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Abstract. The Radon transform considered here is defined by integrating a function over
p-dimensional affine subspaces in R™. Viewing those planes as graphs, a general inversion
formula follows easily from a projection slice theorem. For even p it may also be written
by means of a differential form given by the so-called kappa operator.

We also discuss the special case of Radon transform on Lagrangian p-planes in R??,
and give an overview of two range theorems.

The aim of this expository note is to provide an elementary approach to some methods
and tools introduced and developed by the Russian school in the field of integral geometry
on Grassmannians.

1. INTRODUCTION

By p-plane we mean a p-dimensional affine subspace of the affine space R™. Assuming
1<p<n-—11let ¢ =n—p; points in R"” will be written as (x,y) € RP x RY. A generic
p-plane can be defined as a graph :

Plu,v) = {(2,) € R x Ry = uz + v} ,

where u is a linear map of R? into R? and v is a vector in R?. The map (u,v) — P(u,v)
is a bijection of L(RP,R?) x R? onto the set of p-planes meeting 0 x R? transversally.
Throughout the paper we identify £(RP,R?) with the space of p X ¢ real matrices.

Our Radon transform is given by integrals of a function f over the p-planes P(u,v) :

Rf(u,v) = f(z,uz +v) do | (1)
RP
where f is an arbitrary function in the Schwartz space S(R™) of rapidly decreasing func-
tions (and all derivatives) and dz denotes Lebesgue measure.
An inversion formula of the transform R can be obtained by the following steps a,
b and sometimes c. For brevity we only write it at the origin in this introduction; the
general case follows by translation, or can be worked out directly as will be done in the
next sections.

a. Projection slice theorem. Let (£,7) € RP x R? and let < , > denote the canonical
scalar products in RP and RY. The function (z,y) —< {,x > + < v,y > is constant on
P(u,v) if and only if (§,7) is orthogonal to this plane i.e. £ = — ‘un (where ‘u is the
transpose of u); the constant value is then < n,v >. As an immediate consequence one
obtains the following "projection slice theorem"



F(&m) = Rf(u,n) if € = — tun , (2)
where

~

e = / Fa,y)e HTET> <) gy 3)
RP xR4

Rf(u,n) = R, v)e BT gy (4)

are the classical Fourier transforms in R", resp. RY.

b. Choice of an admissible family. There exists a smooth map t — u(t) of R into
L(RP,RY) such that ¢ : (t,n) — (= ‘u(t)n,n) is a diffeomorphism of R? x R? onto R? x R?
(up to sets of measure 0). Examples of such maps will be given in Sections 2 and 4 below.
By (2) £ is then determined by él\f whence, by Fourier inversion in R",

£(0,0) = / F(é, nydedn = / RY (u(t), n)|J (¢, n)|dtdn (5)

(Theorem 1). The Jacobian J of ¢ is a homogeneous polynomial function of degree p with
respect to 1. Thus one recovers f from Rf by means of an operator with symbol |J(t,-)]
acting on Rf(u(t),-), followed by integration over ¢.

c. Kappa operator. If J(¢,7) has constant sign € we get a classical differential operator
and the change (¢,7) — (£,7) in (5) can be written in terms of differential forms. This
can only happen for p even. To a smooth function F' of (u,v) € L(RP,R?) x R? the kappa
operator (at the origin) associates the differential p-form on L£(RP,RY)

0 0

kF(u) = av;, e @F(u, 0) duji1 A--- ANduj,p (6)

where the u;;,’s are the matrix elements of u and the sum runs over all ji, ..., j, from 1 to
g. This definition (due to the Russian school, cf. [3]) is motivated by inversion formula (5)
which is then equivalent to

(2im)P2 £(0,0) = / WRf (1)

u(RP)

as one readily checks under the assumption on J (Theorem 4).
Besides kRf is a closed differential form (Proposition 5). If p < n— 1 this remarkable fact
follows from a system of differential equations satisfied by Rf, which actually characterize
the image under R of the Schwartz space S(R™) (Theorem 10).

Details are given in Sections 2 and 3. The special case of Radon transforms on p-
dimensional Lagrangian subspaces of R?” has been studied by Debiard and Gaveau, Grin-
berg in [1], [9], [10]. In Section 4 we show their inversion formulas easily follow from
Sections 2 and 3 by restriction. In the final Section 5 we give two range theorems, but the
more technical proofs will be only sketched here.



2. INVERSION FORMULAS
We keep to the notations of the introduction : let f € S(R™), u € L(RP,R?), v € R? and

Rf(u,v) = . fz,ux +v) dz .

Remark. When working in the Fuclidean space R™ a more natural definition would make
use of the Euclidean measure induced on P(u,v), instead of dz, and the above Rf(u,v)
should then be replaced by

vdet (I 4+ tuu) Rf(u,v) ,

where I is the unit p x p matrix and ! means transpose. However we shall keep here to
definition (1).
The following properties a to d of the Radon transform (1) are easily checked.

a. Homogeneity. For any constant A > 0 let fy(z,y) = f(Az, Ay). Then
Rfx(u,v) = XN"PRf(u, \v) . (8)
b. Translation. For (a,b) € R? x R? let f,4(z,y) = f(z +a,y +b). Then
Rfop(u,v) = Rf(u,v+b—wua) . 9)

c. Partial differential equations. The Radon transform of f satisfies the following
system of pg(q — 1)/2 differential equations

(D0, 0uyy — O, 0uy) Rf(u,0) =0,1<i,j<q,1<k<p, (10)

where 0,, means 9/0v; etc.
Indeed

Ou (f (0 +0)) = 24Dy, /), uz + )
OuyDuye ([ (&, + ) = 24(Dy, By, ) 0+ 0)

and derivatives can be taken under the integral sign in (1).

d. Projection slice theorem. Given u € L(RP, R?) the partial Fourier transform }/23” (u,.)
(see (4)) is the restriction of the Fourier transform f (see (3)) to the g-dimensional vector
subspace £ + fun =0 in R? x RY, i.e.

-~

Rf(u,n) = f(— tun,m) (11)

for u € L(RP,RY), n € RY.
Proof. Let u be fixed. In order to decompose the integral (3) into slices parallel to the
plane P(u,v) we change variables according to (z,v) — (z,y) = (z,uz + v) :

~

f(&n) = / F(, uw + v)e 2 (e Tuna>+<nv>) g gy,
RP x R4



This simplifies if £ + ‘un = 0 i.e. if < &, > + < n,y > (the phase function of the Fourier
transform) is constant on P(u,v), i.e. if ({,n) is an orthogonal vector to this plane. This
constant value is < n,v > and

f(— bum, n) = / e~ 2T<nY> dy flz,ux +v) doe = ]:?}(u,n) )
R4e Rp

Absolute convergence of the integrals justifies the calculations.

Remark. By (11) f is almost entirely determined by Rf. Indeed the linear map u +—
¢ = — tun maps L(RP,R?) onto RP for any given n # 0 in RY, as shown by taking a
rank one matrix u = (&) with a, ..., ay chosen such that > a;jn; = —1. The points
(— tun,m), u € L(RP,R?), n € R?\0, thus fill all of R? x (R?\0). Equation (11) and the
Fourier inversion formula now imply injectivity of the Radon transform f — Rf. They
also lead to an inversion formula for R (Theorem 1 below).

e. Inversion formulas. The dimension of the set of all (u,v) being pq + ¢, greater than
n = p + ¢, we shall restrict u to some p-dimensional submanifold of £(RP,R?) in order to
reconstruct f(z,y) from Rf(u,v).

There exist an open subset 2 of R? with complement of measure 0 and a C* map
t — u(t) of RP into L(RP,RY) such that

@ (t,m) — (&n) = (= ‘u(t)n,n) (12)
RPxQ —RP xQ

is a diffeomorphism onto. For example one can take any constant nonzero vector o € RY
and the rank one matrix

w(t) =a®tie ujp(t) =aty ,1<j<q,1<Ek<p, (13)
so that 'u(t)n =< a,n > t, together with
Q={neRY<an>#0}.

More general examples can be obtained by composing this map ¢ — wu(t) with a diffeo-
morphism ' — ¢ of R?, or replacing u(t) by u(t)a(t) with a(t) € L(RP,RP) and ta(t)t = t.

The planes P(u(t),v) then make up a n-dimensional "admissible submanifold" leading
to an inversion formula.

Theorem 1 (General inversion formula) Let f € S(R™) and let t — u(t) be any map
such that (12) is a diffeomorphism. Then, for any (x,y) € R™,

Fla) = [ RHO) )™ 3 0)| dedy (19
X
where J, the Jacobian of v, is

11(t)7 "'7ujpp(t))
I(t1, ..., tp) ’

q W
J(t,n) = (=17 det O, ("u(t)n) = (=1)» > nj,..;, 2
J1yedp=1

(15)

a homogeneous polynomial of degree p with respect to n.



In all our specific examples u will be linear in ¢ and the bilinear map (¢,7) — ‘u(t)n

may be written as
fu(t)n = An)t (16)
with A(n) € L(RP,RP), linearly depending on 7, hence J(t,n) = (—1)P det A(n).

Corollary 2 (Special inversion formula) In particular, with u(t) as in (16), we have

(2im)P f (2, y) = /Rp (Idet A(8y)|RS) (u(t),y — u(t)z) dit (17)

where | det A(0y)| is the operator with symbol | det A(n)| acting on the variable v in Rf(u,v)
(see (18) below). The integral converges absolutely.

If u(t) = a®t as in (13) then u(t)r =< t,x > a and |det A(0,)| = | < a, 0, > |P, a
differential operator for p even.

Proof of Theorem 1. Since Q fills RY up to a set of measure zero, we may change
variables by means of (12) in the Fourier inversion formula and obtain

~

f(z,y) = / F&, m)eXim(<&r>+<ny>) geqp
RPxQ

- / F(= Futyn, m)e S HOnE v (4, )| didn .
RPXxQ

Both integrals converge absolutely for f € S(R™). But (fo cp) (t,n) = ]jl\f(u(t), n) by (11)
and (12); the result follows. Besides (12) gives & = — >, u;xn; and

Ay A+ NdEy Ny A -+ A dny =

= (—1)% Z Ujl--'ﬁjpdujll VANERIRAN depp ANdm A---Ndng
j17-~~7jp

hence the expression of J. l

Proof of Corollary 2. Here J(t,n) = (—1)Pdet A(n) and (14) can be written more
explicitly. If P(n) is a homogeneous polynomial of degree p with respect to 7, let the
operator |P(9,)| be defined by

P@IF) = @imy [ P 1 Pl dy (18)

Then (17) is an immediate consequence of (14). For p even | < «, 9, > |P is the differential
P
operator (Z?:1 aj(?v]) .

f. Link with the dual transform. Corollary 2 can be written in terms of the dual Radon
transform R*. Indeed let F'(u,v) be a function on £(RP,R?) x R? and let

R*F(z,y) = /Rp F(u(t),y —u(t)z) dt (19)

5



be the integral of F' over the family of all p-planes P(u(t),v) containing the point (z,y).
This definition of R* of course depends on the choice of the map ¢ — wu(t). Though natural
in the present context it differs from Helgason’s definition in the Euclidean case ([11]
chapter I, §6), given by an integral over the orthogonal group.

Assuming absolute convergence of the integrals we have, for all f € S(R"),

[ R PGy dedy = [ ),y - u®)o)f(.) dodyi
RP xR4
_ / Fult), v) f (2, u(t)z +v) dedvdt
— [ PR (w).0) dvdt
RP xRR¢

Thus R* is actually dual to R.
In this notation Corollary 2 becomes

(2im)P f = R*| det A(D,)|Rf (20)
where R* is given by (19). Since
R0y, F =0,R"F ,1<j<q,
the example (13) u(t) = o ® t may be rewritten, for p even, as
(2im)Pf = (< a,0y >)PR*Rf . (21)

3. THE KAPPA OPERATOR

Interesting simplifications occur in the inversion formula if the diffeomorphism (12) is
orientation preserving (or reversing), i.e. if the Jacobian J given by (15) does not change
sign in RP x Q : see Corollary 2 with p even for an example. Throughout this section we
thus assume that J(t,n) has a constant sign ¢ (=1 or —1) for all (t,n) € RP x Q.

This can only hold for even p. Indeed assume p odd and fix t € RP. Then there exists
an open set V in R? such that J(¢,7n), as a non identically zero polynomial of odd degree
with respect to 7, is strictly positive on V' and strictly negative on —V. Both V and —V
meet the dense open set {2, and J cannot have a constant sign on R? x ().

No absolute value is necessary in (14) then and Theorem 1 can be rewritten with
differential forms instead of densities. Going over its proof again we assume RP x R? is
oriented by the volume form

dENdy =d& N -~ Nd§p Ndnr A=+ Ndny
Then

fw) = [ Flemenise g nay
RPXxQ

= [ Rfu(e), e O e de Ay
RP X



with (recalling that p is even)

J(t,n)dt Ndn = Z Njy Mg, A1 A=+ Ndng A dugir A=+ A dug,p
J1s-sdp

and all u;;’s expressed as functions of ¢. By Fourier inversion for the integral over €2, i.e.
over RY, we obtain

e(2im)P f(z,y) = /te]RP > (ayjl---avijf) (u(t),y —u(t)z) dujin A~ Adugyp
Jlseensdip

in which duji, = "}, O, ujk(t) dtp. This motivates the following

Definition 3 Let (z,y) € RP x RY. To any smooth function F of (u,v) € L(RP,R?) x R?
the kappa operator ks, associates the differential p-form on L(RP,R?) given by

q
(K yF) (u) = Z (8% . -ijpF> (u,y —ux) dujiy A--- Adugj,p (22)
Jisendp=1

Summarizing we have proved

Theorem 4 (Inversion formula with kappa operator) Let f € S(R™) and let t — u(t) be
any map such that (12) is a diffeomorphism and its Jacobian (15) has constant sign e.
Then p is even and, for any (x,y) € R",

c(im) (@) = [ wuy RS (23)

o

with v = u(RP).

In (23) fv kzyRf means the integral over R of the pullback u* (kg ,Rf). This is a local
inversion formula, i.e. f can be reconstructed at (z,y) by means of integrals over p-planes
close to this point. As noted above the assumption is satisfied with e = 1 if u(t) = a ®1t
and p is even.

In [3] p. 61 the right-hand side of (23) is shown to vanish for odd p, so that x does not
yield an inversion formula.

Proposition 5 (Properties of the kappa operator). For (a,b), (z,y) € RP xR, f € S(R™),
(i) Kap BRI\ = Exa RS with fx(z,y) = f(Az,Ay), A >0
(’l"i) Iimbe = RO,ORfa,b with fa’b(:IZ, y) = f(.%‘ + a,y + b)
(111) Assume F satisfies the pq(q—1)/2 differential equations, for (u,v) € L(RP,RY) x R,
1<i,j<q, 1<k<p,

(80;0uy, — O, 0uy,) F(u,v) =0 . (24)

Then kg, F' is a closed differential form. In particular k., Rf is closed.



Proof. (i) and (i) are immediate from (8), (9) and (22).
(11i) If ¢ = 1 i.e. p = n— 1 the differential equations are trivial but the result is clear, since
u = (u1,...,up) in this case and KF' has the form

KayF'(u) = g(u1, ..., up) dug A -+ Aduy

obviously closed. We may thus assume ¢ > 1. Then d(kgyF) = Y 7_, (w — zxtPg) with

q
W = Z &ujk@vh ---&,jk "'avij dujk/\dujll/\---/\dujkk/\---/\dujpp ,
j7j17"'7jP:1
q
P = Z 81,].8% "'&)jk -~8Uij dujk/\de11/\"‘/\dujkk/\~--Adu]~pp .
JiJ1s-Jp=1

Both forms vanish by symmetry of their coefficients with respect to j and ji.
In view of (10) this holds for F = Rf. R

4. RADON TRANSFORM ON LAGRANGIAN PLANES
The above results actually deal with the Radon transform restricted to the n-dimensional
"admissible" family of planes P(u(t),v), t € RP, v € RY, where u(t) is chosen so that (12)
is a diffeomorphism. The rank one choice (13) leads to nice-looking inversion formulas :
see Corollary 2 and (21). Other interesting choices come out of the case of Lagrangian
planes.

Throughout this section we assume p = q i.e. n = 2p. A p-dimensional vector subspace
of R? is Lagrangian if and only if the symplectic form

U((.’E,y), (:U/,y,)) =< x,y' > — < SU/,y >

(with x,2’,y,y € RP) vanishes on it identically. For a graph y = ux, u € L(RP,RP), this
is equivalent to the symmetry v = ’u. Let S, denote the space of symmetric p X p real
matrices. We now consider the Radon transform (1) restricted to the manifold of affine
Lagrangian p-planes P(u,v), u € Sp, v € RP.

Restricting (11) to u € S, gives the projection slice theorem :

Rf(u,n) = f(—un,n) ,u€S,,necR”.

An inversion formula will follow as above for any choice of ¢ — u(t) € S, such that (12) is
a diffeomorphism onto.

a. A Lagrangian inversion formula. As a first example one can take the diagonal
matrix

u(t) = diag (t1,...,tp) , Q={n e RP|ny---n, # 0},
hence, by (20) with A(n) = diag(m, ...,np), the inversion formula for Lagrangian planes

(cf. [1])
(2im)P f (2, y) = R¥|Oyy - - O, | RS (25)

where f € S(R?), (z,y) € RP x RP, R* is defined by (19) (with the above u(t)) and
|0y, - - - Oy, | denotes the operator with symbol |7y - - - 7,| acting on v. But here the Jacobian



J(t,n) = (=1)Pn ---np changes sign in Q and we have no analog of (23) with a kappa
operator.

b. One more Lagrangian inversion formula. Another example is given, for even p,
by the block diagonal matrix (cf. [10] for p = 2)

u(t) = diag (( 2 _til ) . ( t;;pl _ttj_l >> 7
Q= {n € RP[(n1,m2) # 0, ... (p—1,mp) # 0} .

Then, in the notation of (16) above, u(t)n = A(n)t with

. m o2 Mp—1  Tp
A(n) = dia e ,
() g (( -2 M ) ( —Tp  Tp—1 >)
det A(n) = (0} +m3) -+ (i1 +n3)

hence by (20) the inversion formula for f € S(R??), p even, (z,y) € RP x R?,

(2im)P f(x,y) = RFADAgy - Ay Rf (26)
= AgllQAg4 T Ai_l,pR*Rf

j Vg’

Y _ 92 2
Ajk - ayj T ayk'
c. Lagrangians and the kappa operator.

Definition 6 Let (z,y) € RP x RP. To any smooth function F of (u,v) € L(RP,RP) x RP

the Lagrangian kappa operator /ﬁ:é,y associates the restriction to Sy, the space of symmetric

p X p matrices, of the differential p-form k., F (Definition 3), i.e.
KL F = 1 (5 F) (21)
where ¢ : Sy — L(RP,RP) is the canonical injection.

Thus né’yF is a differential p-form on S, which, in view of (22), only depends on the
restriction of F' to S, x RP. For p = 2

Ké,yF = 831F duii N duio + leawF duir A dugo + 832F duia N dugs
with all derivatives of F' computed at (u,v) = (u,y — uz).

Theorem 7 (Lagrangian inversion formula with kappa operator) Let f € S(R?P) and let
t — u(t) be any map from RP into S, such that (t,n) — (—u(t)n,n) is a diffeomorphism
of RP x Q onto itself (see (12)) with Jacobian of constant sign €. Then p is even and, for
any (x,y) € RP x RP,

c(imf () = [ o RS (29)

”
with v = w(RP) C S,.



The right-hand side of (28) is the integral over R? of the pullback u* (miyR f)-
The assumption of Theorem 7 is satisfied in example b above. Taking p = 2 and u(t)
as in b i.e. ugy = uje, uga = —uq1, (28) reads

—A7? f(z,y) = /}1&2(831 + 812)2)Rf(u7y —ux) duir A duz

in agreement (up to a factor) with the result of [10].
Proof of Theorem 7. Theorem 4 applies with u replaced by ¢t ou : RP — L(RP,RP),
hence

c(2imp (o) = [

RP

(u* 0 %) Koy RS) = / u*(sL Rf) . W

RP

d. Partial differential equations.

Proposition 8 (i) Let f € S(R*) and (z,y) € RP x RP. Then nény is a closed diffe-
rential form on S,,.

(ii) Let F be a smooth function on L(RP,RP) x RP satisfying the differential equations
(24) with p > 1 (e.g. F = Rf). Let G be the restriction of F' to S, x RP. Then for
(u,v) € S, xRP, 1 <j<k<p,

(2 0w+ 02,0u,, = Do, 00,00, ) Glu,v) =0 . (29)

U
Proof. (i) By Definition 6 and Proposition 5 (7ii)
d (kL Rf) =d(keyRf) = (dkeyRf) =0.

(1) We take (u;1)j<k as coordinates on Sj. If I : S), x RP — L(RP,RP) x RP denotes the
canonical injection we have G = F o I and

Ouyy G = (0w, F) o1, 00,G = (9, F) o1 ,

Ouy G = ((Ouy, + Ouy,)F) o for j <k .

By (24) 0y, Ou;, F' = Oy;Ouy,, I hence

Ukk
01y, 0 G = (Do, 00Dy + By Do D)) F) 0
— (02 uns + 02,00, ) F) o1

= (02 0w + 920,,,) G . W

Ujj

e. Remark. As noted in [9] the situation would be different with skew-symmetric matrices
instead of symmetric, despite the analogy with the Lagrangian Radon transform. Indeed
restriction of (11) would give the projection slice theorem

Rf(u,n) = Flun,n)

but un is now orthogonal to 1 and fis not fully determined by this equation. The transform
R is not injective in this case; see [9] p. 125 for details.

10



5. RANGE THEOREMS

The above tools also lead to range theorems for the Radon transform, i.e. characterizations
of the image under R of the space S(R™). We shall only sketch the proofs of Theorems 10
and 12 below (due to Grinberg [9], Debiard and Gaveau [1]) with emphasis on the formal
significance of the partial differential equations (Lemmas 11 and 13).

a. General case. In order to define the relevant notion of rapidly decreasing functions
on the Grassmannian we need a notation : let u = (u;;) € L(RP,R?), n € R? and, for
1<j<q,1<k<p,

q p
=1 =1

As before F(u,n) denotes the partial Fourier transform on R of a function F(u,v).

Definition 9 A complex valued function F of (u,v) € L(RP,R?) xR? is said to be rapidly
decreasing if it is C*° and

(i) for each u the function v F(u,v) belongs to S(R?)

(ii) for any polynomial P in the differential operators

q
a’ujk ’ HI+ tuuH2_1/2 anj ’ Zuzkau” ;L]k;
i=1

with 1 < j <gq, 1< k,l <p, there exist a positive integer N and a constant C'y > 0 such
that, for all u, n,

PF(u,n) < Cy (14 |[fun|| + |Inl) " -

A more pleasant definition was given by Gonzalez [7][8] with a different parametrization of
the manifold of p-planes. Here, writing them as graphs, we had interesting simplifications
in the previous sections but at the expense of introducing artificial singularities at planes
not transversal to 0 x RY. The role of the operators »_ u;;0,, L, is to deal with these
singularities.

il?

Theorem 10 (Range theorem for p-planes) Let F' be a function of (u,v) € L(RP,R?) x RY
withn =p+q. For 1 <p <n—1 the following are equivalent :

(i) There exists f € S(R™) such that F = Rf.

(it) F is rapidly decreasing and (8y,0,,, — Oy, Oy ) F(u,v) =0 for (u,v) € L(RP,RY) xR,
1<4,j<q,1<k<p.

In (i) f is unique and given by (14), or (23) if J has constant sign.

Jk

As noted in [9] p. 120 no additional "moment conditions" on F' are required for p <
n — 1; see Richter [12] for a proof. Viewing the Grassmannian as a homogeneous space
of the Euclidean motion group of R”™ Gonzalez proves a more satisfactory result, with
the differential operators in (i) replaced by a family of second order invariant differential
operators under this group [7] or even by a single fourth order invariant differential operator
[8].

Sketch of proof. (i) implies (ii) by (10) and estimates of Rf and its derivatives ([9] p.
116).

(i1) implies (7). The key lemma is

11



Lemma 11 Let F be a rapidly decreasing function of (u,v) € L(RP,R?) x R?. The follo-
wing are equivalent :

(i) (Bv;0u;, — 0o, 0uy ) F=0,1<i,j<q,1<k<p.

(i) For all u,u’ € L(RP,R?) and all n # 0 in R?, the equality tun = ‘tu'n implies
Fu,n) = F(Ulﬂl)-

Proof of Lemma 11. Let E;;, € L(RP,RY) denote the matrix with 1 as entry (j,k) and
0 elsewhere. Considering the Fourier transform F(u,n) = [ F(u,v)e 2"<"">dy we have

((8uy, Oy, — O Ouyy) F) ™ (u,m) = 2im Bs=0F(u + (i Ej, — njEni),n) - (30)

For n # 0 the matrices Apjr, = mEjx —njEni, 1 < h,j < ¢q, 1 <k < p, generate the kernel
of the map u — ®un. Indeed this map is onto by the Remark in Section 2.d, therefore its
kernel has dimension pg — p and, assuming 1, # 0 for some h, the Ay, with 1 < j < g,
j#h,1<k<p,are p(¢— 1) independent elements of this kernel.

Replacing u by u+ sAy;i in (30) we see that (i) is equivalent to ﬁ(u—l—sAhjk, n) = F(u,n)
for all s, h, j,k, i.e. to F(u+u',n) = F(u,n) whenever 'u/n = 0. The lemma is proved. B

By (i) and Lemma 11 there exists a unique function ¢ on RP x (R?\0) such that

o(— tun,n) = F(u,n)

for all u € L(RP,R?), n € R?\0. The technical point is to show that, F' being rapidly
decreasing, 1) extends to a function in S(RP x R?). We admit it here; see [9] Appendix II.
If there exists f € S(R™) such that Rf = F then the projection slice theorem (11)
implies ]/”\ = 1. Conversely, if f denotes the inverse Fourier transform of i, we have
f e SR™) and -
Rf(u,m) = f(= "un,n) = (= "un,n) = F(u,n) ,
hence Rf = F and the theorem. H

b. Lagrangian case. Let us now restrict to Sy, the space of symmetric matrices (with
p = q) as in Section 4. Following [9] again we say that a function G is rapidly decreasing
on S, x RP if it extends to a rapidly decreasing function on L£(RP,RP) x RP.

Theorem 12 (Range theorem for Lagrangian p-planes) Let G be a function of (u,v) €
Sp x RP. For p > 1 the following are equivalent :
(i) There exists f € S(R*) such that G is the restriction of Rf to S, x RP.

(ii) G is rapidly decreasing and <812)j8ukk + 02, Ou;; — 0,00, 0 ) G(u,v) = 0 for (u,v) €
SpxRP,1<j<k<p.
In (i) f is unique and given by one of the inversion formulas in Section 4.

Ik

Sketch of proof. (i) implies (7i) by Proposition 8 and estimates of Rf and its derivatives.
(i1) implies (7). The key lemma is

Lemma 13 Let G be a rapidly decreasing function of (u,v) € S, x RP. The following are
equivalent :

(i1) (2 Ou + 02,0

Ujj

_ ayjavkaujk) G(u,v) =0 for (u,v) €S, xR, 1 < j <k <p
(it’) For all u,u’ € Sy, and all n € RP such that ny - --np # 0 the equality un = u'n implies

~ ~

G(uv 77) = G(u,’ 77)'
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Proof of Lemma 13. Let S;, € S, denote the matrix with 1 as entries (j, k) and (%, j)
and 0 elsewhere. Then

((agj Ou, + 831@8“1'1' - aUj avkaujk) G)A(Uv n) =
= —47%0,-0G (uts (77]2'51% + iS55 — nmkSik) ) - (31)
We now claim that for 7; - --n, # 0 the matrices
Bk = 17 Sk + i Sjj — nimeSik » 1 <j <k <p,

make up a basis of the kernel of the map L, : u +— un.
Indeed L, (Sp) = RP : for any £ € RP the equation un = ¢ is solved by

u = diag(&/m, ---agp/np) € Sp :

Thus dimker L,, = p(p+1)/2 —p = p(p —1)/2 and the p(p —1)/2 matrices Bjj, j < k, are
linearly independent elements of this kernel since Zj <k AjkBjx = 0 implies \jxn;m = 0
hence Aj, = 0. This proves the claim.

Replacing v by v+ sBjj, in (31) we see that (i) is equivalent to G(u+ sBji,n) = G(u,n)
for all s, j, k and the lemma follows. B

Let © be the set of all n € R? such that 7, ---n, # 0. By (it) and Lemma 13 there
exists a unique function 7 on RP x €2 such that

Y(—un,n) = G(u,n)

for all u € S,, n € Q. Then 1 extends to a function in S(R?) (admitted).
The proof ends as for Theorem 10. If there exists f € S(R?) such that G equals

~ ~

Rf restricted to S, x RP we must have f(—un,n) = Rf(u,n) = G(u,n) = (—un,n) for
u € Sp, n € Q, hence f = 1. Conversely, if f denotes the inverse Fourier transform of v,
we have f € S(R?) and

Rf(u,n) = f(—un,n) = y(—un,n) = G(u,n)

for u € Sy, n € Q, therefore G is the restriction of Rf to S, x RP. B

13
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