, this follows easily after differentiating
(4.3) and (4.5). Now assume U, U’ € My or Hy ,, and define U’ = (V’,¢'), then from
the form of Vx — Wi = (V¢,0)k indicated in (4.3), we have (notice that V' satisfies de
conditions required on W in (4.3))

1 - -
(T-=PUBU")os = Y ((1 + Nﬁ)s/ (z’kqbk Dy G 0> dz)

kel 0 dz
1 d’(z)
kel 0 dz
= 0.

Now we need to extend the definition of the orthogonal projector P in all Hg,. Let
us consider the orthogonal projection By in Hp s on the orthogonal complement of the

subspace

)

Gos = {U = (Vo,0);6 € HY')} C Hos,

where we denote by an upper index (1) a space of scalar functions. Then, B is an extension
of P obtained by density of H'(0,1) in L?(0,1) for all vl(f), k € I. It then results

Lemma 4.7 The projection B is bounded in H, s for r > 0. It is an orthogonal projection

in Ho,s, orthogonal to elements of Gy s.
In the following we need to use analogues of Lemma 4.2.

Lemma 4.8 Let u,v € ’Hglg (scalar functions) with s > sg > d/2. Then uv € H&) and
there exists c(s, sg) > 0 such that

(w1, < (s, 50)([|ull1,slv]11,50 + lull1,s0[0]]1,5)-

Lemma 4.9 Let u,v be scalar functions respectively in 7-[&12 and 7-[(()12 with s > so > d/2.
Then uv € ”H((]lz and there exists c(s, sg) > 0 such that

[luvllo,s < (s, 50)([|ull1,sllv]lo,s0 + lull1,s50lv]]0,s)-

Lemma 4.10 Let u,v be scalar functions respectively in ”H&) and ’H(()}()] with s > so > d/2.

Then uv € ’H&)) and there exists c(s) > 0 such that

[luvfloo < els)llullslvllo.o-
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Lemma 4.11 Let u,v be scalar functions respectively in ’Hgl()) and 7-[(()12 with s > so > d /2.
Then uv € ”H((f()) and there exists c(s) > 0 such that

[luvlloo < els)l|ullrollvllo,s-

The proofs of these Lemmas are made in Appendix 6.2.2.

2.5 Formulation of the convection problem

2.5.1 Operators L, A and B

Definition 5.1 We say that U satisfies Condition b.c. if one of the following boundary
conditions are satisfied

(i) VU |._o1 =0 (rigid-rigid),

(ii) VU |_g = W | — 0 (rigid - free),

(iii) W o = V)| _y = 0 (free - rigid).

Then, we define the following function spaces for r and s non-negative integers

Krs = PHeo={U=(V,0) € Hys;V -V =0,0%)|,—o; =0}, (5.1)
Dy(L) = KgsN{U satisfies Condition b.c., 6|.—o1 = 0},

and we put, respectively on these subspaces, the norms of H, ; and Ha 5. We notice that we

do not consider the case of conditions d‘g—f)\ 2=0,1 = 0 (free - free) (see Remark 5.4 below).

Definition 5.2 For any U € Ds(L) operators L and A are defined by:

AU = (B(be,),V -e,), U € Kps,

and the quadratic operator B by

B(U,U) = <%‘J3(V -VV), V. V9> U € Ky s.

It is clear that L maps continuously Ds(L) to Ko . For s > d/2 the quadratic operator
B maps continuously Ds(L) to Ky s as this results easily from the fact that H'(0,1) is an
algebra, as well as Hy for s > d/2 (see Lemma 4.8 and see Appendix 6.2.3 for the rest
of the proof). This means that there exists ¢(s, sg) such that for any U, U’ € D4(L), and
s > 8o > d/2 we have

1B, U)Ih,s < (s, 50) ([1U]2,[1U7 2,50 + [[U]l2,50[1U7[]2,5); (5.2)
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where we define the bilinear symmetric operator (U,U’) — B(U,U’) as

1
2B(U,U") = <5qs(v VYV 4V VYV, V-V 4V vo> .

Moreover, we also have easily B(U,U) € Ky for U € K4, as this results from the fact
that the product of a function in H'(0,1) with another in L?(0,1) lies in L?(0,1), then
V -VV € Hos (see Appendix 6.2.3) and for U,U" € K; s and s > sy > d/2 we have the
estimate

IBU, U)lo,s < s, 50) (1U1,1U" 1,50 + U] |15 [T []1,5)- (5:3)

Now solving the system (2.1) reduces to solving the equation
(AL+ A)U — B(U,U) =0, U € Dy(L). (5.4)

where \ =: R~1/2,

Then, we show the following useful basic properties of operators L, A and B:

Lemma 5.3 For any s > 0, the unbounded operator L with domain Ds(L) is selfadjoint,
definite negative, in the space Ky s. Moreover, for U € Dg(L), there exits a scalar function
c(\) such that

(AL+A)U,U)os < cMIUIG (5.5)

holds, with ¢(\) =1 -2\ <0 for R < 4 (in the case of free-free boundary condition, which
we ezclude, ¢(\) =0.)
For s >d/2, and U,U’ € K15 and U, U’ real, i.e. U =U, U' = U’ we have

(B(U7 U)v U>0,0 = 07 (56)
<2B(U7 U/)7 U>0,0 = _<B(U7 U)7 U,>0,0- (57)
Proof. First we have, by using Lemma 4.7

<(/\L + A)Uv U/>0,s = <(§'B()‘AV + 062)7 AAG + V- ez) ) (Vlv 0/)>07S
= A((A‘/v AH) 5 (Vlv 0l)>0,s + <(0627 V- 62)7 (V/7 9,)>0,S
= MAV, Vo + MAG, 005 4 (6,0 )6 + (03, 6)g 5.

)

Then we observe that (0,v'(*))q , + (v(*) 0')o  is symmetric in (U, U’). Moreover by inte-
grating by parts, since Hklzzoﬂ =0,

/ o 2\s ! d26k 2 e
(80,00, = > (1+DN) — — |k[*6ic ) Oz
0

kel

U [ d6y dbl. —
= _Z(1+Nﬁ)s/ <d—;d—;+|k|29kei‘> dz,
0

kel
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which is symmetric in (U,U’). The same computation holds by using the boundary con-
ditions satisfied by V for U € Dg(L), and shows that (AV, V") s is symmetric in (U, U’).
This proves that

(AL + AU U )o,s = (U, (AL + A)U")o,s,

i.e. the operators L and A are symmetric in Ko s.

The operator L is selfadjoint in g s because it is easy to prove that L~ is symmetric in
Ko,s, bounded from Ky s into Ds(L) (with norm of K0y 5), see Appendix 6.2.1. The operator
A is symmetric and bounded in Ky ;. Hence by theorem 4.3 in [48] p.287, the sum AL + A
with domain Dy (L) is also selfadjoint in /Cg s.

To prove the inequality (5.5), we come back to the computation above, valid for U €
Dy(L) :

(AL + AU, U)os = —MNVV,VV)s — A(V6,V0)g s + 2Re(d, ) (5.8)
2/|V|lo,s|101]0,s < 2/|U1[5s-

IN

For all boundary conditions (see Definition 5.1) we have Poincaré inequalities: 6, v®) and

VH) cancel at z = 0 or (and) z = 1, so, for example
lv®) (2 |/ Dv®)(s)ds|? < z/ |Dv®) (s)?ds,
and integrating on (0,1) leads to the Poincaré estimates

IVVo.s, IV0llo,s- (5.9)

IIVIIOS_\[ IIGIIOS_W

Hence this leads to
[2Re(, 01 )os| < [[VV]l0slIVOllo,s < 1/2/[VVIIE +1/2] VO[5 .
and
(AL+ AU, U)os < (1/2 = N[|IVVI[5, + VO[5 ] <0 for A >1/2, ie. R <4.
Hence for R <4 (i.e. A > 1/2) we have

(AL +A)U,U)os < =X = DIIVI[Es + 10113 ] = c U .

with
c(A)=1-2\
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Remark 5.4 In the case of free-free Boundary conditions which we exclude here, we have

not ||[VIH)||gs < ||VV )|o.s, hence we only have
(AL + AU, U)o,s < (1/2 = NIVoD[ s + V0I5, = AIVVIDI <0 for A >1/2

In such a case, 0 is an eigenvalue of AL+ A corresponding to the eigenvector U = (V(H), 0)
where VH) = Const.

In the same way as above, for U € Ky 5, we have

1
—(V-VV,V)os+(V-V0,0)s,

<B(U7 U)? U>0,s = ,P<

and by using 0p+q = 0y, when p +q +r = 0, since 6 is real,

_ @ dbq
<V . V979>07() = Z / ( zq 9 +v E) QrdZ

p+a+r=0, p,q,rel’

_ @ By
= Z / ( (ir - r v P > Oqdz

p+q+r=0, p,q,rel’

SR> /( >”+vf>>d(if”>dz

p+q+r=0, p,q,rel’

1 U o) (=) d(0g0y)
= 3 Z /0 <dz 0q0r + vp P dz = 0.

p+q+r=0, p,q,rel’

In the same way, we have

(V-VV,V)oo = (V-VVH v, (v vl o))
1 Ld(w Vg - Vi)
= 3 > — 5 =0

p+a+r=0, p,q,rel 70

which ends the proof of (5.6). Identity (5.7) is a consequence of (5.6): indeed let us consider
the identity
(B(U+tU"\ U +tU"),U +tU")o =0

which holds for any ¢ € R. It results that the coefficient of degree 1 in t of this polynomial
is zero, which is exactly the property (5.7). m
2.5.2 New formulation

For applying a method analogue to the one developed in [5] and [6], we need to control a

parameter able to move all the spectrum of the linearized operator. In the present problem,
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we are lucky enough to have A in front of an invertible operator, allowing to reformulate
suitably the problem.
We know that the operator — L is selfadjoint and positive, so we can define the sefadjoint

positive operator (—L)/? with dense domain (see [48] section V.11 p.281) as the inverse of

T T VT S Ry P
(o= [T nac,

which is selfadjoint and bounded, with the following properties. First, for U € Ds(L) we

have
(—D)Y?(—=0)"?U = —LU.

Let us define the Hilbert space, adapted to boundary conditions b.c. (see definition 5.1),
Ia; ={U=(V,0) e Ki50= U(z)’z=07l =0, V(H)\zzo =0, or (and) V(H)]Z:1 = 0}.
We can take in Ia/s the norm
OIS = {IVVIE. + V0332, (5.10)

which is equivalent to the usual norm in K; s, due to Poincaré inequalities (5.9). Then,

because of the identity
(—LU,U)o,s = IVVII§s + VOIS,

valid for any U € Dg(L), it is clear that the following identity holds
1(=L)"2Ullo,s = I1U1[15, (5.11)

which can be extended to any U € Dg[(—L)"/?] the domain of (—L)'/? acting in Kg 5. This
shows that the domain Dy[(—L)"/?] (dense in Ko s) satisfies

Dy[(-L)'?) € Ky, (5.12)
with a continuous embedding.
Definition 5.5 We denote by
Dijo,s = Ds[(—L)"/?].

This is an Hilbert subspace of K1 s, with the scalar product associated with the norm (5.10)

m ’Cl,s-

Remark 5.6 In the sequel, the norm in Dy, is denoted by || - |[1s or ||+ |[1,s or || [|D, .,

as well.
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Now let us consider the following equation in Ko s :
A — Au + B(u,u) = 0, (5.13)
where operators A and B are defined as:

A (L)' PA(-L)'2,
B(u,u) : = (—L)"Y2B((=L)"Y?u,(—L)""?u).

Since the operator A is bounded in Ky, this is also the case for .A. Now for the quadratic

operator B we have

Lemma 5.7 Assume s > d/2, then the quadratic operator B is bounded from ICo s to
Dl/g,s — K15 = Kos. Moreover for u,u' € Ko s, with s > s > d/2 we have

1B Yl < 11(~2) 2.0 1B, )l < 5, 50)(lellosl 14 oo + Nl 1 10)-
(5.14)
Moreover for u € Ko s, with s > d/2, the linear operator v — B(u,v) is bounded in K
with the estimate
1B v)l oo < elulloslvllng- (5.15)

Proof. Using (5.11) and (5.3) we obtain

1B(u, ')l = IBI(=L)"u, (=L)712d)Jo,s
< el 50)([|(=L) ™ 2ull (= L) 72 |, + 11(=L) 7 Pull [1(=L) ™24 )
< (s, s0)([ullo.sl'llo,s0 + [eello.sol[4']]o,s)

and

1B, )l < 11(=L) 210, Blus )1 = 105, 50) el 1o + el 1)
(5.16)
For finding estimate (5.15) we just need to prove that for ((—L)~Y2u,(—L)~Y%v) =
(U, V) € Ko x K10 then ||[B(U,V)l|lo,0 < ||Ul|2,s/|V|1,0- This is proved in Appendix
6.2.3. m

Then we have the following
Lemma 5.8 Assuming s > d/2 and A > 0, then finding a solution u € Ko 5 of
A — Au + B(u,u) = 0, (5.17)

where the linear operator A is bounded and selfadjoint in Ko s, implies uw € Dy y 5, and is
equivalent to finding a solution U = (—L)~'/?u € Dy(L) of

ALU + AU — B(U,U) = 0. (5.18)
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Proof. Indeed, we notice that for u € Kg ¢ solution of (1.9), then (—L)~/?u € Dyo,5 C
K1, hence B((—L)~"?u, (~L)"?u) € Ko s (see (5.3)) and finally B(u,u) € D96 It is
also clear that Au € Dy /9 ,. For A # 0 this last property and (1.9) show that u € Dy,
and we can apply the operator (—L)'/2 to (1.9). Then defining U = (—L)~"?u gives U in
Dy (L) verifying (5.18). Conversely, the knowledge of a solution U of (5.18) gives a solution
u = (—L)Y2U of (1.9). We may observe that the quadratic operator B is bounded in
Ko (see (5.16)). Now due to the selfadjointness of operators A and (—L)~™"/2 in Ko, the
operator A is also selfadjoint in Ko s. m

Remark 5.9 We might think that it would be advantageous to work in Dyp s instead of
Ko,s. However for the method we are using in the following, it is necessary that A be
selfadjoint. If we consider this operator in Dy o g, then it can be shown that this is not true
for boundary conditions (ii) and (iii) in Definition 5.1.

2.5.3 Rotationnal Symmetry

The system (2.1), completed with the boundary conditions included in the definition of
Dy(L), is invariant under horizontal rotations of angle 7/q. To make this precise, let us

define the linear operator Ry, by
Ry U(x,2) = (RW/qV(R_W/qx, 2),0(R_r /g%, z)) ,

where Ry is the horizontal rotation of angle ¢. More precisely, by using the identity k -
R_yx = Ryk - x, we have

R D Uk(2)e™ =3 (RejgVic(2), Oic(2)) €M/, (5.19)
kel kel

Definition 5.10 We say that U = (V,0) is invariant under Ry, if the following holds
Rﬂ/qVk(z) = VRW/qk(Z)a Hk(z) = HRﬂ/qk(Z)'
Then, we have the following

Lemma 5.11 The linear operators L, A, A and the quadratic operators B and B commute

with Ry g+ for U € Dy(L) and u € Ko

R./,, AL+ AU = (AL+A)R,,U, R
R

Au = .ARW/q’LL (5.20)
B(u,u) = B(R.

T/q

/B U) = B(Rr/qU,Rr/gU), Rryq /gt R jqtt).



52 CHAPTER 2. QUASIPATTERNS

Proof. This results from the commutation of the original system (2.1) under any

horizontal rotations, and from the commutation property

R/q® = PRy

which is easy to check from the construction of projection 3. Moreover the operator L

commutes with R, hence this is also valid for (—L)~'/2. m

T/q>

2.6 Criticality for A — A\l and Formal bifurcation

2.6.1 Study of criticality
Let us consider the linear system
(A= XNu=G e Ky, (6.1)

where we look for u € Ky 5. This system is equivalent to looking for U = (=L)"Y ?u € Dy o
such that

AL+ AU =G = (-L)"2G = (F.g) € (D12,)" (6:2)
where G’ = (F, g) is given in (D;/5)* (see the definition and properties of this dual space
in Appendix 6.2.1).

Let us define the Fourier components
Ue = 70 00,
Gi = (Fogho=E" L 90,
then for a fixed k, the system has the form
(ALx + Ax)Ux = Gy (6.3)

which is exactly the same as the one obtained in the periodic case, described in details for
example in Chapter II of [14] and solved in details by V.Yudovich [74]. Notice that for
each |k| the linear operator ALy + Ay is selfadjoint in the space {o s}k spanned by the
k-th Fourier components of elements in Ky s, and operator Ly is studied in particular in
Appendix 6.2.1.

Remark 6.1 Notice that in [1]] and in [7}] the only case of X > 0 is considered, since
A= 1/\/% by definition. It results that we don’t know anything a priori on the operator,
for A < 0. However we may observe that the homogeneous system associated with (6.3) is
invariant when changing A into —\ and 0 into —0 (see also (2.1) in changing VR into its
opposite). It results that the spectrum of A is symmetric with respect to 0. Moreover X = 0

is an eigenvalue with infinite multiplicity.
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Then, it is known (see Yudovich [74]) that for a fixed |k| there is a denumerable sequence
of Rj (= 1//\?) such that the system (6.3) has a non trivial solution for (F,g)x = 0, and
there is a variational principle for finding Ro([k|?) = minR; (see Velte [69]). It is also
known mathematically (see Yudovich [74]) that the function Rg(|k|?) is analytic, tends
towards oo as |k|? — 0 and as |k|?> — oo, and that there is a minimum R, obtained for a
critical value k2. However, it is only known numerically (see [14]), that this minimum is
unique and the kernel of ALy + Ay for k = ky = (k.,0) is one-dimensional ([74]). We now
define \g = 1/v/R..

It results that the kernel of the linear operator (A — Aol) is 2¢ - dimensional, spanned
by &; = (—L)'/2¢}, with

53 =Rri-y <ﬁk1 (Z)eikl'x> » 7 =1,2,..,2¢, (64)

in the kernel of \gL + A , where

ﬁk1 = (Vk(lH)’Ul(ci)’eh)
is solution of the homogeneous system (6.3) for k = ki, and with G} = 0, and R = R...
We need now to estimate the inverse of the linear operator defined by the system (6.3)
for R = R. and |k| # k.. From the now standard study of the resolvent operator for
Navier-Stokes type of system (see [76]), as here, but in a periodic frame, we deduce that
there is a function c¢(|k|?) bounded as |k| — oo and |k| — 0 such that (we notice that
G|, 5.,)+ < cl|Gllo,s for a certain ¢ > 0)

10 = [[DUKIIZ2 + (1 + &) [Ukl[Z2 < [e(k)P |Gl 122 (6.5)

For |k| near k., we know that c(|k|?) diverges as |k|?> — k2. In fact let consider the dispersion
equation, obtained when we look for eigenvectors of the homogeneous system (6.3) which
has constant coefficients (see [14]). Then, the modulus of the dispersion equation, which
cancels for |k| = k., is bounded from below by the inverse c(|k|?)~'. This dispersion

equation depends analytically on |k|? ([74]) and we now need

Condition 6.2 We assume that the second derivative Ry(|k[*) # 0 for |k| = k. at
Ro(k?) = R

Notice that we give a formula for %(1/ VR.) in Appendix 6.2.4. The dispersion

relation cancels with a (only) double root for |k|?> = k2. This means that we have in fact

ci (k)

2\
)= T — 2y

for |k| # ke (6.6)
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where c¢; is bounded for all bounded |k|? and is O(|k|*) as |[k| — co.
For |k| = k. and k € T, this implies that k belongs to the basis of the quasipattern.
Then, following [14], [74] and [75] the system (6.3) is solvable provided the compatibility

conditions
1 S 1 _ —
(G,&)00 = (G, &)00 = / Gi{j Uy, dz = / (Fy, Vi, + 9k, - Ox,;)dz =0, j=1,...,2q
0 0

hold. It results that
[usello = [|Ux[l1 < e(IkI*)]|Gxllo- (6.7)

Remark 6.3 The classical linear stability theory ([14], [T7]) says that
(ML +A)U,U)oo <0 for all U € Dg(L) orthogonal to ker(AoL + A), (6.8)
i.e., using that Dyy s 1s dense in Ko s:
((A—=Xo)u,u)o0 <0 for all u € ICo s orthogonal to ker(A — A). (6.9)

We also know, from the discussion above, that for any fized |kK| we have a decreasing se-
quence of positive eigenvalues, and a sequence of symmetric ones, for the selfadjoint bounded

operator A :
Mo(k)?) > A (K)o > M([K) > o> 000 > =M (kD) > = M (KP) > = oK),

(see Figure 6.1 for positive eigenvalues) corresponding to eigenvectors, depending on x

as %X, The largest eigenvalue reaches a mazimum o at k2. Now the lattice T is well

defined, thanks to (3.1). When k varies in ', the set of values for |K| is dense on the half
positive line. It results that the spectrum (closed in R) of A is the closed interval [—\g, Ao].

Moreover, as this is useful later, we notice that for all k € T',
Mo = Aj([k[%) > o, Ao(kI?) = N;([k[*) = do(lk]) >0, j =1,2,...., 00, (6.10)

with §o(|k|) > do > 0 for |k| close to k.

2.6.2 Pseudo-inverse of A — )\l

Let us define the orthogonal projection Py on the kernel of A — Agl: for any u € Ko s

<u7£j>0,0
Pou= € Vi T g e 6.11
" 1%@7]% K <£1751>0,0 ( )
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A

0l

Figure 6.1: Sketch of positive eigenvalues of A in function of |k|, and definition of critical

lambda Ag. 97 is used to define the projection mg at section 2.7.4

where we notice that
<£17£1>0,0 - <€j7£j>0,07 ,] - 27 oy 2q

We denote by Qy = I — Py the projection on the complementary space (of codimension
2q). Since the eigenvectors &; belong to Ko s for any s, the projection Qg is bounded in
Ko,s for any s. Notice that when u is invariant under R /,, then v; =, for j = 2,..,2q.

Now coming back to the linear system
("4 - AO)u = G7

where G € Ky ¢ satisfies the compatibility condition PoG = 0, the above estimate (6.7),
and the form (6.6) of c(|k|?) show that there is a unique solution u satisfying Pou = 0 and

there exists a constant ¢ > 0 such that

(1 — Ok (I[)(1 + [kI*)?
(K[> — k2)*

[uilo < ¢ + Ok (K] | [1Gxllo
where 0. (|k|) = 1 if |k| = k., and = 0 otherwise. By using the diophantine inequality
(3.5), this leads to the following

Lemma 6.4 Assuming \g(|k|?)||x=x, # 0 (see (2.25)) for the second derivative of Ao at
k| = ke, then for any s > 0, the linear operator (A — X\o) has a bounded inverse from the
subspace Qoo s to the subspace Qoo s—a1,- In other words, for any 61 > 0 small enough,
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there exists ¢ > 0 such that for u solution in QoKo s—a, of (A — Xo)u =G € QoKo s, the

following estimate holds

A

lurllo < (1 + N[ Gucllos for [|k| — k| < 61,

C
lurcllo < 511Gxllo, for [[k| = kel = 31
1

2.6.3 Formal power series for bifurcating solution

Let us rewrite the system (5.17) as

(A= Xo)u = —pu+ Blu,u), (6.12)
where .
A= —=—, A= Ao — L.
0 \/Eu 0 1%

We are looking for a solution of (6.12) in Ko s, s > d/2, which is invariant under R/,

under the form of a formal expansion

u = Z " Up, (6.13)
n>1
po= > eu, (6.14)
n>1
where in fact u, € Dy /3, (see Lemma 5.8). Identifying powers of € at orders ¢, €2, e3, leads
to the system
(A=Xur = 0, (6.15)
(.A — )\Q)UQ = —pul + B(ul,ul) (6.16)
(A—Xo)us = —pqus — pguy + 2B(ug, us). (6.17)

Equation (6.15) gives (here we choose the coefficient in front of the eigenvector, which

determines the parameter ¢)

= Y &, (6.18)
1<5<2q
which is invariant under R, /,, and we observe, thanks to property (5.6), still valid for B
that
(B(u1,u1),u1)00 =0,
and since

Rw/qB(ul, ul) = B(ul, ul),
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this means that (see the definition of projection Py in (6.11))
P()B(ul, ul) = 0,

hence equation (6.16) is solvable with p; = 0, and since the Fourier series of B(uy,u1) is

finite, we find a unique uz € D; 5 4, orthogonal to uy in Ko :

up = (A — AO)_IB(ul, ur), (6.19)

— =1
x/q» and where (A — Xg)  is the pseudo-inverse of (A — Ag) as
defined by Lemma 6.4. Now, the compatibility condition for solving (6.17) gives

which is invariant under R

<,u2u1 — 2B(u1, UQ), U1>070 = 0. (6.20)
Then we use the identity (5.7) to obtain

(2B(u1,u2),ui)o0 = —(B(ur,u1),u2)0,0
= —<(A—)\0)U2,U2>070>0.

The result above, in the periodic case, was first obtained by V.Yudovich in [74] (see also
Appendix 6.1.4 in Chapter 1). The last inequality results from the fact that Poug = 0, and
from the property (6.9). It results that u, is positive, determined by

—((A — Xo)uz, u2)0,0

. 21
nuno 0 (6:21)

Mo =

Now the unique solution usz of (6.17), orthogonal to u; in Ko, takes the form

—

us = 2(A - AO)_IQOB(U:[,UQ), (6.22)

and is invariant under R/, and again lies in D/, ; because of the finiteness of its Fourier

m/q
series. Now, from
(A= XoJus = —pgug — pgur + 2B(ur, us) + B(uz, u2),

k-

we observe that p,us is orthogonal to u1. The factors e in the expression for 2B (uy, ugz)+

k = Z m;k;, and ij:4,

1<5<2q

B(ug,usz) are such that

so that the scalar product with u; may be different from 0, as this can be seen in the case
when ¢ is a multiple of 3. It results from the compatibility condition, that

(2B(u1,u3) + Blug, u2), u1)0,0
<U1, u1>0,0

3 = , (6.23)
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and

P

s = (A—20)  Qol—tigtis + 2B(ur, us) + Blus, us)]

is invariant under R/, and still in D, /5 ;. Going on the computation, we obtain in particular

T/q

. (2B(u1, ug) + 2B(uz, u3), u1)oo. (6.24)
(u1,u1)0,0

We show in [43] that we can go on in computing the successive terms of the series which
appear to be of Gevrey type. Making an incomplete Borel resummation of these series,

invariant under R provides a solution of (6.12) up to an exponentially small term as e

T/q>
tends towards 0. Our purpose now is to improve such a result in proving that there exist

indeed quasipatterns solutions of (6.12).

2.7 Adapted formulation and Splitting of the space

2.7.1 Decomposition of u

In all what follows, we study functions u,v in Ko s, invariant under rotations R ;. In this
frame the kernel of the linear operator (A — \g) is one-dimensional. Let us define the new

unknown function ¢ in rewriting the solution of (6.12) in Ko, s > d/2 as

u o= ue e, p=p 4,
us = eug + 2us + dug + etuy, (7.1)
pe = pp+eiuy,  UE{m} NKos,

where the coefficients wy,ug, ug, u4, fo, i3 are defined above, and we assume below that

e > 0 (the same proof applies for € < 0). Then
(A - /\O)ue = —HUs + B(Ua us) + 55f€

where f. is a known quasiperiodic function with a finite Fourier expansion with Ny < 8.
Now we have by (6.12):

(A = Xo)(ue + €0) + (. + 31) (ue + £'0) — B(ue + ', ue + %) = 0,

which becomes
Lo+t + e u + ef. — *B(@,7) =0, (7.2)
with
L£0=(A— X+ p.)0 — 2B(ug, ). (7.3)
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2.7.2 Decomposition of the system

Let us use the projection Qo = I — Py on the orthogonal complement of u; in the subspace
x/q> defined at subsection 2.6.2. We might notice that the formal
computation made at section 2.6.3 gives ¥ = cus + O(g?) in {u1}*, with p/ = e, + O(?).

of Koo invariant under R.

Equation (7.2) decomposes into the bifurcation equation, using the projection Py onto
the kernel {u;} of (4 — A\g) :

puy + ePofe — 2PoB(0,u.) — e'PoB(7,7) = 0, (7.4)
with
Pofo = —pqu1,

and the range equation (projection onto {u;}+) :
QoLet + 21T + gle, 1) — €' QoB(U,7) = 0, (7.5)
where
QoL: = Qo(A — Ao + 1) — 2QoB(ue, -),

Gle, i) := ple(ug + cuz + e*ug) + Qo fe.

2.7.3 Optimization of variables

In what follows, we need to obtain a solution of (7.5) which is C?— bounded in fi. So,we
need to have operators and functions in (7.5) with bounded first and second derivatives
with respect to i = 3/, This is not the case for the term g(e, '), so we need to slightly
modify the definition of ¥, in such a way that g(e, ¢') has a more suitable form.

Let us define (see Lemma 5.7, using that u. € Ko, for all ¢ > 0) the linear operator S;
bounded by cse in QoK s for any s > 0, as

QoL: = Qo(A— o)+ S,
SE : = He — 2QOB(UE7 )

We notice that g(e, 1/) has a finite Fourier expansion with N, < 8 (because of f.). Hence
[Qo(A — Xo)]g(e, 1) € QoK s for any s > 0. In the same way, we can define

he, ) =T+ > (=)™ ([Qo(A— X)) (S +70)" p [Qo(A— o)l 'G(e, ), (7.6)
n=1,2,3,4

which is still well defined in QKo s for s > 0, and h is analytic in its arguments (e, i/').
Indeed, the operator ([Qo(A — Ao)]~1(S: +71))" is bounded on finite Fourier series in e
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leading to a finite Fourier series with Ny increased by 4n. Finally h(e, 1’) has a finite Fourier
expansion with wave vectors bounded by Ny = 16 + 8 = 24.

We can now check that

(Qo: + hle, 1) = gl 1) + (S + )[Qo(A — X)) ")’ Gz, 1)-

We do not use Neumann series for inverting (Qo£-+) because of the small divisor difficulty.
We notice that e2g(e, i) = fi(ug+eus+e2ug)+e3Qq f=, hence e2h(e, 1i') := h(e, i) is analytic
n (g, 1) with

1A(e, )llo,s < cs(e® + [7])-

Now we define the new v as

v =10+ h(e,u), (7.7)
so that (7.5) becomes
Lev+gle, i) — £'QoB(v,v) = 0, (7.8)
with
€5 = Qole+i+2°QuB(h(e, i), "), (7.9)
g(e ) = — (S +MQo(A— X)) Gle, ') — QoB(h(z, i), h(e, 7).

We notice that the first term on the right hand side of g(e, i) is now C*— bounded in j

since, up to order ,ﬂ4 it is analytic, and the non analyticity only occurs at orders e2u/ ﬂ4

and ep/Ji°. Since we restrict to Ji € [—¢,¢] the values for i, we finally obtain in (7.8) the
required properties for all terms, with
llg(e;illlos < ese®, 110z g (e, W)llo,s < cse?, (7.10)
"8529(57/7)”0,8 S G "8329(57ﬁ)"0,8 < cee?, Hafgg(&ﬁ)“o,s < e’

Let us define the linearized operator

Lonv =L —2'QuB(V, ),

for Ve Ko for s > d/2. Then, we need a careful study of this linearized operator for

applying the result of [5].

Lemma 7.1 The operator £. 5y is analytic in its arguments for (e,i, V) € (0,e0) x
[—e.¢] X QoKos,s > so > d/2. It is acting in Qoo for t € [0,s] (see the result of
Lemma 5.7),with
Cav ¢+ =Qo(A— o)+ i+ Rez—2"QoB(V,) (7.11)
Ra,ﬁ = He— 2QOB(UE - 62%(67}1)7 ')7
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2 Ao By 0

Figure 7.1: Spectrum of moQq(A — A\g) Qoo

and, for ||Vl]o,s, < 1, we have the estimates

IRz zvllos < esellvlfo,s,
107 Rez0llo,s + 1022 R gollos + 102 Regvllos < ese?l[vllos,
10-Re vllo.s + [102Regvllos < csllvllos,
12 QoB(V,v)llos < cse(I[v]lo,s + [[V]lo,slvllo,50)-

2.7.4 First splitting of the space (operator 7)

We are interested in the inversion of the operator £.;y in a certain subspace. The first
difficulty comes from the infinite dimension of the system, despite of the use of a projection
Iy suppressing the Fourier modes e’ such that Ny > N. So, we use now the property
described in (6.10) for the spectrum of the operator Qo(A — A\o) Qo which is selfadjoint in

Ko,s :

Mo —Xo(k[?) = 0,
M- Nk > 60>0, j=1,2,..

Mo(k*) — 0as|k| — 0 or co.

Let us consider §; > 0, defined at Lemma 6.4. Then for k € T, the inequality ||k|— k.| > d1
implies A\g — Ao([k|?) > 0} (= O(67) (recall that Ao(|k|?) is analytic in [k|? with a maximum
Ao in k.) and choose d; small enough for having 6, < d9/2. We now define the projection
mp, orthogonal in QoK s, for any s > 0, which consists in eliminating the Fourier modes
k € T such that ||k| — k.| > d;. We give at Figure 7.1 a sketch of the spectrum of the
selfadjoint operator moQo(A — \g)Qomo. We notice that the selfadjoint operator

(I =70)Qo(A — X0)Qo(I — o)

has an inverse bounded by 1/4(, since its eigenvalues (dense in the spectrum) are in absolute
value larger than .
Then, for |p| < e and |[V|]o,s, <1, so > d/2, the operator

(I —mo)Le iy (I — 7o)
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is a perturbation of order ¢ of (I — 7)Qo(A — Ao)Qo(I — 7o) (see (7.11)): for g small

enough, we have for s € [0, s¢],
||ﬂ + He — 2QOB(U€7 ) - 254QOB(V7 ')||0,s < ce, (7.12)

hence, for gy small enough, and d&;, > 2ce, the operator (I — 70)Lezi,v (I —mo) has an inverse
bounded by 2/d;, in (I — m9)QoKo s, Notice that a true estimate of the inverse in QoK s
for s > so would need a bound for ||V|| s, which we have not, except for s = sy. Let us now
show that the inversion of £, 71 reduces to the inversion of a small perturbation 2’67,77‘/ of
moLe i,y mo in meQoKo,s, for d/2 < sq.

Indeed, let us consider the linear system

Leavv=f € QuKo,s,- (7.13)

This leads to

moLe v (vo+v1) = mof,
(I =mo)Lepv(vo+v1) = (I—mo)f,

where

vg = mov, v1 = (I —mp)v.

Solving first with respect to vy gives
vy = QD (I = 7o) f + Q1 0, (7.14)

with bounded operators Q1) and Q10 defined by

Q) = [ 70)Leziy (I — o)™t € L((I - m0)QoKo.s ), (7.15)
QS/{]%/ = —QS&L(H — 7T0)257ﬁ7v S £(7T0Q0/C0730, (H — 7T0)Q0/C0730). (7.16)

Then the system satisfied by vy becomes

L avvo=mof + Qﬁ?,’gl,)v(ﬂ — 7o) f, (7.17)
with
0,1) _. (1,1)
Qe,ﬁ,V = _Woﬁa,ﬁvVQ&@ € L((I —m0)QoKo,s0, m0Q0Ko,s0) (7.18)
(1,0)

Loy i=molegpvl+ Q. Zylmo € L(moQoKo,s)- (7.19)
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We show in the next subsection, for V € Qoo s such that |[V||o s, < 1 and §j well chosen,
that there exists ¢(s) > 0 with the following tame estimates, valid for d/2 < sp < s <5
and 0 <e <¢e(3):

C\S

1% vl < %%WMMHWVMMWmJWGH—%MMm, (7.20)
C\S

1989 ullos < Leflfullos + IV llosllolloss } Vo € ToQoKos,

0

0,1 c(s)
1208 vl < 7 lllellos + €' lVlloglvlloso } ¥ € (1= 70) Qo

2.7.5 Structure of Q’E’ﬁ’v

We need to study the structure of £é’ﬁ’v defined by (7.19). This is summed up in the

following

Lemma 7.2 For s such that 3 > s > sg > d/2, there exists g > 0 such that for 0 < e <
€1(3) < eo, || < ep, and V € Qoo s, with ||V|o,s, < 1, we have

2/5,;7,\/ = 7TOQ0(.A — )\o)Qoﬂ'o +nu+B. + 82/79:5“5 + m&ﬁy, (7.21)

with
B. = —2mQoB(ue, ) Qomo + O(c?),
Be, & 5 and R, v depend analytically on their arguments, with R, 59 = 0 and a constant
c(s) such that for any v € 1oQoKo,s
[1B<vllo,s
1€ mvllo,s + 110a€c avllo,s

IN

cel[vllo,s,

IN

cllvllo,s,

ce'{[Jvllo,s + 1V llo.sllvllo.so } (7.22)
c'{[[vllo,s + 1V []o,sl[v]l0,s0 }

ce*{[[vllo,s + 1V []o,sl[]]0,s0 }-

IN

|19z v ollo,s

IN

’ ‘8ﬁm€,ﬁ,V7}’ ‘078

IN

| |a€%€,ﬁ,V'U| |0,s

1,1)

Proof. We examine first Qi iV

to (7.11), we can write

which is the inverse of (I — )£, 71 (I — mp). Thanks

(H — Wo)ﬂeﬂy(ﬂ —Ty) = (H —70)Qo(A — )\o)QQ(H — 7o) + pld + (H — WQ)P(E, w, V(I — m),
(7.23)
where Id is the identity in the subspace (I — 7()Qo/Co s and

P(€7 /77 V) =i Mg — 2QOB(UE - 62};’(67 ﬁ)a ) - 2E4QOB(‘/7 )
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Now, for V' € QoKy_s, the operator P(e, 1, V) takes values in L((I — 79)QoKo,s) for d/2 <
sp < s <3, and satisfies for € € [0, 9], €9 small enough and ||V||os, < 1, |z] < e,

1T = m0)P(e, &1, V(I = mo)vllo,s < efellvllo,s + [V ]losl[v]lo,s0}-

Let us define the operator

S =: [(I - 70)Qo(A — Xo)Qo(I — )]~ (I = mo){f + P(e, i, V) (I — mo)},

then

[(I—70) & ziv (L — 7)) ' = (L4 &)~ [(I — m0)Qo(A — Ao)Qo(I — mo)] ",

then, we need to invert (I + &) in checking a tame estimate.

For e < &1(3) < ep, || < e and ||V]]o,s, < 1, there exists a constant ¢ > 0 such that for
any v € (H — 7T0)Q0/C07S

C
16005 < %[EHUHO,S +e![V1loslvllo,sol:

and for £y small enough such that (¢ + ¢*) < 2e, we have for any p € N

c 2ceg

SP < —
I8l < 5 (5

PHAEN+ @)lfvllo,s + 1V lo.sllvllo.s0],

hence for any v € (I — 79)QoKo s

c 2ce

1T+ &) ollos < [[vllo,s + A )" ellollo,s + €MV ol []]0,50)-
0 0

It results that, for 6y > 4ceq, [(I—70)Lez v (I—m0)]t = Qilﬁl%/ is analytic in its arguments

and satisfies, for g small enough, the estimate

19858 vllo.s < ¢/86([vllo.s + X [V]lo.sl[vllos0) Yo € (- m0)QoKo.s

which is the first part of (7.20). Coming back to (7.19) with (7.16) and (7.18), we observe
that

(I —70)Qol(A — Xo) + e + 1]Qomo = moQo[(A — Xo) + e + 1] Qo(I — 7o) =0
because the coefficients of the linear operator are independent of x. Then

([ —m0)Lemvmo = —2(I—mo)QoB(ue — e2h,-)Qomo — 26 (1 — 7m0) QoB(V. -)mo,
7T0£E7/j7v(]1 — 7'('0) = —27T0Q()B(’U,E — 62};, )Qo(]I — 7'('0) — 2647T0QQB(V, )(]I — 7T()),
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both operators being of order e (with the tame estimates), and depending analytically on
their arguments. It finally results from (7.16) and (7.18) that the rest of estimate (7.20)
holds. Finally

moLe v ALy

W e s+ Ry (7.24)

with Cg),C&ﬁ and 9%/5,;7,\/ analytic in their arguments, taking values in £(moQo/Co ) for
sp < s <5, and a careful examination of (7.15), (7.16), (7.19), (7.11) leads Vv € m9QoKo_s,

to

19 sy ollos < ce®(fvllos + 11VIloslvllos0);

10: 5% v ollos < et ([vllo,s + 11V ol [o]lo,s0)-
Finally, from (7.19) we can write
€y = m0Lepymo + WV 4 i€ 5 + Ry, (7.25)

where 917 v is at least linear in V. This leads to (7.21), (7.22) and to the result of the

Lemma. m

Remark 7.3 We may observe that the spectrum of £éﬁv in m0QoKo,s, results from a
perturbation of order € of the spectrum of the selfadjoint operator moQo(A — A\o)Qomo, the
spectrum of which is the closure of the set of eigenvalues \j(|k[*) — Ao, j =0,1,.., k € T,
with

56 < Xo(k*) —Xo <0, and +\;([k|?) — Xo < —do, j=1,2,..
and — Xo([k|?) —Xo < —do where k € T with 0 < ||k| — k.| < d1.

It results that, for e small enough, the spectrum of £é’ﬁ’v in moQoKo,s, has a gap in its
real part, between —3d¢/4 and —dy/2. Hence the eigenvalues which might be close to 0, are
those coming from Ao(|k|?) — Ao uniquely, and this allows us to come back to a situation
analogue to the one in [6], except for the selfadjointness of the operator which is not true

here, starting at order €.

Remark 7.4 We notice that the restriction on &y leads to a restriction on §y = O(63).
The restriction on &, made in the proof of Lemma above is independent of €, for g small

enough.

Remark 7.5 The operator £, v depends analytically on (g, 1, V'), therefore, we can give

its expression for ¢ = 0. From Lemma 7.2 we have

Loy = m0Qo(A — o) Qomo + Al (7.26)
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Coming back to the linear equation (7.13), we finally have

Lemma 7.6 For sop > d/2,5 > s9, 0 < e < ¢e1(5) < o, || <eo, V € QoKos such that
1V lo,so < 1, and s € [so, 5|, assume that there exists C(s) > 0 such that
1€ follos < C)ll follos + [V [o,sll folloso)s for any fo = mof, with f € QoKo,s.

Then, for s € [so,3], g small enough and f € QKo s

1225y Fllos < C' ()1 fllos + 1V 0,51 110,50 ), (7.27)
where C'(s) = 3Cs) + c(s)/d}.
Proof. We start with (7.17) and the estimate for Qioﬁl%, in (7.20). We obtain, for ¢
small enough
leollow < C)llmof + Q%X = 70)fllos + IV llowlmoS + Q% T = 70) oo
< 20(s)[[Ifllo,s + 1[V1lo,s[1 £ lo,s0]-

Using now (7.14) with (7.20), we obtain successively

c(s)
)

2¢(s)
[lvillo.s < 5 (17 1o,s + 11V llo.s!1f 110,01,

1,0)
120% vollos < 2

C 1 Mo.s + [VIlo.sllf1o.s0],

and vy + vq is Q;%yf for which (7.27) holds in the norm Qops. m

2.7.6 Projection Ily

We define the projection Il as the suppression of Fourier modes with k € I' such that
Ny > N. The range of this projection is then

Eyn = lnm0QoKo,s,

which is in fact independent of s (however its norm depends on s), and where we do
not forget that coefficients are functions of z € [0,1], here in L2 A difference with the
spaces En occuring in [6] and [5] (for example), is that our Ey is infinite dimensional.

However the spectrum of the linear operator IIn£. ~ . IIx is discrete since, for a given V, it

e,V
is a perturbation of the operator IIymoQo(A — A\g)Qomolly, where the number of Fourier
modes e’¥* is finite (number N bounded by bN?, d being defined in section 2.3 and b
independent of N), and that for any fixed |k|, the spectrum of Ix7oQo(A — Xo)Qomolln

is discrete, only composed with eigenvalues of finite multiplicities. Notice also that
Inmo = molln,

and that Lemma 7.6 is still valid, when restricted to E}.
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2.8 Estimates of the inverse of (IIy£. ; /Ily)

2.8.1 Estimate of (HNSQ@VHN)* in IIymoQoko s, for small N

Lemma 8.1 Let s > d/2, V € Ky, satisfies ||[V|o,s, < 1, and assume (e, 1) € [0,e0] X
[—¢,¢]. Then for N < M., where M, is defined by (8.3), we have the following estimates

(T £2 7 v TN ) ™ol lo,s 2¢(1 4+ N?)?0|[v]|o,s0, for v € TINmoQ0Ko,50:  (8:1)
(TN Le iy TIn) M ollosy < 2¢¢(1+ N?)0[[o]o5 for v € TINQoKo s- (8.2)

IN

Proof. We use Lemma 7.2 and

MnmoQoLL 7y Qomolly = TnmoQo(A — Xo)Qomolly + i +
+INmoQo[B: + i€, + R v Qomolly,

with the estimates (for || < ¢)
IMnmoQo[i + Be + A€, 7 + Re v Qomolly|[o,so < cre.
Now, by construction, and from Lemma 6.4, we have
(TN ToQo(A — Ao)QomolIn) ™ lo.se < (1 + N%)?o.

Then, if we have
cere(1+ N30 <1/2

we can use Neumann series, to invert the operator (HNQI&,],VHN) in IInymoQoko sy, and
obtain (8.1) provided that

1/2
o C2 1
N< M= |:€1/4l0:| = <(2ccle)1/210 a 1> ’ (83)

where the brackets [-] mean the integer part of. The result for (HNﬁe,ﬁ,VHN)_l comes from

Lemma 7.6. m

2.8.2 Good set of ;1
Let us define for M > 0, so > d/2

UM o ={ue C*0,e1]x[~e,e), En); u(0,7i) =0, (8.4)
llullo,so < 1, 110 gullo.so < M, (102 zullo,se < M.

We do not forget that Lemma 7.2 says that operator £, % is analytic in (e, 1, V).
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Now, for V € Z/{](\i,v) we need to study the inverse of HN’Qleﬁy(aﬁ)HN when it exists, in
function of p for ¢ fixed. As an operator in £L(Ey) with the norm induced by L£(Ko ),
its eigenvalues result from a small perturbation of the selfadjoint operator IIymoQo(A —
A0)molInQp which has a discrete set of eigenvalues (notice that since we do not impose
a bound on ||V||o s, the perturbation might not be small for s > sg). Since we are only
interested into the eigenvalues very close to 0, the eigenvalues which interest us are the ones
which perturb the (negative) eigenvalues Ao(|[k|?) — Ao close to 0, obtained for |k| near k.

For s = sg, let us introduce the projection II' commuting with IT N’Q/e,ﬁ,VH N, associated
with this group of eigenvalues close to 0 (separated from the rest of the spectrum at a
distance at least dp/4). We then apply the results (such as [48] Theorem 6.17 p.178) on
bounded operators with a separation of the spectrum in two bounded parts. We then
obtain that the spectrum of the operator

(]I - H,)HN£/57/]7V(57/])HN(]I - H,)

lies at a distance at least 30p/4 from 0, hence its inverse is bounded by a constant C. We

can then proceed exactly as with the projection 7 at section 2.7.4 and prove the following

Lemma 8.2 For sg > d/2,0<e <eg, || <e, V€ Qo5 suchthat||V]|os, <1, there

exists ¢ > 0 such that
(I &L 5y TIN) Moo < /(TN EL 5y TINTT) o, -

We are in the same finite-dimensional space as in [6]. The definition of the good set of
is only linked with the finite set of eigenvalues perturbing A\o(|k|?) — o for k € T', | |k| — k.| <
01, and located in the strip

—300/4 < Re(+) < dp/4,
for & small enough. However, we cannot use directly the method of [6], since the operator

'y gL a vINIT is not selfadjoint.

From Lemma 7.2 we have

H/HN£/57ﬁ7VHNH/ = H/HNT('OQO(A — )\Q)Q()?T()HNH/ + ﬁﬂd +
+H/HN’BEHNH/ + E2ﬁH/HN€€’ﬁHNH/ + H/HNm€7ﬁ7vﬂNH/

where Id is the identity in II' Ey. The new property is that the negative selfadjoint operator
H/HNT('OQO (A — )\O)QOTI'OHNH/ satisfies

[T nmoQo(A — Ao) QomolINIT||o,s, < 8 (8.5)
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which is the size of its spectrum even in absence of Iy (the norm in £(Ey) is the norm
induced by L(Ko.s,))-

In the sequel of this subsection and the next one, we simplify the notations in defining

(V) 'y &/

Sevﬁ &,V (e,11)

IINIT, (8.6)
which is analytic in (e, 1) when V' = 0. Then we define
Ve, n) = Vole) + Vile, i),
where Vg, V; are C2 in their arguments, and V; satisfies (see properties required in Z/{](\flv))
IVi(e, m)llo.so < MIal, [10aV1(e, )llo,se < M, [105VA(e, fig) — OpVa(e, )] < Mg — fia |-

Then, we also decompose accordingly R, 7 v(. ) as

R, v =<' RO + 'Rl

where SR(O) SRS% are C? in their arguments, and SRS% satisfies

1
1R vllo.se < MIAllIo]lo.s0s 1058 20]l0.00 < MI[v]fo,50
1
1057 — ;%3 Yollose < Mlfip — fin]l[o]]o,so-

Then,
(N, V)
avﬁ

1(N)

:(A_)\O)N+%/€( )+ Jilld + &2 U

£

with

—_—

(A= Xo)y = TInmoQo(A — Ao)Qomolln

BN = Ty (B, + ROy,
;(7%7) = HN(,EQ:&Z; + 629%2%)1_[]\7,
Let us now consider the selfadjoint operator S(N V)2(N V) , which may now be written
as
eV el = i21d + €D+ B0, (8.7)

where (we simplify in omitting below the writting of IT'):

BN = (A- )\o) B (A = Ng)y + (A — Xg) BV 1 B/ (Vg (V)
= I2(A = 0) y + B 4 B 2[4 rg)y + BN ey

1A Ng)y + BV 4 1] + AN
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where the adjoint is taken with the scalar product in E induced by the scalar product in
Ko,so- Operators %Q\” and Eg:é) are C! in their arguments. Moreover there exists ¢ > 0
such that

||%<N> “Blow < el toler—al. T =0
N)
|| 627/12 £1 M1|| 00 = 6(56 + 6)(|52 - 61| + |1u2 - /L1|)7 (8'8)
N) ~ ~
H@ﬁ%, — O ":( Moo < c®lfiy — fial-

Let us now define

Definition 8.3 For V € Z/[J(VJ[V) and 7, v > 0 (to be determined later), the "good” set of [
is the set

- N7
Gg\;)(V) = {u € [~e, e [[(INTINLL 5  TINTT) ™ Yllo.se < THUHQSO, for any v e WEN },

where || - ||o,s means the norm in L(EyN) induced by L(Ko ).

Saying that p is ”good”, i.e. 1 € G( )(V), implies that the positive selfadjoint operator

£(N V) 2(1\7 V)
&1

for the measure of the bad set for ji.

has all its eigenvalues larger than (%)2 It is now possible to give a bound

2.8.3 Bad set of 11

By definition, the bad set of i is the complement of the good set. Hence for V' € L{J(\év),

I € [—e,¢e]; vellE h that
BN (v)=] Bl v eIl such tha
| EL 5 INTT) " ollo,s0 > S [v]lo,s0-
Now we prove the following
Lemma 8.4 Assume that N > M., d/2 < so,7 > d+ 121y, (e, 1) € (0,e1] x [—¢,¢], and

Ve L{](\flv). Moreover assume that Condition 8.7 holds, then there exists a constant C' > 0,
such that the measure of Béﬁ?(V) is bounded by

Cry
NT—d’

The following proof only considers eigenvalues close to 0, i.e. we use, without mentioning
it, the projection II' which eliminates the infinite dimensional subspace corresponding to
”large” eigenvalues.

Let us prove the following.
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Lemma 8.5 For ¢ small enough, i € [—&,¢],50 > d/2, the eigenvalues of ££Nﬁ,\/) i]:;,V)*
take the form
O'j(€, ﬁ) = /72 + fj(gv ﬁ)v (89)
where fj(e, i) is Lipschitz in (e, 1) with
|fi(e2, ig) — fi(er, fin)] < (86 + €)(le2 — ex] + [fig — fial- (8.10)

Moreover, for e fized, fj(e, i) is C* with respect to [i.

Proof.

We use the Lidskii theorem (see [48] theorem 6.10 p.126) for comparing the eigenvalues
f;j of operators Qﬁiz L +’B(N) and Q(N) +%§1 ), and the estimate (8.8), which directly leads
to (8.10). Then, it remains to add i° for obtaing the eigenvalues o of S(N V)2(N V)% The
property that f;(e, ii) is C? with respect to i results from the selfadJ01ntness and from [48]
see p.115 and the proof of theorem 6.8 p.122 applied on the reduced operator (using the
eigenprojection associated with a group of eigenvalues which split for i close to ).

]

Remark 8.6 Let us consider eigenvalues fig;(e, i) of the selfadjoint operator Eig%) which
we write as

FIN) _ ~%1) | ~5(2)
Cop = AL +RE G,

where 622% is C' in i and

~(2 2 ~(2 ~
€5 =0, 92€50 = 0, [1€2)]losy < e[l (8.11)
By the Lidskii theorem we know that

figi(e. i) = igi" () + ig\? (e, 1),
with
g](-l)( ) eigenvalue of 6(1

and {ggz) (e, 1), s 5\2/) (e, 1)} belongs to the convex hull of the vectors obtained from {~y,...yn}

by all possible permutations, where y; ’s are the eigenvalues of Eg% i En. Then, because
of (8.11), we obtain

192 (e, 1) < e=[fil.

Applying again the Lidskii theorem, in considering the eigenvalues f;(e, ) of the selfadjoint
operator Eg:é) + %éN), this leads to

Fie i) = 5=+ 1if{ (e, )
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where ﬁf;l)(s, ) belongs to the convex hull of the vectors obtained from {figi (e, 1), ...agn (e, 1) }

)

by all possible permutations, where fig;(e,1)’s are the eigenvalues of Elg\[j in Eyn, and we

cannot decompose f](l)(s,ﬁ) as f](l)(E,O)—l—f]@) (e, 1), with f]@)(a,ﬁ) Lipschitz in ji. For being
able to claim such a decomposition, we need to control the Lipschitz constant with respect
to i of the second derivative with respect to i, in 0 of fi(e, ). It is shown for example in

)

[48] that such an information uses a bound for the pseudo-inverse of %&N — 8¢, which is

)

of the size of the inverse of the distance of s. from the spectrum of %E:N . This distance is

unfortunately very small of order N4,

)

Let us now try another way. For a given €, let us consider an eigenvalue s. of %&N ,
and define the associated orthogonal eigenprojection P.. Then, because E~B£N) is selfadjoint,
we have

Pa(%E:N) —s:) =0.

)

The operator &gi acts as a perturbation, and let us consider f; which belongs to the s. -
group of eigenvalues, resulting from the perturbation of s., and denote by P 5 the orthogonal
etgenprojection associated with the s. - group of eigenvalues. Then, by definition there is

an eigenvector (;(e, 1) satisfying
—NY o~ _ _
(€8 + BN — fi(e, 1)}, (e.10) =0,
which is equivalent to
~(N N B
P (€D + 5. — fi(e.)}¢;(e.70) = 0.
We have ngj(e,ﬂ) € P.Ey, and also, since P.P.5 is one to one from P.zEN onto
PsEN:
Cj(ga ﬁ) = (PEPE,ﬁ)_IPECj(Ea ﬁ)a
which means that P.(;(e, 1) is an eigenvector belonging to the eigenvalue f;(e, 1) — se for
the operator Paggg) (PEP&ﬁ)_lPE acting in the subspace P.En. We just need to decompose
into a part which is linear in 1 plus a rest of order ﬁ2. Then, the problem is that we have no
nice bound for the derivative 0;(P-P.5) because there occurs again (see [48] p.77 formula
(2.14)) the pseudo-inverse of E~B§N) — S¢, only bounded by the inverse of the (very small)
)

distance of sc from the rest of spectrum of %éN .

Proof of Lemma 8.4. Assume that g € Bg(%)(V), then it results that the norm of

(Séﬁ’v)ﬂiyj’v)*)_l is > (%)2 and that there exists j such that

0<0j(e, i) < n? =: (%)2. (8.12)

We need to measure the set (depending on ¢) of i such that

0< 7+ fi(e, 1) < .
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Let us consider the function of 1
¢€(ﬁ) = ﬂ2 + fj(‘g)/]))
defined for || < e. Thanks to (8.10), we then have

2 — (80 + )|l + f5(2,0) < ¢ (R) < B + (8 + )|l + fi(e,0), (8.13)

which means that the graph of f — ¢.(t) is situated between two close parabolas. This
implies that the roots i of ¢.(fi) = n? are bounded, when they exist. The maximal and

minimal roots are noted 1. So we have
/7+2 + fj(€7ﬂ+) = 7727
with the same equation for i~ . In the case when these roots do not exist, the bad set is

empty for the eigenvalue (e, t).

In all cases, we have (positive operator)

6.() > 0 for Ji € [fi™, ji*],
and the function has at least a minimum in z,,, such that

B < iy <5 0 < b (fiy,) <1

Then this leads to

N+2 - ﬁgn + fj(87ﬁ+) - f]({s?ﬁm) < 7727

and applying (8.10), we obtain

2, — 8y + ) (i — Fi) < 1

hence,

(i = 50 +€))* = (i — 5(6 +2)) < *

If Ii,, — (05 +¢) and ™ — £(6(, + €) have the same sign, we use now the property that
0 < a2 —b> < n? leads to |a — b| < 1, when a and b have the same sign. This allows to

conclude that, in such a case
/7+ - ﬁm <n.
In the same way if fi,,, + $(6) +¢) and fi~ + $(0p + €) have the same sign,

(i + 500 +€)? = (i + 5(5 +2))> <™
gives
P, — 1 <1,
and finally the bad interval would be bounded by 27.

Since we are unable to prove the suitable property for f;(e, 1), we need the following
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Condition 8.7 Functions f;(e, 1) defined in (8.9) have their derivative with respect to fi
which are Lipschitz: for i € [—e, €], there exists 0 < k < 2 with

|0.f5(e, 1i2) — Of(e, 1) < Klfig — pia - (8.14)

We may observe that this assumption takes into account of a loss of boundedness from
the estimate (8.8) for the operator &g:?, since the Lipschitz constant for the derivative is
k < 2 in place of ce?. However, this is a true assumption, with no proof at this time.

Now, in using Hypothesis (8.14), we claim that the function g +— ¢.(j1) is convex:
0n9:(1) =2+ 05 fi(e, 1n)

is an increasing function of g, cancelling in i = g,,. This property, combined with the
property (8.13), leads to a unique minimum in z,,, and to a measure of bad g in the

(worse) case given when the graph of ¢, is tangent to the axis. We have

,u"UL

n
¢ (1) — b (1) = / (271 + 05 f;(e, 1)) da

= [ @ ) + Oue. ) — e o)

ILL’UL
2-k),. -
> 9 (:u - :um)27
. ~4\ 9 .
Since ¢, (™) = n°, we obtain
~ o 2n
pt—n <

(1-k/2)

Summing up for all eigenvalues, using that the dimension N of Ey is bounded by bN¢,

the measure of the set of bad 1 , is bounded by
2by

VRN

(8.15)

Remark 8.8 We give precisions at section 2.10 on the structure of the bad set in the plane
(e,f). It is shown that the curves i (¢),fi" (¢) are Hélder continuous functions of & with
exponent 1/2.

2b

(1-k/2)
that this measure is small with respect to the length 2 of the interval for 1 = 31/,

provided that

The estimate of Lemma 8.4 is then proved with C' = . Finally let us observe

€3NT_d > €3M61210N7'—d—1210 > CI2NT—d—12l()
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is large enough. This is the case, as soon as 7 > d + 12[p.
|

Then we have the following

Proposition 8.9 Let d = 2(ly + 1) be the dimension of the Q- vector space spanned by
the wave vectors kj,j = 1,...,2q, and 7 > d + 2 + 24ly. Let N be > 1. Assume moreover
that 0 < v <7 = (Qﬁﬁ, (where ¢ is the constant occuring in (8.1) ) and (e, 1, V) €
[0,61] X [—¢,¢] x Z/[J(\év) with 1 € Gg\;)(V),el small enough. For sy > &, there exists ¢ > 0
independent of N and -, such that for any v € WnoEN, we have

_ N7
ML ey T IT) ™ 0l < ¢ s (5.16)

and the same estimate holds for (IIx£ y)~! forv e Ey.

e,V (e,m)

Proof. If N > 1, then 2¢y < ¢//2%0 < (Hf;\f%’ ie.

N7
2¢(1 4+ N?)?o < ¢/ —.
v

Then the estimate for (ﬁg\é’v))_lv follows for N < M, from (8.1). For N > M, by
definition of the good set of 1, the estimate on (H/HNgeﬁV(e ﬁ)HNH’)_lv follows. For
(HN/EEEIM/(&;;)HN)_1 the estimate follows from Lemma 8.2. m

Remark 8.10 The choice to take 7 > d+2+24ly will be explained later (see Lemma 9.1).

With such a choice, we have ﬁ < ﬁ < ceb.
£

Definition 8.11 For V € Z/{](\i,v) and T, v > 0, we define the set of good [i for all K < N,

as

GM(V) = Ng<nGE)(V),

where we notice that Ggf,)(V) = [—e,e] for K < M., thanks to Lemma 8.1.

Our aim is now to obtain an estimate for (HN857/77‘/(67/7)HN)_1 in Ko s for s > s9. We
may observe that it is not possible to obtain directly such an estimate in Ko ¢ for s > sq,
because the norm ||V||p s|| would appear in the estimates for «; in the eigenvalues o, and

this is far to be controlled.
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2.8.4 Separation properties (H1) and (H2)

The eigenvalues close to 0 of the unperturbed operator IIymoQo(A — A\g)Qomolly are the
negative numbers \o(|k|?) — Ao where |k| # k., and 1 < N, < N. Let p > 0. We need to

have good separation properties of the singular set
Savy ={k €T;x0 — Mo(k[*) <p, 1< N < N}, (8.17)
which contains the k’s corresponding to the small denominators, whereas the regular set is
Riyy={k €T;X0 = Xo([k|*) > p, L< Nk < N} (8.18)

We have a bijection between S(yy and S(N) := {z € T'(N); Ao — Ao([k(z)*) < p} where
k(z) is defined in (3.3) and

D(N) := {z € 2% 0<|z| < N, k(z) € T'}.
We use the fact that for ||k| — k.| < 1, there exist ¢; and ¢3 > 0 such that
cr([kf? = k2)? < Xo — Ao([kI?) < ea([k|” — £7)? (8.19)

and (3.5) holds. Then as in [6], we use the results of Bourgain in [8], Craig in [10], and [4],

so that we obtain

Proposition 8.12 There exists py > 0 independent of N such that if p €]0, po] then there

exists a decomposition of S(N) = (J,e 4 Qa into a union of disjoint clusters Q, satisfying :

e (H1), for allw € A, My < 2m, where M, = maxgcq, || and mqo = mingeq,, |z;

o (H2), there exists 6 = §(d) €]0, 1] independent of N such that if o, 3 € A, # [ then

. . (Ma + lwﬁ)(s
Qq, Q) = —yl > 7
dlSt( 6) xEQIS}ynEQ,g |33' y| 2
2.8.5 Estimate of (H]\;i};ﬁ‘/(a ﬁ)HN)_lin Iy QoK s

We use the proof of [4] (see pages 628 to 636). In fact, we need the selfadjointness in
MnmoQoKo,s (i.e. En with the adapted scalar product) of the operator

Dy =: TInmoQo(A — Xo)Qomolly,

diagonal (see Appendix 6.2.5) with respect to Fourier components in IInmQoKo s, for

which we know all eigenvalues. Moreover, we have

HN’QIE,IE,VHN = DN + ET(E, /7, V)
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where the second part €7' is a bounded operator (not diagonal) of order ¢ having the
properties of a multiplication operator, as it is needed in [4] (see Lemma 3.9 in [4]): (see

the proof in Appendix 6.2.5)

Lemma 8.13 Let A,B C S(N)U R(N), and let sy > d/2. Then for any s > so > d/2
there exists C(s) > 0 such that the following estimate holds for any V € QoKo s such that
HVHQSO <1, and h € HNT(()Q()]CQQ
C(s)e(1 +*[[V]lo,s)lIRllo,0

(1+d(A,B))s—42 ~
where d(A, B) is the distance in Z¢ between A and B, and Tg is the operator T acting

in En restricted to elements with Fourier spectrum with {k(z);z € A}, the action being

175 hlloo <

projected on elements with Fourier spectrum such that {k(x);z € B}.

This property, with the estimate (8.16) used for any K < N (replaces the use of

eigenvalues of TIx £, j v(c Ly as it is done in [4]), are the basic ingredients for the proof

&,H,
of the following
Proposition 8.14 Let d = 2(ly + 1) be the dimension of the Q- vector space spanned by
the wave vectors kj,j = 1,...,2q, and 7 > d + 2+ 24ly as in Lemma 8.9. Assume moreover
that 0 < v <7 = —fr, and (6,1, V) € [0,e1] x [~e,e] x Uy, with i € GI5(V) | e
small enough. There exists so(d,d,7) > g where § is the number introduced in separation
property (H2), and let’s > sg. There exists m(d,d,T) such that for all s € [so,3] there exists
K(s) > 0 such that for any h € HnmoQoKo s, we have

_ N™ ~
(TN L2 v (e iy ) ™ Al fo,s < K(s)—=lIllo.s + [[V(e, B)llo,sl Plo.s0), (8.20)
and the same estimate holds for (HNE&QV(&@HN)_I.

2.9 Resolution of the range equation

In this section we use [5] for finding v = V' (e, 1) in L{](év), defined for (e, 1) in [0, €1] X [—¢, €],

bounded by O(e), of class C? in its arguments, solution of F(e, jz,v) = 0 (see (9.1) below)
in a suitably large subset of (0,¢€1) x [—¢,¢€].

All operators (linear and non linear) satisfy good tame estimates in the scale of Sobolev
spaces HnmoQoKo,s s > d/2 and the projection IIy plays the role of a smoothing operator
(see [6]):

[Mnvullo,s+r 1+ N2 ullos, Yu € Ko,
I[(T— HN)UHO@ < (1+ N2)_T/2HUHO,T+57 Vu € Ko, str-

IN
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Indeed, we have the good functional setting and the good ”"tame” properties of the map
(see Lemmas 5.7, 7.1, 8.14):

Fle,i,v) = :Lgv+g(e i) — ' QoB(v,v) (9.1)
(6,,[7,’0) = ]:(E,,lNL,’U) : [0761] X [_575] X QOICO,S — QO’CO,S for s > Sp > d/27

with (see (7.5))
Loz = Qo(A — o + i+ p) — 2QoB(ue — £%h(e, i), ),

F(0,0,0) =0 (for e =0, we have g = 0).

The mapping F appears to be C® with the following estimates for v € QoKo,s, s €
[50,35], 80 > d/2, and ||v]|os, <1

IN

|1£e zvl]o,s C(s)vlfo,s
1e*QoB(v,v)[lo,s < €*C()l[vlosV[lo,s0 + I[V]]0,];
lg(e, mllos < 2C(s),
10z 29 (e, m)lo,s + [10%9(, m)lo,s + [102:9(e, 1) lo,s + ||5;2;29(€,l7)||0,s < C(s),
110 L¢ zvllo,s < C(3)]]vo,s-
We may notice that
D, F(e, p,v)[u] = £ zu— 264QQB(U,U),
DIF (e, fi,v)[vr, 0] = —2e"QoB(v1,v2),
D%]:(e,,u/,v) = 0,

hence

A

10: Do F (e, 11, v)[ulllo.s < C()llullo,s + &2[[vllo,sullo,so]
10z Do F (€, 11, v)[u]llos < C(s)l[ullo,s,

Moreover, Lemma 8.14 says that for any (e, 1, V') € [0, €1] x [—¢,¢] X U](év), V e Ky with
~ - g
neGey (V)

m

~ - - N ~
|(Ty Do F (e, 1, V (e, 1))~ olfo,s < K(S)T(llvllo,s + Ve, mllo,sl[vllo,s0),

so that assumptions (F1), (F2), (F3), (F4) and on the invertibility of the linearized operator,
made in [5] are satisfied. We also satisfy additionnal properties (F2)", (F4)" required in
Appendix 6.2.6 on higher order derivatives, useful for getting a solution V which is C? in

(e, 1). Moreover the required property (L) in [5] needs to be satisfied:
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Lemma 9.1 Choose No > N1 > M., and V7 € Z/{J(V][Vl), Vs € L{](évz). For e € (0,e1), consider
the set of ;n which are “good” for Vi, but “bad” for Vs :

i € <g§f}y’2)(v2)>c NG (1)

where the apex ¢ denotes the complementary in [—e,e]. Assume that ||V — Villos, < Ny °,

with o > 2d — 6 4+ 32y, and 7 > d + 2 + 241y, then for €1 small enough, in particular for
ep < yto
6

meas { (gg{gw%))c NGV ()} N l-z,e) < cwfv—l.

Proof.

(6% ()) NgA) = (Vmerens B (12)) N (Mrckem G (1))

- (UMESKSNlBFE,'y)(‘/Q) N Géff)(vl)) U (UN1§K§N2B§,I§)(V2)> :

Moreover, according to Lemmas 7.1 and 7.2 and a careful study of the form of operator

£( g )SSZV) n (8.7), we have for K < N

4
e e — el o o, < ceIVa = Villows < 75
1

Let us assume that g € BF%)(VQ) N Ggfy)(vl), then there is at least one eigenvalue

(> 0) of Q(IE’VZ)S(I,{J%)* which is < (%)% Then, by Lidskii theorem (see [48] p.126) the

(K, V1)£(K Vi)x

selfadjoint operator £ has an eigenvalue < ()% + ]c\?a. Since 1 € el 7)(‘/'1)

this eigenvalue is > ( T) Hence the bad g correspond to an mterval
4
T2 (7 «“
(G () + )

(K, V1)£(IE,V1)*
&1
Lemma 8.4, shows that the measure of corresponding bad set of 1 is bounded by

containing the above eigenvalue of £ . The same proof as the one made for

2 ce
V(1 —k/2) \/N:f

Hence,
2 cet 20,/ e?
meas (U ()V ﬁG()V < = LK <
< M5<K<N1 ( 2) ( 1)) = 1 — k/2) Nf’ ME<§K:<N1 = (1 — k/2) N{T/2_d_1
2by/c 2 1 67 2+v/27(;13 - c'veb

VA —k/2) NlMU/”?—Vl -

Ny -
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Now
C Cy(r—d—-1
meas (UN1§K§N2B§’I§)(V2)) < Z KT/Zd < /7( a1 )
N1<K<N2 Ny
/S /A, -6
P PG
1 Ny
Finally
c/ —l—c”)’y€6

meas (60 (13)) N gl (vy) < LLEENE

which is the result of the Lemma.

[ |

We may then apply a simple adaptation of theorem 3 of Berti-Bolle-Procesi [5] to
solve equation F(e,f1,V) = 0, and find the solution V which is C? in the parameters
(e,p), and such that V € Z/{](év). Let ~,m, so be as in Proposition 8.14. Moreover, let
5>s0+4(m+1)+8m=s9+4+12m.

From proposition 8.14, it follows that if (e, 1, V) € [0,€1] x [—&,¢] x Z/l](év), Ve Kos
and 1 € Gg)(V) then (e,p1,V) € J«(,A[rz (as defined in (4) of [5], that is (8.20) holds for
s € [so, 3.

In [5] [theorem 3| one considers N > Ny = Ny(v) with Ny(y) sufficiently large and
0 < € < ea(7y) with ez(7) sufficiently small. We may choose Ny = Ny(vy) = M,

e3(7) with a

suitable €3(7) < e2 and we consider in the following 0 < € < e3(7).

Theorem 9.2 Let sg and v be as in Proposition 8.14. Then for all 0 < v < 4 there exist
€2(7) € [0, €] and a C?—map V : (0, e2(7)) x[—¢, €] = HnmoQoKo.s, , sSuch that V(0,0) = 0,
1102V ||o,5 < M, and if € € (0,e2(7)), i € ([—€,e]\ Ce), the function V (e, 1) is solution of
F(e, 1, V) =0 (9.1). Here Ce is a subset of [—¢, €] which is a Hélder continuous function
of €, and has Lebesgue-measure less than Cye® for some constant C > 0 independent of e

and .

The proof is the same as in [6], except for Holder continuity which is proved at next
section. In fact C¢ is a union of intervals ) (see definition 10.1, with N,, = (No(v))?",
so that each end of each interval is a fonction of £ which is Holder continuous in & with

exponent 1/2.

2.10 Resolution of the bifurcation equation

Let V be the function obtained in Theorem 9.2. It is C? in (e,71). Replacing V (e, 1) in

the bifurcation equation (7.4), and replacing fi by €341/, we can solve with respect to x/ and
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find a function h(e) which is C* in (¢), such that
W = epg +eh(e), (), he) = O(e) (10.1)

for € € (0,e2(7)) provided that ey is small enough, and p’ € [—1,1].

For obtaining solutions valid for our system, the condition p, # 0 is not required (see
(6.24) for ). Indeed, in case uy = 0, the curve (H) in the (e, u) plane is just more flat
near ¢ = 0. This coefficient p, has not been computed yet, but it can be computed in
principle, depending a priori on ¢ only.

Let us show that in the plane (g, 1’) the bad set is located into ”bad strips”. Then we
shall need a transversality condition to insure that these bad strips intersect transversally
the ”curve” (H), such that any point of this curve, which does not belong to bad strips,

gives indeed an eligible solution of our problem.

2.10.1 Transversality condition for ”bad strips”

In the plane (g, i1'), the bad strips are bounded by the curves given by the solutions T ()
(where i = e3y/) of
Uj(gaﬁ) = /’12 + f](gaﬁ) = 7727
where 7 = /N7, not forgetting that o; depends on N.
Definition 10.1 For N and V fixed, a set of "bad strips” is defined by
BSN(V) = {(e, 1) € [0,22(7)] x [-1, 1]’ € IV},

where I is one of the intervals (fi; (E),ﬂ;_(&“)), or with one of the bounds replaced by &3

(right bound), or by —&3 (left bound), as defined at section 2.8.3 .

Let us show that the limiting curves fi; (¢), ﬂ;r (¢) are Holder continuous with exponent

1/2. We have for g9 > 1, along a limiting curve
0j(e2, fig) — oj(e1, 11) = 0, f1; = fi(gj),
(e, fin) — 0 (€1, iy) = i3 — i + fj(€2, in) — fi(e1, fin)
and thanks to (8.10)), assuming py > p7,
fiz — i < c(6 +e)(le2 — e1] + fip — fiy)

hence
c ~ C
iz = 580 + )" = [l — 56 +&)]* < (3 +¢)(e2 — 1),
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and since the two quantities in brackets have the same sign when |5 — fi;] is small enough,
then if

- c . c

[fi = 506 + ) = [ = 5(% +&)]* >0,
we may use the argument that when 0 < a? — b < n?, with ab > 0, then |a — b| < |n],
which leads to

iy — i < 1/(0h +2)(er — 1),
which is the Holder continuity. If, on the contrary
~ Cra 2 C o 2
[fiy — 5(50 +e))" — [ — 5(50 +¢)° <0,

we need to use Condition 8.7, as in Section 2.8.3. For |y — f1;] small enough, we may
assume that either f,,(e1) < iy < fiy (upper limit curve), or iy < fig < fi,,(¢2) (lower limit

curve). In the first case, we obtain

0j(e1, fig) —oj(er. i) 2 (1= k/2)[(Ry = fim (£1))” = (1 = A (€1))?] = (1 = k/2)(7i2 — 11y)*.

In the second case, we obtain

|0 (€2, Tig) = 0j(e2, )| = (1= k/2)[(fim(2) — 2)* = (Fim (£2) — )] = (1= k/2)|ip — iz |*.

On the other hand, we have

loj(e1, tig) — oj(er, )| = lojer, i) — oj(e2, fig)

loj(e2, tg) — 0j(ea, iy)| = lojea,fiy) — oj(er, fiy)

< (0 +e)le2 — &

< (0 +€)lea — el

Hence, in all cases
iy — iy |* < (1 = k/2)71 (80 + €)le2 — el

which is Holder continuity. §
In the case when p is not exceptional, i.e. if the eigenvalue o is not multiple, the slope
of the tangent to the curves fi; (¢), ,&j(s) is
O.0i(e, it
te) = ————2 it J.J : (10.2)
9o (e, i)
given here for ﬁj(a) (analogous formulae holding for the other curve). Now in a more
precise way, for (g, fi) not exceptional, and taking into account of the form (8.7), we obtain

by standard arguments for simple eigenvalues:

Opoj(e,it) = 2((A—=X0)¢;(e,i7),Ci(e, i) + 207" + O(e) = 08 + ),
0e0j(e, i) = —4(B(ur, (A= Xo)C;(e, i), ¢5(e, i) + O(e) = O(6p + €),



2.10. RESOLUTION OF THE BIFURCATION EQUATION 83

where ( j(s,ﬁ+) is the eigenvector with norm 1 belonging to the eigenvalue oj(e,i") of
(N,V)=

the operator 22{%"/) £ N Even though the operator (A — \g) is definite negative in the
subspace where (; lives, we may notice that (A — Ao)(,(e, 2) may be very small, so the
term O(e) above might be the dominant order in 0z0; and 0.0;. It is then difficult to be
more precise for any transversallity condition of the strips BSy (V') with respect to the
curve (H) defined by (10.1).

Now, let us consider for (N,e) fixed, the bad set of i which we know is of measure
bounded by c37e%/N (see Proposition 8.9 and Lemma 9.1). In case of intersection of a
bad strip with (H), we need to measure the corresponding set of "bad ¢”. The proof of
Theorem 9.2 via Nash-Moser process considers a sequence N,, = (Ng(7))?" and successive
approximates V,, of the solution V. For estimating the intersections of the bad strips with

the curve (H) we are led to make a transversality conjecture.

Conjecture 10.2 Let ﬂi(N")(s) be any one of the limiting curves of the bad strips of
BSN,(Va—1), n € N. Then we assume that for any of these curves, there exists ¢ > 0
independent of N, such that for h € R in a neighborhood of 0, the following inequality
holds:

(e + h) = fi(e)] > ee?|hl.

Remark 10.3 This is indeed a very weak assumption for the slopes defined by (10.2), since
this means that the slopes t(¢) have a lower bound |t(g)| > c£?. This insures transversality
with the bifurcation curve (H) , the slope of which is O(e3). However we have no means to
check its validity. Moreover, if, unluckily, a curve fi(e) belonging to one of the bad strips
of BSn, (Vn—1) intersects (H) at an exceptional point (e, [i(e), where an eigenvalue o; is
multiple, then we cannot a priori define the ”slope” of the corresponding limiting curve of
the bad strip. This is why we took the above formulation for the Transversality conjecture
even though we might just eliminate the corresponding exceptional values of € (we have no

bound for their measure).

Remark 10.4 In taking p. in (7.1) at a higher order than 3, we should find Ji of higher
order than €* which flattens the slope of the bifurcation curve (H). Then we could weaken
the transversality condition and replace € by a an order in e larger than 2, which still

guarantees the transversality with (H).

Let us denote by i the measure of the bad ji, and by de the corresponding measure
for bad e. Then we have, (see the right side of Figure 10.1):
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Let us define for ¢ fixed, the set B.Sn (V) which is the section of BSn (V') for some
€. In summing the measure of the bad set for € after all iterations, we obtain a measure
of the bad set for €, bounded by the measure of C. , = Up,>1B:Sn, (V,,—1) divided by ce?,
i.e. a bad set bounded by Cye? (see Theorem 9.2). The complementary subset in (0,¢e3),

e—Cryet
€

constitutes the good set of €, which is of asymptotic full measure since — 1 as

e — 0.

Remark 10.5 In the case when we need to weaken the transversality condition 10.2, as
indicated in the Remark above, we can also increase the order (here €9) for the size of bad
1 in Theorem 9.2, just in increasing T in Proposition 8.14, so that we can keep an order

of smallness * for the bad €’s.

Remark 10.6 If we consider fi in an interval independent of €, we can look at the situation

for e =0, as in Remark 7.5. We see that the eigenvalues o;(0, 1) have the form:
7;(0,71) = (i + Mo([k[*) = Xo)?, Nk <N

This leads to bad intervals for @ of the form

Mo — Mo([k[?) — % Ao — No(k[?) + %], with k such that Ny, < N. (10.3)

We notice that Ao — Ao(|k|?) ~ c(|k|> — k?) with ¢ # 0 because of Assumption 6.2. Hence
9 c

Ao — Ao(k[7) > Nl
which gives intervals (10.3) ”far” from 0 for T large enough (which is one of our assump-

tions in Proposition 8.14).

2.10.2 Final result

If the Transversality Conjecture 10.2 is verified, then there is a good set for €, with asymp-
totic full measure as € — 0, such that there exists a couple (e, fi(¢)) on the curve (H) which
lies in the good set (see Figure 10.1). Then this gives the existence of a solution (e, y'(¢))
of (10.1), as ¢ tends towards 0.

Now we observe that we can write ' = e, with 7 centered in p,. This defines the
good 1-dimensional set A. of all good 7i..

Finally with (7.1), we obtain a solution of (5.17) under the form

= cuy + 2up + Suz + tuy + ' (V(e, ') — h(e,em.))

= o — poe? — pge® — M.
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u o3 ~
bad strip s
Tt
(H) (H ) slope e3
Eetslope t
0 8 - [o}3 ' 8

Figure 10.1: Sketch of the bad set in the plane (e, ). (H) is the "curve” given by (10.1)
approximated by e*p, (py > 0 is assumed here). The drawing on the right side explains
the bound for the measure of de.

This ends the proof of Theorem 1.1, with little adaptation of notations. Notice that the
solution (A, u)(g) is C1, restricted to the "good” values of €. (see Figure 1.2).
Acknowledgments: The authors warmly thank Michela Procesi and also Laurent
Stolovitch, Philippe Bolle, Maximilliano Berti, and Nicolas Burq for the interactions they
had about this work, specially during the Winter schools at St Etienne de Tinée in February
2016 and 2017. We finally warmly thank the referee who was extremely efficient in his (her)
criticisms, detecting several mistakes in the original version. This forced us to considerably

clarify our presentation.



86

CHAPTER 2. QUASIPATTERNS



Chapter 3
Spatial dynamics

In this Chapter we study the structure of the linearized operator in the spatial dynamics
formulation of the steady prpblem, as introduced by K.Kirchgéssner [49] and later adapted
on Navier-Stokes equations in [41]. More specifically, we give the details on the center

spectrum of the operator in main Lemmas 2.2 and 2.3.

3.1 Spatial dynamics

3.1.1 Basic formulation

The starting point of our analysis is a formulation of the steady case of system (2.4),(2.5),(2.6)
of Chapter one as a dynamical system in which the evolutionary variable is the horizontal

spatial coordinate x. We recall below the system in its steady form,

p AV 4 fe, —PTH(V - V)V -Vp = 0, (1.1)
A0+, - (V-V) = 0 (1.2)
V-V = 0, (1.3)
V,=60=0for z=0,1, (1.4)
where
p="RV

and for a rigid boundary in z = 0 or 1, we add
Vo=V, =0, (1.5)

while for a free boundary in z = 0 or 1, we add
0.V, = 0.V, =0. (1.6)

87
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Set V = (V,, V), where V| = (V,,, V), and consider the new variables
W =719,V —pe,, ¢ =00, (1.7)

in which we write W = (W,, W), and W, = (W,,W.). Using the equation (1.3) we

obtain the formula for the pressure,
p=—p 'V VL - W, (1.8)
Then we write the system (1.1,1.2,1.3) in the form
0,U = L,U + B,(U,U), (1.9)
in which U is the 8-components vector
U= (Vo Vi, Wy, W1, 0,0),
and the operators £, and B, are linear and quadratic, respectively, defined by

V.-V
pWi
LU= y —p ilALVx |
—p ALV —Oe, —pmVL(VL VL) = VI,
¢
—AL0 —uV,

0
0
PV - V)V — Va(VL - V1))
PU(VL - V)V 4 pVa W)
0
u((Vi-V10)0+ Vig)

We look for solutions of (1.9) which are periodic in y and satisfy the boundary conditions

(1.4), and (1.5) (for the moment, the case of "rigid-rigid” boundary conditions). For such

solutions we have

d
—/dede:—/VJ_‘VJ_dde:—/ n-V,ds=0,
dzr Jo Q o0

which implies that the flux
F(z) = / Vedydz
Q
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is constant. Equivalently, this property implies that the dynamical system (1.9) leaves
invariant the subspace orthogonal to the vector ¥, = (1,0,0,0,0,0,0,0). We restrict to
this subspace, hence fixing the constant flux to 0. Including this property and the boundary
conditions (1.4)-(1.5) in the definition of the phase space X of the dynamical system (1.9),
we take

X = {U € (Hpep ()7 % (Lpep ()% X Hper(Q) x Lo, () 5

per per per

V.=V, =0=0o0n2=0,1, and /deydzzo}.
Q

where 2 =R x (0,1) and the subscript per means that the functions are 27 /k,-periodic in
y, for some fixed k, > 0 (in order to distinguish between periodicity in « and y, we add the
subscript ¥ in the notation of the wavenumber k). The phase space X" is a closed subspace
of the Hilbert space

X = (Hper ()% % (Lper (2))* % Hpep () x L, (),

per per per per

so that it is a Hilbert space endowed with the usual scalar product of X. Accordingly, we
define the domain of definition Z of the linear operator £, by
Z={Ue XN (Hy () X (Hpe, (2))? X Hpor () X Hyer () 5

Vl-Vl:Wl:qﬁ:Oonz:O,l},

so that £, is closed and its domain Z is dense and compactly embedded in X'. In particular,
this latter property implies that £, has purely point spectrum which consists of isolated
eigenvalues with finite algebraic multiplicity.

The dynamical system (1.9) inherits the symmetries of the original system (1.1),(1.2),(1.3).
As for the two-dimensional convection, horizontal translations y — y + a/k, along the y

direction give a one-parameter family of linear maps (74)qcr/2-7z defined on X through
7, U(y,2) = Uy + a/ky, 2), (1.10)

and which commute with £, and B,. The reflection z +— —2 now gives a reversibility
symmetry
SlU(%Z) = (_VI7VJ_7WSL‘7_WJ_aea_(b)(y?Z)a (111)

for U € X, which anti-commutes with £, and B,,, and the reflections y — —y and z + 1—2
give the symmetries
S2U(y7 Z) = (va _Vya VYZ) Ww7 _Wy, WZ7 97 qb)(—y, Z)7 (112)
S3U(y7 Z) - (an Vy7 _‘/27 WZ‘7 Wy7 _WZ7 _97 _¢)(y7 1— Z)u
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for U € &, which both commute with £,, and B,,. Notice that
TaS2 = SoT o, To=Tor =1,

so that the system (1.9) is O(2)-equivariant, and that S3 commutes with 7.

In addition to these symmetries inherited from the original system (1.1),(1.2),(1.3), the
dynamical system (1.9) has a specific invariance due to the new variable W = (W, W) in
(1.7). While W satisfies the same boundary conditions as V| , included in the domain of
definition Z of the linear operator, there are no such conditions for W, because the pressure
p in the definition of W, is only defined up to a constant. As a consequence, the dynamical
system is invariant upon adding any constant to W, i.e., the vector field is invariant under

the action of the one-parameter family of maps (T)per, defined on X through
T,U =U+bp,, ¢, =(0,0,0,1,0,0,0,0)". (1.13)

This invariance introduces the vector ¢ in the kernel of £,, (see Lemma 2.1).

3.1.2 Two-dimensional convection

Let us adapt here some results obtained in Chapter one, Section 1.3.4. The simple classical
convection problem restricts to velocity fields V = (0,V,, V) which are two-dimensional
and functions which are independent of z and periodic in y. The corresponding function

space for the system (1.1)-(1.5) is
H={ue {0} x (L2 (2)*; V- V=0, V. =0o0nz=0,1},

where Q =R x (0,1) and the subscript per means that the functions are 27 /k-periodic in
y, for some fixed k > 0. The boundary conditions (1.4)-(1.5) (for the rigid-rigid case) are
included in the domain D of the linear operator L, by taking

D={uc{0} x (H..(Q)*; V- V=0,V,=V.,=0=00nz=0,1}.

As seen in Chapter 1, the linear operator L, is selfadjoint, with compact resolvent and the
quadratic operator R is symmetric and bounded from D to H.

As a consequence of the invariance of the equations (1.1)-(1.5) under horizontal trans-
lations and reflections, the system is O(2)-equivariant with the one-parameter family of
linear maps (74)qer 27z and the discrete symmetry Ss.

Bifurcations are determined by the kernel of L. As seen in Chapter 1, elements in the

kernel of L,, are found by looking for solutions of the form e**¥ui(z) for the linear equation

L,u=0, (1.14)
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and the boundary conditions V,, =V, = = 0 on z = 0,1. The direct computation made

in Chapter 1, section 1.3.3 (see also [14]) gives

i
MVt (z) = eV | F , (1.15)

where D = d/dz denotes the derivative with respect to z, and the functions V' = V(z) and

0 = 6(z) are real-valued solutions of the boundary value problem

(D? —k*)*V = uk®0, V=DV =0inz=0,1, (1.16)
(D? — k)0 = —pV, 6=0in2z=0,1. (1.17)

Of particular interest for the classical bifurcation problem, and also in our context, is the
global minimum p, = pg(ke) of py(k) (see Figure 3.2 in Chapter one).

Going back to the kernel of L, as expected by the general theory of O(2)-equivariant
systems, for u = po(k) and any k > 0 the kernel of L, o(k) 18 two-dimensional and spanned
by the vectors

o = eMu(z), €& =e Mu(2),
satisfying
Ta€ = emfo, S2&y = ?07 S3&y = —&p-

Since the operator has compact resolvent, this shows that 0 is an isolated double semi-
simple eigenvalue of L, ), and it turns out that all other eigenvalues are negative. This
property is a key ingredient in the proof of existence of rolls, which bifurcate from the trivial
solution at p = uy(k), for any fixed k > 0, in a steady bifurcation with O(2) symmetry.
We made in Chapter one, section 1.3.4, the bifurcation analysis showing the existence
of convective rolls (taking B = C' = 0). The equilibria U € Z of the dynamical system (1.9)

can be found as solutions u € D of the two-dimensional problem through the projection
u=1U = (V,,V,,0). (1.18)

In particular, for any k, = k£ > 0 fixed, the rolls found above give a circle of equilibria
74(U} ), for a € R/27Z, which bifurcate for p > piy(k) sufficiently close to py(k), belong
to D, and satisfy

S1U; , =SU; , =Ug ,, S3U; , =71.Uj . (1.19)

Due to the rotation invariance of the three-dimensional problem, horizontally rotated

rolls are solutions and relative equilibria of the dynamical system (1.9). For any angle
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a € R/277Z, we find the rotated rolls ’R,Q(UQ “), where the horizontal rotation R, acts on
the 4-components vector u = IIU through

Rou(z,y,2) = (Ra(Ve, Vy), V2, 0)(R-a(z, ), 2), (1.20)

in which

Ra(z,y) = (xcosa — ysina, x sina + y cos a).

(We do not need here the more complicated representation formula for the 8-components
vector U.) These rotated rolls are periodic functions in both x and y with wavenumbers
ksina and k cos «, respectively. As solutions of the dynamical system (1.9), they belong
to the phase space X’ provided k, = kcosa, and in this case they are 27 /k sin a-periodic
solutions in x (see Figure 1.1 for a plot of the possible wavenumbers k, in y for u > pu,.
sufficiently close to p.). For the particular angles & = 0 and o = 7 the rotated rolls are
equilibria in the phase-space X with k, = k. For the orthogonal angles o = 7/2 and

a = 37 /2, they are solutions 2 /k-periodic in z, for any k, > 0.

k O a /2

Figure 1.1: (a) Graph of ug(k). Two-dimensional rolls bifurcate into the shaded region
situated above the curve p(k). For p > p, sufficiently close to p., two-dimensional rolls
exist for wavenumbers k € (k1, ko) with p = pg(k1) = po(k2).(b) Plot of the wavenumbers
ky, = kcosa in y of the rolls rotated by angles o € (0,7/2), for k = ki, ke, ko. For > p,.
sufficiently close to .., rotated rolls exist in the shaded region. In the bifurcation analysis

we fix ky, = k. cos a, for some a € (0,7/3).

The invariance of U}, L under the action of the symmetry So implies that rolls rotated

by angles o and 7 4 « coincide,

* *
RaUk“u, - R7r+OcUk“u,'
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Upon rotation, rolls loose their invariance under the horizontal reflections x — —z and
y — —y, the actions of Sy and Sy on a roll rotated by an angle o ¢ {0, 7} gives the same
roll but rotated by the opposite angle,

S1(RaUg (7)) = R-oUp ,(—2), S2R.Up , = R-.Uy .
These equalities imply that rotated rolls keep a reversibility symmetry,
S182(RaUy, () = Ra Uy ,(—2). (1.21)

The last equality in (1.19) remains valid for angles o ¢ {m/2,37w/2}, whereas for angles
a =m/2 and a = 37/2 the rotated rolls are invariant under the action of the entire family
of linear maps (T4).e r/277-

In the next Chapter, we construct the domain walls as reversible heteroclinic solutions
of the dynamical system (1.9) connecting two rotated rolls, ’R,QUZW at x = —oo and
R-.Uj , at © = co. In the bifurcation problem, we will suitably fix k, € (0,k.) and take
u, close to ., as bifurcation parameter. The next step of our analysis is to determine the

purely imaginary eigenvalues of the linear operator £, .

3.1.3 Free-free boundary conditions

In the case of two free boundaries, the rigid-rigid boundary conditions V;|.—01 = Vy|.=0.1 =

0 are replaced by the “free-free” boundary conditions
8ZV{E|Z=0,1 — 8,z‘/y|z:0,1 = 0, (122)

the horizontal components (V;, V}) of the velocity field V satisfying now Neumann bound-
ary conditions along the vertical axis z, instead of Dirichlet boundary conditions. The
equations in the system (1.1)-(1.3), (1.6) are the same, and with these boundary condi-
tions the system has exactly the same symmetries as in the case of rigid-rigid boundary
conditions.

In the classical two-dimensional convection, the existence of rolls is shown as in Sec-
tion 3.1.2. The sequence of parameter values py(k) < p1(k) < po(k) < ... has the same
properties as in Chapter one Section 1.3.3, the difference being that in the boundary value
problem (1.16)-(1.17) the equality DV = 0 is replaced by D*V = 0. Notice that in this
case [ig(k) is now explicit (see [59] and Section 1.3.3 of chapter 1),

1
k]

from which we easily obtain the numerical values

(k) (k2 + 72)*?,
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Furthermore, the solution V' of the boundary value problem (1.16)-(1.17) is now explicit,
V(z) = sin(7z).

In our approach, we replace the spaces X and Z in the spatial dynamics formulation
(1.9) by
X = {U € (Hpe, ())° X (Lper ())? X Hpep (2) X L, () 5

per per per
V,=60=0o0nz=0,1, and /Qdeydz:O},
and
2 ={U € XN (Hpep(Q))* X (Hpep(2))* X Hpor(Q) X Hpep(2) 5
8ZV:Czazvy:WZ:qﬁ:Oonz:O,l}.
The equations in (1.9) and the symmetries 74, S1, S2, S3, and T} in Section 3.1 do not
change.
3.1.4 Rigid-free boundary conditions
In the case of one rigid and one free boundaries, the boundary conditions
Vilz=1 = Vylo=1 =0
are replaced by the boundary conditions
0.Viloos = 0.Vl =0, (1.23)

while the boundary conditions in z = 0 are (1.5). As in the previous case, the equa-
tions (1.1)-(1.3) remain the same. In contrast to the rigid-rigid and free-free boundary
conditions, these rigid-free boundary conditions are asymmetric and the system looses its
reflection symmetry in the vertical coordinate z. As an immediate consequence, in the
spatial dynamics formulation, the system (1.9) is not equivariant under the action of the
symmetry Sz anymore. While the spectral properties of the linear operator £, in next

sections and the center manifold reduction in Chapters 4 and 5 remain valid.

3.2 Study of the linearized operator L,

3.2.1 Connection with the classical linear problem
Solutions U = (V,,, V|, W,,W,,0,¢) € Z of the eigenvalue problem

£,U = iwU, (2.1)
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are linear combinations of vectors of the form Uy, ,(y,2) = emkyyﬁw,n(z), with n € Z, due

to periodicity in y. Projecting with I given by (1.18), we obtain a solution
W n(2,y,2) = @R TIO,, , (2),

of the three-dimensional classical problem (1.14) (see L,u = 0 in Chapter 1, Section 1.3.3),
and rotating by a suitable angle & we find a solution e?*¥1iy(2) of the linear equation (1.14)
with

E? = w? 4+ n2k§. (2.2)

The angle « is determined by the equalities
w=ksina, nk,=kcosa, (2.3)
and we have the relationship
U, (2) = R_atk(2).

Consequently, for a given k, > 0, the eigenvectors U, ,, associated with purely imaginary
eigenvalues v = iw of £, are obtained by rotating with R_,, the elements in the kernel of
L, given by (1.15), through the relationship (2.3) and

MU, ,(y, 2) = einkyyﬂﬁmn(z) = MMYR _T(2). (2.4)

This holds for all eigenvectors U, ,, such that ITU,, ,, # 0. We obtain in this way all purely
imaginary eigenvalues of £, with associated eigenvectors U such that IIU # 0. Using the
properties of the kernel of L, in Section 3.1.2, we obtain the following result, for u = pg (k).

Lemma 2.1 Assume that k, and k are positive integers. Then the linear operator L (k)

has the complex conjugated purely imaginary eigenvalues

+iwn(k), wnl(k) = /k? —=n2k2 >0, (2.5)

for any integer 0 < n < k/k,, and the following properties hold.
For n = 0, wo(k) = k and the complex conjugated eigenvalues +ik are geometrically

simple with associated eigenvector of the form

Uo(y, 2) = ﬁk,o(z),

for the eigenvalue ik and the complex conjugated vector for the eigenvalue —ik.
For 0 < n < k/ky, the complex conjugated eigenvalues £iwy (k) are geometrically double

with associated eigenvectors of the form

U, ()0 (Y, 2) = eEVT0,, ) 10 (2),
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for the eigenvalue iw, (k) and the complex conjugated vectors for the eigenvalue —iwy, (k).

The vectors fjk,o(z) and ﬁwl(k),il(z) are given by '

£ DVi i) Dy,
0 +™ D,
Vi W
Oole) _WD?’W o Oug(d) = _Ww/:y(f(;_ D% ,
Tromiz DVk
M(j ?k) Vk ifjol(f)) Vk
(D2~ PV s (D® - RV,
ot (D7 = Vi Ll (D? - K2)2V,

where the function Vi is a real-valued solution of the boundary value problem
(D? — k*3Vi + o (k)’k* Vi =0, Vi =DVp = (D* —k*)*Va=0in2z=0,1.  (2.6)

Proof. First, notice that for eigenvectors U with ITU = 0, the eigenvalue problem (2.1)

is reduced to the system

pWi, = 0

0 = wW,
-Vo.W, =0
o =0

for the variables (W,, W, ). The only nontrivial solution of this system is (W,,0,0,0),
with W, a constant function, when w = 0. This implies that 0 is an eigenvalue of £,, with
associated eigenvector ¢ given by (1.13), and that all other eigenvalues have associated
eigenvectors U with ITU # 0. In particular, nonzero purely imaginary eigenvalues of £,
and their associated eigenvectors are all determined from the properties of the kernel of the
operator L, in Section 3.1.2 through the equalites (2.2), (2.3), and (2.4).

For p = pg(k), we obtain the eigenvalues given by (2.5). The uniqueness, up to a
multipicative constant, of the element in the kernel of L, () given by (1.15), implies that
the eigenvalues +ik, for n = 0, are geometrically simple, and since opposite numbers +n
give the same pair of eigenvalues +iw, (k), for n # 0, these eigenvalues are geometrically
double. Finally, the equalities (2.4) and (1.15), allow to compute the projections ITUy o
and ITU,,, () 4r of the eigenvectors and the remaining components (W, ¢) are found from

(1.7) and (1.8). We obtain the formulas which complete the proof of the lemma. m

'For our purposes, we do not need the explicit formulas for n > 1.
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3.2.2 The Center spectrum for k./2 < k, < k.

Lemma 2.1 shows that the linear operator £, has the purely imaginary eigenvalues

iy k2 —n2k2,

for positive integers n such that 0 < n < k./k,. Upon decreasing k,, the number of pairs
of eigenvalues increases. Counted with geometric multiplicities, for k, > k., there is one
pair of purely imaginary eigenvalues with n = 0, for k. > k, > k./2 there are three pairs
with n = 0,+1, and more generally for k./N > k, > k./(N + 1) there are 2N + 1 pairs
with n =0,41,...,£N. For the construction of domain walls we need at least one pair of
purely imaginary eigenvalues with opposite Fourier modes +n # 0. We restrict here to the
simplest situation when k. > k, > k./2 and £,,_has six purely imaginary eigenvalues with
Fourier modes n = 0, 1.

For notational convenience, we set
ky = kccosa, ky = kcsina

and take a € (0,7/3). In the following lemma we give a complete description of the purely

imaginary spectrum of the linear operator L, .

Lemma 2.2 Assume that k, = kccosa with a € (0,7/3). Then the center spectrum

oc(Ly,) of the linear operator L, consists of five eigenvalues,
oc(Ly,) = {0, £ik., £ik, }, k, = kcsina, (2.7)
with the following properties.

(i) The eigenvalue 0 is simple with associated eigenvector @, given by (1.13), which is

inwvariant under the actions of S1, Sa, S3, and 7.

(i) The complex conjugated eigenvalues +ik. are algebraically double and geometrically

simple with associated generalized eigenvectors of the form
CO = UO(Z)v ‘I’O = ‘I’O(z)7

for the eigenvalue ik. and the complex conjugated vectors for the eigenvalue —ike,
such that

(5“0 —ike)Cy =0, (ﬁuc —ik.)¥o = (o,
and

SlCo = ?07 S2Co = Co, S3C0 = _C07 TaC() = COv
S1¥, = -y, S2Py =Y, S;¥,=-9, 7,¥,="1T,.
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(iii) The complex conjugated eigenvalues +ik, are algebraically quadruple and geometri-

cally double with associated generalized eigenvectors of the form
C:I: = eiikyyﬁ:l:(z)v ‘I’:I: = eiikyy(f’:t(z))

for the eigenvalue ik, and the complex conjugated vectors for the eigenvalue —ik,,
such that
(ﬁﬂc - Zkl')cﬂ: - O, (ﬁl/«c - ka)‘I’j: — C:I:?

and

Si¢, =C_, Sa,=¢C_, S3¢,=-Cy Ty =6,
Si¢_=Cy, Sl =Cy, Si_=-C., Tl_=eTC,

S1¥y =-T¥_, S¥, =0, S;¥,=-U, 7,0, ="T,
S =-¥,, S¥ =V, S0 =-¥ 7,0 =W

Proof. The result in Lemma 2.1 shows that +ik. and +ik, are purely imaginary
eigenvalues of £, and the first part of its proof implies that 0 is an eigenvalue of L, .
Since p,. is the unique global minimum of py(k), there are no other eigenvalues with zero
real part. This proves the property (2.7). Furthermore, the eigenvalue 0 is geometrically
simple, with associated eigenvector ¢, given by (1.13), and the eigenvalues +ik. and +ik,
have geometric multiplicities one and two, respectively. The associated eigenvectors ¢,
and ¢ are computed from the formulas in Lemma 2.1, by taking n = 0 and n = *£1,

respectively, for k = k. and ky = k. cos . We obtain

Co= 60(2)7 Cy = eiikyyﬁi('z%

where
wDV tsina py
! +igsapy
v \%
Uo(z) = _Mclkg D3V B _kzluc (D? — k2 cos>a)DV |

0 Fiinacse py/

ﬁ(lﬂ —k2)%v uclkg (D? — k2)2V

ucikc (D% — k2)2V iﬂsi—r;f?(D2 RV
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and the function V' is a real-valued solution of the boundary value problem
(D? — K2V + 422V =0, V=DV =(D?-k})*V =0in2=0,1. (2.8)

This boundary value problem being equivalent to (1.16)-(1.17) for p = u,, the function V'
is positive and symmetric with respect to z = 1/2. The latter property and the explicit
formulas above imply the symmetry properties of ¢, and (.

Next, the algebraic multiplicity of the eigenvalue 0 is directly determined by solving the
equation

L1 = ¥o-

Up to an element in the kernel of £, , we find
_ ([ Fe !
Y = Ez(l—z),O,O,O,O,O,O,O .

Since ¢, ¢ X, this proves that the eigenvalue 0 is algebraically simple. The invariance of
o under the actions of Sy, So, S3, and 7, is easily checked, which completes the proof of
part (i) of the Lemma.

For the algebraic multiplicities of the nonzero eigenvalues +ik. and +ik,, we use their
continuation as eigenvalues of L, (), for k close to k.. The latter eigenvalues are the
geometrically simple eigenvalues +ik and the geometrically double eigenvalues +iw; (k) in
Lemma 2.1. In Appendix 6.3.2 we prove that their algebraic multiplicities are equal to
their geometric multiplicities. Then a standard continuation argument implies that the
eigenvalues 4ik. and +ik, of £, are algebraically double and quadruple, respectively.

Finally, we compute the generalized eigenvectors ¥y and W associated with the eigen-
values ik. and ik,, respectively, from the eigenvectors associated with the eigenvalues ik

and iw (k) of £, () given in Lemma 2.1. Differentiating the eigenvalue problems
L) Uko =1kUko, L, k)Uuyk),+1 = w1 (k)Uy, (x),+1,

with respect to k at k = k., and using the properties

ke 1
Mf)(kb) =0, W/l(kb) = =

- -
2 2 Sl &
N

we obtain the equalities

. d .
(ﬁuc - ch) <%Uk70|k=k6> = ZCOa

) d i
(Ly, — k) <%Uw1(k),:l:1|k:kc> = Cy-

sin o
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Consequently, the generalized eigenvectors are given by

[ d - d
W, =—i <%Uk’0|k:kc> , Wi =—isina (%le(k),ﬂ) ‘k:kc‘ (2.9)

In particular, they have the same form
v, = lIIO(Z)v v, = eiikyy{i}ﬂ:(’z))

as the eigenvectors Uy g and U, () +1 given in Lemma 2.1. Furthermore, since the function
V. in the expressions of ﬁk,o(z) and ﬁwl(k),il(z) is symmetric with respect to z = 1/2, just
as the function V in (2.8), the eigenvectors Uy o and U, () +1 have the same symmetry
properties as the eigenvectors ¢, and ¢, respectively. Together with the formulas (2.9),
this implies that ¥, and ¥4 have the symmetry properties given in (i7) and (iii), and

completes the proof of the lemma. m

3.2.3 The Center spectrum for k, = k.

We consider the parameter regime with (k, i) close to (ke, pt..), where p. = pg(ke). We set

= pet iy, k=ke(l+k),

in which i and k are small parameters. We also eliminate the dependence on k of the
phase space X’ of the dynamical system (1.9) by normalizing to 27 /k. the period in y of the
solutions. The resulting system is of the form (1.9) in which now A} = (1 + k)20, + 0.,
Vi=((1+ 15)8?;,8,2), and its phase space is X with & = k.. We write this system in the
form

0,U = LU +R(U, i, k), (2.10)

where

L.=L R(Uv 7, k) = (ﬁu - £uc|]}:0)U + BH(U7 U)v (211)

He ‘12:0’
and R is a smooth map from Z x (—pu,,00) x R into X" satisfying

R(0, i, k) =0, DuyR(0,0,0) = 0. (2.12)

For the spectrum of £, the arguments are the same as in previous section, except for the
purely imaginary eigenvalues which are different. The following result is obtained by taking

the limit &« = 0 in Lemma 2.1.

Lemma 2.3 The center spectrum of the linear operator L. consists of the three eigenvalues

0, +ik. with the following properties.
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(i) The eigenvalue 0 has algebraic multiplicity 9 and geometric multiplicity 3, and the

complex conjugated eigenvalues tik. are algebraically double and geometrically sim-

ple.

(ii) For the eigenvalue 0, there are three linearly independent eigenvectors: g given by
(1.13), ¢y of the form Cy(y,2) = ﬁkc (2)eR¥ 2 and the complex conjugated vector C,

and two chains of generalized eigenvectors: ¢y, Cq,C3 associated to €,

‘CCCI = COv £0C2 = C1, £0C3 = C27

and the conjugated vectors {y, (s, C3 associated to . The eigenvector @y is invariant

under the actions of S1, So, and T,, and the other generalized eigenvectors satisfy:

S1¢o=Cos 5260 =<0, Talo = €y,
Si¢1=—C1, 821 =C1, Taly =€,
S1¢s="Co, 820 =0Co, Talo = eiaC2,
S1¢3=—C3 Sal3=C3, Tal3 =€

(i1i) For the eigenvalue ik, there is one eigenvector &, of the form &y(y,z) = ﬁo(z), and

an associated generalized eigenvector &, with the properties

(ﬁc - ZkC)EI = E(]u

and

51§, = E_o, S2860 =&y, Ta&o = &0,
518 =&, 826, =¢&, T =€

The complex conjugated vectors €, and &, are eigenvector and generalized eigenvector,

respectively, for the eigenvalue —ik..

2For our purposes, we do not need the explicit formulas for eigenvectors and generalized eigenvectors.
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Chapter 4
Symmetric domain walls

In this Chapter we study the bifurcation of symmetric domain walls. This is based on the
papers [29] and [30], and uses the results on the linearized operator obtained in Lemma 2.2
of Chapter three.

4.1 Introduction

At least locally, the most frequently observed patterns are convective rolls aligned along
a certain direction (see Figure 1.1 (a) and (c)). However, such a pattern is only observed
in a part of the apparatus, while the rolls take another direction in another part of the
apparatus. The connection between the two regimes is quite sharp, occurring along a plane,
and the two regimes of rolls make a definite angle between them (see Figure 1.1(b) and
[36, 55, 22, 2] for experimental evidences not all on pure Bénard-Rayleigh convection).
These line defects are referred to as domain walls or grain boundaries. In this Chapter, we
consider the case where two systems of rolls connect symmetrically with respect to a plane,
even though such a perfectly symmetric pattern is not yet observed experimentally.

The aim of this Chapter is to prove mathematically that such domain walls are indeed
solutions of the steady Navier-Stokes-Boussinesq equations. Many works gave tentative
justifications of the existence of such patterns using formally derived amplitude equations
(see [58, 57, 24] and the references therein). Beyond amplitude equations, the only mathe-
matical results existing before [29] have been obtained for the Swift-Hohenberg equation, a
toy model which exhibits many of the properties of the Bénard-Rayleigh convection prob-
lem [32, 65] (see also [56]). The domain walls constructed in [32] are symmetric, connecting
rolls rotated by opposite angles +a, for @ € (0,7/3). This result has been extended to
arbitrary angles a € (0,7/2) in [65]. We point out that next Chapter gives results for

orthogonal domain walls (not symmetric in such a case).

103



104 CHAPTER 4. SYMMETRIC DOMAIN WALLS

Figure 1.1: (a) Schematic plots of two-dimensional rotated rolls, rotated by an angle «
(solid lines). (b) symmetric domain walls constructed as heteroclinic connections between
rolls rotated by opposite angles +«. (c) In the vertical (y, z)-plane, streamlines of two-

dimensional rolls (cross-section through the dashed lines in (a))

The main results of this Chapter are Theorems 3.1 and 4.1.

4.2 Reduction of the nonlinear problem
We start with the spatial dynamics system (1.9) in Chapter 3
0,U = L,U+ B,(U,U), (2.1)

for which we gave the structure of the center spectrum of the linear operator £,, at Lemma
2.2 of Chapter 3.

The next step is the center manifold reduction. Using the symmetries of the sys-
tem (2.1), we identify a twelve-dimensional invariant submanifold of the center manifold,
which contains the heteroclinic orbits of (2.1) corresponding to domain walls. In the case
when symmetry S3 applies (in rigid-rigid or free-free cases) we reduce the search to a
8-dimensional invariant submanifold, while when symmetry S3 does not apply (rigid-free

case) we need to study a 12-dimensional system.

4.2.1 Center manifold reduction
We set € =y — p, ! and write the dynamical system (2.1) in the form
0, U=L, U+R(U,e), (2.2)

where

R(U, &) = (£, — £,,)U + B,(U, U),

'For simplification, in this Chapter ¢ is identical to fi defined in Chapter 1
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is a smooth map from Z x (—u,,c0) into X, and
R(0,e) =0, DyR(0,0)=0.

In particular, R satisfies the hypotheses of the center manifold theorem (see [28] [Section
2.3.1]). We also have to check two hypotheses on the linear operator £, . The first
one requires that the center spectrum of £, consists of finitely many purely imaginary
eigenvalues with finite algebraic multiplicity and the result in Lemma 2.2 of Chapter 3
shows that this hypothesis holds. The second one is the estimate on the norm of the

resolvent of £, obtained by taking u = p,. in the lemma below.

Lemma 2.1 For any > 0, there exist positive constants C, and w, such that

o C
10, i) e < T2 23)
for any real number w, with |w| > w,.
Proof. We write £, = A, + B,,, where

V.-V 0

MWJ_ 0

—pTtALY, 0

AHU = —1 _Iul - 5 BHU =

-l AJ_VJ_—/L VJ_(VJ_'VJ_)—VJ_W:E —Hez

10} 0
AN —pVz

Since the operator B, is bounded in &, the resolvent equality
(L —iw)™h = (T4 (A — iw) " By) (A, —iw) ™

implies that it is enough to prove the result for A4,,. The action of A, on the components
(V, W) and (6,¢) of U being decoupled, the operator is diagonal, A, = diag(Aﬁt,AZO),
where .A/Sf acting on (V, W) is a Stokes operator and Aj} acting on (0, ¢) is a Laplace
operator. The estimate (2.3) has been proved for the Stokes operator A/Sf in [41, Appendix
2], and it is easily obtained for the Laplace operator Ajp. This implies the result for A,
and completes the proof of the lemma. m
Denote by X, the spectral subspace associated with the center spectrum of £, , by P,
the corresponding spectral projection, and set Z;, = (I-P.)Z. Applying the center manifold
theorem [28], for any arbitrary, but fixed, k > 3, there exists a map ® € C*(X, x R, Z},),
with
®(0,e) =0, Dy®(0,0) =0, (2.4)
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and a neighborhood U; x Uy of (0,0) in Z x R such that for any ¢ € Uy, the manifold
M.(e) ={U.+ ®(U,,¢); U, € X}, (2.5)
has the following properties:

(i) Mc(e) is locally invariant, i.e., if U is a solution of (2.2) satisfying U(0) € M. ()Nl
and U(z) € U; for all = € [0, L], then U(x) € M,(¢e) for all z € [0, L];

(ii) M. (g) contains the set of bounded solutions of (2.2) staying in U; for all x € R, i.e.,
if U is a solution of (2.2) satisfying U(x) € U; for all z € R, then U(0) € M,(¢);

(iii) the invariant dynamics on the center manifold is determined by the reduced system

dU.

o

de
XcUc +PR(Ue + ®(Ug,¢),¢) ef f(Ug,e), (2.6)

where
f(0,e) =0, Duy,f(0,0)= L,

X,

(iv) the reduced system (2.6) inherits the symmetries of (2.2), i.e., the reduced vector field
f(-,e) anti-commutes with Sy, commutes with S, Sg (when this symmetry applies),

and T4, and is invariant under the action of T7.

An immediate consequence of these properties is that the heteroclinic solutions of (2.2)
representing domain walls belong to the center manifold M.,(¢), for sufficiently small e,

and can be constructed as solutions of the reduced system (2.6).

4.2.2 Reduced system

According to Lemma 2.2 of Chapter 3, the center space X, has dimension 13 and we can

write

U. = wey+ Ao+ BoWo+ A1, + B YL + A (_+B ¥ (2.7)
+ AOCO + BO‘I’O + A+C+ + B+‘I’+ + A_C_ + B_‘I’_,

where w € R and X = (Ao, By, A+, By,A_,B_) € C% Then the reduced system (2.6)

takes the form

dw —

— = h X. X 2.
d:l;‘ (w7 b 76)7 ( 8)
X _

d = F(w,X,X,e), (2.9)

dx
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in which h is real-valued and F = (fo, 90, f+, 9+, f—,g—) has six complex-valued compo-
nents. This system is completed by the complex conjugated equation of (2.9) for X. Notice

that the symmetries of the reduced system act on these variables through

Sl(w7A07B()7A+7B+7 - (w7A_07 _B_07I7 _EaA_-i-a _B_+)7

SQ(’[U,AO,BQ,A+,B+, (w7A07B07A—7B—7A+7B+)7

7o (w, Ag, Bo, Ay, By, w, Ag, By, e AL, e"B,,e " “A_, e "“B_),

A_,B.)
A B)
( ALB)=(
Tb(w7 A07 BO7A+7 B+7A— B—) (w + b7 A07 BOa A+7 B+7 A—7 B—)7
and, when the symmetry S3 applies,
S3(w7 A07 By, A+7 B+7 A—7 B—) = (w7 _A07 —Bo, _A+7 _B+7 _A—7 _B—)

Using the symmetries above, we obtain the following result.

Lemma 2.2 For any ¢ sufficiently small, the reduced system (2.8)-(2.9) has the following

properties:

(i) the reduced vector field (h, F') does not depend on w;

(ii) the components (fo,g0) of F are even functions while the components (f+, 9+, f—,9-)
of F' are odd functions in the variables (Ay, By, Ay, B.,A_,B_,A_ B_).

(iii) In addition, when the symmetry Ss applies, components (fo,go) are odd functions in
the variables (Ag, By, Ao, Bo), while (fy, g+, f—,g_) are even functions in the variables
(A07 B07A_07 FO)

Proof. Due to the invariance of the reduced system (2.8)- (2.9) under the action of T,
the vector field (h, F') satisfies

(h, F)(w+b,X,X,¢e) = (h, F)(w, X, X, ¢),

for any real number b. This implies that (h, F') does not depend on w and proves (7).
Next, the vector field F, which only depends on X and X, commutes with the symme-

tries 7, acting on these components through
TW(A07 By, A+7 B+7 A—7 B—) = (A07 By, _A+7 _B+7 _A—7 _B—)7

The first equality implies the parity properties (ii) of the components ( fo, 90, f+, 9+, f—, 9—)
of F in the variables (A, B,,A,,B.,A_,B_,A_B_).
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When S3 applies the action of S37, gives the commutation with
S3T7T(A07 BO; A+7 B+7 A—7 B—) = (_A07 _307 A+7 B+7 A—7 B—)7

which implies the parity properties (iii) in the variables (Ao, By, Ao, Bo). ®
An immediate consequence of the first property in the lemma above being that the two

equations (2.8) and (2.9) are decoupled, we can first solve (2.9) for X, and then integrate
(2.8) to determine w. We therefore restrict our existence analysis to the equation

dX —

E :F(X,X,€), (210)
which together with the complex conjugate equation for X form a 12-dimensional system.
For this system, the parity properties (ii) of the vector field F' in Lemma 2.2, imply that

there exist a first invariant subspaces:
Ey={(X,X), XeC®; (A4,B4,A_,B_) =0},
which is 4-dimensional, and in the case when S3 applies a second invariant subspace is
Ey ={(X,X), X €C®; (49, By) =0},

which is 8-dimensional. Each of these subspaces give an invariant submanifold of the center
manifold. Solutions in the submanifold associated with Ej are invariant under the action of
(Ta)acr /2x7 and therefore correspond to solutions of the full dynamical system (2.1) which
do not depend on y. This submanifold contains the rolls rotated by an angle /2.
Solutions in the submanifold associated with E+ (when S3 applies) are invariant under
the action of S37, and correspond to truly three-dimensional solutions of the full dynamical
system (2.1). This submanifold contains the rotated rolls RsUL ,, for k close to k. and
rotation angle 3 chosen such that they are 27 /k,— periodic in y, i.e. such that k, = k cos 5.
For the construction of domain walls in the case when the symmetry S3 applies, we restrict

our study to the subspace F.

4.3 Bifurcation of symmetric domain walls when symmetry

Ss; applies

We summarize the main result of this Section in the next theorem.

Theorem 3.1 Consider the steady Navier-Stokes-Boussinesq system (2.1) with either “‘rigid-

rigid” boundary conditions:
V=01 =0, 68l.=01=0, (3.1)
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or “free-free” boundary conditions:
Vz|z:0,1 = 8,z‘/:n|,z:0,1 = any|z:0,1 = 07 0|z=0,1 =0. (32)

Denote by R. the critical Rayleigh number at which convective rolls with wavenumbers
ke bifurcate from the conduction state. Then for any Prandtl number P, there exists a
positive number a.(P) < /3 such that for angles o € (0,.(P)), a symmetric domain
wall bifurcates for Rayleigh numbers R = R.+ ¢, with € > 0 sufficiently small. The domain
wall connects two rotated rolls which are the rotations by opposite angles +(a 4+ O(¢)) of

a roll with wavenumber k. + O(e), continuously linked to the amplitude which is of order

O(e'/?).

We determine the leading order dynamics of the restriction to E4+ of the reduced system
(2.10) with the help of a normal form transformation to cubic order, followed by suitable
scalings of variables. For the resulting systems, we identify particular solutions which

correspond to rotated rolls.

4.3.1 Cubic normal form of the reduced system

We write the reduced system (2.10) restricted to the invariant 8-dimensional subspace E
in the from

% =G(Y,Y,e), (3.3)
in which Y = (A,,By,A_, B_) € C* Taking into account the properties of the reduced
system (2.6), the formula (2.4), and the choice for the generalized eigenvectors in Lemma
2.2 of Chapter 3, we find

G(0,0,) =0, DyG(0,0,0) = Ly, DyG(0,0,0) =0,

where L is a Jordan matrix acting on Y through

Using a general normal forms theorem for parameter-dependent vector fields in the presence
of symmetries (e.g., see [28, Chapter 3]), we determine a normal form of the system (3.3)

up to cubic order.
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Lemma 3.2 For any k > 3, there exist neighborhoods Vi and Vs of 0 in C* and R, respec-
tively, such that for any e € Vs, there is a polynomial P, : C* x C* — C* of degree 3 in the
variables (Z,Z), such that for Z € V1, the polynomial change of variable

Y = Z+ P.(Z,2), (3.5)

transforms the equation (3.3) into the normal form

Z . —
Z_x = LoZ+ N(Z,Z,e)+ p(Z,Z,¢), (3.6)

with the following properties:
(i) the map p belongs to CK(Vy x Vi x Vo, CY), and

p(2,Z,¢) = O Z] + el Z|° + 1 Z1°);

(ii) both N(-,-,€) and p(-,-,€) anti-commute with S1 and commute with Sa, S3, and T,

for any e € Vo;
(iii) the four components (Ny, My, N_,M_) of N are of the form
Ny =iA P, +A_Ry
M, =iB.P, + B_R, + A, Q. +iA_S.
N_=iA_ P —A,R,
M_=iB_P.—B;R, +A_Q_—iA. S,
in which
Py = Boe + B1A+ AL +iBy(Ay By — AyBy) + B3A-A- +ify(A-B- -~ A_B-)
P_ = o+ B3 A+ AL +iBy(A4 By — AyBy) + 1A-A- +ify(A-B- —A_B.)
Qi =boe + b1 AL Ay +iby(Ay By — AL BL) +b3A_A_+iby(A_B_ — A_B_)
Q_ =boe+b3A; A, +iby(A B, — A B )+ A_A_+iby(A_B_—A B)
Ry =75(A+B- —A_By), Sy =c5(A1B-—A_By),

where (A4, By, A_, B_) are the four components of Z and the coefficients 3;, bj, 75

and c5 are all real.

The proof of this lemma can be found in Appendix 6.4.1. We point out that the result is
valid for any system of the form (3.3) which has a linear part as in (2.6) and the symmetries

S1, S2, S3, and T, given in Section 4.2.2.
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4.3.2 Rotated rolls as periodic solutions

The normal form (3.6) truncated at cubic order has the property to leave invariant the two

4-dimensional subspaces
E,={(2,2), ZeC"; (A_,B_)=0}, E_={(2,Z), ZeC"; (A4,By) =0},

which is not the case for the full system (3.6). The systems obtained by restricting the
normal form truncated at cubic order to F; and E_ being similar, we consider the one

restricted to F,

A
dB

with

Py = Boe + B1AL AL +iBy(AL By — Ay By),
Q+ = b()E + b1A+A_+ + Zb2(A+B_+ — A_+B+)

Notice that (3.7)-(3.8) is the system found at cubic order in the case of the classical re-
versible 1 : 1 resonance bifurcation, or reversible Hopf bifurcation. In our case, the re-
versibility symmetry is given by S;S;. This system is integrable and we refer to [28,
Section 4.3.3] for a detailed discussion of its bounded solutions.

We consider here the periodic solutions of (3.7)-(3.8) with wavenumbers k, + 6 close to
k., for small €. According to [28, Section 4.3.3], these periodic solutions are determined, up

to the action of (74).c r /2xz and to translations in x, by the reversible periodic solutions

Ay =roetthatz B — jgpeitkatO)z (3.9)

with real numbers g > 0 and ¢y satisfying the equalities
q0
6= o Boe + B178 + 2897040,
0= qg + TS (b0€ + blrg + 2b2r0qo) R

obtained by replacing (3.9) into the system (3.7)-(3.8). Solving for gy and o, we find

7o (0 — Boe — B177)
14 28,18 ’

0 b1 by

qo = 62 + O(|eb] + |e|* + |63), (3.10)

as (g,0) — (0,0). For e such that boe/b; < 0, the right hand side in the formula for 73 is
positive for small € and € small enough, and we have a solution (A4, B4) given by (3.9)
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for the system (3.7)-(3.8). Notice that # must be O(|e|*/?)-small when b; > 0, which, as
we shall see later in this section, is the case here.

For the 8-dimensional normal form (3.6) truncated at cubic order we obtain the solutions
(A4, B4,0,0) which belong to the invariant subspace E. The persistence of these solutions
for the full normal form (3.6) can be proved via the implicit function theorem, for instance,
by adapting the method used in the case of reversible 1 : 1 resonance bifurcations in [42,
Section III.1] and Appendix 6.5.4 of Chapter 5. For small £ such that bype/b; < 0 and 6
small enough, we obtain a family of reversible periodic solutions 25,9 of the normal form

(3.6), which are uniquely determined by their leading order part

(roe’ =97 0.0,0), r2= b, _ i92, ro > 0. (3.11)
b b

This leading order part belongs to Ey, which is not the case for 2579, and it is the same
as the one of the solutions (3.9) of the truncated system. As it follows from the implicit
function theorem, the periodic solutions TQ(ZE,G), a € R/27Z, are, up to translations in z,
the only periodic solutions of the system (3.6) with leading order part of the form (3.11)
in £, and wavenumbers k, + 6 sufficiently close to k,, for sufficiently small . Notice that
there are precisely two reversible solutions, 2579 with rg > 0 and Twz&g with rg < 0. We
show below that the solutions 25,9 correspond to solutions of dynamical system (2.1) which
are rotated rolls ’R_BUZ’#, with k and p sufficiently close to k. and pu,, respectively. We

use this correspondence to compute the coefficients by and by of the normal form.
Consider the rotated roll R—ﬁUz,w for > p, close to p., wavenumber £ close to k.

such that
k€ (ki k), po(ki) = po(ke) = p,
(see Figure 1.1 of Chapter 3), and rotation angle 5 € (0,7/2) chosen such that the rotated

roll is a solution of the dynamical system (2.1), i.e., such that
kcos B = ky = k. cos a. (3.12)

The rotation angle 8 € (0,7/2) is uniquely determined through this formula, and from the
Taylor expansion of y(k),

po(k) = e + i (ke) O — K)? o+ Ok — kef), (3.13)

for k close to k., we find that the unique values k; and ko above are O(|u — u,|'/?)-close to

k.. The rotated roll R_gUj, L is periodic in z with wavenumber

1
k! =ksin 8 = \/k2 — k2 cos2a = k.sina + m(k: — k) + O(|k — k), (3.14)



4.3. BIFURCATION OF SYMMETRIC DOMAIN WALLS WHEN SYMMETRY S; APPLIES113

where we used (3.12) to obtain the second equality, and has the reversibility symmetry

mentioned in Chapter 3
S182(RsUy ,(2)) = RUp ,(—x)) (3.15)

According to the formulas obtained In Appendix 6.1.2 of Chapter 1, and denoting by ¢ the

amplitude of rolls, we have that
R_pIU; (2,y,2) = 5ei(k;x+kyy)’R_5ﬁk(z) + 5e_i(k;x+kyy)7€_gﬁk(z) +0(6%), (3.16)

where 6 > 0 is the small parameter and uy(z) is given by (1.15) in Chapter 3. Furthermore,
from (2.4) of Chapter 3 we obtain

eikny—Bﬁk(z) = Hle(k),l(yv Z) = HC-{-(?/? Z) + O(‘k - kc‘)v (317)

where Uy, (1)1 and ¢ are the eigenvectors in Lemmas 2.1 and 2.2 of Chapter 3, respectively.
For pn = p, + €, the rotated roll ’R_BU,’;M is a solution of the dynamical system (2.2),
which is the same as (2.1). From formulas of Appendix 6.1.2 of Chapter 1, and (3.13) we

obtain the relationship
1
e = (n— po(k)) + (uo(k) — pe) = pad” + Ho(ke)(k = ke)? + O8] + [k — ke[*),  (3.18)

implying that 6 = O(¢'/?) and |k — k.| = O(e!/?), since the values py and puf(k.) given
by Appendix 6.1.4 of Chapter 1 and (1.2) of Chapter 1, respectively, are positive. In
particular, the rotated roll R—ﬁUz,u has small amplitude of order O(El/ 2) and therefore
belongs to the center manifold (2.5) of (2.2), provided ¢ is sufficiently small. Furthermore,
we saw in Section 3.1.2 of chapter 3 that for rotation angles 8 € (0, 7/2), the rolls R—ﬁUz,u
are invariant under the action of Sg7,. This implies that R _ 6UZ, " belongs to the center
submanifold associated to E1 found in Section 4.2.2. Consequently, it provides a periodic
solution of the reduced system (3.3), from which we obtain a periodic solution for the
normal form system (3.6) through the change of variables (3.5). These periodic solutions
inherit the reversibility symmetry (3.15) of the rotated rolls.
We set

0=k —k,=k, —kesina= ﬁ(k —ke) + O(|k — k|?), (3.19)

where k!, is the wavenumber given by (3.14), and denote by Z. g the periodic solution of the
normal form (3.6) corresponding to R_gUj, . The parameters (g, ) are related to (k, p)
through the equalities ¢ = p— u, and (3.19), which define a one-to-one map (k, u) — (£,6),
for k in a neighborhood of k. and any p. Comparing the expressions of II'R_zUj. . given
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by (3.16) and by the formulas (2.5) and (2.4)for the solutions on the center manifold, using
the equalities (3.17) and (3.19), we obtain the expansion

Ze g() = (54+97,0,0,0) + 08118 + |8, (3.20)
with § > 0 determined through (3.18) and (3.19),
ig o (ke) sin? o
o 2419
The existence and the above properties of the periodic solutions Z.g of the normal

§% = 0% + O(|e|*? + )20 + |0). (3.21)

form system (3.6) are directly obtained from the existence and properties of the rotated
rolls R_gUy} ,, without using the solutions 2579 found from the periodic solutions (3.9) of
the truncated system. With Z. g, the solutions Z. g share the property of being reversible
periodic solutions of the system (3.6) with leading order parts in £y and wavenumbers
k. + 6 sufficiently close to k,, for sufficiently small €. The solutions Zg,g and Tﬁia,g being
the only ones with these properties, taking into account that ¢ in (3.20) and r¢ in (3.11) are
both positive, we deduce that Z. y and 25,9 are the same solutions of the system (3.6), for
sufficiently small ¢ and 6. In particular, their leading order parts are the same. Identifying
the leading order part of 6% in (3.21) with 72 in (3.11), we can compute the coefficients

2 219

by =

by = = s
0 1 (ke) sin? o

N . 3.22
i (ke) sin? o (3.22)

The signs of these two coefficients are needed in the subsequent arguments.

Remark 3.3 As usual in this type of approach, the coefficient by can be determined from
the property that the eigenvalues of the matriz obtained by linearizing the normal form (3.6)
at Z = 0 are equal to the continuation of the eigenvalues *ik, of L, as eigenvalues of L,
for p = p.+¢e and sufficiently small . In the proof of Lemma 2.2 of Chapter 3 we saw that
the latter eigenvalues are the purely imaginary eigenvalues +iwi (k1) and tiwq(k2) given
by (2.5) (in Chapter3), with k1 < k. < ko such that p = pg(k1) = po(k2). Computing the

eigenvalues of the normal form (3.6) we obtain

iwy (k) =i (k —V/ —boe + O(e)) )

whereas from (2.5) (in Chapter3) we find

1
iwy (k1) = iy/ k3 — k2 cos?a = i <kcsina + sina(kl —ke) + O(|k1 — k0]2)> .

These two equalities and the Taylor expansion (3.13) of ug(k), taken at k = ki, give the

value of by in (3.22). Furthermore, by replacing the expansions (3.20) and (3.21) with
0 = 0 into the equation for By of the normal form (3.6) and identifying the coefficients
of the terms of order 0(53/2), we easily obtain that by = —puqsby. These arguments give an

alternative way for the computation of by and by, without using the solutions 25,9.
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4.3.3 Leading order system when S; applies

From now on we restrict to € > 0, which corresponds to values p > p,. for which rolls exist.
We further transform the normal form (3.6) by introducing new variables

1/2

boe . =N
O Rty (T), Bai(z)

b

~ |boe]

ikyx ~
= |b1|1/2e Dy (7). (3.23)

2 = |boe|' 2, As(x) =

Taking into account the signs of by and by in (3.22), we obtain the first order system,

Cf‘r =D + f—l—(cﬂzv D:|:7C_:|:7 D—:I:v e:l:ikzi/|b0€\1/2’€1/2)’ (324)
Dii- = (_1 + |C’+|2 + g|0—|2) O—l— +/g\+(0:|:7 D:|:7C_:|:7D—:|:7 eiikz§/|b0€‘l/27€1/2)v
C' =D_+ ]?— (C:tv Di70_i7 D—:I:a e:l:ikzg?/|boe\1/2’€1/2), (325)

D\ = (=14 g|C* +|C_[>)C_ +§_(Cx, Dy, Cx, Dy, e=thaT/lboel'/? £1/2)

in which ¢ is the quotient
(3.26)

and fi, g+ are C*-functions in their arguments of the form

fr=fro+fr1, Gr=0r0+gx1,
fro = fro(Cx, Di, Oy, Dx,'/?) = O(eY2(|Cx| + |D4))),
]?:I:,l = J?:I:,l(Cj:aDj:yc_:tyD—:ta eiik”’f/'boe‘l/z,é?lp) = 0(e¥?(|Cx| + | D<),
910 = 9:.0(Cs, Dy, Oy, Dy, /%) = O 2(|Cx| + D)),
./q\:l:,l = a:l:,l(cﬂ:a D:|:7C_:|:7-D—:|:7 e:l:isz/|bo€‘1/27€1/2) = O(E(‘Ci’ + ‘Di’))
Solving the equations (3.24) and (3.25) for D, and D_, respectively, we rewrite the first
order system (3.24)-(3.25) as a second order system,
O = (=1+4[C4[? + gIC_[2) Oy + iy (Ci, Cl, T, O exibsa/ el c1/2) - (3.97)
C" = (=14 g|C P+ |C_]) C_ + h_(Cy,Cly, T, O, exiken/lboz] 2172y (3 98)
where we replaced Z by z, for notational convenience, and hy are C*-functions in their
arguments of the form
hy =hyo+ hyn,
h:l:,() = h:|:70(C:|:7-D:|:7C_:|:7 D—:l:7‘€1/2) = 0(61/2(’Ci‘ + ’Di‘))7
hyi =hy1(Cy,Ds,Cy, Dy, et/ lboel'? 112y — O(e(|Cx| + [ D))
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Notice that both systems above inherit the symmetries of the normal form (3.6).

Through the change of variables (3.23), after rescaling 6, from the periodic solutions
Z. g of the normal form (3.6) we obtain a family of solutions P.g of the second order
system (3.27)-(3.28). The properties below are easily obtained from the ones found for Z. g
in Section 4.3.2.

Lemma 3.4 For any € > 0 and 0 sufficiently small, the system (3.27)-(3.28) possesses a

two-parameter family of solutions P, g with the following properties:

(i) e=%P g is periodic in x with wavenumber 6 + ky /|boe|*/?;
(i) S$182(Pc9(x)) = Peg(—x), for all z € R;
(iii) Peg(x) = ((1—06%)12e%,0) + O(e'/?), as (¢,6) — (0,0);

(iv) Peg corresponds to a solution of the system (2.1) which is a rotated roll R_gUy ,
with

cosB=ky/k, p=p.+e, k==ke+|boe|?@sina+ O(ch?). (3.29)

Notice that P,y is periodic in  when 6 = 0, whereas for § # 0 it is a quasiperiodic
function. This comes from the change of variables (3.23) where in the expressions of Ay and

kst instead of the exponential e!(k=+9)* which

B4 we only factored out the exponential e
would have preserved periodicity. This lack of periodicity does not pose any problem for
the remaining arguments, in which we only use the properties (ii)-(iv) above.

The second property in Lemma 3.4 shows that the solutions Py are reversible, the
reversibility symmetry being S1Ss. Using the reversibility symmetry Sq, we obtain a second

family of solutions of the system (3.27)-(3.28),
Quo(r) = $1(Pog(-)) = (0.(1 - 62)26%) 1 O(2). (3.30)

These solutions have the properties (i) and () in Lemma 3.4 and correspond to the rotated
rolls RgU} |, satisfying (3.29). In addition, the family of maps (74)se r/2r7 Provides the
circles of solutions 7,(P. ) and 7,(Q:), a € R/277Z.

The existence proof in the next section requires that the quotient g in (3.26) takes
values in the interval (1,4 + v/13). The lemma below shows that this property holds at

least for small angles a.

Lemma 3.5 For any Prandtl number P, there exists an angle o (P) € (0,7 /3] such that
1 <g<4++/13, for any a € (0,a.(P)).
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Proof. We compute the coefficient g in Appendix 6.4.2 in the rigid-rigid and free-free
cases. The result in formula (4.12) of this Appendix shows that the limit as « tends to 0
of g is equal to 2, which proves the result. m

A symbolic computation, using the package Maple, of ¢ shows in the rigid-rigid and
free-free cases, that the inequality g > 1 holds for any Prandtl number P > 0 and any
angle a € (0,7/3), and that the inequality g < 4 + v/13 holds in the shaded region of the
(ar, P)-plane indicated in Figures 3.1 and 3.2.

0417

0.3

g<4+V13

0.17

0 0.25 0.50 0.
O=sin’al

Figure 3.1: “Rigid-rigid” case. In the (6, P)-plane, with © = sin? o, Maple plot of the curve
along which g = 4 + /13, for © € (0,1). The inequality g < 4 4+ /13 holds in the shaded
regions, whereas the inequality ¢ > 1 holds everywhere. Domain walls are constructed in
the shaded region situated to the left of the vertical line © = sin?(7/3) = 0.75.

4.3.4 Existence of domain walls when S3 applies

We construct domain walls as reversible heteroclinic solutions of (3.27)-(3.28) connecting
the solutions Q. as * — —oo with P,y as  — oo, for a suitable § = 9(¢'/?) and ¢ > 0
sufficiently small. While the asymptotic solutions P.g and Q.¢ have the reversibility
symmetry S1So, the heteroclinic solutions will have the reversibility symmetry S;.
Following the approach developed in [32], we start by constructing a heteroclinic solution
for the leading order system obtained at € = 0 and then using the implicit function theorem
we show that it persists for the full system. In contrast to the reduced system in [32] which
was 12-dimensional, we have here an 8-dimensional system, only. This simplifies a part of

the proof of Lemma 3.8 below. On the other hand, the quotient g takes here different values
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0.47

0.3

g<4+V13

Figure 3.2: “Free-free” case. In the (©,P)-plane, with © = sin?a € (0, 1), Maple plot of
the curve along which g = 4 + /13, in the case of “free-free” boundary conditions. The
inequality ¢ < 4 4+ /13 holds in the shaded regions, whereas the inequality g > 1 holds
everywhere. Domain walls are constructed in the shaded region situated to the left of the
vertical line © = sin?(7/3) = 0.75.

depending on the Prandtl number P and the angle a (see Figures 3.1 and 3.2), whereas
g = 2 in [32]. We therefore need to extend the arguments from [32] to more general values
g. We obtain a persistence result for g € (1,4 4+ v/13).

Leading order heteroclinic

Consider the leading order system

Cl = (=1+|Cy P +glC_P) Cy, (3.31)
Cr = (=1+glCyP +|C-P) C-, (3.32)

obtained by setting e = 0 in (3.27)-(3.28). According to Lemma 3.4, this system has the

solutions
Pog(r) = ((1 — 02)1/262'61‘70) ;o Qoolx) = (07 (1— 92)1/262'695) 7

with 6 sufficiently small. The leading order heteroclinic is constructed for § = 0, as a
real-valued solution of (3.31)-(3.32) connecting the equilibrium Qg = (0,1) as z — —oo
with the equilibrium Py = (1,0) as  — oc.
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Under the assumption that ¢ > 1 2, the existence of such a heteroclinic solution has
been proved in [68]. According to [68, Theorem 5], for any g > 1, the system (3.31)-(3.32)

possesses a heteroclinic solution (C%,C*), where C% are smooth real-valued functions

defined on R and have the following properties:

Jim (CL),C2(@) = (0.1) and i (€ (0), €2 (@) = (1,0);
Ci(x) =C(—x), V2 eR;
Ci(z)? + C*(z)? < 1 and C%(z) + C* (z) > min(1,2/y/g + 1), V z € R;

(CY(2))* + (C¥(2))* = % (C(2)2 + C* (2)2 — 1) + (g — 1)C%(2)2C* ()2, ¥ z € R.

The second property above shows that (C7,C*) is reversible, with reversibility symmetry

S1. The last property is a consequence of the Hamiltonian structure of the system (3.31)-

(3.32),

which was one of the key ingredients in the existence proof in [68]. Notice that

the equilibria (1,0) and (0,1) of the system (3.31)-(3.32) are both saddles having a two-

dimensional stable manifold and a two-dimensional unstable manifold. The heteroclinic

connection (C7,C*) belongs to the intersection of the two-dimensional stable manifold of
(1,0) with the two-dimensional unstable manifold of (0, 1).

In addition to these properties, in the proof of Lemma 3.8 below we need the two results

in the following lemma.

Lemma 3.6 Consider the heteroclinic solution (C%,C*) of the system (3.31)-(3.32).

(i) For any g > 1, the functions C% and C* have the asymptotic behavior

C (1) = ueVITIT 4 O(eVITTH0IT) - 0% () = 1 — B,e T + O(eldT0)7) - (3.33)

as x — —o0, for some positive constants o, dy, 05 and 3, > 0.

(it) For any g € (1,4 ++/13), the functions C7. and C* satisfy the inequality

3C*2 () + gC*(z) > 1, Yz eR. (3.34)

Proof. (i) The heteroclinic connection (C%,C*) being included in the unstable man-

ifold of the equilibrium (0, 1), the functions C% and 1 — C* decay exponentially to 0, as

x — —oo. This implies the behavior of C* and by taking into account the behavior of the

different terms in the equation (3.31), we obtain the result for C7 .

2Tt turns out that this condition is necessary and sufficient.
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(ii) For g € (3/2,4 + +/13) the property (3.34) is an immediate consequence of the
inequality
Ci(x)+ Cx(xz) >min(1,2/\/g+1), VzeR,
given above. We set
folw) = 3CF (x) + gC(x) — 1,

so that f, is a smooth function defined on R and f, is positive for any g € (3/2,4 4+ v/13).
Assuming that there exists g € (1,3/2] such that (3.34) does not hold, since f; has positive
limits at x = 400,

lim fg(z) =9—1>0, :Eh—>Holo fq(z) =2,

T—r—00
and since the property holds for any g € (3/2,4++/13), there exists g € (1,3/2] and z, € R
such that

folzs) =0, fo(zs) =0,  f(zs) >0, (3.35)
i.e., fq vanishes at a local minimum x..

For notational simplicity, we set

U=C3(z), V=0%4), X=(C\(2.))? Y=(C(2:)
Then the two equalities in (3.35) imply,
3U+gV =1, 9UX = ¢*VY,
and from the property (iv) above we find that
X+Y = %(U+V—1)2+(g—1)UV.

Consequently, we can write V, X, Y as functions of U,

V= 2(-30)
y LA =3U)((5g% — 99U+ 6(1 — g)U — (g~ 1)*)
2 9(3(g —3)U —g) :
v 9U(Bg° U +6(1 —g)U — (9~ 1)°)
D) 92(3(9_3)[]_9) s

and then compute
fi@e) = 28X +gY +3U(-14U+gV)+gV(-1+gU+V)
= (18(g = 1)(¢* —=9NU® + (129(9 — ¢°) — 27(3 + ¢*))U”
+2g(9% + 69 — NV + (9 — 1)(9 —3)) /(9(g — 3(g = 3)U)).

For g € (1,3/2) and U € (0,1) we find that f;/(x,) < 0, which proves the result. m
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Remark 3.7 (i) As pointed out in [68], the system (3.31)-(3.32) is integrable in the case

g = 3, and the heteroclinic solution (C%,C*) can be explicitly computed in this case.

We find that
1
Ci@) = 5 (1 + tanh (%)) .

These formulas allow to easily check the properties in Lemma 3.6, and also the ones

i Lemma 3.8 below, in this particular case.

(ii) The heteroclinic connection (C%,C*) being real-valued, it is in fact a solution of the
4-dimensional system obtained by restricting (3.31)-(3.32) to the invariant subspace
of real-valued solutions. As a solution of the (complex) 8-dimensional system, it
belongs to the circle of heteroclinic solutions 7,(C%,C*), for a € R/27Z, and all
these heteroclinic solutions are reversible. Notice that such a property does not hold
for the circle of solutions T,(P.g) found in Section 4.3.3, the reason being that the
reversibility symmetries are different, S1 for (C7,C*) and S1Sy for P .

Persistence of the heteroclinic

The heteroclinic solution (C7%,C*) is a particular reversible solution of the system (3.27)-
(3.28) for e = 0. Its persistence for small € > 0 is proved by applying the implicit function

theorem in a space of reversible exponentially decaying functions,
X; = {(C_HC_,C__;_,E) € Xﬂ ) O+(:E) = i(_l‘)v T e R}v (336)

where, for n > 0,

Xy ={(Cy,0_,C,C0) e (L)'}, Ly = {f ‘R—C; /Re%ﬂf(xn? < OO} '

A key step of the proof is the analysis of the operator obtained by linearizing the leading
order system (3.31)-(3.32), together with the complex conjugated equations, at (C},C*),
i.e., the linear operator L, acting on (Cy,C_) through

. on Cl— (142032 4 gC?) Cy — C?C4 — gCLCH (C- + C)
N )\ O (—1 49024202 O — CO- — gCrCE(Cy +CY) )
In the space of exponentially decaying functions A7), the operator L, is closed with dense
domain

Yy ={(Cs,C_, 0L, C) e (HOYY, H2={f:R—C; f,f,f €L},  (3.37)

and the subspace X, of reversible functions is invariant under the action of L., due to the
reversibility of both the system (3.27)-(3.28) and the heteroclinic (C7%,C*). The following
lemma extends the result in [32, Lemma 4.1] to values g € (1,4 +/13).
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Lemma 3.8 Assume that g € (1,4 + +/13). For any n > 0 sufficiently small, the operator
L. acting in X,’; is Fredholm with indexr —1. The kernel of L. is trivial, and the one-

dimensional kernel of its L?-adjoint is spanned by (iCy, —iC*, —iC% ,iC*).
Proof. Taking as new variables the real and imaginary parts of C,

1 — 1 __
Up = 5(6& +C1), Vi= 2—Z.(C'i - Cy),

M, = M, 0 7
0 M

(T Ul — (=143C52 + gC*?) Uy — 29CLCHU-
"\Nvs ) \ U (-14 902 +302) U —29CiCr UL )]

V. V- (-14+gC2+CH V. )’
acting in, respectively,

we obtain the matrix operator

with

X ={(Uy,U-) € (L3)*; Up(x) =U_(—x), z € R},
X, ={(Vy, Vo) € (L2)?; Vi(z) = =V_(—x), z € R}.

The properties of L, are found from the ones of M, and M;. In the case g = 2, the
operator M, has been studied in [31, Lemma 4.6] and the operator M, in [32, Lemma 4.1].
Using the same arguments, it is straightforward to show that, for any g > 1, the operator
M, is Fredholm with index 0, whereas the operator M; is Fredholm with index —1, has a
trivial kernel, and the one-dimensional kernel of its L?-adjoint is spanned by (Cx,=C*).
To complete the proof it remains to show that the kernel of M, is trivial. In this part of
the proof, we use the two properties given in Lemma 3.6, the second one leading to the
restriction g € (1,4 + v/13).

Elements in the kernel of M,. are couples of functions (U, ,U_) € Xy, solving the linear

System
Ul = (14303 + gC*?) Uy +29CLC*U_, (3.38)
U” = (=1+ gC%? + 3C*?) U_ + 29CC* Uy (3.39)

Due to the translation invariance of the leading order system (3.31)-(3.32), the derivative

(C%,C*) is a solution of this linear system, but it does not satisfy the reversibility condition
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Uy(x) = U_(—=x), and therefore it does not belong to the kernel of M,. We show below
that the space of bounded solutions of this linear system is one-dimensional, hence spanned
by the derivative (C7/, C*') of the heteroclinic solution. This implies that the kernel of M,
is trivial and proves the result.

In the limit x = —oo, the system (3.38)-(3.39) is autonomous, and the equations are

decoupled,
Ul =(g—-1)Uy, U’=20_.

Consequently, the set of solutions of (3.38)-(3.39) which are bounded as z — —o0 is a two-
dimensional vector space consisting of pairs (U4, U_) of exponentially decaying functions.
Taking into account the exponential decay of solutions of the autonomous system and the

asymptotic behavior of the heteroclinic solution in (3.33) we obtain that
Up(x) = apeV9=1o 4 O(elVIm1H0:)zy (3.40)

as x — —oo, for some a; € R and §, > 0. We show below that ay # 0, which implies
that the space of bounded solutions of this linear system is one-dimensional. Indeed,
assuming that there are two linearly independent solutions of (3.38)-(3.39), then a suitable
linear combination of these solutions gives a solution with ay = 0, which contradicts the
property a. # 0.

Assume that a;p = 0. Then the exponential decay of U, is given to leading order by
the coupling term 2gC; C*U_ in (3.38). The product 29C} C* being positive, this implies
that Uy and U_ have the same sign as x — —oo. Since both functions decay exponentially
as © — —oo, they have constant signs on an interval (—oo,m), for some real number m.
Assume, for instance, that they are both positive for x in (—oco, m), and take the first local

maximum z, of U_, hence satisfying

U_(2.) >0, Ul (x,)=0, U'(xs)<0, U_(2)>0, V<.
From the equation (3.39) we find

2907 (2,)C* (2. )Us (22) < — (=14 gC3(2s) + 3C* 2 (24)) U— (),

which together with the property (3.34) in Lemma 3.6 and the positivity of U_(xz,), C7,
and C*, implies that Ui (z,) < 0. We claim that U, (z) < 0, for all x < z,. Indeed,
assuming that Uy is not negative, there exists a local maximum at some point z, < z.
such that

Ug(@) >0, Ul(z)=0, Ul <O0.
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Using now the equation (3.38), and arguing as above we obtain that U_(z,) < 0, which
contradicts the positivity of U_ for © < x,. This implies that Uy and U_ cannot have
the same signs as * — —oo, which contradicts the assumption a4 = 0, and completes the
proof. m

The remaining part of the persistence proof consists in applying the implicit function
theorem to show the existence of a heteroclinic solution for the full system (3.27)-(3.28),
connecting Q. g, as * — —oo, to P, gy, as  — oo. The operator L, being Fredholm with
index —1, the presence of the parameter 6 is essential in these last arguments. In the proof,
0 plays the role of an additional unknown which is determined as a function of ¢ when

applying the implicit function theorem.

Theorem 3.9 Assume that g € (1,4 + /13). For any € > 0 sufficiently small, there
exists = O(c'/?), continuously depending on £'/?, such that the system (3.27)-(3.28)
possesses a reversible heteroclinic solution C. = (C4 ¢, C_ ) connecting the solutions Q. g,

as v — —00, to P, g, as x — o0.

Proof. We follow the proofs in [32, Theorem 2] and [65, Theorem 2.
The system (3.27)-(3.28) together with the complex conjugated equations is of the form

F(C,C,e'?) =0, C=(Cp,C), (3.41)

and it has the particular solutions P, g and Q. y found in Section 4.3.3, for sufficiently small
¢ and € > 0, and the heteroclinic solution C* = (C,C*) from Section 4.3.4, for e = 0. We

set
P.g=Pey—(1,0)e™ Qup=Qep—(0,1)e™,
and take a smooth function x : R — [0, 1] such that
x(z)=1, ifx>M, x(x)=0,ifx<m,
for some positive constants m < M. We look for solutions of (3.41) of the form
C(z) = € C*(2) + X(2)P. o() + x(—2) Qe p(x) + V (@), (3.42)

with (V,V) € Yy = Yy &y, where X and V;, are defined in (3.36) and (3.37), respectively.
Notice that the difference C — P,y (resp. C — Q.g) decays exponentially to 0, as z — oo
(resp. © — —o0), with the same decay rate as V, and that C and V have the same
reversibility symmetry Sj.

Substituting (3.42) into (3.41) we obtain an equation of the form

T(V,V,0,e/%) =0.
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As shown in [32, Theorem 2|, T(V,V,0,e'/?) e Ay, for any (V,V) € Y, and (6,'/?)
sufficiently small, and from the properties of hy in (3.27)-(3.28) we find that

T=To+T, Ti=0(), (3.43)

with 7o continuously differentiable and 77 continuous and continuously differentiable with
respect to (V,V,0). Furthermore,

7(0,0,0,0) = F(C*,C*,0) =0

and a direct calculation shows that

izC* 2iC*
DvT(0,0,0,0) = £, DyT(0,0,0,0) = L. = .
VTl ) 2 ) < —izC* ) ( —2iC* )

According to Lemma 3.8, the operator L, is Fredholm with index —1, injective, and its

range is L?-orthogonal to (:Cy, —iC*, —iCy,iC*). The L?-scalar product of this vector
with the differential Dy7(0,0,0,0) is given by

2 / (2CY (2)C% (x) — 2C7 (2)C* (2)) do = 2 / (C32(x) — C*2(x)) de =4 #0, (3.44)
R R

which implies that Dy7(0,0,0,0) does not belong to the range of £*. Consequently, the
differential D(Vﬂ)T(O,O,O,O) is bijective, and the result in the lemma follows from the
implicit function theorem [23, Theorems 10.1.1 and 10.1.2] and (3.43). =

Going back to the Bénard-Rayleigh problem, the result in this theorem, together with
Lemma 3.4, implies the existence of a symmetric domain wall connecting two rotated rolls,
RsU} ,, as & = —o0, to R_gUj , as @ — oo, with k = k. + O(e) and 8 = a + O(e),
for positive e = p — pu,. sufficiently small. The family of maps (74).e r/2-z Provides the
circle of reversible heteroclinic solutions 7,(C4 -, C_ ), for a € R/27Z, which corresponds
to translations in gy of the symmetric domain wall. This proves Theorem 3.1. Notice that
€ =R — R, in Theorem 3.1 is linked to € = p — p,. in Theorem 3.9 through RY2 = i and
R? = pi.

4.4 Bifurcation of symmetric domain walls without symme-
try S;
This is the case with rigid-free boundary conditions, i.e.

Vo=V, =V.,=0=0for z =0, (4.1)
0.V, =0V, =V, =0=0for z =1.
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In such a case the symmetry S3 does not apply. The main result of this Section is summa-

rized in the following theorem.

Theorem 4.1 Consider the steady Navier-Stokes-Boussinesq system (2.1) with “rigid-
free” boundary conditions (4.1). Denote by R. the critical Rayleigh number at which con-
vective rolls with wavenumbers k. bifurcate from the conduction state. Then for any angle
a € (0,7/3), a # /6, there exists Pyx(a) > 0 such that, up to a finite set, for any Prandtl
number P > Pi(«), a symmetric domain wall bifurcates for Rayleigh numbers R = R.+ ¢,
with € > 0 sufficiently small. The domain wall connects two rotated rolls which are the
rotations by opposite angles (ac+ O(€)) of a roll with wavenumber k.+ O(e), continuously
linked to the amplitude which is of order O(e'/?).

4.4.1 A cubic normal form for 12-dimensional vector fields

In this section we prove a normal form theorem for reversible and O(2)-equivariant 12-
dimensional vector fields having the same linear part and symmetries action as the one in
(2.10), i.e.
Sl(A07 BOa A+7 B+7 A—7 B—) = (A_07 _F07 Ia _K7 A_+7 _B_+)7 (42)
SQ(A07 BOa A+7 B+7 A—7 B—) = (A07 BOa A—7 B—7 A+7 B+)7 (43)
Ta(Ag, By, Ay, By, A_,B_) = (Ag, By, e Ay, e B, e “A_,e"“B_). (4.4)
Theorem 4.2 Consider a system of ordinary differential equations
dX —
— =GX, X 4.5
~ = G(XX.e), (15)

in which X = (Ao, By, Ay,By,A_,B_) € C® and the vector field G is of class C*, for
some k > 5, in a neighborhood Uy x Uy x Us C C6 x C® x R of the origin. Assume that

G(0,0,) =0, DxG(0,0,0) = Ly, D+G(0,0,0) =0,

where Ly 1s a Jordan matriz acting on X through

By 0 0
tke 1 tky 1
LO = 0 B2 0 ’ Bl = ) BZ = ) (46)
0 ik 0 ik,
0 0 B

with 1 < kc/ky # 2, and that G(-, -, €) anti-commutes with Sy given by (4.2) and commutes
with Sy and T4 given by (4.3) and (4.4), respectively.
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There exist neighborhoods Vi and Vo of 0 in C% and R, respectively, such that for any
e € Vs, there is a polynomial P(-,-,¢) : CO x C6 — CO of degree 3 in the variables (Z,2),
such that for Z € V1, the change of variable

X=2Z+P(Z7Z,e), (4.7)

transforms the equation (4.5) into the normal form

Z _ —
Z_x:LOZ"i_N(Zazag)—’_p(Zazag)? (48)

with the following properties:
(i) the map p belongs to C*(Vy x Vi x V5, CY), and

p(2,Z.€) = O(eP|Z] + el ZIP + 112]1*);

(ii) both N(-,-,¢) and p(-,-,€) anti-commute with S1 and commute with Sy and T, for
any € € Vo;

(i1i) the siz components (No, Mo, Ny, My, N_,M_) of N are of the form

No = iAoPy + as(Arur + A_ug),

My = iByPy + ApQo + a5(Biuy + B_ug) + ias(Asur + A_ug),
Ny =iAL Py + B, Aour + BgA_uy,

M, = iBiPy + A+ Q4 + B Bowr + ibr Agwir + BsB_ug + ibs A_ug,
N_ =1iA_P_ + BrAgus — By ATy,

M_=iB_P_+ A_Q- + B;Bous + iby Agug — Bs By g — ibg A1 g,

with

Py = ape + aqug + agug + ag(ug + us) + aq(ug + ug),
Qo = ape + aruy + agus + as(us + us) + ag(ug + ug),
Py = Boe + Brur + Byuz + Baug + Byus + Bsus + Beue,
Q+ = boe + brug + baug + bsus + byug + bsus + bgug,
P_ = Boe + Brur + Byuz + Bsug + Beua + Baus + Byue,

Q—_ = boe + biuy + baus + byuz + bgug + bsus + byug,
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where (Ao, Bo, A, By, A_, B_) are the six components of Z, the coefficients o, a;,

Bj, bj are all real, and
uy = AoAo, uz = i(AgBo — AyBy),
us = A\ AT, uy—i(A By —AB.), us—=A A, wug—i(A B —A_B.),
Uy = (A(]B_+ - A_+Bo), ug = (A()K - IB(]), Uug = (A+K - IB+>
Proof. From general normal form theorems (e.g., see [28, Sections 3.2.1, 3.3.1, and

3.3.2]), we obtain the existence of two polynomials P(-,-, &) and N(-,-, &) of degree 3 in the
variables (Z, Z) such that the properties (i) and (i) hold, the polynomial N is of the form

N(Z,Z,¢) = Ni(Z,Z)e + No(Z,7) + No(Z, Z)e + N3(Z, Z), (4.9)
with IV, and ]Vp homogeneous polynomials of degree p in (Z, Z), and satisfies the identity
DyN(Z,Z,e)LyZ + DyN(Z,Z,e)LyZ = LiN (Z, Z,¢), ¥ (Z,e) € CO¥x Vy,  (4.10)

in which Lg is the adjoint of Ly. Due to the equivariance of the normal form under the action
of the symmetry Sy, it is enough to determine the first four components (Ngy, My, N4, M)
of N, the result for (N_, M_) being obtained by exchanging the indices + and — in the
expressions of (N, M, ).

Monomials in Ny are My are of the form
AP A BBy AN AL BT BT AP AT BT B_ 4.11
0o Ao By Bo Ay AL BBy TATA T BB, (4.11)
with nonnegative exponents such that
Po+qo+7ro+ S0+t +qy +re +5p+po g +ro+s-=m, me{l,23} (412)

From the commutativity of N and 7,, we obtain that their exponents also satisfy the
equality
(p+ —q+ +rp —s4) = (p- —gq-+71-—5-) =0, (4.13)

and we claim that we also have the equalities
po—qo+ro—so=1 (py+—q++ry —si)+(p- —q-+r-—s_)=0, (4.14)

when k./k, # 2.
Indeed, the identity (4.10) implies that Ny and My satisfy the equalities

(D' +ik)No =0, (D" + k)Mo = N,
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in which
0 0 — 0 — — 0
D* = _kcA - A — kCB e kCA e A kcB —
! 05A0+( ot 0)330—“ 08A0+( 0o+ O)Z?Bo
0 0 — 0 S — 0
[ +8A++( + +)8B++Z +8A++( + 1 +)8B+
0 0

, 0 . L —— 0 SN —
_kaA_az + (A_ — kaB_)aE + kaA_aA?_ + (A_ + kaB_)af’

is a linear map which preserves the degree of homogeneous polynomials. For a fixed degree
m, taking a basis of monomials ordered by decreasing exponents pg, qo, 70, S0, P+, G+, T+,
S+, P—, q—, r—, and s_, the action of D* is represented by a lower triangular matrix with

equal elements on the diagonal given by
—ike (po — qo + 710 — So0) — thy (P4 — q4 + 14 — 54) —iky (p- —q- +71- —s_).

Consequently, the polynomials Ny and My, which belong to the kernel and generalized
kernel of D, + ik., respectively, belong to the subspace spanned by monomials for which
the quantity above is equal to —ik.. Taking into account that k./k, > 1 and the properties
(4.12)-(4.13), we conclude that (4.14) holds when k./k; # 2. This proves the claim.

Next, taking m = 1 in (4.12) and using (4.12)-(4.14) it is straightforward to check that
the first two components of N in (4.9) have the form given in (ii7). For even integers m, and
in particular for m = 2, from the equalities (4.12) and (4.13) we obtain that pg— qo+70 — So
must be an even integer. This contradicts the first equality in (4.14). Consequently, there
are no mononomials of even degree in the first two components of N. It remains to consider
the cubic monomials, m = 3. Collecting all cubic monomials satisfying (4.12)-(4.14), we
directly compute the action of (D* + ik.) on all these monomials. Then we identify a basis
for the kernel of (D* + ik.) which gives the result for Ny, and a basis for the generalized
kernel of (D* + ik.) which gives the result for M.

For the components N, and M, of N the result is obtained in the same way. We only
point out that for these polynomials the exponents of the monomials (4.11) satisfy (4.12),
the equality

(p+ —q+ +rp —s4) = (p- —g-+r-—s-) =1, (4.15)

replacing (4.13), and

po—qo+ro—s0=0, (pyr—qy+ry—sy)+{p-—q +r_—s_)=1, (4.16)
instead of (4.14).

Finally, taking into account the action of the reversibility S, it is straightforward to
check that the coefficients a;, a;, 8; and b; are real. This completes the proof of the

theorem. m
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Remark 4.3 In the resonant case k./k, = 2, the two polynomials Ny and My contain the
additional quadratic terms agA+A_ and iag(B+A_+ Ay B_)+agALA_, respectively, with

real coefficients ag and cg.

Applying the result in Theorem 4.2 to our reduced system (2.10) we obtain its normal
form (4.8) for k./ky # 2, i.e., for any angle a € (0,7/3), o # 7/6.

4.4.2 Existence of domain walls

In this section, we prove the existence of a heteroclinic connection for the normal form
system (4.8). Following the analysis from Section 4.3, we focus on the main differences and
refer to Section 4.3 for the technical details which remain the same.

We restrict to € > 0, which corresponds to values p > . for which rolls exist and

exclude the resonant angle v = 7/6 which requires a different analysis.

Rotated rolls and coefficients of the normal form

The rotated rolls R_sUy, , with rotation angle 8 € (0,7/2) are 27 /ksin S-periodic solu-
tions of the dynamical system (2.1) and belong to the phase space X when their wavenumber
in y is equal to ky,
kcos B = ky = k. cos a.

For (k,p) close enough to (ke,pi,.) they are small bounded solutions which belong to the
center manifold (2.5) of (2.2). Projected on the center space X, they become 2 /k sin -
periodic solutions of the reduced system (4.5) and also of the normal form system (4.8). As
in Section 4.3 we obtain a family Z. g of 27 /ksin S-periodic solutions of the normal form

system, where the parameters (g,0) are related to (k, ) through the equalities
e=p—p., O=ksinf—k,=~ksinp—k.sina= ﬁ(k‘ —ke) + O(|k — k|?).
These solutions have the expansion
Z.4(z) = (0,0,5ei(kx+9)x,0,0,0> +O(8)16] + 1512, (4.17)

with 6 > 0 as in (3.21). As shown in Section 4.3, we can use this family of solutions to
determine two coefficients of the normal form system
2 219
bp=————"—5—<0, bz3=——"—"—5— >0, 4.18
0 i (ke) sin? o ’ 1 (k) sin? o (4.18)
where (k) > 0 is the second order derivative of ug(k) with respect to k and py > 0. The

symmetry properties of rotated rolls, seen in Chapter 3:

RaUZ,u(ﬂf) = Rn+aU2,u(ﬂf)
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S1(Ra U}, (1)) = R_Uj (), SaR.Uj, = R_.Uj,, (4.19)

S1S2(RaUy, ,(2)) = Ra Uy ,(—2).

are preserved so that Z. g is S1S2-reversible and the rolls RgU7. ., rotated by the opposite
angle 3 give the periodic solutions S2Z. . We refer to Section 4.3 for more details.
Similarly, by taking the rotation angle 3 = 7/2, from the rotated rolls R /o Uy, > Which
are constant in y and therefore 27 /k-periodic solutions of the dynamical system (2.1), we
obtain a second family of periodic solutions for the normal form system. With the help of

these solutions we can compute two other coefficients of the normal form system,

2 249
<0, a3 =
P (k)

ag = — > 0. (4.20)
Notice that we have the following relationship between coefficients:

ap =bpsin?a <0, ay = bgsin’a > 0. (4.21)
Leading order dynamics

We consider the new variables

_ e o

T = |boe|Y?x, Ap(x) = bb%e ekrCo(Z), Bo(z) = \IJ‘EI%GZMDO(SU), (4.22)
1z N ; N

Ay(z) = bb%e eha* Oy (7), By(x) = ul;%elkﬁDi(g;), (4.23)

Replacing these variables into the normal form system (4.8) and taking into account the

signs of by and b3 in (4.18) and the relationship (4.21), we obtain the new system
C = Dy + O(e'/?),

(4.24)

Dy =sin® o (=1 4 |Col* + g1 (|IC1[* +|C_*)) Co + O(e'?), (4.25)
C'. =Dy +O('?), (4.26)
(4.27)

(4.28)

(4.29)

D)y = (=14 g3|Col? + |C > + g3|C_|*) Cy + O(e'?), 4.27
C' = D_+0('?), 4.28
D' = (=14 ga|Col* + g3]C1+ |2 + |C_*) C— + O(e/?), 4.99
in which
a3 b1 bs
g1 =—5 g2= gs = —.

ay by’
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Solving the equations (4.24), (4.26) and (4.28) for Dy, D4 and D_, respectively, we rewrite
the first order system (4.26)-(4.29) as a second order system,

Cl = sin?a (=1 + |Col> + g1 (IC4 > + |C_?)) Co + O(V/2), (4.30)
Cl = (—1+ gl Col* + |C1[* + gs|C_|?) C4 + O('/?), (4.31)
C" = (=1 + g|Col? + ga|C4 2 + |C_2) C— + O(Y/2), (4.32)

in which the O(g!/?)-terms are continuous in (Cy, C+,€'/?) and continuously differentiable
in (CQ, Ci).g

From the periodic solutions Z. g and S§>Z. ¢ of the normal form system we obtain the
S18z-reversible solutions P. g and Q. y = S2P. g, respectively, for the system (4.30)-(4.32)

with expansions

P.g(x) = (0,(1— )2,0) + O(=12), Q. 4(x) = <0, 0,(1 = 6%)!/27) + O(e1/?)

(4.33)

(see also Lemma 3.4). Notice that these periodic solutions represent the rotated rolls

RsU} , and R_gU;j . While they are periodic at leading order, the terms O(£'/?) are

quasiperiodic in = due to the presence of the exponentials e?** and e+ in the change of
variables (4.22)-(4.23).

An important property of the leading order system obtained by setting ¢ = 0 in (4.30)-

(4.32) is that it leaves the four-dimensional subspace {(Cp,C4,C_) ; Cyp = 0} invariant.

Restricting to this subspace we recover the leading order system of Section 4.3:

Cl = (=14 |C4* + gslC_*) C, (4.34)
C" = (—1+gs|CL? +|C_]?) C_. (4.35)

The existence of a heteroclinic solution for this system has been proved in [68]. According
to [68, Theorem 5], for any g3 > 1, the system (4.34)-(4.35) possesses a heteroclinic solution
(C%,C*), with C% smooth real-valued functions defined on R, which is S;-reversible and
connects the equilibrium (0,1) as + — —oo with the equilibrium (1,0) as z — oco. This
heteroclinic solution represents the leading order part of the domain walls constructed in
Section 4.3.

The invariance of the subspace {(Cy,Cy,C_) ; Cy = 0} implies that the leading order
system from (4.30)-(4.32) possesses the S;-reversible heteroclinic solution (0, C, C* ), with
C% as above, which connects the equilibrium (0,0,1) as  — —oo with the equilibrium
(0,1,0) as * — oco. Notice that the equilibria (0,0,1) and (0,1,0) are equal to Qg

3This property of the 0(51/2)-terms is less strong than the one from Section 4.3 but it is enough for our

purposes. It is needed when applying the implicit function theorem in the proof of Theorem 3.9.
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and Pyo and therefore represent the rotated rolls with wavenumber k., RaUZau and

R-_Uy,. > Tespectively.

4.4.3 Existence of heteroclinic solutions

The existence of domain walls is obtained by proving that the Si-reversible heteroclinic
solution (0,C7%, C*) found for € = 0 persists for ¢ > 0. More precisely, we have the following

result.

Theorem 4.4 Assume that g1 > 1 and g3 € (1,4 + V13). FEzcept for at most a finite
number of values g1, for any € > 0 sufficiently small, there exists 0 = O(sl/ 2), continuously

12 such that the system (4.31)-(4.32) possesses a reversible heteroclinic

depending on €
solution Ce = (Coe,Ct ¢, C— ) connecting the solutions Q. g, as x — —o00, to Py, as

T — 00.

The quotients g; and g3 depend on the angle « and the Prandtl number P through
the complicated analytical formulas (4.15) and (4.16) computed in Appendix 6.4.3. Taking
a = 0 in (4.16) of Appendix 6.4.3 we obtain that the limit as o — 0 of g3 is equal to
2, just as in Section 4.3. Consequently, the condition g3 € (1,4 + v/13) holds at least for
small angles a € (0, a.(P)), for some positive . (P). For g1, we have the same property
when o = 7/2, but these angles are excluded from our analysis and it seems difficult to
check analytically the inequality g; > 1 for angles a € (0,7/3). Instead, we compute g3
symbolically, using Maple, and obtain that the inequality g3 > 1 is always satisfied, for any
positive Prandtl number P and any angle a € (0,7/2). By comparing the formulas (4.15)
and (4.16) in Appendix 6.4.3 we then obtain that the inequality g; > 1 always holds, as
well. The same Maple computation also allows to determine the values («,P) for which
the second condition on gs is satisfied, i.e., g3 < 4 + v/13. We summarize these properties
in Figure 4.1.

The solutions Q. y and P.g in Theorem 3.9 representing the rotated rolls RzU Z,u
and R_gU ZW respectively, the result in Theorem 4.1 is an immediate consequence of
Theorem 4.4 and the properties of g; and g3 in Figure 4.1.

The proof of Theorem 4.4 is based on the implicit function theorem applied in the space

of Si-reversible exponentially decaying functions,

X; = {(CO7C+7C—7?07C_+7K) S Xn ) C()(.Z') = ?0(_'%)7 C+(33) = a(_x)v T e R}7
(4.36)
where, for n > 0,

X, = {(Co,C4,C0_,Co,Cy,C-) € (LA}, L2 = {fiR—MC; /Rez’?ﬂf@c)F <oo}-
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047
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021 g<4+V13
0.19
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0 0.2 0.4 0.6 0.8 1
BO=sin’o.

Figure 4.1: In the (©,P)-plane, with © = sin®a, Maple plot of the curve along which
g3 = 4 ++/13, for © € (0,1). The inequality g3 < 4 + /13 holds in the shaded region,
whereas the inequalities g3 > 1 and g; > 1 hold everywhere. Domain walls are constructed
in the shaded region situated to the left of the vertical line © = sin?(7/3) = 0.75, except
for the values on the vertical line © = sin?(7/6) = 0.25 which correspond to the resonant
case k./k, = 2, and perhaps a finite number of curves corresponding to the finite number

of (unknown) values ¢g; in Theorem 4.4.

It turns out that the linear operator needed in the implicit function theorem has exactly
the same properties as the one in Lemma 3.8. Therefore, the implicit function theorem
can be applied in the same way as done in Theorem 3.9 and we omit these details of proof
here. We focus on the properties of this linear operator, which is obtained by linearizing
the system (4.30)-(4.32) with ¢ = 0, together with the complex conjugated equations, at
(0,C1,C%), ie., the linear operator L, acting on (Cyp, Cy,C_) through

Co CJ —sin® o (=14 g1 (C32 4+ C*2)) Co
Lo| C | =] Cl—(-1+42C2+ g3C*?) Cyp — C2C4 — g3CLC* (C- + CO)
C_ C” — (=14 g3C3% +2C*2) C_ — C*2C_- — g3C1C*(Cy + C4)

We prove that this operator has the same properties as in Lemma 3.8, which completes the

proof of Theorem 4.4.

Lemma 4.5 Assume that gy > 1 and g3 € (1,4++/13). Except for at most a finite number
of values g1, for any n > 0 sufficiently small, the operator L, acting in Xy is Fredholm with
index —1. The kernel of L, is trivial and the one-dimensional kernel of its L*-adjoint is
spanned by (0,iC7, —iC*,0, —1C%,iC*).
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Proof. The action of the operator £, on the Cy-component being decoupled from the

action on the (C,,C_)-components, we may write
Ly 0

ﬁ* == 0 5
0 Ly

LoCy = Cl —sina (=1 + g1 (C32 + C*2)) Cy,

G Cl — (142072 4 g3C*%) Cy — C2Cy — g3CLC*(C_ + C2)
ol )T\ 0 (c1 4 g0 4 2072) O- — 20T — g3CLCr (O + TT) )

with

and we have the complex conjugated actions on the components Cy and (C,C_). The
operator L4 is precisely the one from Lemma 3.8. For any g3 > 1, it is a Fredholm
operator with index —1, has a trivial kernel, and the one-dimensional kernel of its L>-
adjoint is spanned by (iC%, —iC*, —iC%,iC*). To complete the proof it remains to show
that the operator Ly is invertible.

Taking as new variables
. 1 an 1 — o~ *
y=Ginae, Up=3(Co+To), Vo=5:(Co-Co), Cily) = Ci(e),
we obtain the matrix operator
M Uy _ U(/]/ +Uy— g1 (5:_2 + éiz)Uo
"\ % VI 4+ Vo — (O + 02, )

acting in
X9 = {(Un, Vo) € (L2); Uo(y) = Uo(—), Voly) = —Vo(—y), y € R}.

The invertibility of L is equivalent to the invertibility of the matrix operator My. The
action of My on the two components Uy and V; being the same its invertibility in Xg is

equivalent to that of the scalar operator
Lolgi] = Oy + 1 — 91 (C + C2)

acting in L%. We show the invertibility of this operator in L?, except for at most a finite
number of values g1 > 1, which by a standard perturbation argument implies its invertibility
L% for sufficiently small 7.

The function 5’12 + C*2 converging towards 1 as x — =00, the operator Lglgi] is
a relatively compact perturbation of the asymptotic selfadjoint operator 0y, + 1 — g.

Consequently, they have the same essential spectrum,

Uess(LO[gl]) = Uess(ayy +1- gl) = U(ayy +1-— gl) = (—OO, 1- gl]-
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This implies that for any g; > 1 the operator Lg[g;] is Fredholm with index 0, so that its
invertibility is equivalent to the property that its kernel is trivial.

We claim that if Lo[g]] has a nontrivial kernel for some g7 > 1, then Ly[g1] is invert-
ible for any g1 = g7 + v # ¢ with sufficiently small 7. Indeed, consider an orthogonal
basis {7, ...,&),} of the finite dimensional kernel of Lo[g7], which is the spectral subspace
associated with the eigenvalue 0, because 0 is an isolated eigenvalue and the operator is
selfadjoint. For sufficiently small v, the operator Lg[g1] has at most n eigenvalues close to
0, which are the continuation of the eigenvalue 0 of Lg[gj], and the spectral subspace asso-
ciated to these eigenvalues has a basis {&;(7),...,&,(7)} which is the smooth continuation
of the basis above. These eigenvalues of Ly[g1] are the eigenvalues of the n x n-matrix M|g]
representing the action of Lg[g1] on the basis {£;(7),...,§,(7)}. A direct computation of

this matrix shows that

M) = My +0(?), M= ((BE.&)) ;e

where

d A~ A~
B = d—glLO[mHm:g{ E _(O+2 + 0_2),

The function 5_*3 + C*2 being continuous and positive with limits equal to 1 at x = o0,
it is bounded from below by a positive constant c,. This implies that B is a negative
selfadjoint operator, so that the eigenvalues of M; are all negative. Consequently, 0 is not
an eigenvalue of M|[v] for v # 0 sufficiently small, which implies that L[g;] is invertible,
for g; close enough to g7 and proves the claim. As a consequence of this property, the
set of values g; > 1 for which the operator Lg[gi] is not invertible is countable and has no
accumulation point in R. In addition, the function 5’12 +C*2 being bounded from below by
¢ > 0, it is straightforward to check that the operator Ly[g:] is negative, and in particular
invertible, for any g; > 1/c.. We conclude that the set of values g; > 1 for which Lg[g1] is

not invertible is at most a finite set, which completes the proof of the lemma. m



Chapter 5
Orthogonal domain walls

This Chapter is based on papers [12], [39], [40], related to orthogonal domain walls. We
use the results of Lemma 2.3 in Chapter 3.

5.1 Introduction

In this Chapter, we consider the case where two systems of rolls connect orthogonally. We
refer to the works [2, 57, 58], and the references therein, for experimental and previous

analytical results, and detailed descriptions of these patterns and defects.

Mathematically, the governing equations are the Navier-Stokes-Boussinesq (N-S-B)
equations, completed by boundary conditions at the two plates. Observed patterns are
then found as particular steady solutions of these equations. In Chapter 4, as in [29] and
[33] we handled the full governing (N-S-B) equations and proved, for various boundary

conditions, the existence of symmetric domain walls in convection.

The existence of orthogonal domain walls (effectively observed experimentally) has been
studied formally by Manneville and Pomeau in [58]. In [3] and [35], (this is named ”planar
90" grain boundary separating two stripe domains of mutually perpendicular orientations”),
this is completed by the study of the dynamics of these defects, function of the waves
numbers of each set of rolls, however only on a Swift-Hohenberg type of model ODE so that
these previous works do not start with the Navier-Stokes-Boussinesq system of equations,

and just give interesting asymptotic non rigorous results in the mathematical sense.

In this Chapter, as initiated by Buffoni et al [12], we handle the full governing equations,
showing that the study leads to a small perturbation of the reduced system of amplitude

137
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equations in R® | the same system as the one predicted in [58]:

AW = A1 - A% —¢4B?) (1.1)
B" = &2B(~1+gA%*+ B?),

where €2 is the amplitude of rolls at infinities, and g a number, function of the Prandtl
number of the flow. By a variational argument Boris Buffoni et al [12] prove the existence
of an heteroclinic orbit, for any g > 1, and £ small enough, such that
Al(z) > 0,0< By(z)<1
M_=(1,0) as ¢ — —o0
(A(z), Bi(z)) —
M, =(0,1) as ¢ — +o0

This orbit is expected to represent the connection between a set of convecting rolls parallel
to the x direction, with a set of orthogonal rolls. This type of elegant proof does not allow
to prove the persistence of such heteroclinic curve under reversible perturbations of the
vector field, such that the one resulting from the full N-S-B system. Our purpose here is
to use the analytic results, as done in [39] and [40] for proving the persistence of the above
heteroclinic, hence applied to orthogonal domain walls in Bénard-Rayleigh convection. It
should be noticed that even though the present analysis looks similar to the one made in
Chapter 4, it really needs serious adaptation since, here we loose the symmetry of the wall
defect, which plays an important role in Chapter 4. Moreover, contrary to the symmetric
case considered in Chapter 4, the size of the perturbation which depends on &, appears in
the rescaled heteroclinic of system (1.1). This introduces lot of computations for controlling
higher order terms (see section 5.4). For obtaining steady solutions of N-S-B system, we
are led to consider the connection between rolls of different wave numbers; we give the link
between them and a modulated ”shift” of the system of rolls parallel to the wall, leading
to a one parameter set of solutions, for a fixed Rayleigh number slightly above criticality,
and a fixed Prandtl number. Contrary to the symmetric case, the wave numbers of rolls at
infinities need not be the same.

The first result is Theorem 1.1 with its 2 corollaries, giving the heteroclinic curve of

system (1.1) with some useful properties:

Theorem 1.1 Let us choose 1/3 < § < 1, where 6 is defined by g = 1 + 6°, then for e
small enough, the 3-dim unstable manifold of M_ intersects transversally the 3-dim stable
manifold of M, except maybe for a finite set of values of §. The connecting curve obtained
by this intersection, is the unique heteroclinic connecting M_ towards M. Moreover its

dependency in parameters (£,0) is analytic. In addition we have B(z) > 0 and B'(z) > 0
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on (—o0, +00). For x — —oo we have (A —1,A’, A" A" B,B') — 0 at least as e*%®, while

)
forz — +oo, (A, A", A", A") — 0 at least as e_\/;m, and (B—1,B') — 0 at least as e~ V2w,

Corollary 1.2 For x € (—o0,0] and choosing 6* < ¢, there exists ¢ > 0 independent of €

small enough, such that the heteroclinic curve satisfies

|A(z) — \/1 —(146)B(z)| < 662/53(3})665*90
|A(m) (l‘)| < 663/5B(x)655*x’ m=1,23.
Corollary 1.3 For z € [0,400) and 6, = 1—1052/5, there exists ¢ > 0 independent of € small

enough, such that the heteroclinic curve satisfies
|A™) (2)] < ee?Pe=% " m = 0,1,2,3.

We give a sketch of the proof of Theorem 1.1 in Appendix 6.5.1.
The second main result is Theorem 1.4 proving the existence of orthogonal domain walls

(see Figure 1.1):

Theorem 1.4 Ezcept for a finite number of values of g = 1+ 6% and for e small enough,
such that Theorem 1.1 applies, the heteroclinic solution connecting an equilibrium at —oo
(representing convective rolls parallel to x - axis and symmetric in coordinate y) and a
periodic solution at +oo (representing convective rolls orthogonal to the previous ones,
parallel to the wall), exists as a family of orthogonal domain walls. Denoting by € the
amplitude of rolls at infinities, the wave number of rolls orthogonal to the wall (resp. parallel
to the wall) being k(1 + e%k_) (resp. ko(1 4 €2k,)), where k. is the critical wave number,
the result is the following: ki and k_ are functions of ¢ and of a parameter , such that

k(e o)l < ce?,

ko(e,0) = Fre'™Pexp(—p) + O(?/%), with explp| <e /5.

The parameter o is linked to the ”shift” z of rolls parallel to the wall in such a way that

1+1/5( 1+2/5)

z=15¢ exp ¢ F exp(—)) + O(e

where the numbers v,,7vy of order 1, the choice of £ in z, and k_ and the possibility to
obtain k_ = k4 only depend on g and on the cubic coefficient (dy — dy4) in the normal form
(see (5.7) in Appendiz 6.5.2), all being functions of the Prandtl number.
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Figure 1.1: Orthogonal domain wall

Remark 1.5 Numbers v, and vo are given by

_ o fUas| e [3las]
71 3 y V2 2CL1 2 )

where a1 and as are defined by the following integrals, where (A, By) is the heteroclinic

solution given by Theorem 1.1

ap = /A;Qda: = 0(EY®), T = —sgn(as),
R

ase/?

(ds — dy) / A ABd.

R
Moreover, the equality ky = k_ = O(e?) is possible (for a suitable choice of ¢) if
d2 — d4 < 0.

Remark 1.6 Our method may be used for other physical problem displaying analogue pat-
terns, such as, for example at a fluid-ferro-fluid interface, as studied in the symmetric
case ("corner defect”) by J.Horn in [34]. More generally, any physical problem leading to
a normal form such as (5.2) (see Appendix 6.5.2) introduces the J important coefficients
(g9,da,dy,cg) of the cubic normal form, and should, after validation of the reduction, lead

to a Theorem such as Theorem 1.4.

Remark 1.7 Values of 6 such that 0.476 < § include values obtained for § in the Bénard-
Rayleigh convection problem where g = 1 4 6% is function of the Prandtl number P (as
computed in [29]) and Chapter 4. With rigid-rigid, rigid-free, or free-free boundaries the
minimum values of g are respectively (gmin = 1.227, 1.332, 1.423) corresponding to dmin =
0.476, 0.576, 0.650. The restriction in Theorems 1.1 and 1.4 corresponds to 1 < g < 2. Then,
the eligible values for the Prandtl number are respectively P > 0.5308, > 0.6222, > 0.8078.
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5.2 Center manifold reduction for orthogonal domain walls

5.2.1 System on the center manifold

We consider the parameter regime with (k, i) close to (ke, p..), where p, = py(k.). We set

= pc+p, k=k(l+k),

in which i and k are small parameters. We also eliminate the dependence on k of the
phase space X’ of the dynamical system by normalizing to 27/k. the period in y of the
solutions. The resulting system is of the same form as (1.9) in Chapter 3, in which now
Ay = (1+k)20yy + ..y Vi = ((1+k)d,,8.), and its phase space is X' with k = k.. We

write this system in the form

0,U = LU+ R(U, i, k), (2.1)

where

L= ﬁu R(Ua £, i{}) - (El/« - ﬁuc|]~€:0)U + BM(U7 U)7 (22)

c‘/é:m

and R is a smooth map from Z x (—u,,00) x R into X satisfying
R(0,1,k) =0, DyR(0,0,0) = 0. (2.3)

We apply a center manifold theorem to obtain a reduced system of ordinary differential
equations which describes the dynamics of (2.1) in a neighborhood of the equilibrium U = 0
for small (i, I;:) The arguments are the same as the ones in Chapter 4, except for the purely
imaginary eigenvalues of the linear operator L. which are different. The following result is

obtained in Lemma 2.3 of Chapter 3.

Lemma 2.1 The center spectrum of the linear operator L. consists of the three eigenvalues

0, +ik. with the following properties.

(i) The eigenvalue 0 has algebraic multiplicity 9 and geometric multiplicity 3, and the

complexr conjugated eigenvalues tik. are algebraically double and geometrically sim-

ple.

(ii) For the eigenvalue 0, there are three linearly independent eigenvectors: @y given by
(13) in Chapter 3, o of the form Co(y, z) = Uy, (2)e™*e¥, with Uy, (z) € C8, and the
complex conjugated vector {,, and two chains of generalized eigenvectors: ¢q,Cs,C3

associated to C,

£CC1 = COa ECC2 = C17 ﬁcCg = Cza
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and the conjugated vectors {;, o, C3 associated to . The eigenvector @, is invariant

under the actions of S1, So, and T,, and the other generalized eigenvectors satisfy:

S1¢o=Co.  S260=Co:  Talo = €,
S1¢1= €1, S2¢1=¢1, Tali = eiaCh
S1¢2=Ca, S2Co =, Talo =€,
Si¢s =3, S2(3=0{5, Tal3=e"Cs.

(i1i) For the eigenvalue ik., there is one eigenvector &, of the form &y(y, z) = ﬁo(z) € C8,

and an associated generalized eigenvector £, with the properties
(Le —ike)€q = &,
and

S1§, = E_o, 52860 =&y, Ta&o = &0,
516 =&, S8, =6, T =&

The complex conjugated vectors €, and &, are eigenvector and generalized eigenvector,

respectively, for the eigenvalue —ik..

As aresult of the center manifold theorem, we obtain that the small bounded solutions of
the infinite-dimensional dynamical system (2.1) belong to a 13-dimensional center manifold,

for any sufficiently small /2 and k, and are of the form

U = wog+ Aoy + A1y + A2(y + Az + Bo&y + Bi§;
+A0Co + A1Cy + Aoy + A3Cs + Bo€y + Bi&y + ®(X, X, i, k),

in which w and X = (Ag, 41, Az, A3, By, B1) are z-dependent functions with values in R
and CO, respectively, and ® is of class C™ in its arguments, for any fixed m > 1. The
eigenvectors and generalized eigenvalues being complex-valued, it is convenient to use here
complex variables (X, X), instead of 12 real variables, hence by identifying R'? with the
space C8 x C6 = {(Z,Z) ; Z € CO}.

The reduced 13-dimensional system for w, X, and X inherits the properties of the
infinite-dimensional dynamical system (2.1). In particular, as in Chapter 4, the invariance
of (2.1) under the action of T, implies that the reduced vector field is invariant under the
action of the induced transformation w — w + b, for any b € R, and therefore does not
depend on w. Consequently, the equations for w and (X, X) in the reduced system are
decoupled,

dw — .~

— =h(X,X,]
dm ( Y 7#7]{7)7
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and _
dX — o~ dX ——
— =X, X,k — =F(X, X, k). 2.4
dx ( ) 7/’[/7 )7 dx ( ) 7/’[/7) ( )

Taking into account the properties (2.2)-(2.3) and the result in Lemma 2.1 we obtain that

F(0,0,/1,k) =0, DxF(0,0,0,0) = L., DxF(0,0,0,0) =0, (2.5)

where L. is the 6 x 6 Jordan matrix

Ly 0 ike 1
Lo=| " , Lo= , L= . (2.6)
0 Ly 0 k.

In addition, from the symmetry properties of the eigenvectors and generalized eigenvectors

o O O O
o O O =
o O = O
o = O O

in Lemma 2.1, we deduce their actions on the variable X,

S1(Ag, A1, Az, A3, By, By) = (Ao, — A1, A, —As, By, —B1), (2.7)
So(Ag, A1, Aa, A3, By, By) = (Ao, A1, Aa, A3, By, By), (2.8)
Ta(Ao, A1, Aa, A3, By, By) = (€' Ag, €Ay, " Ay, €' A3, By, By). (2.9)

Then, the vector field in the reduced system (2.4) anti-commutes with S; and commutes
with So and 7,. Notice that the equivariance under the action of Sy implies that the
reduced system leaves invariant the 8-dimensional subspace {(X,X) ; A4; = A4;, j =
0,1,2,3}. Solutions in this subspace correspond to solutions of (2.1) which are even in y.
There is a second invariant subspace {(X,X); A; =0, j = 0,1,2,3}, which corresponds
to solutions of (2.1) which do not depend on y.

After some calculations and rescaling (see (5.6) in Appendix 6.5.2) the perturbed system
becomes

) K2 a

AP = ko AY+ A1 - = — A~ glBo) + T,

By = &*Bo(—1+ g4+ |Bol*) + 7. (2.10)

Parameters are defined as (see Appendix 6.5.2)

4

et~ =RY? Ri/z, R Rayleigh number,

i
k.(1 + e?k_) wave number in y direction,

Remark 2.2 Notice that the system (2.10) becomes just system (1.1) for k— = f =g =0,
and By real.
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In (2.10) we have

o~ ';U - o~ o~
f(k_,€,eXp(iZ2—€),X,KY) = f0+f1
—~ . X — —~ —~
g(k_,€,eXp(iZ2—€),X,KY) = go+ g1,

where we rename X,Y as
X = (Ao, Ay, A AP € RY
Y = (B, B} eC?

The dependency in exp(%ijz) of f and § comes from terms not in normal form, of degree
at least 5 in (X,Y) and the rescaling of the original amplitude B of the rolls parallel to

the wall. In fact (see Appendix 6.5.2) B is rescaled as 2 Bye®/%

, where x is the rescaled
coordinate. ”Cubic” terms ﬁ),ﬁ], are autonomous, and given by (5.7) and (5.8) of this
Appendix where oefficients ¢;, d; are real (due to symmetries as seen in Appendix 6.5.2).

Higher order terms, not in normal form are non autonomous and such that
A = OUX|(XP + [V +eY3,
~ 6 2 2 2, _4\2
g = eO[(IXI"+[YDIX] +[Y]"+&7)7].
Moreover the system (2.10) commutes with the reversibility symmetry S :
(x7A07 67 6/7 8/7B07B(/]) — (_‘TaA07_ 67 6/7_ 6//73_07 _B_(/))a
and we have the additional symmetry property resulting from the equivariance of the
original system under the shift by half of a wave length in the y direction (fixing the
symmetry y — —y):
r.h.s. of A((]4) is odd in X,
r.h.s. of B is even in X.
The estimates for non normal form terms fl and ¢i, result from the property that they
start at order 5, since the normal form does not contain terms of degree 4 in (X,Y’), and

from the inequality
(a+b)* < 4(a® + b*)? for a,b € R.

Remark 2.3 Notice that the above reduction is valid for the three classical boundary condi-
tions for the Bénard-Rayleigh convection problem: rigid-rigid, free-free, free-rigid. However
in the case of rigid-rigid or free-free boundary conditions, Y = 0 is an invariant subspace

(see Remark 5.5 in Appendiz 6.5.2), which simplifies the estimate for g.
Remark 2.4 Notice also that the high order terms fl and ¢1, of size O(e*) for A(()4) and

O(£%) for Bl are functions of e*2. This is due to the fact that 2Boe'>= is the original
amplitude of the Y mode (see (5.4) in Appendiz 6.5.2).
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5.3 Setting of the perturbed system

5.3.1 Solutions at infinities

Since we leave now some freedom to the wave numbers, as well in the y direction, as in the x
direction, the ”"end points” of the expected heteroclinic are no longer (1,0) at —oo, and the
circle (0,€®) at 4o0. In fact the classical study of steady convective rolls, shows that these
should be respectively (A(()_OO) (k-), B((]_OO) (k—)) and (0, B(()+OO) (w,z)). From Appendix 6.5.3
for the equilibrium at —oco, we have

2

. K
(A2 = 1- ==+ o0ch- + Ok +&),

~2 2
ooy, def @ _ k2
1— (A7) —“’7, with &% = — — oo’k + O[k! + k- + &),

B{™ = o).

From Appendix 6.5.4 for the periodic solutions at +o0o0, we have

¢35 BT (w,x) = ree” + 0(8), AL =,
def 1 14+¢e%ky .
W= oo +ewy = o + O(e"),

B(()+oo)e_iaw+x — Cé+oo> + ZD(()+OO)
k? "
2= 1- f + O k] + ) =1 - O[(lw, | +%)7,
) = 06, el par( ) = O,
Dir = 0(").

Remark 3.1 The coefficient og introduced in the expression of (A((]_OO))2 depends on the

Prandtl number.

Remark 3.2 We may notice that in case the system has the symmetry Sy representing
z+— 1 — 2z (OK for rigid-rigid, or free-free boundary conditions), then B(()_OO) = 0, which
simplifies computations (see Appendiz 6.5.3).

5.3.2 First change of variable

Let us set
Bpe ¥+ = Cy + iDy,



146 CHAPTER 5. ORTHOGONAL DOMAIN WALLS

then (2.10) becomes

k2
Ag? = ko AG + Aol = — — A5 - g(C5 + D)) + (3.1)
Ci = 20, Dy+eCo(—1 + 2 + gA3 + C3 + D) + gr (3.2)
Dy = —2ewyCy+e’Do(—1+@F +gA5+C3 + D§) + gi

with

f=71. gr+igi=ge =,
and where the exponential factor disappears in the cubic part when we replace By by
(Co + iDg)e'=®+* Let us define

fo= fole, ko, X,Y,Y) + filwz,e,k_, X, YY)
g = g0 X, YY)+ gn(wr, e, k-, X,Y,Y)
g = o0, X, YY)+ gn(wz,e,k_, X,Y,Y),
where fo, gr0, gio come only from cubic terms of the normal form in (2.10), and where
f1, 911,911 are 2mr—periodic in wzx, smooth in their arguments, and satisfy estimates
[filwe,e, k-, XYY < e[ X[(IX]7 +[V]?)?
g1 (wz, e, k_, X, Y, V)| + |gi (w6, k-, X, YY) < ceP(IXP + [Y)(IXP + V)2
with
X = (Ao, A, A5, A7)
Y = (Co+iDgy,C}+iDy}).
Then we have from (5.7), (5.8) of Appendix 6.5.2 :
fo = dieAy(CoD} — DoCh) + oe?k_ A3 + doc® AgAZ + dze> Al (3.3)
+dye? AZAY 4 dse? AJ(C2 + DE) + dge® Ao(CPE + DE) +
+d7e2 A (CoCh + Do DY) + dge® Af(CoDfy — DoCl) + O(e),

g0 Figio = ie3(Ch+iDp)[co + c1 AR + ca(Ch + DF)] (3.4)
+e3¢3(Co + Do) (CoDly — DoClh) + ie3co(Co + iDy) Ag Aj
+etes (G + D)) (CoDly — DoCh) + cse Ag A (Co 4 iDg)
+etes AR (Co + iDg) + c7 Ag AY(Ch + iDy)]
+ie*(Cp + iDp) (cr Ao Af + c10 A7)
+ie5(Coy 4 iDg) (cg Ag Ay + 11 AYAY) + O(£°).
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Now, let us set a first change of variables

Ay = A+ *’Z—(/)
Co = B,+Cy (3.5)
Dy = Dy

where (A, By) is the heteroclinic solution found at Theorem 1.1, and where we observe

that we expect

Co + Dy — CO_OO) = Bé_oo) — (’)(66)7
o~ N o 21\2
Co+iDo — it +iD{T 1 ~ _ B+ +0(E))”

Then (3.1,3.2) becomes the ”"perturbed system”

/] k2 — —
b (AT A+ AL+ Ay + oy
MG = (o T ) (3.
=+ Dg + w3 (Bsx + Co) + Yo,
n. 2w+ /
ﬁgDO = (B + C(0 ) + W+D0 + 1/}027 (37)

where linear operators M, and £, are defined as

Iy A B —A@W 4 (1- 3A3 — ng)A —29A.B.C (3.8)
\c )\ Le"+(1—-gA2—-3B2)C —2A.B.A |’ '

1
L,D = §D” + (1 —gA?2 - BY)D, (3.9)

and where %, @;, 12)\0/2- are smooth functions of (wz,e,k_, &4, X,Y) where

~ —~ —~1

X = (A07A07A0 7:46 )
~ —~ ~

Y = (007D07007D0)

o = boole ko, X,Y) + by (wr, e, k_, X,Y)
¢0r = wOrO(Ev k—v X’ Y) + wOrl(wx7 g, k‘_, Xv Y)
Yoi = VYoiole, k=, X,Y) + g (wr,e,k_, X,Y)

|¢§;]/1(W$7€7k7—7)27?)| < 054 (310)
o (w6, k_, X, V)| + [thgn (w6, k., X, V)| < ce.
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More precisely, we have

doo(e ko, X.Y) = 34,4y + Ay + 29B.AoCy (3.11)
—~ ~2 2
+9(Ax + Ao)(Co + Do ) + foo,

. — —2 ~2  ~2~
Yoro(e, k-, X,Y) = 29A.AoCo + gB.Ay +2B.Cy + gAo Co (3.12)
2~
+(Bs + Co)(Co + Do ) + goor

— ~ ~ _ — —
Yoio(e, k-, X,Y) = 29A,AoDg +2B.CoDo + gAo Dy
PO
+Do(Co + Do ) + goois (3.13)

and in using Theorem 1.1, Corollaries 1.2 and 1.3, and assuming

IX|<1|Y|<L|Do| <-, (3.14)
/5 - o >y
foo = ooe’k_ A+ O[€2+3/5€€6*x>((—oo,0) +et2/oeme! 6*xX(o,oo) +&%(1X| +[Y]) +¢lDo ],
—el/5 - o !
goor = O[e*F*Pe0x (o) + e 0Ty g oy + (1X| + [V]) +<|Do ]
_1/5 =~ =~ -~/
gooi = O[€1+3/5€€5*IX(—00,0) + el t/5ee é*mX(O,oo) +e(| X[+ [Y]) +e(|Co ],

where foo and goor + 7g00; are smooth functions which come from the rest of the cubic
normal form written in (3.3,3.4)) and x(_ ) and X(p ) are the characteristic functions

on the corresponding intervals.

Remark 3.3 We notice that the estimates for the main terms independent of )N(, Y come
from

for foo : 002k A3 + doe? A A% + dse? AV + dye? A2 A" + dse? AV B2,

for goor : C5E2A*AZB* + 6652AfB* + C752A*A;Bi

for gooi : eBL(co + c1A% 4+ c3B2) 4 ecyB, A AL
Moreover, notice that, below, we need to compute [ fooAldz, [ goorBidz, [ gooiB«dx, which,
for terms independent of X,Y leads to

2
for / fooAldr = —"ng‘ + € / (do AL AR 4 dy A2ALATYdx 4 O(£®)

2
_ _0-064]{7— + O(E2+4/5),

for /gOOTBidx ~ 52/C5A*AZB*Bida:+E2/cGAfB*Bidx:O(E?’H/E’),
R R

Co C9

fO’/“ /gooiB*dl‘ = 6(5 + Z) +€(C1 — Cg)/ AiB*B; = 0(6),
R
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where we notice
/AZA;da; = 0, Ez/AZBfAfkdx = —52/A;2B*Bfkdx = 0(e?),
/ (dy AL AB + dy A2A' ANVdz = (ds — dy) / A ABdz = O(12),
/R AAB.Bidy = - /R [A?B.B. + A, A,(B.B.)dz,

—1/%5.2) gt —o0 (resp at +00), which implies

1/5

taking care of the convergence in e%+* (resp e

a division by € in the integral on (—00,0) (resp. by /° in the integral on (0,+00)).

5.3.3 Second change of variables

Before solving the system we need to change variables so that the variables and the right
hand side of (3.6,3.7) tend towards 0 at infinity. Let us denote

X2 = (A7) ~1,0,0,0) = (0@2),0,0,0)
Y = (c§57,0,0,0) = (0(e%),0,0,0),

X)) —

Yo — (o8t 1, D) cft DiFy = [0((@4 + %)), 0(£9), O(e%), 0(£%)],

then, taking care in (3.1,3.2), of the forms of f, g,, g;, we notice that the limit terms in the
right hand side of (3.6,3.7) as x — —o0 are

k2 _ _ ~ ~
—_A( ) 4 o (wz, e, ko, X, V()) exp limit as e=2*% (see foo),

wiC( )+ TZJOT(W$ e, k_, X7 Y (=)} exp limit as €77 (see goor)
Q/JOi(w:E,e,k:_,X( %) y(= )) exp limit as e¥%*% (as B’ and see goo;).

The limit terms of the right hand side of (3.6,3.7) as  — 400 is

0 exp limit as e=c!/*e (as Ay)

200 00 - ) T > . _

ﬁ(D((f ))/ + wiC’éJr ) 4 Yop(wz, e, k_, O,Y(+°°)) exp limit as e el/%6.a (see goor),
2w 0o ~ 00 o < . _

—%(CO(Jr ))' + wiD(()Jr ) + Yo;(wa, e, k_,0,Y %)) exp limit as e Ve (see gooi)-

Let us make a second change of variables as

Ay = a_x_+4p
/0\6 = B_x_ +6+X+ ‘1’6\0, (3-15)
Dy = Y+ X+ +D\0,
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with (in using Appendix 6.5.3 and (5.12) in Appendix 6.5.4)

a. = AT 1) =-%)2, g_ =B, (3.16)
By = (€5 (wa) ~ 1), 7, = DFT(wa),
~2 2~ 4
const part of 3, = Sf) = —% 01€2w+ 0228 + O[(|o4| + )4, (3.17)

and where x _ and y, are smooth functions, such that

x_- = 1lforze (—o0,—1),
= 0forz>0

0 < x_<l1forze(-1,0),

Xy = lforze(l,00),
= Oforz<0
0 < x4 <lforze(0,1),

such that
(A9, Co, Do) — 0 as |z| — co.

5.3.4 Properties of linear operators M, and £, (defined in (3.8,3.9))

We now give a precise definition of the function spaces where we will solve the problem
with respect to (1/4\0, 6\0, Z/)\o) Indeed, let us define the Hilbert spaces

L} = {u;u(z)e""l € L*(R)},

_ 4 2. 4
Dy = {(A,C)eH,xH;;AcH,, CecD}
_ _ d
D1 = {CeH%e0" |2+ M0z +11Cl 2 NICllp, < 0o}
equiped with natural scalar products. Then we have the following result proved in Appendix
6.5.5:

Lemma 3.4 Except maybe for a set of isolated values of g, the kernel of My in L% 18
one dimensional, spanned by (AL, B.), and its range has codimension 1, L*- orthogonal to
(AL, B.). Mg has a pseudo-inverse acting from L% to Dy for any n > 0 small enough, with
bound independent of e.

The operator L4 has a trivial kernel, and its range which has codimension 1, is L?-
orthogonal to B, (Bs ¢ L?). Ly has a pseudo-inverse acting respectively from L% to Dy for
n > 0 small enough, with bound independent of €.
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Remark 3.5 We might expect a two-dimensional kernel since we have a “circle” of hete-
roclinics {(As, B.€);0 € R}. The one-dimensional kernel of M, is the usual one, while
we also have LyB, = 0. However B, ¢ L% so0 that the kernel of Ly is {0}, and we pay this

by a codimension one range for L,. This is explicitely computed in Appendiz 6.5.5.

5.4 Estimates for the right hand sides of /\/lg(;l\o, 6'\0) and ,Cgl/)B

After the second change of variables (3.15) the remaining terms in the right hand side of
./\/lg(jlz), 6'\0) and £gl/)\0 coming from

&(wm,e,k_,i,?), Yoy (wz, e, k_, X,Y), %(w:p,e,k_,f(,f/)
now cancel for (X' , }7,?) = 0, they are then estimated in L% by
O(e*(II(Ao, Co)llpy + || Doy, (4.1)
provided that the following condition
[Ao(@)] +145(@)] + |AG(@)| + |47 @)] +Co(@)| +C(@)] + [ Do(@)| + [ Dj(w)] << 1 (4:2)

holds. We need to check this condition at the end of subsection 5.5.3. The unknowns in

the problem are now
(:4\0765) € D07 D\O € D17 (k—7a+) S R27

and ¢ is supposed to be small enough. In the following we use extensively the estimates
(see (3.16,3.17))

a- = O(k_|+e*?, B, =0(&4|+e%?
B_ = O(°), oscil part (5,) = O(%), 74 = O(€°),
B = 0@, vy =0().

5.4.1 First component of Mg(zfl\o,é'\o)

The first component is now the sum of small terms linear in (;l?), 6’\0) plus quadratic terms
and terms independent of (Ag, Cy) which tend exponentially to 0 as e#2*® for z — —oo and
e V2T for 1 — 400 :

— —n kK~ ~
My(Ag,Co)lt = —k_Ag + ZAO + ¢ + ¢1(k-) (4.3)
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with
— " " k% (4)
pr(k-) = —k_ (AL +axD) + (A —x) Faxo (4.4)
—3(1— AD)a_x_ +gBla_x_ +29A.B.(B_x_ + B1X4),

by = %(w:n,e,k:_,f(,f/)—X_;Svo(wm,s,k‘_,)z(_oo),f/(_oo)).

More precisely we have, from (3.11), and taking into account (4.1)

b = B2 (A — x_) + 20 Ax Ao+ Ado ] +ad (X8 — x_) (45)
+302 % Ao +3a_x_Ag + A +2gB.[ax_Co+ (B_x— + Byx4) Ao + ACy
+9(Ax + a-x_ + Ag)[(B_x_ + B1x+ + C0)* + (4 x4 + Do)’]

—x-g(1 + )82 + foo,
Joo = o0k (A7 =)+ O i) + e X 00)) + (X + V) + 2Dy [

We notice that for n = d,/2 (n < €6 is necessary), and due to Corollary 1.3,

1

S8 = OE), 3 = O,
Aly = OEY™), Bl = 06
1421z = OE), [1B2Is = O(E),
Al = OE), 1B = 0.

Then, in using extensively 2|ab] < a? 4 b?) and, for example

k? k2
5 1A= xlzz = (’)(%),

we obtain the estimates (here and in the following ¢ is a generic constant, independent of

€)

IN

1/10 k2 + et 2
cle’ k-] + 7z +0 o) ) (4.6)

/R ok )ALd = O[(lk_| + (@] + )2,

s (k-)lIz2

using integration by parts and
/ YILZ —
R
[ - xods = o
R

/( —AHA x_dz = OQ).
R
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In next estimates, we use the following little Lemma (adapted from a simple Sobolev
inequality) where we notice that we loose one ¢, due to the weak exponential decay at oo

(n is of order ¢):
Lemma 4.1 For any u € H% and ¢ sufficiently small, we have
1
u(e)| < elllullzg + =1 1z3)
where ¢ is independent of €.

Then we may use

(m) C
‘AO (.Z')‘ < EHAOHH%7 m20717273
—(m) o
Co (x)] < c"[Collp,, m=0,1,
—~(m) o
Do "(z)] < ce™|[Dollp,, m=0,1.

Now, from fyo in (4.5), we have (see Remark 3.3)
|dse? AL + das® AZAL + ds® ALBE|| 2 = O(* /1),
and for example, from Lemma 4.1
29|| B« AoCol |2 < || Aoll a1l |Collpy < ell(Ao, Co)llp,,
—~2 [ —3 C
140 ||z < EHAOHZDO’ |40 |2 < E—2||A0||3D0-

We then obtain, for sufficiently small ¢, |k_]|, |w], ;15, 6’\0, l/)\o in Ri x Do x Dy

—~ A 1~ — —
[19ollzz < ¢ <62+1/1°+€3/2\k—\ T TR ~ 1ol + 511 4ollzs + [1Col B, + HDoH%1>

(4.7)
5.4.2 Second component of /\/lg(;l\o, 6’5)
For the second component we have
My (B, Colls = 225y + GCo + 0y + ol ), (4.9
with
eak) = BB~ xp) — AX — B B+ X, (4.9)

~(3—gA2 —3BH)Bixs +[1—x_ — g9(A? — x_)]B_x_ +29A.Bea_x_,
Vo, = %(w:p,e, k‘—,)Z, 57) — X+J0:(wm,s, k_, 0,}7(—1-00))
_X_%;(wx7 &, k— ’ jz(_oo)y }7(_00))7
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where v, = Dé+°°). For 1/1/\0,, we have
Yor = 29Ada—x_Co+ (B_x_ + Byx:) Ao + ACo) (4.10)

+9(Be + Byix, + 6\'0)(042—X2_ + 201_)(_21\0 + ;152)
+9B8_x_[(a®(x2 — 1) + 2a_x_Ao+ Ao |

HBL(B_x_ + Bixe)? — X484 + [Bu(vix ) — x373)
H0x G = DT +1) +82x_ (2 - 1)
+Col(B_x_ + Byxy +Co)* + (v4x1 + Do)

+2(B. + By x4 )(B_x_ + Bix4Co+v4x4 Do)
+(B.+B_x_+B,x)(Co + Do) + oo,

— —el/ = o 4
Joor = O(e¥3/Pes0ay oy +e¥ e 0y o S+ 21X | +|Y]) + el Dy |).

Now we use
lese® AL AL B[ 2 < ee?,
and, as above

—~ C —_
29/| A« AoCol 2 < gll(Ao,Co)ll%o,

so that we obtain for sufficiently small ¢, k_, @, ;15, 6’5, l/)\o in R? x Dy x D (taking into
account of (4.1))

— B4y 1~ — —~
[Porllzz < C<€2+1/10+7++5HAOH%O+HConDl+HD0H%1> (4.11)

e (K2 +@2)1(Ao, Co)llms )

In using, for example
~2

w?
1294, Bra—x_||1z < C%,
we obtain easily
oL (@] +e?
e
/ @o(k_)Bidr = O[(k* +&2 +¢e%)],
R

IN

e ), (4.12)

lea(k-)lIz2

where the last estimates use
1 ! / / / 4
2 /0 Bix4Bude = O(e%)

1! .
3 [ BBl = O(a+ e
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obtained, for the first integral in integrating by parts, and for the second one in separating
the oscillating part of order €% from the constant part 55? of B, for which we make an

integration by parts, in using B” = O(¢?B,). More precisely we have

2

k
/gol(k_)Afkd:E+/<p2(k‘_)Bidx = agz_—l—agaos%_ (4.13)
R R

TO(|K2 | + %K% + 2 + &%),
with
6@ = /R (A, = x_)ALdz — as,
i = [ O [ a2

We observe that (see Corollary 1.2)

/(A*—X_)Aidx = 1JFO(E?’/E’)
R 2

0
/ WAlde = 0@
-1

0 0
g/ (ABY)x_dz = —9/ (A.BIX dz = O(e*?)
PN -1
0 0 A3 2
—3/ (1— A%y _Aldr = 3/ (A, — ? - g)x’_d:c =2+ O(2/?),
—o0o -1
so that
ay = —3/2+0(*), (4.14)
a3 = 4+ 0@EY). (4.15)

5.4.3 Component Egl/)\o

For the third component we obtain

— 2&3 —~ o — —
LyDy = —T+C'0 + @7 Do + o; + p3(k-), (4.16)
- 20w 2
3@,k wr) = =B+ BxL+ 8] - S

1
—xE (- gA2 — BHv. x4,
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and

’IZ-(;Z' — T;Z)\O/i(wiﬂ,&k?—,)?,i;) _X+T,;(;,(w:lﬁ,€7k_,0’?(+oo))
_X—{E(]/i(wx, &, k—7 X(_w)v fYVV(_OO))

For sufficiently small ¢, k_,w, ;1\0, 6\0, Z/)\o in R3 x Dy x Dy, we obtain the estimates

~ ~3
g wg] | |t
lesllzz < cle” + N + 7)7 (4.17)
and taking into account of (4.1),
[Doills < efe™V10 + (k2 +@3)[[Dollp, + |40 Dol L2
+|(CoDo)ll 2 + | Dol[B, } (4.18)
where the term of order e!*/10 comes from
ecy| B ALAL |12 = O(e! /1),
5.5 Bifurcation equation
Let us use an adapted Lyapunov-Schmidt method. Since
M, (AL, B,) =0,
we now decompose (;15, 6’\0, l/)\o) as
Ay = 2A. +u, (5.1)
6(\0 = ZB>/|< + v,
Dy = w.

For ¢ small enough, the unknowns are now
(u,v) € Dy, w € Dy, (2,k_,0.) € R3.

Remark 5.1 It might be interesting to give a physical interpretation of z. By construction
of the basic heteroclinic, it corresponds to a shift in x of the heteroclinic. However, z
occurs in the component w which modifies the phase of By controlling the rolls parallel to
the wall, themselves affected by the slight change of wave length (due to k). This ”shift”
has no effect on the equilibrium at —oo. We interpret this in saying that the system of rolls
parallel to the wall (in x = 0), adapts itself to fit with the rolls on the other side, orthogonal
to the wall. Notice that z corresponds to a ”shift” of size of order z/e for the original phase

of the amplitude B of rolls parallel to the wall.
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Then, equations (4.3,4.8) give (Qp is the projection in L? on the range of M,)

K2 -
—k_(zA, +u)" + (24, +u) + ¢y + cpl(k—)>

M (u,v) = Q0< w0 ~ D
g 2T+w’ + @4 (2B +v) + o, + pa(k-)

5.5.1 Resolution with respect to w, and w

We observe that (u,v) and w appear non symmetrically, so we choose to first solve equation
(4.16), where the kernel of £, is empty, and its range of codimension 1 (see Lemma 3.4).
This has the advantage to give w and wy in function of (u,v, z,k_,€). So, let us start by
solving the compatibility condition.

Since
! 1 I ! 1 / / 4
; —627+X+B*d$ == ) _EQ’Y+(X+B*) dz = O(e"),

and using Remark 3.3, we obtain the estimates
[esBuds =~ 0054+ 7+ O
[ Fuudz = O+ (2 +3) 1 Dullo, + 1Dl + 114Dl + 11CaDol 13
= OV 4 Pz wllp, + [|(u, o), + [[wllb, + (K2 +&%)|[w]lp,)].

Then the compatibility condition for equation (4.16) leads to

9 2% N -
e B! B.dx = / [—%(zBi’ +0') + @hw + Py; + 3| Budz,
R R

which gives

Ty = /]R (264 (2B} + V') + e w] B.dx

+O[E? + [ (|@4] +€%)* + & F2/5) 2w Ip, ]
2 2 ~2 | ~2
+e0([|(u, v)l[p, + l[wllp, + (@2 + w)l|wllp,).
The right hand side is a smooth function of its arguments, and may be solved with respect
to wy (or equivalently with respect to ky since wy ~ %*) by implicit function theorem in
the neighborhood of 0 for

(u,v) € Dy, w € Dy, (e,0_,2) € R,

with
Oy =t (e,0_, 2, (u,0),w) € CHR3 x Dy x D).
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Moreover, we have the estimate
~2
1] < cle? + "0z Jwl|p, + &2 ||w|lp, +&(][(u, v)|[B, + [[wllB,)] (5.3)

For solving equation (4.16) we now have

2 ~
w = 551[—f(z31 +0') + B w + p3 + o]

which may be solved with respect to w in Dy, in the neighborhood of 0, by implicit function
theorem, for
(e,k_,z, (u,v)) € R® x Dy in a neighborhood of 0.

Using (4.17), (4.18), (5.3) and

B;/ ,U/

12211z = 02, 1151123 < llelloy

we obtain
w=1o(e,w_,z,u,v)

with

Iw|lp, < c(e"10 + 2] (u,0)[[3,), (5.4)
and we deduce

6| < e(e® + €| (u,v)[1By)- (5.5)

Remark 5.2 The term of order /10 in v is ew, + O(3/2) with wy coming from T,Z;i

and given by (see Appendiz 6.5.5 for an explicit formula of the pseudo-inverse of L)
wn = ol [B.AA, — 2B / B2A, ALda), |Jun|jp, = O(V19), (5.6)
R
and the compatibility condition (orthogonality to B.) is satisfied with

2B, [ B2A.Alda]y = O,
R

5.5.2 Resolution with respect to (u,v)

Now, we replace w and w4 by their expressions to and ¢, and consider (5.2) which may be
solved by implicit function theorem (by Lemma 3.4 the pseudo-inverse of M, is bounded
from L% to Dy) with respect to (u,v) in a neighborhood of 0 in Dy for (g, k_, 2z) close to 0

in R3. Indeed, the right hand side of (5.2) is smooth in its arguments and assuming

k| <, (5.7)
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B (5.8)
llullp, < "1/, (5.9)

using (5.1) and collecting results of (4.3,4.6,4.7) for the first component, and (4.8,4.12,4.11)

for the second component, estimates in L% of the right hand side are as follows

k%
Ist comp. = O<—E+€1/10|k«’—|+62+1/10+57/10z2+|k‘—||Z|||u||Do

NG

1
21?1 (s v) Ipy + —llul B, + [[0lB, + (1/62)HUH%0> 7

k2 1
2nd comp. = O <E2 + % + 63/2%—’ +e7/10,2 ¢ EHUH%O + HUHle
(k2 + 22|, 0) [y ) -

where we notice that, for example

—2
140712

IN

1
(7122 + |2l ullpy + Z[ullb,),

IN

2
1Co [l 2 c(e2® + |2lel|ol|py + [[v]lD,)-
Applying implicit function theorem for (£, k_, 2) satisfying (5.7,5.8) in R3, leads to

with 2
(1, 0)]|p, < (e + 7—5 + MO0 4 £7/1022), (5.10)

which satisfies the a priori estimate (5.9). Now using (5.4), (5.5), (5.7), (5.8) and (5.10) we

obtain

||| p, cet1/10, (5.11)

ey < e (5.12)

IN

where (5.7), (5.8), (4.2) and (3.14) need to be checked at the end. In fact we have the

following
Lemma 5.3 Assuming that (5.7) and (5.8) hold, then (4.2) and (3.14) are satisfied.

Proof. Condition (4.2) results immediately from the definition (5.1), Lemma 4.1 and
estimates (5.10) and (5.11). Then (3.14) results from (3.15), from the same estimates as
above, and from (5.11). =
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5.5.3 Final bifurcation equation

It remains to satisfy the orthogonality in L? of the right hand side of Mg(%, 6’\0) with
(AL, B.) (see Lemma 3.4). This provides one relationship, expressed as the cancelling of a

function of (z,k_,¢), from which we extract the family of bifurcating solutions. It gives

k2 —
0 = / [k (AT +u") + (AL F )] ALde + / (G0 + 1) Asdz
R R
W4, / / i /
+ [Tw + W5 (2B, +v)|Bydz + | (¥, + ¢o)Bidx. (5.13)
R R

Let us define
ay = _/ A" A dg = / APdz >0, a; = O(eY/?) (5.14)
R R

so that, using Corollaries 1.2, 1.3 and (5.10), (5.11), (5.12), we obtain

k‘2
/R[—k_ (A +u") + Z_(ZA; + u)]ALdz

k‘3
= ark_z+ OOk |+ 0k + LQ—ZJ + e*0|k_|2?), (5.15)
20 -
/R 2! 5 (B, + )| Bldr = O(110), (5.16)

From (4.13) we also have

k‘2
/ o1 (k_)Aldx + / 9 (k_)Bldzx = agz_ +azooe’k_ + O(JkK3 | +2k2 + ). (5.17)
R R

We have, from (4.5), (4.10), (5.9), (5.11), (5.12), (5.7), (5.8) and Remark 3.3
/R%A;dx = 22[al + O(3/%)] + o)k 4+ O[>/ + 322 + ' )2|(e? + k%)), (5.18)
with
ah = /R (34, A +29B,BLA? + gA, A.B?)dx + O(%/°) = O(e¥/?),
— /R AL — X )z + O(11) = o[ + O], (5.19)

244/5

where (for example) the estimated term in e comes from

e3(dy — d4)/ AABdr < ¥, (5.20)
R

occuring (see Remark 3.3) in fR fo\oA*dx.
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We also obtain
/ Q/JAOTB;dx = 2240+ OO 4 235 | 4 kL 4 1FR2 (5.21)
R
+€11/20|Z|k% + €1+3/20|k’_ | |Z|),

with
ag = / (9B.BLA? + 2gA, A,B? + B.BP)dz + O(="/*) = 0(' /%),
R

Hence collecting (5.15), (5.16), (5.17), (5.18), (5.21), and using a priori estimates (5.7),

(5.8), we obtain the bifurcation equation, in identifying main orders of independent coeffi-

cients,
k‘2
ap?® + aik_z + a'zz_ + ahe?k_ 4 age®02 4 ase?P = 0, (5.22)
where we define
ap = af + af + O(e'4°) = O(Y5). (5.23)

Using Corollaries 1.2 and 1.3, we notice that the main contribution of this coefficient is

precisely

0
agp ~ / 3A ABdr = O(*).

—00

From (5.14), (4.13), (5.23) and (5.20) we obtain

ap = &Y0ay =0
d, = / APz + O(eV2) = O(1) (5.24)
R
dy = ay+O(¥?) =-3/2+0(?)
19
ay = asog+ o+ OV = 200+ 010y,
ase?® ~  (dy — d4)/ A ABdr ~ %ﬂao = 0.
R

The discriminant of the principal part of the quadratic form in (z, k_) of the left hand
side of (5.22) is
A = a — apdy = a? + O(¥?) = O(2/?) (5.25)

which it is positive. The bifurcation equation (5.22) may then be written as

abk 2 ale?\?
< 22_ +ajz+ a§€2> - A <z + 3 > = —ahaze? 0 4+ O(33/9)

A

where

/
"o 4G9 1/5 (9( 1/5)
a3 = a1a3 — —2 g = g .
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Using the implicit function theorem, we obtain a family of solutions such that z and k_
are given by (notice that a} = O(¢'/°))

i) if as <0
_3 14+2/5
z = 4/ ¢ - cosh ¢ 4+ O('2/%).
2 ay
—2a5 1495 14+3/5
k- = 2 —5 ¢ exp(—¢) + O(e ) (5.26)
¢ € R
ii) if a5 > 0

1
e = = %61—1—2/5 sinh ¢ + (9(51+2/5)
1

k- = —2\/2%614_2/56}(13(—(25)—|—O(€1+3/5) (5.27)
¢ € R

For e small enough, we notice that the principal part of the solution only depends on g and
on coefficient (d2 —dy4) of the cubic normal form (5.7). The above estimates on u, v, w, z, k_
and Lemma 4.1 imply that the conditions (5.7), (5.8), are satisfied for exp |¢| < e=2/5. So,
Lemma 5.3 applies and Theorem 1.4 is then proved.

Remark 5.4 It should be noted that the one parameter family of solutions which are ob-

tained for a fized e, correspond to convective rolls at —oo with wave numbers
k(1 +&%k_)
connected to convective rolls at +o0o with wave numbers
ke(1 4+ 26%0,).

The calculations made above, show that we obtain Wy and k_ as functions of €,¢ where
¢ € R such that exp |¢| < e=2/5. This is a one parameter family of relationships between

wave numbers at each infinity, depending on the amplitude €2 of rolls.

Remark 5.5 We might examine the limit size of k_. For example, is it possible to obtain
the case k_ = ky = 20, = O(2)? Then, looking at the bifurcation equation we need to
solve at main orders (Ggz> + aze?)e?® = O(3+1/5).

Since ag ~ ag, this is only possible with z ~ &4/ @ provided that

d4—d2>0,

which coefficient of the cubic normal form (5.7) of Appendiz 6.5.2 is a function of the
Prandtl number.
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Appendix

6.1 Appendix of Chapter 1

6.1.1 Relations between eigenvectors and neutral stability curve

The eigenvalue (double in the bidimensional case) which crosses 0 for u = (k) is precisely

of the form
A7, k) = Mofi + Xoa(k — ke)® + Maf(k — ke) + Mo + O([fi] + |k — ke|)?, (1.1)

where
== He

Indeed, we know by construction, that
,U//
(i k) = 0 for fi = po (k) — pe = S}k = ke)* + O(Ik = ke[*),

which implies that there is no term of order (k — k.) in the Taylor expansion of A(j, k). We
deduce that
py = —2-—=. (1.2)

Below we give explicit expressions for Ajg and Ag2 in terms of eigenvectors found in
(3.10,3.11). After factorization of e***  we have at main order (here we have functions

of z € (0,1) and upper index means (order in i, order in k — k)

P(D* = k2)V," +ikeg™ = 0

P(D* = k)V" + Pub™ + Dg™ = 0
(D? = k)0 + . V° =0,

ik VO + DV = 0

: (1.3)

)

163
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where

VO = 99 atz=0,1

z

VO = DV =00RDVX =D*V® =0at z=0,1
depending on the boundary conditions with V| = (V,,0). Now at order ;i we obtain

P(D* = k)V,? +ikeq = XoV,",
P(D? = k)V" + Pucd'® + Dg'% + PO* = AjoV)”,
(D* = K20 4 VIO + V0 = 20™,
ik V' + DV = 0,
with the same boundary conditions as above for (V.10 V19 919). Making the scalar product

in {L%(0,1)}%of the 3 first equations with (V.29 V0 P0%) we find, in using (1.3), and
noticing that V00 = —100,

1 1
2P / V20%dz = Ay / (V2O)? 4+ (V20)? + P(6°)]dz,
0 0
which gives A\jp. Notice that, using the expression (1.4) below, we have, as expected
)\10 > 0.

At order k — k. we get

P(D? = BV + ikeq® +iq™ — 2k.PV° = A V)",
P(D?* = k)VI + Pp b + D¢ — 2k PV = XV,
(D2 — k20 + VO — 2k.0%0 = 2g16%,

ik VO + DV v = 0,

with the same boundary conditions as above for (V.9!, V91, 6°1). Making the scalar product
in {L2(0,1)}%of the 3 first equations with (V.9 V% P§%) we find, in using (1.3), the
fourth equation above, and the fact that we have \g; = 0 (expressing that k = k. gives the

minimum of the neutral stability curve)
1 ! 1
- / VODg"dz = 2k.P / (V212 + (V)% 4 (6°)%)dz.
c JO 0
We deduce a property of the eigenvector

1 1
e / V90904, — / 3 (DVY)? + 3k2(V)? + 2k2(6%)?)d. (1.4)
0 0
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At order (k — k.)? we have

P(D? — k) V% +ikeq™ 4 ig™ — 2k, PV — PV = AoV,
P(D? — 2V + Ppu 6% + Dg"? — 2k, PV — PV = NV,
(D2 - k3)902 + MCVZM - 2]%901 _ g0 _ )\02900’

ik V2 4+ DV iVt = 0,

with the same boundary conditions as above for (V.92 V0% 692). Making the scalar product
in {L%(0,1)}30f the 3 first equations with (V.2 V9 P9") we find, in using (1.3) and the

fourth equation above,
/Ol(iVmOIqOO V00O 4 ok, P(—VOLYO0 | 0Ly00 4 g01400y ;.
> /ol[leOOF + (V)% + (0%)?)d=
= o [ IV (V) P (15)

which gives Agg in terms of (V09 V90 6% 490y and (V01 V01 %1 ¢O1). By construction, we
x z xr z
have (1.2) hence we should have
Aoz < 0.

6.1.2 Relationship between amplitude of rolls and (i, k)
By definition, the eigenvector U (1, k) is of the form
Ui (. k) = Uy (2)e*®
and belongs to A\; we have
LU, (7, k) = AGi, k)UL (i, ).
Let us define

L= p—polk),
LM = LM0+/7L1’
Ui(i, k) = UY+uU; +O(°),

then, by construction

L, UY =0, A(fi, k) = Aiofi + O(i° + |l [k — k), (1.6)
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and
ALIUY 4L, UL = A kYUY + O()
= XiofiUY + O5* + |11l |k — ke|).

Now the steady convective rolls parallel to zo axis, and bifurcating for pu > py(k) are
solution of
(Lyy + FLLU + (g + )R(U,U) = 0, (1.7)

which is solved below by Lyapunov-Schmidt method. We set

U = 6@l +d), ty e {ud},
U(l) = U?+U_(l] (= §1+C_1whenk:kc),

then

0 = fLgul + L, U + L1t + 8(kg + 7)R(uf, uf)
+26(pg + BR(uf, U2) + 8(o + )R (12, 2.

Defining the orthogonal projection Qg on the range of L, (self adjoint opeator), we obtain
the range equation (we use below the fact that R(uf,u}) € range of L,,, as shown below
in (1.18))

0 = Lyt +6(po+ )R, uf) + #QoLiul +
+QolfiLyti + 26(pg + B)R(u], u2) + 6(p + 1) R(t2, Ua)],
which may be solved by the implicit function theorem (its analytic version):

~ ~ —1 - ~
0s(6,71) = Ly, [0oR(uf, u?) + iQeLyul] + O([ji] + [3)2, (18)

—1
where L, is the pseudo-inverse operator of L, . Then the projection on the kernel of

L,,, obtained via the scalar product with u(l) leads to
0= /7<L1u(1]7 u(1)> +26(po + 1) <R(u(1), uz), u(1)> + </7Llﬂ2 + 0(po + 1) R(uz, u2), u(1)>7

and after replacing uo by its expression (1.8), and using the definition of coefficients a and

b computed in Appendix 6.1.4
aji + b6 + O(|o7| + 1% + |6]) = 0, (1.9)

which is a detailed form of (3.14). Other forms of the result are given by

Il = %ba? + 0(8%),
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and, using (1.6)

6% = — AL k)L + OUAGE k)2, (1.10)
10

where a > 0,b < 0, A\19 > 0. This detailed expression is used in the problem of orthogonal

domain walls (rolls intersecting themselves orthogonaly along a line) at Chapter 5.

6.1.3 Form of the system for amplitudes

We wish to find the general form of smooth vector fields in R® (in fact in its complexified

space C x C) with commute with the following symmetry actions

To(A,B,C) = (Ae*re Betkza Ceths ) for all a € R*/T,
S(A,B,C) = (A,C,B), Ry 3(A,B,C)=(C,AB),
Rﬂ'(A7 B7 C) = (Zv F? 6)

For the component along (; we need to satisfy

eikl.aP(Ay B7 C7 C.C') == P(Aelklaa BeikQ'a7 Ceikghcz C.C.) va e Rz/r’ (1.11)

P(A,B,C,A,B,C)=P(A,B,C,A, B,O) (1.12)

Let us first consider the coefficients of the Taylor series of P. Studying monomials Apzp/Bqu, crC

we see by (1.11) that the only possible monomials are such that
(p—p =Dk +(g— ¢+ (r =)k =0

then, taking into account of
ki + ko + ks =0,
this implies
p—p -1l=q—q¢=r—r"
Hence the only possible monomials of P are
AJAPP| B |CIP (ABCY, 1
BC(ABC)"HAP?|BI|C*, I

v
o

vV
—

The symmetries under (1.12) and under S imply that coefficients are real and symmetric
in (B,C). Then the first component, factor of (;, takes the form

APl[’APv ‘3’27 ’0‘27 (ABC)] + B—CPQHA’27 ‘3’27 ‘C’27 (ABC)]7

,r./
I
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with in addition the symmetry in (B, C') where P; and P are smooth functions. Components
on (y and (3 are obtained in Ry, /3, by circular permutation on (4, B,C). Hence the

component on (, becomes

BP\[|B,|C%,|AP?, (ABC)] + CAP(|BI?, |C P, |A]?, (ABC)),
while on (3 it becomes

CPRCP A%, |BP, (ABO)| + ABR[|CP, |AP%, |B|*, (ABC)].

Then, if we truncate the system at cubic order, this gives the system (3.13). Notice that

higher order terms start at order 4, with
eA’BC + f|A*BC + gBC(|B]* + |C?) (1.13)
for the component along (;.

Remark 1.1 In the case of free-free boundary conditions the additional symmetry S, acts

as

S.(A,B,C) =—(A,B,C).

This symmetry implies that function Py is even in (ABC') while Py is odd in (ABC') (see
the proof in [38]). It then results that the terms of higher orders start now at order 5, with

— =2 .
eA (BC)” + fAJA* + gAJA(|B]* + |C|?) + hA(|B)* + [C])? + jAIB!|C]2.  (1.14)

for the component along ;.

6.1.4 Calculation of coefficients

It is shown in [28] that the dynamics in a neighborhood of .. is reduced to a center manifold

of dimension 6, of the form
U= Uo—l—q)(ﬂ,U(]) (1.15)

with 7 = pu — ., Ug € & given by (3.12) and ® of class C*, k fixed as large as we wish.

Its Taylor expansion is written as

(71, Up) = 3 pAAY BB )
s+p+p'+q+q’ +r+r'>2

(I)ZEJ;)'Qq/rr/ = ei[(p—p’)kl+(q_q’)k2+(r—7")k3]'XcI);;)qu,W/(2)7
3 _ 3

p'pq'qr'r pp’qq’'rr’”
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We then have the identity

dUy

(1 +DU0‘I’)W

= LMCI)(/NL,U()) + pR(Ug + (12, Up), Ug + ®(1z, Uy)). (1.16)

Then we replace 70 by its form glven a prlorl by the amplitude equations (3.13) and it
remain to identify monomials ,uSApAp Bqu crc’.

Calculation of a

First we define the perturbation operator Lj
L, =1L, +uly

with
LU= (0,V,).

Then coefficient a is obtained by the coefficient of A
=L, o 4L
asy 11 ©100000 1615
hence taking the scalar product with ¢y, since L, is selfadjoint,
(1<<1, <1> = <L1C17 C1>7
and we notice that this is the same as what was given by (1.9) for k = k. since u§ = (1 +; :
a(“’?v u?> = <L1u?7 u(1)>
We can show that a > 0. Indeed

<L1C17C1> = P/ V.0dzdzodz
Q

and from (3.10) this gives (using the boundary condition on )

a(C1,¢1) = /9 — k?)0dxdxodz

- [(De) + k?0%)dz1dzodz > 0.

Calculation of ¢

The coefficient c is obtained by identifying the coefficient of BC

(1 =Ly, Pooor01 + 21 R(Cy, ),
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hence
c(Cl? C1> = <2/’LCR(C_27 C_?))? C1>

Let us show that this leads to
c=0.

Indeed, coefficient ¢, which is known to be real, may also be written as
6c = 1, (R(U.U),U) (1.17)

with
U=C+C+G+0G+0G+

since the only contribution in the scalar product comes from monomials where the depen-

dency in X comes from
etilkithoths) X 1, since k1 + ko + k3 =0,

while all other monomials give 0 because of periodicity. Now, a remarkable property of the

quadratic operator R in (3.4) is that
(R(U,U),U) =0, YU real in Z. (1.18)

Proof of (1.18) From the expressions of R and of the scalar product in X', we obtain

(R(U,U),U) = —(Ij(V-VV), V) —P((V-V0)0)
= —%<V.VV2>—§<V.W2>.

By Stokes formula, these integrals reduce to integrals on the boundary of the periodic cell.
This is = 0 since V - n = 0 for z = 0,1 and by periodicity on the other boundaries of the
periodic cell. QED

Finally, ¢ = 0.
Calculation of b
Coefficient b is obtained from identification of monomials in A%A :

L, ®200000 + 1 R(C1,¢1) = 0
Ly, ®110000 + 20 R(¢1,¢1) = 0

b¢1 = Ly Pa10000 + 20 R(C1: P110000) + 21 R(C1, P200000),
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b(C1,C1) = 1e(2R(C1, Prioooo) + 2R(Cy, P200000), C1)-
We notice that
R(C1, Pogo000) and R(Cy, P200000)
are orthogonal to ¢; 4 (; since e®3%<1 is orthogonal to e**<*1, Hence
b{C1 + €1, €1+ Cr) = 1e(2R(Cy + (1, Pa), C1 + )
where @5 is defined by
Ly, ®2 + pR(C + (1, ¢ +C) = 0.
We notice that it is the same formula as what is given by (1.9) for k = k.. Replacing U by

Uy + tUs in property (1.18) of the quadratic operator R and identifying the coefficient of ¢
implies that

2<R(U1, U2),U1> + <R(U1, Ul), U2> =0VU;,U; real in Z.
We then obtain

b<C1 +C_17 Cl +C_1> = _IU'C<R(C1 +C_17 Cl +C_1)7<I)2>
= (L, 2, ®2)

which is < 0 since @3 is orthogonal to the kernel of L, which is self adjoint with all nonzero

eigenvalues which are < 0. This property was noticed by V.Yudovich [75].

6.2 Appendix of Chapter 2

6.2.1 Inverse of L

In this appendix we compute and estimate the inverse of the operator L. By construction,

solving the equation
LU =G = (F,g) € Ko, with U € Ds(L), (2.1)
means that we have

AV-Vq = F,V-V=0,

A0 = g,
i.e.
(D* = K)ol — Dge = £, (2:2)
(D? =V — kg, = F, (2.3)
(D* K = g (2.4)
Dol ik v = o, (2.5)
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where k = |k|, and with the boundary conditions :

0 = (z)zoinz:o,l,
Vi son = 0, o0 Vg = DV =0, or Y2y = DV = 0.

The above system is a classical one (Stokes operator and Laplace operator), already ob-
tained in the periodic case. The only thing to check concerns the estimates with respect

to k € I". The scalar product of (2.2) with vl((z) plus the scalar product of (2.3) with Vk(H)

and integration by parts, taking into account of Dvl(f) + ik - Vk(H) = 0 and of the boundary

values, leads to
2 2 2 ! 1 2
[IDVA[G + K= IVicl[6 = —/0 Fic - Vidz < ||Fiello|[Vid o < —IIVkllo + oz llFkllo- (2:6)

Moreover, thanks to the boundary conditions, we have also the Poincaré estimate (see

(5.9))

[[VAllo < |DVi|lo-

=

It results that there exists ¢ > 0 such that for any k& € I" we have

(L + EA)IDVA[G + (1 + £ |VAlIE < ellEil[5- (2.7)
The same (simpler) is valid for 6 :

(1+ E*)[DOxlg + (1 + £)*10]I5 < el ]l (2.8)

Now (2.4) leads to
1D6xllo < k2[[6xlo + llgxllo < ¢llgx]lo,

hence, using (2.8),
[10x[2 < c1llgxcllo- (2.9)

Let us show that the same type of estimate holds for Vi = (Vk(H),vl({z)). We observe that

the divergence free condition on F' leads to
D +ik-FM =0
which implies

(D>~ ) = 0, (2.10)
(D2 — k) = (D*— k) A, (2.11)
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with boundary conditions on Ul(j) as vl(f) l2=01 =0, Dvl(f) |»=0,1 = 0or Dvl(f) |.=0 =0, Dzvl(f) l.=1 =
0, or Dvl(j)’z:l = 07D2vl(f)]z:o = 0. Now taking the scalar product of (2.11) with vl(f) in

L?(0,1), and integrations by parts, lead to

wﬂ@W+%Wm@W+wm@W=:/zkﬂHmm H/
0

IN

k|[Dol? [[o]| B m+ﬁmkmnkm.

Taking into account of (2.7), we obtain immediately

1512 < call Ello- (2.12)
Now, in using (2.2) we can say that
1Dl < esl|Fillo, (2.13)

where ¢3 is independent of k& € T'. Now (2.10) gives

G = et + Bre ™,

and
Dqy = koye®® — l<:ﬁke_k'Z

should satisfy (2.13). It is easy to check that this implies that
kaZe? + kB2 — Ak an Py

is bounded by 2c3||Fx||3 for large k. Now since
|4k? axc B | < 8K il + gﬁi,

and since, for large k, 8k% << ke?*, we conclude that for large k the quantity kaie% + kﬂi
is bounded by ¢4/ Fi||2. Now computing ||kqx||?, we see the same behavior in kae?* + kj3¢
for large k. It follows that we have

[kal| < ¢sl[Ficllo,
and (2.3) allows to conclude that
I < ol Fido-
Collecting all the above estimates gives for a certain constant ¢ > 0
|Ukl2 < cl|Gxllo,

which is the desired estimate for L~! now bounded from Kos to Ds(L) C Kos.
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Extension of the inverse of L

Let us consider now the same equation (2.1) but with a less regular right hand side. Now
we take G € (Dy/a,5)" which is the dual of Dy /5, defined in (5.5). This means that for any
V € Dy, we have the following bound for the semi-linear form (G, V)q s :

(G V)osl < IGllip, 50+ IV 75

D1/2,s

We are now looking for U € D /5 , defined by a variational formulation (also classical for
the Stokes linear operator, as well as for the Laplace operator (see [76]), both written in

Fourier components)

(Uv V>fvs = _<G7 V>0,s for any V' € D1/2,sa

where the definition of (U, V')~ comes from (5.10). For the type of discussion which follows,

we may also refer to [54] p.223-224, adapted to each Fourier component here.
It is easy to check, in looking at the first equality in (2.6) and its analogue for 0y, that

(LU, V)o,s = (G,V)q,s for any V € Dy 5 4,

holds, where the brackets are dual products. This proves that the unique solution U €
D /2,5, hence by definition (—L)'2U € Ko,s and

WUl < IGllD, 00> (2.14)

which means that the operator L which is bounded from D /5 , to (Dy/2,)", has its inverse
bounded from (D5 4)* to Dy /g -

6.2.2 Proof of Lemmas 4.8
(1)

Let u be a scalar function in H; ;, which means that

u(x,z) = Zuk(z)eik'x,
kel
with .
DL+ NNl [f < oo, [Juklf = /0 (1Duxel* + (1 + [k[*)[uc]?) d2.
kel

Assume now that v and v are scalar functions in ’Hglg, then

1
luvlf3, , = /0 D1+ NQ* (ID(wo)icl + (1 + k)| (wo)ie|) d=
kel
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and using (a + b)? < 2a? + 2b*

1
< / > 1+ N2 (2l(wDu)|* + 2|(uDv) ] + (1 + [k*)|(uv)[?) -
0 ker

From Lemma 4.2 we have

DA+ NDlwDok(2) < 20(s,50)* (Y (1 + NP’ lur(2)P)(Y_ (1 + N)* [ Dom(2) %) +

kel lel’ mel
+20(s5,50)*(Q_(1+ ND)®|un(2)P) (D (1 + Ni)*| Do (2) ),
lel’ mel

and the analogue holds for vDu.

Now, introduce v’ and @ defined by

ux = \uk\ UL =v1+ k2aka

then, in using (1 + [14+m|?) < 2((1 +[1]?) + 2(1 + |m|?)

130
1/1—|—k2|(uv)k| < AV/14Kk2 Z UIUpm

k=l4+m " 1+12“ 1+m2
< V2T v, + uitm = V2[(@0 )i + (WD)
k=l4+m

Hence
(1+ k)| (woh|* < 4(|(@0" )i * + | (' 0)f),

and using again Lemma 4.2 we obtain

S+ ND L+ KP)(wonl® < 8C(s,50)? <Z<1+N12)8<1+!l!2>!u1\2> (Z(HN&)SO\va) +
kel lel’ mel’

+8C(s,50)° (Z(l + Nf)slml2> (Z (1+ Np)™(1+ Imlz)lvml2> +

lel’ mel’

+8C(s, 50)? (Z(l + N2 (1 + m?)rulr?) (Z(l - Nifrvm\?) +
lel’ mel’

+8C (s, 50)* (Z(l + Nf)soluﬂz) <Z (14 N2)5(1+ ]m]z)]vm\2> .
lel mel”

Now we can use

1
/0 D lom?dz < ellurl | [vml 2,

1
/0(1+|1|2)|ull2lvml2dz < c(1+ U)ol 17,
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and the similar symmetric estimates to show that there is a constant ¢2(s, sg) = 10cC?(s, s0)
such that finally

[luv][f 5 < (s, s0)(lullF IVl o + [lull? s ll0]1F ),

Lemma 4.8 is proved.

Assume now that u and v are scalar functions, respectively in ”H&) and ”H((]ls) with
s >89 >d/2. Then

HuvH2 /Zl—i—Nk |(uv)i|2dz

kel

which gives, by Lemma 4.2

DA+ ND ol < 20(s,50)2(Y_(1+ NP [a) (Y (14 N Joml) +

kel lerl mel
+2C(s,50)° O _(1+ NP)© ) (Y (1 + N [om ).
lel mel’

Now we use

1
/ v ?dz < cllenllZp vl e,
0

which leads to

[luvl[, < 2¢C(s, s0)*(I[ullf sl[VI13 o + llullf 5 10113 o)

which gives Lemma 4.9.

Now by Lemma 4.1 we have for all z € (0,1) the two inequalities

S lwohel? < 26> (1 + N [wl*) (D foml?), (2.15)

kel lel mel

and
D wo)l® < 2¢s> " (O (14 NE) om[?). (2.16)
kel lel mel’

We also have for some ¢ > 0 :

1
/0 2 [ven Pz < cxnin] ] 21 [ 2. ] 22 o] 20}

Then summing (2.15) on (0,1) and using the last inequality leads to Lemma 4.10, while
summing (2.16) and using the last inequality leads to Lemma 4.11.
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6.2.3 Proofs of the bounds for the quadratic term

For U € Ky, we have all components of VIV and V6 which are in ’Hglg Moreover, for

U € Kys and U’ € Ko s Lemma 4.8 says that the components of

vV.vVv', v.ve, V'.VvV, V.V

satisfy estimates given by this Lemma in H;s. The projection  does not change the

estimates, hence
I1B(U, U ), < (s, 50)([|Ull2,s[1U"]|2,50 + U l2,50 [1U7]]2,5),

which is (5.2).

For proving (5.3) we have U € K s, hence components of VV and V6 € ’H(()lg and
Lemma 4.9 shows that the components of V - VV’/, and V - V@' lie in 7-[(()12 To obtain
B(U,U’) we just need to apply the projection g to V - VV” and to V' - VV. Then estimate
(5.3) results immediately from estimate of Lemma 4.9.

For proving (5.15) we need to prove that for (U, V) € Ky ¢ x Ky then

|1B(U, Voo < NU1slIV]1.0-

Indeed, components of VU and VV belong respectively to Hg s and Hoo and we need to
consider products of functions of the forms Hos X Hio and His X Hoo. Then Lemmas
4.10 and 4.11 and projecting by B (as above) allow to prove that B(U, V') € Ko with the
required estimate (5.15).

6.2.4 Study of the nondegeneracy condition leading to (6.6)

Let us come back to the homogeneous system associated with (6.3), which gives for every
fixed k € I' the discrete set of eigenvalues \;(|k|),7 = 0,1,2,... (below, for the sake of
simplicity, we omit to consider g as a function of |k|?). Below, we only consider k in RT
since we know that only its modulus matters. We are interested in the concavity of the
graph of A\g(k) in the neighborhood of k = k. > 0, where %(kc) =0.

By construction, we have

Ao(D? = K)o 4+ 6y — Dy =
Ao(D? = V) —ikeyqe =
Ao(D? = k) + 0l =

Duy +ikey - VI =

(2.17)

o O o O
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where D = d/dz, e; is the unit vector along the x axis, and where

U1(<Z)|z:0,1 = Ox|.=0,1 = 0,
and either

Vi o1 =0, or Vo =DV =0, or VP = DV =0,

For k = k. > 0 the eigenvalue A\g(k) reaches A\g > 0 where Cg}f (ke) = 0, as this results from

the analyticity of the function A\g(k) with A\g — 0 as kK — 0 and as k — oo (see [74], [75]).
Our purpose is to compute dj,jgo (kc). We need ddlgo( k.) # 0 for establishing (6.6) since the

denominator in (6.6) corresponds, up to a factor, to A\(k) — A\g in a neighborhood of k.
(notice that the function A(k) is even in k). In fact it is only known numerically that there
is only one maximum and that the graph is concave at this point, so we intend to just give
a formula for \jj = %(k‘c).

More precisely let us differentiate (2.17) with respect to k :

No(D? = 2o — 220kel?) 4 Ag(D? — k)P + 6}, — Dgf = 0,
My (D? = 2D — 2xok V) —ieygie + Ao(D? — VL) —ikerq, = 0, (2.18)
Ny(D? = k2)0y — 200kby + o(D? — K2} + v = 0,
Do + ikey - V) 1 e, - Vk( ) = o,
which, for k = k. gives
2okl + Ao(D? — B2 + 6, — Dgf, = 0,
—20k Vi —ierqe + Mo(D? — EDVI) —ikerql = 0, (2.19)

0

0
—2okebi + Ao(D? — K20y + 0P = 0,
DU +ikeer - VI e, - vk( )
with the same boundary conditions for (VIQ(H) (2) ,0}.) as for the eigenvector Uy = (V(H) 1(:), Oy).
Before going further we need to determine the derlvatlve with respect to k of the eigenvec-
tor Uy in k = k.. We observe that the last equation in (2.19) is not exactly as in (2.17),
so we need to make a little change of notation, for being able to use the pseudo-inverse of
AoLx, + Ak, in k. = kee;.

Let us define

1(H

(71'(:(‘71{ ),v{fz),Hi{) with V( ) = V/(H)

1
+k—cvlfH’,
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then (2.19) becomes

M(D? = k2P + 0 — Daf, = 2xokev?,
2
ke

(D? — K2V, (2.20)

Cc

Ao(D? = BV —ikerql, = 22Xk +

Ao(D? = )0 + 07 = 22okeby,

Do +ikeer - VI = 0.

The system (2.20) holds because of the property \; = 0, which implies that the compat-
ibility condition is realized for the right hand side (cancelling the scalar product of the 3
first lines resp. with (vl(:), Vk(H),Gk)):

22 [! o
2Xoke||Ux|[2 + ; 0 / (D? — 2V vz = o,
c 0

i.e. after integrating by parts
z H
k21 + 10wl ) — 1DV = o. (2.21)

Notice that for k = keq, the functions vl(f),Hk,v{{(z),Hi( are real valued, while Vk(H) and

VIQ(H) are pure imaginary.

Remark 2.1 We can also give a formula for any k in using (2.18):

N RIITRIE = 222 DRI — K21 13 + L] (222)

where
10| = || DU[§ + [KI*|| U], (2.23)
which corresponds to the norm of the k-component in the definition (5.10) of norm || - ||ﬁ,

From (2.20) we can now write

20
ke

~ —1
U = (AoLx, + Ax.) {mokok + P (222D — )V o, 0)] ,

—_—— —1
where (A\gLyk, + Ax,) is the pseudo-inverse of (AoLx, + Ax.) taking values in the orthog-
onal of its kernel (selfadjoint operator) and By is the k-component of the projection

defined in section 2.4.1. Hence

/ -1 2X0
Uk = ()\Qch + Akc) 2Xok Uy + ‘Bk( 3

1
(D? - )V o, o)t] - (k—vlfm,o, 0). (2.24)

(& (&

Differentiating (2.22) with respect to k in k = k. then gives

d 1 H z
NIl = 220 (EHDVIE 118 = k(I ls + ||ek||3>) ke (2.25)

which is the desired formula, where all terms are now known.
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6.2.5 Proof of Lemma 8.13

We refer extensively to [4], pages 628-636, here adapted to an operator in an infinite-
dimension space (since we do not consider the projection IT').

The operator (A — )\g) is diagonal (all k-th Fourier components are uncoupled for
operators A,B, L, A) as well as for orthogonal projections 7y and II. The projection Qg =
I — Py is also diagonal, since it just modifies each Fourier component e’*/*, j = 1,2, .., 2.
Moreover, notice that k; belongs to the singular set S() for any N since k| = k.. However
0 is not an eigenvalue because of the z dependency of coefficients of e’%i™* the corresponding
eigenvalues being \;(k2) — Ao < =09 <0, j = 1,2, ....

Eigenvalues of Dy = IIymoQo(A — A\o)Qomolly are /\j(|k|2) — Ao, j = 0,1,... with
llk| — ke| < 01, and Nx < N, the eigenvalues close to 0 corresponding to j = 0, with
the estimate (8.19) (notice that the operator Qg eliminates the eigenvalue 0). Then, the
required estimates on (Dy) ! restricted to the subspace corresponding to parts of Qy =
R(ny + S(vy are valid. For example, since we have for k € Ry, Ao — Mo(|k[?) > p, and

since the operator is self adjoint in Ko s,
IDrhllo,s > pllh[lo,s for any h € En,

where Dp is the operator Dy restricted to Fourier modes with k € R .
Let us now show the "multiplication property” of operator 7', where Lemma 7.2 gives,
for (57/77 V) € [0761] X [_875] X QOICO,Sa HVHO,SO < 1

eT(e, i, V) = Un (i + B + €.z + R 7)1, (2.26)

with estimates (7.22).
First for U € K15, 5 > so > d/2 and H € K o we see with the definition 5.2 of B(U, H),
that for U = (V,0) and H = (V,0p), there are functions occurring in components of

V-VVy, Vg -VV,V -NVOg, Vg - V0

each one denoted by 71 H lies in Hg o (see Lemmas 4.10, 4.11), satifying a bound such that,
for A, B C Q(N) (see definition of T} at Lemma 8.13)

U1,
(1+d(A, B))s—d/2

[T1]3H o0 < c(s) [[H]1,0,

as it is obtained by the same proof as Lemma 3.9 in [4]. We observe that the projection

B is diagonal in Fourier components, so that the above estimate stays valid for B(U, H)

—-1/2

in Ko . Now the operator (—L) is also diagonal, and bounded from Ky s to Ky ¢ for all
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s > 0. It then results from the definition of B that we have the following generalization of
(5.7) for any V € Ko s, s > 59 >d/2 and h € Ky :

[V ]o,s
(1+d(A,B)

1BV, )N5hlloo < c(s) a7z [|7[l0,0- (2.27)

We then look at the operator appearing in (7.11):
[+ e — 2QoB(ue, ) — 2" QoBi(V, -).

The operator Qq is diagonal, hence the above estimate (2.27) leads to a bound in Ko as

(e +*[V]]o,s)
(1+d(A, B))s—d/2

C(S) HhHQp. (2.28)

Now we need to track the estimate for the transformed operator after the splitting by g
(see section 2.7.5). For its computation we need first to look at operator Qélﬁlz/ acting
in (I — mp)QoKo,p. It is obtained via a Neumann series of powers of operators satisfying
estimates as (2.28) provided that ||V||p s, < 1, and proofs of Lemmas 3.10, 3.11 of [4] apply

analogously, leading to

(L +eVllo.s)

(1,1) 14
QEBAlIo0 < &) T gr e

Ev/jvv

[12f]o,0-

The composition of two operators satisfying estimates as above, satisfies also the same
estimate, with modified constants, so that finally for (2.26) and for any V' € Ko s, |[|V]]0,50 <
1,8 >s9>d/2and h € Ko

e(1 +°[Vllo,s)

||€T(57/~" V)]thO,O < C(S) (1 + d(A B))s—d/2

[1Allo.0-

6.2.6 A C? property for the Nash-Moser theorem in [5]

Starting point is the Nash-Moser theorem 3 in Berti-Bolle-Procesi [5] . We want to extend
this theorem from the C'-case to the C2-case. We assume the conditions of that theorem
with v = 0 and moreover that F(e, \,u) is C? in (e, \,u) on [0,€0) x A x Xy, and that the
following conditions are fulfilled for z := (e, \) € [0,€69) x A and u € X, s € [sg,S), with
ullyy < 1:

(F2)" ||ORF (2, u)lls < C(s)(Ifulls + 1)

(F3)* [|IDF (2, w)[vr, vz, vs]lls < C(s)([[ullsllorllsollv2llsol[v3]]sq

Hlor]lslvallsol[vsllso + [[02llslloallsol[vallso | + Tfvs]ls|[vr]lso lv2llso )
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(F4)" IRDuF (2, w)]ls < C(s)([[ulls][vllso + llo]]s),

1O\DLF (2, u)[vr, va]ls < C(s)([[ulls vt llso [[v2]]s0 +

[lorllsllvallso + [lv2llslvr]lse)-

Then Theorem 1 of [3] holds with v = 0 and d3u exists and belongs to C([0, €2) x A, Xy,).
To prove this we show that

The sequence (O3uy)n>0 converges in C([0, e2)x A, X, ), where uy, is as in [3]. Moreover,
given n € (0,1) we may choose No(7) large enough such that for O3u,, : [0, €2) X A — Ep 41,
the properties (Pj)n,j =1,2,3,4 are supplemented by

(P1)F 1+ [|02un]|sy < C(Y)NG, (2.29)
(P2)5 1103 (unt1 — un)llsy < Ny, (2.30)
(PA)) B! =1+ [|03un[s < 2NZ/3H2H30, (2.31)

Finally in (P4),, we have B, < 2N5j:1777 B < 2Nsﬁ+u+2n.

We denote formula numbers from [3] in the following by adding a zero in front of that

number. So (041) corresponds to (41) in [3]. First we remark that corresponding to (034)

and (038) we also have for z € N(A,41, ZVNJfl/z):

hnstlls < NAATP, (2.32)

10 hmsallsg < N 2T/ (2.33)

10 hnalls < NZFHES, (2.34)

and ||hp41]ls < st{zn with a proof quite similar to that in [3]. Similarly it follows from

this that [3,Theorem 1] holds in case v = 0.

To prove the C? property in A we will follow the induction process in [3]. First functions
1o and iln are constructed. Then wug := Ygug, hy, 1= Q/Jnﬁn,unﬂ ‘= Up, + hpt1, Where the
cut-off function v, is defined in (050), but now with the extra property that it is C? and

10,0, < CyTING/2 |02, | < C24 72N, (2.35)

From the implicit function theorem it follows that A, is C? in A and then the same
follows for h,, and u,,.

Next we have to estimate the norms of these functions in order to show that the sequence
O3uy € C([0,€2) x A, E,,) converges in C([0,e2) x A, X,).

By (032) we have 1,11 F(z,u) =0 if u = u, + I uwb and z € N (Ap41, 27Nn_0/2).
This also holds for n = —1 with u_; = 0,ut, = 4y = ho. Applying 8)2\ to this equation
leads to

L:;Ha,z\ilnﬂ + Mp+1 =0
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where L (2) := 41D, F (2, u;}) which is invertible by [3, Lemma 2.3] and
Myt = Myt [03 (F (2, w)) 4200 Do (F (2,07 [Onusy ]+-D3 (F (2, 07) ) [0x) , Onusy |+ Du(F (2, 7)) ) [03un]

for z as above.
First let n = —1. Then ||Mp||s may be estimated using (F2)", (F'3) and F(4). Thus

[1Molls < C(s)llldol[s (1 + 2/[Oxtiollse + [|9xtiolI5,) + 2[10xtol[s (1 + ||Oxdo||s,) + 1].
From [3, p. 385] we have
[ltiollso < po = Cov™ " N'e, [|0xtio sy < Ky~ NE, [Jdo|ls < K (7)N§'e, |[0xtiol[s < K (7)NE'
Then we get
[1Mols < Cr(7)NG"

for both s = sy and s = 5. Then we apply (015) and (016) to 039 = —(Lg) ' Mo and
obtain ||031]|s < C(y )Ng’“ for both values of s.

From ug := ¢yto and (2.35) we deduce (P1)g and (P4)y for n > 0 and Ny sufficiently
large.

For n > 0 we write M,,+1 = 11,411 2]6-:0 A; with
Ay = BF(z,up) + 205Dy F (2, un)[0zun] + D2F(2,up) [Oxttn, Oxtin] + Dy F (2, up ) [03uy]

A = B(F(zul) — F(z,un)) / 02D (F (2, tn + Oy 1))d0 [ s1]

Ay = 203\Du(F(2,uy) — F(z,up))[0nuy] = 2/01 OND}(F (2, up + 0h11))d6[ g1, Oxut]

Az = 203Dy F(z,un))[00hn1]

Ay = Di(F(z,u)) = F(z,u3)) 0w}, Oaut) /1 D3y (F (2, un + 0hy11))d0[hn i1, Orut, st ]
A5 = DiF(z,un)([0xuyr, Orust] — [Onun, awn]),o

1 ~ ~
A = Du(F(zuy) - F(z,un))[aiun] :/ Di(F(z,un +9hn+1))d9[hn+1’a)2\un]
0

Similarly as in [3] using (S1), (F4), (F4)t, (F3)* and the estimates for ||y 11|]s, |02 ni1]]s, ||[un]|s

we obtain that there are constants Cy(s, ) independent of n such that

[Mng1 (A1 + Az + Ag)llsy < Cilso, VN IT! (2.36)
M (A1 + A+ Al < Ci(5 )N, (2.37)
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Furthermore using (F4) it follows that there exist positive constants K independent of n,

which may be different in different places such that

[T 1 Asllsy < KN, 27720 || 40 Ag s < ONZLEF2590, (2.38)

In As we may replace [Dyut, Ozu] — [Ortin, Oxtin] by [Oxhng1, Ox(2upn + hny1)] and then
with (F3),(2.29), (2.32), (2.33) and (P4),, we obtain

|1 A5]]sy < KN,:ET/A‘_HQ", (2.39)
[T 41 A5 |[s < KNG (2.40)
and also using (2.31)
41 A6]sg < KN, 7T (2.41)
M40 Aglls < KN, (2.42)

Finally using (F2)*%, (F3), (F4), (F6),(P4), and (P4); we get

24+20+3
1M1 Aol[s < K NZ/2H2H51,

With [3,(52)] it follows as in (047) that

1M1 Ao|lsg = [T (1 = TLy) Ao|lsy < K Ny #5041 Ao|[s < KN, 727250,

Combining the estimates for A;,j = 0,...6 it follows that

—0/2-2+43
[ My ia]]so < KN, {27250

and
[ My galls < KNG,
From (P4);} and [3, Lemma 2.3] we obtain

5 —0/24pu—243 7 o/2+4+3(pu+
1031 |lsg < KN J{2H72080 1020, 44 || < KNZ/2H80E) (2.43)

With A1 = ¥y, 41hns1 and (2.35) it follows that

1837 n+1lls < N10Rhn1ls + 20030 11103 en1lls + 1058 s el (2.44)

and from the corresponding estimates for hy,y1 in (2.32),(2.33),(2.34) and (2.43) we get
that

—1 o+2u+4
"8)2\}1714‘1”50 < Nn-i-imv Hag\hn-i-l"E < Nnj-—lu—l— " (2-45)

From this and up41 = tn+hny1 we deduce (P2)7, 4 and (P1);7, . Furthermore with (P4);
it follows that

" " 2 0/2+2p+3n o+2u+4n o+2u+4n o /24u+2n

and so (P4),+1 holds and the induction step is proven. Finally this implies as in [3, section

2.4] the statement on the convergence of the maps d3u,, in C([0,€2) x A, X5,) to d3u.
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6.3 Appendix of Chapter 3

6.3.1 Adjoint operator

Denote by (-,-) the scalar product in (L2_,(22))® and consider the closed subspace

per
Ho={U = (V, Vi, W, W1,0,0) € (L2,,.(2)°; / Vpdydz =0} C (L2,,.(Q))%,
Q

which is the closure in (L2.,(€2))® of both X and the domain of definition Z of the operator
L. We compute the adjoint £, of £,, from the scalar product (£,U0,U’), for U € Z, and
choose U’ € Hy such that U — (£,U,U’) is a linear continuous form on Hy. We obtain

the linear operator

_N_l (AJ_WSC - <AJ_Wx>)

ViVe—p PAW, —p 'V (V- W) — pde,
V.- W
LU= LWy ,
pVy
_Wz - AJ_(b
0

where

<AJ_WSC> :/AJ_Wx(y7Z)dydz-
Q

The operator L7, is closed in the space X* defined by

X*={U e (L2, (0)® x (H},(2)* x L2,.(Q) x H},(Q) ;

per per per per

We=W, =¢=0o0nz=0,1, and /deydzzo},
Q
with domain

ZF={Uex*n(HL, (V) x (H2,(2)* x Hp (Q) x H2, () ;

per per per per

VJ_ZVJ_‘WJ_ZHZOOHZZO,l}.

The adjoint operator £}, has the same center spectrum as the operator £,,. For our purposes
we need to compute its kernel, an eigenvector associated with the eigenvalue —ik of ﬁl%(kp
and one of the eigenvectors associated with the eigenvalue —ik, of £, .

The kernel of L], is easily computed by solving the equation £;,U = 0, and we find that

it is spanned by the vector

(108 = (0707072(1 - 2)707070707)t-
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Next, for u = py(k), the operator ﬁzo (k) has the geometrically simple eigenvalues +ik,
just as the operator £, (x). In Appendix 6.3.2 we need the expression of an eigenvector
‘I’;;o associated with the eigenvalue —ik. A direct calculation gives

1 3 3
0
ik
(B

* I % T, _%ka
lIlk,O(y7 Z) = lIlk,O(z)7 ‘I’k,O(Z) = 0 ) (31)

Vi
—ikey,

O,

where

(D*Vy) Z/D3Vk(2) dy dz,
Q

V} is the solution of the boundary value problem (2.6), and ¢, is the unique solution of the
boundary value problem

(D* = k*)¢y, = Vi,  ¢pls=01 = 0.

Finally, in the computations of next Chapters we also need an eigenvector associated
with the eigenvalue —ik, of £}, which is of the form

T = W (2)ekoy,

We obtain that

- 1k2 (D% — k2 cos? a)DV
_sinacosaDV
He

1kcsin o 174
He

~ —Lspapy
— 2DV
v
—ike(sin )¢
¢

where V' is the solution of the boundary value problem (2.8), and ¢ is the unique solution

of the boundary value problem

(D* —k)p=V, ¢|.m01=0.
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Notice that the function ¢ is related to the function 6 in the boundary value problem
(1.16)-(1.17), taken at k = k., through the equality 6§ = —pu_ ¢.

6.3.2 Algebraic multiplicities of +ik and Fiw; (k)

For ky, = kccosa with a € (0,7/3) and k # k., sufficiently close to k., consider the
geometrically simple eigenvalues +ik and the geometrically double eigenvalues +iw, (k) of
the operator £, x) found in Lemma 2.1. We show that their algebraic multiplicities are
equal to their geometric multiplicities, or equivalently, that their index is equal to 1. We
prove the result for the eigenvalue ik, the arguments being the same for the eigenvalue
iwl(k).
Assuming that the index of the eigenvalue ik is larger than 1, there exists a vector ¥y,
such that
(ﬁﬂo(k) — Z‘k)‘I’k’o = Uk,O' (32)

Differentiating the eigenvalue problem
L, k) Uk,0 = kU p,

with respect to k leads to the equality

. d . 0
(Lyo(y — k) <@Uk,0> = (Z = g (k) @ﬁu\wuo(k)) Uk

Since p(k) # 0 for k # ke, this identity and (3.2) imply that there is a solution ®j ¢ of

the linear equation
, 0
(ﬁuo(k) — k)P = @ﬁu‘u:uo(mUk,O- (3.3)
As a consequence, the vector in the right hand side of the above equation is orthogonal
to the kernel of the adjoint operator (ﬁﬁo(m + ik). In particular, it is orthogonal to the
eigenvector Wy , computed in Appendix 6.3.1 and given by (3.1). A direct computation

gives the term in the right hand side of (3.3),

o E“‘u=uo(k)Uk’0 - 0 ’
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and taking its L2-scalar product with the vector W o given by (3.1) we obtain

1

2R (ID?Vill? + 2K | DV (> + K [[VRlI?) + DSl + K[l 1> > 0.
0

The positivity of the scalar product contradicts the solvability condition for the equation

(3.3), and proves that the index of the eigenvalue ik is equal to 1.

6.4 Appendix of Chapter 4

6.4.1 Proof of Lemma 3.2

Proof. The existence of the polynomial P. and the first two properties in Lemma 3.2
follow from the general normal form theorems in [28, Sections 3.2.1, 3.3.1, and 3.3.2]. In
addition, N(-,-, ) is an odd polynomial of degree 3 such that N(0,0,e) = 0 and the identity

DyN(Z,Z,e)L{Z + DzN(Z,Z,e)LyZ = LiN(Z, Z ,¢), (4.1)
in which L} is the adjoint of Lg, holds for any Z € C* and ¢ € V,. We write
N(Za77€) = Nl(Zv7)€ + N3(Z77)7

where N7 and N3 denote the linear and cubic terms, respectively, of INV. It is now straight-
forward to check that the linear part N7 has the form in Lemma 3.2 (ii7), and it remains
to check the cubic terms Nj.

We set N3 = (N, ]\74_, KL,M_). Then the identity (4.1) becomes

(D* +iky)Ny =0, (D* +iky)My = Ny,
(D* +iky)N_ =0, (D*+ik,)M_=N_,

in which
) ) B )
D* = ik A0 (Ay — ik By) = — ik A O 4 (A —ik,B)—2
koA (A =ik Bi) g — ke A-gim 4+ (A= — ik B-) 5~
S N S
the Ay 5=+ (s ke By ) = 4 ike A oo £ (A ik Bo) 5=

Due to the equivariance of the normal form under the action of the symmetry So, it is
enough to determine (N4, M, ), the components (N_, M_) being obtained by switching
the indices + and — in the expressions of (N, M,).

Cubic monomials are of the form

A AT BB AP AT BT BT,
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with nonnegative exponents such that
pyr+qr+ry+sy+po+q +r_+s_=3. (4.2)
We claim that the cubic monomials in ]VJF and MJF also satisfy
P+—qyF+ry—sy+p-—g-+r-—s_=1L (4.3)
Indeed, for any monomial as above we have
D (AL A BB AN A BB ) =
—iky (py —qr +74 =S¢ +p-—q+r_ —s )AT AT BB AT AT BT BT

g AP gV AP g

sy APV AT B B T AP AT BB

-4 St Ap—+1—q- pr_—19—s—
L AV ALM BB AT AT B B
——q =S _——q—+1 _=—s_—1
s AV BB A A g B
implying that the subspace of monomials for which the sum in the left hand side of (4.3)
is constant is invariant under the action of D*. Ordering the monomials by decreasing
exponents p4, g+, 7y, S+, P—, ¢—, r—, and s_, this action is represented by a lower triangular

matrix with equal elements on the diagonal given by
—iky (P4 —q4 +r4 —S4+p-—gq-+r_—5_).

Consequently, the polynomials ]VJF and ]TJ/JF, which belong to the kernel and generalized
kernel of D, +ik,, respectively, belong to the subspace for which (4.3) holds. This proves the
claim. Furthermore, the commutativity of N3 and 7, implies that monomials in (]VJF, ]TJ:F)

also satisfy
P+ —qy +7ry =Sy —p-+qg-—r-+s_ =1 (4.4)
Collecting all possible monomials in (N, M+) for which the conditions (4.2)-(4.4) hold,
we compute:
D* + ik,
D* + ik, ) (A2 By) = (D" + ik, ) (AL AL By) = A2 AL,

( )
( )
( J(AyB{By) = AiB, + AyA By, (D" +ik,)(A;B})=2A,A,By,
( )

D* +ik,)(B>B;) = 2A. B, B, + A, B,
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and

Since ]VJF and MJF are necessarily linear combinations of these 14 monomials, the equalities

above imply that they are of the form

Ny = Ay Pi(ui,uz,uz,ug) + A_Ry(us),

M, = ByPy(uy,upus,us) + B_Ry(us) + AL Qy(ur, uz, ug,ug) + A_Sy (us),
with ]3+, ]§+, @+, §+ linear in their arguments, which are the quadratic expressions

up = A+A—+7 U2 = Z(A+B—+ - A—+B+)7 uz = A—I7
wi = (AT~ AB). us = (A, B —AB,).

This proves the expressions of the cubic terms of N; and M, in (iii). Finally, taking into
account the action of the reversibility S, it is straightforward to check that the coefficients

Bj; bj, V5, and c5 are real. =

6.4.2 Computation of the quotient g = bs3/b,

For the computation of the coefficients by and b3, we follow the method in [28, Section

3.4.1]. We restrict to the 8-dimensional center manifold
Mi(e) ={U.+®(U,¢); U, € EL}.

Recall that solutions on this submanifold are invariant under the action of S37,. Combining
the transformations from the center manifold reduction in Section 4.2.1 and the normal form

in Lemma 3.2, we write

U = A¢, +B. W, +A (¢ +B Y +A,(, +B, %, +A ¢ +B ¥_

+ ‘5(144_, B+,A_, B_,A_+, B+,I,K,E),
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in which Z = (A4, B4, A_, B_) satisfies the normal form (3.6). Substituting U given by
this formula in the dynamical system (2.1), and using the expressions of the derivatives of
Ay, By, A_, B_ given by the normal form in Lemma 3.2, we obtain an equality for the
variables Ay, By, A_, B_ and their complex conjugates. We find the coefficients of the
normal form, and in particular by and bs, by identifying the coefficients of suitably chosen
monomials in this equality.

We denote by ®,., the coefficient of the monomial A:_A_J,_SAt_Iu in the expansion of

P. Identifying successively the coefficients of the monomials AiA_+, ALA_A_, and then
Aﬁ_, A AL, A A A A, A_A_, we find the equalities

iB1¢ + Wy = (L, — thy)Poroo + 2B, (P2000, C1) + 2B, ( @1100,¢4),

1836, +b3Wy = (L, — iky)Pro11 + 2B, (P1o10,C_) + 2B, ( ®1001,¢-) + 2B, (Poo11, Cy ),

and

(Ly, — 2iky)P2000 = =B, (¢, C4), (4.5)
L, ®1100 = —2B,,({1.C), (4.6)
(Ly, — 2iky)®1010 = =28, (¢, ¢ ), (4.7)
L, P01 = —2B,,(¢4,¢), (4.8)
L, oo = —2B,,({_.C ). (4.9)

We determine the coefficients b; and b3 by taking the scalar product of the first two equal-
ities above with the vector ¥* in the kernel of the adjoint operator (£, — ik;)* computed
in Appendix 6.3.1 of Chapter 3,

b (O, W) = (2B, (®200,Cy) + 2B, (®1100, ¢ ), ¥, (4.10)

b3<\II+7\II*+> — <28MC(<I>1010,C_) +2Bﬂc(¢10017c_) +2Buc(‘I’001laC+)7‘I’i>7(4-11)

where ®9000, ®1100, ®1010 , P1001, and ®gp11 are solutions of the linear equations (4.5)-
(4.9).

In the equations (4.5) and (4.7), the linear operator (£, — 2ik,) is invertible, except
in the case @ = m/6 when 2k, = k.. Nevertheless, we only have to solve the equations in
the subspace of vectors which are invariant under the action of Sg37, and the restriction
of (£, — ike) to this subspace is invertible, since its two-dimensional kernel is spanned
by ¢, and ¢, which do not belong to this subspace. Consequently, ®2000 and ®1919 are
uniquely determined. In the equations (4.6), (4.8) and (4.9), the linear operator £, has

a one-dimensional kernel spanned by the vector ¢, in Lemma 2.2 (i) of Chapter 3, and
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the kernel of its adjoint is spanned by the vector ¢ in Appendix ?? of Chapter 3. The
solvability condition is easily checked in all cases, so that we can solve these equations up to
an element in the kernel of £,,. The choice of this element in the kernel does not influence
the result from (4.10)-(4.11), since B, is invariant upon adding a multiple of ¢,.

After long and intricate computations we obtain in the rigid-rigid case that

by ba (sin? @) + b3y (cos? ) + b31(0)

= = , 4.12
b1 $b31(1) + b31(0) (4.12)
in which
b31(©) = A31(0) + B31(0)P ™! + 03 (0)P 2,
with
A31(0) = 2u3((D* - 4k20)°V1, Ry),
B31(©) = 4420 ((Vi, Ra) + (Va, Ry)),
2,0
C3(0) = —=E=((D* ~ 4k26)Va, Ry),
where

Ry =VD¢+ (1-20)¢DV, Ry=(D?-4k2(1—0)) (VDV) —46(DV)(D?V),
and V7, V5 are the unique solutions of the boundary value problems

(D? — 4k20)3V; + 4k2u20 Vi = Ry,
Vi = DV} = (D? — 4k20)?V; =0in 2 = 0,1,
and
(D2 — 4k20)%V; + 4k220 Vs = Ry,
Vo = (D? — 4k20)V, = (D? — 4k20)DVa = 0in 2 = 0, 1,
respectively. Recall that V and ¢ are the unique symmetric solutions of the boundary
value problems (2.6) in Chapter3, and defined in appendix 6.3.1 of Chapter 3, respectively.
Notice that g — 2, as a — 0, which was the value of g in the case of the Swift-Hohenberg
equation in [32].

In the free-free case we have explicit formulas

1
%wzmﬂ#+ﬁﬂﬁ

from which we easily obtain the numerical values
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The solution V' of the boundary value problem is also explicit as seen in section 1.3.3 of
Chapter 1, V(z) = sin(nz). The explicit formulas above make the computation of the
quotient ¢ in Section 6.4.2 much simpler in this case. We obtain an explicit formula for b3y
in (4.12),

ba1 (O) = 18\/5”2;1 —O) ((@ +2)% 4 g@ P14+ 30(0 + 2)79—2) , (4.13)

and a Maple computation of the quotient g gives the result in Figure 3.2.

Remark 4.1 In this way we can also compute the coefficient by. By identifying the coef-
ficients of the terms €Ay, and then taking the scalar product with ¥* we obtain

bo(W, ®5) = (LW, wh),
in which L) is the derivative with respect to p of the operator L, in Appendiz 6.3.2 of
Chapter 3 taken at p = p,. A direct computation gives

1

p2k?

bo (W1, W) = (ID*V? + 2K DVI* + k2IVI?) + 1 Do* + kZ6]* > 0, (4.14)
and implies that (¥4, ¥%) < 0, since by < 0. We point out that it is not obvious to

determine the sign of this scalar product directly from the explicit formulas of ¥ and

6.4.3 Coefficients of the cubic normal form when S; does not apply

The formulas for the coefficients b3 and b5 found in Section 4.3 remain the same, and we

compute in the same way the coefficients a; and a3. We obtain

(
(
b3(® o, W) = (2B, (Poo2000,C4) + 2By (Poor100,¢4), L),
bs (W4, L) = (2B, (Poo1010, ¢ ) + 2By (Poo10o1,C—) + 2B, (Poooor1, €+ ), ¥h).

where ¢y and ¢ are the eigenvectors of £, from Section 3.2.2 of Chapter 3, ¥ and ¥’

are eigenvectors of the adjoint operator EZC associated to the eigenvalues —ik. and —ik,,



194

respectively, and the vectors ®pq, s, satisfy

(Ly, — 2ike)®200000 = —By., (Cos o)

Ly, Poorioo = —2B,, (¢, ¢ ),

(L, — i(ke — kz))®100100 = —28B,,_ (0, ¢ 1),
(L, — 2iky)®oor010 = —2B,, (¢4, ¢ ),

L, ®oooor1 = —2B,, (¢_,¢).
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Ly, ®110000 = —2B,,(Co, o)
(Lo, — i(ke + kz))®101000 = —2B,,_ (€0, ¢4),
(Ly, — 2ikz)Poo2000 =

_BHC(C-H C+)7

L, ®ootoo1 = —28B,,(¢1,¢-),

A direct computation (see also Appendix 6.3.1 of Chapter3) gives the formulas for the

eigenvectors

CO(yv Z) =

and

Wiy, 2) =

=DV
0
1%
—m DV
0 Y
ike
He
e (D? — K22V
7 (D2 = K2V

_ikc(b
¢

C:I:(y7 Z) = eiikyy

T (y,2) =

TR

e py
:I:%DV
%4
(D? — k2 cos?a)DV
sin o cos
FELT DV
ike sinaV

He
ule (D2 o k2)2v
iiirllgf{(D2 _ k?)2v

— uclkg (D? — k2 cos? a)DV
_sinacosa i1/
—SeDV
—teDV
-V
—ike(sin o)

¢

In these formulas, V is a real-valued solution of the boundary value problem

(D? = K2’V + pgk?V =0,

V=DV =(D*-k)?’V=0inz=0,

V=DW=DV=0inz=1,
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¢ is the unique solution of the boundary value problem
(D*=k)p=V, ¢=0inz=0,1,

and

(D3V) = i D3V (2) dy dz.
per

After very long computations we obtain that

as b51(%(1 + sina)) +b51(%(1 —sina)) + b51(0)
g1 =—= T , (4.15)
a1 51)51(1) + b51(0)
bs  bsi(sin®a) 4+ b 2a) + b51(0
%:j:5$m? 51(cos” a) mU’ (4.16)
b3 Lbs1(1) + b51(0)
in which
b51(©) = A51(0) + B51 ()P~ + C51(0)P 2,
with
A51(0) = 2u}((D* —4k20)*Vi, Ry),
B51(0) = 4430 ((Vi, Re) + (Va, Ry)),
21,0
C51(0) — ‘;2 (D? — 4k20)Va, Ry),
where

Ri =VD¢+ (1-20)pDV, Ry = (D?-4k2(1—0)) (VDV) —46(DV)(D?V),
and V7, V5 are the unique solutions of the boundary value problems

(D% — 4K20)3Vy + 4k2u20 Vi = Ry,
Vi =DVy = (D? - 4k?0)?V; =0 in 2z = 0,
Vi =D?V, =D*W; =01in z = 1,

and
(D? — 4k20)3Va + 4k21u20 Vo = R,
Vo = D?Vy = (D? — 4k?0©)DVo =0 in z = 0,
Vo=D?Vo =DV, =01in z =1,

respectively.
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6.5 Appendix of Chapter 5

6.5.1 Proof of Theorem 1.1
Sketch of the method

Let us consider the system (1.1). The equilibrium (A, B) = (0,1) of the system gives an
approximation of convection rolls parallel to the wall (periodic in the x direction, with fixed
phase) bifurcating for Rayleigh numbers R > R, close to R., whereas the equilibrium
(A,B) = (1,0) of the system (1.1) gives the same convection rolls (periodic in the y
direction) rotated by an angle 7/2 with the phase fixed by the imposed reflection symmetry.
A heteroclinic orbit connecting these two equilibria provides then an approximation of
orthogonal domain walls (see Figure 1.1).

The limit € — 0 is singular, and gives indeed a non smooth heteroclinic solution such
that (see Figure 5.1)

(i) for x running from —oo to 0, then (A, B) varies from (1,0) to (0, %) on the ellipse
A? + gB? =1, while

(ii) for x running from 0 to +o0, then (A, B) varies from (0, %) to (0, 1), satisfying the

differential equation
dB ¢

dr 2

The two manifolds A = A, = (1 — gB*>)'Y2, and A = 0 are named ”slow manifolds”

(1 - B?%).

B
1
region of non normal hyperbolicity
apke—"
i L\
1
0 A

Figure 5.1: Critical manifold

in litterature (see [25],[52]). For the part (i) of the curve, where x € (—o00,0], the set
of equilibria, here A2 + gB? = 1, is not normally hyperbolic at the end point (A4, B) =
(0,1//g). For the second part (ii) of the curve, where z € [0,+400), the set of equilibria
(A, B) = (0, B) is also not normally hyperbolic for B = 1/,/g. The normal hyperbolicity is
essential in Fenichel’s theorems [25], so we cannot use them directly. However we may use

normal hyperbolicity up to a small neighborhood of (A, B) = (0,1/,/g), as this is done in
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[39] section 3 for finding the unstable manifold of (A, B) = (1,0) in a neighborhoof of the
slow manifold A = A,, and in [39] section 4 for finding the stable manifold of (4, B) = (0,1)
in a neighborhood of the slow manifold A = 0.

The neighborhood of (A, B) = (0,1/,/g) not reached by the method above has a size
of order O(e*/%). We could think to use a geometric analysis, as Krupa et al did in [52],

where a blow-up method is used for getting a system independent of €. Indeed the scaling

4 = KA

1 K* e
B = —(14+—=¢'B),
Vo2
o z
T Kans

with B = z, since at main order

leads, at main order, to

(24721 = —AA +2), z € [~a_,+ay], (5.1)
which is independent of e. However, the work of [52] is made in 2 dimensions, while we have
here the 6-dimensional system (1.1). It results that the nice pictures of [52] would be very
hard to transpose here. In addition, we need to satisfy boundary values (also independent
of €) coming on the left side from the connection with the unstable manifold, and from the
right side from the connection with the stable manifold.

There are 3 unstable eigendirections starting from M_ = (1,0), and 3 stable eigendi-
rections in M, = (0,1). The heteroclinic we are looking for, results from the intersection
of these two invariant manifolds. The difficulty in the proof of Theorem 1.1 is to obtain a
precise estimate for the existence of the 3-dimensional unstable manifold of M_, where the
coordinate B varies from 0 to a neighborhood of 1/,/g, and to obtain a precise estimate for
the existence of the 3-dimensional stable manifold of M, until B varies from 1 (backwards)
to a neighborhood of 1/,/g = 1/ 1+ 62, while A stays close to 0. For approaching the
closest possible to B = 1/,/g, we use the first integral of (1.1), which implies that both

invariant manifolds are included in the 5-dimensional invariant manifold given by
2
0= (A7) = 324" — B? 4+ — (A7 + B* —1)? + &25° A’ B

The unstable manifold of M_ is obtained for 0 < B < %, while we first obtain

the stable manifold of M, for % < B < 1. For extending the existence of the stable



198 CHAPTER 6. APPENDIX

manifold in the gap of size of order £%/5, we need to solve the 4th order differential equation
(5.1), independent of e, also found in [58] and [13], after rescaling, where the boundary
conditions, also independent of €, come from the 2 times 2 parameters introduced by each
invariant manifolds arriving in +a-.

A precise estimate on a, is obtained in [39] for extending the domain of existence of
the stable manifold, for B in the interval % < B < 1. Then using results of [12] the

two manifolds intersect and Theorem 1.1 with its Corollaries are proved.

Remark 5.1 It should be noticed that in the middle of the heteroclinic, A(0) = O(e2/%)
and for x € (0,400), A(x) oscillates, staying of order O(e%/°), while B(0) = 1/\/g and

B(x) grows monotonically until 1.

Remark 5.2 Using symmetries of the system: A — +A, B — +B and reversibility sym-
metry: (A(z), B(x)) — (A(—x), B(—z)), we find 8 heteroclinics. Two are connecting M _
to My with opposite dynamics, two others connect —M_ to My, two connect M_ to —M .,
and two connect —M_ to —M,.. The one which interests us is the only one connecting M_

to My with the dynamics running from M_ to M.

Remark 5.3 [t should be noticed that the study made in [58] on the heteroclinic solution
for the system (1.1) uses asymptotic analysis, suggesting the existence of the heteroclinic,
later proved mathematically in [12]. Contrary to these previous works, using asymptotic
analysis on the full real line, the precise estimate which is obtained for ay (see (5.1)) is

essential here, for getting a rigorous result.

6.5.2 Reduction of the normal form

We start with the 12 dimensional system (2.4) where fi is RY/? — Ri/ ? . Then restricting
the system to solutions symmetric in ¥, the full system reduces to a 8-dimensional one such
as Ao (real) and By are the amplitudes of the rolls respectively at = —oo, and x = +00).

Let us define (below, X is redefined as the 4 first components of X previously used in (2.4))

X = (A07A17A27A3)t S R47
Y = (B, By eC?

ko= ke(1+k),
so that the system may now be written under normal form as (see (2.4))
19,4 - o~ o~
% = LX—FN(X,Y,Y,,U,]{?)+F(X,Y,Y,[L,k‘), (52)
ay

d_ = chY —l—M(X,Y,?,/L) + G(X7Y7?7:&)7
X
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with

LX = (A17A27A370)t7
L.Y = (ik.By+ By,ik.By)".

c

The (reversible) system (5.2) anticomutes with the symmetry S; (representing the reflection

x — —x). and commutes with 7, (shift by half of one period in y direction):

(Ap, A1, Ag, A3, By, By) + S1(Ag,—A;, Ay, — A3, By, —By),
(A07A17A27A37B07B1) = Tﬂ(_A(]v_Aly_A27_A37B07Bl)-

Remark 5.4 We don’t use the vertical symmetry z — 1 — z here (valid only in rigid-rigid
or free-free boundaries). In the case of rigid-free boundary conditions, we have no such
symmetry. The symmetry T, implies that F is odd in X and G even in X. Moreover it

can be shown that there is no term of degree 4 in X,Y,Y in the normal form.

Then we obtain the estimates for F' and G which are C™— smooth in their arguments

close to 0, with m as large as we need, and

|F(X,Y,Y, i, k)l
G(X,Y.Y, i)

IN

AX|(X PP + Y + (k] + |72])?
c(IXP? + [YD(IX + Y + |a])?, (5:3)

N

and the normal form which may be computed as in Chapter 4, is (see[28] Chapter 3)

0

N(X,Y,Y,j) = Aobr
o A1 P) + cgug + c13u13 7

Ao Py + AgPs + +cgvg + c13v13 + diauia

1BoQo + aiouig )

MX,Y,Y,ji) = | , ,
( g ( iB1Qo + BoQ1 + a1ov10 + ifguio + iB1aur2

P1 = boﬂ + b67€¥ + bl’LL1 + b3U3 + b5’LL5 + bﬁuﬁ,
Py = doji+ dik* + dyuy + i kuy + dsus + dsus + dgug,

Qo = aoit + ajuy + asus + asus + agug

Q1 = Boft+ Brur + Baus + Bsus + PBgus,
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where

u1
u3
Us

Ug

ug

u13

U4

Uu10

U2
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1
Aj, v = ApAr, wy = 514%,
2AOA2 — A%, vz = 3AOA3 - A1A2
_ 1 - 1 —
ByBy, vs = 5(3031 + BoB1), ws = 53131

= Apvz — Ajuz, vg = Ajvz — 2Azus,
= Apvs — Ajus, vi3 = Agws — Agus,

= Agws + Asus — Aqvs,

= DBov1 — Biui, vip = 2Bow1 — Byvg

= B(]U3 - Bl’LLg.

Then, the X part of the system (5.2) may be written as a 4th order real ODE, while
the Y part becomes a 2nd order complex ODE as

A(()4) = Agldofi + (df — b2)k? + d1 A2 + di kA2 + ds BoBo + i kA

) = ~
+idg(BoBy — BOBO/)] + (app + 3b/0k) g + CLlAg ’0’ + a2A0A62
—~— = P —_ P
+CL3AOB()/B0 + a4A/0(B()BQ + B()B()/) + a5A/0,B()BQ
P =
—|—3’Lb6A/O,(B(]B0 — B(]BO/) + aﬁAoABA/O” + a7A0A'0'2 + agAE)QAg + Ox(5),

— —~ —~—= —~ ~ ~ =/ ~—2
By = BolBofi+ B1AG + BsBoBol + ic1 By Aj + ica By |Bo|* +ics By Bo
i —/ .~ —_— ~= =
+2ZC¥0,UB() + ZC4B()AOA6 — 205630 (BOB() — BOBO )
o5 BoAg Al + e BoAP + ¢xBo Ao Al + ics BoAg ALl
ngEJ/AoAg + iC10E)/A62 +ici1 BoAY Al + Oy (5),

with real coefficients d;, d}

do
B4
Bs

Ui /
O,Qj,bj,bo,cj,ﬂj,aj and

E) = Boe_ikcm, E = Ble_ikcm, (54)

= —4k2By >0, dy = —4kB5 <0,

ds 42 20
- 2. 0. b = c ”:——k‘4
dl .g> ’ 3 ) Y0 9 co
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O(IX|(IX >+ [Y]* + & + |ul)?),
OlIX* + Y DX+ [V + |u])?],
(AOv 67 87A8/)t

— o~
= (By,By).

Ox(5
Oy (5

<~ < £
[ T

Notice that the high order rests Ox(5) and Oy (5) are no longer autonomous, since they
are functions of e*ke,

Now, we make the following scaling
1 4k2 4 ~
r = —7, p=—Set k=% (5.5)
—Bo
2k,

2¢ek,
— .~ 2k,
Ao(z) = e?Ay(T), Bo(z) =

VBs V/Bs

so that the system above becomes, after suppressing the tildes,

e?Bo(),

k2 n
AW = kAl 4+ Ag(1 - - — A5 —9lBol) + T,
Bl = 2Bo(—1+gA%+|Bol) +7, (5.6)

with additional cubic terms of the form (changing the definitions of coefficients)

F = idieAg(BoBy — BoBb) + 00c2k_ A3 + 2[ds Al + dy AZAY + dy Ag AR + d Ag|Bj)?
+d7 Ay(BoBo' + BoBYf) + ds Aj|Bo|?] + idse® Aj(BoBy — BoBy) + O(e*),  (5.7)

Zj = & [ZCOB(/) + ’iClB(l)|A0|2 + iCQBé|B0|2 + iC3BgF0/ + ngBvoAB]
+€4[C4B6(BOFO/ — B_oBé) + C5BQA0A6/ + 66B0A62 + C7B(/)A0A/0]
+€5[i68BQA0Ag, + iC7B(/)A0A/0, + iCloBéA62 + icllBQA6 g + 0(66). (58)

6.5.3 Equilibrium solution at x = —oc0

Let us look for equilibria of (2.10), which should correspond to the convective rolls at
xr = —oo parallel to = - axis. Cancelling all derivatives with respect to x, we obtain a
system commuting with the symmetry (Ag, Bo) — (Ao, Bo). It then results a system of 2
real equations for Ag, By :
12
Ap(1 — I_ — A2+ o0e®k_ A3 —gB2) + 0 = 0
Bo(=1+gAj+ Bj) +O(e") = 0,

where we may observe that the terms O(¢?) in the second equation contain at least terms

of degree 1 in By, since they come from terms of order 5 in (Ag, Bg, By). The first terms
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not containing By may be found at order 6 in Ag, which makes order £5 after the scaling
(5.5) in the rest (12-6=6).
It then results that the equilibrium that we are looking for satisfies (by implicit function

theorem)

2

k
A2 = 1- -+ oo’k + O k_> 4 &),

B() = O(EG).

Remark 5.5 In the cases where vertical symmetry z — 1 — z applies, the additional sym-
metry So changes the signs of Ay and By, implying that Y = 0 is an invariant subspace, so

that in such cases By = 0 for the equilibrium at —oo.

6.5.4 Periodic solution in M

Let us consider the 4-dimensional reversible vector field corresponding to the system (5.2)
with X = 0 and rescaled. We intend to give precise estimates on the family of periodic
bifurcating solutions B(()+°O)(k+, x), here corresponding to the periodic convecting rolls at
infinity in M with wave numbers close to k. (becomes 1/2¢ after the scaling (5.5)).
Since we use the normal form up to cubic order, and since there is no term of order 4,
it takes the form (after the scaling used in (5.5), but before we incorporate e in By, so

that the system is still autonomous):

dBy i . 3 7 v
@ _ 'B +B ByP VY '
dz 2e 0+ By +ie’BoP +¢'go(e,Y,Y) (5.9)
dB ' Y
I iB1—|-€2BOQ—|—Z'énglP“‘ﬁfGLCJI(f':’Y’Y)’
dx 2e
with

Y = (B07Bl)

P = a+B|Bf +evK

Q = —1+|By]*+edK

Z’ _ -

2
where we are looking for a periodic solution (By, By), with wave number w close to %

Principal part

Let us first compute periodic solutions for gg = g1 = 0. Then these small terms will be

perturbations treated by an adapted implicit function theorem.
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Without gy and g1, let us use polar coordinates (see [28] section 4.3.3)

By = roe®
Bl - ’L'T‘lewl
then
K = roricos(fy — 01) = const
d
£ = rysin(fy — 61)
% = 827‘0 sin(fy — 01)Q (e, 7«(2]7 K)
T% - cos(fy — 61) + e3roP
“dr 22 ! 0" 0
7’1% = ;—; — 527’0 cos(fy — 61)@(577%7 K)+ 537,1]3.

The required periodic solutions correspond to

ro and rp const

dfy 1+ %k,
g = 0, — = —TL
0 b i 2e
K = ror,
hence
eky 1 3
B P Nl
5 r0+€ (5.10)
(22 = <. (5.11)
7o

Solving (5.10) with respect to r; gives
ki —2e%(a+ Brd)
2(1 + etyrd)
ET0

= Sk =253+ Bl + OEY),

T = €T

and (5.11) leads to

1

e25r2
Z[k-l- —28%(a+ Bry))° + 0

[ky = 26%(a+ Brg)] = (1 = 18) (1 +e™r5)”

2
which is solved with respect to 7’3, by implicit function theorem:
k72
rd = 1- f + 016%ky + 09e* + O[(Jk+| + 2%, (5.12)
er
r = 70]€+ + O(Es),

where we notice that coefficients o1 and o9 are functions of the Prandtl number. We obtain

a one-parameter family of periodic solutions (parameter k4 ), with only the Fourier modes

e:l:zs.
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Estimates of higher order terms

The proof below is self contained. There is a geometrical proof without estimates in Iooss-
Péroueme [42], and a more precise proof by Horn in [34] section 3.5.

Let us define by w the frequency of periodic solutions, where w is close to

1 +52]€+
w0
and set
s = wx, w=wy+w
BO(S) = Toeisﬁ-a)
Bi(s) = irie™ +iBy,

where By and Bj are 2m— periodic in s, and rg,7; are solution of (5.10,5.11). Let us

introduce the linear operator
L od
Lo— —(Zwo% + 2_15 + €3P0) -1
£2Qo —(iwo £ + &= + 3 Ry)

acting in the function space H'(R/27Z) x L*(R/2rnZ). It appears that Lo has a one-
dimensional kernel
(roe', r1e'®) def Voe's

since (5.10,5.11) implies

1
[(wo =52 = e Pro—r1 = 0
1
€2Q0T0 + [(wo — 2_6 — €3P0]7‘1 = 0,
with
PO = o+ 57"(2] + eyrory,
Q(] = -1+ T‘(2] + 657‘07’1.

Then the system (5.9), to be completed by its complex conjugate, becomes:

. By d (B 30 Py
&)Voe”—kLo</9> — i <A°> o, ST
B ds \ By —e*r0Quin + €°11 Plin

+ ( RO({/’ ) ) , (5.13)
Rl(Yv )

=0l =
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where
Pin = €*%[Bro Bo +2 2 (7‘031 +TlBo)]
[,BroB() —|— 9 (TQBl + TlBo)]
2is = &0 = o
Qun = €e[—roBo+ 5(7‘031 +r1By)]
—~ &) — —
+[—roBo + 7(7‘031 + 71 Byp)],
) = 5 TOE *P, quad T €3B0(6_i8})lin + Pquad) - ’L'€7go,

) = _€2T06 Qquad - EzBO(e_iSQlin + Qquad)
+€3T16iquuad + 53-/3\1(6_isplin + Pquad) - 56917

= =
=)l =l

Ry (

with
ed —~
Qquad = BoBo+ (BoBl+BlBo)

Pyaa = 53030 +2 5 (BOBI +BlBo)

E) [ e E)
B, —roes B,

where By and Bj have no Fourier component in e¢*¥, and we take the component in e**

Let us decompose

orthogonal to Vpe®, since adding a component proportional to (rg,r1) is equivalent to
adapt (ro,71).

We first solve (5.13) with respect to (E), E) in using the implicit function theorem,
since we observe (notice the term nwo = (1 + €2k, ) in the operator for a Fourier com-
ponent "), that the pseudo-inverse of Lg is bounded from H(R/27Z) x L*(R/27Z) to
H?(R/277Z) x H'(R/27Z). Let us notice that the difference with the classical Hopf bifur-

cation proof is that, norms in these spaces are chosen as, for example
1 1 1 /
|l 2 = E_QHU |z + EHU |22 + [[ullzz,
and notice that H'(R/277Z) is an algebra. It results that we obtain an estimate such that
1(Bo, B[ < e([9] + €°).

It then remains to solve the 2-dimensional system in (&, ) which is a real system, due to

the reversibility symmetry:

Wro+yr1 = —wyry + (9(64|§| + €3|17| + 67)
Gri—gro = @gro+ OE3G] + 27| + £°),
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which gives

)
Il

S
O]

N

It results finally that the family of periodic solutions at M, are such that

BO = Toeiwx+0(€6),

B = ’L'T‘leiwx + 0(66), (5.14)
1 Ek+ 7
= —+—+0(").
w 5 + 5 + O(e")

6.5.5 Proof of Lemma 3.4
Let us define the heteroclinic connection we found at Theorem 1.1 as
(Ai(z), Bu(z)) C R?

with
141/9<g=1+6<2,

and where we know that, for € small enough
Bi(x) > 0, Bi(z) >0

(1,0
(A(z), Bi(2)) — {(071

as r — —0o0

~— —

as r — +00

at least as 9% for x — —o0, and at least as e V2T for  — +o00.

The perturbed system (2.10) leading to system (1.1) is now considered with By complex
valued, so in (1.1) B2 is replaced by | B|?.

For being able to prove any persistence result under reversible perturbations of system
(1.1) in R* x C?, as it appears in (5.6), we need to study the linearized operator at the
above heteroclinic solution. We follow the lines of Chapter 4.

The linearized operator is given by

A(4) = (1 - 3‘43 - QBE)A - gA*B*(B + E))
B" = &%(-1+4gA%2+2B*)B + 2:%gA,B, A+ *B?B.

Taking real and imaginary parts for B :

B=C+iD,
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we then obtain the linearized system
—AW 4 (1 -342 — gB%)A —29A,B.C = 0,
1
E—QC” + (1 —gA? —3B2)C —2gA.B,A = 0,
1
E—zD” +(1—-gA2-BHD = 0.

Notice that the equation for D decouples, so that we can split the linear operator in an

operator M, acting on (A, C) and an operator L, acting on D :

™ AN —AM 4 (1342 — gB%)A — 29A,.B,C
\Ne )\ LZC"+(1-gA2-3B)C —29A.BA )’

1
L,D = ED” + (1 —gA?2 - BY)D.
Let us define the Hilbert spaces
2 _ . x 2
L;, = {u; u(z)e" € L2(R)},

Dy = {(AC)€H,yxH};AcH, CcD}
_ —_ def
Dy = {CeHe 2HC”HL%+5 1HC’HL%+HCHL% “\I1CIp, < oo}

equiped with natural scalar products. Below, we prove Lemma 3.4.

Remark 5.6 For proving the Lemma, we use the uniqueness (resulting from the transver-

sality of manifolds W(;) and We(sg) and analyticity in 6 (i.e. g) of the heteroclinic, proved

£
in Theorem 1.1 (see subsection 6.5.1).

Asymptotic operators

Let us define the operators obtained when x = o0 :
A —A® —24
M;O - -2 ?
C e *C" —(g-1C
me A AW _(g—1A
*\ cC e2C" - 2C ’

LD = ¢ 2D"—(9-1)D,
LD = 72D
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Notice that all these operators are negative. Furthermore, their spectra in L?(R) are such
that

o(Mz) = (—00,—c_], c_ = max{2,(g — 1)} > 0,
o(MZ) = (00, —cy], ey =,

o(Ly) = (=00, =(g—1)],

o(LLY) = (—o0,0].

Operators M, and L, are respectively relatively compact perturbations of the correspond-

ing asymptotic operators My, and L, defined as

Mo = M, =<0 L= Ly, <0
ML, >0 LY, >0

Their essential spectrum, i.e. the set of A € C for which A — M, (resp. A — L) is not
Fredholm with index 0, is equal to the essential spectrum of My, (resp. L) (see [48]).
The latter spectra are found from the spectra of MZ% and £ :

Oess(Moo) = (=00, —cy],

Oess(Loo) = (—00,0].

In particular, this implies that 0 does not belong to the essential spectrum of M,, so
that the operator M, is Fredholm with index 0. Moreover operators My, and L, are self

adjoint negative operators in L2, and My, has a bounded inverse [48].

_ 1
M2 < —
C+

This last property remains valid in exponentially weighted spaces, with weights el and
7 sufficiently small, since this acts as a small perturbation of the differential operator (see
[47] section 3.1).

Properties of £,

Notice that £, is self adjoint in L?(R) and that

L,B. =0, but B, ¢ L*(R).

This property allows to solve explicitely the equation L,u = f € L% with respect to u € L%

(using variation of constants method), and shows that it has a unique solution, provided

that
/ fBydx = 0.
R
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We obtain
[e's) 2B ( )
u(z) /x B2( ) ———=F(s)ds
with F(s / f(r T)dT for s >0

/ f(r T)dT for s < 0.

By Fubini’s theorem we can write for z > 0

2) = 2B, (x) / ~ B ( / ' B??@) dr

w@) = —e2B.(2) /_ OO F(r)B.(7) ( / 0%) dr
s ([ )

The asymptotic properties of By (z) at £oo imply, for > 0

and, for x <0

o0

()™ < O / ()| (7 — 2)e=""D) dr

T

and for £ <0
Ce?

lu(z)le”™ < 5 |f(7_)e—777’|e—(17+e6)(x—7-)d7_

2 0
C_Eé/ |f(7)e™ T [em=ed)(T=2) g

lullz < collfllzz

The bound

follows from classical convolution results between functions in L? and functions in L', since

0 1
/ =T qr = _,
oo n—ed

e 1
/ Te dr = —-
0 n

Then, we choose 1 = %65 , so that the pseudo-inverse of £, has a bounded inverse in L% :
~—1
1£g |l < e,
where cp is independent of €. Using the form of £, we obtain easily

lullpy < eal[f]lL2

with c¢3 independent of e.
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Remark 5.7 The choice made for n is such that
n<ed, n<eVv,

for values of § for which Theorem 1.1 is valid. This means that as ¢ — —oo (A, — 1, By),
and, as © — 400 (Ay, By — 1) tend exponentially to O faster than el

L, is Fredholm with index -1, when acting in L%, for 7 small enough. £, has a trivial

kernel, and its range is orthogonal to B, with the scalar product of L?(R).

Properties of M,

We saw that M, is Fredholm with index 0. Furthermore the derivative of the heteroclinic

solution belongs to its kernel:

m (A [ AT AL (AN - gBIAL g A(BYY
7\ B, 2B + (B, — gA2B, — (BY) — gB.(A?)

0
(1) .

The part of the proof which differs from the proof made in Chapter 4, where the symmetry
play an essential role, consists in showing below in this section that the kernel of M, is
one-dimensional (except for a finite set of values of ¢), spanned by (A’, B.) =l U, with
a range orthogonal to U, in L?. Let us admit this result for the moment, and define the
projections Qy on U and Py on U, , which are orthogonal projections in L?, then we need

to solve in L727

Mgu=f

in decomposing
u=zU, +v, v=CQu,

Mgv = (M, + Ag)v = Qof
and we need to satisfy the compatibility condition
(f,Us) =0,
while z is arbitrary and we obtain for v :
(T+ M Ag)v = M Qof,

where the operator M&}Ag is now a compact operator for which —1 is not an eigenvalue,

since v € U;-. It results that there is a number ¢ independent of & such that

vllzz < cllfllzz-
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From the form of operator M, and using interpolation properties, we obtain for v = (A, C)

(A, O)llpy < el fl]Lz

with a certain ¢ independent of .
We show below that the kernel of My, is one dimensional, then this implies that the
range of M, needs satisfy the orthogonality with only one element. In fact, because of

selfadjointness in L?, the range of M, is orthogonal in L?(R) to
/ ! 2
(A*7 B*) 6 Ln'

Dimension of ker M,

Any element ((x) in the kernel lies, by definition, in L%, hence ((z) tends towards 0 expo-
nentially at £oo. Near 2z = oo the vector ((z) ~ (4 () should verify

M3 Ce(x) =0

where there are only 2 possible good dimensions (on each side). This gives a bound = 2 to
the dimension of the kernel of M,. Let us show that dimension 2 of ker My implies non
uniqueness of the heteroclinic, which contradicts Theorem 1.1, hence the only possibility is
that the dimension is one.

Let us choose arbitrarily go and assume that the kernel of M, consists in

Co(x), ¢4 ()

where (o = (A, B})|y, and let us decompose a solution of (1.1) in the neighborhood of go
as
U =T, (UY + a1, +Y), (5.16)

where T, represents the shift z — x + a, where a, a; € R, and Y belongs to a subspace
transverse to ker M, . Let us denote by Qo and Py = I — Qq, projections, respectively
on the range of Mg, and on a complementary subspace (Qp may be built in using the

eigenvectors (g, (7 of the adjoint operator M7 ). Let us denote by
F(U,g)=0
the system (1.1) where we look for an heteroclinic U for g # go. Then, we have

]:(Uigo),go) = 0,
DuFUE g0) = My,
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and since
M!]OCj =0, 7=0,1,

using the equivariance under operator T, we obtain (denoting Fy = F (Uigo), go) and [..]?

the argument of a quadratic operator)

1
0 = M!]OY + (g - gO)ag]:O + §D[2JU]:0[CL1<1 + Y](2) +
+0(lg — 90l[lg — go| + |ar| + [[Y[]] + |[Y[|*).

The projection (g of this equation allows to use the implicit function theorem to solve with

respect to Y and then obtain a unique solution

Y = y(alag)7
with

1 1 — -1
Y = —(9—90)Myg, QodyFo— §Mgo Qo D7 Folar¢,]® +
+0(lg — 90l(lg — go| + |a1]) + |a1]*)).

Then projecting on the complementary space, (only one equation since we work in the sub-
space orthogonal to (), we may observe (see the proof in Appendix 6.5.3) that Py, Fo = 0

and then obtain the ”bifurcation” equation as

q(ar,9 — g0) = O((lg — gol + |a1])®),

where the function ¢ is quadratic in its arguments and

1
Alg=goC1 = §P0DZ2JU]:0[@1C1](2)-

This equation is just at main order a second degree equation in a; depending on g — gop.
Provided that the discriminant is not 0, the generic number of solutions is 2 or 0. If
the discriminant is 0 for g = gg, we just go a little farther in g, and obtain a non zero
discriminant, since the discriminant cannot stay = 0. Indeed the heteroclinic is analytic in
g and if the discriminant were identically 0, this would mean that we have a double root for
any ¢, contradicting the transversality for all g, except a finite number, of the intersection
of the two manifolds (unstable one of M_, stable one of M, ). Hence, this is true except
for a set of isolated values of g. We can then use the implicit function theorem for finding
corresponding solutions for the system with higher order terms. In fact we already know
a solution, corresponding to Ufg ) = Uigo) + (g — gg)@QUigo) + h.o.t. which corresponds to
specific values for a; and Y, of order O(g — go). It then results that there is at least another
solution of order O(g — go), so that there exists another heteroclinic, in the neighborhood

of the known one (then in contradiction with Theorem 1.1).
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Remark 5.8 The above proof with only 1 dimension in the Kernel, provides Y = —(g —
— 1
9g0)Mg,  93F0 + O((g — g0)?), which gives a unique heteroclinic. Since we found only one

heteroclinic, this shows that the kernel is of dimension 1.
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