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Abstract

In this note we explain a generalization, due to Leon Ehrenpreis, of the clas-
sical Radon transform on hyperplanes. A function f on R™ can be reconstructed
from nonlinear Radon transforms, obtained by integrating f and a finite num-
ber of multiples z® f over a family of algebraic hypersurfaces of degree m. This
follows by solving a Cauchy problem for the nonlinear Fourier transform of f.
We also give an inversion formula for this Radon transform.

1 Introduction

This expository note is an attempt at explaining the pages from Ehrenpreis’ trea-
tise [5] in which he develops the nonlinear Radon and Fourier transforms he had
introduced in his previous papers [1][2][3][4]. The goal is to extend the classical
hyperplane Radon transform Rgf (integrals of a function f over all hyperplanes
in R™) to a family of algebraic submanifolds defined by higher degree polynomial
equations. Is the generalized transform R still injective? Can we give an inversion
formula? Unfortunately it is readily seen that R is no more injective (in general):
reconstructing f from Radon transforms needs more than Rf alone.

We shall explain here several results of the following type: there exists a finite
number of low-degree polynomial functions aj (with a; = 1) such that f is deter-
mined by the Radon transforms R(ayf). Besides, the restriction of the R(axf)’s
to a certain subfamily of algebraic manifolds may even be sufficient, provided one
increases the number of polynomials ay.

After a brief reminder of the classical hyperplane transform (this Section) we shall
introduce Ehrenpreis’ nonlinear Radon transform and the related nonlinear Fourier
transform, so as to get a projection slice theorem which plays a crucial role in this
study (Section 2). The reconstruction problem boils down to a Cauchy problem for
a system of partial differential equations, solved in a naive way in Section 3 then,
in Section 4, by the more sophisticated tools of harmonic polynomials. In Section 5
we discuss an inversion formula for the nonlinear Radon transform.

In order to motivate the forthcoming construction, let us briefly recall a few facts
about the classical Radon transform Ry. In the Euclidean space R" it is given by
integration of a compactly supported smooth function f € D(R™) over the family of



all hyperplanes. A hyperplane being defined by the equation w - x = ¢t where w is a
unit vector, t a real number and - denotes the scalar product, we consider

Rof(tw) = [ 1.
w-r=t
an integral with respect to the measure induced on the hyperplane by the Euclidean
measure dz of R". Note that (t,w) and (—t, —w) define the same hyperplane, thus
Rof(t,w) = Rof(—t,—w). For any 7 € R we have

/n T f(x)dr = /Rdt /w.x:t T f() = /ReiTtRof(t,w)dt.

This gives the projection slice theorem

~

Frw) = Rof(r,w) (1)

for 7 € R, w € R” and |jw| = 1.
Caution: on the left-hand side of (1) the hat denotes the n-dimensional Fourier
transform on x but on the right-hand side it denotes the 1-dimensional Fourier
transform on t. Both sides are smooth functions on R x S"~!, rapidly decreasing
with respect to 7. R
Knowing the integrals of f over all hyperplanes, i.e. Ry f, the Fourier transform f
is therefore known and Ry is easily inverted as follows. Writing the Fourier inversion
formula for f in spherical coordinates we have

f(z) = (277)_"/H - dw /OOO e T Rof(r,w) T T

where dw is the Euclidean measure on the unit sphere of R". In order to use Fourier
analysis in one variable we can replace [;° by [; : indeed Rof(7,w) = Rof(—7, —w)
and, changing 7 into —7 then w into —w, we obtain

f(z)=C / du / T Bof (ryw) |
lwll=1 R
with C := 1 (27) ™. Let F(t,w) be a smooth function on RxS"~!, rapidly decreasing
with respect to ¢, and let the operator |0;|"~! be defined by
(10" F)Tr,w) = F(r,w)|r["

Thus [0;]"! = (=1)k07 ! if n = 2k +1 is odd; if n is even |9y is the composition
of 8771 and a Hilbert integral operator (see Helgason [7] p. 22). We infer the
following inversion formula

f=CRg|0/" ' Rof (2)
where the dual transform R is defined by

RyF(z) := /w||:l Fw:z,w)dw

(integration over the set of all hyperplanes containing z).



2 A Nonlinear Radon Transform

2.1 Integration on Hypersurfaces

Let ¢ : 2 — R be a smooth function on an open subset 2 of the Euclidean space
R™. A convenient way to introduce our Radon transform is to consider first, for
f € D(Q) (a smooth function with compact support contained in §2) and ¢t € R ,

fo(t) == L(x)<tf(x)dx

where dz is the Lebesgue measure of R". Let m and M denote the lower and upper

bounds of ¢(z) for @ € supp f; then f,(t) = 0 for t < m and f,(t) = [, f(z)dz for
t> M.
The example Q = R and ¢(z) = 23 gives f,(t) = F(¢V/3) with F(u) = [*__ f(z

thus f, is not necessarily smooth. However the following result holds true.

Proposition 1 Assume the gradient ¢’ of ¢ never vanishes on Q. For f € D(Q),
fo 1s then a smooth function on R and we may define

R,of(t) == (f,) (t) = 8,5/( : f(z)dz. (3)
()<t

(1) Ry f is a smooth function on R and supp R, f C [m, M].
(ii) For any u € C*(R)

| wletans@is = [ worora (1)

(iii) Let dSy be the Euclidean measure on the hypersurface Sy = {x € Q|p(z) = t}.

Then
1

EE]

Formula (5) gives the geometrical meaning of R, f as an integral of f over the level
hypersurface ¢(x) = t; we may write it for short as

%ﬂ@—/HJf (6)

According to (4) it may also be viewed as R, f(t) = (¢*d;, f) where ¢*0; is the
pullback by ¢ of the Dirac measure J; of R at ¢ (see Friedlander [6] Section 7.2 or
Hoérmander [8] Section 6.1).

Proof. (i) and (iii) Given a € Q we have ¢'(a) # 0 thus (for instance) d,,p(a) # 0.
By the inverse function theorem there exists an open neighborhood U of a such that
the map = = (2/,2,) — y = (2/, p(z)) is a diffeomorphism of U onto V' x I, where
2’ = (x1,...,2n_1), V is an open neighborhood of (a1,...,a, 1) in R*~! and I is
an open interval containing p(a). Let y = (v, yn) — = = (v, (¥, yn)) denote the
inverse map. Then dy = |0, (z)|dz and, assuming supp f C U, we have

Ry f(t) = f( )i 49 (). ()

f / / /
— de = n)) Ay dyy,.
fo(t) /(:C)Qf(fﬁ) x /ym ,ancp’(y,w(y,y ))dy'dy
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The y,, integral actually runs over [a,b] N] — 0o, t[ where [a, b] is compact and con-
tained in I. Thus f, is a smooth function of ¢ € R and

Rof(t) = (f,) (t) = /V W‘%(y',w(y',t))dy’ for t € 1

=0forte¢l

is smooth on R.
Besides, ¢(y',¥(y',t)) =t for y € V and t € I therefore

Aoy, (Y 1)) + Onp(y, (Y 1)) 00(y' 1) = 0

1/2
fori=1,...,n—1. It follows that ||¢|| = [On¢] (1 +ynt (8-¢)2> and, fort € I,

n—1 1/2
Rg,f(t):/vnz(y’,w(yﬁt)) (HZ(@m(y’,t))Q) dy’

T 1
N Y RGP
- /s o P s,

the hypersurface integral being computed by means of the parameters /. The latter
equality also holds for ¢t ¢ I (both sides vanish) and this proves (i) and (%i) for
supp f C U. The general case follows by partition of unity.

(1) Since supp Ry, f C [m, M| we have

M

M
/ w(t)R, f(t)dt = / u(t) (£, (£)dt = [u(t) fo (e — / (1) f (1)t
R

m

=u(M) /Q f(x)dx — /4p(z)<t<Mu (t) f(x)dtdz.

The latter integral is

M
/Q f(x)da / = /Q F (@) (M) — ulp(x)))de
and (4) follows. W

2.2 Nonlinear Radon and Fourier Transforms

We now wish to extend the classical Radon transform of Section 1, replacing the
hyperplanes w - x = t by level hypersurfaces of homogeneous polynomials of given
degree m > 1 in R"”. We write such polynomials as

A-p(z) = Z Aoz
|a|l=m

where z € R™ and, in multi-index notation, & = (a1,...,a,) € N, o = Y7 o,

z® =z - xfm and A\, € R.



It is easily checked that the number of terms in E‘ a|=m 1S the binomial coefficient

N = N(m,n) = % Indeed let us consider

n

1
:11 - t:Ej

n
=] @+t + 8227 +---).
j=1

J

Expanding the product we see that the coefficient of ¢™ is Z|a|:m ¢, therefore
equals N(m,n) when all z;’s are 1. Thus N(m,n) is the coefficient of ¢"* in the
expansion of (1 —¢)™" and the result follows. Note that N > n for n > 2 and m > 2.

Let A € RN, X\ # 0, and Q := {z|\-p(x) #0}. By Euler’s identity for the
homogeneous function ¢(x) = A - p(z) on R™ the gradient ¢’ does not vanish on €.
The level surface A - p(z) = ¢t is thus a smooth hypersurface of R™ for t € R, t # 0.
The nonlinear Radon transform of a test function f € D(2) is then defined, in
the notation of (6), by

RY(t,\) == Rof(t) = / . (7)

A-p(x)=t

For m = 1 we have N = n and R is the classical hyperplane Radon transform Ry.

Properties of R.
(i) By Proposition 1, for f € D(Q) and A # 0, Rf(.,A) is a compactly supported
smooth function of ¢ on R. By (4)

/}FLNp@LMf@Mx:/QNLMRﬂLMﬁ

R

for A\ # 0 and any F continuous on R x RV In particular, for 7 € R,

/ eirA-p(x)f(x)dx _ / eiTtRf(t, )\)dt — é‘\]"(T, A) = é?f‘(l, 7')\) (8)
n R

is the one-dimensional Fourier transform of Rf with respect to the variable ¢. This
extends the projection slice theorem (1).

(7i) The left-hand side of (8) is well-defined for all f € D(R™) (without assuming
supp f C ), and extends to an entire function of (7,\) on C x CV. This suggests
defining Rf(r,0) = [ f, that is Rf(¢,0) = ([gn f(x)dz) §(t) where § is the Dirac
measure at the origin of R.

Actually, the restrictive assumptions supp f C 2, t # 0, A # 0 may be left out in
the sequel, as we shall work with }/ETf rather than Rf.

(iii) From (8) it follows that

8M%@M:h/emm%ﬁ@ﬂzhmﬁbﬁﬂ, (9)

n

therefore

N Rf(t,A) = = O R (z°[) (£, ) (10)
for f € D(2), A # 0 and a € N, |a] =m.



(iv) Note that, for m even, Rf = 0 whenever f is an odd function: R is not an
injective map and, in this case, f cannot be reconstructed from Rf alone. We shall
see in the next sections how to circumvent this difficulty.

Let us introduce the nonlinear Fourier transform of f defined, for all f €
D(R"), by

FEN) = / ) f@)da ¢ e BT A€ RY, (11)

It extends to an entire function of (£,\) € C" x CV. As a function on R™ x RY it is
bounded by [p. |f(x)|dz and, for fixed ), it is rapidly decreasing with respect to &.

On the one hand f(£,0) = fA(f ) is the classical n-dimensional Fourier transform
of f; on the other hand ]?(0, TA) = Z/%} (1, A) is the 1-dimensional Fourier transform

of Rf:

f(&N)
SN
f(£,0) = f(&) f(0,2) = Rf(1,A).
Reconstructing f(f ,A) from f~‘(0, A) would therefore allow to reconstruct f from Rf.
For this we shall consider partial differential equations satisfied by f.
2.3 Partial Differential Equations

Taking derivatives of (11) under the integral sign we get, for j = 1,...,n and « € N",
af =m,

0 €N =1 [ 0, fa)ds = il (e (12)

O FIEN) =1 [ er D f(a)da = i{at (€N, (13)

Thus fsatisﬁes the system of N linear partial differential equations on R™ x RY

im0y, f = 0g f |for a € N", |o] = m. (14)

1

For any «,f3,7,6 € N" of length m such that z%? = 27z we infer that, as a

function of A, f satisfies the Plicker equations

(Oxa Oy — O, 0x;) f = 0. (15)

Given «, 3, all such multi-indices 7, d are obtained as v = o — ¢, § = 8 + €, where
e = (e1,...,en) € Z" satisfies —f; <¢j < ajfor j=1,..,nand > [e; =0.

Example. For m = n = 2 we have A - p(z) = M\j2? + A\ox2 + A3z172 (here N = 3)
and

io6 f = 04,F 100, f = 05, , 105, f = 06,05, .
The identity (x1x2)2 = 2222 leads to he hyperbolic equation 8§3f: 8,\18A2f.
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3 A Cauchy Problem

Given f € D(R™) let us now try to reconstruct f(f, A) from f(O,)\) = }/27‘(1,)\) by
solving a Cauchy problem for the system (14) with data on £ = 0. In order to
achieve this goal we shal 1 of course need more than }/E-?f (I, A) : let us recall that
f(0,A) =0 for m even and f odd, though f may be not identically zero. It should

be noted that f(0,\) satisfies the Pliicker equations (15), but this fact will not be
taken into account here (see Remark below however).
Since f is an entire function we have

flen =Y i s

aeNn?
an absolutely convergent series for all £ € C* and A € CV .

To work it out we shall only need the derivatives J¢' f(0,A) for |af < m; the
higher order derivatives will be given by (14). More precisely, 8§‘f: i“"'aj“?f for all
a by (12), and equals i™ 19y, f by (14) if |a| = m. For any a € N” we may write
la| = gm + 7 with ¢,r € N, 0 < r < m, and factorize O¢ as

o /8 BII
of =00 0)]

with f1,...04,7 € N, |B1] = -+ = |B4| = m and |y| = r; this factorization is not
unique. It follows that

o8 f = Z-Icv\—qaAﬁl -+ Oy, (27F)

and

FEN) = Z Z‘Ioz\*q@Aﬁ1 ...a/\ﬁqm(()?)\)g

a!
acN”
(with ¢, f1, ..., By, 7 depending on « in the sum).
Remembering (27 f)(0,\) = W)(l,)\) for A # 0, we see that f is determined
by the nonlinear Radon transforms of all functions xVf for v € N® and |y| < m.
Their number is Y7 N(k,n) = N(m — 1,n +1) = N (m,n) (induction on m).
In particular if R(z?f) = 0 for all v with |y| < m, then f = 0.

Example. For m = n = 2 (Section 2.3), 8?11 8?22 factorizes as powers of 8?1 and 8522,
possibly composed with J¢, or Og, or O¢, O¢, according to the parity of a; and ao.
Gathering together similar terms the above result reads

F(EX) = C(D1)C(Ds)f + S(D1)S(D2) D3 f+
+i£18(D1)C(Da)(z1f) +i62C(D1)S(Da)(z2f) (16)

where

D1 =i&}0y, , Do = €30y, , D3 = i&1620),

) = 22 (2k)! Sz) = kzo 2k + 1)



and, in the right-hand side of (16), f, (z1f), (z2f) are evaluated at (0, A). Thus the
knowledge of the three Radon transforms Rf, R (z1f) and R (z2f) determines f.
Remark. The Pliicker equations (15), here 85, f = 9,0y, f, haven’t been taken
into account. They imply a§§f= (8>\18>\2)k f, 8§I;+1f: (8>\18>\2)k 8,\3]7f0r k €N,
hence the Taylor expansion

~ ~ 2k
0,022, 28) = > 95, £(0, M1, 22,072
keN

=C(E) f(0,A1,22,0) + X3S (E) (0xs f)(0, A1, A2, 0) (17)

where E = \20,,0),, and similarly

Oxs F(0, A1, A2, A3) = A30x, 02,5 (E) f(0, A1, A2,0) + C (E) (Oxs ) (0, A1, A2,0). (18)

Combining (16) (17) and (18) it follows that f can be reconstructed from f, éb\gj?,

—~ —~—

(1f), Oxg(z1f), (z2f) and Oy, (z2f) at (0, A1, A2,0) only.

—_—~—

Remembering (13) 8,\3]7: i(x122f), these 6 functions can be replaced by f, (z1f),

(z2f), (z122f), (#3z2f) and (zq123f), that is }/27”, R/(xl\f),..., R(z123f) evaluated
at (1;A1,A2,0). In other words the integrals of f, x1f,..., :125f over the conics
A12? + Aox3 = t will determine f. A stronger (and more general) result is given in
the next section.

4 Harmonic Polynomials and the Cauchy Problem

Two chapters of [5] are devoted to a general theory of harmonic polynomials which,
when applied to nonlinear Radon transforms, leads to a refined version of the results
of Section 3. We shall only present here a simplified approach to the harmonic
polynomials relevant to our problem.

Notation. All polynomials considered here have complex coefficients. Let us order
the N monomials (xa)m:m as z{", ...,z first, then (:Uﬁ)ﬁeB where B is the set of the
N — n remaining multi-indices of length m. In accordance with this we replace our
previous notation A = ()‘a)\a|=m € RY by (\, 1) € R® x RN=" with A = (A1, ..., \p)

and p1 = (ug)gep ; the former 3°, Aqa® is replaced by i AT 4D sep pazt.
Let (z,p,q) € R" denote dual variables to (&, \, ), with 2 = (21,...,2,) € R?,
p=(p1,.-yPn) €E R" and ¢ = (qﬁ)ﬁeB e RN-n,

In this new notation the partial differential equations (14) become

(—id,)" f = —id\, f , (—id)’ f = —i8,f for j=1,..,nand p€ B.  (19)
They are dual to

' F = p;F, (P — gg)F =0for j=1,..,n and p € B, (20)

where F is the tempered distribution on R™+V corresponding to J?via the Fourier
transform on R™*V (being smooth and bounded, f is tempered on R"+V),



Let us introduce the following N polynomials on R” x RVN—" = RN:

m

uj(z,q) =], ug(x,q) == 2P —qg for j=1,..,n and § € B. (21)

The system (20) implies that the support of F' is contained in the closed set V' of
RN defined by the N equations

V= {(x,p,q) €R" x R" x ]RN7”|uj(x,q) =p;,ug(z,q) =0,1<j<n,fe B}.
Being the graph of a map = +— (p, q), V is a n-dimensional submanifold of R+,

Definition 2 A polynomial function h(z,q) on R" x RN™" is called harmonic if
(0, 0y)h =0, ug(0,05)h =0 for j=1,....,n and B € B.

It is called homogeneous of degree d if h(tx,t™q) = t?h(x,q) for allt € R (thus
each xj has degree 1 and each qz has degree m).

Proposition 3 Let D :=} 5 p qg@ﬁ. Then ug(0y,0) = — € 0 0gy 0 e L.
The space of harmonic polynomials is m™-dimensional. Its elements are given by

h=elf
where f is an arbitrary polynomial of the following form

f(z) = Z aqr® with 0 < a; <m—1 forj=1,...,n and a, € C.
aeNn

Besides h = eP f is homogeneous of degree d (in the sense of Definition 4) if and
only if f is homogeneous of degree d.

Proof. Since ug(0s,0,) = 85 — 04 we have [D,ug(0z,0,)] = 85 and [D,@f} =0,
thus (ad D)? ug(ds, d,) = 0 and

eiDUB(ax,ﬁq)eD = e 2 Py5(0,,0,) = (1 — ad D) ug(dy, ;)
= ug(0y,0y) — 02 = — 9,

x qp*

[This proof may also be written without any Lie formalism, by computing the deriv-
ative with respect to t of e "Pug(9,, 9,)e!l ]

Since e is a linear isomorphism of the space of polynomials onto itself, a polynomial
h(z,q) is harmonic if and only if

a;;hzo,a% (e_Dh) =0forj=1,..,nand § € B.

The latter equations imply h = e? f for some polynomial f in the z variables. Since
[D, Ggﬂ = 0 the former equations imply 8;’} f=0for j =1,...,n whence our claim
about f.

The operator D preserves homogeneity in (x,q) and the last statement follows. B



Examples. Let us write down, as an example, a basis of homogeneous harmonic
polynomials for n = 2 and m = 4. Here N =5, § = (f1,02) with 0 < 3; < 3,

B1+ P2 =4, g = (q13,¢22,q31) and D = Zq51528£11 fg The 16 monomials f(z) =
x‘fa:g, 0<a<3,0<b<3, make up a basis of the relevant polynomials f. Since
the degree of f is 6 at most we have D?f = 0 and the 16 corresponding harmonic
polynomials are h = f + Df, that is'

2 2 3 9 2 .3
1,$]_,$U2,1U1,ZL'1CC2,$27151,.7311172,131.7)2,.’]32,
3 2.9 3
xir2 + 6431 , v105 + 4qo2 , T175 + 6413
3.9 2 3
175 + 12q0271 + 12¢3172 , 775 + 12q1371 + 1202272

375 + 18q1327 + 369227172 + 18¢3173 .

For m = n = 2 (already considered) we have N = 3, ¢ € R, and the corresponding
basis of harmonic polynomials is

1,1’1,.’E2,$15L’2+q.

More generally, let A denote the set of all & € N such that 0 < a; <m — 1 for
j =1,...,n. By Proposition 5 the h, := eP2% a € A, make up a basis of the space

of harmonic polynomials.

Proposition 4 For any polynomial P(x,q) on R™ x RN~ there exists a family of
m™ polynomials Qn, o € A, on RN such that

P('%Q) = Z Qa(ul(x,Q)7 ...,’LLN(I‘,q))ha(l‘, Q)7

a€A

where uy, ...,un denote the polynomials defined by (21).

Proof. Let (a,b) = a(0)b(0) be the Fischer inner product on the space of polynomi-
als on R" x R¥=". Then h is harmonic if and only if uy(0z,9y)h =0 for k = 1,..., N,
i.e. (aug,h) = 0 for all polynomials a. The space of harmonic polynomials is thus

the orthogonal complement of the ideal {Zi\[zl ax(z, q)ug(z, q)} generated by the

ur’s (where the ai’s are arbitrary polynomials).
A given P(x,q) now has a unique decomposition as

N

P=h+ Zakuk
k=1

with h harmonic. Separating homogeneous components we may assume P is homo-
geneous of degree d (in the sense of Definition 2). Since uj is homogeneous, each
homogeneous component of a harmonic polynomial is harmonic. We may therefore
assume h and all arup homogeneous of degree d, therefore aj is homogeneous of
degree d — m. Writing similar decompositions for each aj the result easily follows.
|

'Cf. [5] p. 312, where the coefficients 16 should be replaced, I think, by 18.
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Example. For m = n = 2 the generators and harmonic polynomials are respectively

2 2
Uy =Ty, U2 = Ty , U3 = T1X2 — (

ho=1,hi=x1,ho =2, hg =x122+¢
and the first non-trivial examples of decomposition in Proposition 4 are:

2x1x9 = ushg + hs , 2¢ = —usghg + hs
xr1q = —ugh1 +uihs , x2q = —ugho + ushy

q2 = U1UQh0 — U3h3 s 2x1:c2q = (2U1UQ — u%)hg — U3h3.

Replacing z; by —id¢, and gg by —i0,, we infer from Proposition 4 an equality
of differential operators. Applying them to fwe obtain
P(=ide, =i0,) [ = 3 Qa ((=i0g,)"  (=i06)” = (=i0),) ) b (=0, i) |

aEA

=Y Qa (—i0y,0) ho (—i0e, —i0,) f

acA

in view of (19) and the commutativity of differential operators. In particular all
derivatives 82’ 07 f may be written in this form with polynomials ), depending on
p, o whence, by Taylor’s formula on the variables (&, u),

o S
FE&EX 1) = Qapo(—i0x, 0)ha (—ide, —idy,) F(0, , 011 (22)
where E runs over all p € N", o € NV=" and o € A. Remembering (12)(13)
—i0g; f = x]f, —u‘iﬂﬁf = xﬁf we have hg, (—i0¢, —i0, )f (ha(z,q) f) with g = P

for g € B.

Lemma 5 For all o there exists a positive integer C, such that, when replacing
each qg by zP? for B € B,

ha(:l:a Q) = ha(:l:a (:Lﬁ)ﬁEB) = Cozxa-

Proof. For o € N" we have

L
“= D apdiat =) (afﬁ)!%w ’

BEB BeEB
|
2p0 — > a—f—y
P e

etc (the coefficients being 0 unless 8 < a, resp. 4+ v < «). When replacing gg by
zP, ¢y by x7 etc, the polynomials Dz?, D?z® etc thus become z® times a positive

integer coefficient. The same holds for h, = e”z®, whence the lemma. W
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Going back to (22) we have hq (—i0¢, —i0),) f = Cq 2°f and we conclude that,
for (€,\, 1) € R® x R" x RN—",
~ . — S0
FEN 1) = CaQapo(—idh, 0)(z DO
P00
Therefore the restriction to all (0, A,0) of the m™ functions an?, a € A, determines
f. In other words, the Cauchy problem for (19) is well-posed with the Cauchy data
ho (—i0¢, —id,) f = Co xf on the n-plane of R™™ defined by & = p = 0.
In terms of Radon transforms we obtain the following result.

Theorem 6 A function f € D(R") is uniquely determined by the m™ nonlinear
Radon transforms R (z®f) (t,X,0) (with o € N*, 0 < oy <m, t € R, A € R"\ {0}),
that is by the integrals of each = f on the hypersurfaces

At 4+ Ay =t

5 Inversion Formulas

Let us now look for an inversion formula for the nonlinear Radon transform. The
nonlinear Fourier transform fvis greatly overdetermined, with n+ N variables (£, \)
instead of n for f. As in Section 3 we shall restrict f to & = 0 and, assuming
the monomials z® are ordered as z{*,...,z)" first, followed by the other 2%’s, it
turns out that (as in the final remark of Section 3) we can also restrict to A =
(A1, ey An, 0, ..., 0), written as A € R™ for short. Then

F(0,7)) = / eTXINT £(2)de = Rf(7,\) with 7 € R, \ € R™. (23)

5.1 First Case: m odd

Let U denote the dense open subset of R™ defined by x; # 0 for all j. For m odd
the map ¢ : x — y = 2™ := (27", ..., x]") is a diffeomorphism of U onto itself. Then

—

Rf(r,\) = /R e™Yg(y)dy = G(T\) (24)
with A -y = > "7 \jy; and
9(y) ==m "y -y V(Y™ y e R

As above g denotes the classical n-dimensional Fourier transform and é!\f is the
1-dimensional Fourier transform with respect to .

The change x +— y thus reduces the nonlinear Radon transform R to the linear
one considered in the introduction: Rf(t,A) = Rog(t,\). But g is not necessarily
smooth, g(\) = }/ff (1, A) is not necessarily rapidly decreasing and the inversion
formula (2) may become invalid here. However g is integrable on R™ and vanishes
outside a compact set, therefore defines a tempered distribution. Denoting by F the
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inverse Fourier transform for tempered distributions on R™ we have g = Fg¢ hence,
for any u € D(U),

/ f(@yu(e™)de = / o(y)uly)dy = (FIw), u(y))
U U

= (V" Fg) (x), | det ¢/ (z)|u(e(x))
= (m"(z1-20)" " (W*FG) (2),u(@™)),

using the pullback by 9 of the distribution Fg on U (cf. [6] p. 80). The absolute
value may be skipped here since m — 1 is even and dett’ > 0. Therefore, for
f € DR"),

fla) =m" (@1 -2)" (O FRI(L, ) (2), (25)

an equality of distributions on U.

5.2 Second Case: m even

The above map 9 : x +— y is no more a bijection: given y with all y; > 0, the
equations y = ™ now have 2" solutions z = (:l:yi/m, ey :I:y}%/m .

For z,y € R" we write zy := (z1y1, ..., TpYn). Let E := {1,—1}" denote the set
of all € = (e1,...,e,) with ¢; = +1 and

R} :={z€R"|[z; >0for 1 <j<n}.

Viewing the integral (23) as a sum of integrals over the quadrants eR", ¢ € E, we

obtain, by the change of variables z — y with z; = ajyjl»/m, y; > 0, on eR%,

R = Fo.m0) = [ e™g(0)dy

+

with 7 € R, A € R" and, for y € R,

g(y) ==m " (yr - yn) TN feyt™).

ecFE

Let H denote the Heaviside function H(y) = 1 if y € R, H(y) = 0 otherwise.
Equation (24) is now replaced by

P

RIrN) = [ ™1 )gly)dy = Ho(r)

Again Hg is integrable and vanishes outside a compact set, hence tempered on R™,
and as above the Fourier inversion Hg = FHg implies the following equality of
distributions on R’}

> flew)y =m™ (21 w)™ T (WU FRF(L, ) (). (26)

eek
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This gives f if its support is contained in some quadrant eR’f. Otherwise we must
separate the components f(ez), which can be achieved by replacing f with z®f for
suitably chosen a’s as follows.

With each € = (g1, ...,&,) € E we associate the monomial

Pe(T) == iy -+ - x4,

where 1 <4y < --- < i < nis the (ordered) set of indices i such that ¢; = —1; for
instance, n = 4 and ¢ = (—1,1,—1,1) yield p.(z) = z1x3. The map ¢ — p. is a
bijection of E onto the set of divisors of z1 - - - zy,.

Let e,n € E. A minus sign occurs in p.(nx) = p(mx1, ..., inTyn) each time there

is a factor z;, that is ¢; = —1, and the corresponding 7; is —1. Therefore
Pe(nT) = Geype(x) With acy = (_1)k(€’n)7 (27)
where k(g,7) denotes the number of indices ¢ such that g; =7, = —1.

Example. For n = 2 the matrix (ac,) is given by the table:

pe 1z x2 T122
e H+ —+ - —

n
++ 1 1 1 1
—+ 1 -1 1 -1
+- 1 1 -1 -1
—— 1 -1 -1 1

Our inversion formula for R will be inferred from the following combinatorial
lemma.

Lemma 7 The set E = {1,—1}" being provided with some ordering, the 2™ x 2"
matriz A = (acy). ep 18 symmetric and A% = 2" (where I is the unit matriz).

Proof. The symmetry is clear by the definition of k(e,n).
For e,1n,( € E we have k(e,n¢) = k(e,n) + k(g, () since g; = n;(; = —1 is equivalent
toeg; = —land n; = —1, ; = 1 or (exclusive or) ¢; = =l and 7, = 1, {; = —
Therefore

Qe e, = Qg gy - (28)

Besides, for fixed n € F,

n
H 1+771:L'1 —1+an$z+2mm%%+ N T T
i=1

1<J
= ZPS(WC) = Z Qe ppe(T)
eek eek
Taking 1 = -+ = x,, = 1 this gives the sum of elements in each column (or row) of
A: .
_ [ 2rifn=(1,...,1)
Z e = H (L+m) = { 0 otherwise.
eck i=1
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Now (28) implies
M if ¢ = (1,...,1
Za&nas,é = { 6 = )

0 otherwise.
eelk

But n¢ = (1,...,1) is equivalent to n; = ¢; for all 4, that is n = (. Remembering the
symmetry of A, we infer that A2 = 2"]. W

Let us consider Sf(z) :=_, cp f(nz). Replacing f by p.f we obtain, in view of
(27),

Spf)@) =3 0-f) () = pel@) 3 @ f (),

nekr

which can be inverted by A=! = 27" A (Lemma 7) as

flne) =27 ) acype() S (pef) ()

eeE

for each n € E. By (26) applied to each p.f we have

S(pef)(x) = m" (1 -+ )™ P (FRp-F(1,))(x)

on R and the latter equations show that f can be reconstructed in each quadrant of
R™ from the 2" nonlinear Radon transforms Rf, R(z;f), R(z;x;f),..., R(x1- - zn f).
__ Summarizing we have proved the following theorem. Let us recall our notation:
Rf = Rf(1,)\) is given by (23) with A € R™, F is the inverse Fourier transform
of tempered distributions on R™, ¢* is the pullback of distributions by ¥ (z) =
(27, ...,20"), E = {1,—1}" and p., a., are defined before Lemma 7.

Theorem 8 The nonlinear Radon transform (7) is inverted by the following for-
mulas, where f € D(R").
(i) if m is odd

fla) =m" (@1 2,)" " (" FRf)(2)

(equality of distributions on the open set x1 # 0, ...,x, # 0);
(ii) if m is even: forn € E,

f(nz) = (%)n Z Qe ype () H (g -+ xn)mfl(w*}"}?pg\f)(x)

eelE

(equality of distributions on the open set x1 > 0,...,x, > 0).
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