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Throughout this appendix, I is a finitely generated group, endowed with a length
function ¢, and ¢ is a multiplier on I'.  We adopt the notations used in the first
paragraph of the paper.

Definition 0.1. We will say that the group I' has o-twisted Rapid Decay property
(with respect to the length €) if

HE(T,0) C CA(T, o).

We just say that the group T' has the Rapid Decay property (with respect to the
length £), if it has the o-twisted Rapid Decay property (with respect to the length
¢) for the constant multiplier 1. For short, we shall say that a group I' has property
o-RD if there esists a length function ¢ with respect to which I" has the o-twisted
Rapid Decay property.

Remark 0.2. In the context of noncommutative geometry, the reduced C*-algebra
C* (T, o) represents the space of continuous functions on a noncommutative mani-
fold, and H°(T', o) the space of of smooth functions on the same noncommutative
manifold. This comes from the abelian case, where using Fourier transforms, one
easily sees that C*(Z") = C(T™) and that H*(Z") = C*(T") (for the word
length associated to the generating set S = {(£1,0,...),...,(0,...,x1)} of Z™).
The (o-twisted) Rapid Decay property can be rephrased as the desirable property
that every smooth function on the noncommutative manifold is also a continuous
function.

Proposition 0.3. Let o be a multiplier on T' and ¢ be a length function on T". The
following are equivalent:

(1) T has o-twisted Rapid Decay (with respect to the length £).
(2) There exists C,s > 0 such that for any f € C(T,0)

[ llop < ClIF1[s-

(3) There exists a polynomial P such that for any f € C(T',0) and f supported
i a ball of radius r

[fllop < P(r)[ fller-

(4) There exists a polynomial P such that for any f,g € C(T',0) and f supported
in a ball of radius r

I/ *o glleer < P(r)|[fllezrllgller-

Proof. (1) < (2) As in the case of untwisted Rapid Decay, the inclusion H°(T", o) C
Cr(T, o) is continuous since both inclusions H{°(I',o) C ¢*T" and C;(I',0) C ¢°T
are continuous. Since Hy°(T, o) is a Fréchet space, the continuity of the inclusion
Hp*(T,o) C C}(T,0) rephrases as the statement of (2). The converse is obvious
since H; T (T') € Hy(T).

(2) = (3) = (4) Take f € C(T', o) supported in a ball of radius r, then

I£llop < CIflls = C D 1F@)PQ+ () < CA+7)°|| flleor-

yel’
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Hence (3) follows. Since || f||op = sup{%m # g € (?T'} we deduce (4) as well.

That (4) implies (3) is by definition of the operator norm.
(3) = (2) For n € N, denote by S, = {y € I'|n < {(y) < n+ 1} the sphere of
radius n. For f € C(T',0) we have:

||f||0p—||ZA (fls)llop < Z||f|s llops

so that using (3) we get the following bound

Ifllop < D Pn+Dfls,ler <D C+1DF|fls

n W lle2T
n=0 n=0
o0 o0
< O\ Y+ 172 Y e+ 122 fls, [ < O fllksa
n=0 n=0
where C’ is some constant bigger than C/6. g

The following proposition was known by Ji and Schweitzer [JiSc], but the proof
we give here might be shorter.

Lemma 0.4. Let £ be a length function on T, if T' has Rapid Decay (with respect
to the length £), then T' has o-twisted Rapid Decay (with respect to the length £) for
any multiplier o.

Proof. Take v € T, then:
1f 5o g =1 FO wgweo(y ™ wm)| < 1wl g = [+ 1g1(7)

pel pel

so that summing and squaring over v € I' yields

1f *o glleer < f1* [gllleer < P(r)[|Fllezrllgller

and we conclude that I' has o-twisted Rapid Decay using the previous proposition.
O

The following corollary is the first part of Proposition 2.1 in [La2] with an obvious
modification.

Corollary 0.5 (Noncommutative Sobolev Embedding Theorem). Let ¢ be a length
function on T, if I' has Rapid Decay (with respect to the length £), then there is S
sufficiently large such that for any multiplier o on T and any s > S, H;(I',0) is a
Banach algebra such that H;(T',0) C CX(T,0).

Proof. Let s be bigger than the degree of the polynomial of point (3) in Proposition
0.3. We first have to show that there is a constant K = K(s) such that for any
f,g € C(T,0), then || f *5 glls < K||f|lsllglls- But this is true since ||f *, glls <
1171 lgllls and [/ % gllle < K" £llllglls by Proposition 2.1 part (a) in [La2] (see
also Proposition 8.15 in [Va]) since we assumed that T" has Rapid Decay (with
respect to the length ¢). Therefore HJ(T', o) is a Banach algebra. By Lemma 0.4,
we know that since I' has property RD, then I' has property o-twisted RD for any
multiplier o on I', and hence Hj(I', o) C C}(T', o) follows from Proposition 0.3 part
(2). O
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Remark 0.6. In the context of noncommutative geometry, Corollary 0.5 can be
viewed as the analog of the Sobolev Embedding Theorem for a compact manifold
M, a simplified version of which saying that any function in the Sobolev space
W2(M) for s > dim M /2 is actually continuous. Indeed, using Fourier transforms,
on can see that W*2(T") ~ Hj(Z") for the word length associated to the generating
set S = {(£1,0,...),...,(0,...,£1)} of Z™, and that C}(Z) ~ C(T™).

Example 0.7. Groups having Rapid Decay notably include: Polynomial growth
groups (Jolissaint [Jo]), free groups (Haagerup [Ha]) and more generally Gromov
hyperbolic groups (Jolissaint-de la Harpe [dH]), cocompact lattices in SL3(F') where
F is the p-adic field Q,, R, C,H or Fg(_s), as well as finite products of rank one
Lie groups (see Rammagge-Robertson-Steger [RaRoSt], Lafforgue [La2] and [Ch])
and all lattices in a rank one Lie group, see [ChR].

Question: Is it possible to find a group I" which doesn’t have Rapid Decay, but
which has o-twisted Rapid Decay for some multiplier o on ' (or does the converse
of Lemma 0.4 hold)?

The following is the second part of Proposition 1.2 of [La2] with a trivial change.
But we still recall Lafforgue’s proof below for the sake of completeness.

Proposition 0.8. Let ¢ be a length function on T, if T' has Rapid Decay (with
respect to the length £), then for any multiplier o on I' and for s sufficiently large
(and also for s = 00), the inclusion Hj(T',0) — C}(T',0) induces an isomorphism
in K-theory.

Proof. The idea of the proof is as follows. By Corollary 0.5, there exists S > 0
and finite such that for any s > S, then H}(I',o) C C*(T',0), and since C(I', o) C
H; (T, 0), it follows that H;(T', o) is a dense x-subalgebra of C (T, o). All we have
to show is that the inclusion HJ(T',o) C C}(T',0) is spectral, it then follows (see
e.g. Proposition 8.14 of [Val) that the inclusion H;(T',0) — C} (T, o) induces an
isomorphism in K-theory.

Now, for two number s,t such that S < ¢t < s the first step is to show that
H3 (T, 0) is stable by holomorphic functional calculus in Hj(T, o). To do so, and
since H (', o) is dense in H}(T', o), it is enough (see Remark 8.13 in [Va]) to prove
that the spectral radius ps(f) of f € HJ(I',0) is the same as p;(f), the one of
f € H}(T, o), namely that

- *oM n : *oM 1/n
(0.1) T (L = dim e

where for n € N we set f*™ = fx, f*,---*, f. Notice that since ¢ < s, then
| ——

n
II'll: < |l lls and hence p:(f) < ps(f), so we only need to prove the other inequality.
For v € ', using the triangle inequality one sees that

lfr () < S OO L 2 DI ()]

Y1seeeyYn—1ELT
= > Ol ()
VLo Yn ="

Therefore, using that (1+£€(7))* ™ <n*"t > "  (1+4(v;))* " ifv1...7, = v (which
follows easily from Lemma 1.1.4 (3) in [Jo]) we deduce that

1Fm = 10+ O o < = K AL



where K = K (t) is the constant in the proof of Corollary 0.5. Taking the n-th root

and the limit shows that lim,,_, ||f*””H§/" < K||f|l+- Replacing f by f*™ in the
previous inequlity, taking the m-th root and the limit shows ps(f) < pi(f). We can
now show that H}(I', o) C C;(T', o) is spectral, namely that for f € H}(I', o), then
its spectral radius ps(f) equals p.(f), its spectral radius as an element of C* (T, o).
If ps(f) = 0, it is clear because p.(f) < ps(f). Otherwise, Holder’s inequality shows
that

1—t

.
I £1le < NFIS AN s

and hence
_s_ __t_
£ op = 17" ler = (S Ml NF" s =
so that we conclude using equality (0.1). O
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