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Introduction

A quick description of the conjecture

The Baum-Connes conjecture is part of Alain Connes’tantalizing
“noncommutative geometry” programme [18]. It is in some sense the
most “commutative” part of this programme, since it bridges with clas-
sical geometry and topology.

Let I" be a countable group. The Baum-Connes conjecture iden-
tifies two objects associated with I', one analytical and one geometri-
cal/topological.

The right-hand side of the conjecture, or analytical side, involves
the K-theory of the reduced C*-algebra CT', which is the C*-algebra
generated by I' in its left regular representation on the Hilbert space
(*(T'). The K-theory used here, K;(CiT) for : = 0, 1, is the usual
topological K-theory for Banach algebras, as described e.g. in [85].

The left-hand side of the conjecture, or geometrical/topological
side RK}(ET) (i = 0, 1), is the I'-equivariant K-homology with T-
compact supports of the classifying space EI' for proper actions of I'.
If T' is torsion-free, this is the same as the K-homology (with compact
supports) of the classifying space BI' (or K(I',1) Eilenberg-Mac Lane
space). This can be defined purely homotopically.

The link between both sides of the conjecture is provided by the
analytic assembly map, or index map

p;  RK} (ET) — K,(C;T)

(¢ = 0, 1). The definition of the assembly map can be traced back
to a result of Kasparov [48]: suppose that Z is a proper I'-compact
[-manifold endowed with a T-invariant elliptic (pseudo-) differential
operator D acting on sections of some I'-vector bundle over Z. Then,
in spite of the non-compactness of the manifold Z, the indezx of D has a
well-defined meaning as an element of the K-theory K;(C!T"). On the
other hand, using the universal property of EI', the manifold Z maps
continuously I'-equivariantly to ET', and the pair (Z, D) defines an ele-
ment of the equivariant K-homology with compact supports RK] (ET).
Then, one sets

ps(Z, D) = Index(D).
5



6 INTRODUCTION

Elaborating on this, and using the concept of abstract elliptic operator
(or Kasparov triple), one constructs the assembly map p}, which is a
well-defined group homomorphism.

CONJECTURE 1 (the Baum-Connes conjecture). Fori = 0, 1, the
assembly map
uF RKT(ED) — Ky(C/T)
18 an isomorphism.

This conjecture is part of a more general conjecture (discussed in
[9]) where discrete groups are replaced by arbitrary locally compact
groups, or even locally locally compact groupoids: this allows to treat,
in a common framework, groups, group actions on locally compact
spaces, and foliated manifolds. If one wants to appeal to the powerful
techniques of Kasparov’s bivariant theory, it is even useful to allow co-
efficients in an arbitrary auxiliary C*-algebra on which the group(oid)
acts; this leads to the Baum-Connes conjecture with coefficients, which
computes the K-theory of reduced crossed product C*-algebras.

The reason for restricting to discrete groups is that, in a sense, this
case is both interesting and difficult. The difficulty lies on the analytical
side: there is no general structure result for the reduced C*-algebra of
a discrete group, so that its K-theory is usually quite hard to compute
!, The interest of Conjecture 1 is that it #mplies several other famous
conjectures in topology, geometry and functional analysis.

THE NoOVIKOV CONJECTURE. For closed oriented manifolds with
fundamental group T', the higher signatures coming from H*(I', Q) are
oriented homotopy invariants.

The Novikov conjecture follows from the rational injectivity of ul
(see [9], Theorem 7.11; [27], 6).

THE GROMOV-LAWSON-ROSENBERG CONJECTURE (one direction).
If M is a closed spin manifold with fundamental group I', and if M is
endowed with a metric of positive scalar curvature, then all higher A-
genera (coming from H*(I',Q)) do vanish.

This conjecture is also a consequence of the rational injectivity of
pi (see [77]).

Let us also mention the conjecture of idempotents for C*I'; since
CrT' is a completion of the complex group algebra CI, this conjecture

is stronger than the classical conjecture of idempotents, discussed e.g.
in [72].

THE CONJECTURE OF IDEMPOTENTS (or the Kaplansky-Kadison
conjecture). Let I be a torsion-free group. Then CT" has no idempotent
other than 0 or 1.

n many important cases, e.g. lattices in semi-simple Lie groups, the reduced
C*-algebra is actually simple, see [12].
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The conjecture of idempotents would follow from the surjectivity of
s (see Proposition 7.16 in [9]; Proposition 3 in [87]).

It has to be emphasized that Conjecture 1 makes K;(C!T") com-
putable, at least up to torsion. The reason is that RK] (ET) is com-
putable up to torsion. Indeed, let F'T' be the space of finitely supported
complex-valued functions on I, with support contained in the set of tor-
sion elements of I". Letting I' act by conjugation on torsion elements,
FT becomes a I'-module; denote by H;(I', FT') the j-th homology space
of I with coefficients in FT'. In [8], Baum and Connes define a Chern
character

chr : RK[(ET) — @ Hi2n (T, FT),
n=0
and state in Proposition 15.2 of [8] that the Chern character is an
isomorphism up to torsion, i.e.

chr ® 1: RK] (ET) ©5 C — @ Hij2n (T, FT)
n=0

is an isomorphism.

The origin of these notes

During the fall 1998, I was invited to give a “Nachdiplomvorlesung”
on the Baum-Connes conjecture at E'TH Ziirich during the Spring term
1999. At this time, the material to be covered was kind of obvious:
indeed, in August 1998 came V. Lafforgue’s astonishing announcement
(see [59], [67]), of the proof of Conjecture 1 for some infinite groups
with Kazhdan’s property (T), a problem that baffled experts for more
than 15 years. So the original goal of this advanced course was to
give an introduction to the Baum-Connes conjecture, that would lead
to Lafforgue’s results. It is clear at least to me that this goal is not
achieved: indeed, the 6 pages or so of Chapter 10 do not really do
justice to Lafforgue’s work (a nice introduction to his results, for non-
experts, can be found in [80]). The reason is that I realized quickly,
once the course had begun, that I had somewhat underestimated the
complexity and technicality of the subject. Because of that, at least
myself learned a great deal during the course.

I also fear that the written version of the notes does not really
convey the flavour of the oral presentation. To be precise, during the
course the 10 chapters of this book were presented in the following
order: 1, 2,4, 3, 7,6, 8, 5,9, 10. Indeed, I chose the a prior: point
of view of delaying Kasparov’s KK-theory until the end of the course,
just to contrast it with Lafforgue’s Banach KK-theory. This worked
basically, with the help of some hand-waving at a number of crucial
points (like when I had to define the Baum-Connes assembly map).
But when I started thinking about a more permanent version of the
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notes, it soon became clear that this was not acceptable for a text
written “for eternity”: a number of standards of rigour and precision
are supposed to be met, that were simply absent from the hand-waved
version. As a result, and with some remorse, I put Kasparov’s theory
in the centre of the book, as a unifying framework for K-theory and
K-homology, and as a prerequisite for the rigorous definition of the
analytical assembly map.

All in all, I made a sincere effort to try to make the Baum-Connes
conjecture accessible to non-experts, and I hope that at least I was
able to convey part of the beauty of the subject, that blends algebra,
functional analysis, algebraic topology, and geometry: a subject that
gives me a feeling of the unity of mathematics.

On the appendix

At some point during the course, I realized that unofficial notes
were circulating, signed by a “G.M. Anonymous”. That was rather
transparent: the author could only be Guido Mislin, one of the most
active participants in the lectures. Browsing through these notes, I
realized that they contained some very interesting comments, from a
topologist’s point of view, on the left hand side of the Baum-Connes
conjecture; for example, a comparison between various models for the
universal space for proper actions (It occurred to me on this occasion
that analysts and topologists do not have in mind the same model),
generalities on I'— CW-complexes, generalities on spectra in homotopy
theory, and how these can be used to define the Chern character in K-
homology. It was clear to me that these notes should be appended
to mine, as an “output” generated by the lectures, and Guido Mislin
kindly gave me permission, for which I thank him heartily.
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CHAPTER 1

A biased motivation:
Idempotents in group algebras

Let us start with a countable group I". We linearize I' by associating
to it the complex group algebra CI'; where CI' is the C-vector space
with basis I'. It can also be viewed as the space of functions f : I' — C
with finite support. The product in CI' is induced by the multiplication
in I'. Namely, for f =5 | fssand g = >, | gt elements in CT", then

.f*g = Z fsgt3t7
s,tel’
which is the usual convolution of f and g, and thus

Frglt)=> f(s)g(s™'t)

sel’
forallt el.

Now suppose that there is a v € I' which has finite order n > 1.
Then, for w an n-th root of the unity (w”™ = 1 in C), the element

1=

is an idempotent, that is to say satisfies p2, = p,,. Moreover, > p, = 1

and p,p, = 0 for w # o and therefore, one has a ring isomorphism

C(Z/nZ) ~C @& ---® C. In particular the invertibles of C(Z/nZ) are
————

written C(Z/nZ)* ~ C* @ --- ® C*, which means that there are a lot

-~

n
of invertibles as soon as there is torsion in I'.

In case where I' is torsion free, it is not known how to construct
non trivial idempotents (other than 0 and 1) or non trivial invertibles
(other than Ay, where A\ € C* and v € T'). This was turned into a
conjecture:

CONJECTURE 2. IfT' is torsion free, then:

(1) Every idempotent in CI is trivial.
(2) Ewvery zero-divisor in CI is trivial.
(3) Ewvery invertible in CT is trivial.

11
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REMARK 1.1. (2) is stronger than (1) since an idempotent p gives
a zero-divisor:
pl=p)=p-—p’=p-—p=0
and (3) is stronger than (2) since D. Passman (see [72]) showed that
in a torsion free group, a non-trivial zero-divisor gives a non-trivial
zero-root, i.e. an element x # 0 such that 22 = 0, and thus 1 — z is a
non-trivial invertible:

(1-z)(1+z)=1.

PROPOSITION 1.2 (H. Bass [6]). Let A be a unital algebra over an
algebraically closed field F'. The following are equivalent:

(1) A has no idempotent except 0 and 1.

(2) Every finite dimensional subalgebra of A is of the form N+F'1,
where N 1s a nilpotent ideal.

(3) Ewvery element of A, algebraic over F, is of the form A\ + v,
where X is a scalar and v a nilpotent.

(4) Every invertible element of A, of finite order (not divisible by
char(F')) is a scalar.

Here are the known results about Conjecture 2 :

(a) Part (1) holds for the following groups (assuming they are tor-
sion free): linear groups in characteristic 0 (H. Bass [6]); hyperbolic
and CAT(0) groups; groups with cohomological dimension at most 2
over Q (B. Eckmann [23] and [24], Z. Marciniak [62]).

(b) Part (1), (2) and (3) hold for virtually polycyclic groups (D.
Farkas and R. Snider [26])

(c) Part (1) and (2) hold for orderable groups (D. Passman [72]).

(d) (T. Delzant [19]) Let I be a group of isometries of a §-hyperbolic
metric space, such that every element in I' — {1} moves points by a
distance greater than 4. Then (3) (and thus (1) and (2)) holds for
such a group I

The following result is (up to now) inaccessible by algebraic tools:

THEOREM 1.3 (N. Higson, G. Kasparov [34]). If a group T is tor-
sion free and a-T-menable, then CI' has no nontrivial idempotents.

DEFINITION 1.4. a) An isometric action of a group I' on a metric
space X is metrically proper if, whenever a sequence (7y,)n>1 in I' ul-
timately leaves finite subsets of I', then the sequence (y,2),>1 in X
ultimately leaves bounded subsets of X, for every z € X.

b) (M. Gromov, [28]) A group is a-T-menable if it admits a metri-
cally proper, isometric action on some affine Hilbert space.

ExAMPLE 1.5. For finite dimensional affine Hilbert spaces, we get
crystallographic groups. By allowing infinite dimensional affine Hilbert
spaces, we get a rich class of groups, containing amenable groups, free
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groups, discrete subgroups of SO(n,1) and SU(n, 1), Coxeter groups,
groups acting properly on trees, products of trees or simply connected
CAT(0) cubical complexes (see [16]).

The terminology “a-T-menable” means that these are groups far
from being groups with Kazhdan’s property (T). We recall that a group
I’ has property (T) if whenever I' acts isometrically on some affine
Hilbert space, it has a fixed point. A lattice I' in a simple Lie group
with rank greater or equal to 2 has property (T), for example SL,,(Z)
for n > 3 (see [32]).

Actually, Theorem 1.3 holds for a bigger algebra than CI', namely
the reduced C*-algebra of T'.

DEFINITION 1.6. For a group I' denote by ¢2I" the Hilbert space of

square summable functions on I'. The left reqular representation, given
by
(Ar()€)(s) =&(v's)
for v,s € I" and & € £°T can be extended to CI' by
() = S FA(),
yel’

so that A\p(f)¢ = f*& for all f € CI'. The representation Ar of CI" on
¢°T" is by bounded operators, and faithful since A\p(f)d, = f * . = f.

The reduced C*-algebra of I'; denoted by C}T' is the norm closure
of Ar(CT') in ¢*T', namely

C:F _ mﬂ'llop’

where || - ||, denotes the operator norm on B(¢T’), given by
[ fllop = sup [f*¢&ll2,
llEll2=1

for all f € CT.

Around 1949, 1. Kaplansky and R. Kadison suggested that there
should be an idempotent conjecture for C;T.

CoNJECTURE 3 (I. Kaplansky, R. Kadison). If T is torsion free,
then CXT" has no idempotents except 0 and 1.

This was daring because there is no analogue, in the C*-algebraic
framework, of points (2) and (3) of Conjecture 2: indeed, in a C*-
algebra non isomorphic to the field of complex numbers, there are al-
ways non trivial zero-divisors and invertibles.

ExAMPLE 1.7. Let I' be a discrete abelian group, and consider its
Pontryagin dual

' = Hom(T, SY),
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where S' = {z € C| |z| = 1}. With the topology induced by (S)', T
is a compact abelian group. Denote by C' (f) the algebra of continuous
functions on I' with its usual Hilbert space structure. The Fourier
transform is the map:

~.Ccr — (D)
foe= o= fxm

yel

In case I' = Z", this is the map that sends a Laurent polynomial to the
associated trigonometric polynomial.

It is a classical theorem that the Fourier transform ~ extends to
an isometric isomorphism

C'T — C(f),

THEOREM 1.8 (L. S. Pontryagin, [75]). Let I" be a discrete abelian
group. The following are equivalent:
(1) The algebra C(I') has no idempotents except 0 and 1.

(2) The topological space I' is connected.
(3) The group T' is torsion free.

In this case Conjecture 3 corresponds to a topological statement,
namely the connectedness of I'.

EXERCISE 1.9. Let A be a Banach algebra with unit. Show that
the following are equivalent:

(1) There is no idempotent in A, except 0 and 1.

(2) The spectrum of every element in A is connected (recall that if
x € A, then spec(x) = {\ € C| x—A\-11is not invertible in A}
is a nonempty compact subset of C).

(3) If furthermore A is a C*-algebra, this is still equivalent to
saying that the spectrum of every self-adjoint element of A is
an interval.

THEOREM 1.10 (N. Higson, G. Kasparov, [34]). If I" is a torsion
free, a-T-menable group, then Conjecture 3 holds.

This theorem is deduced from the following result:

THEOREM 1.11 (N. Higson, G. Kasparov, [34]). The Baum-Connes
congecture holds for a-T-menable groups.



CHAPTER 2

What is the Baum-Connes conjecture?

2.1. A quick description

Let X be a finite simplicial complex, connected and aspherical (for
each i > 2, m;(X) =0) and I' = m(X). Then X is a classifying space
for ' (or Eilenberg-Mac Lane K (I',1) space). In particular such an X
is unique up to homotopy. Note that, under these assumptions I' is
torsion free.

The Baum-Connes conjecture for the group I' states that a topo-
logical object, the K-homology of X,

Ki(X) = m(X,4 ABU),

is isomorphic to an analytical object, the K-theory of C’T", via a
definite homomorphism

us o Ki(X) — Ki(CrD). (i=0,1)

1

The map pl is called the index map, the analytical assembly map or the
Baum-Connes assembly map. The following chapters will be devoted
to explaining the terms just used.

If I is the trivial group, the Baum-Connes Conjecture amounts to
the K-theoretic version of the Atiyah-Singer index theorem, see [5].

It is often said that the surjectivity of xl has implications in analy-
sis, while injectivity has implications in topology. Indeed, Conjecture 3
follows from the surjectivity of ul, as we shall see in Chapter 6. An-
other example where the surjectivity can be used is the following: if X
is of dimension 2, then the surjectivity of ! implies that every element
in GLo(C;T) lies in the same connected component as some diagonal

matrix of the form
v 0
0 Io )’

for some v € I". There is an obvious idea of a Whitehead group be-
hind the latter statement: in algebraic K-theory, the Whitehead group
WHh(T") is defined as

Wh(') = K{'®(Z)/ (+7: v €T),

lwhere X, is X with a disjoint base point added, BU is the spectrum of
topological K-theory, and m; is the i-th homotopy group; we shall not use this
homotopy-theory definition; for more about it, see the Appendix.

15
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i. e. one looks at invertible elements modulo trivial invertibles. There-
fore Wh(I') = 0 means that every invertible is in some sense equivalent
to a trivial one (compare with Conjecture 2 part (3)).

The rational injectivity of ul for i = 0,1 (that is, the injectivity of

the maps ! ® I on K;(X) ®z Q) has the following consequences:

THEOREM 2.1.1 (A. S. Miscenko, [66]). If ul is rationally injective,
then the Novikov Conjecture holds for T'.

Here we recall that:

CONJECTURE 4 (S. P. Novikov, [69]). Higher signatures are ori-
ented homotopy invariants, for closed oriented manifolds M with fun-
damental group T'.

Higher signatures are numbers of the form < L U F*(u), [M] >,
where L is the characteristic class appearing in the signature theorem,
f: M — X is the classifying map, v € H*(X, Q) and [M] the funda-
mental class of M.

THEOREM 2.1.2 (J. Rosenberg, [77]). If u} is rationally injective,
then the Gromov-Lawson Conjecture holds, namely: let M be a closed
spin manifold; if, for some uw € H*(X, Q) one has

< Af*(u),[M] >#0

(where A is the characteristic class appearing in the index theorem for
the Dirac operator on M ), then M carries no metric with positive scalar
curvature.

Issues on surjectivity also arose in topology, namely in the work of
S. Stolz on concordance classes of metrics with positive scalar curvature
(see [82]) and in the work of N. Keswani on homotopy invariance of
relative eta-invariants (see [53]).

Assume that T' is torsion free, but BI' is not necessarily a finite
complex. Then the left hand side of the Baum-Connes Conjecture
reads

RK;(BT') = lim K;(X). (1=0,1)
X compact in BT
This definition is homotopy invariant, which fits with BI" being defined
only up to homotopy.

In case where I has torsion, RK;(BI') and K;(C;I") are in general
not isomorphic, an example being provided taking I' = Z/2Z, so that
C:T=CIl'=C®C and Ky(C/T') ~ Z*. But BI' = P®(R), so via the
Chern character in K-homology, we get an isomorphism

RK()(BF) ®Z Q%Heven(F, Q) - Q
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So, to treat groups with torsion, we need a bigger group as our
left hand side, namely the equivariant K-homology with I'-compact
supports of the classifying space for proper actions ET'.

Higson’s slogan:
"RKI(ET) = K-homology of BT + the representation theory of finite
subgroups of I".”

CONJECTURE 1 (P. Baum, A. Connes, [7]). For every countable
group I', the analytical assembly map
pi + REK}(ET) — K,(C/T) (i=0,1)

s an isomorphism.

2.2. Status of Conjecture 1

In the original paper of P. Baum and A. Connes [7], Conjecture 1
was proved for surface groups. Later the conjecture was proved for the
following classes of groups:

(1) discrete subgroups of connected Lie groups of the form G = RS
(Levi-Malcev decomposition) where R is the radical and S the semi-
simple part, with S locally of the form

S=KxSO(ny,1) x -+ x SO(ng, 1) x SU(mq,1) x --- x SU(my, 1),

Lorentz groups Complex Lorentz groups

where K is compact ( P. Julg and G. Kasparov, [43]). Special cases
appear in earlier work of G. Kasparov in [45] and [49].

(2) a-T-menable groups (N. Higson and G. Kasparov, [34]).
(3) one-relator groups (C. Beguin, H. Bettaieb and A. Valette, [11]).

(4) fundamental groups of Haken 3-manifolds (this class contains
all the knot groups) (independently proved by H. Oyono in [70] and
J.-L. Tu in [86]).

(5)(V. Lafforgue [57]) Groups I satisfying the following two condi-
tions:

e property (RD) (discussed in Chapter 8)
e [' admits a proper, cocompact, isometric action on a strongly
bolic metric space (a notion introduced by G. Kasparov and

G. Skandalis [52]).

On one hand, Gromov hyperbolic groups satisfy property (RD) (a
result of P. de la Harpe [31]). On the other hand, any group act-
ing properly, cocompactly, isometrically on either a Fuclidean build-
ing, or a riemannian symmetric space, satisfies the second condition.
Combining those two observations, V. Lafforgue proved Conjecture 1
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for “classical” hyperbolic groups, i.e. co-compact lattices in rank-one
simple Lie groups (SO(n,1),SU(n, 1), Sp(n, 1), Fy—20)). In particular,
co-compact lattices in Sp(n, 1) provided the first examples of infinite
property (T) groups for which Conjecture 1 holds.

Concerning higher rank lattices, it was proved by J. Ramagge, G.
Robertson and T. Steger in [76] that groups acting properly, cocom-
pactly on A,-buildings (e. g. lattices in SL3(Q,)) satisfy property
(RD). These provided the first higher rank lattices for which Conjec-
ture 1 holds. V. Lafforgue [58] then proved that cocompact lattices in
SL3(R) and SL3(C) also verify property (RD), and this was extended
by L. Chatterji [15] to cocompact lattices in SL3(H) and Eg(_og).

REMARK 2.2.1. It is not known whether the conjecture holds for
SL,(Z) when n > 3.

Coming back to general hyperbolic groups, it was recently proved by
I. Mineyev and G. Yu in [65] that every subgroup of Gromov hyperbolic
group admits a proper, cocompact, isometric action on a strongly bolic
metric space, hence satisfies Conjecture 1.

The rational injectivity of L has been proved in many more cases,
namely for groups acting properly isometrically on complete Riemann-
ian manifolds with non-positive sectional curvature, for discrete sub-
groups of connected Lie groups (G. Kasparov [45]), discrete subgroups
of p-adic groups (G. Kasparov and G. Skandalis [51]). N. Higson has
obtained a very general criterion for the injectivity of u.,, that we now
explain.

Denote by M!(T') the set of probability measures on I'. Since I is
countable,

MNT)={p:T—[0,1] | > ply)=1}.

~yel
We equip M'(T") with the weak-*-topology (since ¢'T' = (CoT')*) and
also with the ¢! norm.

DEFINITION 2.2.2. A continuous action of a discrete group I' on a
compact space X is amenable if there exists a sequence

po: X = MYT) (n>1)
of weak-*-continuous maps such that for each v € I" one has

lim sup |7 * (Pn(2)) = pu(y - 2) |11 = 0.
n—00 gz¢

For equivalent definitions, and for the link with Zimmer’s original
definition of amenable actions in the measure-theoretic setting [92], see
the monograph by C. Anantharaman-Delaroche and J. Renault [1].

THEOREM 2.2.3 (N. Higson, [33]). Assume that I" admits an amen-
able action on some compact space. Then the assembly map is injective.
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There was a folk conjecture that every group I' acts amenably on
its Stone-Cech compactification SI". However a counterexample to this
conjecture has been announced by M. Gromov in [29].

2.3. The Baum-Connes conjecture with coefficients

Let A be a C*-algebra on which I' acts by automorphisms. Let
C.(T", A) be the space of finitely supported functions f : I' — A. For

frg € Co(IVA), f =3 crf(s)sand g = >, g(t)t, we define the

twisted convolution by

frag=)_ fs)as(g(t))st

s,tel’

where a : I' — Aut(A). For each t € T, one has that (f %, ¢)(t) =
> oser f(s)as(g(s7't)), and C(I", A) is a *-algebra whose involution is
given by
Fr(s) = as(f(sTH)"
for all f € C.(I', A) and s € I'. Similarly one can define
PT,A)={:T—A| Zf(s)*{f(s) converges in A}.
sel’

The norm given by |[£]| = || Y ,cr £(5)*€(s)]| 4 turns ¢3(T, A) into a Ba-
nach space. The left regular representation Ar 4 of C.(T', A) on ¢*(T, A)
is given by

Ara(HOM) =D a1 (£()E(s™1)

sel’
for each f € C.(T', A) and £ € (?(T', A), so that C..(T", A) acts on £*(T", A)
by bounded operators.

DEFINITION 2.3.1. The reduced crossed product A x,. I is the oper-
ator norm closure of A\r 4(C.(T, A)) in B(¢*(T, A)).

REMARK 2.3.2. The action of C,(T', A) on ¢*(T', A) comes from the
combination of the usual action X of T on ¢*(T', A), given by shifts
AME)(s) =&y )
with the action 7 of A on £2(T', A) given by

(m(a)§)(s) = as-1(a)é(s),

for a € A, £ € (*(T',A) and s,y € T. The pair (\,7) is called a
covariant representation of the system {A,T' o}, in the sense that it
satisfies

A)m(@)A(y™") = 7m(ay(a))
for alla € A and v € T'.
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ExXAMPLE 2.3.3. If A is commutative, then A = Cy(Y), the con-
tinuous functions vanishing at infinity on a locally compact space Y.
Let I" act on Y by homeomorphisms, then Cy(Y) %, I' is a suitable
completion of C.(I' x Y'), the space of compactly supported functions
on I' x Y, with product given by

(F*G)(s,x) =Y F(t,z)G(t " st x).

tel’

On the other hand, ¢*(T', Cy(Y")) is the space of sections vanishing at
infinity of the trivial field of Hilbert spaces with fiber /" on Y.

In a series of papers between 1981 and 1989 [45], [47], [50], G.
Kasparov defined the equivariant K-homology of ET" with coefficients
in A, denoted RKK!(ET, A), and

o RKKY(ED, A) — K;(A %, T) (i=0,1)
which led to:

CONJECTURE 5 (Baum-Connes with coefficients). For every C*-al-
gebra A on which a discrete group I acts by automorphisms, the map
p (i =0,1) is an isomorphism.

CONJECTURE 6 (Baum-Connes with commutative coefficients). For
every abelian C*-algebra A on which a discrete group T acts by auto-
. LA . ) ) )
morphisms, the map p,”" (i =0,1) is an isomorphism.

REMARKS 2.3.4. Taking C for the (abelian) C*-algebra A in Con-
jecture 5 (or Conjecture 6) we get Conjecture 1.

Furthermore, we have the following fact, that has been stated by
P. Baum, A. Connes and N. Higson in [9] and proved by H. Oyono in
[70]:

Conjecture 5 and Conjecture 6 do pass to subgroups. It is not
known whether Conjecture 1 is inherited by subgroups.

Conjecture 5 has been proved for classes (1) to (4) of the previous
list of examples, and Conjecture 6 has been proved for “good” hy-
perbolic groups (e.g. co-compact lattices in rank 1 Lie groups) by V.
Lafforgue in [59].

However, counter-examples to Conjecture 5 and Conjecture 6 have
been announced: namely, it was proved by N. Higson, V. Lafforgue
and G. Skandalis [35] that, if there exists finitely generated groups
containing arbitrarily large expanders in their Cayley graphs (existence
of such groups is claimed by M. Gromov in [29]), then Conjecture 6
fails for such groups I'.
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2.4. Stability results on the conjecture

THEOREM 2.4.1 (H. Oyono, [70]). Suppose that a discrete group T’
acts on a tree and that Conjecture 5 holds for edges and vertex stabi-
lizers, then it also holds for T.

As a result, Conjecture 5 is stable under free or amalgamated prod-
ucts and HNN extensions.

THEOREM 2.4.2 (H. Oyono, [71]). Let 1 - 'y = T'y = Ty — 1 be
a short exact sequence; assume that Conjecture 5 is satisfied by I's and
by every subgroup H of I'y containing I'y as a subgroup of finite index.
Then I'y also satisfies Conjecture 5.

As a result, Conjecture 5 is stable under direct products and semi-
direct products when I'; is torsion free.

2.5. Open questions

e [s Conjecture 6 stable under finite direct products?

e Are Conjecture 5, Conjecture 6 and Conjecture 1 stable under
short exact sequences when the last group of the sequence has
torsion?

e Let I' be a discrete group with a subgroup H of finite index
for which Conjecture 5, Conjecture 6 or Conjecture 1 hold, do
these conjectures also hold for I'?






CHAPTER 3

K-theory for (group) C*-algebras

Part of this chapter is based on [85] and [90].

3.1. The K, functor
Let A be a unital algebra over C.

DEFINITION 3.1.1. A (right) A-module M is projective of finite type
if there exists an A-module N and n > 1 such that

Ma@N~A"
2

(as A-modules). Equivalently, there exists an idempotent e = e in

M, (A) = Ends(A") such that M ~ eA™.

ExaMPLES 3.1.2. (1) If A = C, a projective module of finite type
is a finite dimensional vector space.

(2) If T is a finite group and A = CI, then a projective module of
finite type is a finite dimensional representation of the group I'.

(3) Let X be a compact space and A = C(X). By the Swan-Serre
theorem (see [83]), M is a projective module of finite type over C'(X)
if and only if M ~ C(X, F), the space of continuous sections of some
complex vector bundle E over X.

DEFINITION 3.1.3. We will write Ky(A) for the Grothendieck group
of isomorphism classes of projective modules of finite type over A, that
is,

Ko(A) = {(Mo, My)}/ ~
where (Mg, M) ~ (Ng, V1) if there exists n € N such that
Mo@Nl@AnﬁMl@No@An

REMARKS 3.1.4. Recall that a semi-group is a set S endowed with
an associative law S x S — S, we call it abelian if this law is com-
mutative. For an abelian semi-group S, there exists an abelian group
G(S) called the group associated to S and a semi-group morphism
w8 — G(S) such that for each group G and map ¢ : S — G there is
a unique homomorphism ¢ : G(S) — G satisfying g o u = .

The group G(5) can be canonically built as follows: Consider S x .S
with the equivalence relation (z,y) ~ (u,v) if there exists an element
r € S such that * + v +r = y + v + r and define G(S) = S x S/ ~.
Then (z,z) will be the neutral element and (y, z) the inverse of (z,y).

23
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The map p : S — G(S) is given by x — [(x 4+ r, )], and for a group
G and map ¢ : S — @G, the homomorphism ¢ : G(S) — G will be
Gz, y) = o(x) — o(y).

For each n € N let P,(A) be the set of idempotent matrices of
M, (A), the algebra of nxn matrices over A. Let us consider | J, . Pn(4)
with the following equivalence relation: p € P,(A) and ¢ € P,,(A) (for
m,n € N) are equivalent (p ~ ¢) if one can find k € N, k > n,m
and u € GLi(A) such that p ® 0y_,, = u(q ® 04_p,)u"" (the element
p D 0g_y, is called a trivial extension of p, and this equivalence relation
means that we require p and ¢ to be similar up to trivial extensions).
Now |J,,en Pn(A4)/ ~ is an abelian semi-group with the direct sum @
(as previously defined) as associative law, and it is equivalent to define
Ko(A) as the group associated with this semi-group.

Straight from the construction of Ky(A) and from the previous re-
mark about the universal group of a semi-group, by taking G = Ky(A)
and ¢ = p we see that each element in Ky(A) is written as a differ-
ence of two classes of idempotents [p] — [g], for some p € P,(A) and
q € P,,(A). Which means that two such idempotents define the same
element in K(A) if, and only if one can find a third idempotent r such
that p@r ~qgdr.

If p : A — B is a homomorphism of complex unital algebras, we
may extend it to ¢ : M,,(A) — M,(B), and it maps P,(A) to P,(B).
So it defines a group homomorphism ¢, : Ky(A) — Ky(B).

EXAMPLES 3.1.5. (1) We have that Ky(C) = Z.

(2) For I' a finite group, Ko(CI') = R(I'), the additive group of the
complex representation ring.

(3) If X is a compact topological space and A = C(X), then
Ko(A) = K°X) (the topological K-theory of X, defined by means
of complex vector bundles over X).

(4) Every complex vector bundle over the circle S' is trivial, so

Ko(C(SY) = KO(S") ~ Z.

(5) For I' = Z", Ko(CI') = Z (here CI' is the algebra of Laurent
polynomials in n variables, which is a principal ideal domain), but
C*I' = C(I) = C(T") and Ko(C:T) = KO(T") = Z*" ", see [3].

REMARK 3.1.6. If A is an algebra over C which is not necessarily
unital, it can be embedded as follows in a complex unital algebra: we
consider the set AT = {(a,\)|a € A, € C} with operations given as
follows:

(a,\)+ (b, ) = (a+ b, A+ p) for all a,b e A, \,pe C
(a, \)(b, 1) = (ab+ pa + Ab, A\p) for all a,b € A, A\, u € C.
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Then the unit is (0,1). If A is an involutive algebra, we extend the
involution to A by:

(a, \)* = (a*, \).

If Ais a C*-algebra, then so is A™, when the norm is given by

(@, Ml = sup{[lzy + Ayll, lyll = 1},
which is the operator norm of A acting on A.

So far we assumed and widely used the fact that the algebra A had
a unit, but we can define the K-theory group Ky(A) for any algebra
A as the kernel of ¢, : Ko(AT) — Ky(C) ~ Z, where the map ¢, is
induced by ¢ : AT — C (whose kernel is A).

If « : A — B is a homomorphism of arbitrary complex algebras,
we may extend it to a unital homomorphism o : AT — BT which
sends P,(A") to P,(B™): it induces a homomorphism o : Ko(A1) —
Ko(B™). Since g o at = p4, the map o induces a homomorphism
a, : Ko(A) — Ko(B), so that Ky is a covariant functor.

DEFINITION 3.1.7. A trace on a C-algebra A is a C-linear map
Tr: A—C

such that Tr(ab) = Tr(ba) for each a, b € A.

If Tr is a trace over A, we extend it to M, (A), by setting, for each
ae M,(A),

Tr(a) = Z Tr(a;).

In other words, we consider Tr®tr,, on A®c M, (C), where tr,, denotes
the canonical trace on M,(C). If x € Ky(A), with z = [eA™] — [fA"]
we define

Tr.(z) = Tr(e) — Tr(f).
It is easy to see that this gives a well defined group homomorphism

Tr, : Ko(A) — C.

A trace on a C*-algebra A is positive if Tr(z*x) > 0 for each = € A.

When A is a unital Banach algebra, there is an alternative definition
of Ko(A) that takes the topology into consideration. As previously,
form (J,cn Pr(A), and define a new equivalence relation ~ by saying
that p € P,(A) and ¢ € P,,(A) are in the same class for ~ if they
admit trivial extensions p & 0;_,, and ¢ @ 0j_,, which are in the same
connected component in P(A). It turns out that two idempotents in
the same connected component of P, (A) are actually conjugate, as it
follows from the following lemma together with compactness of [0, 1].
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LEMMA 3.1.8. Let A be a unital Banach algebra and e, f be two
idempotents in M, (A) such that ||e— f|| < Te=1]° Then there ezists
e p—
an element z € GL,(A) such that f = z"'ez. In particular, e and f
define the same class in Ko(A).

PROOF. Set
1
z = 5((26 -DE2f-1)+1).
Then 1 — 2z = (2¢ — 1)(e — f), so that |1 — z|| < 1 and therefore z is

invertible. Moreover, ez = zf(= ef). O

EXERCISE 3.1.9. Show that K((A) is the Grothendieck group asso-
ciated with the semi-group (J,.n Pn(4)/ ~.

REMARK 3.1.10. In a unital C*-algebra, every idempotent e is con-
jugate to a self-adjoint idempotent p, that is, a projector p = p? = p*.
Then, if the trace is positive, one has that Tr(e) = Tr(p) = Tr(p*p) > 0,
and hence Tr, maps Ky(A) to R.

EXERCISE 3.1.11 (The canonical trace on C*T"). On C'T', consider
the map 7 : C'T" — C given by

7(T) = (T61,61) .
Show that 7 is a trace on C*T", and that it is positive and faithful (that
is, 7(T*T) = 0 if, and only if "= 0).
3.2. The K; functor
DEFINITION 3.2.1. Let A be a unital Banach algebra. We set
GLy(A) = liin GL,(A)

(with the inductive limit topology). Define, for n > 1:
K,(A) =1, 1(GLy(A)),

where 7,1 (G L (A)) denotes the (n—1)th homotopy group of G L (A),
and mg is the group of connected components.

ExXAMPLE 3.2.2. (1) The group GL,(C) is connected. Here is a
short proof that we owe to G. Valette. To connect A € GL,(C) with
the identity I, consider the complex affine line

(1—2)1+zA (z€C)

through A and I. It meets the set of singular matrices in at most n

points (since det((1 — 2)I + zA) is essentially the characteristic poly-

nomial of A). So we conclude by connectedness of C minus n points.
From connectedness of GL,(C), we deduce K;(C) = 0.
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(2) If T' is a finite group, then K;(CI') = 0, since CI is a direct
sum of matrix algebras over C and

is connected.

(3) Let S denote the d-dimensional sphere. Then my (GL,(C(S%)))
is the group of homotopy classes of continuous maps S¢ — GL,(C),
namely 7,(GL,(C)). Since m(GL,(C)) = Z for every n > 1, we get

K,(C(SY)) =K' (SY) =12

(a generator being given by the generator of m;(C*), i. e. the map
z — z on S'). Since 7y of any connected Lie group is zero, we get

K,(C(S?)) = K'(8?) = 0.

REMARKS 3.2.3. (1) If A is a unital Banach algebra, the group
GLy(A) of invertible elements is open in A. Indeed, fix a € GL,(A)
and take b € A such that ||b — a|| < [[a™'||~'. Consider the map

g: A — A
z — a'+a(a—b)z
It is a strict contraction:
lg(2) = g()| < lla™ [ fla =]l Iz = 2| < ||z = 2|

So ¢ has a unique fixed point, which is easily seen to be the desired
inverse for b.

(2) Let a be an element of A, we define the exponential of a by the
absolutely convergent series

oo
a an
e = E —.
n!
n=0

It is an element of GLi(A), whose inverse is given by e~ If two
elements a and b of A commute, then e®+? agh

= e%e.

(3) The connected component of the unit in GL1(A) is (exp(A)), the
multiplicative subgroup of GLi(A) generated by elements of the form
e® for a € A. To see it, first notice that (exp(A)) is arc-wise connected
since each element z of (exp(A)) can be expressed as = e™ ...e%,
where a; ...a, € A, and thus x is connected to the identity by the arc
x(t) = e ... e where t € [0, 1].

Now (exp(A)) is open in GL;(A), because for an a € A satisfying
|1 — all <1 the convergent series —» >, (1 — a)™ gives a logarithm
for a and thus an open neighborhood V' of 1 in exp(A). The multi-
plication by any element of GL;(A) being a homeomorphism, for each

b € (exp(A)), Vb will be an open neighborhood of b in (exp(A)).

Finally (exp(A)) is closed in GL;(A) for it is an open subgroup of
GL,(A).
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LEMMA 3.2.4. For A a unital Banach algebra, K1(A) is an abelian
group.

) ) . 1 )
PROOF. First notice that the matrix ( 0 (1) is connected to

0 -1 cost —sint \ . .
( 1 0 ) by the arc t +— ( sint  cost ) in GLy(C), and this
fact extended to the n x n matrices allows us by left (resp. right)
multiplication to switch any two rows (resp. columns) of a matrix in

M, (A).
Denote by ~ the relation “being in the same connected component”.

Then for S, T € GL,(A) we have that < g % ) ~ < g g, ),so that

)

(with I the identity n x n matrix):
ST 0\ (S oN\/(T
0 I a 0 I 0
_ (5 0 0
N 0 T I
_(To S (TS O
0 I 0 N 0o I )

If p: A — B is a continuous, unital homomorphism between uni-
tal Banach algebras A, B, it induces a homomorphism ¢, : K;(A) —
K;(B). Again, we assumed and widely used that A had a unit, but
for any Banach algebra A, the first K-group of A is given by the ker-
nel of ¢, : Kj(AT) — K;(C), and denoted by Ki(A), where ¢, is
(as for Kp) induced by ¢ : AT — C. Since K;(C) is trivial we have
K (A) = K (AT). Using this, one sees that a continuous homomor-
phism ¢ : A — B between arbitrary Banach algebras induces a homo-
morphism ¢, : K;(A) — K(B), i. e. K; is a covariant functor.

~
VR
O~
o~ Ho

g

3.3. Exact sequences

PROPOSITION 3.3.1 (Weak exactness). Let I C A be a closed ideal.
The ezact sequence 0 — I — A — A/I — 0 induces an exact sequence

K;(I) - K;,(A) — K;(A/I), fori=0,1.

PROOF. In order to proceed with the proof we first need to notice
that for a unital C*-algebra A, if a is in the connected component of
the unit, then for each surjective homomorphism B — A (where B is a
Banach algebra), a is the image of an invertible element of B. Indeed,
one can write a = e ...e*, with by ...b, pre-images of the a;’s. Then
b= e ... e’ is invertible and pre-image of a.

To prove exactness we extend ¢ : [ — Aand 7 : A — A/I to
t: It — AT and 7 : AT — (A/I)*, so that 7 - ¢ maps IT on C, which
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means that the induced map m, - ¢, : K;(IT) — K;(A"/I) extends the
map K;(IT) — K;(C), whose kernel is by definition K;(7). This shows
that im(c.) C ker(m,) and it remains to show the opposite inclusion,
namely ker(m,) C im(c,). We separate the cases:

t=0:

Given ¢ € Ky(A), ¢ = [p| — [I,,] with 7.(¢) = 0 means that p and
I, are similar in Ko(A/I) C Ko(A*/I) (up to trivial extensions). The
similarity can be done through an element of (exp(M,,(A™))) provided
that m € N is big enough (for u € GLy(A/I), u ® v ' is in the
connected component of the identity in G Loy (A/I) and 7*(p) = uqu™!
implies 7 (p) @0 = (u® u ) (¢ ® 0)(u du')™"), so that we can lift
this element u & u~! to an element v in GL,,(A"), and v(p ® 0)v~! is
I, ® 0 modulo I, i. e. v(p&® 0)v~* € M,,(I"). This means that c is in
the image of ¢,.

t=1:

Notice that an element u in the kernel of 7, can be written as
u=a® I, where a is an element of GL,(A™") such that 7(a) belongs
to (exp(M,(A*/I))), which means that 7(a) = e ...e%", with the
ai’s in M,(A*/I). Setting b = e ... e %a where the b;’s are pre-
images in M,,(A") of the a;’s, we have that b is an element of GL,,(A™),
that [b @ I] = u (since ba™! belongs to (exp (M, (A1)))), and that
be GL,(I") (since 7(b) = I), so that u € im(,). O

PRrROPOSITION 3.3.2 (Long exact sequence). Let [ C A be a closed
tdeal, one has the following exact sequence:

Ki(I) — Ki(A) = Ky (A)I) — Ko(I) — Ko(A) — Ko(A/I).

For a proof see [85] or [90]. The idea is to build a connecting
homomorphism 6, : K;(A/I) — Ky(I), and this is done as follows;
given a € GLi(A'/I), we know that a @ a™! lies in (exp(Mar(A*/1)))
and thus has a pre-image u € GLy,(AT). Let p = u(ly ® 0p)u™t €
Py (I) (see the proof of Proposition 3.3.1), we then define d,([a]) =
[p] — [1&]-

DEFINITION 3.3.3. The cone on a Banach algebra A is the set

CA={feC([0,1],A) | f(0) =0}.

It is a Banach algebra (for point-wise operations and supremum norm)
and the suspension of A is the set

SA={feC(0,1],A) ] f(0) = f(1) =0},
which is again a Banach algebra for point-wise operations and supre-
mum norm.

EXERCISE 3.3.4. A Banach algebra A is contractible if there exists
a path in End(A) connecting the zero map to the identity map. Notice
that C is not contractible as a Banach algebra.
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(a) Prove that SA (although in general not contractible) will be
contractible if A is contractible.

(b) Prove that the cone C'A is always contractible. More generally,
the Banach algebra of continuous functions on a compact topologically
contractible space X with target A, vanishing at one point is always
contractible.

(c) Prove that K;(CA) = Ko(CA) = 0.
Hint: The contractibility of C'A allows to deform any matrix of
U,, P.(CAT) and |, GL,,(CAT) into a scalar matrix.

PROPOSITION 3.3.5. There is a natural isomorphism between K, (A)
and Ky(SA).

PROOF. The C*-algebra SA being a closed ideal of C'A and the
map f — f(1) being a surjective homomorphism from C'A — A whose
kernel is SA, that enables us to identify A with CA/SA. Using the
long exact sequence we have that
Since K;(CA) = Ko(CA) = 0, we end up with the following exact
sequence of groups:

which gives the sought isomorphism. O

PROPOSITION 3.3.6. There is a natural isomorphism between K(A)
and K1(SA).

For a proof, see [85] or [90]. The natural isomorphism is given by
the Bott map (34 which is defined as follows:
For a given idempotent p € M, (A) define
fp0,1] — GLn(AT)

t — 627ritp ]

Since €™ = [ + (e*™ — 1)p, we have that f,(0) = f,(1) = I and
hence f, € M, (SAY). Now, f,(t)f,(1 —t) = €*™ = I implies that
f» € GL,(SA") and thus we can set:

Ba:Ko(A) — Ki(SA)
pl—ld — [fpf]']

This result, combined with the previous one, drives us straight to
the central theorem of K-theory:

THEOREM 3.3.7 (Bott periodicity). There is a natural isomorphism
K,(A) ~ K, ,2(A)
for each n > 0.
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PrOOF. Combining Proposition 3.3.5 and 3.3.6, we obtain that
Ki(A) ~ K;(S*A). (i=0,1)
Since for n > 1, m,(GLxo(A)) = mp—1(SGLx(A)) = mp-1(GLx(SA)),
we immediately see that K,,(SA) = K, 11(A), and thus
Kn(A) ~ K, (S?A) = K, 12(A). (n>1)
For n = 0, we simply use 3.3.6;
Ko(A) = K1(SA) = Ka(A),
which finishes the proof. O
We now reach an important corollary:

COROLLARY 3.3.8. Let I C A be a closed ideal. There is a siz-term
cyclic exact sequence

L

Ko(I) Ko(A) = Ko(A/T)

5] |

Ky (A/T) Ki1(A) K4 (1)

Tx *

Here the map pu, is obtained by combining the inverse isomorphism
K, (I) — Ky(SI) (see Proposition 3.3.5) with the map

5* OﬁA/[ . KQ(A/[) — K[)(SI),

where 34/ is the Bott map for A/I, and 0, is the connecting homo-
morphism for the long exact sequence. Notice that we used the fact

that S(A/I) = SA/SI.

ExAMPLE 3.3.9. To illustrate the power of six-terms exact sequences,
let us give a K-theoretic proof of Jordan’s simple curve theorem, sug-
gested by A. Connes.

First step: Let ¥, be a closed Riemann surface of genus g, and
let D be a finite set of points on ¥,. Then, for the punctured surface

3, \ D, one has that K°(3, \ D) = Z. To see that, consider the short
exact sequence

00— Co(Xg\ D) — C(5y) —= C(D) —0.
In K-theory, it gives

K35\ D) KO(%) K°(D)
K'(D) KH(2) K25\ D)

Now, K'(D) =0 and K°(D) = Z¢. By connectedness of ¥, restricting
a vector bundle on ¥, to D provides a vector bundle of constant rank
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on D; so the image of K°(X,) — K°(D) is the diagonal subgroup in
Z% and thus we get a short exact sequence

0—= K%, \ D) —> K°(S,) —=Z —> 0.

Now K°(X,) ~ Z?, with generators the trivial bundle of rank 1 over X,
and the bundle p*(L), where p : ¥, — P*(C) ~ S? is a map of degree
1, and L is the canonical bundle on P'(C). Since both generators map
to 1 in Z, we see that K°(X, \ D) ~ Z.

Second step: Let U be an open, connected, orientable surface. Then
K°U) = Z. The following proof was supplied by G. Skandalis.

Let f : U — R* be a Morse function (i. e. a smooth function
such that any critical point is non-degenerate, and which is injective
on its set of critical points). Set Uy = f~1[0,¢[. Since U = [J,-, Us, it
is enough to show that, for regular values ¢ of f, one has K°(U,) = Z.
But U; is a punctured Riemann surface, so one concludes by the first
step.

Third step: (Jordan’s simple curve theorem). Let J be a Jordan
curve in S?, i. e. a homeomorphic image of S'. We must show that
52\ J has two connected components. It follows from the second step
that, if M is an open, orientable surface, then K°(M) = Z¢, where c is
the number of connected components of M. Since S?\ J is an open,
orientable surface, we must show that K°(S?\ J) = Z2.

Consider for that the short exact sequence

0——=Co(S?\J) —=C(S*) —=C(J)—=0
giving, in K-theory,

KO(S2\ J) K°(S?) KO(J)
K'(J) K'(S?) K'(S*\ J)

Now J is homeomorphic to S?, so K°(J) = Z, and K'(J) = Z. Since
any complex vector bundle over S! is trivial, the map K°(S5?) — K°(J)
is onto; on the other hand K°(5%) = Z? and K'(S?) = 0, so the above
sequence unfolds as

0—=Z—K°%S?*\J)—= K°%S?) —=Z —0.
Working with reduced K-theory
K°(5%) = Ker(K°(5%) — K°(pt) = Z),
the above sequence shortens as
0—=7Z— K°%S?\ J) —= K°($%) —= 0.

By Bott periodicity, K°(52) = Z, so that K9(S2\ J) = Z? as desired.



CHAPTER 4

The classifying space for proper actions, and its
equivariant K-homology

4.1. Classifying spaces for proper actions

Let X be a Hausdorff space on which I' acts by homeomorphisms.

DEFINITION 4.1.1. The action of I' on X is proper if for every
x,y € X there exists neighborhoods U, and U, of x and y respectively
such that the set

{yel |y -U.NU, # 0}

is finite.

REMARK 4.1.2. Since I' is discrete, the previous definition is equiv-
alent to requiring the action to have a Hausdorff quotient and to satisfy
the following condition: for each z € X, one can find a triple (U, H, p),
where U is a I-invariant neighborhood of z, H is a finite subgroup of
['and p: U — I'/H is a I'-equivariant map (see e.g. p. 25 of [54]).

ExAMPLE 4.1.3. (1) If p : X — Y is a (locally trivial) covering
space with group T, then the I'-action on X is proper (and free).

(2) If I' is a finite group, then every action is proper.

(3) If " acts simplicially on a simplicial complex X, then the action
is proper if, and only if the vertex stabilizers are finite.

THEOREM 4.1.4 (see [54], p. 6). If X is locally compact, then
the action of I' on X is proper if and only if for all compact subsets
K, L CX, the set

[yeT |y KNL#£0)

is finite.

DEFINITION 4.1.5. A proper I'-space ET is said to be universal
if it is metrizable with EI'/T" paracompact and if for every proper
metrizable I'-space X with X /I" paracompact there is a I-equivariant
continuous map X — ET', unique up to ['-equivariant homotopy. The
space ET' is unique up to I'-homotopy.

ExAMPLE 4.1.6. (1) If ' is torsion free, every proper action is free,
hence gives a covering with group I'. In this case, we may take ET for
ET', where ET is the universal covering of the classifying space BT,
using a suitable metric topology on BI" (see [37]).

33
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(2) If I is finite, then ET' = {pt}.

(3) The space ET is I'-equivariantly homotopic to the space Fg,(I")
introduced by P. Kropholler and G. Mislin in [56].

A criterion to identify universal spaces for proper actions is provided
by the following result:

PROPOSITION 4.1.7 (P. Baum, A. Connes, N. Higson, [9]). A metriz-
able proper I'-space X with X /T paracompact is universal if, and only
if the two following conditions hold:

(a) For every finite subgroup H of T' there is an v € X stabilized
by H (that is, Hx = x).

(b) The two projection maps p1,pz : X x X — X are I'-equivariantly
homotopic.

It is easy to see that these conditions are necessary: if H is a
finite subgroup of I', then I'/H is a proper I'-space, so it maps I'-
equivariantly to ET'; on the other hand, ET" x ET is a proper [-space
and the two projections EI' x EI" — EI' are ['-equivariant, so they
must be homotopic.

EXAMPLE 4.1.8. (1) If I" acts properly on a tree X, then ET" = | X|
(where |X| is the geometric realization of the tree with its natural
metric topology). Indeed, on a tree, one has a notion of convexity,
coming from the unique geodesic path between any two points: if z,y €
| X|, then for each ¢ € [0, 1] the point

(1—-t)x+ty

is uniquely defined. This yields a notion of barycenter, so that condition
(a) of the previous proposition holds. For condition (b), the map

pe(z,y) = (1 —t)x+ty

gives a I'-equivariant homotopy between the two projections.

(2) The previous example can be generalized to several geometric
situations in which one has a notion of barycenter and the uniqueness
of geodesics:

— a Riemannian symmetric space (of non-compact type).

— a Euclidean (Bruhat-Tits) building.

So if " acts properly isometrically on such a space X, one can take
El = X.

Suppose now that X is an affine Hilbert space, separable, on which
I' acts properly isometrically. Since here also we have a notion of
barycenter together with uniqueness of geodesics, we may be tempted
to take ET' = X. However, this does not quite work, because of lack
of paracompactness of X/I". But this can be fixed using a trick due
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to G. Skandalis. Let X denote the space X endowed with the weak
topology. Consider the embedding

a: X xRt — X, xRT
(z,t) = (o lz]*+ )
then the inverse image of the product topology on X, x R* under «
is a locally compact topology on X x R*. It is enough to see that:
Im(a) = {(z,s) € X, x R" : ||z]| < s},
is a locally compact subset of X, x R*. Take y = (z,t) € X x R, a
closed fundamental neighborhood of a(y) in X, x R" is of the form:
Vier,ames) = 1@, ") € XuxRT, |s—5'| <, [(x—a',2;)| <8, 1<i<n}
where z1,...,2, € X and ¢,0 € R, so that
Ua(y) = Viar.zn.e0) N Im()

is a closed neighborhood of a(y) in Im(cr), and Uy, is compact since it
is contained in a closed ball of radius s + € (which is weakly compact).

Let us now show that I acts by homeomorphisms on X x R* en-
dowed with this locally compact topology. The linear part of the action
being anyway by homeomorphisms, it remains to check that the affine
part is by homeomorphisms as well, which is clear since for a € X, the
transported translation ¢, on Im(«) reads

to(z,8) =aot,oa x,s) = (x4 a,/||a]|> + 2Re (a, z) + 52).
Finally, this action is proper since a compact in X, x R* is bounded in
X xR™. So, if " acts properly isometrically on X, a model for ET' = X
is X x R' with this new topology (this has been used by N. Higson
and G. Kasparov [34] in the proof of Conjecture 1 for a-T-menable
groups).

(3) If the group I' is Gromov hyperbolic, one may take the Rips
complex as a model for ET". Here we recall that the Rips complex is
given as follows. Take S C I' a finite generating set. This gives a metric
on I', namely the word length metric associated to the generating set
S, which is given by

ls(y) =min{n € N | vy =5;...5, and s1,...,5, € SUS™ '},
Now fix R € R*, a (k+1)-tuple (o, ...,v) € I**! will be a k-simplex
if
ls(vi ') < R
for each i,5 = 0,...,k. This defines a proper metric I'-space M(R).
When I' is hyperbolic, for R big enough one may take M(R) = ET.

(4) For arbitrary countable groups I', one may take

ET ={f:T — [0,1] with finite support such that Z f(y) =1}
vyel
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(i.e. finitely supported probability measures) with metric given by

If = gllec = sup [ f(7) — g(7)I,
vyerl’

for all f,g € EI'. This is I'-equivariantly homotopic to the geometric
realization of the simplicial complex whose k-simplices are given by the
subsets of I' of cardinality (k + 1), see Theorem A.2.1.

Now we will give the proof of the universality of this latter model.

We first check that the action of I' on ET is proper. Fix f € ET
and denote by I'y its stabilizer, which is a finite subgroup of I'. Set

R=if{lf =7+ flle |7 €T =Ty}
clearly R > 0. For € > 0, define
Uc = {g € ET such that there exists v € I" with ||g — 7 - f]le < €};

it is an open, T-invariant subset of ET". Moreover, for e < R/2, the open
set U, is such that, for g € U, the element v € T" with |[[g—7- f|lc < €is
unique modulo I'y. Sending g to the coset vI'¢ then defines a continuous
I-equivariant map U, — I'/T's. So, by Remark 4.1.2, ET is a proper
['-space.

Let X be a proper I'-space. We have to show that there exists
a continuous I'-equivariant map X — EI', which is unique up to I'-
equivariant homotopy. Uniqueness is clear, since ET is a convex set
on which I' acts affinely. For the existence, denote by W the disjoint
union of the I'/H’s, where H runs along finite subgroups of I'. Define
a ['-equivariant map

¢: W — ET

by sending the coset vH to the uniform probability measure on vH.
Since X/T" is paracompact, there exists a countable partition of unity
(g )k>1 on X, consisting of I'-invariant functions and such that, for
every k > 1, there is a [-equivariant continuous map ¥y, : a; ']0,1] —
W. Then the map

vV: X — ET
T Y ok(@)(d oY) (z)
is continuous and I'-equivariant. This proof is slightly more direct than
the one in paragraph 2 of [9].

4.2. Equivariant K-homology

Let X be a locally compact space, endowed with a proper action of
[. Let Cy(X) be the algebra of continuous functions on X, vanishing
at infinity. The goal is to define I'-equivariant K-homology groups
K}(X) (where i = 0,1). Cycles were defined by M. Atiyah in [4]. The
equivalence relation on these cycles turning them into an abelian group
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in duality with equivariant K-theory was worked out by G. Kasparov
in [45]. A wealth of information on analytic K-homology can be found
in the recent book by N. Higson and J. Roe [36].

DEFINITION 4.2.1. A generalized elliptic T'-operator over X is a
triple (U, 7, F') where:

e UJ is a unitary representation of I' on some Hilbert space H.
e 7 is a *-representation of Cy(X) by bounded operators on H

(that is, 7(f) = 7(f)*) which is covariant, in the sense that
7(foy™h) = Uym(f)US"
for all f € Cy(X) and v €T
e [is a bounded, self-adjoint operator on H, which is ['-invariant
(that is, FU, = U,F for each v € I') and such that the oper-
ators

7(f)(F? 1) and [r(f), F]
are compact for all f € Cy(X).

Such a cycle (U, 7, F) is even if the Hilbert space H is Zs-graded,
and U, m preserve the graduation whereas F' reverses it. This means
that H = Ho ® ‘H; and, in that decomposition:

_ UO0 o 7T()0 i 0o P
U‘(o Ul)’”_(o m)’F_(P 0)'

A cycle will be odd otherwise. Even cycles will be used to build K} (X),
and odd cycles to build K} (X).

REMARKS 4.2.2. If X is compact (that is, I" is finite), conditions
in the definition of a cycle can be replaced by (F? — 1) and [#(f), F]
compact. This means that F is invertible modulo compact operators,
i.e. I'is a Fredholm operator.

A word about functoriality: if h : X — Y is a proper I'-equivariant
and continuous map between locally compact I'-spaces, then the map
h* : Co(Y) — Co(X) defined as h*(f) = f o h, sends a cycle (U, w, F')
over X to the cycle (U,m o h*, F) over Y. The theory is therefore
covariant.

EXAMPLE 4.2.3. (1) Let H be a finite subgroup of I', set X =T'/H
(a discrete, proper I'-space). Let p be a finite dimensional representa-
tion of H on some vector space V,. Let Hy be the space of the induced
representation,

Ho={ € (T, V,) | &(y - h) = p(h")&(v) ¥ h € H,y €T},

where (?(I",V,) denotes the space of functions § : I' — V, such that
Yowex 1€(@)|? < co. In other terms, this space Hy is the space of £>-
sections of the induced vector bundle I' X 5 V, over X. Then U, comes
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from the natural left action of I', whereas mo(f){ = f - £ (pointwise
multiplication). Now, take

Hi =0, H="Ho® Hi=Ho

and F' = 0. We claim that 8y, = (Up, mo, I) as defined above is an even
cycle. We only have to check that m is a representation by compact
operators, which is true since for each f € Cy(X), the operator m(f)
can be represented as a block diagonal matrix, with each block being
scalar and given by the values of f, and these do go to zero at infinity
since we assumed f € Cp(X).

(2) Let ' = {e}, X = S and H = L*(S") with Lebesgue measure
of mass one. Consider the trigonometric basis (e*"™"?),cz. For the
representation 7 of C'(S1), we take pointwise multiplication. Set

627rin9 n>0
F(e2ﬂ'zn9) —_ _62772716' n <0 7
0 n=>0

that is, F' = diag(sign(n)),ecz, and 1 — F? is the projection onto the
constant functions in L?(S'). The claim is that (7, F)) is an odd cycle
over S1. Set A = {f € C(S") such that [7(f), F] is compact }, we
have to show that A = C(S'). Since the set of compact operators is
a norm-closed ideal in the algebra of bounded operators on L?(S!), we
see that A is a norm-closed *-subalgebra of C'(S'). Define

fl — e271'1'9 c C(Sl)

The operator [r(f1), F] is of rank 2 (hence is compact), so that f; € A
and thus A contains the *-subalgebra generated by fi, 1. e. the algebra
of trigonometric polynomials; since the latter is norm-dense in C'(S1)
(Weierstraf3’ theorem), we have A = C(S'). Hence (7, F) is an odd
cycle, which will turn out to be the generator of K;(S') ~ Z. Notice
that on L?(S!') one has an unbounded operator

d
D=—iZ
"6’
2ming 2mind ; : D 1
so D(e*™) = 27mne and F' = sign(D) (i. e. F = Dl on (C-1)4).

(3) Let X = R and I' = Z (acting by integer translations), H =
L*(R) (with Lebesgue measure) and 7 is the representation of Cy(R.)
by pointwise multiplication. The unbounded operator

d

D=—i—

Vdt
becomes, under Fourier transform, the multiplication by the dual vari-
able A on L?(R). Let G be the operator of multiplication by sign(\) on

L2(R) and let F be the operator on L2(R) obtained by inverse Fourier
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transform (F is the Hilbert transform on L?*(R)). Then F? = 1 and
FU, = U,F for each n € Z. It remains to check that the operator
[7(f), F] is compact for each f € Cy(R). First start with f a Schwartz
function (i. e. a function having all its derivatives decreasing faster
than the inverse of any polynomial). Under Fourier transform, m(f)
goes to convolution p(f) by the function f, so that [x(f), F] goes to
the following operator on LQ(R):

[e.e]

(). CIOM) = / (sign(\) — sign()) F (A — wEG)dn.

—00

This is an operator with kernel given by

K(X, 1) = (sign(X) — sign(u)) f (A — p).
Now, K (A, ) is in L?*(R?) since

[e'e) 0
[P du=2 [ [ afo- P d
R 0 —00

and f being a Schwartz function, the right hand side of the last equality

is smaller than o e
C+ / / A73d)\ du
1 7

which is finite. So we have proved that the operator is Hilbert-Schmidt,
and in particular is compact. By density of the space of Schwartz
functions in Cy(R), the operators [ (f), F] are compact, for each f €
Co(R). The triple (U, n, F') is an odd cycle over R. Eventually there
will be a canonical isomorphism K%(R) — K;(S') sending this cycle
to the one defined in example (2).

(4) Let X be a I'-proper Riemannian manifold, T-compact (that
is, '\ X is compact), E a T'-vector bundle over X, endowed with a I'-
invariant Hermitian structure and D an elliptic differential operator on
C*(X, E), the space of smooth sections. This means that if one writes

locally
D= aD"

laj<m

with the a, local smooth sections of End(F), its principal symbol

CLm(l’,g) - Z aa(ac)fa
|a|=m
is invertible for each x € X and & € T — {0}. If D is I'-invariant and
symmetric (with respect to the scalar product), then D is essentially
self-adjoint on L?(X, F) and hence one can define thanks to the spectral

theorem
D

V1+ D?



40 4. CLASSIFYING SPACES AND K-HOMOLOGY

which is a pseudo-differential operator of order 0, bounded and self-
adjoint. Let m be the representation of Cy(X) by pointwise multipli-
cation on H = L*(X,E). Denote by C°(X) the space of smooth,
compactly supported functions on X. For f € C°(X), the operator
[7(f), F] is pseudo-differential of lower order (from the symbol exact
sequence) so it defines a compact operator on L?(X, F) (indeed, one
may assume that supp(f) lies in an open chart, so we may appeal to
corresponding results on compact manifolds). Now,

2 _ 1 _ —1
1+ D?’

and because D is elliptic, this operator is “locally compact” in the sense
that 7(f)(F? — 1) is compact for all f € C°(X). Hence (U, 7, F) is a
cycle. Geometry provides many such operators D: de Rham operators,
signature operators, Dirac operators, Dolbeault operators. See [89] for
the theory of elliptic operators on manifolds.

DEFINITION 4.2.4. (i) A cycle o = (U, w, F) over X is degenerate
if for each f € Cy(X) one has

7(f), F] = 0 and 7(f)(F? — 1) = 0.

(11) Two cycles oy = (Up, mo, Fo) and oy = (Uy,m, F1) are said to
be homotopic if Uy = Uy, my = 7 and there exists a norm continuous
path (F}):cp0,1), connecting Fy to Fy, such that for each ¢t € [0,1] the
triple oy = (Uy, 1o, F}) is a cycle (of the same parity).

(11i) The cycles ag and oy are said to be equivalent and denoted
ag ~ aq if there exists two degenerate cycles By and [3; such that, up
to unitary equivalence, ag & 3y is homotopic to a; & 3.

(iv) We will write K} (X) for the set of equivalence classes of even
cycles over X and K1 (X) for the set of equivalence classes of odd cycles
over X. In case I is the trivial group, we just write Ky(X) and K;(X).
We shall see in Proposition 4.2.7 below that the K}'(X)’s are indeed
abelian groups.

REMARK 4.2.5. It is a deep result of G. Kasparov in [47] that this
definition of K} and K7 is invariant under proper I'-homotopies, in the
sense that if f,g: X — Y are proper ['-homotopic maps, then

for = 0,1. One could give a weaker definition of homotopy, by drop-
ping the requirement of the representations 7y and m; to be equal.
Instead, one requires to admit a continuous (in a suitable sense) path
t — m; of representations, joining my to 7. In [47], G. Kasparov proves
that the groups constructed by means of this weaker definition are
isomorphic to the ones that we previously defined.
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EXAMPLE 4.2.6. Let a = (U, w, F') be an even cycle, with

0 P*
()

If we view it as an odd cycle by forgetting about the Zs-graduation,
then « is homotopic to a degenerate cycle via the path of operators

7= sin(Z)  P*cos(%)
P\ Peos() —sin(%) )
for t € [0, 1].

PROPOSITION 4.2.7. The sets K!'(X) are abelian groups, for i =
0,1.

ProoF. Addition is induced by direct sum; it is commutative be-
cause for two cycles o and 3, the cycle a @  is unitarily equivalent to
8@ a. Two degenerate cycles 3y and 3; are equivalent because Gy @ [3;
is unitarily equivalent to (3; @ [y, hence By ~ ;. The class of degen-
erate cycles provides the neutral element for the addition. Now let us
describe the opposites:

t = 0: Let a be an even cycle. To construct —a, reverse the grading.

0 P*
HF_<P O)JMH

P* 0
R U D
0% o = P 0 0
0 P

in the decomposition Hy ® Hi ® Hi & Hy. It is homotopic to a degen-
—_—

even part odd part
erate cycle via the path
0 P* c.os(—t) sin ?tt
o —sin(%) Pcos(%)
e Pcos(%) —sin(%) 0
sin(%)  P*cos(%)

i =1: The opposite of a cycle a = (U,n, F) is —a = (U,n,—F).
Indeed, oo & —a is homotopic to a degenerate cycle via the path

A () )

for ¢t € [0, 1]. O

EXERCISE 4.2.8. If a = (U, 7, F') is an even cycle, then it is homo-
topic to (U, 7, —F).
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PROPOSITION 4.2.9. If T" acts freely on X (e. g. if T' is torsion
free), then there exists a canonical isomorphism

K!(X) ~ K;(T\X). (i=0,1)
For a proof see [50].

EXAMPLE 4.2.10. Assume that I is finite, X = {pt}. We have that
K{ (pt) is the additive group of the representation ring R(T'). If

[Uo) — [Uh] € R(T),

we associate to it the even cycle (Uy @ Uy, A,0), where X\ denotes the
scalar multiplication of C. That gives us a map R(T') — K (pt).

Conversely, if
0o P
war=(20)

is an even cycle, we associate to it its I'-index
Indp(F') = [ker P] — [ker P*|
viewed as an element in R(T").

On the other hand, K (pt) = 0. Indeed, an odd cycle is given
by some I'-invariant operator F such that F? — 1 is compact. The
essential spectrum of F' (that is, the part of the spectrum which is
invariant under perturbations of compact operators), is {+1}. But it
is also the set of limit points or eigenvalues with infinite multiplicity in
the spectrum of F'. So, in the spectrum of F' there are gaps between -1
and 1. Let [a,b] be contained in such a gap. Consider the continuous
function f defined as follows:

i. e. f interpolates linearly between —1 and 1 on [a,b]. By functional
calculus, f(F) = G is such that G* = 1 because f* = 1 on the spectrum
of F. But F' — (G is compact, and F' is homotopic to the degenerate
cycle given by G via the homotopy

F,=(1-t)F +1G.

DEFINITION 4.2.11. Let Y be a topological Hausdorff space on
which I' acts properly. For ¢ = 0, 1, define

RK} (V) =lim K (X)
X

where X runs along the inductive system of I'-compact subsets of Y.
This is the I'-equivariant K-homology with compact supports.
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It is important to notice (and this contributes to the value of Con-
jecture 1) that RK] (ET') can be computed (up to torsion) as something
homological. Indeed, let FT' be the C-vector space generated by ele-
ments of finite order in I" (note that 1 € I' has finite order). The action
of I' by conjugation turns FT' into a I"-module.

THEOREM 4.2.12 (P. Baum and A. Connes [8]). There exists an
equivariant Chern character

Chl : RK[(ET) — €D Hansi(T, FT)

n=0

which is an isomorphism after tensoring the domain with C. Moreover,
it 1s compatible with the Chern character in homology, in the sense that
the following diagram commutes:

~

RK;(BT) RKT(BET) <2l pKT(ET)

Ch. l Chl l

Py C—FT, 1—1 Py
@ H2n+i(F7 C>C H2n+i(F7 FF)
n=0

n=0
REMARKS 4.2.13. (1) It follows from Theorem 4.2.12 that the map
RK}(ET) — RK}(ET)
is rationally injective. A direct proof is given in M. Matthey’s thesis,
[63].

(2) After identifying RK;(BI') with something homotopical (as in
the beginning of Chapter 2), we have that

RE;(BT) @7 C ~ @) Hz1i(T', C).
n=0
see also Lemma A.4.2 in the Appendix.

(3) If T is finite, then ET = {pt}, and this theorem reduces to the
classical (but not quite obvious) fact that the number of irreducible
representations of I' is equal to the number of conjugacy classes.

EXERCISE 4.2.14 (A. Connes, [17]). Define a non self-adjoint cycle
by dropping the condition that F' = F™* in Definition 4.2.1. If

wr=(% a)r=(5 %)

is an even non self-adjoint cycle, then it is equivalent to another even
non self-adjoint cycle say (U, 7, F'), where F satisfies F? = 1.
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Hint: Let H be ‘H with the Zs-grading reversed. On H & H, set

~ . 7~T0 0 ~ T 0 .
W—?TEBO—(O 7~T1>,Whe1re7r2—<0 O)forz—O,l. Set

0 @—Qm@l—@P)
1- PQ -P

B ( P 1-PQ ) 0
1-QP (QP-2)Q
Check that F2 = 1, that (U, 7, F) is an even cycle and that (F — (F @

0))7(f) is compact for each f € Cp(X). Now (1 — t)E +t(F @®0) gives
the homotopy between (U, 7, F') and (U, 7, F) & 0.

M.

EXERCISE 4.2.15 (G. Skandalis, [79]). If (U, 7w, F) is a non self-
adjoint cycle with F? = 1, show that there exists a self-adjoint cycle
(U, 7, F'), such that F'> = 1, and which is homotopic to (U, , F).

Hint: Take F' = F(FF*)/2. Using that FF* = (F*F)"!, show
that F’ is unitary and that F’> = 1. Moreover, F; = F(FF*)'/? gives
the homotopy, for ¢ € [0, 1].

EXERCISE 4.2.16. Any cycle (U, 7, F') is equivalent to (U’, 7', F'), a
cycle in which the representation 7’ is essential (where essential means
that 7'(Co(X))H is dense in H).

EXERCISE 4.2.17. Let (U, 7, F') be an odd cycle, show that the even
cycle

0 F
(U@U,W@’/T,G:(F 0))
is equivalent to a degenerate cycle.
Hint: (a) Show that « is equivalent to a cycle
0 F
(U/@U,,W/@W/,<F, 0 ))

where I’ = F'* is invertible.
(b) Using (a) we may assume F' = F* invertible and define

~ 0 F
f=UasUrdr,G= ( 1 ))
Show that a @ ( is degenerate. Clearly @« = —a and thus ( is
equivalent to a.
(c) Using Exercise 4.2.15, show that /3 is homotopic to a degenerate
cycle.

EXERCISE 4.2.18. Show that K;(S') = Z.
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Hint: For an odd cycle (U,n, F) in K;(S'), we may assume that
F? =1, so that P = (F + 1)/2 is an idempotent and [r(f), P] is
compact for each f € C(S'). Define

alf) = Pr(f)|pxy : PH — PH,

then a(f1f2) — a(fi)a(fs) is compact on PH, for each fi, fo € C(S?).
For f(z) = z, a(z) is a Fredholm operator, which means that it is
invertible modulo compact operators and thus has a well defined Fred-
holm index given by

Index(a(z)) = Dim(ker a(z)) — Dim(coker a(2))

Show that the assignment (U, w, F') — Index(a(z)) extends to a well
defined isomorphism K;(S') — Z.

EXERCISE 4.2.19. Show that K;([0,1]) = 0 (without using the ho-
motopy invariance).






CHAPTER 5

Kasparov’s equivariant K K-theory

In a series of papers [45] [46] [47] [50] from 1980 to 1988, G. Kas-
parov defined an equivariant KK -theory for pairs of C*-algebras, a
powerful machinery to deal both with K-theory and K-homology of
C*-algebras.

For a discrete group I', a I'-C*-algebra is a C*-algebra endowed
with an action of I' by *-automorphisms. To any pair (A, B) of I'-C*-
algebras, G. Kasparov associates two abelian groups

KK; (A, B) (i=0,1)
that we shall discuss in this chapter. For a C*-algebra A, a Hilbert

C*-module over A is a right A-module £ equipped with an A-valued
scalar product, namely a map

(,)4:ExXxE—A
that satisfies for all z,2’ € £ and a € A:
<w7y>A = <y,I>2
<x+x/7y>A <x7y>A+ <x/7y>A

<$7 ya>A = <x> y)A @
(r,xz), > 0 with equality if and only if x = 0;

moreover £ has to be complete with respect to the norm
lzlle = Il {z, 2) 4 12
For a good reference for Hilbert C*-modules see [60].

EXAMPLE 5.1. We endow H4 = ¢*(N) ® A with an A-valued scalar
product defined as follows:

Ema=>_&m
neN
for all £, € H4. This turns H 4 into a Hilbert C*-module over A.
DEFINITION 5.2. Let &£ be a Hilbert C*-module over A. Set
LA(E)={T:E—-E|FT":E — & such that, for every {,n € &£ :
(T€ln) 4 = (€1T™n) 4}

Operators in L4(€) are automatically A-linear and continuous. For
the operator norm, L£4(€) is a C*-algebra, which plays the role of
continuous linear operators on a Hilbert space. An operator T' € L4(€)

47
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is compact in the sense of C*-modules if it is a norm limit of finite rank
operators; and it is finite rank in the sense of C*-modules if it is a
linear combination of operators of the form 0 ,, where £, € £ and

Ocn(x) = E(n,2) 4 (x €€&).
EXERCISE 5.3. Show that an operator T" on H 4 is compact in the
sense of C*-modules if, and only if

n—oo

DEFINITION 5.4 (G. Kasparov). A cycle over (A, B) is a triple
(U, m, F) where:

e U is a representation of I" on some Hilbert C*-module £ over
B, unitary in the sense that

<U’Y€|U’Y77>B =7 <5‘77>B :

forallyeI"and &, € €.
o7 : A — Lp(€)is a *~homomorphism which is covariant, in
the sense that

Uym(a)U,—r = 7(7y - a).
for all v € I" and a € A.
e F is a self-adjoint operator in L ().
Moreover we require the following operators

m(a)(F*=1), [x(a),F], [U,,F] foralla€ A,y €T
to be compact in the sense of C*-modules.

DEFINITION 5.5. The distinction between even and odd cycles is
made by requiring the situation to be Zs-graded in the even case and
ungraded in the odd case.

A cycle is degenerate if the operators m(a)(F? — 1), [r(a), F]| and
(U, F] are zero for all a € A and v € T.

Two cycles ag = (Up, mo, Fo) and oy = (Uy, w1, F1) are homotopic if
Uy = Uy, mp = m and there exists a norm continuous path (F;):cpo,1],
connecting Fy to F; and such that for each ¢ € [0, 1] the triple ay =
(Uo, mo, F7) is a cycle (of the same parity).

Two cycles ag and oy are equivalent and we write ag ~ a if there
exists two degenerate cycles 3y and (; such that, up to unitary equiv-
alence, ag ® [y is homotopic to a; & ;.

We will write K K} (A, B) for the set of equivalence classes of even
cycles over (A, B) and K] (A, B) for the set of equivalence classes of
odd cycles over (A, B). These are in fact abelian groups (the proof is
the same as in Proposition 4.2.7).

In case where I is the trivial group, we just write K K(A, B) and
KKi(A, B).
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Kasparov’s stabilization Theorem [46] allows one to assume & =
Hp in the definition of cycles over (A, B): it says that, if £ is a separable
Hilbert C*-module over the C*-algebra B, then there exists a Hilbert
C*-module & over B such that

EPE ~Hp.
Notice that in doing so the representation of A doesn’t necessarily

remain essential.

REMARK 5.6. The functors KK, for i = 0,1 are covariant in B
and contravariant in A. Indeed, let o = (U, 7, F) € KK} (A, B) be a
cycle and consider a *-homomorphism 6 : C' — A, it defines

0*a = (Uro0,F) e KK, (C,B),
and if  : B — (C'is a *~homomorphism, consider the Hilbert C*-module
over C' given by £ ®p C and define
foao=U®1, 721, F®1)c KK} (A Q).

ExXAMPLE 5.7. (1) Let I be a discrete group and X a locally com-
pact proper I'-space. Then

KF(X) = KKT(Co(X),C) (i=0,1)

since in the case of proper actions we may always assume that [U,, F| =
0 for all v € I' (see the proof of Lemma 6.1.2 below for that).

(2) If B is any C*-algebra, then (taking I' as to be the trivial group)
KK(C,B) ~ K,(B) (i=0,1)

where K;(B) is the K-theory of B as defined in Chapter 3. We will
now give the maps that realize the above isomorphisms, in case B is
unital.

1=0:
If © = [eg] — [e1] € Ko(B) with ey and e; idempotent matrices in
M, (B), consider ey @ 0 and e; @ 0 as operators acting on Hp. For

A € C, define
>\(60 S7) 0) 0
() = < 0 Mei®0) )

in the Zy-graded C*-module Hp@®Hp and take F = 0 (thus [7(N), F] =

0 for all A € C). Since 7 is a representation by compact operators
T(A\)(F? = 1) = —7())

is also compact. We then define the map Ky(B) — KKy(C, B) by

associating to an element z = [eo] — [e1] € Ko(B) the cycle (U, m, F) as

defined above. For the proof that this map is an isomorphism we refer
to V. Lafforgue’s thesis [59].
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t=1:

Consider the group G of invertible operators V on Hp such that
YV — 1 is compact. Then K;(B) ~ m(G), the map K;(B) — m(G)

being induced by
SHS@lZ(S O),

0 1

for S € GL,(B). To define a map KK;(C,B) — K;(B), start with
F = F* on a Hilbert C*-module £ such that F? — 1 is compact. By
the stabilization Theorem, we may assume that £ = Hp. Then

—exp(inF) € G,

and in this way we get a map KK;(C, B) — m(G) ~ Ki(B).

(3) Take € = Cy(R) as a Hilbert C*-module over itself, and F

Then (€,F) is an element of
1+ a2
KK,(C,Cy(R)) which, under the isomorphism
KKy(C, Co(R)) — K1 (Co(R)),

goes to a generator of K;(Cy(R)) ~ Z.

the multiplication by z +—

(4) Identify R? with C and consider & = Cy(C) & Cy(C) as a Zo-
graded Hilbert C*-module over Co(R2), and F = ( B ) where P
% Then (€, F) is an element of
VI[P
KK,(C, Cy(R?)) which, under the isomorphism
KK, (C,Cy(R?)) — K,(Cy(R?)),
goes to a generator of K;(Cy(R?)) ~ Z.

is the multiplication by z —

(5) Suppose that € : A — B is a [-equivariant *-homomorphism,
it defines a class [0] € KK (A, B). Indeed, view B as a Hilbert C*-
module over itself, the representation U of the group I' will be given
by
U,§=7(§)
on B, so that we can consider U & 0 on the Zsy-graded Hilbert C*-

module B @ 0. The representation m of A will be given by 7 = 7% @ 0
where for a € A, m(a) = 0(a). We take F =0 on B & 0.

THEOREM 5.8 (G. Kasparov, [45] and [50]). Let us restrict to sep-
arable C*-algebras. Let A, B, C be I'-C*-algebras. Then there is a
bi-additive pairing, for i,7,i+ j € Zio

KK[ (A B)x KK} (B,C) — KK] (AC)
(z,y) — z®pyY
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the Kasparov product, which is associative and functorial in all pos-
sible senses. Moreover, for any separable I'-C*-algebra D there is a
homomorphism of extension of scalars

: KK (A,B) — KK'(A®D,B® D)
U,rm,F) — Ul,r®l,F®1)
and a descent homomorphism
gr: KK} (A, B) — KK{(Ax,T',B x,T).
Both are functorial in all possible senses.

REMARKS 5.9. (a) In particular we have that:

—if a« : A — B is a I'-equivariant *-homomorphism and y an
element in KK} (B,C), then

(o] @5y = a’(y) € KK (A, C),

—if B : B — C is a I'-equivariant *-homomorphism and z an
element in KK! (A, B), then

r®p (0] = B.(z) € KK (A,C).

(b) If z = (U,m, F) and y = (V,p,G) are cycles over (A, B) and
(B, C) respectively. Denote by Ep (resp. &) the underlying Hilbert
B-module for z (resp. C-module for y), then €& = Eg@pEc (B acts on
Ec via p) is a Hilbert C-module, and

rRpy=UV,T®1,H).

For the definition of the operator H see [50] and notice that taking
F ® G wouldn’t make sense since G doesn’t exactly commute with p.

(c) Given z € KK (A, B) and y € KK{ (C, C), we have that
Ta(y) ®ax =z ®p T5(Y)

where the homomorphisms 74 : KK} (C,C) — KK} (A, A) and 7p :
KK} (C,C) — KK} (B, B) are the extension of scalars associated to
A and B respectively. In particular (taking A = B = C), we see
that KK} (C, C) is a ring, which is commutative and unital (with unit
1 = [idc]). All groups KK} (A, B) and K K;(Ax,T', Bx,I') are modules
over that ring, which plays a big role for that reason.

(d) We will give the descent homomorphism jr explicitly. Take
(U,m, F) € KK} (A, B), with underlying B-module £z, and define £ =
Ep@CI = C (I, Ep), thisis a B x,[-module with B x,.I'-scalar product
given by

€m) () =>_(&s),m(s™7))

sel’
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Define, for a € C(I', A), £ € € and ~veT:
(F(@))(y) =Y _m(a(s) Us (&(s7'))

sel

and (F€)(y) = F (£(7)), so that we finally set jp(U, 7, F) = (7, F).



CHAPTER 6

The analytical assembly map

To illustrate the difficulty of constructing an assembly map, con-
sider the following situation. Let X be a proper I'-compact space and
0 P*
(U,n,F = P 0
out of these data, an element in Ky(C;T"). A naive approach would
be to consider the kernel and co-kernel of P: these are indeed modules
over C*I', but these modules are in general not projective of finite type,
as shown in the following example:

an even cycle in K} (X). The goal is to define,
0

Let I' = Z, X = Z. Consider the cycle (U, , F') where U is the left
regular representation on H = (*Z |  the representation of Cy(Z) by
pointwise multiplication and P = 0. By Example 4.2.3 (1), (U, 7, F)
is an even cycle, but ker(P) = (*Z is not projective of finite type as
a C*T-module. Indeed, via Fourier transform, it gives L?(S') as a
module over C'(S1) acting by pointwise multiplication.

We shall give 2 approaches to construct p! .

6.1. First approach: a la Baum-Connes-Higson

We follow here the construction in [9].

DEFINITION 6.1.1. Let 7w be a representation of Cy(X) on a Hilbert
space H. An operator T' € B('H) is properly supported (with respect to
) if, for every f € C.(X), there exists g € C.(X) such that

Tr(f) = m(g)Tn(f)

(this expresses a locality condition for the operator T).

LEMMA 6.1.2. Let X be a proper I'-compact space and (U, 7, F') €
K} (X) be a cycle. Then (U, 7, F) is homotopic to a cycle (U, F")
with F' properly supported.

Proor. Without loss of generality we may assume that the repre-
sentation 7 is essential (see Exercise 4.2.16). Fix h € C.(X), h > 0 and
that satisfies, for every x € X: 7 h(y~'z) = 1. Such an h can be
built starting with a g € C.(X), g > 0 and such that T'z Nsupp(g) # 0

53
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for every x € X (such a g exists because of I'-compactness) and then
setting

_ g(@)
o) = > erg(yz)

Since F' = F*, we have, for every 7 € I" the operator inequalities:
_U77T<h)U'7‘1 |F] < UW”(\/E)F7T<\/E)UT1
< Uy, |IF]).
Summing over [' and setting
= Y U (VR FR(VR)U, -,
~er

and since by covariance U,m(h)U,~1 = w(y - h) (where v - h(z) =
h(y~'z)), we get

=Y w(y-WIF| < F' <> w(y-h)F].
~yel yel’

Since 27€F7 -h = 1, we see that the sum defining F’ converges in
the operator strong topology, and that ||F’|| < ||F||. Note that F” is
trivially I-invariant. For f € C.(X), we have

() = Y Un (W) Fr (VR ) Uy,

vyer

Since the action of I" on X is proper, theset S = {y € T': Vh(y ' f) #
0} is finite, so that the preceding sum is a finite one. Now, pick a

g € Ce(X) which is 1 on U, cgv(supp(h)); then F'n(f) = w(g)F'n(f),
i. e. I is properly supported. Again since nyeI‘ ~v-h =1, we have

F-F =% <U77T(h)U,y—1F - wa(\/ﬁ)FW(\/ﬁ)Url)

= Y Ua(Vh)a(Vh)U,1, F]
= Y Ua(Vh)r(Vh), FIU,-

and by assumption each term in this summation is compact. Now, for
f e C.(X):
T(f)F-F)=3 Upn ( : \/E) (r(VR), F]U, 1.
~yel

and this summation is indexed by the same finite set S as above, so
that w(f)(F —F") is a compact operator and therefore (U, 7, F") defines
a cycle homotopic to (U, , F). O
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Now, given a cycle (U,n, F) € K} (X), we may assume that F is
properly supported and 7 is essential. We then form the dense subspace

H=7(C.(X))H
and notice that F'(H) C H. We view H as a right CI'-module by
§-v=U;1¢
for all ¢ € H and v € T', and define a CI'-valued scalar product on H
by
(€1,62) (v) = (&1, U7£2>H

(note that v — (£1,&) (7) has finite support because I' acts properly
on X). For £ € H, let us show that the function

p:y = (8 (v) = (£ U,8)

defines a positive element in CI"; this function is positive definite on
I', meaning that, for every f € CI:

> ) f (st >0,

s,tel’

which can be rewritten <f, )\p(go)f> > 0 for every f € CI' (where

f(7) = f(v™1)). But since CT is dense in ¢2T, this also holds for every
f € £’T, showing that Ap(¢p) is a positive operator. So we complete H
into a Hilbert C*-module £ over C!T', with respect to this CI'-valued
scalar product.

LEMMA 6.1.3. The operator F extends continuously to a bounded
operator F on E.

PrRoOOF. We notice first that, for £ € H, the function

v |FI2(EULE) — (F(€), U, F(€))
is positive-definite on H. Indeed, for f € CI":

> F6) @) (IFIP (€ Ug1€) = (F(€), Ua1 F(£)))

s,tel’

= NFIPIY_ FOUAE = RO f(UAEP =0

sel sel’
(the equality uses U,F = FU,). Therefore

(FEFE) () < |IFIIP (&) (+)

in the sense of order in the C*-algebra C}T", hence

1EElle < IEN Il

and thus F' extends continuously to a self-adjoint operator F on &,
such that ||F|| < ||F||. This proves the lemma. O

The crucial property of F is:
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PROPOSITION 6.1.4. The operator F? —1 on the Hilbert C*-module
& is compact.

For a proof, we refer to [88]. This proposition says that F defines
an element in K K;(C,C:T') = K;(C'T"). So we set
pi (U, F) = [F);
this map extends continuously to the direct limit and defines
pi + RK[(ET) — K;(C/T). (i=0,1)

EXAMPLE 6.1.5. Let H be a finite subgroup of I', X =T'/H and o
a finite dimensional representation of H, with space V,. By Example
4.2.3 (1), this induces a cycle By, in K} (X) with underlying Hilbert
space
H = Ind};o,
the space of the induced representation. Suppose that o is irreducible,
so that V,, ~ CHp, (where p, is some projection in CH). Then

H =0T @cu Vs,
and 7(C.(X))H = CI' ®cy V, = CI'D,. Then, for &, & € Cl'p,:

(€1,€2) (1) = (&, A ()€) = (€ x&)(7) = (& *&)(7)

Using P, = ps* = po, this shows that the map

Cl'p, — p,CI'

£ — ¢

extends to an isometric C*-module isomorphism from the completion
& of CI'p,, to the right ideal p,C;I" in CT". In more down-to-earth
language, we have

1o (Bro) = [pol,
the K-theory class of p, viewed as a projection in CT.

In particular, for H = 1 and o the trivial 1 dimensional representa-

tion, then Sy, is nothing but the element [i.] € RKy(ET") correspond-
ing to the inclusion of the base-point in BI', so that

poli] = [1].
Suppose that T is a finite group. In this case both K{ (pt) and K,(C:T)
are abstractly isomorphic to the additive group of the representation
ring R(I'), i. e. to the free abelian group on the set [ of isomorphism
classes of irreducible representations of I'. In the above construction,
take H = T" and let ¢ run along . Then the Bue's run along a set of

generators of K} (pt) and the [pr,]’s run along a set of generators of
Ko(C:T'). On the other hand:

K (ET) =0 = K\(C;T)
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for I' finite. In other words, we have checked that the Baum-Connes
Conjecture holds for finite groups.

EXAMPLE 6.1.6. Let us come back to Example 4.2.3 (3), i. e. the
generator of K4(R) ~ Z. It is given by the triple (U, 7, F') where
U is the representation of Z on L?*(R) by integer translations, 7 is
the representation of Cy(R) by pointwise multiplication and F' is the
Hilbert transform (note that F' is not properly supported). Fourier
transforming this triple, we get the triple (V,p,G), where V,, is the
pointwise multiplication by

A\ — e—27rin)\

on L2(R) (and n € Z), p is the representation of Cy(R.) by convolution
by Fourier transforms, and G is the pointwise multiplication by

A — sgn(\).
By means of the homotopy
mt A .
tel0,1], e R
D e (eI AR

we may assume that G is pointwise multiplication by

= i

Note then that the Schwartz space S (R) is a common invariant sub-

(t,\) — cos(%t)sgn()\) + sin(—

space for V| p and G. We want to perform on S (f{) the construction
following Lemma 6.1.2, i.e. to complete it into a Hilbert C*-module
over C*Z ~ C(S"). First we turn S(R) into a right CZ-module by
setting
(€-n)(A) = e¥E(N)
for ¢ € S(R),n € Z,A € R. The C*Z-valued scalar product on S(R)
is given by
+o00

(1.6), = (€1, Viba) = / ETVe 2T (),

(e e}

for £1,& € S(R),n € Z. Under the identification C*Z ~ C/(S") given
by Fourier series, namely

a — {9 . Za(n)e2win9}
neZ

for a € CZ, 6 € S, this becomes a C(S')-valued scalar product

) Z /+oo

neZ

Let £ be the completion of S(R) for this C(S*)-valued scalar prod-
uct; let F be the continuous extension of G to £ given by Lemma

27rin(€—)\) d)\.
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6.1.3. According to Proposition 6.1.4, u%(V, p,G) is given by [F] €
KK, (C,CrZ) ~ K'(S'). We wish to give a more geometric descrip-
tion of the underlying Hilbert C*-module .

To do that, let Z act onAf{ by integer translations, and consider the
Hilbert bundle over S = R/Z induced by the left regular representa-

tion of Z; the total space of this bundle is R xz (27 and its space of
sections is

£ ={n:R — *Z| continuous n(A + 1), = n(A\)ns1 YV A € R, n € Z}.

Note that a section is determined by its values on [—1/2,1/2[. The ac-
tion of C'(S') on &’ is by pointwise multiplication. Moreover, pointwise
scalar product turns &’ into a C(S')-module:

(m,m2) (0) = Zn1(§>nn2<9)n

(n,me € & 6 a real number that lifts 6 € S1). Consider the map
¢ : S(R) — & defined by

(V(€)AN),, = EA+n)

for £ € S(f{), A€ R, neZ. Itis clear that ¢ is a CZ-module map.
Furthermore 1 is isometric with respect to the C(S')-valued scalar
product, since:

(&), 0(&) (0) = Y &l +né&@+n)=) (G160 +n)

nez neZ
= Zf_lfg(n)ezmne(Poisson summation formula)
nez
oo )
= > [ TEmen g = (6.6) 0
nez vy —x

It is clear that ) has dense image since, on the suitable subspace of
smooth sections of R xz (2Z with rapid decay in the fibers, ¥ can be
inverted by setting

(?Vl(??)) (A) =n(No. meé&, Ne R)
So 1) extends to an isometric isomorphism of Hilbert C*-modules over
C(SY). Set F' = ¢ F~1; then
(Fn(A\)n = FA+n)n(N)n

Now we want to trace this element of KK;(C,C(S')) through the
identification KK;(C,C;Z) ~ K;(C(S")) given in Example 5.7 (2).
So, with U = — exp(7iF’), we have

UnA)n = =n(M)n exp(im f(A +n)).
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Set then
~1 A< -1/2
AN ={ 23 —1/2<A<1)2
1 A>1/2

and, for s € [0,1]:

(Usn(N)n = =n(M)n exp (im (1 = s) f(A+n) + 5 f1(A +n))).

Then U, belongs to the group G of invertible operators on £’ such that
their difference with 1 is compact in the sense of Hilbert C*-modules
over C'(S1): here, this means that, for every A € S, the operator
in the fiber £2Z over )\ is compact, and this operator depends norm-
continuously on A. Then, in my(G) ~ K;(C(S')), we have [U] = [U].
But, for A € [-1/2,1/2]

n(A)n forn # 0

(Un(A\)n = { —eZ™n(N)g for n = 0.

The function A — —e?™* gives the standard generator of K;(C(S')) =

K'(S') ~ Z. Indeed, parametrizing S* with [0, 1[ instead of [—3, 5[,
with = A+ % we get p — e*™ as in Example 3.2.2 (3). This proves

Conjecture 1 for the group Z.

6.2. Second approach: a la Kasparov

Let X be a proper I'-compact space. Fix h € C.(X), h > 0 as in
the first approach and let e € C.(I' x X) be given by

e(y,2) = Vh(@)h(y" - z)
for each (y,z) € I' x X, then (using the product law in the crossed
product Cy(X) %, I, see Definition 2.3.1):

e*(y,z) = Ze(s,x)e(s_ly,s_lx)

sel

= > Vh(@)h(s w)h(sx)h(y " x)
sel’
= Vh(@)h(y~tz) = ey, 2)
which means that e = ¢* € C.(I' x X). This gives a class [Lx] in
Ko(Co(X) %, I'), which clearly does not depend on the choice of the
function h (the set of such functions is convex). On the other hand, we
have Kasparov’s descent homomorphism

jr: K} (X) = KK (Cy(X),C) — KK;(Co(X) %, T',CT).

For x € K}(X) we then define il (z) € K;(C:T) as the Kasparov
product

1i (2) = [£x] Ocy(x)x,r Jr(z).
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Note that it is possible to define y} without appealing to the Kasparov
product; indeed, define the homomorphism 0 : C — Cy(X) x,. [ by

0(\) = Ae. (A€ Q)

With the notations of Example 5.7 (5), we have that [0] = [Lx] in
KKy(C,Cy(X) x,.T). So, by Remark 5.9 (a), we could also define
uk(x) = 6* (jr(z)). This bridges the two approaches.

EXAMPLE 6.2.1. If the group I is finite and X = {pt}, then take
1
e(y) = — € CI.
Tl
In any representation of I', this is the projection on the space of I'-

Jg % , where P : Hy — 'H; is a Fredholm

operator, one finds pf (F) = [ker(P)] — [coker(P)] € R(T), because of
the following exercise.

fixed points. If F =

EXERCISE 6.2.2. If 7 is any representation of I', with space V,
then the right regular representation of I on (V; ® CI')!' is equivalent
to m. Together with the previous example, this statement re-proves
Conjecture 1 for finite groups.

6.3. How to deduce the Kaplanski-Kadison conjecture

Here we show, as promised in Section 2.1, that for I' a torsion-free
group, surjectivity of the Baum-Connes map g implies the Kaplanski-
Kadison conjecture on idempotents (that is, Conjecture 3). Recall that,
for I" torsion-free, the left hand side of the Baum-Connes conjecture is
RKy(BT') = 111}1{1 Ky(X), where X runs over compacts subsets of BI.

Recall also that we denote by 7 : C¥I' — C the canonical trace, and by
7o + Ko(CiT') — R the induced map in K-theory (see Remark 3.1.10
and Exercise 3.1.11).

PROPOSITION 6.3.1. For I torsion-free, the image of
7.0y : RKo(BT) — R
is the group of integers.
Proor. Taking for ET" = ET" the model described in Example 4.1.8
(4), and BT' = ET'/T", we see that in the limit RKy(BT") = EI)I(] Ky (X)

we may restrict to finite complexes. If X C BI is a finite complex, we
may appeal to a result by P. Baum and R. Douglas [10] stating that
every element z of Ko(X) can be described as a quadruple (M, E, D, f)
where:

e M is a smooth compact manifold;
e £ =FE"t® E™ is a Zy-graded smooth vector bundle over M;
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o D:(C®(M,E*) — C°°(M, EF) is an elliptic differential oper-
ator on smooth sections of F;
e f: M — X is a continuous map.
We form the pull-back:

M — ET

P

M—f>BF

so that M is a free, proper I'-manifold. With E = p*E and D the lift of
D to a I'-invariant elliptic differential operator on sections of F, we can

construct, as in Example 4.2.3 (4), a cycle y € K} (M) = Ko(M), such
that f.(y) =z € Ko(X). Atiyah’s L*-index theorem [2] then says:

(1 (2)) = Ind(D)

where Ind(D) is the (usual) Fredholm index of the elliptic operator D.
So 7.4 (¢)) € Z. -

REMARKS 6.3.2. (1) In the above proof, the use of the L2-index
theorem is more transparent when one appeals to the unbounded pic-
ture for the Baum-Connes assembly map, as explained in [55]. Indeed,
in this picture pf(z) is just described by D, acting on the suitable
Hilbert C*-module completion of C’OO(M E).

(2) G. Mislin has recently given in [67] a completely different proof
of Proposition 6.3.1, based on a clever use of acyclic groups.

EXERCISE 6.3.3. Let A be a unital C*-algebra, and let ¢ € A be an
idempotent. Set z =1+ (e* —e)*(e* —e).
e Show that z is invertible and that ez = ze = ee*e.
e Set p = ee*z~!. Show that p is a self-adjoint idempotent
(p* = p? = p) and that ep = p, pe = e.

COROLLARY 6.3.4. Let " be a torsion-free group. If ug is onto, then
Congecture 3 holds, i.e., there is no non-trivial idempotent in CI'.

PROOF. Let e be an idempotent in CT", and let [e] be its class in
Ko(C2T). Since pf is onto, T.[e] = 7(e) is an integer. By Exercise
6.3.3, we can find a self-adjoint idempotent p € CI" such that ep = p
and pe = e. In particular, 7(e) = 7(p). Now, by Exercise 3.1.11:

7(p) = 7(0"p) 2 0;
L=7(p) = 7(1=-p)=7(1-p)(1-p)) =0
so that 0 < 7(p) < 1. But 7(p) is an integer, so that either 7(p) = 0, or

7(p) = 1. Using faithfulness of 7, we get in the first case p = 1, hence
also e = 1, and in the second case p = 0, hence also e = 0. U






CHAPTER 7

Some examples of the assembly map

Let I' denote a countable group. Consider the following diagram:

T
RK(BT) ——— RKY(ET) ——= K,(C:T)
Hj(ra Z) HG_BO Honti(T, Q) — G—BOHQWH(F? FT)

where 1 = 0,1 and FT is as in Theorem 4.2.12.
The aim of what follows is to construct, for small j’s (namely j =
0,1,2), maps
By H;(I'Z) — RK;(BI)
ﬁa . H](F,Z) — KZ(C:F)
such that Ch,o(f,®1) = Idg,r,q) and the diagram commutes. But we
want a direct construction of (3,, so that (5, = ,uf ot o (3 is non trivial.

This illustrates what the Baum-Connes map does in small homological
degree.

The case j = 0:

Define 3, : Z — RKy(BT') by mapping 1 to [i.], the class of the
element of RKy(BI") corresponding to the inclusion of the base point.

Define 3, : Z — Ko(C;T") by mapping 1 to [1], the K-theory class
of the unit. Example 6.1.5 shows that pu{ o3 = 3,. The canonical trace
gives a map 7. : Ko(C!T) — R and 7.([1]) = 1, that is, 5, is injective.

The case j = 1:

Define 3, : I' — K;(C*T') by mapping an element v € I to the
K-theory class [0,] of the corresponding invertible element 4, € CT".
Since

H/(T,Z)=T"*=T/[,T]
and K;(C!T) is abelian, the group homomorphism 3, factors through
Bo: T — K (CFT).
63
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To define 3, : T®* — RK(BT), first notice that since m;(BT) =T,
we may view an element v € I' as a pointed continuous map

v:S' — BT,
and thus 7 induces a map in K-homology,

Since RK;(S') = K;(S') ~ Z has a single generator that can be
described (as in Examples 4.2.3 (2) and (3)) by the class of the cycle
(7, D) where for an f € C(S1)

m(f) : L*(S") — L*(S")
is the pointwise multiplication by f, and
4
dt’
with domain Dom(D) = {¢ € L*(SY)|D¢ € L*(S')}, we can map an
element v € I' to the class of the cycle

7*(7(-7 D) = (7*7‘-7 D)

where for X a compact subset of BT containing v(S') and f € C(X),
v.7(f) = 7(f o) is the pointwise multiplication by f o~ on L?(S').
Hence we define

D= —i

3,:T — RK,(BI)
v = [y, D))

PROPOSITION 7.1. The map (3, : I' — RK(BT) as previously de-
fined is a group homomorphism and hence factors trough

By : T* — RK | (BT).
PROOF. For 71,7 € T', we have

(2t)  te0,1/2
() = { 71215 —)1) té %1/2,/1%

so that G;(1172) = [(7172)«7, D)]. On the other hand,
Gi(n) + Bi(r2) = [(n.m, D)) + (2.7, D)]
= [ &2, D& D))

This holds in K;(X), where X is a compact subset of BI' containing
71(S*) U, (St). Now consider the unitary operator

S IA(SY e L2(SY) — ILA(SY

V26, (2t)  te0,1/2]
(&62) = {tH{ V26,2t — 1) te[1/2,1] )
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whose adjoint is given by
S*: L*(SY) — L*(SYH e L*(Sh)
1t 1
t— —=&()) {t — —
€ = (e et e

Neglecting questions of domains (we are actually hiding here an ana-
lytical difficulty discussed in [13]),

S*DS = 2(D & D)

t+1

and

S*(me)m) (f)S = S*n(fomne)S
= w(fom)@7(fo)
for all f € C'(X), this means that
s = (11,7 ® Yo, (1+s) (D@ D)) (se€l0,1])

gives a homotopy between S*((y172).m, D)S and (1,7 ® 2,7, D ® D).
Hence

Bi(my2) = Be(mn) + Bi(12).

PROPOSITION 7.2. (1) (T. Natsume, [68]) We have that

ﬂa = /L{ oLo ﬁt-
(2) (G. A. Elliott and T. Natsume, [25], see also [14]) The homo-
morphism [, is rationally injective.
PROOF. (1) (taken from [13]) Clearly, it suffices to prove that
Ba = M{ oLo Bt
as group homomorphisms I' — K;(C:T"). By abuse of notation, we
shall write 3; instead of 1o 3;. Fix v € I', and denote by the same letter

7 the unique homomorphism Z — I" such that v(1) = ~. Consider then
the diagram

Z 5 r
y\ /
Ba
Bt Ki(CrZ) e Ki(C7T) B
Ik
RK{(EZ) RKT(ET)

Y

We have 3, 0 = 7, 0 3, trivially, 3, o v = 7. 03, by the very definition
of B, and vy 0 u% = pf o7y, by naturality of the assembly map. By
diagram chasing, the desired result follows from the analogous result
for Z, i. e. B, = p% o B;. This in turn follows from the proof of
Conjecture 1 for Z, given in Example 6.1.6 above.
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(2) (sketch) Since every group is the inductive limit of its finitely
generated subgroups, we may assume that ' is finitely generated, so
that

Fab — Zn EB F,
where F' is a finite abelian group. Let ¥ € Z" be non zero, we want to
show that 3,(5) # 0. We may assume that 7 is primitive. There exists
a map Z" — Z mapping 7 — 1. Composing it with the quotient map
I' — I'*® we get a homomorphism

a:I'—7Z

which is onto and such that a(y) = 1. Hence we can write I as a
semi-direct product I' = N x Z, where N = ker(«). Then the reduced
C*-algebra will be given by a crossed product

C*T = C'N x Z,

and we may appeal to the Pimsner-Voiculescu exact sequence (see [74])
to compute K,(CYN x Z) (here i : C¥N — C!T" is the inclusion).

Ko(CrN) 2 g (0r Ny —— Ky (CrT)

81T lao
) . [1d].—[a]- \

K, (C*T) K1 (C*N) K1 (C*N)

For ,(%) € Ki(C:T), from the definition of the connecting map d; in
the Pimsner-Voiculescu exact sequence, we have that 0,(5,(7)) = [1] €
Ko(C2N), and [1] # 0. 0

The case j = 2:

PROPOSITION 7.3 (see [13]). There exists maps
B, Ho(T,Z) — REKy(BT)
Ba: Hy(I'Z) —  Ko(C;T)
such that Chy o (3, ® 1) = Idp,r.q), and B, = g o Lo .
PROOF. (sketch) Use a description of Hy(I',Z) due to B. Zimmer-
mann in [93] by means of pointed continuous maps
>, — BT,

inducing epimorphisms at the level of fundamental groups. Denote
by S(3,, BI') the set of these maps. Say that fi, fo € S(X,, BI') are
equivalent if, for some orientation preserving homeomorphism A of >,
the maps f; and fy o h are homotopic. We then write f; ~ fo. We
say that f; € S(X,,,Bl') and f, € S(X,,, BI') are stably equivalent if
they become equivalent after extending them, homotopically trivially,
to suitable connected sums: fifyo ~ fofiyo (Where yq is the base point
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of BI'). Denote by [¥,] the fundamental class of ¥,. It was proved by
B. Zimmermann [93] that the map

[15(5,BT) — Hy(T,Z)
g1
[ L3
induces a bijection between the set of stable equivalence classes on
[1,51 S(3g, BT') and Hy(T', Z) (in particular we may represent geomet-
rically addition in Hy(I",Z) by connected sums of surfaces).
Let 0, be the Dolbeault operator on ¥, (associated with an aux-

iliary complex structure), and let [3,] be its class in Ky(X,). For
fe S, BT), we set

Ou(f) = f(195) + (9 = Di])

(where [i,] is, as in the case j = 0, the element of RKy(BI') corre-
sponding to the inclusion of the base point), and

Ba(f) = (Ar o f)u(fig* ([9g) + (9 — 1)[in])).

Here I'y, = m(%,), [ng 0 Ko(X,) — Ko(C*T,) is the Baum-Connes
assembly map at the level of the full C*-algebra C*T'y (see [42]), f is
viewed as an homomorphism C*I'y — C*I', and A : C*I' — C;T' is
the left regular representation. It is part of the result that this map is
well defined, see [13] for details. O

REMARK 7.4. If BT is a finite 2-complex, then Ko(BI") ~ Hy(I", Z)®
Hy(I',Z) and K,(BT') ~ H,(I',Z), so that we can reformulate Conjec-
ture 1 using (3, instead of u} (this technique has been used to prove
Conjecture 1 for torsion-free one-relator groups in [11]).

REMARK 7.5. There is a “delocalized” version of (3, and ; for j =
0,1,2 (see [63]): 8, : H;(I', FT') —» K; (ET)® C and 3, : H;(T', FT) —
K;(C:T) ® C.






CHAPTER 8

A glimpse into non-commutative geometry:
Property (RD)

DEFINITION 8.1. A length function on a group I is a function
L:T—R"

such that:
(1) L(1) =0,
(2) L(y) = L(y7?!) for all y € T,
(3) L(mvye) < L(m) + L(7e) for all 41,7 € T.

EXAMPLE 8.2. (a) If T' is generated by some finite subset S, then
the word length Lg : I' — N is an example of a length function on I"
(recall that, for v € I', the word length Lg(7y) is the minimal length of
v as a word on the alphabet S U S™!).

(b) Let T" act by isometries on a metric space (X, d). Pick a point
zo € X and define L(vy) = d(vy - zo, zo), this is a length function on I'
(it is an easy exercise to see that this example is universal).

DEFINITION 8.3. For s >0 and f: ' — C set

1ls = O IFMPQ+ L)) 2.

vyer
This is a weighted ¢*>-norm on T.

DEFINITION 8.4 (P. Jolissaint, [40]). Let L be a length function on
['. We say that I" has property (RD) (standing for Rapid Decay) with
respect to L, or that it satisfies the Haagerup inequality if there exists
C, s > 0 such that, for each f € CI' one has

A (F)llop < ClF L5

where Ar is the left regular representation of T' on £2T" and ||Ar(f)||op is
the norm of f in C}I', i. e. the operator norm of f as left convolutor
on (*T.

EXAMPLE 8.5. (1) If T is finitely generated with polynomial growth,
then I' has property (RD) with respect to the word length. Indeed, for

69
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a function f € CI', we have by Cauchy-Schwarz:

ey < D 1FI= D IFOIE+ L)L+ L(7))

~yel’ ~yel’
< DIFOPRPA+Le)E >0+ Ly
vyel vyel
175.s <

and C' < oo for s large because of the polynomial growth.

There is a converse statement, see [40], which is that if " is amenable
with property (RD), then it has polynomial growth. Indeed, amenabil-
ity will be used as follows: if f € £'T, then | Y7 . f(7)| < || fllop (weak
containment of the trivial representation in the regular representation).
We apply this to fi, the characteristic function of By the ball of radius
k:

1B = 1D S < fllop < Cllfillrs

vyel’

= Z(JlJrL )2 < C(1 + k)*\/1Bx

so that By, < C?(1 + k)?* and thus T is of polynomial growth.

(2) Finitely generated free groups have property (RD), (U. Haagerup,
[30]; we shall give an unpublished proof by T. Steger, 1996). If I' is a
free group F,,, set

Sk = {7y € Fu|Ls(7) = k},

the sphere of radius k with respect to the length L. We shall work with
p the right regular representation of F,, on ¢*F,. If g € CF,, is such
that suppg C S then we will show that

lp(9)lop < (K +Dllgll2- ()

Property (RD) follows from the latter inequality (*) because for f €
CF,, write f = > /7, fx where f = f; on Sy and 0 elsewhere, then

lo(llop < D Mo llop < Dk + DIl fill2

(k + 1) full2(k + 1)~

>

o0

)
EA D el | Dok +1)72 = Cll fllisa

k=0 k=0
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by Cauchy-Schwarz. Now to prove (x), take g such that supp(g) C Sk.
Notice that, for x,y € F,, we have

(p(9)02,0,) =D (02 % ) ()8, () = (5 % 9)(y) = gy ')

Fix an end w of F,,. Let z = z(z,y) be the point of the geodesic [z, y]
which is nearest of w.

—-m
Yy
For 0 < m < k, define the operator 7™ on ¢*F,, by setting

ylz) ifd(z,z) =m,d(z,y) =k —m

(m) _ Ll
<TVo,, 0, >= { 0 otherwise

Since g(y~'z) # 0 only if d(z,y) = k, we have that p(g) = an:o T,

Now let us prove that ||[7]|,, < ||g||2. Fix m such that 0 < m < k.
For z € F,,, denote by S¥(z,m) the set of z € F,, such that d(x,z) =m
and z is between z and w (this is the sphere of radius m centered at z,
without the points « such that the geodesic [z, 2] starts towards w). Let
H. C (*F, be the closed linear span of the §, € S¥(z,m) and similarly
denote by K, C (?F,, the closed linear span of the §, € S“(z,k —m).
We get two decompositions

CF, =P H.= P K.
2€F, Z'€Fn
and thus we can write the operator 7™ as a matrix (TZ(Z))z,z/an where
TZ(ZL,) . H., — K. Now T is block diagonal since TZ(Z,L,) =0if z # 2/,
which means that |7, = sup,cp, HTZ(ZL)H and thus it remains to
show that ||T{2|| < ||g]|» for each z € F,,. We compute

1T < 1T s = Yoo <Tis,.8, > |2

z€ESY (z,m)
yeSY (z,k—m)

_ > gy a)2 < lglla-

zESY(z,m)
yeSY (z,k—m)

Here || ||[n_s denotes the Hilbert-Schmidt norm. The last inequality
holds because of the fact that for 0 < m < k and z € F,, fixed, the
reduced word y~!z uniquely determines x and y (one can uniquely
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write y~'x = 7172 where the lengths of v, and 7, are k — m and m
respectively, and so y = z7y; * while z = z7,).

(3) Hyperbolic groups a la Gromov, see [31].

(4) Co-compact lattices in SL3(F) where F' is a non discrete lo-
cally compact field (this is due to J. Ramagge, G. Robertson and T.
Steger [76] for non-archimedean fields and to V. Lafforgue [58] for
archimedean fields. Recent computations by I. Chatterji [15] allow
to add F' = H, the Hamilton quaternions, and the exceptional group
E6(726) to that hSt)

CONJECTURE 7 (A. Valette). Property (RD) holds for any discrete
group acting isometrically, properly and cocompactly either on a Rie-
mannian symmetric space or on an affine building.

REMARK 8.6. Co-compactness is essential. Indeed, it is easy to see
that property (RD) passes to any subgroup with the induced length.
Now, SL3(Z) contains a solvable subgroup with exponential growth:

11
2 1\"
(v, n) — (1 1) v
0 1

So SL3(Z) does not have property (RD). This is one reason why the
Baum-Connes Conjecture is still unproved for SL;3(Z).

z2x(21>z;> SLs(Z)

PROPOSITION 8.7 (Unpublished, E. Leuzinger and C. Pittet). Any
non-uniform lattice in higher rank contains a solvable subgroup with
exponential growth (with respect to the word length).

In the same vein, a result by A. Lubotzky, S. Mozes and M. S.
Raghunathan [61] shows that any non-uniform lattice in higher rank
contains a cyclic subgroup having exponential growth with respect to
the induced length.

Let us explain what property (RD) is good for.
DEFINITION 8.8. Let L be a length function on I', and s > 0. Define
Hi (L) ={f:T = Cl|[fllr.s < oo}

and
HP(T) = () Hi(T).

These are the functions of rapid decay on I': they decay faster than the
inverse of any polynomial in L.
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REMARK 8.9. If I' = Z*, then H; (T") is exactly the s-Sobolev space
on the dual group Z* ~ T*. So, in the philosophy of non-commutative
geometry, H°(T') is a space of “smooth functions” on the dual of T’
(which is generally a very bad space).

Now we can state the following

THEOREM 8.10 (P. Jolissaint, [40]). If a group I" has property (RD)
with respect to some length function L, then

(1) The algebra H°(T') is a dense subalgebra of CXT .
(2) The inclusion
Hr(I) — C:T
induces isomorphisms in K -theory.
To prove this theorem we first need to define an unbounded operator

Dy on T, namely the pointwise multiplication by L, and then an
unbounded derivation on C/T' with values in B(¢°T") by

dr :a+ [Dy,a

EXERCISE 8.11. Prove, by induction over k, that for all ¢ € C'T',
€ € /T and ~ € T the equality

(65D (7) =Y e(HEE )(L(y) — Lt )

tel’

holds.

PrROOF OF THEOREM 8.10, PART (1). Using the exercise, we have
by the triangle inequality for L:

(GO < D le®IEE NILE)" = (JelL* * €))(7)

and thus

167 (@)€ll2 < 11Ae (el L) lop [1€]l2-
From this we deduce that CT' C [1),-, Dom(d}). Moreover,

() Dom(d}) € H(T).

k>0
Indeed, for ¢ € (1,5, Dom(d7) and & = 4;, again using the exercise
above we see that (6%(¢)d1)(s) = o(s)L(s)¥, so that, for all k > 0,
we have that @LF € (°T", which means that |¢||;x < oo and thus
¢ € H ().

Now if the group I" has property (RD), then
() Dom(s}) = H(T).
k>0

Indeed, take p € H°(I'), then ||¢ll,p, < C|l¢||L,s for some s > 0 and
197 (D)lop < Nl LE lop < CligllLpes < 00,
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which means that ¢ € (1,5, Dom(d}).
So we have that
CT C H*(T') = () Dom(df) C C;T,
k>0

which proves that H°(T") is a dense subspace of CT. O

PROPOSITION 8.12 (Ji, [39]). Let B be a unital Banach algebra and
A be a closed unital subalgebra. Let d be a closed derivation on A taking
values in B, with §(1) = 0. Define

A= ﬂ Dom(d*).
k>0
Then A is a subalgebra of A, and if it is dense it is spectral, i. e.: if
x € A is invertible in A, then 27! € A.

PROOF. Here we recall that such a derivation ¢ of Banach algebras
is closed if its graph is closed in A x B, which means that for any
convergent sequence a, — a of A such that §(a,) — b in B, then
a € Dom(9) (where Dom(d) denotes the domain of §) and é(a) = b.

Now that A is a subalgebra of A follows from

5k (ab) = ;: ( 7’; ) 5™ ()65 (b).

For the statement that A is spectral if dense, take x € A and first
assume that ||z — 1|| < 1, so that 27! =>"° /(1 — z)". Since

n

S((L—2)) =) (1—2)*""6(1 —2)(1 —2)" ",

k=1
we have that
16((1 = 2)")| < nllt —=[""H|o(1 — )|
which means that >~ 0((1 — z)") converges in B. As § is closed,
27t € Dom(¢), and we proceed inductively to show that
vt e ﬂ Dom(6*) = A.
k>0
Now for = € A invertible in A, by density of A in A, we can

find y € A such that ||yx — 1|| < 1. Then (yx)~! is in A and hence
= (yz)ly € A O

REMARK 8.13. The previous proposition shows that for z € A,

Spa(z) = Sp4(7),

where Sp 4(z) = {\ € C|(z—A-1) is not invertible in .A}. This explains
the terminology “spectral”.
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Actually, we even have that A is stable under holomorphic func-
tional calculus, that is, for each € A and f holomorphic in a neigh-
borhood of Sp,(x) = Sp 4(x), then f(x) € A, where

f@) = 5 § F:) e — )

and 7 is a finite system of Jordan curves with disjoint interiors and
surrounding Sp,(x). Indeed, f(x) is the limit in A of the Riemann
sums

m

> F)(z =)

Jj=1

Zj — Zj,1 )

21

We apply ¢ to this Riemann sum and find (using the equality d(a™') =
—a'6(a)a™t) that

>0 — ) () =
D S e — ) — ) — ) =
D ) — o) o)z - ),

and this converges in B to

1
211

j{f(z)(z — ) '(x)(z — ) 'dz.

Since the derivation 0 is closed, this means that this is §(f(x)).

The following proposition will complete the proof of the second part
of Theorem 8.10.

PROPOSITION 8.14. Let A be a Banach algebra and A a dense subal-
gebra of A. If A is stable under holomorphic calculus, then the inclusion
A C A induces isomorphisms in K-theory.

PROOF. surjectivity:

1 =1:

For v € GL,(A), take ¢ > 0 such that for all v € M,(A) with
lu — | <€, then u € GL,(A). By density of A in A, we may assume
that u € M, (A), and thus u € GL,(A) since A is spectral. Since u
and v are connected in GL,(A), [u] = [v] in K;(A).



76 8. PROPERTY (RD)

1 =0:

For e = ¢? € M,(A), take z € M, (A) close enough to e so that
the spectrum Sp4(z) does not intersect the line Re(z) = 1/2. The
spectrum of x has at least two connected components, so that we can
define g as to take the value 1 on one connected component of Sp 4(x)
and 0 on the others. Obviously g is holomorphic in a neighborhood of
Sp,(z) and because g = g%, the element g(x) is an idempotent in A.
Since A is stable under holomorphic calculus, g(x) is in A, and g(x) is
close to g(e) = e, so we can conclude using Lemma 3.1.8.

injectivity:

=1

Let u be an element in GL,(A) such that [u] = 0 in K;(A). This
means that, up to replacing u by u @ 1 if necessary, u is connected to
1 in GL,(A). So we find a continuous path (u¢):ejo,1) in G L,(A) such
that up = 1 and u; = u. Set

e = min{|ju; "L : ¢ € [0, 1]}

Let to = 0 < t; < --- <t, = 1 be a subdivision such that |ju, , —
uyll < e (i = 0,1,...,n —1). By density of A in A, we can find
Vo, V1, -« -, Uy € Mp(A) such that vg = 1, v, = u, ||v; — uy|| < € and
llvi —viq|| < |l b7t for i = 0,1,...,n—1 (indeed, the first condition
ensures that v; € GL,(A) by Remark 3.2.3 (1)). Consider then the
piecewise linear path wvov; ... w,: it is contained in M, (A) N GL,(A).
Since A is spectral in A, this path is contained in GL,(A), so that u
is connected to 1 in GL,(A), and thus [u] = 0 in K;(A).

1= 0:

Let [e] — [f] € Ko(A) be such that [e] = [f] in Ko(A) (here e, f €
M, (A)). So there exists g € My (A), idempotent, such that the modules
(e ® g)A™* and (f @ g)A™™" are isomorphic. By the surjectivity part,
we may assume g € My(A). So there exists m > n+k and v € GL,,(A)
such that

ve® g0 t=fDgd0.

Now we can take u € GL,,(.A) close enough to v and thus u(e®g®0)u~!
will be close to f & g & 0. So, using Lemma 3.1.8, we conclude that
e®g@0and fdgad0 are conjugate in GL,,,(A). So [e] —[f] =0 in
Ky(A).

(Notice that we used here Lemma 3.1.8 even if A is not a Banach
algebra. But since A is spectral, the proof works as well.) O

We close this chapter with an observation recently made by V.
Lafforgue:

PROPOSITION 8.15. Assume that I has property (RD) with respect
to L. Then H;(T) is a Banach algebra for s large enough.
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PRrROOF. For f,g € CI', v € I and s > 1,we have:
(% 9) (7)1 + L(7))*]
< S 1AW NI+ L(p) + Lp'y)*

< (Zlf ) g 7)|(1+L(M))S>
+ (Zlf ) a(p~ 7)!(1+L(u‘lv))s>

= 22([fI(L+ L)* x[gl) () +2° (If ]+ |gl(1 + L)*) ()

Squaring and summing over [ we get

If g2, < 2% ([1F1(0+ L) gl 2+ | 1£]* gl (X + L)* |2)
< 22 ([HA@+ L) 13 gD 15,
+o2 (DI gl + L) [12)

22 (IAgDIG AL« + AN NgI1Z o) -

Now, if C,s > 0 are such that [|A(a)||,, < Clla||Ls for every a € CT,
we get

1 * gllZ s < 222 CIFIIL gl
which means that || - ||, s is a Banach algebra norm. O

COROLLARY 8.16. If I' has property (RD) with respect to L, then,
for s large enough, the inclusion Hj — C*1' induces epimorphisms in
K-theory.

PRrROOF. The inclusion Hf® — C}T" factors through Hj(I") and, by
Theorem 8.10, the former induces epimorphisms in K-theory. O






CHAPTER 9

The Dirac-dual Dirac method

DEFINITION 9.1. Let A be a I'-C*-algebra. We say that A is proper
if there exists a locally compact proper I'-space X and a ['-equivariant
homomorphism

o:Cy(X) — B(A)
[ = oy
such that:
— for all f € Cy(X) and a,b € A

o5(ab) = aoy(b) = oy(a)b

(that is, we view A as a bi-module over itself and require C(X)
to act on A by endomorphisms of bi-modules);

—if a net {f,} in Cy(X) converges to 1 uniformly on compact
subsets of X, then

lim [l (a) — af] =0
for all a € A.
Note that if A is unital, o defines a homomorphism
Co(X) — Z(A)
fo=op(1),
where Z(A) denotes the center of A.

ExAMPLE 9.2. We will say that a vector bundle £ — X is a bundle
of algebras if all fibers are algebras (for instance £ = End(F) for
F — X any vector bundle over a base space X). For E — X a bundle
of algebras,

A=CyX, FE)
the algebra of continuous sections vanishing at infinity, is a proper alge-
bra, where for each f € Cy(X), the endomorphism o is the pointwise
multiplication of a section by the function f.

DEerFINITION 9.3. If ET is the classifying space for proper actions
of the group I', we will write

RKKT(ED, A) = lim KK(Co(X), A)
X
where X runs along the inductive system of I'-compact subsets of ET.

79
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The following result of J.-L. Tu (see [86]) extends partial results
obtained by G. Kasparov [47] and by G. Kasparov and G. Skandalis
[51], [52].

THEOREM 9.4. Let I' be a countable group and let A be a proper
['-C*-algebra. Then the Baum-Connes conjecture 5 with coefficients in
A holds, i. e. the map

ptA s RKKT(ET, A) — K (A%, T)
s an isomorphism.

REMARK 9.5. This theorem allows for a useful strategy to prove
Conjecture 1; this strategy has been used in most of the proofs known
so far, an exception being the one in [11].

Suppose that, for a given discrete group I' we can find a proper
[-C*-algebra A and elements a € KK, (A,C) and 8 € KK (C, A)
such that

Beia=1 in KK;(C,C),
then Conjecture 1 holds. The reason being the following commutative
diagram:

®cpB ®

RKT(ET) RKKY(ET, A) —*— RK!(ET)

luf ”luf’A luf

K(CFT) —g i KA 0, T) K.(C°T)

" ®A>4TFjF(a)

and the fact that, using the naturality of jr, composites on the top
and the bottom lines are identity. A similar argument shows that
Conjecture 5 also follows from 3 ®4 a =1 in KK} (C,C).

EXAMPLE 9.6. (a) Let X be a complete Riemannian manifold on
which a group I' acts properly isometrically. Let T&X be the com-
plexified tangent bundle of X and Clift T¢ X be the bundle of Clifford
algebra. Here we recall that the Clifford algebra of a complex vector
space F, with respect to a bilinear form g on E is given by the quotient
of the tensor algebra

T(E)Y=COF®(EQE)®...
by the two-sided ideal generated by the elements of the form
v @ —glz,z) 1,

for x+ € E. Now, given the complex bundle T¢X over X, we may
consider the Clifford bundle Cliff T .X, which is the bundle over X
whose fibers Cliff, 75X are, for each x € X, the Clifford algebra of
the complex vector space T X. For an x € X, the multiplication in
Clift , T& X is given, for £, € T X by

E-n+n-&=2(m).
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Denote by A the sections of Cliff 7¢ X vanishing at infinity, namely
A = Co(X, Cliff TEX).

This is a proper I'-C*-algebra because X is a proper I'-space. We want
to define a € KK} (A, C). First take

H = Lz(/*\ TEX)

the square integrable differential forms on X, with graduation by even
and odd forms. Let U be the permutation representation of I' on H.
For f a 1-form on X and & € 'H, define

m(f)§ = ext(f)€ +nt(f)§ = f AE+1if(8).

Since ext(f)int(f) + int(f)ext(f) = ||f||?, = defines an action of A on
H. Now D = d + d* is a self-adjoint operator on H and defines a
bounded operator F' by setting

D
V14 D?

Exactly as in Example 4.2.3 (4) this defines an element
a=(Un F)e KK} (A, CQ);

this is the Dirac element.

Notice that if I' preserves a Spin“-structure on X, then there is an
alternative description of a explaining the name. A T'-invariant Spin®-
structure on X is the choice of a I'-equivariant complex vector bundle
S on X, such that

Cliff T&X ~ End(5)

['-equivariantly. Suppose the dimension of X is 2m: the dimension of
Cliff , T& X is then 2°™ and for each z € X, we want Cliff ,T§X to be
equal to End(S;), so S, is of dimension 2. The bundle S is the bundle
of spinors. We may take H = L?*(S), and for D the Dirac operator on
H. To define it, first choose a connection V : C®(S5) — C®(TEX ® S)
and compose it with the Clifford multiplication Cliff : C*(T{X®S) —
C*(S). Construct then F' as above.

(b) Suppose moreover that X is simply connected with non-positive
curvature. Denote by d the Riemannian distance and fix zo € X.
Define p € C*°(X) by setting, for each x € X

p(z) = /14 d(xg, )%

We want to define 3 € KK (C, A), where A is defined as in part (a)
of this example. Take A as a right C*-module over itself, and

U)E=n-¢
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for all v € I and £ € A. Denote by F' = Cliff(dp) the Clifford multi-
plication by dp. Then

F? — 1= |dp||* =1 and [|dp|| = [ Vp].

Since V,p is almost a unit tangent vector to the geodesic going from
7o to x, we have that lim, .., ||[V.p|| = 1. Since F? — 1 is given by the
multiplication by an element in A, we see that F? — 1 is compact in
the sense of C*-modules.

Now we also have to check that [U(y), F] is compact for each v € IT".
Suppose that we do the same construction with respect to another
origin z;, € X. This defines an operator F’ and if we write p'(z) =

V1 +d(z),x)?%, then

F — F' = Cliff(dp — dp')
and (Cliff (dp — dp'))* = ||dp — dp/||2. Because of the non-positive cur-
vature of the manifold X, the angle between V,p and V,p’ tends to 0
when z is far from zy and z, that is, lim, . ||dp—dp’|| = 0, and hence

F — F’ is the multiplication by an element of A, so it is compact in the
sense of C*-modules. This 5 = (U, n, F) is the dual-Dirac element.

(c¢) Assume that the sectional curvature on X is bounded below.
The composite element 3 ®4 a € KK (C,C) is described as follows:
For ¢ > 0, consider d;, = e %"*/2de?*/2 and

D, =d; + di.
Computing, we find that
Dy =d+d* +t-ext(pdp) +t - int(pdp).
We make it bounded by taking
Fy = Dy(D? +1)71/2
For each t > 0, F} gives the desired element 8 ®4 a € KK{(C, C).

For X = R", one finds D? = A +t?p* + ¢(2k — n) on k-forms. Now
A+t2p? is (up to a factor 2) the quantum-mechanics Hamiltonian of the
n-dimensional harmonic oscillator. The spectrum of this Hamiltonian
is a discrete set of eigenvalues (with finite multiplicity), increasing to

infinity: this implies that D; has compact resolvent, so that F; is a
Fredholm operator.

THEOREM 9.7. Let I' be a countable group acting properly isomet-
rically on a space X. If X s one of the following spaces:
R", H'(R), H"(C),
then,
Boia=1¢c KK (C,C).

for a and B the Dirac and dual-Dirac elements and A the algebra of
continuous sections vanishing at infinity of the Clifford bundle over X.
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For the class of groups appearing in Example (1) Section 2.2, this
was basically how Conjecture 1 was proved.

ExAMPLE 9.8. In the following geometric situations, it is possible
to construct a proper I'-C*-algebra A, a Dirac element o € KK (A, C)
and a dual-Dirac element 3 € KK} (C, A) (for i =0, 1).

(1) Groups acting properly isometrically on a complete Riemann-
ian manifold X with non-positive curvature (see Example 9.6
above).

(2) Groups acting properly on locally finite trees (see [44], and
[41] for the construction of A). In that case f®4a =1 €
KKI(C,C).

(3) Groups acting properly on locally finite Euclidean buildings
(G. Kasparov and G. Skandalis [51]).

(4) Hyperbolic groups (G. Kasparov and G. Skandalis [52]).

(5) a-T-menable groups (N. Higson and G. Kasparov, [34]). Here
bRua=1¢€ KK(I;(C,C)

REMARKS 9.9. (a) In all cases above it was proved that for X a
I'-compact subset of EI', one has

Taox) (B ®a @) =1 € KK (Co(X), Co(X))

and this implies the injectivity of the map p! and hence the Novikov
conjecture. Indeed, consider the commutative diagram

KT(X) —~ RRT(Cy(X), A) — 2%~ KT(X)
pt l lu”‘ L l
K.(C;T) ——— K,(A %, T) - K.(C:T)
®czrir(8) ®Axprir(c)

If z € KI'(X) and pl (z) = 0, then by Theorem 9.4 (and up to replacing
X by a bigger I'-compact subset of ET'): 2 ®c = 0 and so,

0 = (r®cf)®aa=18c(B®10)

~~
=1

(b) If we analyze what we need to prove surjectivity of ul, we see
that it would be enough to have

- ®car Jr(B ®a ) = I € End(K,(CiT)). ()

This would follow from
fRsa=1 (%)
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in KK (C,C), as explained in Remark 9.5. But this fails if " is infi-
nite with property (T) (observed by A. Connes in 1981, see [44] for a
proof). The reason for (xx) to fail when I" has property (T) is the fact
that the I'-representation underlying 0 ® 4 « is a multiple of the left
regular representation, whereas on the other hand, property (T) means
that the trivial representation, underlying 1 € KK} (C, C), is isolated
among the unitary representations. So it will be impossible to realize
a homotopy between the trivial and the regular representation.

Relation (x) would also follow from
Jr(B®@aa) =1
in KKo(C!T,CrT), but this equality fails to be true if I' is a lattice in

Sp(n, 1) for n > 2. This negative result due to G. Skandalis [78] ruined
the hopes of a general approach of Conjecture 1 based on K K-theory.



CHAPTER 10

Lafforgue’s K K™ theory

The basic idea of K KB -theory is that Hilbert C*-modules over
C*-algebras must be replaced by pairs of Banach modules in duality,
over more general Banach algebras.

For a Banach algebra B, a B-pair E consists in two Banach spaces
E< and E~, where E< is a left B-module, E~ a right B-module and
there is a B-valued pairing

E<xE> — B
(-’I?,Z/) = <$|y>B

that is B-linear and continuous:

<b'I|y>B = b<$|y>B
(@ly-b)p = (z[y)pd
[ {zly)plle < lzlle<llylle>,

forall b € B, x € E< and y € E~. For two given B-pairs F and F, a
morphism of B-pairs f : E — F is given by two maps f<: F< — E<
and f~ : £~ — F~ which are respectively left and right B-modules
morphisms and such that, for any x € £~ and n € F<:

Mlf~ @) g = {~x)ps

We denote by B(E, F') the space of morphisms of B-pairs from E to
F, that we endow with the supremum norm || f|| = max{||f<|, |1~ |I}-
The composition of two morphisms of B-pairs f and ¢ is denoted by
fg and is given by the couple (go f)< = f<og= and (go f)” =g~ o f~.
The direct sum of two B-pairs E and F' is denoted by E & F', where
(E®@F)~=E<@®F<and (FE®F)” = E>® F~, endowed with the (!
combination of the pairing.

We say that an operator on F is compact if it is a norm limit of
finite rank operators, and that an operator is of finite rank if it is a
linear combination of rank one operators of the form

[m (€] ES — ET

T o= (T[n)pé
E> — E~
y = n¢ly)g,

for ¢ € E< and n € E~.
85
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REMARK 10.1. If B is a C*-algebra and Hp = (*(N) ® B as in
Example 5.1, then the pair (Hp, Hp) is a B-pair. More generally, any
Hilbert C*-module £ over B gives a B-pair E where E< = £ with left
B action given by b-x =z -b* (b € B,x € ), and E~ = £ with its
original B action.

Let A be a Banach algebra. We will call it a I'-Banach algebra if
the group I' acts on A by isometric automorphisms.

Fix a length function L on I'. Let us explain how V. Lafforgue [57]
associates to any pair (A, B) of I'-Banach algebras, an abelian group

KKPP(A, B)
which is contravariant in A and covariant in B.

DEFINITION 10.2. The cycles in KKR%“(A, B) are given by ele-
ments of the form
= (Ua T, F)E

where:

e Fis a Zy-graded B pair (E< and E~ are both Z,-graded);
e U:I'— B(E,FE) is a representation of I' in the B-pair E by
invertible operators in B(FE, E'), such that

lUszlle< < e"Olallp<

1U7ylle> < e Dllylle-

forall v € I', x € E< and y € E~, and preserving the grading
on F;

e 7: A — B(E,E) is a representation of A by bounded opera-
tors, preserving the grading on E, and covariant in the sense
that

Uym(a)Uyr = w(y - a),
for all a € A and v € T}

e ' € B(E,FE) is a bounded operator reversing the grading.

e Furthermore, we require the following operators to be com-
pact:

w(a)(F* = 1), w(a)[Uy, F], [r(a), F],
for alla € A and v € T

The abelian group K KP{'(A, B) is then defined as the quotient of
the set of cycles by a suitable homotopy relation. If L = 0, we write
KKP™(A, B); if I = {1} we write K KB*(A, B).

The functor K KB (A, B) is contravariant in A and covariant in
B. Functoriality in A is clear. If 7 : By — B, is a continuous homo-
morphism, the image of the Bi-pair E is the Bs-pair F ®p, » Do, the
quotient of the projective tensor product F ®, By by the equivalence
relation z(by + A\) @ y ~ x @ w(by + A\)y.
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REMARKS 10.3. (a) In case B = C, a C-pair FE is just the data of
two Banach spaces E<, E~ in duality, with duality satisfying
| (zly) | < [l <yl >
forall z € E< and y € E~.

(b) Lafforgue’s theory is compatible with Kasparov’s theory, in the
sense that if A, B are I'-C*-algebras, there is a forgetful map

1 KK{(A,B) — KKE%(A,B)
(U,m, F) — (U,m, F)e

where £ is the Hilbert C*-module underlying (U, 7, F'), seen as B-pair
as in Remark 10.1.

(c) The existence of a multiplicative structure in the K K2#-theory
is an open problem. However, there is a natural isomorphism

¢: Ko(B) — KK®™"(C, B)
and a unique homomorphism
p: KKB (A B) — Hom(K;(A), K;(B)) (i=0,1)

functorial in A and B which, for A = C and i = 0 coincides with (7.
The compatibility with Kasparov’s product is as follows: if A and B
are C*-algebras, then the following diagram is commutative:

KKo(A, B) —— KKB®(A, B)

T b

Hom(K;(A), Ki(B))

DEFINITION 10.4. A Banach algebra Al is an unconditional com-
pletion of CI' if it contains CI' as a dense subalgebra and if, for

fi1, f2 € CI' such that |f1(7)| < |f2(7)] for all v € T'; we have

[ fillar < || folar
Taking fo = |f1|, we notice that || f||.ar = ||| f]||.ar for all f € CT.

ExaMPLE 10.5. (1) The Banach algebra ¢'T' is an unconditional
completion.

(2) If " has property (RD) with respect to a length function L, then
for s large enough,

Hy(T) ={f:T = Cl[flles = If A1+ L)*|[2 < 00}
is a convolution algebra (see 8.15) and an unconditional completion.
(3) Define A, (I") as the completion of CT for
1l A = AR CLF D lops

this is the biggest unconditional completion that embeds in C;T'.
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(4) The reduced C*-algebra CT" is in general not an unconditional
completion, even for I' = Z (reason: the supremum norm of trigonomet-
ric polynomials does not depend only on the modulus of coefficients).

DEFINITION 10.6. Let B be a I'-Banach algebra, AI' an uncon-
ditional completion and L a length function on I'. For an element
b= crbyy € Cc(l', B), consider the element el|b| € CT, given by
(eL1b]), = eL™||b, || p and consider the norm on C.(T', B) given by

8]l = [le”[b} [Lar-

We will denote by AL(T', B) the completion of C.(I', B) with respect
to this norm. This is a crossed product of B by I', depending both on
Al and L. In case where L = 0, we will just write A(T", B).

EXERCISE 10.7. Show that A (T', B) is a Banach algebra, with
multiplicative structure given by a twisted convolution.

There is a descent homomorphism
ja: KKPP(A, B) — KK (AL(T, A), AT, B))
which is compatible with the descent homomorphism in K K-theory.
If AL is an unconditional completion, one may define an assembly
map
p  RET(ED) — Ko(AT).

Indeed, let X be a I'-compact subset in ET" and let a be a cycle in
K{(X) = KK} (Cy(X),C). The forgetful map

L KKy (Co(X), C) — KKP™(Co(X),C)
composed with the descent homomorphism
ja s KK (Co(X), C) — KK (A(T, Co(X)), AT)
and then with
p: KK (AT, Co(X)), AT) — Hom(Ko(A(T, Co(X))), Ko(AT))
maps « to po ja0(a) € Hom(Ko(A(l, Co(X))), Ko(ATL')). Now con-
sider an idempotent e € C.(I" x X) built as in Section 6.2, namely
e(v,x) = Vh(z)h(y~'z)
(where h € C,(X) is positive and such that > _h(yz) = 1 for all
x € X). This defines an element [e] € Ky(A(I', Co(X))) and we define

T RKT(ET) — K, (AD)
a  (pojaoia))le]).

Similarly, if A is a I'-C*-algebra there is an assembly map with
coefficients in A,

T RKF(ET, A) — K (AT, A)).
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It is compatible with the Baum-Connes assembly map ,uiF’A in the
sense that, if A(I", A) embeds continuously in A X, I'; denoting by
i A(T,A) — A x, T the inclusion, we have i, o /" = i (see
[59]).

THEOREM 10.8. If A is a proper I'-C*-algebra, then ,u“»AF’A

15 an
7
isomorphism for every unconditional completion Al .

The following result ensures surjectivity of ‘.

LEMMA 10.9. Let ' be a group for which there exists a proper I'-C*-
algebra A, a Dirac element o € KK} (A, C) and a dual-Dirac element
B e KK} (C,A). Assume that there exists a sequence of length func-
tions (Ly)n>0, decreasing to 0 and such that

(B @A a) = 1)
mn KKI]:D”EE‘” (C,C), for alln > 0. Then the assembly map
pT - RKF(ET) — K, (AT)
15 onto.
PROOF. First notice that
Al' = AT, C) = lim A, (I',C).

n—oo

By assumption on « and (3,
pojaou(f®aa)=1Id
in End(K;(Ag, (I",C)), and therefore also in End(K;(AI")). So
pojao(a): Ki(A(, A)) — Ki(AT)
is onto. Now we have a commutative diagram

Rac

RKKT(ET, A) RK}(ET)
”AnAlN lufr
(AT, A)) "2 K (AT
and thus p7' is onto. O

ProPOSITION 10.10. Let I' be a group acting properly isometrically
either on a simply connected complete Riemannian manifold (M,d)
with non-positive curvature, bounded from below, or on a Fuclidean
building. Then the assumptions on the preceding lemma are satisfied,
where we take

La(7y) = d(v - 2o, m0) /1

for the sequence of length functions decreasing to 0, and xqg € M is a
fixed base point.
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In the Riemannian case, the algebra A and the elements o and 3
from Lemma 10.9 are those described in Example 9.6.

See Skandalis’ recent Bourbaki Seminar [80] for a nice exposition
of the proof in the building case.

Therefore, using Lemma 10.9, we see that for every unconditional
completion AT of a group I' as in Proposition 10.10, the map ;' is
onto, for i = 0, 1. Since the assembly maps u! and A" are compatible,
it remains to determine when one can find an embedding

Al — C'T

that induces epimorphisms in K-theory. If the group I' has property
(RD), this is true (see 8.16), taking AI' = Hj(I"), for s large enough,
as an unconditional completion. This completes a rough sketch of the
proof of the following remarkable Theorem.

THEOREM 10.11 (V. Lafforgue, [57]). If I is a co-compact lattice
in a rank one simple Lie group or in SL3(R) or SL3(C), then the
Baum-Connes conjecture holds for T'.

To conclude, let us mention the following conjecture, due to J.-B.
Bost (see [80]): for any group I', the map

pi'l RK(BT) — K;(0'T)

is an isomorphism. For the groups of geometric interest appearing in
Proposition 10.10, this is indeed the case: surjectivity follows from
Proposition 10.10; by the compatibility of ;{'T and uF, injectivity of
pf'T follows from injectivity of xF, which was proved by Kasparov [45]
in the Riemannian case, and by Kasparov-Skandalis [51] in the building
case.

Note that, confronting the Bost conjecture with the Baum-Connes
conjecture, one is led to the following conjectural statement, of a purely
analytical nature: for any group T, the inclusion /'T' — C*T" induces
isomorphisms in K-theory.



APPENDIX

On the classifying space for proper actions
- notes for analysts, by Guido Mislin

The purpose of this Appendix is to explain why the G-C'W-model
EG and the metric model £G of the classifying space of proper actions
of a discrete group G are G-homotopy equivalent. Moreover, we re-
call some basic facts concerning G-C'W-complexes and spectra in the
topologist’s sense.

A.1. The topologist’s model

Let G be an arbitrary discrete group. In this section, we will work
in the category of G-CW-complexes. The precise definition of a G-
CW-complex is recalled in Section A.3; it is a space obtained by gluing
together G-cells of the form G/H X ¢ in quite an analogous way as
one glues together cells o to obtain an ordinary C'W-complex. The
usual topology on a (G)-CW-complex X is often referred to as the weak
topology; it is characterized by the property that a subset of X is closed
if and only if its intersection with each finite subcomplex of X is closed.
It is important to keep this in mind when one deals with products (or
joins) of CW-complexes: the resulting spaces are in general going to
be CW-complexes only if one equips them with this weak topology;
we always assume this done if we speak about the product or join of
CW-complexes. By forming products, joins, increasing unions etc. of
G-C'W-complexes one thus obtains new G-C'W-complexes. Note that
a zero-dimensional G-C'W-complex is the same as a G-set, with its
discrete topology.

A G-CW-complex is called proper if all point stabilizers are finite
(equivalently, if all its G-cells are of the form G/H x o with H a finite
subgroup of G). There exists a proper G-CW-complex denoted by
“EG” which plays the same role in the homotopy category of proper G-
CW-complexes as a point does in the homotopy category of all spaces:

e For any proper G-C'W-complex X there is a unique G-homoto-
py class of G-maps ex : X — EG.

Clearly, EG is characterized uniquely up to G-homotopy by this prop-
erty. On the other hand, a simple application of obstruction theory
in the homotopy category of proper G-CW-complexes (cf. [64, Chap.
I, Sec. 5]) implies that a proper G-CW-complex Z is G-homotopy
equivalent to £G if and only if the fixed point subcomplexes Z* are
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contractible for every finite H < G (note that the fixed point subcom-
plexes Z9 are empty for infinite S < G, since Z is assumed to be a
proper G-C'W-complex); in particular, EG is equivariantly contractible
if and only if GG is finite. The above characterization of EG leads to the
following simple construction. Let M be the zero-dimensional G-C'W-
complex given by the disjoint union of all (left) cosets G/H, H finite,
with usual left G-action. Let M(n) denote the n-fold join of M; it is
an n-dimensional proper G-C'W-complex. There are obvious inclusions
M(n) — M(n+ 1) and we put

LEG = U M(n).
neN

It is easy to verify that this proper G-CW-complex satisfies indeed
(EG)? ~ {x} for all finite subgroups H < G (cf. Section A.3). In
case (G is torsion-free, one has EG = EG =G+ G« G - - - | the classical
CW-model of the universal principal G-space. In general, the space
EG is referred to as the classifying space for proper actions (see [9,
Appendix 3] concerning this terminology). Note also that EG is not
metrizable: it contains as a subcomplex the infinite join {e} x{e} ...,
which is not locally finite; however, simplicial spaces are metrizable (in
their weak topology) if and only if they are locally finite (cf. [81, Thm.
8 of Chap. 3, Sec. 2]).

The following is another description of a standard model for EG.
Let Fin(G) denote the G-poset of finite non-empty subsets of G, the
partial order being the obvious one and the G-action given by left
translation. It follows that the geometric realization (with its weak
topology) | Fin(G)| of Fin(G) is a G-CW-complex of type EG: it is a
proper G-C'W-complex with contractible H-fixed subcomplexes for all
finite H < G. Note also that a group homomorphism ¢ : G; — G5
induces ¢-equivariant maps

Fin(Gy) — Fin(Gy), and |Fin(Gy)| — | Fin(G,)|.
Up to G-homotopy there is therefore a well-defined ¢-equivariant map
E¢: EG, — EG,,
and we can view E(7) as a functor on the appropriate category.
A.2. The analyst’s model

Following [9, Sec. 2] one defines a G-space EG by putting
EG={f:G—0,1]]| f has finite support and Zf(:t) =1},

zeG
with obvious (left) G-action (g - f(z) = f(g7'x), 9,7 € G). The topol-
ogy of £G is given by the metric

d(f1, f2) = Slelg |fi(x) — fo)].
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This is easily seen to be the same topology as the subspace topology
induced by the natural embedding

£G c []o, 1,

where this time the product is equipped with the product topology!
Clearly G acts by isometries on £G, with finite point stabilizers (£G
is a proper G-space in the sense of [9], i.e., it is the union of open
subspaces GG-homeomorphic to G-spaces of the form G xg Y, where
H < @ is finite and Y is a H-space). For each x € G there is a
projection
7T$:§G—>[0,1], fo(x)

These coordinates {m,(f)}.cc are called the barycentric coordinates of
f € £G. Note that a map a : X — £G is continuous if and only if all
coordinate functions 7, o o are continuous. Since ) . 7. (f) = 1, the
functions {m,} define a (in general not locally finite) partition of unity
of £G. Since for g,x € G one has (g f) = f(g7'x) = my-1,.(f), it
follows that a map 0 : EG — £G is equivariant if and only if for all
g,x € G one has m,(0(g - f)) = my-1(6(f)).

We can think of £G as a simplicial complex, with vertices corre-
sponding to the elements of G and n-simplices corresponding to the
elements of G"*!. The metric on £G restricts on each simplex o to the
standard metric which, expressed in barycentric coordinates (s;) resp.
(t;) of two points s and ¢ in o, is d(s,t) = max, |s; — t.]|.

The barycentric subdivision of £G is, as a set, just | Fin(G)|, the
geometric realization of the poset of finite non-empty subsets of G.
Thus, if we write |F'(G)|, for |F(G)| with the metric topology coming
from the metric on each simplex, then £G = | Fin(G)|,,,. Note that the
topologies of | Fin(G)| and | Fin(G)|,, agree on finite subcomplexes so
that the identity map

¢ | Fin(G)| — |Fin(G)|m

is continuous. (For a general discussion of metric topologies on simpli-
cial spaces see [22]).

THEOREM A.2.1. The identity map ¢ : | Fin(G)| — £G = | Fin(G)|,,
is a G-homotopy equivalence.

ProOOF. We will describe a (continuous) G-homotopy inverse to
the identity map, following the non-equivariant proof in [21, Appendix
A.2]. Maps are described by their effect on barycentric coordinates.
Using the functions

w: | Fin(G)|pm — [0,1],  f — max(m,.(f))

rzeG
and for each z € G

7ot | Fin(G) |, — [0,1],  f+— max(0,2 - m(f) — u(f))
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one defines a new locally finite partition of unity
{pz 1 | FIn(G)|m — [0,1] |z € G}
by putting p,(f) = 72(f)/ > ,cc(7=(f)). This is then used to define a
continuous G-map
k| Fin(G)|m — | Fin(G)|,  mo(k(f)) = pa(f),

which is G-homotopy inverse to ¢. Indeed, that the compositions ko ¢
and ¢ o k are G-homotopic to the identity can be seen from the defor-
mation 6, : f +— f;, given by

T (fe) =t pa(f) + (1 —1) - ma(f).

The G-equivariance of 6, follows from the fact that p,(g- f) = py-1.(f),
which implies

T(0:(g- ) = t-pulg- f)+ (A —=)mlg- f) =
= t-pg1a(f) + (1= t)mg-1.(f)
= 71'g—lac(et(f)) = ﬂ':v(g : 9t(f))
thus 0:(g - f) = g - 0:(f). O

A.3. On G-CW-complexes

Let G be a discrete group. A G-C'W-complex consists of a Hausdorff
space X together with an action of G' by self-homeomorphisms and a
filtration X° C X! C X? C --- C X by G-subspaces such that the
following axioms hold:

(1) Each X™ is closed in X.
2 [Jx =X

2)

neN

(3) X is a discrete subspace of X.

(4) For each n > 1 there is a discrete G-space A,, together with
G-maps f:S" ! x A, — X" ! and f: B" x A,, — X" such
that the following diagram is a push-out diagram:

Slx A, S, xn
! o
B"x A, - Xxn

(5) A subspace Y of X is closed if and only if YN X™ is closed for
each n > 0.

Here, we write S"~! and B" for the standard unit sphere and unit ball in
Euclidean n-space, and the vertical maps in the diagram are inclusions.
It is useful to adopt the conventions X ! = @) and Ay = X°. Then for
all n > 0, the nth cellular chain group C,(X) can be defined to be the
nth singular homology of the pair X", X" !, and it follows from the
Eilenberg-Steenrod Axioms that this is isomorphic as a G-module to
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the permutation module ZA,, determined by A,. In effect, C,(X) is
the free abelian group on the G-set of n-cells in X.

A G-CW-complex X is said to be finite dimensional if and only if
X" = X for some n, in which case the dimension is the least n > —1
for which this happens. For the finite dimensional case, Axiom 5 is
redundant.

The most important construction we shall need is that of join. For
convenience we include a definition here. Further discussion can be
found in [20, Chap. I, Sec. 6]. For each n > 0 let ¢" denote the
standard n-simplex in R"!:

a”:{(to,...,tn) ’ d ti=1, tiZO}.

Given C'W-complexes X, ..., X, the join X *--- % X, is defined to
be the identification space

(0" x Xox - xX,)/ ~
where

(tos - st oy e vy X)) ™~ (B oo b Ty v ooy T0y)

if and only if for each i, either (¢;,x;) = (¢, 2}) or t; = t; = 0. Note that
if X; has dimension d; then the join has dimension n+ 3 d;. Moreover,
if G is a group and the X; are G-CW-complexes then the join inherits
a G-C'W-structure.

The following are some elementary remarks. For spheres one has
Snx §m o2 §ntmtl - The join increases connectivity: if X,Y, Z are non-
empty, then X x Y is connected, X *x Y *x Z is simply connected etc.;
an infinite join of non-empty spaces is contractible. It follows that if
{Xi]i € N} are G-CW-complexes and H < G a subgroup for which
X is non-empty for every i, then x, X1 = (xX;) is contractible; this
explains why EG" is contractible for every finite subgroup H < G.

A.4. Spectra

The spectra in the topologist’s sense are convenient objects to de-
scribe (co)homology theories in the category of C'W-complexes. We
will give a brief outline of some definitions; for details, the reader is
(for instance) referred to Switzer’s book [84]. A CW -spectrum is a col-
lection of pointed CTW-complexes S = {S; |7 € N} together with maps
o; : %S; — Sit1. The homotopy groups m(S) for k € Z are defined by

m,(S) = dirlim; 71 (.S;),
with the direct limit being taken using the maps o;:
O'iu

Tt (i) =[S S ]e B[S B8,]e =5 [SFTHL 811 ]e = Mpint (Sin)-

Notice that the groups m(S) can be non-zero for negative values of k.
The smash product of a pointed space Y with a spectrum S yields a
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new spectrum Y A S in an obvious way. One also defines homotopy
classes of maps between spectra S and T, [S, T], which form naturally
an abelian group such that suspension yields an isomorphism (cf. [84])

S, T] = [S* A S, S ATY.

The simplest example of a C'W-spectrum is the sphere spectrum Sph,
which has S; = S* and o; = Id (up to a homeomorphism). The result-
ing groups

m,(Sph) = 7 (S°)
are the stable homotopy groups of the zero sphere. More generally, for
any pointed space Y one has

(Y A Sph) = 7 (V).

Stable homotopy theory is an example of a generalized homology theory.
Every spectrum S gives rise to a generalized (co)homology theory on
C'W-complexes, and conversely every generalized (co)homology theory
h on CW-complexes (satisfying the usual axioms, including: homo-
topy invariance, Mayer-Vietoris axiom and the general disjoint union
aziom) is representable by a spectrum in the sense that

h;(X) =7m;(X; AS) =[S"ASph, X, AS],

and

h'(X) = [X, A Sph,S" A S].
The notation X stands for X with a disjoint base-point added. If one
writes X as a union of subcomplexes X, such that X = dirlim, X,
(e.g., X written as union of its finite subcomplexes, or X written as
union over its skeleta), then one always has

h;(X) = dirlim, h;(X,).

This can be paraphrased by saying that generalized homology theories
(given by spectra) always have compact supports. If one wishes to ex-
tend a generalized (co)homology theory to the category of all spaces,
one can do this by defining h(X) as h(|SX|), where |SX| denotes
the geometric realization of the singular complex of X. The resulting
(co)homology theory then obviously satisfies the strong form of the
homotopy axiom, turning weak homotopy equivalences into isomor-
phisms.

Every spectrum is equivalent to an 2-spectrum, that is, a spectrum
S for which the adjoints S; — €1S;;; of the maps o; are homotopy
equivalences. In case one uses an {2-spectrum to represent h, the co-
homology groups can be expressed as ordinary homotopy groups:

B(X) = [Xy, 5 = [X. S]],

The most famous examples of (2-spectra are the Eilenberg—-Mac Lane
spectrum H which represents ordinary (co)homology, and the Bott
spectrum BU representing (complex) K-(co)homology. They are given
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by H = {K(i,Z)}, with XK (i,Z) — K(i + 1,Z) being the adjoint
of the natural equivalence K(i,Z) — QK (i + 1,7Z), and BU={BU,}
with BU; = Z x BU for i even, and BU; = U for ¢ odd; the adjoint
of ¥BU; — BU,;;, corresponds to Z x BU ~ QU respectively U =~
Q(Z x BU). One writes K*(X) for the cohomology theory associated
to BU, and K;(X) for the corresponding homology theory. Thus

for i even: K;(X) = m(X, ABU); KY(X) = [X,Z x BU|
and
for i odd: K;(X) = m(X, ABU); KY(X) = [X,U].

For an arbitrary compact space Z the group K°(Z) := [Z,Z x
BU] agrees with the Grothendieck group of complex vector bundles over
Z; similarly for K'(Z). The K-homology groups K;(Z) admit also a
geometric interpretation, as certain bordism groups (cf. M. Jakob [38]).

Because BU ~ BSU x K(Z,2) and U ~ SU x K(Z,1) with BSU
3-connected and SU 2-connected, one has for a C'W-complex X

K'(X)~ H'X;Z)® H*(X;Z), ifdimX <3
and, if X is connected,
K'X) =~ H' (X;Z) =2 Hom(m (X),Z), ifdimX <2.

It is easy to check that these isomorphisms are natural isomorphisms
of groups.

Since for an arbitrary C'W-complex X there is a natural universal
coefficient sequence (cf. [91])

0 — Ext(K;_1(X),Z) — K'(X) — Hom(K;(X),Z) — 0,

the following holds by comparing the K-theory universal coefficient
sequence with that for ordinary (co)homology.

LEMMA A4.1. If X is a two dimensional CW -complezx, then there
are natural isomorphisms

Ko(X) = Ho(X;Z) © Hy(X;Z);  Ki(X) = Hi(X;Z).

All spectra are rationally equivalent to Eilenberg—Mac Lane spectra,
and therefore there is, for an arbitrary homology theory h given by a
spectrum, a generalized Chern character

Chy, : hy(X) — @ H;(X;h;({+}) ® Q

which is an isomorphism upon tensoring with Q. In case of K-theory
this translates into the following.
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LEMMA A.4.2. For an arbitrary CW -complex X one has natural
1somorphisms

Ko(X)® Q= @Hm(X; Q) Ki(X)®Q= @H%—H(X; Q).

The previous two lemmas are special cases of the following.

Exercise: It is well-known that the classifying space BU has k-
invariants k% = 0 and k**! of order (z — 1)!, see [73]. Use this fact to
show that if X is a 2N-dimensional C'W-complex then

(Ko(X) @ Ky(X)) @ Z[1/N| = €D Hi(X; Z[1/N1]).
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